418 [l. INTEGRALNI POCET FUNKCI JEDNE PROMENNE

II. 3. Specialni integracni metody
e Integraly typu

700 v o ) a

tj. integraly obsahujicl proménnou x pod odmocninou, kde k e Nar > 2,...,1¢ > 2
jsou prirozena Cisla, fesime substituct t™ = x, kde n je nejmenst spole¢n( nasobek ¢isel
Tiy...,Tx. Pomocl této substituce prevedeme pivodni integral na integrdl z raciondlnt
lomené funkce.

e Integraly typu

Jf (6 Vax+b) dx,

reN, r>2 a,beR, Fesime substitucl t" = ax + b. Pomoci této substituce prevedeme
plvodni integral na integral z raciondlni lomené funkce.

e Integraly typu
ax+b
f ¥ d
J (X’ cx+d> %

kdere N, r>2, a,b,c,d € R a ad— bc # 0, feSime substituct t" = “;‘j:b Pomoci této

substituce prevedeme puvodm integral na integral z raciondlni lomené funkce.

e Integraly typu
Jf <x, v ax? + bx + c) dx,

kde b?—4ac # 0, tj. kvadratick] polynom nemé dvojndsobn( redln( ko¥en, fe$ime pomoci
tzv. Eulerovy substituce. Existuje nékolik variant téchto substituci, zde uvedeme nékteré
z nich:

i) jestlize a > 0 a kvadratickg polynom mé dva redlné kofeny x; < x;, obdrzime

,X—X X —X
vaxt +bx+c=+a- \/x—x1 2—\/_Ix—x]| 2

XXZ

co¥ s pouzitim substituce t* = prevedeme na integral z racionalnt lomene funkce;
i) jestlize a < 0 a kvadraticky polgnom ma dva realné koreng x1 < X2, obdrzime

vax?!+bx+c=+v—a- \/x X1)? =v—a-(x—x1) XZ_X,

X —X1 X —X1

co? s pouZitim substituce t? = XX p¥evedeme na integrdl z raciondlni lomené funkce;
iit) jestlize a > 0 a kvadraticky polgnom ma dva realné kofeny x; < x; nebo jestlize
kvadratick( polynom nema realné kofeny, mizeme pouzit substituci

vVax2 +bx+c=+ya -x+£t,

pricemz volba konkrétnich znamének je zcela libovolngd, ¢imz obdrzime integral z ra-
cionalni lomené funkce;
iv) jestlize ¢ > 0, mGzeme zavést substituci

Vax?+bx+c==+x-t++/c,

s jejiz pomoct prevedeme integral na integral z raciondlni lomené funkce.
e Integraly typu

Jxm(a + bx")Pdx, m,n,p € Q,
tedy tzv. binomicky integrdl, feSime jednou z nasledujicich substituct

i) jestlize p € Z, volime substituct x = t*, kde s je spolecny jmenovatel m a n;
i) jestlize m;” € Z, volime substituci a 4+ bx™ = t%, kde s je jmenovatel p;
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[l. 3. SPECIALNI INTEGRACNI METODY 419

i) jestlize ™
n

+p € Z, volime substituci ax ™ + b = t°, kde s je jmenovatel p.
e Integraly typu

J sin™x - cos™ x dx,

kde m,n € Z feSime pomocti substituce
i) t =sinx, jestlize m je liché a n sudé nebo nula;
i) t = cosx, jestlize n je liché a m sudé nebo nula;
iii) t = cosx nebo t =sinx, jestlize m a n jsou licha cisla;
iv) jestlize m i n jsou suda Cisla, pripadné nékteré z nich nula, upravime v(raz pomoct

vzorch sin® x = =92 5 cos? x = % Déle pokracujeme dle ziskaného vysledku
krokem {)—iv).
e Integraly typu
JR (sinx, cos x) dx,
resSime pomoci substituce
i) jestlize R(sinx,— cosx) = —R(sinx, cos x), volime substituci t = sinx;
i) jestlize R(—sinx, cosx) = —R(sinx, cos x), volime substituci t = cos x;

iit) jestlize R(—sinx, — cosx) = R(sinx, cos x), volime substituci t = tgx;
iv) jestlize nenastane ant jedna z predchozich moznosti, pouzijeme k feSent tzv. univer-
zdlni substituci:

X 2
t=1tqg= x =2arctgx a dx =-——dt.
9; = 9 T+
Potom z obrazku
t
1
ziskame identity
X t X 1 , 2t 1—t?
SNt =—— = a ST =—= = Slhx =

2 1+t 2 i+t e ° T re
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(363) Pomoct vhodné substituce vypoctéte

Jx2+\/>_c+1

——dx.

X+ /X

Reseni:
2 2 4 4

Jx +\/>_c+1dx t? =x :Jt +t+]2tdt:2Jt +t+1dt:
X + /X 2tdt = dx 2+t t+1
—ZJ t3—t2+t+L dt =2 ﬁ—i+ﬁ+ln|t+1| +C=
B t+1 S T\4 32 B
2 2 3

:%— \§X_+x+2ln\\/§+1\+c.

Petr Zemanek & Petr Hasil http://www.math.muni.cz/ ~xzemane?2


http://www.math.muni.cz/~xzemane2

[l. 3. SPECIALNI INTEGRACNI METODY 421

(364) Pomoct vhodné substituce vypoctéte

J—1 +ﬁ_ﬁdx.

X + Vx5
Regeni:
1 — 6 — 1+t —+t2 1—t2 413
dex P=x :J+_6t5dt:6J_+dt:
ot T 6t dt = dx TN t+1
1 3
:6J t?—2t+2— —— |dt=6(—=—t*+2t—Ilnjt+1]|+C=
t+1 3

— 22X —6Vx+12x—6n | /x+ 1]+ C.
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(365) Pomoct vhodné substituce vypoctéte

J‘V)H—]—de
VX+T-1 "
Regeni:
J‘/XHde 2=x+1 —JtHtht—ZJt(tH)dt—
Vxr1—1 2tdt=dx | ~ Jt—1 B t—1 B
2 2

:x+1+m&+1+4m%&+1—ﬂ+c.
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423
(366) Pomoct vhodné substituce vypoctéte

Jl /X—de.
xVx—1

Regeni:
t2:X+]
x—1
1T /x+1 R [T, —4t
Jx x—1dX e _Jtz_Ht(tz_])zdt_
dx = — 1 dt

(t2-1)

—J 4 dt—J LI 2 ) dt=
e+ =1 t—1 t+1 241 N
=—Ilnt—1/+Inft+1]—2arctgt+ C =
X+ 1

x —1

x+ 1
x —1

:2ln‘\/lx—|—1|—\/|x—1|’—Zarctg\/%—i—C.

=—1In

1l x+1

x—1

+1

— 2arctg
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(367) Pomoct vhodné substituce vypoctéte

J dx
x(vx+ V%)’
ReSeni:
J dx t0=x _J 10t” dt—]OJ dt
x(Vx+va2) |10 dt=dx | 0+ T o+
1 1 1 1 1 1
—‘OJ(z—t?*t—s—F*t—s—m)dt—
=10 l|t!+1—] +] —] —lnt+1])+C=
B AT TR TR TE B
X 10 5 10 5

=1 - - C.
TRV RT3V 2

Petr Zemanek & Petr Hasil http://www.math.muni.cz/ ~xzemane?2


http://www.math.muni.cz/~xzemane2

[l. 3. SPECIALNI INTEGRACNI METODY 425

(368) Pomoct vhodné substituce vypoctéte

Jx+1 .

V3x+1

ReZeni:
JXH_dX tgxz_321 —JtsT]——thdt—Jutdt—
Vil 3dx_:3§czdt E ¢ : 3 :
:%J(t4+2t)dt:%<t5—5+t2)+czt3—z(t5—3+1>+cz

3 12 2
= (X; ) (3X5+1+1>+C=€/(3x+1)2-—x; +C.
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(369) Pomoct vhodné substituce vypoctéte

J]—\/x+1dx
T+x+1
Redeni:
_ 6 __ _ 43
1 \/X—de tS—x+1 _ 1] t6t5dt:
14+ x+1 ot° dt = dx 1+ 12
—1
:6J —t6+t4+t3—t2—t+1+t— dt =
1+ 12
__6t7+6t5+6t4_6t3_6t2+6t+6j LA S N
7 5 4 3 2 214+t 1+t2 -
6t” 6t°  3tt
:_7+?+7—2t3—3t2+6t+3ln‘1+t2]—6arctgt—|-C:

:—;\6/(x+1)7+g\‘s/(x+1)5—}—;Z\S/(x+1)z—2\/x+1 —3Vx+ 1+
6t +3ln‘1 +\3/x+1‘—6arctg x+1+C.
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(370) Pomoct vhodné substituce vypoctéte

1 /1
J—z +XdX.
X X
Reseni:
12 = Iix
1 /1 by —2t
LY LN X = 5~ = [(2—=1)%t dt =
XV x i (t2—1)2
dx = mdt

2t3 2 /1 ’
:—Jthdtz——+C=—— ) e

3 3 X
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(371) Pomoct vhodné substituce vypoctéte
J dx
S x+2)7—39x+2—4

Reseni:

t?=x+2
3t2dt = dx

_J 3t? dt —
ot -3t—4

J dx
V(x+2)2-3vx+2—4

3 48 3 48
_J(S_S( + )dt—3t—gln!t+1!+gln!t—4!+C—

t+ 1) 5(t—4)
48
:3\3/x+2—§ln \3/x—|—2—|—1’—|—?ln \3/x+2—4‘+C.
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(372) Pomoct vhodné substituce vypoctéte

[\

Reseni:

J dx— \/1—x
1+f +f 1+\/‘

V1 t 1—t2 1—t2
:J 2tdt—2J i \/ VI
T+t T+t
J1_+2 .
J(m 1 t) tPr.gélS)
V12 t =sinu
=t+1—t2+arcsint —2 dt | arcsint=u
J 1+t
P il
=tv1—t?+arcsint—2 ]S—l,nudu:
J T+4sinu
=tv1—t2+arcsint—2| (1 —sinu)du =

1—t2+4+arcsint—2u—2cosu+ C =

1—t2+arcsint—2u—2vV1—sinfu+C =

= /xV1—x+arcsiny/x —2arcsiny/x —2vV1 —x+C =

= (Vx—2) V1 —x—arcsiny/x + C.

t2=x
2tdt = dx
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(373) Pomoct vhodné substituce vypoctéte

J'\/vﬁ—1—\/x—1dX
VXF T+ =T
Regeni:
2
[I=veT,, e Xt [ VEER
VX +T1T+vx—1 2t dt = dx t—l—\/t_z—

t-VE-2 VB2 t-VE -2
t+ V22 t—\/tz 2 Vi

:2J~(t—\/t2—2>t\/t2—2t_ = |" tz__z_t
u

dt =

] 22 Tu

X
<\/x—1—\/x+ )4 ln’\/x—1—\/x—|—1‘+C—
1

:16<(X_1) —4x =1+ r6(x 1) (x+1)—

I o= 6( —t)4—ln‘\/tz—2—t‘+C:

—4(x =" (x+ 1)+ (x+1)2> —ln‘\/x—1 —\/x+1‘+C:

:11—6<x2—2x—|-1 —4x=1x+ N +6(x*—1)—

—4(x—1)‘/2(x+1)3/2+x2+2x+1) —ln(\/x—1 —\/X—i—]‘—i—C:

zgxz—%xvxz—1—ln‘\/x—l—\/x—H‘—éll—i—C.
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(374) Pomoct vhodné substituce vypoctéte

J‘ dx
T+vV—ad+x+2
ReSeni:
J d | polynom —x? + x + 2 mé reélné koteny 2,—1| =
T+V—xI+x+2 ’
t? =22
x+l et
_ r dx X_fz_;] :J (t211)2 dt —
T4+ (x+1)/5 X+]_6ﬁ T+ @t
—6t
dx = e >dt
r _ 2
_ 6ot o+ 1 dt:—6J t dt —
J(E2+T1)2 2 4+3t+1 (B+T1)(t2+3t+1)
(4 S5 2 4 V5 it —
U 52t 43 4V BT 5 2t-3445
44/51
:——\/_—l ‘Zt+3+\/_‘ Zarctgt——(——)l ‘—2t—3+\/§‘+C=
2 —
:—il 2\/ X 43+45 +—l \/ — 2arctg *ic
5 +1 +1
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(375) Pomoct vhodné substituce vypoctéte

dx
J(x—l)\/xz—l—x—l—]'

ReSeni:
polynom x? 4+ x + 1 nemé reélné kofeny
VX3 +x+T=x+t
dx X = ;t_j
J(x—nm x—1 =5 -
X+t =5
dx = 20t gt

—2(t2—t+1)
—J e dt—J—2 dt—J LI B N £ dt =
T et T | 242t —2 0 3t+14+v3 3—t—14+3 -

2t—1 2t—1

:—gln’t+1+\/§‘+?ln‘—t—1+\/§‘:

——ﬁln VE+x+1—x+1+3 ‘e
3 x—VxZF+x+1—14++V3 '
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(376) Pomoct vhodné substituce vypoctéte
dx

Jx+\/x2—x+1'

Reseni:
polynom x*> —x + 1 nema reélné kofeny

VX2 —x+1=t—x

dx
_ 2

X+\/X2—X+1 X_thl
dx = 2(t2—t+1) dt

(2t—1)2
N B Jtz—t+1dt_
7ot 2t —1)7
2 3 3 u=2t—1 3 3
_J(E_Zt—1+(2t—])2>d | du = 2dt | _Zln’tl_{_J(_ﬂ_‘_ﬁ)du_
3 oo

3 3 3
:zmw_zlnm_ﬂ:2[n!t|—zln|2t—1|—m
1

3
zzln’x+\/xz—x—H’——ln’2x+2\/x2—x+1—1‘— e
2 Ax +2Vx?2—x+1-2
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(377) Pomoct vhodné substituce vypoctéte

dx
J (x+4)VX2+3x—4

Reseni:

J (x+4)V/xI fax—4 | polynom x? 4+ 3x — 4 mé redlné koteny 1,—4 | =

dx

2 x—1

t =5

4241

— J dX X = 1—t2
o | x+4=5
(x+4) Ix+4]\/ - mt]—tz

- (1-t2)?

:%sgn (1—tz)J1dt:§sgn(]—tz)t—l—Czésgn(X—Hl) .

dt

10t
- 201 —+12
5(1 tz)ZS dt:l[_‘ z‘dt:
1—t2) 1—t2}t 51—t
]+C—2 x—1
x+4 5 +3x—4
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(378) Pomoct vhodné substituce vypoctéte
J x dx
VXE+3x+2
Reseni:

d
Jﬁ | polynom x? + 3x + 2 méa redlné koteny —1,—2 | —

2 _ x+1
v = x+2 5
2t2-1 2t°—1 2t
. x dx X =3 t2 o -2 (1—t2)2 dt —
= — B =|— 71 =
Vg e | x+2= el
X = dt

1t2
C(2aee-np-¢ N
ol e " dt-sgn(]—t)J—(]_tz)zdt—
1 1 3 3
= 1—+¢2 — =
sgn (1 -t (2(t—1)2+2(t+1)2 2(t+1)+2(t—1)>dt
1 1 3

:59n(]—t2> (— — zlnlt—|—1|+3lnlt—1|>+C:

26—1)  2(t+1)

1 2t t+1
:sgn(]—tz) — —%l 'tt]>—|—c

x+1 1
Xx+2x+2

(t+1)2

2 —1]
[t + 1]
—+
2 —1|

=sgn (x + 2) —3sgn(1—tz)ln +C=

x+1 1
XxX+2x+2

= sgn (x + 2) —3sgn (T—t) In

41

= \/X2+3x+2—3sgn(x+2)lnL+C:

res]

VIx+ 114+ /Ix+ 2
=v/x2+3x+2—-3sgn(x+2)1 X + 2|
gn ( < NTES] VIx

=vx?+3x+2—3sgn x—l—Zln( Ix + 1|+ Ix+2 >+C.
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(379) Pomoct vhodné substituce vypoctéte

dx
Jx+\/x2+x—1'

Reseni:
polynom x* +x — 1 ma realné koteny —%
VX +x—1=x+t
J dx yx = 24l

X+ Vxt+x—1 :tzzt,t,”
X+t=——5—

T2t

L 2(t2—t-1)
dx = T dt

+

S

B (tP—t—1) B
_J(t2+1 —t2+t4+1)(1—2t) dt_J<1

:t—ZlnIt—I-ZI—%ln

1
t—§'+C_

=vVx2+x—1 —x—Zln‘\/xz%—x—l —x+2‘—%ln

2 1

_t+2_z(t—%))dt:

Vx4 x—1 —x—l‘+C.

2
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(380) Pomoct vhodné substituce vypoctéte

J dx
V—dxZ +16x — 15

Regeni:
dx dx
= olynom xZ +x — 1 mé reélné koteny 2 a 2 | =
J¢—4x2+16x—15 Jz [ ax— B3 [ poly y3azl
tZZ ;_§
:J dx :J dx x = 3 :J“”—Z‘t)zdt:

2/G-) (=3 ooy fin | x-i=ah Zgat

2 2 (x—3) - )

1 5—2x
:_Jt2+1 dt = —arctgt + C = —arctg Zx—3+C°
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(381) Pomoct vhodné substituce vypoctéte

J Ix(7 + 5x1)? dx.

Resen:
Jde o binomicky integral.

J%(7+5x4)2dx |p=2€zZ=x=1, dx=3tdt| =
= Jt(7 +5t'%)23t% dt = 3Jt3(49 + 70t'? 4+ 25t*) dt =
3 15 27 3t4 12 24
=3149t° + 70t 4+ 25t“dt = %(686—1—24& +50t7)+ C =

= %x%(&% + 245x* + 50x%) + C.
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439

(382) Pomoct vhodné substituce vypoctéte
J (2 +5%)?

4

dx.
3

Resen:
Jde o binomicky integral.

J (2 +5x)3

4

- dx:in(2+5x)3dx |[p=3€Z=x=t} dx=4t3dt| =
X

= Jt_3(2 +5t1)3483dt = 4 J(z + 5t1)3dt =

50, 125
:4J (8 4 60t" + 150t° + 125t'*) dt = 4 (8t+ 120 + =t + —

13 _
T Tpt) e

= 34—9%(312 + 468x + 650x* + 375x%) + C.
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(383) Pomoct vhodné substituce vypoctéte
JX\/Z — 3v/xdx.

Redeni:
Jde o binomicky integral.
=1¢Z,™ =4¢€7

Jm/z—wzdx Lo 3\/_—t2\/_—%, _

—35= ! dx—tht X1 dx———tdt

2t 2—t2 [ 4 4
= 2-3 —t)dt=— [2—-t)tdt =
J( 3 ) 3 (3) 34J( )

_ 4 _ 6 8 _43 8_]22 64_]6 _
= 34J8t 12t + 6t° — t* dt = 34’[ <3 5t +7t 9t +C=
4 12 1 ;
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(384) Pomoct vhodné substituce vypoctéte

J 3—°]\;;\4/§ dx.

Reseni:

Jde o binomicky integral.

Js—w dx = Jx1(1 +x%)%dx

=
:Jfﬁ-—1rlﬂzﬁté——n3dt:12Jt%t3—1)dt=12Jt6—t3dt=

7 44 1
—12 (t——t—) LC= 121+ xS (H’“ —1) L.

§ZZ,’“:] =2¢eZ
tx=t -1 =

P=
1 —
4(t3 —1)33t2 dt

Bl=

1
3
+ X

7 4
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(385) Pomoct vhodné substituce vypoctéte

Reseni:

Jde o binomicky integral.

2
VX3 2
(2—;—3> dx:Jxl <—3+%x%>7 dx

p=3:¢Z™ =1¢cZ
= 34 AxI =t x=9(t" +3)5,| =
dx = 42(t7 + 3)"5to dt

— JS(V +3)5t242(t7 4+ 3) 36 dt =

92
= 126Jt8dt: 14t + C =14 (%x% —3)7 +C.
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[l. 3. SPECIALNI INTEGRACNI METODY 443

(386) Pomoct vhodné substituce vypoctéte

1
dx.
J V14 x4

Reseni:
Jde o binomicky integral.

1 B
JW“ZJ“”‘” *dx
p=-i¢Zal=lgzn=lyp=i-_j=0cZ

=S It =thx=(t"—1)7,
T4+ xt =t =4t = 1),

dx = —1(t* — 1)74t dt

e S
__J(t—l)(t+1)(t2+1)dt__J(t—1_t—H+tz+1 dt =

(Inft—1]—LInt+ 1|+ 2arctgt) + C =

[In(/x 4 +1—1) = n(v/x* +1+1) + 2arctg(v/x* + 1)] + C.

Bl = A —
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444 [l. INTEGRALNI POCET FUNKCI JEDNE PROMENNE

(387) Pomoct vhodné substituce prevedte binomicky integral na integrdl z raciondlni lomené
funkce.
J V2x? 4+ x dx.

Resent:

J\/2x2+xdx:J\/x(1 + 2x) dx

p:%¢Z>m_H:%¢Z7mTH+p:2€Z

=IxT4+2=tx=(t*-2)",
14 2x = t?’x = t2(t? = 2)7",
dx = —2t(t? — 2)2dt

_ J(tz —2)5t(t — 2)7(—2t) (2 — 2) 2 dt = _ZJ ﬁ dt.
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[l. 3. SPECIALNI INTEGRACNI METODY

445

(388) Pomoct vhodné substituce prevedte binomicky integral na integrdl z raciondlni lomené

funkce.

JX\3/ 8 — 7x3 dx.

Resent:

JX\S/S — 7x3dx

p:%¢Z>mTH:%¢Z>mTH+p:1 € Z
=83 —7=8,x=2t3+7)3,
§—7x3 =t =t38(3 +7),

dx = —2t2(3 +7)73 dt

1

- Jz(t3 F7)IR(E 4 7) 3 (<2 +7) T dt =8 J wr
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446 [l. INTEGRALNI POCET FUNKCI JEDNE PROMENNE

(389) Pomoct vhodné substituce vypoctéte

J cos® x - sin® x dx.

Reseni:

5 .2 . 202 a2 t =sinx B
Jcos X - sin xdx_J(1 sin x) cos X - sin“ x dx dt — cosxdx | =
N2 .2 5 4 p t3 t5 t7
=|(1=t) tdt=| (P —2t"+t°)dt== -2+ +C=
3 5 7
B sln3x_25ln5x+ s'ln7x+C
3 5 7 '
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[l. 3. SPECIALNI INTEGRACNI METODY 447

(390) Pomoct vhodné substituce vypoctéte

J cos® x - sin® x dx.

Reseni:

5 . 4 . a2 2 Ccind t =sinx .
Jcos X - sin xdx—JU sin”x)” cosx - sin® x dx dt — cosx do
22 4 4 P 3 t5 t7 t9
=|(1=t) thdt=| (t' —2t°+t¥)dt=— -2+ -+ C=
5 7 9
B slnSX_ZSln7x+ sin9x+C
5 7 9 '
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448 [l. INTEGRALNI POCET FUNKCI JEDNE PROMENNE

(391) Pomoct vhodné substituce vypoctéte

dx
sinx’
Reseni:
dx sinx t = cosx
— = | —5—dx .
sinx sinfx dt = —sinxdx

_J_ dt _J dt
) 1=t -1

1 1

5 5 1 1
_ 2 2 _ ! ! _
_J<t 71 1>dt_2lnlt 1 2ln|’c—|—1|+C

1 1
:zlnlcosx—]l—zlnlcosx+1|+C

.2 x
2sin 3

2x
2 cos 3

1

1
zln

2

+C=

1
::zln

cosx — 1
cosx + 1

o=

ln ’tgz§‘+C=ln|tg§‘+C.
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[l. 3. SPECIALNI INTEGRACNI METODY

449

(392) Pomoct vhodné substituce vypoctéte

sin®x
J —— dx.
1 +4cos?x + 3sin“x

Reseni:

t =cosx
dt = —sinxdx

J sin® x dx
14+ 4cos?x + 3sin’x 1+442 +3—3t2

t?+4-5 1 5 t

CosS X

7 + C.

= COSX — > arct

2_
:J g1
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450 [l. INTEGRALNI POCET FUNKCI JEDNE PROMENNE

(393) Pomoct vhodné substituce vypoctéte

J dx
1+ sin’x

ReSeni:
t=1tgx 1
J dx . t J 142 J 1 1J 1
— = |sinx= = dt=| +—=dt== | ——dt=
) V1412 2 2 241
1 +sin“x dX]ltzdt‘ T+ 1% 1+ 2t 2245
t
== 2arcth+C:§arctg (\/_tgx>
V2
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[l. 3. SPECIALNI INTEGRACNI METODY

451

(394) Pomoct vhodné substituce vypoctéte

sin*x
2 dx.
cos*x

1 t?
:J<t2—1+t )dtz;—t%—arctgt—FC:

tg3 X

:——tgx+arctg(tgx)+C=t—x—

3

t4
J1+t2dt
tgx +x+ C.
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452 [l. INTEGRALNI POCET FUNKCI JEDNE PROMENNE

(395) Pomoct vhodné substituce vypoctéte
5
— dx.
J4 + sinx x
Reseni:

t=1tgx

Jde sinx = 24, —J > 2 dt—JLdt—
4 +sinx dx:%ﬁt B N R R o T

B J dt _§J dt_ 54t
2] +5+1 2] i+ 4B 2V15

1 4t + 1 2v/1 4tg5 +1

_Oarctg t+ C:ﬁart L+

— —+ C
NN 3 YT

5
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[l. 3. SPECIALNI INTEGRACNI METODY

453

(396) Pomoct vhodné substituce vypoctéte

J dx
2 —cosx
Regenti:
J dx t=tg% _J e dt—J 2, 2
2 —cosx dx:#dt - Z_L—r_g ) 32+1 3
21 t 2
:§Tarcth+C:T\/§arctg(\/§tg§)—l—C.
V3 V3

2

|

dt

243
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454 [l. INTEGRALNI POCET FUNKCI JEDNE PROMENNE

(397) Pomoct vhodné substituce vypoctéte

sinx
J—dx.
14 cosx
Regeni:
sinx t = cosx dt
J]—l—cosxd |dt:—sinxdx __J1+t__ln“+t’+C—_ln“+COSX’+C.
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[l. 3. SPECIALNI INTEGRACNI METODY 455

(398) Pomoct vhodné substituce vypoctéte
cos’ x
— dx.
JZ —sinx X

Reseni:

cos® x t =sinx
2 —sinx dt = cosx dx

11—+t 3
= t= 24+t+ —— t=
= J<++t—2)d
t? . sin?x
:2t+?+3ln!t—2|+C:25Lnx+

+3ln|sinx — 2| + C.

Petr Zemanek & Petr Hasil http://user .mendelu.cz/hasil


http://user.mendelu.cz/hasil

456 [l. INTEGRALNI POCET FUNKCI JEDNE PROMENNE

(399) Pomoct vhodné substituce vypoctéte
sinx
[Er——
sinx — cosx

ReSeni:
i 1
[ o= [ o - [ s
sin X — cos x tgx — 1 t—11+¢2

B t B : 11—t B
_J(t—U(tz—H)dt_J(t—] +2t2+1>dt_

LT T —1J 2t dt+J S
- 2\ 2 t+1 2+1)

1 1
ln|t—1|—£—lln|t2—|—1‘+zarctgt+C:

t=1tgx
dx = 15 dt

1+t2

N == N

1
ln|tgx—1|—Zln‘tgzx+1|—|—§—|—C.
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[l. 3. SPECIALNI INTEGRACNI METODY 457

(400) Pomoct vhodné substituce vypoctéte

JZ—slnx

—dx.

2+ cosx

Regeni:
2 —sinx t=tg3 — 2y 2
——dx 7 = 5 dt =
2+ cosx dx = ;57 dt 245142

_J 2+2t2 -2t 2
24282 +1 —t2 1412

tP—t+1 2+t t
=4 dt=2|""—dt—2|——dt=
J(1+t2)(t2+3) Jt2+3 J1+t2

2t dt t
_Jt2+3dt+4jt2+3_zjl+t2dt_

2t 4 dt t
=|l———dt+<z| —7—-—2 dt =
Jt2+3 +3J(L>2+] J1+t2

V3

ln‘t2+3‘—|—iarctg\/_ In|T+t*|+C=

V3
tg 3
ln‘t +3‘ ln‘t +1‘+ arct Z 4 C.
72 72 g\/§
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458 [l. INTEGRALNI POCET FUNKCI JEDNE PROMENNE

(401) Pomoct vhodné substituce vypoctéte

J ,1 dx.
sinx

Re3eni:

Tento priklad je jednim z mala prikladd, které lze feSit jingm zplsobem nez univerzalni
substituci t = tg 3, ale pravé vyuziti této substituce je nejvghodnéjsi. (Porovnejte s P¥i-
kladem 391.)

J ,] dx
sinx

_J]thz 2

t=tg3

_ 2
dx—mdt

1 X
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[l. 3. SPECIALNI INTEGRACNI METODY 459

(402) Pomoct vhodné substituce vypoctéte

1
J 1+ sin2x dx.

Re3eni:
Tento priklad je moZné Fesit substituci t = 2x a nasledné substituci z = tg 5. Vyhodné&jsi
je ale nasledujict zptsob.

J 1 dx—J 1 N t=tgx B
T+sin2x = J 14 2sinxcosx dx = iz dt
1 1 1
_ dt=|-——dt=——+C=— C
J1+2—t A1+t J(1+t)2 t—|—1+c tgx+1+

V1412 /1442
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460 [l. INTEGRALNI POCET FUNKCI JEDNE PROMENNE

(403) Pomoct vhodné substituce vypoctéte

J'Z_F]mdx.
Reseni:

JZ—F]sinde dXt::tJrifdt| -
:J2+1]_%1+2t2dtzjtz+1—t+1dtzj(t+;ﬁdt:
= tdt%::%g\/ngyy :Jﬁ?dy:#arctgy—kC:
= %garctg% +C= 2\2/§ arctg 2tg\§§—|—1 +C.
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[l. 3. SPECIALNI INTEGRACNI METODY 461

(404) Pomoct vhodné substituce prevedte dan( integrdl na integral raciondlni lomené funkce.
J' sin®x
-5 Ux
sinx + 2 cosx

Reseni:

J‘ sin?x J sinx t=tg3
sinx + 2 cos x 1+ 2cotgx dx = 7z dt

= J e 2 dt—J 4 dt =
SR O+ 4ttt
J 442

V5 5
(1+ )2t = 12 (t = 52)

dt.

Poznamka 31. Po rozkladu na parcidlni zlomky, integraci racionalnich lomenych funkct

a vraceni substituce vyjde

8v/5 V5 2 2tg¥—1
.= —_arctgh | -—2tg*—1)| —=-—52— +C=
75 arctg [5( g3 )] 5 t92§+1+
——1cosx—%s'nx——8\/garct h V5 (sinx + 2 cosx —2) +C
5 5° 25 79 5sinx ’
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