Piiklady na integrovani raciondlnich lomenych funkci s proménou = a s promeénou sin(z) a cos(z),
které se substituci prevedopu na predchozi pripad, pro cviceni s obecnymi poznamkami v tvodu.

Poznamka: komentafe k prikladim byly generovany algoritmicky s pouzitim programu Maple.
Nékde se napiiklad najde vypocet [ Odz, ktry neni tieba podrobné studovat ani provadét pomoci substi-
tuce uvedené v komentari. Maple rovnéz pouziva pii vypoctech funkce arcus tangens hyperbolicky, ktery
my nepouZivadme a rozepisujeme jej pomoci logaritmi. Mocninu funkce, kterou obvykle znac¢ime f™(x)
zna¢i maple f(x)™. Maple také nepie u primitiovnich funkei integra¢ni konstanty. J4 jsme je v tomto
textu nedopliddoval, ale vy je, prosim disledné piste. neni dobré je zapominat, jak ukazuji rozdilné tvary
vysledku hned v prvnim integralu.

Prostudovani nasledujicich prikladi je dosti dobrou pripravou ke zkousce. Pokud je vSak vyresiéte
sami a pouze si zkontrolujete vysledky, prip. vypocty, je to pripravou ke zkousce mnohem lepsi.

Tyto priklady vdm pienechdvdmk samostudiu. Ve cvicenich se pak budeme podrobnéji zabyvat jen
témi priklady u jejichz vypoc¢tt budete mit nejasnosti.
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(22-1)7" = 12 (z-1)7" — 12 (@ +1)° L (22 1)‘1d:c = [1/2@-1)" —1/2@+1) " de =
[1/2 (z = 1) " da+ [-1/2 (2 +1) " da f1/2 (x —1)""da, ¢ substituce: ¢,t=2z-2,[1/2¢ 'dt =]
1/2 In(t) =1/2 In(22-2), [-1/2 x+1) dz, ¢ substituce: ‘,t=2z+2, [-1/2¢t"'dt =—1/2In(t) :I
21222+ 2)]

/(:c2 1) lde=1/2In(z+ 1)+ 1/2 In(1 — )

Pozn.: In(2z + 2) = In(2(z + 1)) = In(z + 1) + In(2) a [ f(z)dz = F(x) + ¢, takze In(2) lze zahrnout do
integrac¢ni konstantz a funkce z +— In(2x+2) a z — ln(:n + 1) jsou primitivni k téZe funkci, coz lze ovéfit
derivovanim.

/(IE2 72:E+].)_1 dz
(2 =2z + 1)71 =(z—-1)" [[(z— 1) *dz, ¢ substituce: ¢ ,t= =1, [t2dt = -t =—(z — ! ,resl]l
/(Jc2 —2x+1)71dx: —(z-1)""
/(:c5 — 52 +102% — 102> + 52— 1) da

(2 =52 +102* — 102 + 52 — 1)_1 =@ -1)""[f(x—1)"dx, ¢ substituce: ¢,t=ax—1, [t 5dt :I
—1/4t74 = —1/4 (x — 1), res]

/(IES 75x4+10x3710x2+5x71)_1 do=—-1/4 (z—1)""*

/(:5" +1)

(«® + 1)_1 = (2% + 1)_1 [f(2? + 1)_1 dr = [0dx + [(2* + 1)_1 dr, ‘= -, [0dz, ‘ substituce: °
gt=a?+1,[0dt =0=0, ‘= -, [(2® + 1)*1 dr, ¢ substituce <,z =t, [(*+ 1)’1 dt = arctan(t) =
arctan(z)]

/(Jc2 + 1)71 dr = arctan(z)
/(Jc4 +22% + 1)71 dx

(Jc4+2x2+1)_1 = (302+1)_2 [f(x2+1)_2d$ = dex+f(x2+1)_2dx, ¢~ -¢  J0dz, ¢ substi-
tuce: ¢, t=2*+1,[0dt=0=0, ‘- -¢ ,f(:n2+1)72d:£, ¢ substituce ° ,x:t,f(t2+1)72dt:

1/2 t2+1 +1/2 arctan(t) = 1/2 555 + 1/2 arctan(z), res]
/(az4 +22% + 1)—1 dx = 1/2%—#1 + 1/2 arctan(zx)
/(:c2+4:c+5)*1 dx
(22 +42+5) = (22 +4a+5) " [[(22+4x+5)" de= [0de+[(2> +4z+5) dz, - -, [Odx,
¢ substituce: ¢ ,t = 2% +4x+ S,det =0=0, ‘- -¢ ,f(x2+4x+5)71dx, ¢ substituce ¢

,e=t—2,[(+ 1)_1 dt = arctan(t) = arctan(z + 2), res;]
/(av2 +4z+ 5)71 dr = arctan(z + 2)
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224+4x+5

_ _ 2244 -1 2244
w75 = sl s = [12 2 s det [-2 (2P + e+ 5) dx, - -, 12 2450 dml
¢ substituce: ¢ t=a’+4a+5, [1/2¢7'dt =1/21n(t) =1/2 In(z®+4245), - -, [-2 (a? +4z+5)
¢ substituce ¢,z =t—2,[-2 (£ + 1)71 dt = —2 arctan(t) = —2 arctan(z + 2), res; ]

dr =1/21In(z* + 42 +5) — 2 arctan(z + 2)

/ 2 +1 d
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Pl = i [ [ 2t da::f1+ rirtedr = [1do+ [ tzdr, flda::x,fx;f4if5dm_

/ T
22 4+4x+5

244 x2+5 244 2458 2244245 ) a:2+4 x+5
/-2 Qiﬁtﬁrsdm + [4 (2 +42+5) dzx, - -, [-2 mﬁi‘;isda:, ¢ substituce: ¢ .,t=2a2%+4x+
5 [—2t7'dt = —2In(t) = —2In(2? +4x +5), ‘- -, [4 (2? +4.Z‘+5)_1 dr, ¢ substituce ¢ ,r =

t—2,[4 (+ 1)71 dt = 4 arctan(t) = 4 arctan(z + 2)]

2
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/de = —2In(2® +4x +5) + 4 arctan(z + 2)

dxl
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/x3 +22+1

——dx

2 +4z+5
‘/173 1;2 T T X T T
32214 xi15 = .Z‘—3+ 3221—?-2’;4-5 [f 32214 xi15 de = fl‘—3+ 3321—?-236+5 de = fl‘dl‘-Ff 3d$+fx§—?—j’;+5 da fIdI =
1/24%, [-3de = —3x, [ 24 2ede = [7/2 25 zdat [2 (2° + 42 + 5) de, ‘= -, [7/2 xiﬁ;‘isdm,ll
¢ substituce: ¢,t=a’+4a+5, [7/2t7dt =7/21n(t) =7/2 In(2®+42+5), ‘- -, [2 (2 +4x+5) dm,l

¢ substituce ¢,z =t-2,[2 (£ + 1)71 dt = 2 arctan(t) = 2 arctan(x + 2)]

3, .2
1
/§2:Ix15d9¢: 1/22> =32+ 7/2 In(z® + 4z + 5) + 2 arctan(z + 2)

/m39x2+27x27
dx
—4zx+4
%W—x 5—(x — ) +3 fm_;z+;zr’i27clav—fav—5—(av—2)f2 (z—2)" dx—l
Jadx + [—5dx + [—(z—2) da:+f3 x—2 da:,fxdac—l/2x /- 5da:—f5x,f (z —2)% du,
¢ substituce: ¢ |t =z -2, [— t72dt = ¢! = 3 (z dx ¢ substituce: ¢
gt=x—2,[3t7'dt =3 In(t) = ln(:c—Q)]

3 _ 249 —2 -
/x S A A —1/22% 5t (x—2)" 43 In(z—2)

—4xr+4
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xt—222+1
Tofoiech -1/4 (@-1)7"+ (wl)*l — fw ;2%;;?;; Sdm = [-1/4(z 1)+
(-2 (z+1) de=[-1/4(z— 1)~ d:c+f:c—1 Yo+ [-2T 2 da, [~ 1/4 (z—1)2dz ]
¢ substituce: ¢ ,t = 2x —2,[-1/2¢2dt = 1/2t7" = 1/2 (2x—2) ,f(x—l) dz, ¢ sub-
stituce: ¢ .t =a—1,[t7'dt = In(t) = In(z — 1), [~Z (x+ 1) "da, ¢ substituce: ¢ ,t =

20 +2, [~ 2dt =20t =2 (20 +2)7]

/x3—6x2+12x—8

_ 27 .
=1/4(x—1)"+In(z - 1)+ == 1
A1 1 de=1/4(z—1)" +In(z—1) + 1 (x+1)



/(m2+2x+2)_1d:£
(Jc2+2x+2)_1: (Jc2+2x+2)_1 [f(x2+2x+2)_ldx:dex+f(x2+2x+2)_1dx, ‘~ -¢ [0dz,
¢ substituce: ¢ ,t = x? +2x+2,f0dt =0=0, ‘- -¢ ,f(x2+2x+2)_1dx, ¢ substituce ¢

,e=t—1, [(#+ 1)71 dt = arctan(t) = arctan(z + 1), res; ]

/(IE2 +2x+ 2)_1 dr = arctan(z + 1)

/(az4+4x3+8x2+8x+4)_1 dx

(' +42° + 822+ 82 +4) = (e +22+2) " [[(2® +22+2) dz = [0dz+ [(2> +22+2) " da,

‘~ -¢ , [0dz, ¢ substituce: ¢ .t =2>+2x+2, [0dt =0=0, ‘- -° ,f(x2+2x+2)_2d$, ¢
: -2
substituce ¢,z =t —1, [(t*+1) ~dt = 1/2 55 + 1/2 arctan(t) = 1/2 (mfi’;%H + 1/2 arctan(z +
1), res1]
_ 2 2
/($4+4$3+8x2+8x+4) 1dx:1/4#2+2+1/2 arctan(z + 1)

Cviceni:

/ac/(:n4 +1)

Lépe substituci 22 = t nez rozkladem na parcialni zlomky. Porovnejte oba postupy.

Priklady na racionélni lomené funkce R v proménnié sin a cos:

R(x, —y) = —R(x,y) substituce: sin(z) =t

R(—x,y) = —R(x,y) substituce: cos(z) =t

R(—x,—y) = R(z,y) = Ra(z/y,y*), R(sin(z),cos(x)) = Ra(tg(x),1/(1 + tg?(z))) substituce:
tg(z) =t

Univerzalni substituce: tg(z/2) = t nebot pro x # (2k + 1)7 je cos?(z/2) = m, cos(z) =

cos?(x/2) —sin®(x/2) = 2 cos?(z/2)—1 = %, sin(z) = 2sin(z/2) cos(x/2) = 2tg(z/2) cos®(x/2) =
)dx = dt.

2tg(x/2) , 1/2

1
1+tg2(x/2) cos?(z/2
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de= ([ -2 42— qo=[-2—"_4 Sy sty
/1—352 o (/ 571 2z+1% / 2x—1x+/2x+lx>’/ 221"

11 1 1 1 1
substituce: ¢t =2x — 2, / ~5 Zdt = <—§ln (t) = —Eln(Qx - 2)) , /5 poaE] dx, substituce:

1 1
t=2x+2, /——dt: (—ln(t)ziln(2x+2)),/1 xde:arctanh(x):

=1/2In(x+1)—1/2In(1 —2)
1 B 1+ sin (z)
/cos () dr=In ( cos () )

Pozn.:In(2z+2)=In(2(z+1)) =In(z+1)+In(2) a [ f(z)dz = F (z) + ¢, takze In (2) lze zahrnout
do integra¢ni konstantz a funkce x — In (22 + 2) a x +— In (x + 1) jsou primitivni k téze funkci, coz lze
ovérit derivovanim.
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. 2 2
t+1—-1
, substituce :, sin (z) = t, /sm (z) + cos () dr = /; dt,
cos () 1—1¢2

/x—l—l—xQd_/lll 11 /1 +/11d
1—22 7 571 2231° 2 2r+17);

1 1 11 1 1
/ldx—x,/—imdx substituce: t =2z — 2, /—Egd —<—§ln()_—§ln(2x—2)),

11 1

1 1
/ 33 +1da: substituce: t:2x+2,/75¥dt: (Eln(t):§ln(2a:+2)>,

/% dx = —%ln (x—1)+az— %ln (x+1), /Sin (xC)O:(CxO)S (@) dx = —In (cos (z)) + sin (x)

* /sin (:E(;O-Sk(jczs (z)? e

1 1
, substituce :, sin (z) = t, / cos () 5 do = /72 dt, /, —— do,
sin (z) + cos (z) t+1-—t —r—14z

substituce: t = v —x — 1 + 22,

csgn (1) [ 2 cotan V5 . _ 2 retan V5
/Qt\/ﬁdt—< 5\/gacta h(fﬁ) csgn (t) = 5\/gacta h<m>>,
/; d:p:%\/garctanh (% (—1+422) \/§> ’/ cos () S da =

x+1— 22 sin (z) + cos (z)

éx/ﬁln(tan(%xfﬂan( ) \/_tan( >+1>
+é\/51n<tan(%x>2+tan( )+\/_tan(%x>+1>

arctanh (z) =1/2In(z+1) —1/2 In (1 — ), csgn=signum.

1+ sin (2)*

, substituce :, sin (z) =, /%dl‘:/# dt,
/ﬁdm:(/%xQ_ﬁﬁle%I2+;/\_2/§+lda::%2+%l>,%2:/0da:+%2,
=\

-, /de, substituce: ¢t =42% —4xv2 +4, (/Odt:()) =0,—\

IV2
842 —121¢t/2—10

~ 5T (20416~ 8¢V3) + | axctan (é (11— v2) \/5) + 37 (204168481 2)

—iarctan (é (41+2) ﬂ) :—%Iln <20—4 (—x+2\/§)2—2 (~o+2v2) J—_4\/§)
+ garetan (5 ((~o+2v2) V=T - V2) Ve

+ 11 (204 (—x+2\/§)2+2 (-e+2v2) \/_4\/§>

—, %2, substituce , x =+/—4t+ 2\/5,/ —

8

5



—iarctan <% ((—x+2\/§) \/—4+\/§) \/§> , %1:/0d:c+%1,—\
- /de, substituce: ¢t =42% + 4z V2 +4, (/Odt:()) =0,—\

—, %1, substituce , x = \/__4t_2\/§’/8t2+1211\/t§\/§10 dt = (
é]ln (20+16t2 8t\/_) —arctan (6 (4t—f) \/§> —é]ln (20+16t2+8t\/§)
—iarctan <% (4t+\/§) ﬁ) - %Iln <20—4 (—x—2¢§)2—2 (—I—Qﬂ) \/—_4\/§>

+%arctan (é ((—x—Q\/ﬁ) \/—_4—\/5) \/5)
félln (204 (73372\/5)2—#2 (fa:72\/§) \/_4\/§>

— 1arctan (é ((73:72\/5) V-4 + \/§> \/5) , /Ldﬂf: larctan (%),

- 1+ at 2
: 1
/w do =  arctan (1~ cos (2)°)
1 + sin (z) 2
1 2
%1 ::/—L v
43:2+33\/§+1

i,
422 2241

1
0/72@:,:0
1+ 3cos(x)

1 . s
A @)= m

1 1
JEE Y S A S
1+ 3cos (z) *+4
-, /de, substituce: t = 2? + 4, (/Odt:()) =0,—\

1 1 1 1 1
- / 1 dx, substituce , x = \V/4t, / dt = (5 arctan (t) = 3 arctan (Z x \/Z))

22+ 2
/ 1 d 1 ‘ 1
R x—2arcan 2x ,
1 1 1 1
72da::—arctan 2tan | = x ,\/g + —arctan | 2tan +\/_
1+ 3cos(z) 2 2 2 2"

./Lin(x)dsz.

, substituce :, tg (z) = t, cos (z)? = dz = cos (t)° dt,

2 + cos (x)
: 1 . ¢ 1—1¢2 dt
, substituce :, tg <§ :E) =t, sin(z) = 2 21 cos (z) = 21 dx =2 21

2 —si 241—

/ﬂdx:/4¥dt,
2 + cos (x) (t2+3) (12+1)

2+1—z x+2 x x+2 x
4 dr = 2 -2 dr= [2———=d —-2——d
/ (224 3) (#2+1) v (/ 22 +3 21 / 2 +3 x+/ 22+ 1 x)’

T+2 T 4

2 dr = —d ——dz, —

/ 2243 / 2 +3 $+/x2+3 %=\
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z . L . _ 9
-, /2:52—4-3dx’ substituce: t =z +3,< ;dt-ln(t)) =1In (2> +3),-\
4
-, /x2+3da: substituce , x = \/3t,

4 4 1
4 31;/; 3 dt = (5 arctan (t) V3 = 3 arctan (5 I\/g) \/3) ,

x x
—-2———dr=[| —-2———d dx, —
/ o / o :E+/0 x, —\

T . L9 1. _ 9
_,/—QQ:Q—HCZI, substituce: t =z + 1, (/—;dt——ln(t)) =—In(a”+1),-\

2+1—z 4 1
— [4 =In (2* - - —In (2 +1
,/ 213 (m2+1)dl‘ n(m +3)+3arctan<3x\/§) V3 n(m + ),

[37ametar = (n (3o) +2) 4§ vEutan (§1on (3) v8) i (1 () 1)

1
o/ﬁdl‘,:o
1+ cos (z)
t?

— sin(2)’ = ——
t2+1 2 +1

1 1
— dt dr= [0d
/1+cos(:£)2 v /t2+2 / 2127 / ﬂE+/
-, /de, substituce: t = 2% + 2, (/Odtzo) =0,-\

1 1 1
dx, substituce , x =t/2, /2752 o= <§ arctan (t) V2 = = arctan <§ T \/5) \/5) ,

, substituce :, tg (z) = t, cos (z)* = , dz = cos (t)* dt,

2

7’/35
1 \2
. . . tan<§x> +%1+1
/—dmz—arctan( x\/—>\/—/7 dr = =21n 5
x? +2 2 1+ cos 8 1
tan 3% —%1+1

1 \2
1 1 1 tan <§x> - %1+1

—+—Eﬁarctan(%l—kl)—f-5\/§arctan(%1fl)+§\/§ln T\
tan <§x> +%1+1

%1 := tan (% a:) V2

./Md .
2+ cos(x) O
. 3 2
1—
, substituce :, cos (x) = t/% d:g_/ t dt,

2+ cos t+2

2

/1 a: dx = /f:n+2f da:—/fxdx+/2d:n+/ ,/f:ndx:fle,
T+ 2 2

/2d$=2x,/— 3

x+2dx, substituce : , t = x + ,/ tdt (—=31In () 3In(z+2)),
1—a? 1, sin (z)* 1\’ 1\*
= —— 2x — 31 2 - 7 = 1 — —
/x+2dx 236—!— z—3In(x+ )’/2+cos(9:)dx 3In ( tan 5% +3 | tan 5 ¢
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1 \? 1 \? 1\? 1 \? 1 \*
+6In|{tan|-x|] +3|tan|-2x|] +3In|{tan|{=-2x2) +3| —3ln(tan|{=-z) +1]| tan| -z
2 2 2 2 2
1 \? 1\? 1 \? 1 \* 1 \* ’
—61n (tan <§ x) + 1) tan <§ x) —31In (tan (5 x) + 1) —6tan (5 x) —4/.<tan (5 x) + 1)

. 2
0/71+Sln(x) dz, :e

cos (z)

1+ sin (z)? 2 +1
, substituce :, sin (z) = t, /ﬂ dr = /;
cos (x) 1—1¢2

2241 1 1 1 1
/17x2d:c (/ x71+x+1dx / d:c+/ xldx+/x+1dx>,/ dr = —x,

1 . B I _ 1
/—x_ldx, substituce: t—x—l,/—tdt—(—ln(t)— ln(:zc—l)),/x+1

dt,

dx, substituce:

1 ® +1
t=xz+1, ;clt:(ln(t)zln(Jc—Fl)),/lim2 de=—z—In(z—-1)+In(x+1),

/M dz = 21n <1+571n(x)) — sin (z)

cos (z) cos (z)




