PORTFOLIO THEORY — EXERCISES 3

Dr. Andrea Rigamonti

EXERCISE 1

An investor with risk-aversion y = 4 invests in a portfolio of one risk-free asset and two risky assets whose
excess returns have mean vector, covariance matrix and inverse covariance matrix equal to:

_ 0.006] 5y = [0.003 0.002 s-1 o [ 3000 —4000
"= 10.004 0.002 0.0015 —4000 6000

Compute the portfolio weights that maximize mean-variance utility, and the corresponding utility.

The weights for the risky assets are:

o = Ly-1, _ 173000 —4000} [0.006]=[ 750 —1000] [0.006
Uy 41-4000 6000 1l0.004! ~ 1—1000 1500 1l0.004

— [7500.006 + (—1000) * 0.004) _ 10.5)
~1000 * 0.006 + 1500 * 0.0041 ~ L 0

The weight for the risk-free assetis: 1 — 0.5 = 0.5

The formula we used maximizes the utility given by U(w) =w'u — gw’Zw. Therefore, the utility is:

o Yoo 0.006] 4 0.003  0.002 7[0.5
uw) =wp-zwiw=1[05 0l[ 13005 01[;005 ooors) o)

= 0.5%0.006 + 0 * 0.004 — 2 * [0.5 % 0.003 + 0 * 0.002 0.5 0.002 + 0 % 0.0015] [0(')5]

= 0.003 — 2 %[0.0015 0.001] [0(')5] = 0.003 — 2% 0.0015 * 0.5 = 0.003 — 0.0015 = 0.0015

Equivalently, we can use the formula for the utility of an optimal mean-variance portfolio, which is only
valid for a portfolio with optimal weights:

1 1 —
U(wy) = 5”12—1” = ——[0.006 0.004] 3000 4000] [0.006

2% 4 —4000 6000 110.004
1 0.006
=3 [0.006 * 3000 + 0.004 * (—4000) 0.006 * (—4000) + 0.004 = 6000] 0 004]
1 0.0061 1
= g[z 0] 0004l =5 2 % 0.006 = 0.0015
EXERCISE 2

An investor with risk-aversion y = 2 invests in a portfolio of one risk-free asset and two risky assets whose
excess returns have mean vector, covariance matrix and inverse covariance matrix equal to:

_ 0.005] 2,‘:[0.003 0.002

_ 3000 —4000
= 10.004 0.002 0.0015

-1
z ~[—4000 6000

Compute the portfolio weights that maximize mean-variance utility given a full-investment constraint.



The weights are given by:

1 y—p'x 11
* = 1
Wur =7 <” M=

_ 113000 —40007)0.005 2~ [0-005 0.004] o0 so00 M1l
_z[—4000 6000] [0.004]+ 0 11] 3000 —4000”1] H
—4000 6000 J L1
10005 0004[3000 «1— 4000 % 1

_ [ 1500 —2000] [0.005]+

4000+1+6000=1 [1]
—2000 3000 0.004 1

30001 —4000=1

[T 1| 4000 « 1+ 6000 1

1000
1500 —2000 a005]4_2"[0005 0.004] [2000][1]
—2000 3000 /)10.004 1o, 1000
2000
1500 —2000 0_005] N 2 —[0.005 * (—1000) + 0.004 = 2000] [1]
—2000 3000 ]l0.004 1000 + 2000

o0 000 Hloos) * o051} = 25000 3000 Hla.0s) * (o001

1500 —2000] [0.004] [ 1500 = 0.004 — 2000 = 0.003 ] _ [0]
—2000 3000 110.003 2000 = 0.004 + 3000 = 0.003 1

EXERCISE 3

Given a risk-free asset and two risky assets whose excess returns have mean vector, covariance matrix and
inverse covariance matrix equal to

Z[001) 5 [0004 0002y _[375 250
"= lo.oos 0.002  0.003 —250 500

compute the weights for the optimal mean-variance portfolio with target return Re = 0.01.

The weights for the risky assets are:

Re 0.01

. 1y 375 ~250) 001
mv T Iry—1 - — —
Wi g 001 0001|375 20| (00T 11250 500 lloos
—250 500 Jl0.008
_ 0.01 [375*(1014—(—250)*(l008]
[0.01 * 375 + 0.008 * (—250) (101*(—250)+-Q008*500]L?ggé —250+0.01 +500 « 0.008
_ 0.01 175]= 0.01 [175 0.01 175]:: 059]
0017l 1.5~ 0.0175 + 0.012 0.0295 1.5 1 ¥ lo.51
[1.75 1.5] 0.008

The weight for the risk-free assetis 1 — (0.59 + 0.51) = —0.1



EXERCISE 4

Given a risk-free asset and two risky assets whose excess returns have mean vector, covariance matrix and
inverse covariance matrix equal to

_[001)  5_[0004 0002) gy _[375 250
0.008 0.002 0.003 ~250 500

compute the weights for the optimal mean-variance portfolio with target return Re = 0.01 given a full-
investment constraint.

The weights are:

Wi =

_,[CRe—B +A—BRe1]
ac —pzH T ac = B2

whereA=p's 1y, B=131pyandC = 1'2711.

First we compute the three scalars:

A=z tp=[001 0008][ 37> “ZO][ 900 ] -

—250 500 1lo.008! —
— [0.01 * 375 + 0.008 * (—250) 0.01 * (—250) + 0.008 * 500] 0060018] -
_ 0.017_ _
=[1.75 1.5] [0_008] = 175 0.01 + 1.5 * 0.008 = 0.0295

—250 500 llo.0o08] —
_ 3 B 0017 _
= [1%375+1%(=250) 1x( 250)+1*500][0_008 =
= [125 250] [ 0.017 _ 1554 0.01 + 250 + 0.008 = 3.25
0.008

C=151=[1 1] [ 375 —250] [ﬂ _

—250 500

— [1%375+ 1% (=250) 1% (—250) + 1 %500] [ﬂ -

= [125 250][;] =125+ 1+250+1=375
Now we can compute the weights:

Wonv*

_1[CRe —B +A—BRel]
ac -2t T ac — B2

_ [ 375 —250 { 375 % 0.01 — 3.25 [ 0.01 N 0.0295 - 3.25 % 0.01 1]}
~ 1-250 500 110.0295 * 375 — 10.5625 10.008! * 0.0295 = 375 — 10.5625 L1

0.5

=[375 —250 {0-5[0.01 —0.003 1}

—250 500 0.008+ 05 11



=1%50 500 Hloosl * Coosl} =[50 500 lo0oz]

_ [ 375 % 0.004 — 250 * 0.002 ] _ [1]
~ 1-250 % 0.004 + 500 * 0.002] 10

EXERCISE 5

Given a risk-free asset and two risky assets whose excess returns have mean vector, covariance matrix and
inverse covariance matrix equal to

0= [0.01

_ 0004 0002) 5y _[375 250
0.008

z=[0_002 0.003 —250 500

compute the tangency portfolio.

The weights are given by:

B [ 375 —250] [ 0.01 [ 375 * 0.01 — 250 * 0.008 ]
w =2 B __ 1-250 500l1l0.008] _ _ 1-250+0.01+500+0.008
tan = 1'y-1y 1] [ 375 —250] [ 0017~ ;7375 *0.01 - 250 = 0.008
—250 500 /10.008 —250 % 0.01 + 500 = 0.008
1.75] [1 75
_ 1.5 _ [1 75 [0.54
1.75 1*175+1*15 3.25 0.46
(1 1]}
EXERCISE 6

Given two risky assets with mean return, covariance matrix and inverse covariance matrix equal to

_ [0.007 ¥ — 0.004 0.002 51— 375 =250
0.004 0.002 0.003 —250 500
compute the weights for the minimum variance portfolio.
The weights are:
1 1 375 —250][1
_ 14 _
Wo = 1'2‘.‘112 1 [1 1][ 375 =250 [1] —250 500 ” ]
—250 500 111
_ 1 [375 * 1+ (—250) * 1]
[1%375+ 1 (=250) 1% (-250) +1x500] [;] ~250+1+500+1
_ 1 [125 125 [125] o [0.33]
250) ~ 125 + 250 L250! ~ 375 1250 0.67

[125 250] [}



EXERCISE 7

A mean-variance utility investor with risk-aversion coefficient y = 5 can invest in two risky assets and one
risk-free asset. The mean and covariance matrix of the excess returns of the two risky assets are:

2= [ooos] 2= loo02 o003

Compute the weights for the 1/N portfolio that optimally allocates the wealth between the risky assets
and the risk-free asset.

We compute the weights for the risky assets:

11 , oo
Wn = _1’_2”11 ~5 3005 0,002 1 [ﬂ
! 1 5002 0003l )

1+0.01 +1+0.008 i
[10.005+1+0002 150.002+1+0003][] !

ul]

1 0.018 17 1 0.018 1
5 (0,007 0.005] [ﬂ [1] ~ 5 0.007 * 1+ 0.005 * 1 [1]

T 50.007 %1+ 0.005 % 1

1 0.018 1 0.018 0.018
[11=5 501 1) = 5oe L) = 23 1] = [o3]

The two risky assets get a weight of 0.3 each, so the weight of the risk-free asset is:

1-(03+40.3) =04



