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INTEGRALNI POCET

Tabulka zd6kladnfich vzorcid

pro integrdély

(Integragn{ konstantu C, neni-li uvedena, nutno pripo&iat.)

foax =c f1ax = ax =x
' k+1
“jxkdx= %—;—I.kﬁ-l I%dx = lnlxl, x A O
','Jssinxdxa--cosx 5coaxdx = sinx
5—-—17- dx = - cotgx 5-—%— dx = tgx
8in"x cos™x
" x
‘_yoxdxsex Jax dx = 7o 4 830
jsinhx dx = coshx Icoshx dx = sinhx
5-21’5-5 =%arctg§ f—é-g’-‘——z- = %gln %—:—%,xﬁa, a>0
/x*+a x“~-a
dx =1nlx+’x2+b',b£0 I --arcsin-;s, x#*a, a>0

dx

?J-fi;i(il‘sl dx = 1nj£(x)] ' [f(ax+ b) dx = -];F(ax+ b)
. b 4

Dile2ité integriédly

#"
o

T Zax+ b ! D = b= 4ac

é-lnl2ax+ b+ Z(a(axz+ bx+c¢c)|, ay-0

‘ax“ + bx+ ¢ \TD" 2ax+ b+ (D
R -2—— arc tg gﬂ‘:—p- DLKO
/

1 ~2ax = b
—~== arcsin D>0,a< o0
Y=a D '
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B @Dokaite,ée dané funkce jsou primitivni ke stejné funkci, jestliZe
a) £(x) = 2arctg x, g(x) = arcsin 1—-2—"—-2- s xe(-isl)
. T 1t X .

b) f(x) = e%.sinh x, g(x) = eX,cosh x
Redend:
a) Budeme vychdzet p¥imo z definice primitivn{ funkce: f£’(x) = 2, -—]=-—-2- R

1+ x
2 2 2
. 2{(1 + X - 2Xe2X X l“2_1--x
3 (,X) = J—-—ilz——-'——( :\/ -5——--2-5(1‘*1:.) _ —L—-le—( 3

1+ x°)° 1+ x°)

i 2 3 2 Ity ’
X _+2x + 1 =4x o 1l-X e X)) - £°(x) = g°(
‘VL; 1+ x5)% (Q + x9)2 x 1+ x°)° 1+ x° '; () = g (x)

b) VyuZijeme véty, kterd ¥ikd, Ze dv& funkce primitivni ke stejné funkci se 1isi

- b d -X 2x ‘
nanejvys o konstantu: f£(x) = e*, & -?e =& 2"-]= = %e?x - %
x -X. 2x '
glx) = ¥, &t o2 2"%1-, - % 02X 4 % s 8(x) = £2(x) + 1,

@ﬁpravou integrandu a pouZitim integralnich vzorci vypodtéte:

R frorrrr- B e (P S

'
Bs :.-:-+x5) dx = 1ln|x|=- _i__?;

1+x°+ V1 -x dx;g' !11}? Vi - x° }dxs
Y1 J- V(l+x)(l-x2) ¥ Vﬁ+xz)(l-xz)

= x-.

l§

X
! X X
c) \ e¥a¥ dx = S (ea)* dx = (ea)™. Ti%ﬁ'}' = f;—aﬁ-g a>0
N . R} .

roX X\2 b2x XX 2x b4 x
(LI-LLax,S?( £ 2e2 0 0 dx:S(z—x+2e’e 2) ax =
" 37.2 ' 3 2

(

= S[—Vi—i-_—_z + V—l_-_%_;z]dx = arcein x + Infx + 1+ 22| |x|<1
|
)

= SE%)J: + 2 + (%)x]dx' (%)xa-lf% + 2% + (é)x. l_iz

;7 2 2 :
dx 8in®x + co8°x 1 1
e) —T——T--S—r--—-z-—-dxgg-——-r+—?—]dxgtsx-cotgx

5 gin"x.c08°x s8in“x.co8"x co8 " x - sin®x _——————

R
1 - X - arcesin x) .o -
£) S—_-—_ﬁ_——__?a PP e dx = S q’ams . 4% S L—-E—Lexarcs 3 njarcsin x|

‘ Ix|<1, X % O
s ’
g) tgxdx = :;’:; dx = "(:———%g‘%)— dx = -1lncosx + C ;

h) :_v'éoaax ax = l-l-g-ﬂ-z—’h ax = %—ﬁx#%sinzx) +C;

i) ,"isinzx ax = L= gos2x 4y - %(x-% sin2x ) + C ;

o R,
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N
2x s X X
sin §+cos 5 1 ( sin¥ cosx
) f.i’s.-—-__-_-ax= f dx + f dx = 1n(tg¥| ;
8inx 2 s:.ng cosf H cos% 2.‘ sinf- ——-—-——_Lg_’l_ ’
k) jcg’:x = cosx:sin(x«»%’v) =1nltg(§+%)l;
1) Ssinax cosbx dx = |sinx cosfd = ( sin (x+/3)+ sin(x~3)) = -21- (cos (a+b)x +
+ cos (a=b) x)
N&které typy integrélad
Yes8itelnych metodou per partes
Je-1i P(x) polynom, potom u integr4ld
IP(X) bl /lnx u’ je racionélnf, resp. ira-
. fP(x) arctg x dx klademe u =-arctgx cleméln{ funkce ( tedy ji%
fP (x) arcsin x dx \arc sin x De tramseendeatnf)
: fP(x) cosx dx } a metodu opakujeme tolikrdt,
‘ fP(x) sinx dx klademe u = P(x) jaky je stupen polynomu
[P o* ax J
3 -
@V)”poéty integrdll metodou|per partes: e
' = P u=a’ ax + b
a) \(ax + b)sin kx dx = |® = &% * = - B2 cos kx +
Sv ‘ v'e 8in kx v--%coskx
a ax + b a
+ cos kx dx = - cos kx + =, gin kx
‘ES X 153
1:.)33!363 g umE Wm 3 -"31:3"33"5129"&:,. wex? Wdeox |
I vae® v %‘-ejx v’s.evaa%-eBK
2 R 2
’x333x__§:_93x+§_ xSQBxd'xg usx u=1 ‘1393:(_ % 4
V=eXya &e* -
3
3x
+ %zeSx- %S_e”‘dx--gv— (9x° = 9%x° + 6% - 2)
) 1 :
c)fl’nxdx= u=lnx wus= ¥ v_:x.lnx-Sx.-i-dx:x,lnx-x
. v=1 v =X
) ‘
a) Seaxcos bx dx = | % = C08 bX W = =besin bx | % e®*cos bx + % 5ea'xsin bx dx N
: ' v = X Ve &%
a
; ).
u=gin bx u = be.cos bx 1 1l _ax bga.x ]
= =@ cosbx+- e 'sin bx - = \e cos bx dx|=
v = 6% v = % o2 a [ Y
' 2
= %— e*Fcos bx + '-°-2 e%*gin bx - 32- S e%*cos bx dx. A% na multiplikativni konsten-
a &
tu jeine dostali opét pﬁvgdni integrdl, Méme tedy: I = 3‘- e®%cos bx + b?_ e**sin bx -

2
- 22 o I, Odtud I + P-E.I = % e®*cos ux + b2.e sin bx, tedy
: ‘ ‘ a

a
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L d 1
* a
a

ea‘xcos bx + 22 e®Fgin bx a
&

I = T__l_z{a.e

8Xs08 bx + be e®gin bx]_

&+ b
: 2 2 2 2
e) S ax .1 S a ax = & S af 4 x° - x° .o,
T ) @R+ 2B a2 ) (a2 + x)F a2 ) (a2 + 2)° :
1. 1 i 1 S z ax u =X el
= -, _T—_T—I - e x.-—r—-—?— = . :
aZS(a + x°)° a2 (a® + x°)2 v\g_'?_x_T'ﬁ _—
(a° + x7)
v'-ig—?g—r ax = o ——try i ='1'S-T—r—'rl e -
' 2' (a® + x°)° (e + x5)™ BT 82 /) (a + x°)P"
-1 =x by (o } il X .
P Prep e R R 2a2(n-1) (a2 + BT
- P (1- 5_-(1—17) S—Tdéx—-é— 1 e TakZe, oznaéime-li 5—2-2‘-’-[--2— = Ky
a? n= (a¢ + x5)B (a® + x°)B
. odvodili jsme rekurentni vzorec K, = !'-2.21‘- e Ky ¢4 1 T—Ix 2
a n-1) =1 7 2gf(n-1) (&% + x°)*°1 -
1 .
e B pp——
. Ig'l 28 (n‘l) [_(Zn-b)Kn_l + —t;z—:;z)—n-;r}

1 1
uw=in(tex) wegry e o7

£) g.s:tn Z.1ln(tg x) dx = cos8°x | = =cos x.ln(tg x) +

v'= sin x Vv = -co8 X
1 1 1
+ Sm . ;:;?—x- .C08 X 4x = =c08 xX.1ln(tg X_) + Sm dx = ~cos x.1ln(tg x) +
.l X 2 x 2 x 2x )
sin + ¢0B sin + cos dx
¥ S _ 2 -2 dx = -cos.ln(tg x) + S £ = 2 = —cos xeln(tg x) +
sin2.§ 2ain§. cos ¥

v-‘i" x 1 x
% s8in
+g:5 zd“szmzd/;

Teos X x -cos x.1n(tg x) - 1n cos § + 1ln sin% -

]

2 sin ¥

= -COS X, 1n tg x + 1ln tg £ ., Poznamenejme, Ze integrédl g, 1ze najit 1 ji-
njm zpisobem, jak si ukédZeme ddle.

Pomoci vhodnd zvolené |substituce|najdéte integrély:

a)S z_dxs =t =Txli7 Sv_—é_-t—g-rg'narcsint=
-5 3%1n 3 ax = dt 1-t

= 1%'3' arcsin 3x

L=t

-2 a-gsmtdt-costscos%
-x “dx = dt

v) S’-l-,2 o8in £ dax =
/ X

2

3 l-x=1% 1 - )3 3 - 3% £ -1
Q)Smdxu -dx = dt =-§L—:7;Ldt=$———2?zgi—1————dta
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