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LITERATURE

There are very many books on the topics of the course. The list below is a
small selection.

Discrete martingales are discussed in most advanced introductions to
general probability theory. The book by David Williams is particularly close
to our presentation.

For an introduction to stochastic integration we prefer the book by
Chung and Williams (Ruth Williams this time). It has introductions to
most of the important topics and is very well written. The two volumes by
Rogers and Williams (David again) are a classic, but they are not easy and
perhaps even a bit messy at times. The book by Karatzas and Shreve is
more accessible. The book by Revuz and Yor I do not know, but it gets good
reviews. Unlike Chung and Williams the latter two books are restricted to
martingales with continuous sample paths, which obscures some interesting
aspects, but also makes some things easier.

The theory of stochastic integration and much of the theory of abstract
stochastic processes was originally developed by the “french school”, with
Meyer as the most famous proponent. Few people can appreciate the fairly
abstract and detailed original books (Look for Dellacherie and Meyer, vol-
umes 1, 2, 3, 4). The book by Elliott is in this tradition, but somewhat more
readable. The first chapter of Jacod and Shiryaev is an excellent summary
and reference, but is not meant for introductory reading.

The book by (ksendal is a popular introduction. Unfortunately, at
many places it is obscure and sometimes wrong, in particular in the later
chapters. Unpleasant notation as well.

The book by Stroock and Varadhan is a classic on stochastic differen-
tial equations and particularly important as a source on the “martingale
problem”.

There are also many books on financial calculus. Some of them are
written from the perspective of differential equations. Then Brownian mo-
tion is reduced to a process such that (dB;)? = dt. The books mentioned
below are of course written from a probabilistic point of view. Baxter and
Rennie have written their book for a wide audience. It is interesting how
they formulate “theorems” very imprecisely, but never wrong. It is good
to read to get a feel for the subject. Karatzas and Shreve, and Kopp and
Elliott have written rigorous mathematical books that give you less feel,
but more theorems.
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EXAM

The written exam will consist of problems as in these notes, questions to
work out examples as in the notes or variations thereof, and will require
to give precise definitions and statements of theorems plus a numbers of
proofs.

The requirements for the oral exam are the same. For a very high mark
it is, of course, necessary to know everything.

Very important is to be able to give a good overview of the main points
of the course and their connections.

Starred sections or lemmas in the lecture notes can be skipped com-
pletely. Starred exercises may be harder than other exercises.

Proofs to learn by heart:

2.13, 2.43, 2.44 for p = 2.

4.21, 4.22, 4.26, 4.28.

5.22, 5.25(i)-(iii), 5.43, 5.46 case that M is continuous, 5.52, 5.57, 5.76,
5.85.

6.1, 6.9(ii),

7.7 case that E€2 < oo and (7.5) holds for every =y, 7.14.



1
Measure Theory

In this chapter we review or introduce a number of results from measure
theory that are especially important in the following.

1.1 Conditional Expectation

Let X be an integrable random variable defined on the probability space
(Q,F, P). In other words X:Q — R is a measurable map (relative to F
and the Borel sets on R) with E|X| < oco.

1.1 Definition. Given a sub o-field 7y C F the conditional expectation
of X relative to Fy is a Fg-measurable map X':Q — R such that

(1.2). EX1p =EX'lp, for every F € Fy,

The random variable X' is denoted by E(X|Fy).

It is clear from this definition that any other Fjy-measurable map
X":Q — R such that X’ = X" almost surely is also a conditional expec-
tation. In the following theorem it is shown that conditional expectations
exist and are unique, apart from this indeterminacy on null sets.

1.8 Theorem. Let X be a random variable with E|X| < co and Fy C F
a o-field. Then there exists an Fy-measurable map X':Q — R such that
(1.2) holds. Furthermore, any two such maps X' agree almost surely.

Proof. If X > 0, then on the o-field Fy we can define a measure p(F) =
f » X dP. Clearly this measure is finite and absolutely continuous relative
to the restriction of P to Fy. By the Radon-Nikodym theorem there exists
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an Fop-measurable function X', unique up to null sets, such that pu(F) =
[ X" dP for every F' € Fy. This is the desired map X'. For a general X
we apply this argument separately to X and X~ and take differences.

Suppose that E(X' — X")1p = 0 for every F in a o-field for which
X' — X" is measurable. Then we may choose F' = {X' > X} to see that
the probability of this set is zero, because the integral of a strictly positive
variable over a set of positive measure must be positive. Similarly we see
that the set F/ = {X' < X"} must be a null set. Thus X’ = X" almost
surely. m

The definition of a conditional expectation is not terribly insightful,
even though the name suggests an easy interpretation as an expected value.
A number of examples will make the definition clearer.

A measurable map Y:Q — (D, D) generates a o-field o(Y"). We use the
notation E(X|Y") as an abbreviation of E(X|o(Y)).

1.4 Example (Ordinary expectation). The expectation EX of a random
variable X is a number, and as such can of course be viewed as a degenerate
random variable. Actually, it is also the conditional expectation relative to
the trivial o-field Fo = {0, Q}. More generally, we have that E(X| ) = EX
if X and Fy are independent. In this case F; gives “no information” about
X and hence the expectation given Fj is the “unconditional” expectation.

To see this note that E(EX)1lp = EXElp = EX1p for every F such
that X and F' are independent. DO

1.5 Example. At the other extreme we have that E(X| Fy) = X if X itself
is Fo-measurable. This is immediate from the definition. “Given Fy we then
know X exactly.” O

1.6 Example. Let (X,Y): Q2 — R x R¥ be measurable and possess a den-
sity f(z,y) relative to a o-finite product measure g x v on R x R¥ (for
instance, the Lebesgue measure on R¥*1). Then it is customary to define a
conditional density of X given Y =y by

B flx,y)
1Y) = 1,9 du@)

This is well-defined for every y for which the denominator is positive, i.e.
for all y in a set of measure one under the distribution of Y.

We now have that the conditional expection is given by the “usual
formula”

E(X]Y) = / (2] V) dy(z),

where we may define the right hand zero as zero if the expression is not
well-defined.
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That this formula is the conditional expectation according to the ab-
stract definition follows by a number of applications of Fubini’s theorem.
Note that, to begin with, it is a part of the statement of Fubini’s theorem
that the function on the right is a measurable function of Y. o

1.7 Example (Partitioned Q). If 7y = o(F1,..., F}) for a partition Q =
Uk, F;, then
k
E(X|Fo) = ZE(X| Fi)lg,

=1

where E(X|F;) is defined as EX1p, /P(F;) if P(F;) > 0 and arbitrary
otherwise. Thus the conditional expectation is constant on every of the
partitioning sets F; (as it needs to be to be Fo-measurable) and the constant
values are equal to the average values of X over these sets.

The validity of (1.2) is easy to verify for F' = F; and every j. And then
also for every F' € Fy by taking sums, since every F' € Fy is a union of a
number of F}’s.

This example extends to o-fields generated by a countable partition of
. In particular, E(X|Y") is exactly what we would think it should be if ¥
is a discrete random variable. O

A different perspective on an expectation is to view it as a best predic-
tion if “best” is defined through minimizing a second moment. For instance,
the ordinary expectation EX minimizes p — E(X —p)? over u € R. A con-
ditional expectation is a best prediction by an Fp-measurable variable.

1.8 Lemma (Ls-projection). If EX? < oo, then E(X|Fy) minimizes
E(X —Y)? over all Fy-measurable random variables Y.

Proof. We first show that X' = E(X|F) satisfies EX'Z = EX Z for every
Fo-measurable Z with EZ2 < co.

By linearity of the conditional expectation we have that EX'Z = EXZ
for every Fo-simple variable Z. If Z is Fy-measurable with EZ? < oo,
then there exists a sequence Z,, of Fy-simple variables with E(Z,, — Z)2 —
0. Then EX'Z, — EX'Z and similarly with X instead of X’ and hence
EX'Z =EXZ.

Now we decompose, for arbitrary square-integrable Y,

EX-Y)? =EX - X')24+2E(X - X")(X' = YV)+ E(X'—Y)%
The middle term vanishes, because Z = X' — Y is Fp-measurable and

square-integrable. The third term on the right is clearly minimal for X’ =
Y. n
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1.9 Lemma (Properties).
(i) EE(X| %) = EX.
(ii) If Z is Fo-measurable, then E(ZX| Fy) = ZE(X | Fy) a.s.. (Here require
that X € L,(Q,F,P) and Z € Ly(Q,F,P) for 1 <p < oo and p~' +
g ' =1)
(iii) (linearity) E(aX + Y| Fo) = aE(X| Fo) + BE(Y| Fo) a.s..
(iv) (positivity) If X > 0 a.s., then E(X|Fy) > 0 a.s..
(v) (towering property) If Fo C Fy C F, then E(E(X| F1)| Fo) = E(X| Fo)
a.s..
(vi) (Jensen) If ¢: R — R is convex, then E(¢(X)| Fo) > ¢(E(X|Fp)) a.s..
(Here require that ¢(X) is integrable.)
(vii) [EX| Fo)llp < 1X1lp (0> 1):

* 1.10 Lemma (Convergence theorems).
(i) If 0 < X, T X as., then 0 < E(X,| Fo) T E(X|Fo) as..
(ii) If X,, > 0 a.s. for every n, then E(liminf X,,| o) < liminf E(X,| Fo)
a.s..
(iii) If | X,| <Y for every n and and integrable variable Y, and X, 2 X,
then E(X,| Fo) 28 E(X|Fo) a.s..

The conditional expectation E(X|Y") given a random vector Y is by
definition a o(Y')-measurable function. For most Y, this means that it is a
measurable function g(Y) of Y. (See the following lemma.) The value g(y)
is often denoted by E(X|Y =y).

Warning. Unless P(Y = y) > 0 it is not right to give a meaning to
E(X|Y = y) for a fixed, single y, even though the interpretation as an
expectation given “that we know that Y = g¢” often makes this tempting.
We may only think of a conditional expectation as a function y — E(X|Y =
y) and this is only determined up to null sets.

1.11 Lemma. Let {Y,:a € A} be random variables on ! and let X be a
0(Y,:a € A)-measurable random variable.
(i) If A = {1,2,...,k}, then there exists a measurable map g:R* — R
such that X = g(Y1,...,Y%).
(ii) If |A| = oo, then there exists a countable subset {a,}, C A and a
measurable map g: R® — R such that X = g(Yo,,Ya,,...)-

1.2 Uniform Integrability

In many courses on measure theory the dominated convergence theorem
is one of the best results. Actually, domination is not the right concept,
uniform integrability is.
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1.12 Definition. A collection {X,:a € A} of random variables is uni-
formly integrable if

lim sup E|Xa|1|Xa|>M =0.
M—o0 a€EA

1.13 Example. A finite collection of integrable random variables is uni-
formly integrable.

This follows because E|X|1x|>a — 0 as M — oo for any integrable
variable X, by the dominated convergence theorem. O

1.14 Example. A dominated collection of random variables is uniformly
integrable: if |X,| < Y and EY < oo, then {X,:a € A} is uniformly
integrable.

To see this note that [Xo|1jx, jsm < Y1lysy. O

1.15 Example. If the collection of random variables {X,:a € A} is
bounded in Ls, then it is is uniformly integrable.

This follows from the inequality E|X|1|x|>y < M 'EX?, which is
valid for any random variable X.

Similarly, it suffices for uniform integrability that sup, E|X,|? < oo
for some p>1. O

1.16 EXERCISE. Show that a uniformly integrable collection of random
variables is bounded in L; (2, F, P).

1.17 EXERCISE. Show that any converging sequence X,, in Lq(Q, F, P)
is uniformly integrable.

1.18 Theorem. Suppose that {X,:n € N} C L,(Q,F,P). Then E|X,, —
X| — 0 for some X € Ly(Q,F, P) if and only if X,, £, X and {X,.:n € N}
is uniformly integrable.

Proof. We only give the proof of “if”. (The main part of the proof in the
other direction is the preceding exercise.)

If X,, & X, then there is a subsequence Xn,; that converges almost
surely to X. By Fatou’s lemma E|X| < liminf E|X,,|. If X,, is uniformly
integrable, then the right side is finite and hence X € L;(Q2, F, P).

For any random variables X and Y and positive numbers M and N,

E|X[1yj>nm < EX[Lxsnljysm + NP(|Y] > M)

(1.19) N
S EX|xsn + ME|Y|1|Y|>M-

Applying this with M = N and (X,Y") equal to the four pairs that can be
formed of X,, and X we find, for any M > 0,

E|Xn — X|(L1x, > + Lix>m) < 2E[ X011 x, >0 + 2E[ X1 x> 0
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We can make this arbitrarily small by making M sufficiently large. Next,
for any € > 0,

E|Xn _X|1\Xn\SM,\X|SM S €+2MP(|Xn —X| > 8).

As n — oo the second term on the right converges to zero for every fixed
e>0and M. m

1.20 EXERCISE. If {|X,|P:n € N} is uniformly integrable (p > 1) and
X, B X, then E|X,, — X|? — 0. Show this.

1.21 Lemma. If X € L,(Q, F, P), then the collection of all conditional ex-
pectations E(X| Fo) with Fy ranging over all sub o-fields of F is uniformly
integrable.

Proof. By Jensen’s inequality |E(X|Fy)| < E(|X]||Fo) almost surely. It
therefore suffices to show that the conditional expectations E(|X || Fo) are
uniformly integrable. For simplicity of notation suppose that X > 0.

With X' = E(X| %) and arguing as in (1.19) we see that

N
EX,].XI>M =EX1xsy <EXlxsny+ MEX’

We can make the right side arbitrarily small by first choosing N and next
M sufficiently large. m

We conclude with a lemma that is sometimes useful.

1.22 Lemma. Suppose that X,, and X are random variables such that
X, 5 X and limsup E|X,,|? < E|X|P < 0o for some p > 1. Then {X,:n €
N} is uniformly integrable and E|X,, — X|P — 0.

1.3 Monotone Class Theorem

Many arguments in measure theory are carried out first for simple types
of functions and then extended to general functions by taking limits. A
monotone class theorem is meant to codify this procedure. This purpose of
standardizing proofs is only partly successful, as there are many monotone
class theorems in the literature, each tailored to a particular purpose. The
following theorem will be of use to us.

We say that a class H of functions h: 2 — R is closed under monotone
limits if for each sequence {h,} C H such that 0 < h,, T h for some
function h, the limit A is contained in H. We say that it is closed under
bounded monotone limits if this is true for every such sequence h, with a
(uniformly) bounded limit. A class of sets is intersection-stable if it contains
the intersection of every pair of its elements (i.e. is a w-system).
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1.28 Theorem. Let H be a vector space of functions h: ) — R on a mea-
surable space (2, F) that contains the constant functions and the indica-
tor of every set in a collection Fo C F, and is closed under (bounded)
monotone limits. If Fy is intersection-stable, then H contains all (bounded)
o (Fo)-measurable functions.

Proof. See e.g. Williams, A3.1 on p205. =
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Discrete Time Martingales

A stochastic process X in discrete time is a sequence Xy, X7, Xs,... of
random variables defined on some common probability space (Q2,F, P).
The index n of X, is referred to as “time” and a map n — X, (w), for
a fixed w € Q, is a sample path. (Later we replace n by a continuous
parameter ¢ € [0,00) and use the same terminology.) Usually the discrete
time set is Z; = N U {0}. Sometimes we delete 0 or add oo to get N or
Zy+ = NU{0,00}, and or delete a corresponding random variable X, or
Xy to form the stochastic process.

2.1 Martingales

A filtration {F,} (in discrete time) on a given probability space (2, F, P)
is a nested sequence of o-fields

FoCF C---CF.

The o-field F,, is interpreted as the events F' of which it is known at “time” n
whether F" has occurred or not. A stochastic process X is said to be adapted
if X,, is F,-measurable for every n > 0. The quadruple (2, F,{F,}, P) is
called a “filtered probability space” or “stochastic basis”.

A typical example of a filtration is the natural filtration generated by
a stochastic process X, defined as

‘7:77, :U(X07X17"'7Xn)'

Then F € F, if and only if F' = {(Xo,...,X,) € B} for some Borel set B.
Once X, ..., X, are realized we know whether F' has occurred or not. The
natural filtration is the smallest filtration to which X is adapted.
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2.1 Definition. An adapted, integrable stochastic process X on the fil-
tered space (2, F,{Fn},P) is a
(i) martingale if E(X,,| Fm) = Xm a.s. for all m < n.
(ii) submartingale if E(X,| Fy) > X, a.s. for all m < n.
(ii) supermartingale if (X, | Fn) < X, a.s. for all m < n.

A different way of writing the martingale property is
E(X, — Xn|Fn) =0, m < n.

Thus given all information at time m the expected increment X,, — X, in
the future time interval (m,n] is zero, for every initial time m. This shows
that a martingale X,, can be interpreted as the total gain up to time n in a
fair game: at every time m we expect to make a zero gain in the future (but
may have gained in the past and we expect to keep this). In particular, the
expectation EX,, of a martingale is constant in n.

Submartingales and supermartingales can be interpreted similarly as
total gains in favourable and unfavourable games. If you are not able to re-
member which inequalities correspond to “sub” and “super”, that is prob-
ably normal. It helps a bit to try and remember that a submartingale is
increasing in mean: EX,, < EX,, if m <n.

2.2 EXERCISE. If E(X,, 41| F,) = X, for every n > 0, then automatically
E(X,|Fm) = Xm for every m < n and hence X is a martingale. Similarly
for sub/super. Show this.

2.3 Example. Let Y7,Y5,... be a sequence of independent random vari-
ables with mean zero. Then the sequence of partial sums X,, =Y, +---+Y,
is a martingale relative to the filtration F,, = o(Y1,...,Y,). Set Xy = 0.

This follows upon noting that for m < n the increment X,, — X,, =
Y m<i<n Yi is independent of 7, and hence E(X, — X,,| Fn) = E(X,
Xm)=0. O

2.4 EXERCISE. In the preceding example show that o(Y1,...,Y,) =
O'(Xl, e ,Xn)

2.5 EXERCISE. If {N(t):t > 0} is a standard Poisson process and 0 <
to < t; < ---is a fixed sequence of numbers, then X,, = N(t,) —t, is a
martingale relative to the filtration F, = o(N(t):¢t < t,). Show this, using
the fact that the Poisson process has independent increments.

2.6 Example. Let ¢ be a fixed, integrable random variable and F,, an
arbitrary filtration. Then X,, = E({|F,,) is a martingale.

This is an immediate consequence of the towering property of con-
ditional expectations, which gives that E(X,|Fn) = E(E(¢| Fp)| Fm) =
E(¢| ) for every m < n.
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By Theorem 1.18 this martingale X is uniformly integrable. Later we
shall see that any uniformly integrable martingale takes this form. More-
over, we can choose ¢ such that X,, 23 £ asn — co. O

It is part of the definition of a martingale X that every of the random
variables X, is integrable. If sup,, E|X,| < oo, then we call the martingale
Lq-bounded. If E|X,|? < oo for ally n and some p, then we call X an
L,-martingale and if sup,, E|X,|? < 0o, then we call X L,-bounded.

Warning. Some authors use the phrase “L,-martingale” for a martin-
gale that is bounded in L, (€2, F, P). To avoid this confusion, it is perhaps
better to use the more complete phrases “martingale in L,” and “martin-
gale that is bounded in L,”.

2.7 Lemma. If : R — R is convex and X a martingale, then {$(X,)}
is a submartingale relative to the same filtration, provided that ¢(X,) is
integrable for every n.

Proof. Because a convex function is automatically measurable, the variable
¢(X,) is adapted for every n. By Jensen’s inequality E(¢(Xn)|fm) >
¢(E(Xn| Fm)) almost surely. The right side is ¢(X,,) almost surely if m <
n, by the martingale property. =

2.8 EXERCISE. If ¢:R — R is convex and nondecreasing and X is a sub-
martingale, then {¢(X,,)} is a submartingale relative to the same filtration,
provided that ¢(X,,) is integrable for every n. Show this.

2.2 Stopped Martingales

If X,, is interpreted as the total gain at time n, then a natural question is if
we can maximize profit by quitting the game at a suitable time. If X,, is a
martingale with EXy = 0 and we quit at a fixed time T', then our expected
profit is EXp = EXy = 0 and hence quitting the game does not help.
However, this does not exclude the possibility that stopping at a random
time might help. This is the gambler’s dream.

If we could let our choice to stop depend on the future, then it is easy
to win. For instance, if we were allowed to stop just before we incurred a
big loss. This we prohibit by considering only “stopping times” as in the
following definition.

2.9 Definition. A random variable T:Q2 — Zy on (Q,F,{F,},P) is a
stopping time if {T' < n} € F, for every n > 0.

Warning. A stopping time is permitted to take the value oo.
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2.10 EXERCISE. Let X be an adapted stochastic process and let B C R
be measurable. Show that T' = inf{n: X, € B} defines a stopping time.
(Set inf f = 00.)

2.11 EXERCISE. Show that T is a stopping time if and only if {T'=n} €
Fy for alln € NU {0}.

The restriction to stopping times is natural. If we are to stop playing
at time T, then for every time n = 0,1,2... we must know if T' = n at time
n. If the filtration is generated by the process X, then the event {T' = n}
must, for every n, depend on the history Xg,..., X, of the process up to
time n only, if T" is a stopping time. So we are allowed to base our decision
to stop on the past history of gains or losses, but not on future times.

The question now is if we can find a stopping time 7" such that EXp >
0. We shall see that this is usually not the case. Here the random variable
X is defined as

(2.12) (X7)(w) = X7 (W)

If T' can take the value oo, this requires that X, is defined.
A first step towards answering this question is to note that the stopped
process X defined by

(XT)n(w) = XT(w)/\n(w)a

is a martingale whenever X is one.

2.13 Theorem. If T is a stopping time and X is a martingale, then X T
is a martingale.

Proof. We can write (with an empty sum denoting zero)

XZ = Xo -4 ZL‘ST(Xl — Xi—l)-

=1

Hence XZH -XI'= lnt1<7(Xnt1 —Xp). The variable 1,1 1< = 1—17<n
is F-measurable. Taking the conditional expectation relative to F,, we find
that

E(XL, - X1 F) = loi<rE(Xny1 — Xu| Fn) =0, as.
because X is a martingale. (To be complete, also note that |XI| <

maxi <i<n |X;| is integrable for every fixed n and verify that X7 is astochas-
tic process.) =
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2.14 EXERCISE. Show that the sub- and supermartingale properties are
also retained under stopping.

If the stopped process X' is a martingale, then EX! = EXrp, is
constant in n. If T' is bounded and EXy = 0, we can immediately conclude
that EX7 = 0 and hence stopping does not help. For general T' we would
like to take the limit as n — oo in the relation EX7a, = 0 and obtain the
same conclusion that EX7 = 0. Here we must be careful. If T" < oo we
always have that X7n, 25 X1 as n — oo, but we need some integrability
to be able to conclude that the expectations converge as well. Domination
of X suffices. Later we shall see that uniform integrability is also sufficient,
and then we can also allow the stopping time T" to take the value oo (after
defining X, appropriately).

2.15 EXERCISE. Suppose that X is a martingale with uniformly bounded
increments: | X,,+1 —X,| < M for every n and some constant M. Show that
EXp = 0 for every stopping time 7" with ET < oo.

2.3 Martingale Transforms

Another way to try and beat the system would be to change stakes. If
X, — X, _1 is the standard pay-off at time n, we could devise a new game
in which our pay-off is C,,(X,, — X,,—1) at time n. Then our total capital
at time n is

(216) (C - X)n = icl(Xl - Xifl), 1/0 =0.

=1

If C,, were allowed to depend on X,, — X,,_1, then it would be easy to make
a profit. We exclude this by requiring that C,, may depend on knowledge
of the past only.

2.17 Definition. A stochastic process C on (Q, F,{F,}, P) is predictable
if Cy, is F,_1 measurable for every n > 1.

The process C - X in (2.16) is called a martingale transform of X (if
X is a martingale). It is the discrete time version of the stochastic integral
that we shall be concerned with later. Again we cannot beat the system:
the martingale transform is a martingale.
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2.18 Theorem. Suppose that C, € L,(Q2, F,P) and X,, € Ly(2, F, P) for
all n and some p~t 4+ ¢ 1 = 1.
(i) If C is predictable and X a martingale, then C - X is a martingale.
(ii) If C is predictable and nonnegative and X is a supermartingale, then
C - X is a supermartingale.

Proof. If Y = C - X, then Y,,; — Y, = Cp.(Xy11 — X,). Because C,, is
Fn-measurable, E(Y,+1 — Y, | F) = CLE(Xn41 — Xn| Frn) almost surely.
Both (i) and (ii) are now immediate. =

2.4 Doob’s Upcrossing Inequality

Let a < b be given numbers. The number of upcrossings of the interval [a, b]
by the process X in the time interval {0,1,...,n} is defined as the largest
integer k for which we can find

0<s51 <t <8 <ta < - <8<ty <m,

with
X5, <a, X >b, 1=1,2,...,k.

The number of upcrossings is denoted by U, [a, b]. The definition is meant to
be “w”-wise and hence U,[a, b] is a function on Q. Because the description
involves only finitely many steps, U, [a, b] is a random variable.

A high number of upcrossings of [a, b] indicates that X is “variable”
around the level [a,b]. The upcrossing numbers Uy,la,b] are therefore an
important tool to study convergence properties of processes. For super-
martingales Doob’s lemma gives a surprisingly simple bound on the size of
the upcrossings, just in terms of the last variable.

2.19 Lemma. If X is a supermartingale, then
(b —a)EU,[a,b] <E(X, —a)~.

Proof. We define a process Cy,Cy, ... taking values “0” and “1” only as
follows. If Xy > a, then C,, = 0 until and including the first time n that
X, < a, then C,, =1 until and including the first time that X,, > b, next
C,, = 0 until and including the first time that X,, < a, etcetera. If Xy < a,
then C),, = 1 until and including the first time that X,, > b, then C,, =0
etcetera. Thus the process is switched “on” and “off” each time the process
X crosses the levels a or b. It is “on” during each crossing of the interval
[a, b].
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We claim that
(2.20) (b—a)Upnla,b] < (C-X)p+ (X, —a)7,

where C' - X is the martingale transform of the preceding section. To see
this note that (C - X),, is the sum of all increments X; — X;_; for which
C; = 1. A given realization of the process C is a sequence of n zeros and
ones. Every consecutive series of ones (a “run”) corresponds to a crossing
of [a,b] by X, except possibly the final run (if this ends at position n). The
final run (as every run) starts when X is below a and ends at X,,, which
could be anywhere. Thus the final run contributes positively to (C - X),, if
X, > a and can contribute negatively only if X,, < a. In the last case it
can contribute in absolute value never more than |X,, — a|. Thus if we add
(Xn —a)” to (C+ X),, then we obtain at least the sum of the increments
over all completed crossings.

It follows from the description, that C,, depends on Cy,...,C,_1 and
X, _1 only. Hence, by induction, the process C is predictable. By The-
orem 2.18 the martingale transform C - X is a supermartingale and has
nonincreasing mean E(C - X),, < E(C - X)y = 0. Taking means across
(2.20) concludes the proof. m

2.5 Martingale Convergence

In this section we give conditions under which a (sub/super) martingale
converges to a limit X, almost surely or in pth mean. Furthermore, we in-
vestigate if we can add X, to the end of the sequence Xy, X1, ... and obtain
a (sub/super) martingale Xo, X1,..., Xo (with the definition extended to
include the time oo in the obvious way).

2.21 Theorem. If X,, is a (sub/super) martingale with sup,, E|X,| < oo,
then there exists an integrable random variable X o, with X,, = X almost
surely.

Proof. If we can show that X,, converges almost surely to a limit X, in
[—00, 0], then X is automatically integrable, because by Fatou’s lemma
E|X| < liminf E| X, | < oco.

We can assume without loss of generality that X, is a supermartingale.
For a fixed pair of numbers a < b, let

Fop= {w € Qliminf X, (w) <a <b< limsuan(w)}.

n—roo n—o00

If lim,,— 00 Xy (w) does not exist in [—oo, 0], then we can find a < b such
that w € Fy . Because the rational numbers are dense in R, we can even find
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such a < b among the rational numbers. The theorem is proved if we can
show that P(F,;) = 0 for every of the countably many pairs (a,b) € Q7.

Fix a < b and let U,[a,b] be the number of upcrossings of [a,b] on
{0,...,n} by X. If w € F,, then U,[a,b] 1 co0 as n — oo and hence by
monotone convergence EU,[a,b] 1 oo if P(F, ;) > 0. However, by Doob’s
upcrossing’s inequality

(b —a)EU,[a,b] < E(X, —a)” <E|X, —a| <supE|X,]| + |a.

The right side is finite by assumption and hence the left side cannot increase
to co. We conclude that P(F,;) =0. m

2.22 EXERCISE. Let X,, be a nonnegative supermartingale. Show that
sup,, E| X,,| < oo and hence X,, converges almost surely to some limit.

If we define X, as lim X, if this limit exists and as 0 otherwise, then,
if X is adapted, X, is measurable relative to the o-field

.7:0020'(.7:1,.7:2,...).

Then the stochastic process Xo, X1,..., X« is adapted to the filtration
Fo,F1, .-, Foo. We may ask whether the martingale property E(X,| F.,) =
X, (for n > m) extends to the case n = co. The martingale is then called
closed. From Example 2.6 we know that the martingale X,,, = E(Xo| F)
is uniformly integrable. This condition is also sufficient.

2.23 Theorem. If X is a uniformly integrable (sub/super) martingale,
then there exists a random variable X o, such that X,, - X, almost surely
and in L,. Moreoever,
(i) If X is a martingale, then X, = E(X.|F,) almost surely for every
n > 0.
(ii) If X is a submartingale, then X, < E(X|F,) almost surely for every
n > 0.

Proof. The first assertion is a corollary of the preceding theorem and the
fact that a uniformly integrable sequence of random variables that converges
almost surely converges in Ly as well.

Statement (i) follows by taking the L;-limit as n — oo in the equality
Xm = E(X,| Fn), where we use that ||E(X,| Frn) —E(Xoo| Fru)lli < || Xn—
Xoo|li = 0, so that the right side converges to E(X | Frm).

Statement (i) follows similarly (where we must note that Lj-
convergence retains ordering almost surely), or by the following argument.
By the submartingale property, for every m < n, EX,,1r < EX,,1r. By
uniformly integrability of the process X1 we can take the limit as n — oo
in this and obtain that EX,,1p < EE(X,|Fn)lr = EXlp for every
F € Fp,. The right side equals EX] 1r for X, = E(X|Fmn) and hence
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E(Xy — X))1r <0 for every F' € Fy,. This implies that X, — X/ <0
almost surely. m

2.24 Corollary. If ¢ is an integrable random variable and X,, = E(¢| F,)
for a filtration {F,}, then X,, — E({| Foo) almost surely and in L;.

Proof. Because X is a uniformly integrable martingale, the preceding
theorem gives that X,, — X, almost surely and in L; for some inte-
grable random variable X, and X,, = E(X|F,) for every n. The vari-
able X can be chosen F,, measurable (a matter of null sets). It follows
that E(¢| Fn) = X, = E(X«|Fn) almost surely for every n and hence
Eélp = EX o 1F for every F' € U, F,,. But the set of F' for which this holds
is a o-field and hence E{1p = EX 1 for every F' € F,. This shows that
Xoo =E(¢| Fo). =

The preceding theorem applies in particular to L,-bounded martin-
gales (for p > 1). But then more is true.

2.25 Theorem. If X is an L,-bounded martingale (p > 1), then there
exists a random variable X, such that X, = X, almost surely and in L,.

Proof. By the preceding theorem X,, -+ X, almost surely and in L; and
moreover E(X | F,,) = X,, almost surely for every n. By Jensen’s inequality
|Xa|P = |E(Xoo| Fu)|” < E(|Xw|?| F) and hence E|X,|P < E[Xq|P for
every n. The theorem follows from Lemma 1.22. =

2.26 EXERCISE. Show that the theorem remains true if X is a nonnega-
tive submartingale.

Warning. A stochastic process that is bounded in L, and converges
almost surely to a limit does not necessarily converge in L,. For this | X|?
must be uniformly integrable. The preceding theorem makes essential use
of the martingale property of X. Also see Section 2.9.

2.6 Reverse Martingale Convergence

Thus far we have considered filtrations that are increasing. In this section,
and in this section only, we consider a reverse filtration

FOFoDF1 DD Foo =N Fhp.
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2.27 Definition. An adapted, integrable stochastic process X on the re-
verse filtered space (0, F,{F,},P) is a
(i) reverse martingale if E(X,| Fr) = X,, a.s. for all m < n.
(i) reverse submartingale if E(X,,|F,) > X, a.s. for all m < n.
(i) reverse supermartingale if E(X,,| F,) < X, a.s. for all m < n.

It is more insightful to say that a reverse (sub/super) martingale is
a process X = (Xp,Xi,...) such that the sequence ..., X2, X;,Xp is a
(sub/super) martingale as defined before, relative to the filtration --- C
Fa C F1 C Fop. In deviation from the definition of (sub/super) martingales,
the time index ...,2,1,0 then runs against the natural order and there is
a “final time” 0. Thus the (sub/super) martingales obtained by reversing
a reverse (sub/super) martingale are automatically closed (by the “final
element” Xp).

2.28 Example. If ¢ is an integrable random variable and {F,, } an arbitrary
reverse filtration, then X,, = E(¢| F,,) defines a reverse martingale. We can
include n = oo in this definition.

Because every reverse martingale satisfies X, = E(Xo|F,), this is
actually the only type of reverse martingale. O

2.29 Example. If {N(¢):t > 0} is a standard Poisson process, and t; >
ty > --- > 0 a decreasing sequence of numbers, then X,, = N(t,) — ¢, is a
reverse martingale relative to the reverse filtration F,, = o(N(t):t < t,,).
The verification of this is exactly the same as the for the corresponding
martingale property of this process for an increasing sequence of times. O

That a reverse martingale becomes an ordinary martingale if we turn
it around may be true, but it is not very helpful for the convergence results
that we are interested in. The results on (sub/super) martingales do not
imply those for reverse (sub/super) martingales, because the “infiniteness”
is on the other end of the sequence. Fortunately, the same techniques apply.

2.30 Theorem. If X is a uniformly integrable reverse (sub/super) martin-
gale, then there exists a random variable X, such that X, — X, almost
surely and in mean as n — o0o. Moreover,
(i) If X is a reverse martingale, then E(X,,| Foo) = Xoo a.s. for every m.
(ii) If X is a reverse submartingale, then E(X,,| Foo) > Xoo a.s. for every
m.

Proof. Doob’s upcrossings inequality is applicable to bound the number of
upcrossings of X, ..., X, because X,,, X,,_1,...,X( is a super martingale
if X is a reverse supermartingale. Thus we can mimic the proof of Theo-
rem 2.21 to prove the existence of an almost sure limit X,,. By uniform
integrability this is then also a limit in L;.
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The submartingale property implies that EX,,1p > EX,, 1y for every
F € F, and n > m. In particular, this is true for every F € F,. Upon
taking the limit as n — oo, we see that EX,,1r > EX 1r for every
F € F. This proves the relationship in (ii). The proof of (i) is easier. m

2.31 EXERCISE. Let {F,} be a reverse filtration and ¢ integrable. Show
that E(¢|F,.) = E({| Feo) in Ly and in mean for Fo, = N,F,. What if
X, Xo,... areiid.?

2.32 Example (Strong law of large numbers). A stochastic process
X = (X1,Xs,...) is called exchangeable if for every n the distribution
of (Xoq1),-.-,Xs(n)) is the same for every permutation (o(1),...,0(n))
of (1,...,n). If E|X;| < oo, then the sequence of averages X, converges
almost surely and in mean to a limit (which may be stochastic).

To prove this consider the reverse filtration F,, = (X, Xpni1,...).
The o-field F,, “depends” on X, ..., X, only through X; + ---+ X, and
hence by symmetry and exchangeability E(X;|F,) is the same for i =
1,...,n. Then

n

— — 1
X, =EX,|F.) = EZE(XA Fn) =E(X1|F,),  as.

i=1

The right side converges almost surely and in mean by the preceding theo-
rem. O

2.33 EXERCISE. Identify the limit in the preceding example as E(X1| Fso)
for Foo =N, Fp.

Because, by definition, a reverse martingale satisfies X,, = E(Xo| F,.), a
reverse martingale is automatically uniformly integrable. Consequently the
preceding theorem applies to any reverse martingale. A reverse (sub/super)
martingale is uniformly integrable as soon as it is bounded in L. In fact,
it suffices to verify that EX,, is bounded below/above.

2.34 Lemma. A reverse supermartingale X is uniformly integrable if and
only if EX,, is bounded above (in which case it increases to a finite limit as
n — 00).

Proof. The expectations EX,, of any uniformly integrable process X are
bounded. The “if” part is the nontrivial part of the lemma. Suppose that
X is a reverse supermartingale.

The sequence of expectations EX,, is nondecreasing in n by the reverse
supermartingale property. Because it is bounded above it converges to a
finite limit. Furthermore, X,, > E(X|F,) for every n and hence X~ is
uniformly integrable, since E(Xy|F,) is. It suffices to show that X* is
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uniformly integrable, or equivalently that EX,1x,>n — 0 as M — oo,
uniformly in n.

By the supermartingale property and because {X, < M} € F,, for
every M, N > 0 and every m < n,

EX,lx,>m =EX, —EX,lx,<m <EX, —EX,lx, <m
= EXn — EXm + EXm]-Xn>M

<EX,-EX, +EX}1x, >y + %EX:[.
We can make the right side arbitrarily small, uniformly in n > m, by first
choosing m sufficiently large (so that EX,, — EX,, is small), next choosing
N sufficiently large and finally choosing M large. For the given m we can
increase M, if necessary, to ensure that EX,,1x, > is also small for every
0<n<m. m

2.7 Doob Decomposition

If a martingale is a model for a fair game, then non-martingale processes
should correspond to unfair games. This can be made precise by the Doob
decomposition of an adapted process as a sum of a martingale and a pre-
dictable process. The Doob decomposition is the discrete time version of
the celebrated (and much more complicated) Doob-Meyer decomposition
of a “semi-martingale” in continuous time. We need it here to extend some
results on martingales to (sub/super) martingales.

2.35 Theorem. For any adapted process X there exists a martingale M
and a predictable process A, unique up to null sets, both 0 at 0, such that
X,=Xo+ M, + A,, for everyn >0,

Proof. If weset Ap =0and A, —A,_1 = E(X,, — X,_1| Fn—1), then A is
predictable. In order to satisfy the equation, we must set

MO :07 Mn_Mn—l :Xn_Xn—l _E(Xn_Xn—l|fn—1)-

This clearly defines a martingale M.

Conversely, if the decomposition holds as stated, then E(X, —
Xn—1| Frn-1) =E(A, — Ap_1| Fr-1), because M is a martingale. The right
side is equal to A,, — A, _1 because A is predictable. m

IftX,—X,1=(M,— M,—1)+ (A, — A,_1) were our gain in the
nth game, then our strategy could be to play if A, — A,_1 > 0 and not
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to play if this is negative. Because A is predictable, we “know” this before
time n and hence this would be a valid strategy. The martingale part M
corresponds to a fair game and would give us expected gain zero. Relative
to the predictable part we would avoid all losses and make all gains. Thus
our expected profit would certainly be positive. We conclude that only
martingales correspond to fair games.

From the fact that 4, — A,,—1 = E(X,, — X,,—1| Fn—1) it is clear that
(sub/super) martingales X correspond precisely to the cases that the sam-
ple paths of A are increasing or decreasing.

2.8 Optional Stopping

Let T be a stopping time relative to the filtration F,. Just as F,, are the
events “known at time n”, we like to introduce a o-field Fp of “events
known at time 7. This is to be an ordinary o-field. Plugging T into F,
would not do, as this would give something random.

2.36 Definition. The o-field Fr is defined as the collection of all F C Q)
such that FN{T < n} € F, for all n € Z. (This includes n = oo, where
.7:00 :0'(.7:0,.7:1,...).)

2.37 EXERCISE. Show that Fr is indeed a o-field.

2.38 EXERCISE. Show that Fr can be equivalently described as the col-
lection of all F C 2 such that FN{T =n} € F, for alln € Z,.

2.39 EXERCISE. Show that Fr = F, if T =n.

2.40 EXERCISE. Show that X7 is Fr-measurable if {X,:n € Z,} is
adapted.

2.41 Lemma. Let S and T be stopping times. Then
(i) if S < T, then Fs C Fr.
(ii) Fs N Fr = Fsar-

Proof. (i). If S < T, then FN{T <n} = (FN{S <n})n{T <n}. If
F € Fg, then FN{S < n} € F, and hence, because always {T' < n} € F,,
the right side is in F,,. Thus F € Fr.

(ii). By (i) we have Fsar C FsNFr. Conversely, if F' € FsNFr, then
FN{SAT <n}=(Fn{S<n})U(Fn{T <n}) € F, for every n and
hence F' € Fsar. =
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If the (sub/super) martingale X is uniformly integrable, then there
exists an integrable random variable X, such that X,, - X, almost
surely and in mean, by Theorem 2.23. Then we can define X as in (2.12),
also if T" assumes the value co. The optional stopping theorem shows that in
this case we may replace the fixed times m < n in the defining martingale
relationship E(X,| F,,) = X, by stopping times S < T'.

2.42 Theorem. If X is a uniformly integrable supermartingale, then Xr
is integrable for any stopping time T. Furthermore,

(i) If T is a stopping time, then E(Xo| Fr) < Xr a.s..

(ii) If S < T are stopping times, then E(X7| Fs) < Xg a.s..

Proof. First we note that X is Fr-measurable (see Exercise 2.40). For (i)
we wish to prove that EX1r < EX7lp for all F € Fr. Now

oo+ oo+
EXolp =E) Xoolplr—n =) EXulplr_,

n=0 n=0

by the dominated convergence theorem. (The “+” in the upper limit co+
of the sums indicates that the sums also include a term n = co.) Because
Fn{T =n} € F, and E(X| Fn) < X, for every n, the supermartingale
property gives that the right side is bounded above by

oo+
Y EX,lplr—, = EXrlp,

n=0

if X7 is integrable, by the dominated convergence theorem. This gives the
desired inequality and concludes the proof of (i) for any stopping time T'
for which Xt is integrable.

If T is bounded, then | X7| < maxm<n | Xy | for n an upper bound on
T and hence X7 is integrable. Thus we can apply the preceding paragraph
to see that E(Xeo| Fran) < Xoan almost surely for every n. If X is a
martingale, then this inequality is valid for both X and —X and hence, for
every n,

Xran = BE(Xoo| Fran), a.s..

for every n. If n — oo the left side converges to Xr. The right side is a
uniformly integrable martingale that converges to an integrable limit in L,
by Theorem 2.23. Because the limits must agree, X7 is integrable.

Combining the preceding we see that Xp = E(X|Fr) for every
stopping time 7' if X is a uniformly integrable martingale. Then for stop-
ping times S < T the towering property of conditional expectations gives
E(X|Fs) = E(E(Xoo| Fr)| Fs) = E(X| Fs), because Fs C Fr. Apply-
ing (i) again we see that the right side is equal to Xg. This proves (ii) in
the case that X is a martingale.
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To extend the proof to supermartingales X, we employ the Doob
decomposition X,, = Xg + M, — A,, where M is a martingale with
My = 0 and A is a nondecreasing (predictable) process with Ag = 0.
Then EA,, = EXy — EX,, is bounded if X is uniformly integrable. Hence
A = lim A,, is integrable, and A is dominated (by A.,) and hence uni-
formly integrable. Then M must be uniformly integrable as well, whence,
by the preceding, My is integrable and E(My| Fs) = My. It follows that
X7 = Xo+ My — Ay is integrable. Furthermore, by linearity of the condi-
tional expectation, for S < T,

E(XT| .7:5) =Xo + E(MT| .7:5) — E(AT| .7:5)
< Xo+ Ms — As = X,

because Ag < Ar implies that Ag < E(Ar|Fs) almost surely. This con-
cludes the proof of (ii). The statement (i) (with S playing the role of T') is
the special case that T'=00. m

One consequence of the preceding theorem is that EXp = EXg, when-
ever T is a stopping time and X a uniformly integrable martingale.

Warning. The condition that X be uniformly integrable cannot be
omitted.

2.9 Maximal Inequalities

A maximal inequality for a stochastic process X is a bound on some as-
pect of the distribution of sup,, X,,. Suprema over stochastic processes are
usually hard to control, but not so for martingales. Somewhat remarkably,
we can bound the norm of sup,, X,, by the supremum of the norms, up to
a constant.

We start with a probability inequality.

2.43 Lemma. If X is a submartingale, then for any © > 0 and every
n € Z+,
Q?P( max Xi Z Q?) S EXn]- max X;>z S EXn
0<i<n 0<i<n
Proof. We can write the event in the left side as the disjoint union U}, F;
of the events

Fy={Xo >z}, F={Xo<uwX; >z},
F={Xo<z,X; <z,Xo >zx},....
Because F; € F;, the submartingale property gives EX,1r, > EX;1p, >

zP(F;), because X; > z on F;. Summing this overi =0, 1,...,n yields the
result. m
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2.44 Corollary. If X is a nonnegative submartingale, then for any p > 1
andpt+q ' =1,and everyn € Z,

‘ max X;
0<i<n

< q[| Xnllp-
p

If X is bounded in L,(Q, F,P), then X,, - X in L, for some random
variable X ., and

Hsuan
n

< (IHXOOH;D = gsup ||Xn||P
p n

Proof. Set Y,, = maxo<;<, X;. By Fubini’s theorem (or partial integra-
tion),

EYP :/ prP ' P(Y, > z)dx S/ pmp_zEanynzz dx,
0 0

by the preceding lemma. After changing the order of integration and ex-
pectation, we can write the right side as

Yn
pE(Xn / P2 da:) - P gx,yr.
0 p—1

Here p/(p—1) = g and EX,,Y,?~ < || X,||,/|Y,?~!]|, by Holder’s inequality.
Thus EY? < | X,|,|[Y.2 71|, If Y, € L,(Q2, F, P), then we can rearrange
this inequality to obtain the result.

This rearranging is permitted only if EY? < co. By the submartingale
property 0 < X; < E(X,| F;), whence EX? < EXP, by Jensen’s inequality.
Thus EY? is finite whenever EX? is finite, and this we can assume without
loss of generality.

Because X is a nonnegative submartingale, so is X? and hence the
sequence EX? is nondecreasing. If X is Ly-bounded (for p > 1), then it is
uniformly integrable and hence X,, - X, almost surely for some random
variable X, by Theorem 2.23. Taking the limit as n — oo in the first
assertion, we find by the monotone convergence theorem that

Esup XZ =EYZ = lim EY? <¢” lim EX? = ¢’ sup EX?.
n n—oo n—oo n

The supremum on the left does not increase if we extend it to n € Z,.
Because | X, — X| is dominated by 2Y,,, we find that X,, - X also in L,
and hence EX? = lim, ,oc EXE. =

The results of this section apply in particular to the submartingales
formed by applying a convex function to a martingale. For instance, |X]|,
X2 or e*X for some a > 0 and some martingale X . This yields a wealth of
useful inequalities. For instance, for any martingale X,

o .
n

< 2sup || Xn|2-
2 n
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2.45 EXERCISE. Let Y7,Y5,... be an i.i.d. sequence of random variables
with mean zero. set S, = > ,¥;. Show that Emax;<;<, S? < 4ESZ.



3
Discrete Time
Option Pricing

In this chapter we discuss the binary tree model for the pricing of “con-
tingent claims” such as options, due to Cox, Ross and Rubinstein. In this
model the price S, of a stock is evaluated and changes at the discrete time
instants n = 0,1, ... only and it is assumed that its increments S,, — S, _1
can assume two values only. (This is essential; the following would not work
if the increments could assume e.g. three values.) We assume that S is a
stochastic process on a given probability space and let F,, be its natural
filtration.

Next to stock the model allows for bonds. A bond is a “risk-free invest-
ment”, comparable to a deposit in a savings account, whose value increases
deterministically according to the relation

Rn = (1 + ’I"n)Rn_l, R() = 1,

the constant r, > 0 being the “interest rate” in the time interval (n —1,n).
A general name for both stock and bond is “asset”.

A “portfolio” is a combination of bonds and stocks. Its contents may
change over time. A portfolio containing A, bonds and B,, stocks at time
n possesses the value

(3.1) Vy = Ay Ry + B,S,.

A pair of processes (A, B), giving the contents over time, is an “investment
strategy” if the processes are predictable. We call a strategy “self-financing”
if after investment of an initial capital at time O, we can reshuffle the port-
folio according to the strategy without further capital import. Technically
this requirement means that, for every n > 1,

(32) Aan—l + BnSn—l = An—an—l + Bn—lsn—l-

Thus the capital V,,_; at time n — 1 (on the right side of the equation) is
used in the time interval (n — 1,n) to exchange bonds for stocks or vice
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versa at the current prices R, 1 and S,_1. The left side of the equation
gives the value of the portfolio after the reshuffling. At time n the value
changes to V,, = A,S, + B,S,, due to the changes in the values of the
underlying assets.

A “derivative” is a financial contract that is based on the stock. A
popular derivative is the option, of which there are several varieties. A
“European call option” is a contract giving the owner of the option the
right to buy the stock at some fixed time N (the “term” or “expiry time”
of the option) in the future at a fixed price K (the “strike price”). At the
expiry time the stock is worth Sy . If Sy > K, then the owner of the option
will exercise his right and buy the stock, making a profit of Sy — K. (He
could sell off the stock immediately, if he wanted to, making a profit of
Sy — K.) On the other hand, if Sy < K, then the option is worthless. (It
is said to be “out of the money”.) If the owner of the option would want to
buy the stock, he would do better to buy it on the regular market, for the
price Sy, rather than use the option.

What is a good price for an option? Because the option gives a right
and no obligation it must cost money to get one. The value of the option
at expiry time is, as seen in the preceding discussion, (Sy — K)*. However,
we want to know the price of the option at the beginning of the term. A
reasonable guess would be E(Sy — K)T, where the expectation is taken
relative to the “true” law of the stock price Sy. We don’t know this law,
but we could presumably estimate it after observing the stock market for
a while.

Wrong! Economic theory says that the actual distribution of Sy has
nothing to do with the value of the option at the beginning of the term.
This economic reasoning is based on the following theorem.

Recall that we assume that possible values of the stock process S form
a binary tree. Given its value S, _; at time n — 1, there are two possibilities
for the value S,,. For simplicity of notation assume that

Sn € {ansn—la bnSn—1}7

where a,, and b,, are known numbers. We assume that given F,_; each of
the two possibilities is chosen with fixed probabilities 1 — p,, and p,,. We do
not assume that we know the “true” numbers p,, but we do assume that
we know the numbers (a,, b,). Thus, for n > 1,

P Sn = nSnf -7:77,7 =1- ny
(3.3) ( anSn—1| Fn-1) p
P(Sn = bnSn—l| Fn—l) = Pn-

(Pretty unrealistic, this, but good exercise for the continuous time case.) It
follows that the complete distribution of the process S, given its value Sy
at time 0, can be parametrized by a vector p = (p1,...,pn) of probabilities.



3: Discrete Time Option Pricing 27

3.4 Theorem. Suppose that 0 < a, < 1+ r, < b, for all n and nonzero
numbers a,b,. Then there exists a unique self-financing strategy (A, B)
with value process V' (as in (3.1)) such that
(i) V> 0.
(i) Vw = (Sy — K)™.
This strategy requires an initial investment of
(iii) Vo = ERy*(Sy — K)¥,
where E is the expectation under the probability measure defined by (3.3)
with p = (p1, ..., Pn) given by

. I+ry—ay

Pni= b —a,
The values p are the unique values in (0,1) that ensure that the process S
defined by S, = R;'S,, is a martingale.

Proof. By assumption, given F,,_;, the variable S,, is supported on the
points a,S,_1 and b,S, 1 with probabilities 1 — p,, and p,,. Then

E(Su| Fa1) = Ry (1 — pr)an + pnbn) Sn-1.

This is equal to S,_; = R

n—1

S, —1 if and only if

R,
(1 _pn)an +pnbn = R =1+ Tn, A DPn
n—1

_ 1+7r,—a,
T b, —ay

By assumption this value of p,, is contained in (0,1). Thus there exists a
unique martingale measure, as claimed.

The process V,, = E(Ry'(Sy — K)*|F,) is a p-martingale. Given
Fn—1 the variables f/n — f/n_l and S‘n — S‘n_l are both functions of S, /S,—1
and hence supported on two points (dependent on F,_;). (Note that the
possible values of S,, are Sy times a product of the numbers a,, and b,, and
hence are nonzero by assumption.) Because these variables are martingale
differences, they have conditional mean zero under p,,. Together this implies
that there exists a unique F,,_i-measurable variable B,, (given F,_; this
is a “constant”) such that (for n > 1)

(3.5) Vio = Vi1 = B (S, — Sp1).
Given this process B, define a process A to satisfy
(36) Aan—l + BnSn—l = Rn—l‘?n—l-

Then both the processes A and B are predictable and hence (A4, B) is a
strategy. (The values (Ap, Bp) matter little, because we change the portfolio
to (A1, By) before anything happens to the stock or bond at time 1; we can

choose (Ao, By) = (41, B1).)
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The preceding displays imply

An + Bngn—l = Vn—l:
Ap+BpS, =Vu1 +Bo(Sn — Su1) =V, by (3.5),
R, A, + B,S,, = R,V,.

Evaluating the last line with n — 1 instead of n and comparing the resulting
equation to (3.6), we see that the strategy (A, B) is self-financing.

By the last line of the preceding display the value of the portfolio
(A, By) at time n is

Vi = RV, = R.E(RY (S — K)T| F).

At time N this becomes Vy = (Sy — K)T. At time 0 the value is Vy =
RoERN'(Sy — K)*t. That V > 0 is clear from the fact that V > 0, being a
conditional expectation of a nonnegative random variable.

This concludes the proof that a strategy as claimed exists. To see tat it
is unique, suppose that (A, B) is an arbitrary self-financing strategy satis-
fying (i) and (ii). Let V,, = A, R, + B,,S,, be its value at time n, and define
S, = R;'S, and V,, = R;'V,,, all as before. By the first paragraph of the
proof there is a unique probability measure p making S into a martingale.
Multipyling the self-financing equation (3.2) by R!,, we obtain (for n > 1)

n—1?
I7n71 = An + Bngnfl = Anfl + anlgnfl-

Replacing n — 1 by n in the second representation of V,_; yields V,, =
An+By,S,. Subtracting from this the first representation of f/n,l, we obtain
that B ~ B ~

Vn - anl = Bn(sn - Snfl)-

Because S is a p-martingale and B is predictable, V is a p-martingale as
well. In particular, V,, = E(Vy|F,) for every n < N. By (ii) this means
that V' is exactly as in the first part of the proof. The rest must also be the

same. m

A strategy as in the preceding theorem is called a “hedging strategy”.
Its special feature is that given an initial investment of Vj at time zero
(to buy the portfolio (Ao, Bp)) it leads with certainty to a portfolio with
value (Sy — K)™ at time N. This is remarkable, because S is a stochastic
process. Even though we have limited its increments to two possibilities
at every time, this still allows 2 possible sample paths for the process
S1,...,Sn, and each of these has a probability attached to it in the real
world. The hedging strategy leads to a portfolio with value (Sy — K)T at
time N, no matter which sample path the process S will follow.

The existence of a hedging strategy and the following economic rea-
soning shows that the initial value V, = ERy' (Sy — K)7 is the only right
price for the option.
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First, if the option were more expensive than V;, then nobody would
buy it, because it would cost less to buy the portfolio (4y,By) and go
through the hedging strategy. This is guaranteed to give the same value
(Sy — K)* at the expiry time, for less money.

On the other hand, if the option could be bought for less money
than Vp, then selling a portfolio (Ap, By) and buying an option at time
0 would yield some immediate cash. During the term of the option we
could next implement the inverse hedging strategy: starting with the port-
folio (—Ag,—By) at time 0, we reshuffle the portfolio consecutively at
times n =1,2,...,N to (—A,,—B,). This can be done free of investment
and at expiry time we would possess both the option and the portfolio
(—An,—By), i.e. our capital would be —Vy + (Sy — K)™, which is zero.
Thus after making an initial gain of Vj minus the option price, we would
with certainty break even, no matter the stock price: we would be able to
make money without risk. Economists would say that the market would
allow for “arbitrage”. But in real markets nothing comes free; real markets
are “arbitrage-free”.

Thus the value V = ERy!(Sy — K)* is the only “reasonable price”.
As noted before, this value does not depend on the “true” values of
the probabilities (p1,...,pn): the expectation must be computed under
the “martingale measure” given by (p1,...,Pn). It depends on the steps
(a1,b1,...,an,by), the interest rates r,, the strike price K and the value
Sp of the stock at time 0. The distribution of Sy under p is supported on at
most 2V values, the corresponding probabilities being (sums of) products
over the probabilities p;. We can write out the expectation as a sum, but
this is not especially insightful. (Below we compute a limiting value, which
is more pleasing.)

The martingale measure given by p is the unique measure (within the
model (3.3)) that makes the “discounted stock process” R,,1S,, into a mar-
tingale. It is sometimes referred to as the “risk-free measure”. If the interest
rate were zero and the stock process a martingale under its true law, then
the option price would be exactly the expected value E(Sy — K)T of the
option at expiry term. In a “risk-free world we can price by expectation”.

The discounting of values, the premultiplying with R, * =[], (147;),
expresses the “time value of money”. A capital v at time 0 can be increased
to a capital R,v at time n in a risk-free manner, for instance by putting
it in a savings account. Then a capital v that we shall receive at time n
in the future is worth only R !v today. For instance, an option is worth
(Sy — K)T at expiry time N, but only Ry'(Sy — K)* at time 0. The
right price of the option is the expectation of this discounted value “in the
risk-free world given by the martingale measure”.

The theorem imposes the condition that a, < 1+ r, < b, for all n.
This condition is reasonable. If we had a stock at time n — 1, worth S,,_1,
and kept on to it until time n, then it would change in value to either
GnSp_1 or b,S,_1. If we sold the stock and invested the money in bonds,
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then this capital would change in value to (1 + r,)S,_1. The inequality
1+r, <a, < b, would mean that keeping the stock would always be more
advantageous; nobody would buy bonds. On the other hand, the inequality
an < b, < 14 1, would mean that investing in bonds would always be
more advantageous. In both cases, the market would allow for arbitrage:
by exchanging bonds for stock or vice versa, we would have a guaranteed
positive profit, no matter the behaviour of the stock. Thus the condition is
necessary for the market to be “arbitrage-free”.

3.7 EXERCISE. Extend the theorem to the cases that:
(i) the numbers (an,,b,) are predictable processes.
(ii) the interest rates r, form a stochastic process.

3.8 EXERCISE. Let &1,¢9, ... be i.i.d. random variables with the uniform
distribution on {—1,1} and set X,, = >_"" ,&;. Suppose that Y is a martin-
gale relative to F,, = o(X1,...,X,). Show that there exists a predictable
process C such that Y =Yy + C - X.

We might view the binary stock price model of this section as arising
as a time discretization of a continuous time model. Then the model should
become more realistic by refining the discretization. Given a fixed time ¢t >
0, we might consider the binary stock price model for (Sg,S1,...,Sn) as a
discretization on the grid 0,7/N,2T/N,...,T. Then it would be reasonable
to scale the increments (a,, b,) and the interest rates r,, as they will reflect
changes on infinitesimal intervals as N — oo. Given T > 0 consider the
choices

Un N = e,uT/N—a'\/T/N,

(3.9) b, n = etT/N+o/TIN,
14+r, N = eIV,
These choices can be motivated from the fact that the resulting sequence
of binary tree models converges to the continuous time model that we shall
discuss later on.
Combining (3.3) and (3.9) we obtain that the stock price is given by

(2Xy =N ))
/N )
where X is the number of times the stock price goes up in the time span
1,2,...,N.
It is thought that a realistic model for the stock market has jumps
up and down with equal probabilities. Then Xy is binomially (N ,%)—
distributed and the “log returns” satisfy

SN XN—N/2
log— =pl'+ oVl ——=—
0g S pl +o N/2

Sy = Soexp(uT+U\/T

~ N(uT,o°T),
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by the Central limit theorem. Thus in the limit the log return at time 7T is
log normally distributed with drift T and variance oT.

As we have seen the true distribution of the stock prices is irrelevant for
pricing the option. Rather we need to repeat the preceding calculation using
the martingale measure p. Under this measure Xy is binomially(N,px)
distributed, for

e'rT/N _ ep.T/N—u'\/T/N
pN = oHT/N+o\/T/N _ uT/N—o\/T/N

LT co( L),

o=
N =

by a Taylor expansion. Then py (1 — py) — 1/4 and

o8 2 =4 oV T(T I (AT 221 +o( )
~ N((r— $0)T,0°T).

Thus, under the martingale measure, in the limit the stock at time 7" is log
normally distributed with drift (r — $62)T and variance 02T

Evaluating the (limiting) option price is now a matter of straightfor-
ward integration. For an option with expiry time 7" and strike price K it
is the expectation of e "7 (Sy — K)*, where log(St/So) possesses the log
normal distribution with parameters (r — %UQ)T and variance o?T'. This
can be computed to be

log(So/K) + (r + $0)T log(So/K) + (r — %O’Z)T)
oT oT '

This is the formula found by Black and Scholes in 1973 using a continuous
time model. We shall recover it later in a continuous time set-up.

So®( ) - Keo(
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Continuous Time Martingales

In this chapter we extend the theory for discrete time martingales to the
continuous time setting. Besides much similarity there is the important
difference of dealing with uncountably many random variables, which is
solved by considering martingales with cadlag sample paths.

4.1 Stochastic Processes

A stochastic process in continuous time is a collection X = {X;:t > 0}
of random variables indexed by the “time” parameter ¢ € [0,00) and de-
fined on a given probability space (2, F, P). Occasionally we work with the
extended time set [0, co] and have an additional random variable X .

The finite-dimensional marginals of a process X are the random vectors
(Xty,...,Xy,), for t1,...,t; ranging over the time set and k € N, and the
marginal distributions of X are the distributions of these vectors. The maps
t— X;(w), for w € Q, are called sample paths. Unless stated otherwise the
variables X; will be understood to be real-valued, but the definitions apply
equally well to vector-valued variables.

Two processes X and Y defined on the same probability space are
equivalent or each other’s modification if (Xy,,...,X¢,) = (Y, ..., Ys,) al-
most surely. They are indistinguishable if P(X; = Y}, Vt) = 1. Both concepts
express that X and Y are the “same”, but indistinguishability is quite a
bit stronger in general, because we are working with an uncountable set of
random variables. However, if the sample paths of X and Y are determined
by the values on a fixed countable set of time points, then the concepts
agree. This is the case, for instance, if the sample paths are continuous, or
more generally left- or right continuous. Most of the stochastic processes
that we shall be concerned with possess this property. In particular, we
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often consider cadlag processes (from “continu a droite, limite & gauche”):
processes with sample paths that are right-continuous and have limits from
the left at every point ¢ > 0. If X is a left- or right-continuous process, then

Xt_ = lim XS, and Xt+ = lim XS
stt,s<t slt,s>t
define left- and right-continuous processes. These are denoted by X_ and
X4 and referred to as the left- or right-continuous version of X. The dif-
ference AX:= X, — X_ is the jump process of X. The variable Xy_ can
only be defined by convention; it will usually be taken equal to 0.

A filtration in continuous time is a collection {F;};>0 of sub o-fields of
F such that Fs C F; whenever s < t. A typical example is the natural fil-
tration Fy = o(Xs: s < t) generated by a stochastic process X. A stochastic
process X is adapted to a filtration {F;} if X, is F;-measurable for every ¢.
The natural filtration is the smallest filtration to which X is adapted. We
define Foo = o(Fy:t > 0). Asin the discrete time case, we call a probability
space equipped with a filtration a filtered probability space or a “stochastic
basis”. We denote it by (2, F, {F:}, P), where it should be clear from the
notation or the context that ¢ is a continuous parameter.

Throughout, without further mention, we assume that the probability
space (2, F, P) is complete. This means that every subset of a null set (a
null set being a set F' € F with P(F) = 0) is contained in F (and hence is
also a null set). This is not a very restrictive assumption, because we can
always extend a given o-field and probability measure to make it complete.
(This will make a difference only if we would want to work with more than
one probability measure at the same time.)

We also always assume that our filtration satisfies the usual conditions:
for all ¢ > 0:

(i) (completeness): F; contains all null sets.

(ii) (right continuity): Fy = Nss¢Fs.

The first condition can be ensured by completing a given filtration: replac-
ing a given F; by the o-field generated by F; and all null sets. The second
condition is more technical, but turns out to be important for certain argu-
ments. Fortunately, the (completions of the) natural filtrations of the most
important processes are automatically right continuous. Furthermore, if a
given filtration is not right continuous, then we might replace it by the the
filtration Ngs¢Fs, which can be seen to be right-continuous.

Warning. The natural filtration of a right-continuous process is not
necessarily right continuous.

Warning. When completing a filtration we add all null sets in
(Q,F,P) to every F;. This gives a bigger filtration than completing the
space (Q, F, P) for every t > 0 separately.

4.1 EXERCISE (Completion). Given an arbitrary probability space
(Q,F,P), let F be the collection of all sets F'U N for F' ranging over F
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and N ranging over all subsets of null sets, and define P(FUN) = P(F).
Show that (2, F, P) is well-defined and a probability space.

4.2 EXERCISE. Let (2, F, P) be a complete probability space and Fy C F
a sub o-field. Show that the o-field generated by Fy and the null sets of
(Q, F, P) is the collection of all F' € F such that there exists Fy € Fp with
P(F A Fy) = 0; equivalently, all F' € F such that there exists Fy € Fy and
null sets N, N’ with Fy — N C F C Fb UN".

4.3 EXERCISE. Show that the completion of a right-continuous filtration
is right continuous.

4.4 EXERCISE. Show that the natural filtration of the Poisson process is
right continuous. (More generally, this is true for any counting process.)

4.2 Martingales

The definition of a martingale in continuous time is an obvious generaliza-
tion of the discrete time case.

4.5 Definition. An adapted, integrable stochastic process X on the fil-
tered space (2, F,{F;},P) is a
(i) martingale if E(X¢| Fs) = X5 a.s. for all s < t.
(ii) submartingale if E(X¢| Fs) > X5 a.s. for all s < t.
(ii) supermartingale if E(X;|Fs) < X a.s. for all s < ¢.

The (sub/super) martingales that we shall be interested in are cadlag
processes. It is relatively straightforward to extend results for discrete time
martingales to these, because given a (sub/super) martingale X:

(i) f0 <t <ty <---, then Y, = X, defines a (sub/super) martingale

relative to the filtration G, = F;, .

(ii) If o > ¢4 > --- > 0, then Y,, = X, defines a reverse (sub/super)

martingale relative to the reverse filtration G,, = F;,, .

Thus we can apply results on discrete time (sub/super) martingales to the
discrete time “skeletons” X, formed by restricting X to countable sets of
times. If X is cadlag, then this should be enough to study the complete
sample paths of X.

The assumption that X is cadlag is not overly strong. The follow-
ing theorem shows that under the simple condition that the mean function
t — EX, is cadlag, a cadlag modification of a (sub/super) martingale always
exists. Because we assume our filtrations to be complete, such a modifica-
tion is automatically adapted. Of course, it also satisfies the (sub/super)
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martingale property and hence is a (sub/super) martingale relative to the
original filtration. Thus rather than with the original (sub/super) martin-
gale we can work with the modification.

We can even allow filtrations that are not necessarily right-continuous.
Then we can both replace X by a modification and the filtration by its
“right-continuous version” Fiy = Ng>;Fs and still keep the (sub/super)
martingale property, provided that X is right continuous in probability.
(This is much weaker than right continuous.) In part (ii) of the following
theorem, suppose that the filtration is complete, but not necessarily right-
continuous.

4.6 Theorem. Let X be a (sub/super) martingale relative to the complete
filtration {F;}.
(i) If the filtration {F;} is right continuous and the map t — EX, is right
continuous, then there exists a cadlag modification of X.
(ii) If X is right continuous in probability, then there exists a modification
of X that is a cadlag (sub/super) martingale relative to the filtration

{Fet -

Proof. Assume without loss of generality that X is a super martingale.
Then X, > E(X:|F,) almost surely for every s < ¢, whence X; <
E(X; | Fs) almost surely and hence {X;:0 < s < t} is uniformly inte-
grable. Combined with the fact that ¢t — EXj is decreasing and hence
bounded on compacts, if follows that E|X;| is bounded on compacts.

For fixed T and every a < b, define the event

Fop= {w:EIt €[0,7): liminf X,(w) <a <b< limsup X,(w),
sttt,s€Q stt,s€Q

or limianw<a<b<limquw}
sllt,seQ S( ) sJ,J,t,sE% S( )

(The symbol s 171 t denotes a limit as s 1 ¢ with s restricted to s < t.) Let
QnNo0,T) = {t1,t2,...} and let U,[a,b] be the number of upcrossings of
[a, b] by the process X, ,..., X, put in its natural time order. If w € F ;,
then U,la,b] 1 co. However, by Doob’s upcrossings lemma EU,[a,b] <
supg<i<7 E|X¢| + |a]. We conclude that P(Fy ;) = 0 for every a < b and
hence the left and right limits

Xt_ = lim XS, Xt+ = lim XS
sT1t,s€Q sLit,s€Q

exist for every ¢t € [0,7T), almost surely. If we define these processes to be
zero whenever one of the limits does not exist, then X;; is F;;-adapted.
Moreover, from the definitions X;; can be seen to be right-continuous with
left limits equal to X;_. By Fatou’s lemma X;. is integrable.

We can repeat this for a sequence T, 1 co to show that the limits X;
and X exist for every ¢ € [0, 00), almost surely. Setting X;; equal to zero
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on the exceptional null set, we obtain a cadlag process that is adapted to
.7:t+.

By the super martingale property EX;1rp > EX;1p for every F € F
and s < t. Given a sequence of rational numbers ¢, || t, the sequence
{X4,} is a reverse super martingale. Because EX, is bounded above, the
sequence is uniformly integrable and hence X; — X,y both almost surely
(by construction) and in mean. We conclude that EX;1p > EX;;1p for
every F' € Fs and s < t. Applying this for every s = s, and s, a sequence
of rational numbers decreasing to some fixed s, we find that EX 1 1p >
EXii1p for every F € Fsy = Ny Fs, and s < t. Thus {Xy1:t > 0} is a
supermartingale relative to F.

Applying the first half of the argument of the preceding paragraph with
s =t we see that EX;1p > EXy, 1p for every F € Fy. If Fyy = Fi, then
Xi— X,y is Fy-measurable and we conclude that X;— X, > 0 almost surely.
If, moreover, t — EX,; is right continuous, then EX; = lim,,,., EX;, =
EXi;, because X;, — X4 in mean. Combined this shows that X; = X,
almost surely, so that X; is a modification of X. This concludes the proof
of (i).

To prove (ii) we recall that X,y is the limit in mean of a sequence
X, for t, |l t. If X is right continuous in probability, then X; — X;
in probability. Because the limits in mean and in probability must agree
almost surely, it follows that X; = X, almost surely. =

In particular, every martingale (relative to a “usual filtration”) pos-
sesses a cadlag modification, because the mean function of a martingale is
constant and hence certainly continuous.

4.7 Example. If for a given filtration {F;} and integrable random vari-
able £ we “define” X; = E({| F;), then in fact X, is only determined up
to a null set, for every ¢. The union of these null sets may have positive
probability and hence we have not defined the process X yet. Any choice
of the conditional expectations X; yields a martingale X. By the preceding
theorem there is a choice such that X is cadlag. o

4.8 EXERCISE. Given a standard Poisson process {N;:t > 0}, let F, be
the completion of the natural filtration o(N,:s < t). (This can be proved
to be right continuous.) Show that:

(i) The process N; is a submartingale.

(ii) The process Ny — t is a martingale.
(iii) The process (N; — t)? — t is a martingale.

4.9 EXERCISE. Show that every cadlag super martingale is right contin-
uous in mean. (Hint: use reverse super martingale convergence, as in the
proof of Theorem 4.6.)
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4.3 Martingale Convergence

The martingale convergence theorems for discrete time martingales extend
without surprises to the continuous time situation.

4.10 Theorem. If X is a uniformly integrable, cadlag (sub/super) mar-
tingale, then there exists an integrable random variable X, such that
X — X almost surely and in Ly ast — oo.

(i) If X is a martingale, then X; = E(X| F;) a.s. for all t > 0.

(ii) If X is a submartingale, then X; < E(Xs|F;) a.s. for t > 0.
Furthermore, if X is L,-bounded for some p > 1, then X; = X, also in
L,.

Proof. In view of Theorems 2.23 and 2.25 every sequence X;, for t; <ty <
--- — 00 converges almost surely, in L; or in L, to a limit X. Then we
must have that X; - X in Ly or in L, as t — oco. Assertions (i) and (ii)
follow from Theorem 2.23 as well.

The almost sure convergence of X; as t — oo requires an additional
argument, as the null set on which a sequence X;, as in the preceding
paragraph may not converge may depend on the sequence {¢,}. In this
part of the proof we use the fact that X is cadlag. As in the proof of
Theorem 2.21 it suffices to show that for every fixed numbers a < b the
event

Fop= {w:lim inf Xy(w) < a <b < limsup Xt(w)}
t—o0 t—00
is a null set. Assume that X is a supermartingale and for given
t1,...,tn let Uyla,b] be the number of upcrossings of [a,b] by the pro-
cess Xi,,...,X¢, put in its natural time order. By Doob’s upcrossing’s
inequality, Lemma 2.19,

(b — a)EU,[a,b] < sup B|X,| + |al-
t

If we let Q = {t1,%2,...}, then Uypla,b] T 0o on Fyp, in view of the right-
continuity of X. We conclude that P(F,) =0. =

4.4 Stopping

The main aim of this section is to show that a stopped martingale is a
martingale, also in continuous time, and to extend the optional stopping
theorem to continuous time.
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4.11 Definition. A random variable T:Q — [0,00] is a stopping time if
{T <t} € F, for every t > 0.

Warning. Some authors use the term optional time instead of stopping
time. Some authors define an optional time by the requirement that {T" <
t} € F for every t > 0. This can make a difference if the filtration is not
right-continuous.

4.12 EXERCISE. Show that T:Q — [0, 00] is a stopping time if and only
it {T < t} € F; for every t > 0. (Assume that the filtration is right-
continuous.)

4.13 Definition. The o-field Fr is defined as the collection of all F' C )
such that FN{T <t} € F; for all t € [0, 00]. (This includes t = oo, where
Foo =0(Fi:t >0).)

The collection Fr is indeed a o-field, contained in F,, C F, and Fpr =
Fy it T =t. Lemma 2.41 on comparing the o-fields Fs and Fr also remains
valid as stated. The proofs are identical to the proofs in discrete time.
However, in the continuous time case it would not do to consider events of
the type {T" = t} only. We also need to be a little more careful with the
definition of stopped processes, as the measurability is not automatic. The
stopped process X7 and the variable X7 are defined exactly as before:

(XM (W) = Xp@ynew),  X1(w) = Xpg) (W)

In general these maps are not measurable, but if X is cadlag and adapted,
then they are. More generally, it suffices that X is “progressively measur-
able”. To define this concept think of X as the map X:[0,00) x @ — R
given by

(t,w) = Xi(w).

The process X is measurable if X is measurable relative to the product o-
field By, X F, i.e. if it is “jointly measurable in (¢,w)” relative to the product
o-field. The process X is progressively measurable if, for each t > 0, the
restriction X:[0,¢] x @ — R is measurable relative to the product o-field
B: x Fi. This is somewhat stronger than being adapted.

4.14 EXERCISE. Show that a progressively measurable process is adapted.

4.15 Lemma. If the process X is progressively measurable and T is a
stopping time, then:

(i) X7 is progressively measurable (and hence adapted).

(ii) Xr is Fp-measurable (and hence a random variable).
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(In (ii) it is assumed that X is defined and F-measurable if T assumes
the value c0.)

Proof. For each t the map T'A t:Q — [0,00] is F; measurable, because
{TAt>s}={T>s}teF; CFifs<tand {T At > s}isemptyifs>t.
Then the map

(s,w) = (5, T(w) At,w) = (s AN T(w),w),
[0,t] x 2 — [0,¢] x [0,¢] x @ — [0,¢] x Q,

is By x Fy — By x By x F; — By x Fy-measurable. The stopped process X7 as a
map on [0, ¢] x €2 is obtained by composing X: [0, ¢] x 2 — R to the right side
and hence is B; x F;-measurable, by the chain rule. That a progressively
measurable process is adapted is the preceding exercise.

For assertion (ii) we must prove that {Xr € B} N {T < t} € F; for
every Borel set B and t € [0, 00]. The set on the left side can be written as
{Xrnt € B}n{T < t}. For ¢t < oo this is contained in F; by (i) and because
T is a stopping time. For ¢ = co we note that {Xp € B} = U {Xpas €
B}n{T <t} U{X € B} N{T = oo} and this is contained in F,. =

4.16 Example (Hitting time). Let X be an adapted, progressively mea-
surable stochastic process, B a Borel set, and define

T = 1nf{t Z OZXt S B}

(The infimum of the empty set is defined to be c0.) Then T is a stopping
time.

Here X = (X, ..., X4) may be vector-valued, where it is assumed that
all the coordinate processes X; are adapted and progressively measurable
and B is a Borel set in R?.

That T is a stopping time is not easy to prove in general, and does rely
on our assumption that the filtration satisfies the usual conditions. A proof
can be based on the fact that the set {T" < ¢} is the projection on § of the
set {(s,w):s < t,X;s(w) € B}. (The projection on Q of a subset A C T x §2
of some product space is the set {w:3t > 0:(t,w) €}.) By the progressive
measurability of X this set is measurable in the product o-field B; x F;.
By the projection theorem (this is the hard part), the projection of every
product measurable set is measurable in the completion. See Elliott, p50.

Under special assumptions on X and B the proof is more elementary.
For instance, suppose that X is continuous and that B is closed. Then, for
t >0,

{r<ty=() U {dX.,B)<n™'}.
n s<t,s€Q
The right side is clearly contained in F;. Furthermore, by the continuity
of X and the closedness of B we have {T' = 0} = {X, € B} and this is
contained in Fy.



40 4: Continuous Time Martingales

To establish the preceding display, we note first that the event {T" = 0}
is contained in both sides of the equation. Furthermore, it is easy to see
the inclusion of right side in left side; we now prove the inclusion of left
in right side. By the definition of 7" and continuity of X, the function
t — d(X¢, B) must vanish at ¢t = T and be strictly positive on [0,7') if
T > 0. By continuity this function assumes every value in the interval
[0,d(Xo, B)] on the interval [0, T]. In particular, for every n € N there must
be some rational number s € (0,T) such that d(X;, B) <n~'. D

4.17 EXERCISE. Give a direct proof that T' = inf{¢: X; € B} is a stopping
time if B is open and X is right-continuous. (Hint: consider the sets {T" < t}
and use the right-continuity of the filtration.)

4.18 EXERCISE. Let X be a continuous stochastic process with Xg = 0
and T = inf{t > 0:|X;| > a} for some a > 0. Show that T is a stopping
time and that | X7| < a.

4.19 Lemma. If X is adapted and right continuous, then X is progres-
sively measurable. The same is true if X is adapted and left continuous.

Proof. We give the proof for the case that X is right continuous. For fixed
t >0,let 0 =1t5 <t} <--- <ty =t beasequence of partitions of
[0,¢] with mesh widths tending to zero as n — oo. Define X,, to be the
discretization of X equal to X;» on [t7 ;,¢) and equal to X; at {t}. By
right continuity of X, X*(w) = X,(w) asn — oo for every (s,w) € [0, ] xQ.
Because a pointwise limit of measurable functions is measurable, it suffices
to show that every of the maps X™: [0, {]xQ2 — Ris B; x F;-measurable. Now
{X™ € B} can be written as the union of the sets [t} , ") X {w: Xy (w) €
B} and the set {t} x {w:X:(w) € B} and each of these sets is certainly
contained in By X F;. =

Exactly as in the discrete time situation a stopped (sub/super) mar-
tingale is a (sub/super) martingale, and the (in)equalities defining the
(sub/super) martingale property remain valid if the (sub/super) martin-
gale is uniformly integrable and the times are replaces by stopping times.
At least if we assume that the (sub/super) martingale is cadlag.

4.20 Theorem. If X is a cadlag (sub/super) martingale and T is a stop-
ping time, then X T is a (sub/super) martingale.

Proof. We can assume without loss of generality that X is a submartingale.
For n € N define T, to be the upward discretization of 7" on the grid
0<2™ <227 < ie T, =k27 " T € [(k—1)27",k27") (for k € N)
and T, = 00 if T = 00. Then T}, | T as n — oo and by right continuity
X1, nt = Xpa for all ¢, pointwise on (2. For fixed ¢t > 0 let k27" be the
biggest point k27" on the grid smaller than or equal to t.
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For fixed ¢ the sequence
Xo, Xo—n, Xogn,.o o, Xy, ,0-n, Xy
is a submartingale relative to the filtration
Fo CFy-n CFog-n C--- CFg, 20 CFy.

Here the indexing by numbers k27" or ¢ differs from the standard indexing
by numbers in Z, but the interpretation of “submartingale” should be
clear. Because the submartingale has finitely many elements, it is uniformly
integrable. (If you wish, you may also think of it as an infinite sequence, by
just repeating X, at the end.)

Both T, At and T},_; At can be viewed as stopping times relative to this
filtration. For instance, the first follows from the fact that {7, < k27"} =
{T < k27 "} € Fyy-n for every k, and the fact that the minimum of two
stopping times is always a stopping time. For T},_; we use the same argu-
ment and also note that the grid with mesh width 2-"*! is contained in the
grid with mesh width 27 ™. Because T}, At > T, At, the optional stopping
theorem in discrete time, Theorem 2.42, gives E(X1, ,ael Froar) > X1, At
almost surely. Furthermore, E(X1, at| Fo) > Xo and hence EX7, A > EXj.

This being true for every n it follows that X7, a¢, X1yne, - - - IS @ reverse
submartingale relative to the reverse filtration Fryar O Fryae D -+ with
mean bounded below by EXj. By Lemma 2.34 {X, ¢} is uniformly inte-
grable. Combining this with the first paragraph we see that X1, . = X17as
in L1, as n — o0.

For fixed s < t the sequence

Xoy Xonyoooy, X, ony Xy ooy Xy, 0on, X
is a submartingale relative to the filtration
FoCFan Coo+ CFp,o-n CFs Coor CFpyo-n CFre

The variable T}, At is a stopping time relative to this set-up. By the extension
of Theorem 2.13 to submartingales the preceding process stopped at T, At
is a submartingale relative to the given filtration. This is the process

XO; XZ*n/\Tna - 7st,n27"/\Tn 5 XS/\Tn yey th,n27"/\Tn7Xt/\Tn'
In particular, this gives that
E(X7,at| Fs) > X1, 05, a.s..

As n — oo the left and right sides of the display converge in L; to
E(X7at| Fs) and Xpas. Because Li-convergence implies the existence of
an almost surely converging subsequence, the inequality is retained in the
limit in an almost sure sense. Hence E(Xpa:| Fs) > Xpas almost surely. m

A uniformly integrable, cadlag (sub/super) martingale X converges in
L, to alimit X, by Theorem 4.10. This allows to define X also if T takes
the value oo.
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4.21 Theorem. If X is a uniformly integrable, cadlag submartingale and
S < T are stopping times, then Xg and Xy are integrable and E(X | Fg) >
Xg almost surely.

Proof. Define S,, and T,, to be the discretizations of S and T' upwards on
the grid 0 < 27™ < 227™ < ---, defined as in the preceding proof. By right
continuity Xs, — Xs and X7, = Xy pointwise on 2. Both S,, and T}, are
stopping times relative to the filtration Fo C Fo-n C ---, and Xp, Xo-n,...
is a uniformly integrable submartingale relative to this filtration. Because
Sn < T, the optional sampling theorem in discrete time, Theorem 2.42,
yields that Xg, and Xp, are integrable and E(Xr,|Fs,) > Xg, almost
surely. In other words, for every F' € Fg

n?

EX7 1p > EXg 15.

Because S < S,, we have Fg C Fg, and hence the preceding display is true
for every F' € Fg. If the sequences Xg, and Xy, are uniformly integrable,
then we can take the limit as n — oo to find that EX7rlr > EXglp for
every F' € Fg and the proof is complete.

Both T),_; and T, are stopping times relative to the filtration Fy C
Fo-n C +--and T, < T},—1. By the optional stopping theorem in discrete
time E(Xr,_,| Fr,) > Xr,, since X is uniformly integrable. Furthermore,
E(Xt,| Fo) > Xo and hence EX7;, > EXj. It follows that { X, } is areverse
submartingale relative to the reverse filtration Fr, O Fr, D - -- with mean
bounded below. Therefore, the sequence {Xr, } is uniformly integrable by
Lemma 2.34. Of course, the same proof applies to {Xgs,}. =

If X is a cadlag, uniformly integrable martingale and S < T are stop-
ping times, then E(Xy|Fs) = Xg, by two applications of the preceding
theorem. As a consequence the expectation EXp of the stopped process at
oo is equal to the expectation EX| for every stopping time 7'. This property
actually characterizes uniformly integrable martingales.

4.22 Lemma. Let X = {X;:t € [0,00]} be a cadlag adapted process such
that Xy is integrable with EXp = EXq for every stopping time T. Then
X is a uniformly integrable martingale.

Proof. For a given F' € F, define the random variable T to be ¢ on F' and
to be oo otherwise. Then T can be seen to be a stopping time, and
EXr =EXilp + EX1lpe,
EXo=EX, =EX lp+ EX 1pe.

We conclude that EX;1p = EX1p for every F' € F; and hence X; =
E(Xoo| Ft) almost surely. m
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4.23 EXERCISE. Suppose that X is a cadlag process such that X; =
E(¢| F;) almost surely, for every ¢. Show that X = E(¢| Fr) almost surely
for every stopping time 7.

4.5 Brownian Motion

Brownian motion is a special stochastic process, which was first introduced
as a model for the “Brownian motion” of particles in a gas or fluid, but has
a much greater importance, both for applications and theory. It could be
thought of as the “standard normal distribution for processes”.

4.24 Definition. A stochastic process B is a (standard) Brownian motion
relative to the filtration {F.} if:
(i) B is adapted.
(ii) all sample paths are continuous.
(iii) B; — By is independent of Fs for all 0 < s < t.
(iv) By — B, is N(0,t — s)-distributed.
(V) Bo =0.

The model for the trajectory in R® of a particle in a gas is a process
(Bi, B?, B}) consisting of three independent Brownian motions defined on
the same filtered probability space. Property (ii) is natural as a particle
cannot jump through space. Property (iii) says that given the path history
Fs the displacement B; — B, in the time interval (s, ¢] does not depend on
the past. Property (iv) is the only quantative property. The normality can
be motivated by the usual argument that, even in small time intervals, the
displacement should be a sum of many infinitesimal movements, but has
some arbitrariness to it. The zero mean indicates that there is no preferred
direction. The variance ¢ — s is, up to a constant, a consequence of the other
assumptions if we also assume that it may only depend on ¢ — s. Property
(iv) is the main reason for the qualification “standard”. If we replace 0 by
x, then we obtain a “Brownian motion starting at z”.

We automatically have the following properties:

(vi) (independent increments) By, — B;,,B;, — By,,..., By, — By,_, are
independent for every 0 < t; <tg < -+ < tg.
(vii) (B, ..., By,) is multivariate-normally distributed with mean zero and

covariance matrix cov(By,, By;) = ti A t;.

It is certainly not immediately clear that Brownian motion exists, but
it does.

4.25 Theorem. There exists a complete probability space (2, F, P) and
measurable maps By: ) — R such that the process B satisfies (i)—(v) relative
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to the completion of the natural filtration generated by B (which is right-
continuous).

There are many different proofs of this theorem, but we omit giving a
proof altogether. It is reconforting to know that Brownian motion exists,
but, on the other hand, it is perfectly possible to work with it without
worrying about its existence.

The theorem asserts that a Brownian motion exists relative to its (com-
pleted) natural filtration, whereas the definition allows a general filtration.
In fact, there exist many Brownian motions. Not only can we use differ-
ent probability spaces to carry them, but, more importantly, we may use
another than the natural filtration.

Warning. Some authors always use the natural filtration, or its com-
pletion. Property (iii) is stronger if {F;} is a bigger filtration.

Brownian motion is “the” example of a continuous martingale.

4.26 Theorem. Any Brownian motion is a martingale.

Proof. Because B; — B; is independent of F,, we have E(B, — By| F;) =
E(B; — Bs) almost surely, and this is 0. =

4.27 EXERCISE. Show that the process {B? — t} is a martingale.

Brownian motion has been studied extensively and possesses many
remarkable properties. For instance:

(i) Almost every sample path is nowhere differentiable.

(if) Almost every sample path has no point of increase. (A point of increase
of a function f is a point ¢ that possesses a neighbourhood such that
on this neighbourhood f is maximal at ¢.)

(iii) For almost every sample path the set of points of local maximum is
countable and dense in [0, c0).

(iv) limsup,_, . B:/v/2tloglogt =1 a.s..

These properties are of little concern in the following. A weaker form of

property (i) follows from the following theorem, which is fundamental for

the theory of stochastic integration.

4.28 Theorem. If B is a Brownian motion and 0 < tf <tp <--- <ty =t
is a sequence of partitions of [0,t] with mesh widths tending to zero, then

kn
Z(Bti - Bti—l)Q B) L.

=1

Proof. We shall even show convergence in quadratic mean. Because B, — B
is N(0,t—s)-distributed, the variable (B, — B;)? has mean t—s and variance
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2(t — s)2. Therefore, by the independence of the increments and because
t=3(ti—ti1)
ka kn kn

E[Z(Bti ~ By, )% - t]2 =Y var(B, — Bi,_,)? =2 (6 — tii1)®.

i=1 i=1 =1

The right side is bounded by 26, Zf;l |t; — ti—1| = 20,t for 4, the mesh
width of the partition. Hence it converges to zero. m

A consequence of the preceding theorem is that for any sequence of
partitions with mesh widths tending to 0

lim supz |Bi, — Bt,_,| = o0, a.s..

Indeed, if the lim sup were finite on a set of positive probability, then on
this set we would have that Efgl(Bti — By,_,)? — 0 almost surely, because
max; |By, — By,_,| — 0 by the (uniform) continuity of the sample paths.
This would contradict the convergence in probability to ¢.

We conclude that the sample paths of Brownian motion are of un-
bounded variation. In comparison if f:[0,¢] — R is continuously differen-

tiable, then
kn

t
. A . — 14
Jim 31706~ S(6:-0) [ iras
It is the roughness (or “randomness”) of its sample paths that makes Brow-
nian motion interesting and complicated at the same time.

Physicists may even find that Brownian motion is too rough as a model
for “Brownian motion”. Sometimes this is alleviated by modelling velocity

using a Brownian motion, rather than location.

4.6 Local Martingales

In the definition of a stochastic integral Lo-martingales play a special role.
A Brownian motion is Ls-bounded if restricted to a compact time interval,
but not if the time set is [0, 00). Other martingales may not even be square-
integrable.

Localization is a method to extend definitions or properties from pro-
cesses that are well-behaved, often in the sense of integrability properties,
to more general processes. The simplest form is to consider a process X in
turn on the intervals [0,T1], [0, T3], ... for numbers T} < T < - -- increasing
to infinity. Equivalently, we consider the sequence of stopped processes X .
More flexible is to use stopping times T;, for this purpose. The following
definition of a “local martingale” is an example.
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4.29 Definition. An adapted process X is a local (sub/super) martingale
in L, if there exists a sequence of stopping times 0 < Ty < T, < --- with
T, 1 0o almost surely such that X is a (sub/super) martingale in L,, for
every n.

In the case that p = 1 we drop the “in L;” and speak simply of
a local (sub/super) martingale. Rather than “martingale in L,” we also
speak of “L,-martingale”. Other properties of processes can be localized in
a similar way, yielding for instance, “locally bounded processes” or “locally
Ls-bounded martingales”. The appropriate definitions will be given when
needed, but should be easy to guess. (Some of these classes actually are
identical. See the exercises at the end of this section.)

The sequence of stopping times 0 < T, 1 oo is called a localizing
sequence. Such a sequence is certainly not unique. For instance, we can
always choose T, < n by truncating 7, at n.

Any martingale is a local martingale, for we can simply choose the
localizing sequence equal to T, = co. Conversely, a “sufficiently integrable”
local (sub/super) martingale is a (sub/super) martingale, as we now argue.
If X is a local martingale with localizing sequence T, then XtT” - X
almost surely for every t¢. If this convergence also happens in L;, then
the martingale properties of X”» carries over onto X and X itself is a
martingale.

4.30 EXERCISE. Show that a dominated local martingale is a martingale.

Warning. A local martingale that is bounded in Ly need not be a
martingale. A fortiori, a uniformly integrable local martingale need not be
a martingale. See Chung and Williams, pp20-21, for a counterexample.

Warning. Some authors define a local (sub/super) martingale in L, by
the requirement that the process X — X can be localized as in the preceding
definition. If Xy € L,, this does not make a difference, but otherwise it may.
Because (X7»)g = X, our definition requires that the initial value Xy of a
local (sub/super) martingale in L, be in L,.

We shall mostly encounter the localization procedure as a means to
reduce a proof to bounded stochastic processes. If X is adapted and con-
tinuous, then

(4.31) T, = inf{t:| X¢| > n}

is a stopping time. On the set T}, > 0 we have |X7*| < n. If X is a local
martingale, then we can always use this sequence as the localizing sequence.

4.32 Lemma. If X is a continuous, local martingale, then T, given by
(4.31) defines a localizing sequence. Furthermore, X is automatically a local
L,-martingale for every p > 1 such that X, € L.
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Proof. If T,, = 0, then (X7»); = X for all ¢ > 0. On the other hand, if
T, > 0, then | X;| < n for t < T, and there exists t,, | T, with |X;, | > n.
By continuity of X it follows that |X7»| = n in this case. Consequently,
|XT| < |Xo| Vn and hence XT» is even dominated by an element of L, if
Xo € L. It suffices to prove that T, is a localizing sequence.

Suppose that S,, is a sequence of stopping times with S,, — oo as
m — oo and such that X~ is a martingale for every m. Then X 5= n =
(X5=)Tn is a martingale for each m and n, by Theorem 4.20. For every
fixed n we have | X5»"Tn| < |Xo| V n for every m, and X" v — XTn
almost surely as m — co. Because Xy = (X°m)y and X ™ is a martingale
by assumption, it follows that Xy is integrable. Thus Xg a7, At = X7, At
in L1 as m — oo, for every ¢ > 0. Upon taking limits on both sides of the
martingale equality E(Xs, a7, at| Fs) = Xs,, a1, ns of X5 Tn we see that
XT» is a martingale for every n.

Because X is continuous, its sample paths are bounded on compacta.
This implies that T,, =+ co asn — 0. =

4.33 EXERCISE. Show that a local martingale X is a uniformly integrable
martingale if and only if the set {X;: T finite stopping time} is uniformly
integrable. (A process with this property is said to be of class D.)

4.34 EXERCISE. Show that a local L;-martingale X is also a locally uni-
formly integrable martingale, meaning that there exists a sequence of stop-
ping times 0 < T}, 1 oo such that X™ is a uniformly integrable martingale.

4.35 EXERCISE. Show that (for p > 1) a local L,-martingale X is locally
bounded in L,, meaning that there exists a sequence of stopping times
0 < T, 1 oo such that X”» is a martingale that is bounded in L,, for every
n.

4.7 Maximal Inequalities

The maximal inequalities for discrete time (sub/super) martingales carry
over to continuous time cadlag (sub/super) martingales, without surprises.
The essential observation is that a supremum sup, X; over ¢ > 0 is equal to
the supremum over a countable dense subset of [0, 00) if X is cadlag. Fur-
thermore, a countable supremum is the (increasing) limit of finite maxima.

4.36 Lemma. If X is a nonnegative, cadlag submartingale, then for any
x >0 and every t > 0,

a:P( sup X, > a:) <EX/1 sup x50 < EX).

0<s<t 0<s<t
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4.37 Corollary. If X is a nonnegative, cadlag submartingale, then for any
p>landpt+q!=1,andeveryt >0,

H sup X
0<s<t

< (IHXt“p'
p

If X is bounded in L,(Q, F,P), then X; - X in L, for some random
variable X ., and

Jsup .|| < allXclly = asup Xl
t>0 P t>0

The preceding results apply in particular to the absolute value of a
martingale. For instance, for any martingale X,

(4.38) Hsup 1Xel||, < 25up 1 -
t t



5
Stochastic Integrals

In this chapter we define integrals [ X dM for pairs of a ”predictable”
process X and a martingale M. The main challenge is that the sample
paths of many martingales of interest are of infinite variation. We have seen
this for Brownian motion in Section 4.5; this property is in fact shared by
all martingales with continuous sample paths. For this reason the integral
J X dM cannot be defined using ordinary measure theory. Rather than
defining it “pathwise for every w”, we define it as a random variable through
an Lo-isometry.

In general the predictability of the integrand (defined in Section 5.1)
is important, but in special cases, including the one of Brownian motion,
the definition can be extended to more general processes.

The definition is carried out in several steps, each time including more
general processes X or M. After completing the definition we close the
chapter with It0’s formula, which is the stochastic version of the chain rule
from calculus, and gives a method to manipulate stochastic integrals.

Throughout the chapter (Q, F, {F;}, P) is a given filtered probability
space.

5.1 Predictable Sets and Processes

The product space [0,00) x  is naturally equipped with the product o-
field B, x F. Several sub o-fields play an important role in the definition
of stochastic integrals.

A stochastic process X can be viewed as the map X:[0,00) X & — R
given by (t,w) — X¢(w). We define o-fields by requiring that certain types
of processes must be measurable as maps on [0, 00) x (2.
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5.1 Definition. The predictable o-field P is the o-field on [0, 00) % ) gen-
erated by the left-continuous, adapted processes X:[0,00) x @ — R. (It
can be shown that the same o-field is generated by all continuous, adapted
processes X:[0,00) x @ = R.)

5.2 Definition. The optional o-field O is the o-field on [0,00) x § gener-
ated by the cadlag, adapted processes X:[0,00) x @ — R.

5.3 Definition. The progressive o-field M is the o-field on [0,00) x
generated by the progressively measurable processes X:[0,00) x @ = R.

We call a process X:[0,00) x 2 — R predictable or optional if it is
measurable relative to the predictable or optional o-field.
It can be shown that the three o-fields are nested in the order of the
definitions:
PCcOCMCB, xF.

The predictable o-field is the most important one to us, as it defines the
processes X that are permitted as integrands in the stochastic integrals.
Because, obviously, left-continuous, adapted processes are predictable, these
are “good” integrands. In particular, continuous, adapted processes.

Warning. Not every predictable process is left-continuous.

The term “predictable” as applied to left-continuous processes ex-
presses the fact that the value of a left-continuous process at a time ¢
is (approximately) “known” just before time ¢. In contrast, a general pro-
cess may jump and hence be “unpredictable” from its values in the past.
However, it is not true that a predictable process cannot have jumps. The
following exercise illustrates this.

5.4 EXERCISE. Show that any measurable function f:[0,00) — R de-
fines a predictable process (t,w) + f(t). “Deterministic processes are pre-
dictable”.

There are several other ways to describe the various o-fields. We give
some of these as a series of lemmas. For proofs, see Chung and Williams
p25-30 and p57-63.

5.5 Lemma. The predictable o-field is generated by the collection of all
subsets of [0, 00) x  of the form

{0} x Fy, Fp € Fo, and (s,t] x Fs, Fs€ Fg,s<t.

We refer to the sets in Lemma 5.5 as predictable rectangles.
Given two functions S,T:§ — [0, 0], the subset of [0,00) x Q given
by
[S,T] = {(t,w) € [0,00) x %:S(w) <t <T(w)}
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is a stochastic interval. In a similar way, we define the stochastic intervals
(S,T1,[S,T) and (S,T). The set [T'] = [T, T] is the graph of T'. By definition
these are subsets of [0,00) x €, even though the right endpoint 7" may
assume the value oo. If S and/or T is degenerate, then we use the same
notation, yielding, for instance, [0,7] or (s, t].

Warning. This causes some confusion, because notation such as (s, ]
may now denote a subset of [0, 00] or of [0,00) x Q.

We are especially interested in stochastic intervals whose boundaries
are stopping times. These intervals may be used to describe the various
o-fields, where we need to single out a special type of stopping time.

5.6 Definition. A stopping time T: Q) — [0, c0] is predictable if there exists
a sequence T, of stopping times such that 0 < T;, + T and such that T,, < T
for every n on the set {T' > 0}.

A sequence of stopping times 7, as in the definition is called an an-
nouncing sequence. It “predicts” that we are about to stop. The phrase
“predictable stopping time” is often abbreviated to “predictable time”.

Warning. A hitting time of a predictable process is not necessarily a
predictable time.

5.7 Lemma. FEach of the following collections of sets generates the pre-
dictable o-field.
(i) All stochastic intervals [T, c0), where T is a predictable stopping time.

(if) All stochastic intervals [S,T), where S is a predictable stopping time
and T is a stopping time.

(iii) All sets {0} x Fy, Fy € Fo and all stochastic intervals (S, T], where S
and T' are stopping times.

Furthermore, a stopping time T is predictable if and only if its graph [T is

a predictable set.

5.8 Lemma. FEach of the following collections of sets generates the optional
o-field.
(i) All stochastic intervals [T, 00), where T is a stopping time.
(ii) All stochastic intervals [S,T], [S,T), (S, T}, (S,T), where S and T are
stopping times.

5.9 Example. If T is a stopping time and ¢ > 0, then T +c is a predictable
stopping time. An announcing sequence is the sequence T + ¢, for ¢, < ¢
numbers with 0 < ¢, T ¢. Thus there are many predictable stopping times.
O

5.10 Example. Let X be an adapted process with continuous sample
paths and B be a closed set. Then T' = inf{¢t > 0: X, € B} is a pre-
dictable time. An announcing sequence is T,, = inf{t > 0:d(X;, B) < n"'}.
The proof of this is more or less given already in Example 4.16. O



52 5: Stochastic Integrals

5.11 Example. It can be shown that any stopping time relative to the nat-
ural filtration of a Brownian motion is predictable. See Chung and Williams,
p30-31. o

5.12 Example. The left-continuous version of an adapted cadlag process
if predictable, by left continuity. Then so is the jump process AX of a
predictable process X. It can be shown that this jump process is nonzero
only on the union U,[T},] of the graphs of countably many predictable times
T,. (These predictable times are said to “exhaust the jumps of X”.) Thus
a predictable process has “predictable jumps”. O

5.13 Example. Every measurable process that is indistinguishable from
a predictable process is predictable. This means that we do not need to
“worry about null sets” too much.

This is true only if the filtered probability space satisfies the usual
conditions (as we agreed to assume throughout).

To verify the claim it suffices to show that every measurable process
X that is indistinguishable from the zero process (an evanescent process)
is predictable. By the completeness of the filtration a process of the form
Liuwxn 18 left-continuous and adapted for every null set N, and hence
predictable. The product o-field By, x F is generated by the sets of the
form (u,v] x F with F' € F and hence for every fixed null set NNV its trace
on the set [0,00) x N is generated by the collection of sets of the form
(u,v] x (F N N). Because the latter sets are predictable the traces of the
product o-field and the predictable o-field on the set [0, c0) X N are identical
for every fixed null set V. We apply this with the null set NV of all w
such that there exists ¢ > 0 with X;(w) # 0. For every Borel set B in R
the set {(¢t,w): X¢(w) € B} is Bos x F-measurable by assumption, and is
contained in [0, 00) x N if B does not contain 0. Thus it can be written as
AN ([0, 00) X N) for some predictable set A and hence it is predictable,
because [0,00) x N is predictable. The set B = {0} can be handled by
taking completements. O

5.2 Doléans Measure

In this section we prove that for every cadlag martingale M in Lo there
exists a o-finite measure py; on the predictable o-field such that

[J,M(OXF()):O, Foej:o,

(5.14) 9 9
/LM((S,t]XFs):E].FS(Mt —MS), s<tFselFs.
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The right side of the preceding display is nonnegative, because M? is a
submartingale. We can see this explicitly by rewriting it as

Elp, (M; — M,)(M; + M,) = Elp, (M, — M,)?,

which follows because Elp, (M; — M;)Ms = 0 by the martingale property,
so that we can change “+” into “—”. The measure u s is called the Doléans
measure of M.

5.15 Example (Brownian motion). If M = B is a Brownian motion,
then by the independence of B, — Bs and Fj,

pp((s,t] x Fy) = E1p, E(B} — BY) = P(F,)(t — s)
= (Ax P)((s,8] x ).

Thus the Doléans measure of Brownian motion is the product measure
A x P. This is not only well-defined on the predictable o-field, but also on
the bigger product o-field B, x F. O

5.16 EXERCISE. Find the Doléans measure of the Poisson process.

In order to prove the existence of the measure py; in general, we follow
the usual steps of measure theory. First we extend pj; by additivity to
disjoint unions of the form

k
A:{O}XFO U U(Si,ti]XFi, F()Efo,FiEfs“
=1

by setting
k
pa(A) =Y Bl (M7 — M2).
=1

It must be shown that this is well-defined: if A can be represented as a
disjoint, finite union of predictable rectangles in two different ways, then
the two numbers pps(A) obtained in this way must agree. This can be
shown by the usual trick of considering the common refinement. Given two
disjoint, finite unions that are equal,

k l
A={0}xF | U(si,ti] x F;={0} x Fy | J U(s;,t;]xF;,

we can write A also as the disjoint union of {0} x Fy and the sets

((si,ts] x o) 0 (s, 85] x Fj) = (s, ;] x F;.

37 4,77 71,J
Next we show that the three definitions of up;(A) all agree. We omit further
details of this verification. Once we have verified that the measure py; is
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well-defined in this way, it is clear that it is finitely additive on the collection
of finite disjoint unions of predictable rectangles.

The set of all finite disjoint unions of predictable rectangles is a ring,
and generates the predictable o-field. The first can be proved in the same
way as it is proved that the cells in R? form a ring. The second is the content
of Lemma 5.5. We take both for facts. Next Carathéodory’s theorem implies
that pps is extendible to P provided that it is countably additive on the
ring. This remains to proved.

5.17 Theorem. For every cadlag martingale M in Ly there exists a unique
measure pyr on the predictable o-field such that (5.14) holds.

Proof. See Chung and Williams, p50-53. =

5.18 EXERCISE. Show that ps([0,¢] x Q) < oo for every ¢ > 0 and con-
clude that ups is o-finite.

5.3 Square-integrable Martingales

Given a square-integrable martingale M we define an integral [ X dM for
increasingly more general processes X. If X is of the form 1(, Z for some
(time-independent) random variable Z, then we want to define

/1(S,t]z dM = Z(M, — M,).

Here 1(,4Z is short-hand notation for the map (u,w) = 1(54(u)Z(w) and
hence the integral is like a Riemann-Stieltjes integral for fixed w. The right
side is the random variable w — Z(w) (M;(w) — M (w)). We also want the
integral to be linear in the integrand, and are lead to define

k k
/Zail(si,ti]xFi dM = Zalle (Mtz - Msi)'
=1 =1

By convention we choose “to give measure 0 to 0” and set

/aol{o}xpo dM = 0.

We can only postulate these definitions if they are consistent. If X =
Zf:1ai1(si,ti]>< r, has two representations as a linear combination of pre-
dictable rectangles, then the right sides of the second last display must
agree. For this it is convenient to restrict the definition initially to linear
combinations of disjoint predictable rectangles. The consistency can then
be checked using the joint refinements of two given representations. We
omit the details.
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5.19 Definition. If X = apl{oyxr, + Z?:lail(si,ti]xﬂ- is a linear combi-
nation of disjoint predictable rectangles, then the stochastic integral of X
relative to M is defined as [ X dM = Zleailpi(Mti — M,,).

In this definition there is no need for the restriction to predictable pro-
cesses. However, predictability is important for the extension of the integral.
We extend by continuity, based on the following lemmas.

5.20 Lemma. Every uniformly continuous map defined on a dense subset
of a metric space with values in another metric space extends in a unique
way to a continuous map on the whole space. If the map is a linear isometry
between two normed spaces, then so is the extension.

5.21 Lemma. The collection of simple process X as in Definition 5.19 is
dense in Ly ([0, 00) x Q, P, uar). Every bounded X € Ly ([0,00) X Q, P, i)
is a limit in this space of a uniformly bounded sequence of simple processes.

5.22 Lemma. For every X as in Definition 5.19 we have [ X?duy =
E([ X dM)?.

Proofs. The first lemma is a standard result from topology.

Because any function in Lo ([0, o0) X0, P, ,uM) is the limit of a sequence
of bounded functions, for Lemma 5.21 it suffices to show that any bounded
element of Ly ([0,00) x Q,P, uar) can be obtained as such a limit. Because
i,y X — X in Ly([0,00) x €, P, unr) as t — oo, we can further restrict
ourselves to elements that vanish off [0,¢] x Q.

Let H be the set of all bounded, predictable X such that X1jg is
a limit in LQ([0,00) X Q,P,NM) of a sequence of linear combinations of
indicators of predictable rectangles, for every ¢ > 0. Then H is a vector space
and contains the constants. A “diagonal type” argument shows that it is also
closed under bounded monotone limits. Because H contains the indicators
of predictable rectangles (the sets in Lemma 5.5) and this collection of sets
is intersection stable, Lemma 5.21 follows from the monotone class theorem,
Theorem 1.23.

Using the common refinement of two finite disjoint unions of pre-
dictable rectangels, we can see that the minimum of two simple processes is
again a simple process. This implies the second statement of Lemma 5.21.

Finally consider Lemma, 5.22. Given a linear combination X of disjoint
predictable rectangles as in Definition 5.19, its square is given by X? =
adlioyxm, + Zleafl(s“ti]xpi. Hence, by (5.14),

k k
(5.23) / X dpusr =y afung ((si, 1] x Fi) = Y afBlp (M, = My)*.

=1 i=1
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On the other hand, by Definition 5.19,

2 k 2
E(/XdM) - E(ZailFi(Mt,- —~ Ms,-))

k k
=3 aia;BElp g, (M, — My,)(M,; — My,).

1=175=1

Because the rectangles are disjoint we have for ¢ # j that either 15,15, =0
or (s;,t;]N(s;,t;] = 0. In the first case the corresponding term in the double
sum is clearly zero. In the second case it is zero as well, because, if ¢; <
s;, the variable 15, 1p, (M, — M,,) is F,;-measurable and the martingale
difference My, — M, is orthogonal to F;,. Hence the off-diagonal terms
vanish and the expression is seen to reduce to the right side of (5.23). =

Lemma 5.22 shows that the map

X /XdM,
L([0,00) x Q, P, pnr) = La(Q, F, P),

is an isometry if restricted to the linear combinations of disjoint indicators
of predictable rectangles. By Lemma 5.21 this class of functions is dense in
L5 ([0, 00) x 2, P, ). Because an isometry is certainly uniformly continu-
ous, this map has a unique continuous extension to Ly ([0,00) x Q,P, ),
by Lemma 5.20. We define this extension to be the stochastic integral
[ X dM.

5.24 Definition. For M a cadlag martingale in Lo and X a predictable
process in Lo ([O, 00)xQ, P, uM), the stochastic integral X w [ X dM is the
unique continuous extension to Lz([O, 00) X Q,P,NM) of the map defined
in Definition 5.19 with range inside Ly (§2, F, P).

Thus defined a stochastic integral is an element of the Hilbert space
Ly(Q, F, P) and therefore an equivalence class of functions. We shall also
consider every representative of the class to be “the” stochastic integral
J X dM. In general, there is no preferred way of choosing a representative.

If X is a predictable process such that 1o 4 X € Lo ([0, 00) X, P, uM),
then [ 1jo,y X dM is defined through the preceding definition. A short-hand

notation for this is fg X dM . By linearity of the stochastic integral we then
have

t s
/1(S’t]XdM = / XdM —/ X dM, s < t.
0 0

We abbreviate this to fst XdM.
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If 10,y X € LQ([0,00) X Q,’P,,uM) for every ¢t > 0, then we can define
a process X - M satisfying

t
(X - M), :/ Xsz/l[o,t]XdM.
0

Because for every ¢ > 0 the stochastic integral on the right is defined only
up to a null set, this display does not completely define the process X - M.
However, any specification yields a martingale X - M and there always exists
a cadlag version of X - M.

5.25 Theorem. Suppose that M is a cadlag martingale in L, and that X
is a predictable process with [ 1[0,t]X2 dupr < oo for every t > 0.
(i) Any version of X - M = {f(;5 X dM:t > 0} is a martingale in Lo.
(ii) There exists a cadlag version of X - M.
(iii) If M is continuous, then there exists a continuous version of X - M.
(iv) The processes A(X - M), where X - M is chosen cadlag, and X AM are
indistinguishable.

Proof. If X is a finite linear combination of predictable rectangles, of the
form as in Definition 5.19, then so is 1jp4X and hence fl[o,t]X dM is
defined as

k
/1[0,,5])( dM = "ai(Myar — Mo, )
=1

As a process in t, this is a martingale in Lo, because each of the stopped
processes MY or M® is a martingale, and a linear combination of martin-
gales is a martingale. The stochastic integral X - M of a general integrand
X is defined as an L»-limit of stochastic integrals of simple predictable pro-
cesses. Because the martingale property is retained under convergence in
Ly, the process X - M is a martingale.

Statement (ii) is an immediate consequence of (i) and Theorem 4.6,
which implies that any martingale possesses a cadlag version.

To prove statement (iii) it suffices to show that the cadlag version of
X - M found in (ii) is continuous if M is continuous. If X is elementary,
then this is clear from the explicit formula for the stochastic integral used
in (i). In general, the stochastic integral (X - M), is defined as the Ly-limit
of a sequence of elementary stochastic integrals (X, - M);. Given a fixed
T > 0 we can use the same sequence of linear combinations of predictable
rectangles for every 0 < ¢ < T'. Each process X - M — X,, - M is a cadlag
martingale in Ls and hence, by Corollary 4.37, for every 7' > 0,

| sup (X2 = (X 1),
0<t<T

|, <2(X 32— (Ko - M)z,

The right side converges to zero as n — co and hence the variables in the
left side converge to zero in probability. There must be a subsequence {n;}
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along which the convergence is almost surely, i.e. (X,, - M), — (X - M),
uniformly in ¢ € [0,T], almost surely. Because continuity is retained under
uniform limits, the process XM is continuous almost surely. This concludes
the proof of (iii).

Let H be the set of all bounded predictable processes X for which (iv) is
true. Then H is a vector space that contains the constants, and it is readily
verified that it contains the indicators of predictable rectangles. If 0 <
X, 1 X for a uniformly bounded X, then 15 4 Xy, — 10,4 X in Lo ([O, 00) X
Q,P, uM). As in the preceding paragraph we can select a subsequence such
that, for the cadlag versions, X,, - M — X - M uniformly on compacta,
almost surely. Because |AY| < 2||Y]|e for any cadlag process Y, the latter
implies that A(X,, -M) — A(X - M) uniformly on compacta, almost surely.
On the other hand, by pointwise convergence of X,, to X, X,,,AM —
XAM pointwise on [0,00) x Q. Thus {X,,} C #H implies that X € H.
By the monotone class theorem, Theorem 1.23, H contains all bounded
predictable X . A general X can be truncated to the interval [—n, n], yielding
a sequence X, with X,, — X pointwise on [0, 00) x Q and 1[g g X, — 1[g,qX
in Ly([0,00) x Q,P,puar). The latter implies, as before, that there exists a
subsequence such that, for the cadlag versions, X,,, - M — X - M uniformly
on compacta, almost surely. It is now seen that (iv) extends to X. m

The following two lemmas gives further properties of stochastic inte-
grals. Here we use notation as in the following exercise.

5.26 EXERCISE. Let S < T be stopping times and let X be an Fg-
measurable random variable. Show that the process 157X defined as
(t,w) = 1(5(w),1(w)] ()X (w) is predictable.

5.27 Lemma. Let M be a cadlag martingale in L, and let S < T be
bounded stopping times.
(i) [1snXdM = X(Mr — Msg) almost surely, for every bounded Fg-

measurable random variable X .

(ii) [1smXY dM = X [1(s)Y dM almost surely, for every bounded
Fs-measurable random variable X and bounded predictable process
Y.

(iii) [ 1(s,rX dM = Nt — Ns almost surely, for every bounded predictable
process X, and N a cadlag version of X - M.

(iv) [ Lio}xX dM = 0 almost surely for every predictable process X .

Proof. Let S, and T, be the upward discretizations of S and 7T on the
grid 0 < 27" < 227" < -+ < k,27™, as in the proof of Theorem 4.20, for
k. sufficiently large that k,2™ > SV T. Then S,, | S and T, | T, so that
I(s,,1,] = 1(s,7) pointwise on 2. Furthermore,

kn

(5.28) 15, 70] = D L(ko—n (ki1)2-7]x {S<k2-n<T}-
k=0
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If we can prove the lemma for (S, T,] taking the place of (S,T] and every
n, then it follows for (S,T] upon taking limits. (Note here that uys is a
finite measure on sets of the form [0, K] x © and all (S,,T,] are contained
in a set of this form.)

For the proof of (i) we first consider the case that X = 1 for some F €
Fs. In view of (5.28) and because {S < k2 " <T}NF =({S<k27"}n
F)n{k27" < T} is contained in Fyy-n, the process 1(s, 1,1 X = 1(s, 7,)1F
is a linear combination of predictable rectangles. Hence, by Definition 5.19,

ki
/1(S,L,T,L]1F dM = Z Lis<ro-n<rinr (Mkg1y2-n — Myg—n)
k=0

This proves (i) in the case that X = 1. By linearity (i) is then also true
for X that are simple over Fg. A general, bounded Fgs-measurable X can
be approximated by a uniformly bounded sequence of simple X. Both sides
of the equality in (i) then converge in L, and hence the equality is valid for
such X.

For the proof of (ii) first assume that X = 1p for some F € Fg and
that Y = 1(y,x , for some F, € F,. In view of (5.28),

kn

s, 1lFluxr, = Z L(k2=nvu,(k+1)2=7 Av]x {S<k2-" <T}NFNF,
k=0
k2= " Vu< (k+1)27" Av

is a linear combination of predictable rectangles, whence, by Definition 5.19,
with the summation index k ranging over the same set as in the preceding
display,

/1(Sn,Tn]1F1(u,v]xFu aM
= Z Lis<ra-n<rynrnr, (ME+1)2-mno — Mi2-nva)
%
=1lp Z Lis<ko-n<rinF. (Mkgt1)2-n o — Mipa-nyy)
k

= 1F/1(S,L,Tn]1(u,v]><Fu dM.

This proves (ii) for X and Y of the given forms. The general case follows
again by linear extension and approximation.
For (iii) it suffices to show that Nz, = [1(o,7,]X dM almost surely.
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Since Ny =0,

Nr, = Z Liga-n<1} (N(kg1)2-n — Nga-n)
%

= Z/1{k2—”§T}1(k2—",(k+1)2—"]X dM = /1(0,Tn]X dM,
%

where the second equality follows from (ii), and the last equality by (5.28)
after changing the order of summation and integration.

Because pps does not charge {0} X €, 1io1xX = 0 in Lz([O,oo) X
Q,P, uM) for any X and hence 0 = [ Lioyx@X dM in Ly, by the isometry.
This proves (iv). =

The preceding lemma remains valid for unbounded processes X,Y or
unbounded stopping times S,T, provided the processes involved in the
statements are appropriately square-integrable. In each case this is true
under several combinations of conditions on X,Y,S,T and M.

5.29 Lemma (Substitution). Let M be a cadlag martingale in Lo and let
N =Y - M be a cadlag version of the stochastic integral of a predictable
process Y with 1jp gV € Lg([O, 00) X Q,’P,,uM) for every t > 0. Then

(i) py is absolutely continuous relative to py and duy = Y? duyy.

(i) [XdN = [XYdM almost surely for every X € Ly([0,00) X

Q>P>NN)-

Proof. By Lemma 5.27(ii), for every bounded predictable process ¥ and
every s < t and Fs € Fs,

(5.30) lps/l(s,t]YdM: /l(w]xFSYdM.

This can be extended to predictable Y as in the statement of the lemma by
approximation. Specifically, if Y,, is ¥ truncated to the interval [—n, n], then
Is,¥n = LgY in Lz([O, 00) X Q,P,,uM) and hence also 15,15 qYn —
1p,1(s,qY in this space. By the isometry property of the stochastic integral
it follows that [1(5YndM and [ 1 4xp,YndM converge in Ly to the
corresponding expressions with Y instead of Y,,, as n — oo. Therefore, if
(5.30) is valid for Y, instead of Y for every n, then it is valid for Y.

We can rewrite the left side of (5.30) as 1p, (N — N;). Therefore, for
every predictable rectangle (s,t] x Fy,

2
MN((S,t] X FS) = E]-Fs(Nt — Ns)2 = E(/]-(s,t]szYdM)

= / Ls,xr Y dpag,
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by the isometry property of the stochastic integral. The predictable rect-
angles are an intersection stable generator of the predictable o-field and
[0,00) x € is a countable union of predictable rectangles of finite measures
under uy and Y2 - uys. Thus these measures must agree on all predictable
sets, as asserted in (i).

For the proof of (ii) first assume that X = 1, xr, for Fy € Fs. Then
the equality in (ii) reads

1Fs (Nt — NS) = /1(s,t]><FSYdM; a.Ss..

The left side of this display is exactly the left side of (5.30) and hence (ii)
is correct for this choice of X. By linearity this extends to all X that are
simple over the predictable rectangles.

A general X € Ly ([O, o00)xQ, P, uN) can be approximated in this space
by a sequence of simple X,,. Then by (i)

/ XY — XY |2 dpps = / X, — X2 duy — 0.

Thus, by the isometry property of the stochastic integral, we can take limits
as n — oo in the identities [ X, Y dM = [ X, dN to obtain the desired
identity for general X and Y. =

5.4 Locally Square-integrable Martingales

In this section we extend the stochastic integral by localization to more
general processes X and M.

Given a cadlag local Ly-martingale M we allow integrands X that are
predictable processes and are such that there exists a sequence of stopping
times 0 < T, 1 oo such that, for every n,

(i) M*» is a martingale in Lo,

(i) Ljo,ent, )X € Lg([O, 00) % Q,P,MMT,L) for every t > 0.
A sequence of stopping times T}, of this type is called a localizing sequence
for the pair (X, M). If such a sequence exists, then

/ 1[0,t/\Tn]X dMTn

is a well-defined element of Ly (9, F, P), for every n, by Definition 5.24.

We define fot X dM as the almost sure limit as n — oo of these random
variables.
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5.31 Definition. Given a cadlag local Ly-martingale M and a predictable
process X for which there exists a localizing sequence T, for the pair
(X, M), the stochastic integral f(f X dM is defined as the almost sure limit
of the sequence of random variables fl[o,an]X dM™  as n — oo. The

stochastic process t — fot X dM is denoted by X - M.

It is not immediately clear that this definition is well posed. Not only
do we need to show that the almost sure limit exists, but we must also
show that the limit does not depend on the localizing sequence. This issue
requires scrutiny of the definitions, but turns out to be easily resolvable.
An integral of the type [ Llpo,51X dM™ ought to depend only on S AT and
the values of the processes X and M on the set [0,S A T, because the
integrand 1(p 5)X vanishes outside [0, S] and the integrator M* is constant
outside [0,T]. In analogy with the ordinary integral, a nonzero integral
should require both a nonzero integrand and a nonzero measure.

This reasoning suggests that, for every n > m, on the event {t < T, },
where ¢ A T,,, =t A T, the variable [ Lo tnT,n) X dM7T= is the same as the
variable [ Lio,tnt, ) X dM™ . Then the limit as n — oo trivially exists on the
event {t < T,,}. Because U, {t < T},,} = § the limit exists everywhere.

The following lemma makes these arguments precise.

5.32 Lemma. Let M be a cadlag process and X a predictable process, and
let S,T,U,V be stopping times such that S and U are bounded, MT and
MV are martingales in Ly and such that 1jg 5 X and (X are contained
in Ly ([0,00) x Q, P, pprr) and Lo ([0, 00) x Q, P, pupsv ), respectively. Then
S 1,5 X dM™* = [110,,1X dM" almost surely on the event {SAT = U A
V1.

Proof. First assume that X is a predictable rectangle of the form X =
L(s,qx F,- By Lemma 5.27(ii) and next (i),

/1[0,5]1(s,t]><Fs dM” =1p, /1[0,5]1(s,t] dM™ =15, (M, — M3,,)
=15, (Msaiar — Msnsat)-

The right side depends on on (S,T') only through S A T'. Clearly the same
calculation with the stopping times U and V gives the same result on the
event {SAT =UAV}.

Next let X be a bounded predictable process. Then, for every given
t > 0, the process 1jp X is automatically contained in Lo ([0, 00) X
Q,P, pipsr +ppv ) and by (a minor extension of) Lemma 5.21 there exists a
bounded sequence of simple processes X,, with X,, — 1jp 4 X in Lo ([0, 00) X
Q,P, ppyr + ,qu). If t > S, then this implies that 1jp 5; X, — 1jp,5;X in
L3([0,00) X Q, P, puprr) and hence [ 1 51X dMT — [ 110 )X dM™ in L,
by the isometry. We can argue in the same way with S and T replaced by U
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and V. Thus the equality of [ 1jo g Xn dM™ and [ 10 )X, dM" for every
n on the event {S AT = U AV} carries over onto X.

A general X as in the lemma can be truncated to [—n, n] and next we
take limits. m

Thus the reasoning given previously is justified and shows that the
almost sure limit of [ Lio,ent, ) X dM Tn exists. To see that the limit is also
independent of the localizing sequence, suppose that S,, and T, are two lo-
calizing sequences for the pair of processes (X, M). Then the lemma implies
that on the event A, = {t A S,, =t AT, }, which contains {t < S, AT},},

/1[0,tAS,L]XdMS" = /1[0,tAT1L]XdMTn7 a.s..

It follows that the almost sure limits of left and right sides of the display,
as n — oo, are the same almost surely on the event A, for every n, and
hence on the event U, A,, = Q. Thus the two localizing sequences yield the
same definition of fot X dM.

In a similar way we can prove that we get the same stochastic integral
if we use separate localizing sequences for X and M. (See Exercise 5.33.) In
particular, if M is a martingale in Ly, X is a predictable process, and 0 <
T, T oo is a sequence of stopping times such that 1jg ;r7,] X € Lz([O, 00) X
Q,P, uM) for every t and every n, then

/ Ljo,ent,1 X dM,

which is well-defined by Definition 5.24, converges almost surely to fot XdM
as defined in Definition 5.31. So “if it is not necessary to localize M, then
not doing so yields the same result”.

5.33 EXERCISE. Suppose that M is a local Le-martingale with localizing
sequence T,,, X a predictable process, and 0 < S,, 1 oo are stopping times
such that 1jgps,]X € LQ([0,00) X Q,P,MMT,L) for every t > 0 and n.
Show that limy, e [ Li0,tn5,]X dM7T» exists almost surely and is equal to
fot X dM. (Note that S, A T, is a localizing sequence for the pair (X, M),

so that fot X dM is well defined in view of Exercise 5.34.)

5.34 EXERCISE. Let M be a cadlag process and S and 7' stopping times
such that M*° and M7 are Ly-martingales. Show that
(1) pprs (A Nn[0,S A T]) = ppr (Aﬂ [0, S A T]) for every A € P.
(i) if M is an Ly-martingale, then ppss (A) = ppr (A N[0, S]) for every
AePp.

The present extension of the stochastic integral possesses similar prop-
erties as in the preceding section.
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5.35 Theorem. Suppose that M is a cadlag local Lo-martingale and X a

predictable process for which there exists a localizing sequence T,, for the

pair (X, M).

(i) There exists a cadlag version of X - M.

(ii) Any cadlag version of X - M is a local Ly-martingale relative to the
localizing sequence T, .

(iii) If M is continuous, then there exists a continuous version of X - M.

(iv) The processes A(X - M), where X - M is chosen cadlag, and X AM are
indistinguishable.

Proof. For every n let Y, be a cadlag version of the process t +—
Ik Lo, tnT, ] X dM7T+. By Theorem 5.25 such a version exists; it is an Lo-
martingale; and we can and do choose it continuous if M is continuous.
For fixed ¢ > 0 the variable T}, A t is a stopping time and hence by
Lemma 5.27(iii)

Yo rmae = /1[O,Tm/\t/\Tn]X dM™, a.s.

By Lemma 5.32 the right side of this display changes at most on a null
set if we replace M™ by M™=. For m < n we have T, AT, = T, and
hence the integrand is identical to 1jp aT,,]X. If we make both changes,
then the right side becomes Y;, ;. We conclude that Y, 7,, At = Y ¢ almost
surely, for every fixed ¢ and m < n. This shows that the stopped martingale

"Tm is a version of the stopped martingale Y,.m for m < n. Because both
martingales possess cadlag sample paths, the two stopped processes are
indistinguishable. This implies that Y,, and Y, agree on the set [0,T,,]
except possibly for points (¢,w) with w ranging over a null set. The union
of all null sets attached to some pair (m,n) is still a null set. Apart from
points (¢,w) with w contained in this null set, the limit ¥ as n — oo of
Y, (w) exists and agrees with Yy, (w) on [0,T},]. The latter implies that
it is cadlag, and Y~ is indistinguishable of Y;,. Furthermore, the jump
process of Y is indistinguishable of the jump process of Y,, on the set
[0,7,] and hence is equal to 17, | XAMT™ = XAM on the set [0, 7],
by Theorem 5.25(iv).

By definition this limit Y is a version of X - M. m

The properties as in Lemmas 5.27 and 5.29 also extend to the present
more general integral. For instance, in a condensed notation we have, for 7’
a stopping time and for processes X, Y and M for which the expressions
are defined,

(X-M)'=Xx -M"=(1pnX) M,
(5.36) X (Y -M)=(XY)-M,
A(X -M)=XAM.
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We shall formalize this later, after introducing the final extension of the
stochastic integral.

5.37 Example (Continuous processes). The stochastic integral X - M
is defined for every pair of a continuous process X and a continuous local
martingale M with My = 0.

Such a pair can be localized by the stopping times

T, = inf{t > 0:|X| > n, |M| > n}.

If 0 < t < T, then |Xy| < n and |M;| < n, by the continuity of the sample
paths of the processes. It follows that M”™» is an Ls-bounded martingale
and
Lo r X[ <n,
fiagn (0,00) = E(MIr — MJ™)? < n?.

Therefore ppr, is a finite measure and 1(g 7,]X is bounded and hence
in Lz([O,oo) X Q,P,MMT,L). Trivially 1;0yX € Lz([O, 00) X Q,P,NMT"),
because puprr. ({0} xQ2) = 0, and hence 1jg 7, ng X € Lg([O, oo)xQ,’P,,uMTn)
for every t > 0. O

5.38 EXERCISE. Extend the preceding example to processes that may
have jumps, but of jump sizes that are uniformly bounded.

5.39 Example (Locally bounded integrators). The stochastic integral
X - M is defined for every pair of a local Ls-martingale M and a locally
bounded predictable process X.

Here “locally bounded” means that there exists a sequence of stopping
times 0 < T, 1 oo such that X™» is uniformly bounded, for every n. We
can choose this sequence of stopping times to be the same as the localizing
sequence for M. (Otherwise, we use the minimum of the two localizing
sequences.) Then 1jg 7, agX is uniformly bounded and hence is contained
in Lz([O, o0) x 2, P, ,uMTn) for every t and n. Thus Definition 5.24 applies.
o

5.5 Brownian Motion

The Doléans measure of Brownian motion is the product measure A x P
and hence exists as a measure on the product o-field By, x F, which is
bigger than the predictable o-field. This can be used to define the stochastic
integral [ X dB relative to a Brownian motion B also for non-predictable
integrands. The main aim of this section is to define the stochastic integral
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fot X dB for all measurable, adapted processes X such that fg X2(ds is finite
almost surely.

Going from predictable to adapted measurable processes may appear
an important extension. However, it turns out that any measurable, adapted
process X is almost everywhere equal to a predictable process X, relative
to A X P. Because we want to keep the isometry relationship of a stochastic
integral, then the only possibility is to define fot X dM as fot X dM. From
this perspective we obtain little new.

The key in the construction is the following lemma.

5.40 Lemma. For every measurable, adapted process X:[0,00) X  — R
there exists a predictable process X such that X = X almost everywhere
under \ x P.

Proof. The proof is based on two facts:

(i) For every bounded, measurable process X there exists a bounded op-
tional process X such that E(X;|F;) = X; almost surely, for every
t>0.

(ii) For every bounded, optional process X there exists a predictable pro-
cess X such that the set {X # X} is contained in the union U,[T},] of
the graphs of countably many stopping times.

If we accept (i)—(ii), then the lemma can be proved as follows. For every

bounded measurable process X, facts (i) and (i) yield processes X and X.

If X is adapted, then X; = E(X;| ;) = X; almost surely for every t > 0,

by (i). Consequently, by Fubini’s theorem

Ax P(X #X) = /P(w:Xt(w) £ X,(w)) dA(t) = 0.

Because the sections {t: (w,t) € G} of the set G = U,[T},] contain at most
countably many points, they have Lebesgue measure zero and hence A x
P(X # X) = 0, by another application of Fubini’s theorem. Combining
(i) and (ii), we see that A x P(X # X) = 0. This proves the lemma for
bounded, measurable, adapted processes X. We can treat general processes
X by truncating and taking limits. Specifically, if X, is X truncated to
[—n,n], then X,, = X on [0,00) x Q. If X, is predictable with X,, = X,
except on a null set B,, then X, converges to a limit at least on the
complement of U, B,,. We can define X to be lim X, if this exists and 0
otherwise.

We prove (i) by the monotone class theorem, Theorem 1.23. Let H
be the set of all bounded, measurable processes X for which there exists
an optional process X as in (i). Then H is a vector space and contains the
constants. If X,, € H with 0 < X,, T X for some bounded measurable X and
X,, are the corresponding optional processes as in (i), then the process X
defined as liminf X,, if this liminf is finite, and as 0 if not, is optional. By
the monotone convergence theorem for conditional expectations (X,); =
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E((Xn)e Fe) T E(X¢| Fi) almost surely, for every ¢ > 0. Hence for each
t > 0, we have that X, = E(X,| F;) almost surely.

In view of Theorem 1.23 it now suffices to show that the indicators of
the sets [0,s) x F, for s > 0 and F' € F, which form an intersection stable
generator of B, x F, are in . By Example 2.6 there exists a cadlag process
Y such that ¥; = E(1p| F;) almost surely, for every ¢ > 0. Then X = 1o, Y
is right continuous and hence optional. It also satisfies X; = E(1[p s)xr| Ft)
almost surely. The proof of (i) is complete.

To prove (ii) we apply the monotone class theorem another time, this
time with # equal to the set of bounded, optional processes X for which
there exists a predictable process X as in (ii). Then H is a vector space
that contains the constants. It is closed under taking bounded monotone
limits, because if X,, = Xn on G, and X, = X, then lim Xn must exist
at least on N,G,, and be equal to X there. We can define X to be lim Xn
if this exists and 0 otherwise. Because the stochastic integral (.S, T'] for two
given stopping times S, 7T is predictable, H clearly contains all indicators
of stochastic intervals [S,T), [S,T], (S,T] and (S,T). These intervals form
an intersection stable generator of the optional o-field by Lemma 5.8. =

Let X be a measurable, adapted process for which there exists a se-
quence of stopping times 0 < T}, 1 oo such that, for every ¢ > 0 and n,

(5.41) Lio,ent,) X € L2([0,00) x ,Bs x F,A X P).

By the preceding lemma there exists a predictable process X such that
X = X almost everywhere under A x P. Relation (5.41) remains valid if we
replace X by X. Then we can define a stochastic integral [ Lio,tnt, )X dB
as in Definition 5.24 and the discussion following it. We define fot X dB as
the almost sure limit of these variables as n — co.

5.42 Definition. Given a measurable, adapted process X for which there
exists a localizing sequence T, satisfying (5.41) the stochastic integral
fot X dB is defined as the almost sure limit of the sequence of cadlag pro-
cesses t — [ I[O,t/\Tn]X dB.

The verification that this definition is well posed is identical to the
similar verification for stochastic integrals relative to local martingales.

Condition (5.41) is exactly what is needed, but it is of interest to have
a more readily verifiable condition for a process X to be a good integrand.

5.43 Lemma. Let X be a measurable and adapted process.
(i) If fot X2ds < oo almost surely for every t > 0, then there exists a
sequence of stopping times 0 < T,, 1 oo such that (5.41) is satisfied
and hence fot X dB can be defined as a continuous local martingale.
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(i) If fot EX?ds < oo, then fg X dB can be defined as a continuous mar-
tingale in L.

Proof. There exists a predictable process X with X = X almost every-
where under A x P. By Fubini’s theorem the sections {t: X;(w) # X,(w)}
of the set {X # X} are Lebesgue null sets for P-almost every w. Therefore,
the conditions (i) or (i) are also satisfied with X replacing X. Because X is
predictable, it is progressive. This means that X: [0,¢]xQ — Ris an By x Fi-
measurable map and so is X2. Consequently, by the measurability part of
Fubini’s theorem, the map w — Y;(w):= fot X2(w)ds is Fi-measurable for
every t > 0, which means that the process Y is adapted. The variables
T, = inf{t > 0:Y; > n} are stopping times, with 0 < T}, 1 oo on the event
where Y; is finite for every ¢, by the continuity of the sample paths of Y.
This is a set of probability one by assumption (i), and hence we can redefine
T, such that 0 < T, 1 co everywhere. Furthermore,

\/]-[O,t/\Tn])ZV2 d(A X P) = EYT"/\t S n.

Thus the process X satisfies (5.41), concluding the proof of (i).

For (ii) it suffices to prove that 1jg X € Lz ([0, 00) X Q, Bog X F, A x P)
for every t > 0. Then the same is true for X, and the result follows
from Theorem 5.25(iii). (The localization applied in Definition 5.42 is
unnecessary in this situation. Equivalently, we can put T, = occ.) But

[110,4X?d\ x P = [} EX?ds, by Fubini’s theorem. m

5.6 Martingales of Bounded Variation

We recall that the variation of a cadlag function A: R — R over the interval
(a,b] is defined as

b k
/ |dAs|3 = sup Z|Ati - Ati—l |7

a=to<t1<-<tp=b ]

where the supremum is taken over all partitions a =to <t; <--- <tp =b
of the interval. The function is called of “locally bounded variation” if its
variation over every compact interval is finite. It can be shown that this is
equivalent to the existence of two nondecreasing cadlag functions A; and
Ay such that A = A; — Ay. Thus every function of locally bounded varia-
tion defines a signed measure B — [, dA defined as the difference of the
measures defined by the functions A; and As. It can be shown that there is
a unique decomposition, written as A = AT — A~ such that the measures
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defined by AT and A~ are orthogonal. The sum of the corresponding mea-
sures is denoted |A| = A" + A~ and is called the total variation of A. It can
be shown that f(a b d|A| is equal to the variation over (a,b] as defined in

the preceding display. In particular, the expressions f; |dAs| and [, 1 d|A]
denote the same.

If the sample paths of the martingale M are of bounded variation, then
we can also define an integral [ X dM based on the usual Lebesgue-Stieltjes
integral. Specifically, if for a given w € Q the variation [ |dM;|(w) of the
function ¢ — M;(w) is finite, then B +— [, dM;(w) defines a signed measure
on the Borel sets (a difference of two ordinary measures) and hence we can
define an integral

[ X i)

for every process X and w such that the function ¢ — X;(w) is Borel
measurable and integrable relative to the measure B +— [ d|M;|(w). (All
integrals are relative to ¢, for fixed w.)

If this is true for every w, then we have two candidates for the inte-
gral [ X dM, the “pathwise” Lebesgue-Stieltjes integral and the stochastic
integral. These better be the same. They are under some conditions. For
clarity of the following theorem we denote the two integrals by [ X, dM,
and [ X dM.

A process X is said to be locally bounded if there exists a sequence
of stopping times 0 < T, 1 oo such that X’ is uniformly bounded on
[0, 00) x 2, for every n. A process X is said to be of locally bounded variation
if there exists a sequence of stopping times 0 < T}, 1 oo such that every of
the sample paths of X is of bounded variation on [0, o), for every n. This
can be seen to be identical to the variation of every sample path of X on
every compact interval [0,¢] being finite, which property is well described
as locally of bounded variation.

Warning. “Locally bounded” is defined to mean “locally uniformly
bounded”. This appears to be stronger than existence of a localizing se-
quence such that each of the sample paths of every of the stopped processes
is bounded. On the other hand, “locally of bounded variation” is to be un-
derstood in a nonuniform way; it is weaker than existence of a sequence of
stopping times such that all sample paths of X”» are of variation bounded
by a fixed constant, depending only on n.

5.44 Theorem. Let M be a cadlag local Ly-martingale of locally bounded
variation, and let X a locally bounded predictable process. Then for every
t > 0 the stochastic integral f(f X dM and the Lebesgue-Stieltjes integral
f((),t] X dM; are both well-defined and agree almost surely.

Proof. If X is a measurable process, then the Lebesgue-Stieltjes integral
[ X dM, is well-defined (up to integrability), because the map ¢ — X;(w)



70 5: Stochastic Integrals

is measurable for every w. The integral f X, dM, is then also measurable
as a map on ). This is clear if X is the indicator function of a product set
in [0,00) x Q. Next we can see it for a general X by an application of the
monotone class theorem, Theorem 1.23.

By assumption there exist sequences of stopping times 0 < 77, 1 oo such
that M7 is an Lo-martingale and such that X7» is uniformly bounded,
for every n. It is not a loss of generality to choose these two sequences the
same; otherwise we use the minimum of the two sequences. We may also
assume that M7 is Lo-bounded. If not, then we replace T}, by T}, A n; the
martingale M7+ is bounded in Ly, because EMZ .., < E(M™)2 < oo
for all t > 0, by the submartingale property of (M*1»)2.

The process 1jp,7,,} X is uniformly bounded and hence is contained in
the Hilbert space Lo ([O, 00) X, P, phasrs ) Therefore, the stochastic integral

fot X dM is well-defined according to Definition 5.24 as the almost sure limit
of the sequence [ 1i 1, agy X dM ™.

Because f(o,t] |dM;| is finite for every ¢, and the process 1[g 4 X is uni-
formly bounded on the event A, = {t < T,}, the Lebesgue-Stieltjes in-
tegral f(O,t] | Xs| |dM,| if finite on this event, and hence almost surely on
Q = U,A,, for every given t. We conclude that f(O,t] X, dM, is well-defined
and finite, almost surely. By dominated convergence it is the limit as n — oo
of the sequence [ Lio,1, nt)(8) X's dM, almost surely.

We conclude that it suffices to show that [ Lio,7, Ay X dM Tw and
J Lo, nt(5)X s dM, agree almost surely, for every n. For simplicity of no-
tation, we drop the localization and prove that for any Ls-bounded martin-
gale M with [ |dM,] < oo almost surely, and every bounded, predictable
process X the stochastic integral [ X dM and Lebesgue-Stieltjes integral
J XsdM; are the same almost surely, where we interprete the mass that
s — M, puts at 0 to be zero.

We apply the monotone class theorem, with 7 the set of all bounded
predictable X for which the integrals agree almost surely. Then H contains
all indicators of predictable rectangles, because both integrals agree with
the Riemann-Stieltjes integral for such integrands. Because both integrals
are linear, 7 is a vector space. Because p ([0,00) X Q) = E(Ms — Mp)? <
00, the Doléans measure of M is finite, and hence the constant functions
are integrable. If 0 < X,, T X for a bounded X and {X,} C #, then X,, —
X in Lz([O, 00) X Q,P,NM) by the dominated convergence theorem, and
hence [X,dM — [ X dM in L,. Furthermore, [ X, dM, — [ X, dM;
pointwise on €, by the dominated convergence theorem, because [ |dMs| <
00. Because Ls-limits and pointwise limits must agree, it follows that the
two integrals agree almost surely. The unit function is a limit of a sequence
of indicators of predictable rectangles and hence we can first infer that the
constant functions are in H. Next an application of Theorem 1.23 shows
that H contains all bounded predictable processes. m
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As a corollary of the preceding theorem we see that the Lebesgue-
Stieltjes integral of a locally bounded predictable process relative to a cad-
lag local Lo-martingale of locally bounded variation is a local martingale.
Indeed, under these conditions the two types of integrals coincide and the
stochastic integral is a local martingale. In the next section we want to drop
the “Ly” from the conditions and for this reason we now give a direct proof
of this martingale property for integrators that are only local martingales.

5.45 Lemma. If M is a cadlag local martingale of locally bounded vari-
ation and X is a locally bounded predictable process, then the Lebesgue-
Stieltjes integrals (X - M);:= [ (0, Xs dM define a cadlag local martingale
X M.

Proof. Write fg for f(o y- Let 0 < T, 1 oo be a sequence of stopping times

such that M7 is a martingale and such that X™ is uniformly bounded,
for every n. Because (X - M){* = [ XT» dM I, the lemma will follow if

t — f(f X, dM; is a cadlag martingale for every given pair of a bounded
predictable process X and martingale of locally bounded variation M. This
is clear if X is the indicator of a predictable rectangle. In that case the
Lebesgue-Stieltjes integral is a Riemann-Stieltjes integral, and coincides
with the elementary stochastic integral, which is a martingale. The set H
of all bounded predictable X for which X - M is a martingale is a vector
space and contains the constants. If 0 < X,, 1 X for a uniformly bounded
process X, then f(f Xo,s AMg — fot X, dM, pointwise on 2 and in L;, for
every t > 0, by two applications of the dominated convergence theorem.
We conclude that the set A is closed under bounded monotone limits and
hence it contains all bounded predictable processes, by the monotone class
theorem, Theorem 1.23. =

Warning. The predictability of the integrand is important. For in-
stance, if N is a standard Poisson process and T is the time of its first
jump, then the process M defined by M, = N, —t and the process M7 are
martingales. The Lebesgue-Stieltjes integral fot N dMST =Lli>7Nr = li>T
is certainly not a martingale (as can be seen from the fact that E1{¢t >
T} =1 —e7"is not constant) and hence this Lebesgue-Stieltjes integral
lacks the most striking property of the stochastic integral. In comparison
N_ is a predictable process and fot Ns_dM} = 0is certainly a martingale.

The most important example of a continuous martingale is Brownian
motion and this has sample paths of unbounded variation. The latter prop-
erty is not special to Brownian motion, but is shared by all continuous
martingales, or more generally all predictable local martingales. We can
prove this important and interesting result by a comparison of stochastic
and Lebesgue-Stieltjes integrals.
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5.46 Theorem. Let M be a cadlag predictable process that is both a local
martingale and a process of locally bounded variation, and 0 at 0. Then
M = 0 up to indistinguishability.

Proof. First assume that M is continuous. By assumption there exists a
sequence 0 < T}, 1 oo of stopping times such that M7= is both a martingale
and of bounded variation. If necessary we can replace T3, by the minimum
of T,, and inf{t > 0:|M;| > n} to ensure also that M is bounded, and
hence in Lo. Because M is of bounded variation, the integration by parts
formula for Lebesgue-Stieltjes integrals yields (with fg denoting f(o, t])

t t
(M™)? = / M dM T + / M dM™.
0 0

Under the present assumption that M is continuous, the integrands in these
integrals are continuous and hence predictable. (The two integrals are also
identical, but we write them differently because the identity is valid even for
discontinuous M, and we need it in the second part of the proof.) Therefore,
the integrals on the right can be viewed equivalently as Lebesgue-Stieltjes
or stochastic integrals, by Theorem 5.44. The interpretation as stochas-
tic integrals shows that the right side is a martingale. This implies that
EM%nAt = 0 and hence My = 0 almost surely, for every ¢.

The proof if M is not continuous is similar but requires additional steps,
and should be skipped at first reading. A stopped predictable process is au-
tomatically predictable. (This is easy to verify for indicators of predictable
rectangles and next can be extended to general predictable processes by
a monotone class argument.) Therefore, the integrands in the preceding
display are predictable also if M is not continuous. On the other hand, if
M is not continuous, then M ™ as constructed previously is not necessarily
bounded and we cannot apply Theorem 5.44 to conclude that the Lebesgue-
Stieltjes integral fot M dMT» is a martingale. We can solve this by “stop-
ping earlier”, if necessary. The stopping time S,, = inf{t > 0: |M;| > n} is
predictable, as [S,] = [0,S,] " M ~([—n,n]°) is predictable. (See the last
assertion of Lemma 5.7.) Thus S, is the monotone limit of a sequence of
stopping times {S,,,» }oo_; strictly smaller than S,, on {S,, > 0} = Q. Then
R, = max; j<n S;; defines a sequence of stopping times with 0 < R,, 1 0o
and |MT»| < n for every n by the definition of S, and the fact that
R, < S,. Now we may replace the original sequence of stopping times
T, by the minimum of 7}, and R,, and conclude the argument as before. =
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5.7 Semimartingales

The ultimate generalization of the stochastic integral uses “semimartin-

gales” as integrators. Because these are defined as sums of local martingales
and bounded variation processes, this does not add much to what we have
already in place. However, the concept of a semimartingale does allow some
unification, for instance in the statement of It6’s formula.

5.47 Definition. A cadlag adapted stochastic process X is a semimartin-
gale if it has a representation of the form X = Xo+ M + A for a cadlag local
martingale M and a cadlag adapted process of locally bounded variation
A.

The representation X = Xg + M + A of a semimartingale is non-
unique. It helps to require that My = Ay = 0, but this does not resolve the
nonuniqueness. This is because there exist martingales that are locally of
bounded variation. The compensated Poisson process is a simple example.

We would like to define a stochastic integral Y - X as Y - M +Y - A,
where the first integral Y - M is a stochastic integral and the second integral
Y - A can be interpreted as a Lebesgue-Stieltjes integral. If we restrict the
integrand Y to locally bounded, predictable processes, then Y - M is defined
as soon as M is a local Lo-martingale, by Definition 5.31. In the given de-
composition X = Xo+ M + A, the martingale is not required to be locally
in Lo, but one can always achieve this by proper choice of M and A, in view
of the following lemma. The proof of this lemma is long and difficult and
should be skipped at first reading. It suffices to remember that “local mar-
tingale” in the preceding definition may be read as “local Ly-martingale”,
without any consequence; and that a continuous semimartingale can be
decomposed into continuous processes M and A. The latter means that a
continuous semimartingale can equivalently be defined as a process that is
the sum of a continuous local martingale and a continuous adapted process
of locally bounded variation.

5.48 Lemma. For any cadlag semimartingale X there exists a decompo-
sition X = Xog + M + A such that M is a cadlag local Ly-martingale and
A is a cadlag adapted process of locally bounded variation. Furthermore, if
X is continuous, then M and A can be chosen continuous.

Proof. We may without loss of generality assume that X is a local martin-
gale. Define a process Z by Z; = ) ., AX 1jax,|>1. This is well-defined,
because a cadlag function can have at most finitely many jumps of absolute
size bigger than some fixed constant on any given compact interval. We show
below that there exists a cadlag predictable process B of locally bounded
variation such that Z — B is a local martingale. Next we set A = Z — B and
M =X — Xy — A and show that [AM] < 2. Then M is a locally bounded
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martingale and hence certainly a local Lo-martingale, and hence the first
assertion of the lemma is proved.

In order to show the existence of the process B define a process Z“ by
Zt =3 ., AXslax,>1. This is clearly nondecreasing. We claim that it is
locally in L; and hence a local submartingale. To see this, let 0 < S,, T co
be a sequence of stopping times such that X°» is a uniformly integrable
martingale, for every n, and define T,, = inf{t > 0: Z} > n,|X;| > n} A S,.
Then Z¢ v |X ™| <n on [0,T},) and

0< Zf e < 21, <n+|AX7, | <20+ | X7, |

The right side is integrable by the optional stopping theorem, because 7;, <

S, and X*° is uniformly integrable.

Being a local submartingale, the process Z* possesses a compensator

B* by the Doob-Meyer decomposition, Lemma 5.69. We can apply a similar

argument to the process of cumulative jumps of X less than —1, and take

differences to construct a process B with the required properties.
The proof that |[AM| < 2 is based on the following facts:

(i) For every cadlag predictable process X there exists a sequence of pre-
dictable times T, such that {(t,w):AX:(w) # 0} C U,[Th]- (The
sequence T, is said to ezhaust the jumps of X. See e.g. Jacod and
Shiryaev, 12.24.)

(ii) If X is a predictable process and T' a stopping time, then Xy is Fyp_-
measurable, where we define X, to be 0. (See e.g. Jacod and Shiryaev,
12.4; and I1.11 for the definition of Fr_.)

(iii) For any cadlag martingale X and predictable stopping time 7" we have
E(X7|Fr-) = Xr_ almost surely on {T' < oo}. (See e.g. Jacod and
Shiryaev, 12.27.)

(iv) For any cadlag martingale X and predictable stopping time 7" we have
E(AX7|Fr_) = 0 almost surely on the set {T' < co}. This follows by
applying (ii) to the predictable process X_ to see that Xp_ is Fp_-
measurable and combining this with (iii) to compute the conditional
expectation of AXy = X — Xp_.

The processes X, A = Z—B and M = X — Xy — A are local martingales. If

we can show that [AMT»| < 2 for every T, in a localizing sequence 0 < T}, 1

00, then it follows that |AM| < 2 and the proof is complete. For simplicity of

notation assume that X, M and A are martingales. The process Z has been

constructed so that |[A(X — Z)| <1 and hence |E(A(X - Z)T|.7-'T,)| <1
almost surely, for every stopping time T'. By (iv) E(AMy| Fr—) = 0 almost
surely on {T' < oo}, for every predictable time T'. Because AM = A(X —

Z) + AB, it follows that |E(ABT| ]-'T_)| < 1 for every predictable time

T. Since B and B_ are predictable, ABp is Fr_-measurable by (ii) and

hence |ABr| < 1 almost surely. Consequently |[AB| < 1 by (i), and hence

|IAM| < |A(X - Z)|+ |AB| < 2.

This concludes the proof of the first assertion of the theorem. Next,
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we prove that a continuous semimartingale X permits a decomposition
X = Xy + M + A such that M and A are continuous.

Suppose that X is continuous and let X = X + M + A be a given
decomposition in a local Le-martingale M and a process of locally bounded
variation A. Let 0 < S,, 1 0o be a sequence of stopping times such that A"
is a martingale for every n and define

t
T, :inf{t > 0: | My| > n,/ |[dAs| >n} AnAS,.
0

Then the process M is a uniformly integrable martingale, is bounded in
absolute value by n on [0,T},), and

Tn
/|dAs|=/ |dA| +|AAy,
0 [O,Tn)

The right side is integrable by the optional stopping theorem, Theorem 4.21,
whence the process A is locally integrable. We conclude that the positive
and negative variation processes corresponding to A are both locally in-
tegrable. Because they are nondecreasing, they are submartingales, and
permit Doob-Meyer decompositions as in Lemma 5.69. We conclude that
there exists a cadlag predictable process A such that A — A is a local mar-
tingale. Now X = X+ (M +A— A)+ A is a decomposition of X into a local
martingale M = M + A — A and a predictable process of locally bounded
variation A. We shall show that these processes are necessarily continuous.

By predictability the variable AAp is F7_-measurable for every stop-
ping T, by (ii). If M is integrable, then E(AMr| Fr_) = 0 for every pre-
dictable stopping time, by (iv) because M is a martingale. Since AX = 0,
it then follows that AAyr = E(AAyp| Fr_) = 0 for every predictable time
T, whence the process A and hence M are continuous, by (i). If AMy is
not integrable, we can first localize the processes and apply the argument
to stopped processes. m

<n+ |AXTn

+|AMr,

<2n+ |MT,L

5.49 Definition. The integral Y - X of a locally bounded, predictable pro-
cess Y relative to a cadlag semimartingale X with decomposition X =
Xo+ M+ A as in Lemma 5.48 is defined as Y - M +Y - A, where the first in-
tegral Y - M is a stochastic integral defined according to Definition 5.31 and
the second integral is the Lebesgue-Stieltjes integral (Y - A), = f(o,t] Y dAs.

The notations (Y - X), and fot Y dX are used interchangeably.

Because the decomposition of Lemma 5.48 is not unique, we must
verify that the preceding definition is well posed. This follows from the fact
that for any other decomposition X = Xy + M + A as in Lemma 5.48 the
process M — M = A — A is a cadlag local Ls-martingale that is locally
of bounded variation. Therefore, the Lebesgue-Stieltjes integral and the

stochastic integral of a locally bounded predictable process Y relative to
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this process coincide by Theorem 5.44 and hence Y-M+Y -A=Y -M+Y A,
if the integrals Y - M,Y - A, Y - M, and Y - A are interpreted as stochastic
or Lebesgue-Stieltjes integrals, as in the definition.

5.50 EXERCISE. Suppose that M is a cadlag local martingale that is lo-
cally of bounded variation, and Y is a locally bounded process. Show that
the integral Y - M as defined by the preceding definition coincides with the
Lebesgue-Stieltjes integral fot Y, dM;. (Hint: this is a trivial consequence of
the fact that the definition is well posed. Don’t be confused by the fact that
M is a martingale.)

5.51 Theorem. If X is a cadlag semimartingale and Y is a predictable
locally bounded process, then:

(i) There exists a cadlag version of Y - X.

(ii) This version is a semimartingale.
(iii) If X is a local martingale, then this version is a local martingale.
(iv) If X is continuous, then there exists a continuous version of Y - X.
(v) The processes A(Y - X), where Y - X is a cadlag version, and Y AX

are indistinguishable.

Proof. Let X = Xy + M + A be an arbitrary decomposition in a cadlag
local Lo-martingale M and a cadlag adapted process of locally bounded
variation A. By definition Y- X =Y -M+Y A, where the first is a stochastic
integral and the second a Lebesgue-Stieltjes integral. By Theorem 5.35 the
stochastic integral Y - M permits a cadlag version and this is a local Ls-
martingale; it permits a continuous version if M is continuous; and its
jump process is YAM. The Lebesgue-Stieltjes integral Y - A is of locally
bounded variation and cadlag; it is continuous if A is continuous; it is a
local martingale if A is a local martingale, by Lemma 5.45; and its jump
process is YAA. Finally, if X is continuous, then the processes M and A
can be chosen continuous. =

Now that we have completely dressed up the definition of the stochastic
integral, it is useful to summarize some properties.

5.52 Lemma. If X is a semimartingale, and Y, is a sequence of predictable
processes such that Y, — Y pointwise on [0,00) x  and |Y,,| < K for a
locally bounded predictable process K and every n, then the cadlag versions
of V,,- X and Y - X satisfy sups<t|(Yn - X)s— (Y-X)S| £ 0, forevery t > 0.

Proof. We can decompose X = Xy + M + A for a cadlag local Ls-
martingale M and a cadlag process of locally bounded variation A, 0 at
0. That A is of locally bounded variation implies that fg |[dA|(w) < o0
and that K is locally bounded implies that sup,., Ks(w) < 00, both for

every fixed w and t. It follows that fot K(w)|dAs|(w) < oo (the integral
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is relative to s). Because, for fixed w, the map s — Y, s(w) is dominated
by the map s — K;(w), the dominated convergence theorem implies that
fOt|Ynys(w) - Ys(w)| |dAs|(w) — 0. This being true for every w, we conclude
that sups<t|(Yn -A)s — (Y - A)4| converges to zero almost surely and hence
in probability.

There exists a sequence of stopping times 0 < T}, 1 oo such that M Tm
is an Ly-bounded martingale and K™ is a uniformly bounded process, for
every m. Then, because 1jg 1, AyYn 1s bounded by K™= the dominated
convergence theorem yields

2
/(1[O,Tm/\t]Yn - 1[0,Tm/\t]Y) dpprm — 0.

On the set [0,T),] the stochastic integral Y;, - M can be defined as s —
S Lo, 7,n8)Yn dM T and similarly with Y instead of Yy,. (See Lemma 5.32
or the proof of Theorem 5.35.) For the cadlag versions of these processes,
the maximal inequality (4.38) yields, for every fixed m, as n — oo,

Esup|(Yy - M), — (V- M), [ Li<r,,
s<t

2

< Esup ,

s<t

< 4E‘ / Lo15, gV dM T — / Loz, ng Y dM T

/1[0,Tm/\s]Yn dMTm _/1[0,Tm/\S]YdMTm‘

2
— 0.

This being true for every m implies that supsgt|(Yn - M)s — (Y - M),
converges to zero in probability. =

5.583 EXERCISE. Show that every left-continuous adapted process that is
0 at 0 is locally bounded.

5.54 Lemma. For every locally bounded predictable processes X and Y,
semimartingale Z and stopping T', up to indistinguishability:
i) Y -z2)'=vy. -z7 = (lo,mY) - Z.
(i) X -(Y-2Z)=(XY)-Z.
(iii) A(Y - Z)=YAZ, if Y - Z is chosen cadlag.
(iv) Vs) - Z = Vi - Z for every Fs-measurable random variable

Proof. The statements follow from the similar statements on stochastic
integrals, properties of Lebesgue-Stieltjes integrals, and localization argu-
ments. We omit the details. m
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5.8 Quadratic Variation

To every semimartingale or local Le-martingale X correspond processes
[X] and (X), which play an important role in stochastic calculus. They
are known as the “quadratic variation process” and “predictable quadratic
variation process”, and are also referred to as the square bracket process
and the angle bracket process. In this section we discuss the first of the two.
In the next section we shall see that the two processes are the same for
continuous Ls-local martingales.

5.55 Definition. The quadratic covariation of two semimartingales X and
Y is a cadlag version of the process

(5.56) [X,Y]=XY - XoYo—X_-Y-Y_-X.

The process [X, X], abbreviated to [X], is called the quadratic variation of
X.

As usual we need to check that the definition is well posed. In this case
this concerns the semimartingale integrals X_ - Y and Y_ - X; these are
well-defined by Definition 5.49, because a left-continuous adapted process
that is 0 at 0 (such as X_ and Y_) is predictable and locally bounded.

We refer to the formula (5.56) as the integration-by-parts formula.
The ordinary integration-by-parts formula for processes X and Y of locally
bounded variation, from Lebesgue-Stieltjes theory, asserts that

X,V — XoYo = X_dYy + / YodX + ) AXAY.
(0,2] (0,2] 0<s<t

Comparing this to ((5.56) we see that in this case the quadratic variation
[X,Y] is the last term on the right. (Cf. Example 5.65 for more details.)
One way of looking at the quadratic variation process for general semi-
martingales is to view it as the process that “makes the partial integral
formula true”. Many semimartingales are not locally of bounded variation,
and then the quadratic covariation does not reduce to a function of the
jump processes, as in the preceding display. In particular, the quadratic
covariation of a continuous semimartingales is typically nonzero.

The name “quadratic covariation” is better explained by the follow-
ing theorem, which may also be viewed as an alternative definition of this
process.

5.57 Theorem. For any pair of cadlag semimartingales X and Y, any
sequence of partitions 0 =t < 1 < --- <ty =t of mesh widths tending
to zero, and any t > 0, as n — 00,

kn
(5.58) > (Xip = Xip )V =Y ) B X, Y]

=1
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Proof. Because 4zy = (z + y)? — (z — y)? for any numbers z,y, the case
of two semimartingales X and Y can be reduced to the case that X =Y.
For simplicity of notation we only consider the latter case. By the identity

(- Z/)2 =% - y2 — 2y(x — y) we can write

kn kn kn
D (X = Xep )P =0 (X - Xi ) =23 Xep (Xgp — Xy )
1=1 =1 =1

(5.59) = X2 - X2 —-2(X,-X);,

for X, the simple predictable process defined by

kn
Xn=> Xer 1z o)
=1

The sequence of processes X, converges pointwise on [0, ¢] X {2 to the process
X_ (where Xo_ = 0). The process K defined by K; = sup,., Xs_ is
adapted and left continuous and hence predictable and locally bounded,
and it dominates X,. Lemma 5.52 implies that the sequence (X, - X),
converges in probability to (X_ - X);. m

5.60 Example (Brownian motion). The quadratic variation process of
Brownian motion is computed in Theorem 4.28 and is given by [B]; = t.
This is special, because it is a deterministic process. We shall see later that
Brownian motion is the only continuous local martingale with quadratic
variation process the identity function.

In view of the representation in (5.56) and the continuity of Brownian
motion,

t
33:2/ BdB +t.
0

Compare this to the formula f2(¢) = 2f0t f(s)df(s) (where df(s) = f'(s) ds)
for a continuously differentiable function f, and be at least a little bit
surprised. It6’s formula in Section 5.10 is the generalization of this result
and has a similar “correction term” relative to ordinary calculus. O

5.61 EXERCISE. Show that the quadratic variation process of both the
Poisson process N and the compensated Poisson process {N; — t:¢t > 0} is
N itself. (Hint: subtraction of the smooth function ¢ does not change the
limit of the sum of squares; N is a jump process of jump sizes 1 = 12.)

5.62 EXERCISE. Show that 4[X,Y] = [X + Y] —[X — Y].

5.63 Example (Multivariate Brownian motion). The quadratic co-
variation between the coordinates of a multivariate Brownian motion
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(BY,...,BY%) is given by [B%,B7], = §;;t, for 6;; = 0 or 1 if i = j or
1 # j the Kronecker delta.

This can be seen in a variety of ways. For instance, the covariation
between two independent martingales is zero in general. A simple proof,
which makes use of the special properties of Brownian motion, is to note
that (B® — B7)/+/2 and (B' + B’)/+/2 are both Brownian motions in their
own right and hence [B* — B’] = [B' + B’], whence [B’, B’] = 0 by Exer-
cise 5.62, for i # j. O

It is clear from the defining relation (5.58) that the quadratic variation
process [X] can be chosen nondecreasing almost surely. By the “polarization
identity” of Exercise 5.62, the quadratic covariation process [X,Y] is the
difference of two nondecreasing processes and hence is of locally bounded
variation. The following lemma lists some further properties.

5.64 Lemma. Let X and Y be cadlag semimartingales.

G) [XT,Y] = [X, Y] = [XT,YT] for every stopping time T

(ii) If X andY are local martingales, then XY — [X,Y] is a local martin-

gale.

(iii) If X and Y are Lo-martingales, then XY — [X,Y] is a martingale.
(iv) If X and Y are Ly-bounded martingales, then [X,Y] is L-bounded.
(v) If X and Y are continuous, then [X,Y] is continuous.
(vi) The processes A[X,Y] and AXAY are indistinguishable.

Proof. Assertion (i) can be proved using (5.56), or from (5.58) after verify-
ing that this relation remains true for partitions with a random endpoint.
For statements (ii)—(vi) it suffices to consider the case that X =Y.
Assertion (ii) is a consequence of the representation (5.56) of X2 —[X]
in terms of the stochastic integral X_ - X and Theorem 5.51(iii).
If X is a square-integrable martingale, then the term (X, -X); in (5.59)
has mean zero by the orthogonality of the martingale increment Xy» — X |
to Fi» . Then, by Fatou’s lemma and (5.59),

kn
E[X], <lminfBE) (X — Xim )? = E(X} - X3).

n— 0o 4
=1

This proves (iv) and also that the process [X] is in L; if X is in Ls. To
see that in the latter case X2 — [X] is a martingale, as claimed in (iii), it
suffices to show that X_ - X is a martingale. By (ii) it is a local martingale.
If T,, is a localizing sequence, then, by (5.56) and (i),

2|(X- - X)f| = X300 = X8 = [X]nt] < XF, e + X3 + (X1,
because [X] is nondecreasing. Because X7, e = E(Xi|Fr, ) by the

optional stopping theorem, Jensen’s inequality yields that X%n A <
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E(X?| Fr,at) and hence the sequence {X7 .,}2°, is uniformly integrable,
for every fixed t > 0. We conclude that the right side and hence the left
side of the preceding display is uniformly integrable, and the sequence of
processes (X_ - X)™» converges in L; to the process X_ - X, as n — oo.
Then the martingale property of the processes (X_- X)) carries over onto
the process X_ - X. This concludes the proof of (iii).

Assertion (v) is clear from the fact that the stochastic integral X_ - X
is continuous if X is continuous, by Theorem 5.51(iv). For assertion (vi) we
note first that X2 = (X_)2 + 2X_AX + (AX)?2, so that its jump process
is given by A(X?) = 2X_AX + (AX)2. Next we use (5.56) to see that
A[X] = A(X?)-2A(X_-X), and conclude by applying Lemma 5.54(iii). m

5.65 Example (Bounded variation processes). The quadratic variation
process of a cadlag semimartingale X that is locally of bounded variation
is given by [XT; = Y.<, (AX,)*.

This can be proved directly from the definition of [X] as the sum of
infinitesimal square increments in equation (5.58) of Theorem 5.57, but an
indirect proof is easier. An intuitive explanation of the result is that for
a process of locally bounded variation the sums of infinitesimal absolute
increments converges to a finite limit. Therefore, for a continuous process
of locally bounded variation the sums of infinitesimal square increments,
as in (5.58), converges to zero. On the other hand, the squares of the pure
jumps in the discrete part of a process of locally bounded variation remain.

A proof can be based on the integration-by-parts formula for cadlag
functions of bounded variation. This shows that

X2-X2=2 XoodX,+ ) (AX,)%
(0,2] 0<s<t

Here the integral on the right is to be understood as a pathwise
Lebesgue-Stieltjes integral, and is equal to the Lebesgue-Stieltjes integral
f((),t] Xs— d(Xs — Xp). Because the decomposition X = Xo + M + A of
the semimartingale X can be chosen with M = 0 and A = X — X,
the latter Lebesgue-Stieltjes integral is by definition the semimartingale
integral (X_ - X);, as defined in Definition 5.49. Making this identifi-
cation and comparing the preceding display to (5.56) we conclude that

[X]e = ZO<s§t(AXS)2' o

5.66 EXERCISE. Let X be a continuous semimartingale and Y a cadlag
semimartingale that is locally of bounded variation. Show that [X,Y] = 0.
[Hint: one possibility is to use (5.58).]
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5.9 Predictable Quadratic Variation

The “angle bracket process” (M) is defined for the smaller class of local
Ly-martingales M, unlike the square bracket process, which is defined for
general semimartingales. If M is continuous, we can define (M) simply to
be identical to [M]. For general local Ly-martingales, we define the angle
bracket process by reference to the Doob-Meyer decomposition. This de-
composition, given in Lemma 5.69, implies that for any local Lo-martingale
M there exists a unique predictable process A such that M2 — A is a local
martingale. We define this process as the predictable quadratic variation of
M.

5.67 Definition. The predictable quadratic variation of a cadlag local Lo-
martingale M is the unique cadlag nondecreasing predictable process (M),
0 at 0, such that M? — (M) is a local martingale. The predictable quadratic
covariation of a pair of cadlag local Ly-martingales M and N is the process
(M, N) defined by 4{(M,N) = (M + N) — (M — N).

5.68 EXERCISE. Show that M N — (M, N) is a local martingale.

If M is a local martingale, then the process M? — [M] is a local mar-
tingale, by Lemma 5.64(ii). If [M] is predictable, in particular if M is con-
tinuous, then (M) = [M]. However, the process [M] is not necessarily pre-
dictable, and hence is not necessarily equal to the process (M).

To see that Definition 5.67 is well posed, we use the Doob-Meyer de-
composition. The square of a local martingale is a local submartingale, by
Jensen’s inequality, and hence existence and uniqueness of (M) follows from
(ii) of the following lemma.

A process Z is said to be of class D, if the collection of all random
variable Zr with T ranging over all finite stopping times, is uniformly in-
tegrable.

5.69 Lemma (Doob-Meyer).

(i) Any cadlag submartingale Z of class D can be written uniquely in the
form Z = Zy + M + A for a cadlag uniformly integrable martingale
M and a cadlag predictable nondecreasing process A with EA,, < 00,
both 0 at 0. The process A is continuous if and only if EZy = EZp
for every finite predictable time T .

(ii) Any cadlag local submartingale Z can be written uniquely in the form
Z = Zy+ M + A for a cadlag local martingale M and a cadlag pre-
dictable nondecreasing process A, both 0 at 0.

Proof. For a proof of (i) see e.g. Rogers and Williams, VI-29.7 and VI-
31.1. The uniqueness of the decomposition follows also from Theorem 5.46,
because given two decompositions Z = Zg + M + A = Zy + M + A of the
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given form, the process M — M = A — A is a cadlag predictable process of
bounded variation, 0 at 0, and hence is 0.

Given (i) we can prove (ii) by localization as follows. Suppose 0 < T}, 1
o0 is a sequence of stopping times such that Z7» is a submartingale of class
D for every n. Then by (i) it can be written as Z™» = Zy + M,, + A,, for a
uniformly integrable martingale M,, and a cadlag, nondecreasing integrable
predictable process A,. For m < n we have ZTm = (Z1n)Tm = Z;+ MIm +
ATw | By uniqueness of the decomposition it follows that M ™ = M,, and
ATm = A,,. This allows us to define processes M and A in a consistent
manner by specifying their values on the set [0,T,,] to be M,, and A,,,
for every m. Then MT» = M, and hence M is a local martingale. Also
Z =Zy+ M+ Aon [0,T,] for every m and hence on [0, c0) X Q.

We still need to show the existence of the stopping times T,,. By as-
sumption there are stopping times 0 < S, 1 oo such that Z° is a sub-
martingale. Define

T, = S, An Ainf{t > 0:|Z°"| > n}.

Then |Z7"| < |Z§"|Vn for t € [0,T,] and hence |Z1"| < |Z%:|Vn for every
stopping time 7. The right side is integrable because 7}, is bounded and
7% is a submartingale (and hence is in L;) by Theorem 4.20. =

The nondecreasing, predictable process A in the Doob-Meyer decom-
position given by Lemma 5.69(i)—(ii) is called the compensator or “dual
predictable projection” of the submartingale Z.

5.70 Example (Poisson process). The standard Poisson process is non-
decreasing and integrable and hence trivially a local submartingale. The
process M defined by M; = N, —t is a martingale, and the identity function
t — t, being a deterministic process, is certainly predictable. We conclude
that the compensator of IV is the identity function.

The process t — M2 — t is also a martingale. By the same reasoning
we find that the predictable quadratic variation of M is given by (M), = t.
In contrast, the quadratic variation is [M] = N. (See Exercise 5.61.) O

5.71 EXERCISE. Show that the compensator of [M] is given by (M).

5.72 EXERCISE. Show that (MT) = (M)T for every stopping time T
(Hint: a stopped predictable process is predictable.)

5.73 EXERCISE. Show that M? — (M) is a martingale if M is an Lo-
martingale. (Hint: if M is La-bounded, then M? is of class D and we can
apply (i) of the Doob-Meyer lemma; a general M can be stopped.)

Both quadratic variation processes are closely related to the Doléans
measure. The following lemma shows that the Doléans measure can be
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disintegrated as,
dun(s,w) = d[M]s(w) dP(w) = d{M)s(w) dP(w).

Here d[M]s(w) denotes the measure on [0,00) corresponding to the non-
decreasing, cadlag function ¢ +— [M]s(w), for given w, and similarly for
d(M)s(w). The three measures in the display agree on the predictable o-
field, where the Doléans measure was first defined. (See (5.14)). Off the
predictable o-field the two disintegrations offer possible extensions, which
may be different.

5.74 Lemma. If M is an Lo-martingale, then, for all A € P,
jar(A) = // La(s,w) d[M], (@) dP(w) = // La(s,0) d(M) (@) dP(w).
0 0

Proof. Because the predictable rectangles form an intersection stable gen-
erator of the predictable o-field, it suffices to verify the identity for every
set of the form A = (s,t] x Fy with F; € Fs. Now

E/Ooo Loy (4, w) d[M],, = Bl ([M], — [M];).

Because M? —[M] is a martingale, by Lemma 5.64(iii), the variable (M? —
[M];) — (M? —[M];) is orthogonal to Fs. This implies that we may replace
[M]; — [M]s in the display by M2 — M2. The resulting expression is exactly
ot ((s,t] % Fy).

The argument for (M) is identical, if we note that M? — (M) is a
martingale if M is in L. (Cf. Exercise 5.73.) m

5.75 Example (Integration with Continuous Integrators). We have
seen in Example 5.37 that a continuous local martingale M, 0 at 0, is a
local Ly-martingale, and hence can act as an integrator. It can now be seen
that any predictable process X with, for every ¢ > 0,

t
/ X2d[M], < oo, a.s.
0

is a good integrand relative to M. This is to say that under this condition
there exists a localizing sequence 0 < T, T oo for the pair (X, M) and hence
Definition 5.31 of the stochastic integral applies. An appropriate localizing
sequence is

t
7, = nf{t > 0: M| > n/ X2dM], > n).
0
For this sequence we have that M™ is bounded and Lont,) X is

contained in Ly ([0,00) X Q,P,pupr.) in view of Lemma 5.74, because
J 1j0,7,)(s)X2 d[M]s < n and hence has expectation [ X?dpysr, bounded
by n. O
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5.76 Lemma. The quadratic variation process of a cadlag local martingale
is the unique adapted process A of locally bounded variation, 0 at 0, such
that M? — A is a local martingale and AA = (AM)2.

Proof. The quadratic variation process [M] possesses the listed properties,
by Lemma 5.64(ii) and (vi). Given an other process A with these properties
the process [M] — A is the difference of two local martingales and hence a
local martingale. It is also of locally bounded variation and 0 at 0. Moreover,
it is continuous, because A[M] = (AM)? = AA. Theorem 5.46 shows that
[M]—A=0. =

Because the quadratic covariation process [X, Y] is of locally bounded
variation, integrals of the type fot Zsd|X,Y]s can be defined as Lebesgue-
Stieltjes integrals, for every measurable (integrable) process Z. (The s in
the notation is to indicate that the integral is a Lebesgue-Stieltjes integral
relative to s, for every fixed pair or sample paths of Z and [X,Y].) The
integrals in the following lemmas can be understood in this way.

5.77 Lemma. Let M and N be local Lo-martingales and let X and Y be
locally bounded predictable processes.

(i) [X - M,Y -N], = [} X,Y, d[M,N],.

(ii) (X -M,Y -N), = [, X,Y,d(M,N),.

Proof. For simplicity of notation we give the proof in the case that X =Y
and M = N. Furthermore, we abbreviate the process t — fot X2d[M]s to
X?.[M], and define X? - (M) similarly.

Because a compensator of a local submartingale is unique, for (ii) it
suffices to show that the process X2-(M) is predictable and that the process
(X - M)? — X?. (M) is a local martingale.

Similarly, for (i) it suffices to show that the process (X -M)? — X?.[M]
is a local martingale and that A(X? - [M]) = (A(X - M))2

Now any integral relative to a predictable process of locally bounded
variation is predictable, as can be seen by approximation by integrals of
simple integrands. Furthermore, by properties of the Lebesgue-Stieltjes in-
tegral A(X? - [M]) = X2A[M] = X?(AM)?, by Lemma 5.64(vi), while
(A(X - M))? = (XAM)?, by Lemma 5.54. We are left with showing that
the processes (X - M)? — X2 - (M) and (X - M)? — X? - [M] are local mar-
tingales.

Suppose first that M is Ls-bounded and that X is a predictable process
with fX2 dpps < 0o. Then X - M is an Ly-bounded martingale, and for
every stopping time 7', by Lemma 5.54(i),

2
E(X-M)QTZE(/XI{O,Tl dM) =/X21[0,T] LY

T
= E/ XZ2d[M)s = E(X? - [M])r,
0
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where we use Lemma 5.74 for the first equality on the second line of the
display. We can conclude that the process (X -M)2?—X?2.[M]is a martingale
by Lemma 4.22.

For a general local Ls-martingale we can find a sequence of stopping
times 0 < T}, 1 oo such that M™» is Ly-bounded and such that 1j 7, X €
L5 ([0, 00) X, P, pupyr ) for every n. By the preceding argument the process
(Lo, X - MT#)2 = 115 1,1 X2 - [M7*] is a martingale for every n. But this
is the process (X - M)? — X2 - [M] stopped at T}, and hence this process is
a local martingale.

The proof for the process (X - M)? — X2 - (M) is similar. =

The following lemma is of interest, but will not be used in the remain-
der.

5.78 Lemma (Kunita-Watanabe). If M and N are cadlag local martin-
gales and X and Y are predictable processes, then

(/St |d[M,N]u|)2 < /St d[M]. /St dNl., as.,

2
(E/|XuYu| |d[M,N]|u) < /X2 duM/Y2 dpn .

Proof. For s < t abbreviate [M, N], — [M, N]; to [M,N]%. Let s = t§ <
tt < --- < tp =t be a sequence of partitions of [s,#] of mesh widths
tending to zero as n — oco. Then, by Theorem 5.57 and the Cauchy-Schwarz
inequality,

kn 2
(M, N]5]” = lim ‘Z(Mt? — Mz | )(New — Nt;ﬂ_l)‘

n—oo
=1
kn kn
< lim > (Mip = My )* > (Nop = Nig,)? = [M][N]L.
i=1 i=1

Here the limits may be interpreted as limits in probability, or, by choosing
an appropriate subsequence of {n}, as almost sure limits. By applying this
inequality to every partitioning interval (¢;,—1,¢;) in a given partition s =
to <t1 <---<tg=tof [s,t], we obtain

k k
DI N < STy IMIE L INT L, <

=1 v %

k
(M D IVTE

k
=1 =1

by the Cauchgf—Schwarz inequality. The right side is exactly the square root
of fst d[M], [, d[N]y. The supremum of the left side over all partitions of the

interval [s, t] is fst |d[M, N],]|. This concludes the proof of the first inequality
in Lemma 5.78.
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To prove the second assertion we first note that by the first, for any
measurable processes X and Y,

([ xamaape )’ < [P o, [P dyl,  as.

Next we take expectations, use the Cauchy-Schwarz inequality on the right
side, and finally rewrite the resulting expression in terms of the Doléans
measures, as in Lemma 5.74. =

5.10 Ito’s Formula for Continuous Processes

Ito’s formula is the cornerstone of stochastic calculus. In this section we
present it for the case of continuous processes, which allows some simplifi-
cation. In the first statement we also keep the martingale and the bounded
variation process separated, which helps to understand the essence of the
formula. The formulas for general semimartingales are more symmetric, but
also more complicated at first.

For a given function f:R? — R write D, f for its ith partial derivative
and D; ;f for its (¢, 7)th second degree partial derivative.

5.79 Theorem (It6’s formula). Let M be a continuous local martingale
and A a continuous process that is locally of bounded variation. Then, for
every twice continuously differentiable function f:R?> — R,

f(My, Ay) — f(Mo, Ao) Z/ Dy f(M, A) dM+/ D f(Ms, As) dAs
0 0
+ %/ Dllf(Ms:As) d[M]s; a.s..
0

The special feature of I1t6’s formula is that the martingale M gives two
contributions on the right hand side (the first and third terms). These result
from the linear and quadratic approximations to the function on the left.
An informal explanation of the formula is as follows. For a given partition
0=ty <t <--- <ty =t, we can write the left side of the theorem as

Z(f(Mti+1 ’ Ati+1) - f(Mti+1 ’ Atz)) + Z(f(MtiJrl?Ati) - f(MtnAti))

%

(580) ~ Z sz(Mti+17Ati)(Ati+1 - Ati)

+ Zle(Mti7Ati)(Mti+1 - Mti) + %ZDllf(MtwAti)(MtHl - Mti)z'
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We have dropped the quadratic approximation involving the terms (A;,,, —
Ay,)? and all higher order terms, because these should be negligible in the
limit if the mesh width of the partition converges to zero. On the other
hand, the quadratic approximation coming from the martingale part, the
term on the far right, does give a contribution. This term is of comparable
magnitude as the quadratic variation process on the left side of (5.58).

5.81 EXERCISE. Apply Theorem 5.79 to the function f(m,a) = m?. Com-
pare the result to Theorem 5.57.

If we apply Theorem 5.79 with the function f(m,a) = g(m + a), then
we find the formula

t

g(Mt+At)—g(Mo+Ao):/Og’(M+A)d(M+A)+§/O g (Ms+A,) d[M]s.

Here X = M + A is a semimartingale. If we define its quadratic variation
[X] as [M], then we can also write this as

(5.82) 9(X,) — g(Xo) = / ¢'(X)dX +} / ¢"(Xs) d[X]..

This pleasantly symmetric formula does not permit the study of transfor-
mations of pairs of processes (M, A), but this can be remedied by studying
functions g(Xi 4,...,Xq,) of several semimartingales X; = {X;;:t > 0}.
In the present section we restrict ourselves to continuous semimartingales.
It was shown in Lemma 5.48 that the processes M and A in the decom-
position X = Xg + M + A of a continuous semimartingale can always be
chosen continuous. The following definition is therefore consistent with the
earlier definition of a semimartingale.

5.83 Definition. A continuous semimartingale X is a process that can be
written as the sum X = Xog 4+ M + A of a continuous local martingale M
and a continuous process A of locally bounded variation, both 0 at 0.

The decomposition X = Xg+ M + A of a continuous semimartingale in
its continuous martingale and bounded variation parts M and A is unique,
because a continuous local martingale that is of locally bounded variation
is necessarily constant, by Theorem 5.46.

It can also be proved that for a semimartingale X = M + A with A
a continuous process of locally bounded variation, the quadratic variation
[X] of X is indeed given by [M]. We leave this as an exercise.
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5.84 EXERCISE. Show that the quadratic variation of a continuous semi-
martingale X = Xo + M + A, as defined in (5.58), is given by [M], i.e. the
contributions of the bounded variation part is negligible. Furthermore, show
that [M, A] = 0 = [A4]. (Hint: the continuity of the processes is essential.)

5.85 Theorem (Ité’s formula). Let X = (X,...,X,) be a vector of con-
tinuous semimartingales. Then, for every twice continuously differentiable
function f:R? — R,

d t d d t
£ = 1(X0) =Y / Dif(X)dXi+13° S / Dy f(X) X5, X, as.

=1 j=1

Proofs. For a proof of Theorem 5.79 based directly on the Taylor approx-
imation (5.80), see Chung and Williams, pp94-97. Here we give a proof of
the more general Theorem 5.85, but following the “convention” stated by
Rogers and Williams, p61: “Convention dictates that It6’s formula should
only be proved for d = 1, the general case being left as an exercise, amid
bland assurances that only the notation is any more difficult.”

The proof proceeds by first establishing the formula for all polynomials
f and next generalization to general smooth functions by approximation.
The formula is trivially true for the polynomials f(z) = 1 and f(z) = z.
Next we show that the formula is correct for the function fg if it is correct
for the functions f and g. Because the set of functions for which it is correct
is also a vector space, we then can conclude that the formula is correct for
all polynomials.

An essential step in this argument is the defining equation (5.56) for
the quadratic variation process, which can be viewed as the It6 formula for
polynomials of degree 2 and can be written in the form

(5.86) XY, — XoYo = (X -Y) + (V- X), + [X,Y],.

Then suppose that It6’s formula is correct for the functions f and g. This
means that (5.82) is valid for g (as it stands) and for f in the place of g.
The formula implies that the processes f(X) and g(X) are semimartingales.
For instance, if X = X+ M + A then the process g(X) has decomposition
9(X) = g(Xo) + M + A given by

t t t
Mt = / g,(X) dM, At = / g’(Xs) dAs + %/ g”(XS) d[X]S
0 0 0

In view of Exercise 5.84, the quadratic covariation [f(X),g(X)] is the
quadratic covariation between the martingale parts of f(X) and ¢g(X), and
is equal to f'(X)g¢'(X) - [X], by Lemma 5.77. Applying (5.86) with X and
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Y there replaced by f(X) and g(X), we find

F(X)g(X:) — f(Xo)g(Xo)

(f(X) - 9(X)), + (9(X) - f(X)), + [f(X),9(X)],
(f(X)g'(X) - X), + 5£(X)g"(X) - [X]s
+ (9(X0)f'(X) - X), + 59(X)f"(X) - [X]e + f'(X)g'(X) - [X]s,

where we have used (5.82) for f and g, and the substitution formula of
Lemma 5.54(ii). By regrouping the terms this can be seen to be the It
formula for the function fg.

Finally, we extend It0’s formula to general functions f by approxima-
tion. Because f” is continuous, there exists a sequence of polynomials f,
with fI! — f", fI — f" and f, — f pointwise on R and uniformly on com-
pacta, by an extension of the Weierstrass approximation theorem. Then
fo(X), f1(X) and f/(X) converge pointwise on §2 x [0,00) to f(X), f'(X)
and f(X). The proof of the theorem is complete, if we can show that all
terms of It6’s formula applied with f,, converge to the corresponding terms
with f instead of f,, as n — oo. This convergence is clear for the left side
of the formula. For the proof of the convergence of the integral terms, we
can assume without loss of generality that the process X in the integrand
satisfies Xo = 0; otherwise we replace the integrand by X1 -

The process K = sup,, |f/,(X)] is predictable and is bounded on sets
where |X| is bounded. If T, = inf{t > 0:|X;| > m}, then, as we have as-
sumed that Xy = 0, | X| < m on the set [0, T},,] and hence K= is bounded.
We conclude that K is locally bounded, and hence, by Lemma 5.52,
fAX)-X B f(X)-X,asn — .

Finally, for a fixed m on the event {¢t < T}, the processes s —
f(X) are uniformly bounded on [0,¢]. On this event fot (X)) [X]s —

fot f"(Xs)d[X]s, as n — o0, by the dominated convergence theorem, for
fixed m. Because the union over m of these events is (2, the second terms
on the right in the It6 formula converge in probability. m

Itd’s formula is easiest to remember in terms of differentials. For in-
stance, the one-dimensional formula can be written as

df (X:) = f/(Xy) dX, + 3 f"(Xy) d[X]..

The definition of the quadratic variation process suggests to think of [X];
as [(dX;)?. For this reason Itd’s rule is sometimes informally stated as

df (X1) = f'(X0) dXy + 5 f7(X0) (dX0)%.

Since the quadratic variation of a Brownian motion B is given by [B]; = t,
a Brownian motion then satisfies (dB;)? = dt. A further rule is that
(dBt)(dA;) = 0 for a process of bounded variation A, expressing that
[B, Al = 0. In particular dB,dt = 0.
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5.87 Lemma. For every twice continuously differentiable function f:R —
R there exist polynomials p,: R — R such that sup|z|§n|p£f) (z)— f® (:c)| —
0asn — oo, fori =0,1,2.

Proof. For every n € N the function g,:[0,1] — R defined by g,(z) =
f"(z/n) is continuous and hence by Weierstrass’ theorem there exists a
polynomial 7, such that the uniform distance on [—1,1] between g, and
rn is smaller than n 3. This uniform distance is identical to the uniform
distance on [—n,n] between f and the polynomial g, defined by g, (z) =
rn(zn). We now define p,, to be the polynomial with p, (0) = f(0), p/,(0) =
f'(0) and p!! = ¢,. By integration of f"” — p!' it follows that the uniform
distance between f’ and p, on [—n,n] is smaller than n~2, and by a second
integration it follows that the uniform distance between f and p,, on [—n,n|

is bounded above by n=1. =

5.11 Space of Square-integrable Martingales

Recall that we call a martingale M square-integrable if EM? < oo for ev-
ery t > 0 and Lg-bounded if sup,~, EM? < oo. We denote the set of all
cadlag Ly-bounded martingales by H2, and the subset of all continuous
Ly-bounded martingales by H?2.

By Theorem 4.10 every Ls-bounded martingale M = {M;:t > 0}
converges almost surely and in Lo to a “terminal variable” M, and
M; = E(Mq|F:) almost surely for all ¢ > 0. If we require the martin-
gale to be cadlag, then it is completely determined by the terminal variable
(and the filtration, up to indistinguishability). This permits us to identify
a martingale M with its terminal variable Mg, and to make H? into a
Hilbert space, with inner product and norm

(M,N)=EM N, [|M|| =EM2,.

The set of continuous martingales H? is closed in H? relative to this
norm. This follows by the maximal inequality (4.38), which shows that
M — My in Ly implies the convergence of sup, |M;* — M| in Lo, so that
continuity is retained when taking limits in H2. We denote the orthocom-
plement of H? in H? by H2, so that

H>=HZ+H;,  HZLH

The elements of H?2 are referred to as the purely discontinuous martingales
bounded in Ls.

Warning. The sample paths of a purely discontinuous martingale are
not “purely discontinuous”, as is clear from the fact that they are cadlag by
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definition. Nor is it true that they change by jumps only. The compensated
Poisson process (stopped at a finite time to make it Lo-bounded) is an
example of a purely discontinuous martingale. (See Example 5.89.)

The quadratic covariation processes [M, N] and (M, N) offer another
method of defining two martingales to be “orthogonal”: by requiring that
their covariation process is zero. For the decomposition of a martingale in
its continuous and purely discontinuous part this type of orthogonality is
equivalent to orthogonality in the inner product (-, -).

5.88 Lemma. For every M € H? the following statements are equivalent.
(i) M € H3.

(ii)) My = 0 almost surely and M N is a uniformly integrable martingale
for every N € HZ2.

(iii) Mo = 0 almost surely and M N is a local martingale for every contin-
uous local martingale N .

(iv) My = 0 almost surely and [M,N] = 0 for every continuous local mar-
tingale N.

(v) My = 0 almost surely and (M, N) =0 for every N € H?2.

Furthermore, statements (iii) and (iv) are equivalent for every local mar-

tingale M.

Proof. If M and N are both in H?2, then |[M;N,] < M? + N} <
sup,(M? + N?), which is integrable by (4.38). Consequently, the process
M N is dominated and hence uniformly integrable. If it is a local martingale,
then it is automatically martingale. Thus (iii) implies (ii). Also, that (ii) is
equivalent to (v) is now immediate from the the definition of the predictable
covariation. That (iv) implies (v) is a consequence of Lemma 5.64(ii) and
the fact that the zero process is predictable. That (iv) implies (iii) is im-
mediate from Lemma 5.64(ii).

(ii) = (i). If M N is a uniformly integrable martingale, then (M, N) =
EM Ns = EMyNy and this is zero if My = 0.

(i) = (ii). Fix M € H?, so that EM, Ny = 0 for every N € H2. The
choice N = 1p for a set F' € Fy yields, by the martingale property of M
that EMplyr = EM1p = EM Ny = 0. We conclude that My = 0 almost
surely.

For an arbitrary N € H? and an arbitrary stopping time T, the
process N7 is also contained in H2 and hence, again by the martingale
property of M combined with the optional stopping theorem, EMpNp =
EMo N1 = EMy(N?')o = 0. Thus M N is a uniformly integrable martin-
gale by Lemma 4.22.

(i)+(ii) = (iii). A continuous local martingale N is automatically lo-
cally Lo-bounded and hence there exists a sequence of stopping times
0 < T, 1 oo such that N7 is an Lp-bounded continuous martingale, for
every n. If M is purely discontinuous, then 0 = [N1» M] = [N1= M*=].
Hence (MN)'» = M*»N*» is a martingale by Lemma 5.64(ii), so that
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MN is a local martingale.

(iii) = (iv) By Lemma 5.64(ii) the process M N — [M, N] is always a
local martingale. If M N is a local martingale, then [M, N] is also a local
martingale. The process [M, N] is always locally of bounded variation. If
N is continuous this process is also continuous in view of Lemma 5.64(vi).
Therefore [M, N] = 0 by Theorem 5.46. m

The quadratic covariation process [M, N] is defined for processes that
are not necessarily Ly-bounded, or even square-integrable. It offers a way
of extending the decomposition of a martingale into a continuous and a
purely discontinuous part to general local martingales. A local martingale
M is said to be purely discontinuous if My = 0 and [M, N] = 0 for every
continuous local martingale N. By the preceding lemma it is equivalent to
say that M is purely discontinuous if and only if M NN is a local martingale
for every continuous local martingale IV, and hence the definition agrees
with the defintion given earlier in the case of Ls-bounded martingales.

5.89 Example (Bounded variation martingales). Every local martingale
that is of locally bounded variation is purely discontinuous.

To see this, note that if N is a continuous process, 0 at 0, then
max; |Nt; — Nt?71| — 0 almost surely, for every sequence of partitions as
in Theorem 5.57. If M is a process whose sample paths are of bounded
variation on compacta, it follows that the left side in the definition (5.58)
of the quadratic covariation process converges to zero, almost surely. Thus
[M,N]=0and MN is a local martingale by Lemma 5.64(ii). O

The definition of #2 as the orthocomplement of #? and the projection
theorem in Hilbert spaces, shows that any Ly;-bounded martingale M can
be written uniquely as M = M¢ + M9 for M¢ € H% and M? € H2. This
decomposition can be extended to local martingales, using the extended
definition of orthogonality.

5.90 Lemma. Any cadlag local martingale M possesses a unique decom-
position M = My + M¢ + M? into a continuous local martingale M€ and a
purely discontinuous local martingale M?, both 0 at 0. (The uniqueness is
up to indistinguishability.)

Proof. In view of Lemma 5.48 we can decompose M as M = My + N +
A for a cadlag local Ly-martingale N and a cadlag local martingale A
of locally bounded variation, both 0 at 0. By Example 5.89 A is purely
discontinuous. Thus to prove existence of the decomposition it suffices to
decompose N. If 0 < T}, 1 o is a sequence of stopping times such that N7»
is an Lo-martingale for every n, then we can decompose N» = N¢ 4+ N¢
in H? for every n. Because this decomposition is unique and both H? and
H2 are closed under stopping (because [M71, N] = [M, N]¥), and NTm =
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(NTw)Tm = (N&)Tm + (N&)Tm for m < n, it follows that (N¢)Tm = N¢, and
(NH)Tm = N2 This implies that we can define N¢ and N¢ consistently as
N¢ and N2 on [0,T),]. The resulting processes satisfy (N¢)Tm = N¢ and
(N4)Tm = N2 The first relation shows immediately that N°¢ is continuous,
while the second shows that N? is purely discontinuous, in view of the fact
[N4 K])Tm = [(N?) T~ K] = 0 for every continuous K € H?2.

Given two decompositions M = My + M¢ + M? = My + N°¢ + N¢, the
process X = M¢ — N° = N¢ — M? is a continuous local martingale that is
purely discontinuous, 0 at 0. By the definition of “purely discontinuous” it
follows that X?2 is a local martingale as well. Therefore there exist sequences
of stopping times 0 < T}, 1 oo such that Y = X”» and Y? = (X?)%» are
uniformly integrable martingales, for every n. It follows that ¢t — EY}? is
constant on [0,00] and at the same time Y; = E(Y.|F:) almost surely,
for every t. Because a projection decreases norm, this is possible only if
Y; = Y, almost surely for every t. Thus X is constant. m

The decomposition of a local martingale in its continuous and purely
discontinuous parts makes it possible to describe the relationship between
the two quadratic variation processes.

5.91 Lemma. If M and N are local Lo-martingales with decompositions
M= My+ M¢+ M?% and N = Ny + N°¢+ N? as in Lemma 5.90, then

[M,N], = (M®,N°); + > AM,AN,.

s<t

Proof. For simplicity we give the proof in the case that M = N. Because
the process (M€) is continuous, by Lemma 5.69, the process [M] as in the
lemma satisfies A[M] = (AM)2. As in the proof of Lemma 5.77 it suffices
to prove that M2 —[M] is a local martingale. Assume M, = 0 for simplicity.
The decomposition implies that M2 = (M¢)?+2M°M? + (M )2, The mid-
dle term 2M¢M? is a local martingale, because M? is purely discontinuous
and M€ is continuous. The first term on the right has compensator (M¢).
Therefore, it suffices to show that the purely discontinuous submartingale
M¢ has quadratic variation [M%], = Y __,(AMj,)?. For this see Rogers and
Williams, pp384-385, in particular the proof of Theorem 36.5. m

Warning. For a martingale M of locally bounded variation the decom-
position M = My + M¢ + M? is not the same as the decomposition of M
in its continuous and jump parts. For instance, the compensated Poisson
process is purely discontinuous and hence has continuous part zero.

The local martingale M in the decomposition X = X + M + A of
a semimartingale can be split in its continuous and purely discontinuous
parts M€ and M<. Even though the decomposition of X is not unique, the
continuous martingale part M€ is the same for every decomposition. This
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is true because M — M = A — A implies that the local martingale M — M
is of locally bounded variation, whence it is purely discontinuous by Exam-

ple 5.89. It is called the continuous martingale part of the semimartingale
X, and denoted by X°.

5.12 Ito’s Formula

5.92 Theorem (Ité’s formula). Let X = (Xy,...,X4) be a vector of
cadlag semimartingales. Then, for every twice continuously differentiable
function f:R* = R,

d t
£ - f(X0) = Y /O Dif(X_)dX;

d d t
£33 [ Dy ax g,
d
+3O[FX) — f(Xe ) = Y Dif (X AKX, as.

s<t =1



6
Stochastic Calculus

In this chapter we discuss some examples of “stochastic calculus”, the ma-
nipulation of stochastic integrals, mainly by the use of the It6 formula. The
more substantial application to stochastic differential equations is discussed
in Chapter 7.

We recall the differential notation for stochastic integrals. For processes
XY, Z we write

dX =Y dZ, iff X=Xo+Y- -Z

In particular d(Y - Z) =Y dZ. By the substitution rule, Lemma 5.54(ii), it
follows that dZ = Y1 dX if dX =Y dZ for a strictly positive process Y,
provided the stochastic integrals are well-defined.

For notational convenience we use complex-valued processes in some
of the proofs. A complex-valued random variable Z on a probability space
(Q,F,P) is a function Z:Q — C of the form Z = U + iV for ordi-
nary, real-valued random variables U and V. Its expectation is defined
as EZ = EU +(EV, if U and V are integrable. Conditional expectations
E(Z| Fo) are defined similarly from the conditional expectations of the real
and imaginary parts of Z. A complex-valued stochastic process is a collec-
tion Z = {Z;:t > 0} of complex-valued random variables. A complez-valued
martingale Z is a complex-valued process whose real and imaginary parts
are martingales. Given the preceding definitions of (conditional) expecta-
tions, this is equivalent to the process satisfying the martingale property
E(Zy| Fs) = Zs for s < t.

With these definitions it can be verified that It6’s formula extends to
twice continuously differentiable complex-valued functions f:R¢ — C. We
simply apply the formula to the real and imaginary parts of f and next
combine.
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6.1 Lévy’s Theorem

The quadratic variation process of a Brownian motion is the identity func-
tion. Lévy’s theorem asserts that Brownian motion is the only continuous
local martingale with this quadratic variation process. It is a useful tool
to show that a given process is a Brownian motion. The continuity is es-
sential, because the compensated Poisson process is another example of a
martingale with quadratic variation process equal to the identity.

6.1 Theorem (Lévy). Let M be a continuous local martingale, 0 at 0, such
that [M] is the identity function. Then M is a Brownian motion process.

Proof. For a fixed real number 8 consider the complex-valued stochastic
process

X, = ei9Mt+%92t

By application of It&’s formula to X; = f(M,,t) with the complex-valued
function f(m,t) = exp(ifm + $6%t), we find

dXy = X6 dM, + LX4(i6) d[M], + X, £6°dt = X,i6 dM,,

since [M]; = t by assumption. It follows that X = X, +¢6X - M and hence
X is a (complex-valued) local martingale. Because | X;| is actually bounded
for every fixed ¢, X is a martingale. The martingale relation E(X;| F,) = X
can be rewritten in the form

E(eie(MrMs) ]:S) = 6_%92(75_5)7 a.s., s <t.

This implies that M; — M, is independent of F, and possesses the normal
distribution with mean zero and variance ¢ — s. (Cf. Exercise 6.2.) =

6.2 EXERCISE. Let X be a random variable on the probability space
(Q,F,P) and Fy C F a sub o-field such that E(e?*X| %) is equal to a
constant ¢(f) for every # € R. Show that X is independent of Fp.

Lévy’s theorem may be interpreted in the sense that among the contin-
uous local martingales Brownian motion is determined by its quadratic vari-
ation process. Actually, every continuous local martingale is “determined”
by its quadratic variation process, in a certain sense. The following theorem
shows that we can generate an arbitrary continuous local martingale from a
Brownian motion by transforming the time scale using the inverse process
of the quadratic variation. In the words of Rogers and Williams, p64, any
such continuous local martingale “has delusions of grandeur: it thinks it is
a Brownian motion” running on a different clock.
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6.3 Theorem. Let M be a continuous local martingale relative to a filtra-
tion {F;} such that [M]; 1 co almost surely, as t 1 co. Let T, = inf{s >
0:[M]s > t}. Then the process By = Mr, is a Brownian motion relative to
the filtration {th} and Mt = B[M]t

Proof. For every fixed ¢ the variable T} is a stopping time relative to the
filtration {F;}, and the maps t — T} are right continuous. It follows from
this that {7, } is a right continuous filtration. Indeed, if A € Fr, for every
rational number ¢ > ¢, then AN {T, < u} € F, for every u > 0, by the
definition of Fr,. Hence AN{T; < u} = U AN{T, < u} € F, for every
u > 0, whence A € Fr,. The filtration {Fr, } is complete, because Fr, D Fo
for every t.

For simplicity assume first that the sample paths s — [M]; of [M] are
strictly increasing. Then the maps ¢ — T} are their true inverses and, for
every s,t > 0,

(6.4) Tt/\[M]S =T A s.

In the case that t < [M]s, which is equivalent to T; < s, this is true because
both sides reduce to T;. In the other case, that ¢ > [M]s, the identity reduces
to Tjar), = s, which is correct because T is the inverse of [M].

The continuous local martingale M can be localized by the stopping
times S,, = inf{s > 0:|M,| > n}. The stopped process M*>" is a bounded
martingale, for every n. By the definition B; = My, and (6.4),

Binrmys, = Mr,as,
B, —t A [M]s, = M7, zg, = [M]1,as,,

where we also use the identity ¢ = [M]r,. The variable R,, = [M]g, is an
Fr,-stopping time, because, for every ¢ > 0,

{[M]Sn > t} = {Sn > Tt} € Fr,.

The last inclusion follows from the fact that for any pair of stopping times
S, T the event {T' < S} is contained in Fr, because its intersection with
{T < t} can be written in the form Uy« {T < ¢ <t < S} € F;, where the
union is restricted to rational numbers ¢ > 0.

By the optional stopping theorem the processes t — M, As, and ¢t —
M3, ns. —[M]1,ns, are martingales relative to the filtration {r, }. Because
they are identical to the processes t — By and t — B2 —t stopped at R,,
we conclude that the latter two processes are local martingales. From the
local martingale property of the process t — B2 — t it follows that (B) is
the identity process. Because M and T are continuous, so is B. By Lévy’s
theorem, Theorem 6.1, we conclude that B is a Brownian motion. This
concludes the proof if [M] is strictly increasing.

For the proof in the general case we may still assume that the sample
paths of [M] are continuous and nondecreasing, but we must allow them to
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possess intervals of constant value, which we shall refer to as “flats”. The
maps t — T} are “generalized inverses” of the maps s — [M]s and map a
value ¢ to the largest time s with [M], = ¢, i.e. the right end point of the
flat at height ¢. The function s — [M]; is constant on each interval of the
form [s, Tjpp,], the time T}y, being the right end point of the flat at height
[M]s. The inverse maps t — T; are cadlag with jumps at the values ¢ that
are heights of flats of nonzero length. For every s, > 0,

T, <siff t <[M]s,
[M]Tt =t,
T, 28

with, in the last line, equality unless s is in the interior or on the left side
of a flat of nonzero length.

These facts show that (6.4) is still valid for every s that is not in the
interior or on the left side of a flat. Then the proof can be completed as
before provided that the stopping time S,, is never in the interior or on the
left of a flat and the sample paths of B are continuous.

Both properties follow if M is constant on every flat. (Then S,, cannot
be in the interior or on the left of a flat, because by its definition M increases
immediately after S,,.) It is sufficient to show that the stopped process MS»
has this property, for every n. By the martingale relation, for every stopping
time T > s,

E((M3» — M5%)?| F,) = B(MZ oy — M3 5| F)
= E([M]s,ar — [M]s,ns| Fs).

For T equal to the stopping time inf{t > s:[M]g,a¢t > [M]s, as}, the right
side vanishes. We conclude that for every s > 0, the process M takes the
same value at s as at the right end point of the flat containing s, almost
surely. For w not contained in the union of the null sets attached to some

rational s, the corresponding sample path of M is constant on the flats of
[M]. =

The filtration {Fr,} may be bigger than the completed natural filtra-
tion generated by B and the variables [M]; may not be stopping times
for the filtration generated by B. This hampers the interpretation of M as
a time-changed Brownian motion, and the Brownian motion may need to
have special properties. The theorem is still a wonderful tool to derive prop-
erties of general continuous local martingales from properties of Brownian
motion.

The condition that [M]; 1 oo cannot be dispensed of in the preceding
theorem, because if [M]; remains bounded, then the process B is not defined
on the full time scale [0, 00). However, the theorem may be adapted to cover
more general local martingales, by piecing B as defined together with an



100 6: Stochastic Calculus

additional independent Brownian motion that starts at time [M].. For
this, see Chung and Williams, p??, or Rogers and Williams, p64-67.

Both theorems allow extension to multidimensional processes. The
multivariate version of Lévy’s theorem can be proved in exactly the same
way. We leave this as an exercise. Extension of the time-change theorem is
harder.

6.5 EXERCISE. For : = 1,...,d let M; be a continuous local martingale,
0 at 0, such that [M;, M;], = d;;t almost surely for every ¢ > 0. Show that
M = (M,...,M,) is a vector-valued Brownian motion, i.e. for every s < ¢
the random vector My — M is independent of F; and normally distributed
with mean zero and covariance matrix (¢ — s) times the identity matrix.

6.2 Brownian Martingales

Let B be a Brownian motion on a given probability space (2, F, P), and
denote the completion of the natural filtration generated by B by {F:}.
Stochastic processes on the filtered space (2, F, {F;}, P) that are martin-
gales are referred to as Brownian martingales. Brownian motion itself is
an example, and so are all stochastic integrals X - B for predictable pro-
cesses X that are appropriately integrable to make the stochastic integral
well-defined.

The following theorem shows that these are the only Brownian mar-
tingales.

One interesting corollary is that every Brownian martingale can be
chosen continuous, because all stochastic integrals relative to Brownian
motion have a continuous version.

6.6 Theorem. Let {F,} be the completion of the natural filtration of a
Brownian motion process B. If M is a cadlag local martingale relative to
{F:}, then there exists a predictable process X with fot X2ds < oo almost
surely for every t > 0 such that M = My+ X - B, up to indistinguishability.

Proof. We can assume without loss of generality that My = 0.

First suppose that M is an Ls-bounded martingale, so that M; =
E(Ms| Ft) almost surely, for every ¢ > 0, for some square-integrable vari-
able M. For a given process X € Lo ([O, o00) X 2, P, uM) the stochastic in-
tegral X - B is an Ly-bounded martingale with Lo-limit (X -B)s = [ X dB,
because [(X1j4—X)?dun — 0ast — 0o. The map I: X — (X-B), is an
isometry from Lo ([O, 00)x 2, P, uM) into L2(Q2, F, P). If M, is contained in
the range range(I) of this map, then M; = E(M| F;) = E((X-B)oo| F1) =
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(X-B);, almost surely, because X - B is a martingale. Therefore, it suffices to
show that range(I) contains all square-integrable variables M, with mean
Zero.

Because the map I is an isometry on a Hilbert space, its range is a
closed linear subspace of Ly(2, F, P). It suffices to show that 0 is the only
element of mean zero that is orthogonal to range(I).

Given some process X € Lg([O, 00) X Q,P,NM) and a stopping time
T, the process X1 7] is also an element of Lz([O, 00) X Q,’P,,uM) and
(X1jo,11 - B)oo = (X - B)7, by Lemma 5.27(iii). If Mo, L range(I), then it
is orthogonal to (X 1[9,77-B)co and hence 0 = EM (X -B)r = EM7(X-B)r,
because M is a martingale and (X - B)r is Fr-measurable. By Lemma 4.22
we conclude that the process M (X - B) is a uniformly integrable martingale.

The process X; = exp(i6B; + %02t) satisfies dX; = 16X, dB;, by Itd’s
formula (cf. the proof of Theorem 6.1), and hence X = 1 +i6X - B. The
process X is not uniformly bounded and hence is not an eligible choice in the
preceding paragraph. However, the process X 1jo 77 is uniformly bounded for
every fixed constant 7" > 0 and hence the preceding shows that the process
MX" = M +i0M (X1 71 - B) is a uniformly integrable martingale. This
being true for every 7' > 0 implies that M X is a martingale. The martingale
relation for the process M X can be written in the form

. 1
E(Mtew(Bt_Bs) ]:s) = Msefioz(tfs), a.s., s<t.

Multiplying this equation by exp(i¢’(Bs — B,)) for u < s and taking con-
ditional expectation relative to F,,, we find, for u < s <'t,

E(Mtem(Bt—Bs)+i0’(Bs—Bu)|]_—u) _ Mueféez(tfs)féyg(ufs), s

Repeating this operation finitely many times, we find that for an arbitrary
partition 0 =ty < t; < --- <ty =t and arbitrary numbers 61, ..., 0,

) L s
BB (Me' 20 00 7y ) = Bdpe 2 2,770 o,

We claim that this shows that M = 0, concluding the proof in the case that
M is Ls-bounded.

The claim follows essentially by the uniqueness theorem for character-
istic functions. In view of the preceding display the measures u;’;th and

Myt O R* defined by
'u’?i,...,tk (A) = EMtilA(Bh—to: AR Btk—tk—l)a

possess identical characteristic functions and hence are identical. This shows
that the measures ut and g~ on (Q, F) defined by p*(F) = EMZ 15 agree
on the o-field generated by By, _¢,,- .., B, —t,_,. This being true for every
partition of [0,¢] shows that 4™ and p~ also agree on the algebra generated
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by {Bs:0 < s < t} and hence, by Carathéodory’s theorem, also on the
o-field generated by these variables. Thus EM;1y = 0 for every F' in this
o-field, whence M; = 0 almost surely, because M; is measurable in this
o-field.

Next we show that any local martingale M as in the statement of
the theorem possesses a continuous version. Because we can localize M, it
suffices to prove this in the case that M is a uniformly integrable martingale.
Then M; = E(Ms|F:) for an integrable variable M. If we let M2 be
My truncated to the interval [—n,n], then M} = E(MZ|F:) defines a
bounded and hence Ls-bounded martingale, for every n. By the preceding
paragraph this can be represented as a stochastic integral with respect to
Brownian motion and hence it possesses a continuous version. The process
|[M™ — M| is a cadlag submartingale, whence by the maximal inequality
given by Lemma 4.36,

1
P(sup M} = M| > ) < “E|MZ — M|,
t g

The right side converges to zero as n — 0o, by construction, whence the
sequence of suprema in the left side converges to zero in probability. There
exists a subsequence which converges to zero almost surely, and hence the
continuity of the processes M™ carries over onto the continuity of M.

Every continuous local martingale M is locally Ls-bounded. Let 0 <
T, 1 oo be a sequence of stopping times such that M is an Lo-bounded
martingale, for every n. By the preceding we can represent M7~ as MT» =
X, - B for a predictable process X,, € Lz([O, 00) X Q,P,NM), for every n.
For m <n,

X B=M" =M™ =X, B)"™ = Xulpr, B,

by Lemma 5.27(iii) or Lemma 5.54. By the isometry this implies that, for
every t > 0,

t
0= E(Xm -B — an[O,Tm] B)? = E/ (X — an[O,Tm])2 dA.
0

We conclude that X, = X, on the set [0,T},] almost everywhere under
A x P. This enables to define a process X on [0,00) x 2 in a consistent
way, up to a A x P-null set, by setting X = X,, on the set [0,7,,]. Then
(X-B)'™ = X1jo,1,,]-B = Xm-B = M’ for every m and hence M = X -B.
The finiteness of E [ X2 d for every m implies that fot X?2d\ < oo almost
surely, for every t > 0. m

The preceding theorem concerns processes that are local martingales
relative to a filtration generated by a Brownian motion. This is restrictive
in terms of the local martingales it can be applied to, but at the same time
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determines the strength of the theorem, which gives a representation as a
stochastic integral relative to the given Brownian motion.

If we are just interested in representing a local martingale as a stochas-
tic integral relative to some Brownian motion, then we need not restrict the
filtration to a special form. Then we can define a Brownian motion in terms
of the martingale, and actually the proof of the representation can be much
simpler. We leave one result of this type as an exercise. See e.g. Karatzas
and Shreve, p170-173 for slightly more general results.

6.7 EXERCISE. Let M be a continuous local martingale with quadratic
variation process [M] of the form [M]; = fot As ds for a continuous, strictly
positive stochastic process A. Show that B = A~'/2 . M is a Brownian
motion, and M = /X - B. [Hint: don’t use the preceding theorem!]

6.3 Exponential Processes

The exponential process corresponding to a continuous semimartingale X
is the process £(X) defined by

1
E(X), = X 2Xle,

The name “exponential process” would perhaps suggest the process eX

rather than the process £(X) as defined here. The additional term 1[X] in
the exponent of £(X) is motivated by the extra term in the It6 formula. An
application of this formula to the right side of the preceding display yields

(Cf. the proof of the following theorem.) If we consider the differential
equation df (x) = f(z) dz as the true definition of the exponential function
f(x) = e®, then £(X) is the “true” exponential process of X, not e*.

Besides that, the exponentiation as defined here has the nice property
of turning local martingales into local martingales.

6.9 Theorem. The exponential process £(X) of a continuous local mar-
tingale X with Xo = 0 is a local martingale. Furthermore,
1
(i) If Be2™lt < o for every t > 0, then £(X) is a martingale.
(ii) If X is an Ly-martingale and Efgé‘(X)g d[X]s < oo for every t > 0,
then £(X) is an Lo-martingale.

Proof. By Ité’s formula applied to the function f(X,[X]:) = £(X):, we
find that

dE(X), = E(X) dX + 3E(X)e d[X]s + E(X)¢ (—3) d[X].
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This simplifies to (6.8) and hence £(X) = 14+&(X)-X is a stochastic integral
relative to X. If X is a local martingale, then so is £(X). Furthermore, if
X is an Ls-martingale and fl[o,t]E(X)z dux < oo for every t > 0, then
E(X) is an Le-martingale, by Theorem 5.25. This condition reduces to the
condition in (ii), in view of Lemma 5.74.

The proof of (i) should be skipped at first reading. If 0 < T}, 1 o0 is a
localizing sequence for £(X), then Fatou’s lemma gives

E(E(X):| F.) < liminf E(E(X)er, | F,) = liminf €(X)onr, = E(X)s.

Therefore, the process £(X) is a supermartingale. It is a martingale if and
only if its mean is constant, where the constant must be E€(X)o = 1.

In view of Theorem 6.3 we may assume that the local martingale X
takes the form X; = Bx), for a process B that is a Brownian motion
relative to a certain filtration. For every fixed ¢ the random variable [X]; is a
stopping time relative to this filtration. We conclude that it suffices to prove:
if B is a Brownian motion and T a stopping time with Eexp(:T) < oo,
then Eexp(By — 17T) = 1.

Because 2B; is normally distributed with mean zero and variance 4s,

t t t
E/ E(B)%ds :/ Ee?B:e™* ds :/ e’ds < oo
0 0 0

By (ii) it follows that £(B) is an Lo-martingale. For given a < 0 define
S, =inf{t > 0: B, —t = a}. Then S, is a stopping time, so that £(B)% is
a martingale, whence EE(B)g, at = 1 for every t. It can be shown that S,
is finite almost surely and

1
EE(B)S = BePsem2% =1,

(The distribution of S, is known in closed form. See e.g. Rogers and
Williams 1.9, p18-19; because Bs, = S, + a, the right side is the expec-
tation of exp(a + 1S,).) With the help of Lemma 1.22 we conclude that
E(B)s,ant — £(B)s, in Ly as t — oo, and hence £(B)%« is uniformly inte-
grable. By the optional stopping theorem, for any stopping time 7',

1 1
1= ES(B)“;“ = E1T<SE€BT_§T + ElTZSaeBS“_gsa.

Because the sample paths of the process t - B; —t are bounded on compact
time intervals, S, 1 oo if a | —oo. Therefore, the first term on the right
converges to Eexp(By — %T), by the monotone convergence theorem. The
second term is equal to

1 1
ElTZSCLeS“Jrai 25 < e%Ee2 T

If Eexp(5T) < oo, then this converges to zero as a — —0o. m

1
2
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In applications it is important to determine whether the process £(X)
is a martingale, rather than just a local martingale. No simple necessary
and sufficient condition appears to be known, although the condition in
(i), which is known as Novikov’s condition, is optimal in the sense that
the factor 1 in the exponent cannot be replaced by a smaller constant, in

2
general.

6.10 EXERCISE. Let X be a continuous semimartingale with X, = 0.
Show that ¥ = £(X) is the unique solution to the pair of equations dY =
Y dX and Yy = 1. (Hint: using Itd’s formula show that d(YE(X)™') =0
for every solution Y, so that YE(X) ! = Y,6(X), ! =1.)

6.11 EXERCISE. Show that £(X)T = £(XT) for every stopping time T.

6.4 Cameron-Martin-Girsanov Theorem

Let X be a continuous local martingale on the filtered probability space
(Q, F,{F:},P), 0 at 0. If the exponential process £(X) corresponding to
X is a uniformly integrable martingale, then we can define a probability
measure P on F by

mm:ﬁammw

Thus P possesses Radon-Nikodym derivative £(X)o relative to P. Be-
cause P(F) = E1p£(X)o = E1pE(X),; for every F € F; and £(X), is
Fi-measurable, the restriction P, of P to F; possesses a Radon-Nikodym
density £(X); relative to the restriction P; of P to F, i.e.

dP,

i, =~ E(X),.
The condition that £(X) be a uniformly integrable martingale is some-
what restrictive. It is satisfied, for instance, if X is a process that satisfies
Novikov’s condition (as in Theorem 6.9(i)) stopped at a finite time. We
illustrate this situation in Example 6.18.

If M is a local martingale relative to P, then it typically looses the
local martingale property if we use the measure P instead. The Cameron-
Martin-Girsanov theorem shows that M is still a semimartingale if we use
P, and gives an explicit decomposition of M in its martingale and bounded
variation parts.

We start with a general lemma on the martingale property under a
“change of measure”. We refer to a process that is a local martingale under
P as a P-local martingale.
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6.12 Lemma. Let P and P be equivalent probability measures on (Q,F)
and let L; = dZBt/dPt be a Radon-Nikodym density of the restrictions of P
and P to F,. Then a stochastic process M is a P-local martingale if and
only if the process LM is a P-local martingale.

Proof. We first prove the theorem without “local”. If M is an adapted
P-integrable process, then, for every s < t and F € Fg,

EM,1p = EL,M,1p,
EM,1p = EL,M,1p,

The two left sides are identical for every F' € F; and s < t if and only if M
is a P—martingale. Similarly, the two right sides are identical if and only if
LM is a P-martingale. We conclude that M is a P-martingale if and only
if LM is a P-martingale.

If M is a P-local martingale and 0 < T, 1 oo is a localizing sequence,
then the preceding shows that the process LM is a P-martingale, for
every n. Then so is (LM*»)T» = (LM)*», and we can conclude that LM
is a P-local martingale.

Because P and P are equivalent, we can select a version of L that is
strictly positive. Then dP;/ d13t =L, I and we can use the argument of the
preceding paragraph in the other direction to see that M = L™'(LM) is a
P-local martingale if LM is a P-local martingale. m

6.13 EXERCISE. In the situation of the preceding lemma, show that L; =
E(dP/dP| F;) almost surely and conclude that there exists a cadlag version
of L.

If M itself is a P-local martingale, then generally the process LM will
not be a P-local martingale, and hence the process M will not be a P-local
martingale. We can correct for this by subtracting an appropriate process.
We assume that the likelihood ratio process L is continuous. The processes

LM — L, M]

L(Lil ’ [L>M]) - [LvM]
are both P-local martingales. For the first this is an immediate consequence
of Lemma 5.64(ii). For the second it follows from the integration-by-parts
or Itd’s formula. (See the proof of the following theorem.) It follows that

the difference of the two processes is also a P-local martingale and hence
the process

(6.14) M —L*-[L,M].

is a P-local martingale. In the case that L = £(X) this takes the nice form
given in the following theorem.
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6.15 Theorem. Let X be a continuous local martingale, 0 at 0, such that
&(X) is a uniformly integrable martingale, and let dP = (X )oo dP. If M is
a continuous P-local martingale, then M — [X, M| is a P-local martingale.

Proof. The exponential process L = £(X) satisfies dL = LdX, or equiv-
alently, L =1+ L-X. Hence L=! - [L,M] = L7'[L - X, M] = [X, M], by
Lemma 5.77(i). The theorem follows if we can show that the process in
(6.14) is a P-local martingale. By Lemma 6.12 it suffices to show that L
times the process is a P-local martingale.

By the integration-by-parts (or It6’s) formula it follows that

d(L(L'-[L,M]))) = (L' -[L,M]))dL + Ld(L™" - [L, M]).

No “correction term” appears at the end of the display, because the
quadratic covariation between the continuous process L and the process
of locally bounded variation L™ - [L, M] is zero. The integral of the first
term on the right is a stochastic integral (of L~! - [L,M]) relative to
the P-martingale L and hence is a P-local martingale. The integral of
the second term is [L, M], by Lemma 5.77(i). It follows that the process
(L(L='-[L,M]) — [L, M] is a local martingale. The difference of this with
the local martingale LM — [L, M] is L times the process in (6.14). =

The quadratic covariation process [X, M] in the preceding theorem was
meant to be the quadratic covariation process under the orginal measure
P. Because P and P are equivalent and a quadratic covariation process
can be defined as a limit of inner products of increments, as in (5.58), it is
actually also the quadratic variation under P.

Under the continuity assumptions on M and X, the process M —[X, M]
possesses the same quadratic variation process [M] as M, where again it
does not matter if we use P or P as the reference measure.

The latter remark is particularly interesting if M is a P-Brownian
motion process. Then both M and M — [X, M] possess quadratic variation
process the identity. Because M — [X, M] is a continuous local martingale
under P, it is a Brownian motion under P by Lévy’s theorem. This proves
the following corollary.

6.16 Corollary. Let X be a continuous local martingale, 0 at 0, such that
&(X) is a uniformly integrable martingale, and let dP = £(X)o dP. If B
is a P-Brownian motion, then B — [X, B] is a P-Brownian motion.

A further specialization is to choose X equal to a stochastic integral
X =Y B of a process Y relative to Brownian motion. Then

d_lst _ efot Y.dB.—3 [ vZds

(6.17)

a.s.
P, ’
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and, by the preceding theorem, the process
t
t— Bt — / YS ds
0

is a Brownian motion under P. Here the process Y must be chosen such
that the stochastic integral Y - B is well-defined and £(Y" - B) is a uniformly
integrable martingale. For the first it suffices that Y is adapted and mea-
surable with fot Y2ds finite almost surely. The second condition is more
restrictive.

6.18 Example. For a given measurable, adapted process Y and constant
T > 0 assume that L or
= 2 ds
Ee2 fo Yo < oo
Then the process Y1 ;- B = (Y - B)" satisfies Novikov’s condition, as its
quadratic variation is given by

TNt
[Y]-[O,T] . B]t :/ Ysz ds.
0

By Theorem 6.9 the process £((Y - B)) is a martingale. Because it is
constant on [T, 00), it is uniformly integrable. We conclude that the process
{B: — OTM Y, ds:t > 0} is a Brownian motion under the measure P given

by dP = E((Y - B)T)oodP. O

It is a fair question why we would be interested in “changes of measure”
of the form (6.17). We shall see some reasons when discussing stochastic
differential equations or option pricing in later chapters. For now we can
note that in the situation that the filtration is the completion of the filtra-
tion generated by a Brownian motion any change to an equivalent measure
is of the form (6.17).

6.19 Lemma. Let {¥;} be the completion of the natural filtration of a
Brownian motion process B defined on (), F,P). If P is a probability
measure on (2, F) that is equivalent to P, then there exists a predictable

process Y with fot Y2 ds < oo almost surely for every t > 0 such that the
restrictions P, and P, of P and P to F, satisty (6.17).

Proof. Let L; = dP, /dP; be a version of the density of P, relative to P;.
Then for every F' € Fy,
dP N . dP,
E—1p =P(F) = P,/(F) = —dP, = EL1f.
Gplr =P = P(F) = | TpdP =BL1

This shows that L, = E(dP/dP|F;) almost surely, and hence L is a mar-
tingale relative to the filtration {¥;}. Because this is a Brownian filtration,



6.4: Cameron-Martin-Girsanov Theorem 109

Theorem 6.6 implies that L permits a continuous version. By the equiva-
lence of P and P the variable L; is strictly positive almost surely, for every
t > 0, and hence we can choose the process L strictly positive without loss
of generality. Then L' is a well-defined continuous process and hence is
locally bounded. The stochastic integral Z = L~! - L is well-defined and a
local martingale, relative to the Brownian filtration {F;}. By Theorem 6.6
it can be represented as Z = Y - B for a predictable process Y as in the
statement of the lemma. The definition Z = L~! - L implies dL = LdZ.
This is solved uniquely by L = £(Z). (Cf. Exercise 6.10.) m

It could be of interest to drop the condition that £(X) is uniformly
integrable, which we have made throughout this section. As long as £(X)
is a martingale, then we can define probability measures P, on F; by

Pi(F) = E1pE(X).

By the martingale property this collection of measures will be consistent in
the sense that P, is the restriction of P, of Fs, for s < t. If we could find
a measure P on Foo with restriction Pt to Fy, much of the preceding goes
through.

Such a measure P does not necessarily exist under just the condition
that £(X) is a martingale. A sufficient condition is that the filtration be
generated by an appropriate process Z. If F; = o(Zs:s < t) for every t,
then we can invoke the Kolmogorov extension theorem to see the existence
of a measure P on Foo. It should be noted that this condition does not
permit that we complete the filtration. In fact, completion (under P) may
cause problems, because, in general, the measure P will not be absolutely
continuous relative to P. See Chung and Williams, p?? for further discus-
sion.



7
Stochastic
Differential Equations

In this chapter we consider stochastic differential equations of the form
dXt = /J,(t, Xt) dt + O'(t, Xt) dBt

Here p and o are given functions and B is a Brownian motion process.
The equation may be thought of as a randomly perturbed version of the
first order differential equation dX; = pu(t, X;) dt. Brownian motion is often
viewed as an appropriate “driving force” for such a noisy perturbation.

The stochastic differential equation is to be understood in the sense
that we look for a continuous stochastic process X such that, for every
t>0,

¢ ¢
(7.1) X, =Xo+ / u(s, Xg)ds + / o(s,Xs)dBs, a.s..
0 0

Usually, we add an initial condition Xy = &, for a given random variable &,
or require that X, possesses a given law.

It is useful to discern two ways of posing the problem, the strong and
the weak one, differing mostly in the specification of what is being given
a-priori and of which further properties the solution X must satisfy. The
functions p and o are fixed throughout, and are referred to as the “drift”
and “diffusion coefficients” of the equation.

In the “strong setting” we are given a particular filtered probability
space (2, F,{F:}, P), a Brownian motion B and an initial random variable
&, both defined on the given filtered space, and we search for a continuous
adapted process X, also defined on the given filtered space, which satisfies
the stochastic differential equation with Xy = £. It is usually assumed here
that the filtration {F;} is the smallest one to which B is adapted and for
which ¢ is Fy-measurable, and which satisfies the usual conditions. The
requirement that the solution X be adapted then implies that it can be
expressed as X = F(, B) for a suitably measurable map F', and the precise



7: Stochastic Differential Equations 111

definition of a strong solution could include certain properties of F', such as
appropriate measurability, or the requirement that F'(x, B') is a solution of
the stochastic differential equation with initial variable « € R, for every x
and every Brownian motion B’ defined on some filtered probability space.
Different authors make this precise in different ways; we shall not add to
this confusion here.

For a weak solution of the stochastic differential equation we search
for a filtered probability space, as well as a Brownian motion and an ini-
tial random variable ¢, and a continuous adapted process X satisfying the
stochastic differential equation, all defined on the given filtered space. The
initial variable Xy is usually required to possess a given law. The filtration
is required to satisfy the usual conditions only, so that a weak solution X
is not necessarily a function of the pair (£, B).

Clearly a strong solution in a given setting provides a weak solution,
but the converse is false. The existence of a weak solution does not even
imply the existence of a strong solution (depending on the measurability
assumptions we impose). In particular, there exist examples of weak so-
lutions, for which it can be shown that the filtration must necessarily be
bigger than the filtration generated by the driving Brownian motion, so
that the solution X cannot be a function of (¢, B) alone. (For instance,
Tanaka’s example, see Chung and Williams, pages 248-250.)

For X to solve the stochastic differential equation, the integrals in (7.1)
must be well defined. This is certainly the case if ;4 and o are measurable
functions and, for every ¢ > 0,

t
/ |ue(s, Xs)| ds < oo, a.s.,
0

¢
/ lo?(s, X)| ds < oo, a.s..
0

Throughout we shall silently understand that it is included in the require-
ments for “X to solve the stochastic differential equation” that these con-
ditions are satisfied.

7.2 EXERCISE. Show that t — o(t, X;) is a predictable process if o: R? —
R is measurable and X is predictable. (Hint: consider the map (¢,w) —
(t, X (w)) on [0,00) x Q equipped with the predictable o-field.)

The case that p and o depend on X only is of special interest. The
stochastic differential equation

is known as a diffusion equation. Under some conditions the solution X of
a diffusion equation is a time-homogeneous Markov process. Some authors
use the term diffusion process to denote any time-homogeneous (strong)
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Markov process, while other authors reserve the term for solutions of diffu-
sion equations only, sometimes imposing additional conditions of a some-
what technical nature, or relaxing the differential equation to a statement
concerning first and second infinitesimal moments of the type

E(Xin — Xo| Ft) = p(Xe)h + o(h), a.s.
VaI‘(Xt+h —Xt|ft) = O'Z(Xt)h-i-o(h), a.s., hJ,O,

These infinitesimal conditions give an important interpretation to the func-
tions p and o, and can be extended to the more general equation (7.1).
Apparently, stochastic differential equations were invented, by It6 in the
1940s, to construct processes that are “diffusions” in this vaguer sense.

Rather than simplifying the stochastic differential equation, we can
also make it more general, by allowing the functions u and ¢ to depend not
only on (t,X;), but on ¢t and the sample path of X until ¢. The resulting
stochastic differential equations can be treated by similar methods. (See
e.g. pages 122-124 of Rogers and Williams.)

Another generalization is to multi-dimensional equations, driven by a
multivariate Brownian motion B = (Bjy,...,B;) and involving a vector-
valued function p:[0,00) x R¥ — R* and a function o:[0,00) x RF — R
with values in the k x [-matrices. Then we search for a continuous vector-
valued process X = (Xy,...,X) satisfying, for i = 1,...,k,

t ! t
X ZXo,i+/ ui(8>Xs)dS+Z/ 0ij(s,Xs) dBj.s.
0 =70

Multivariate stochastic differential equations of this type are not essentially
more difficult to handle than the one-dimensional equation (7.1). For sim-
plicity we consider the one-dimensional equation (7.1), or at least shall view
the equation (7.1) as an abbreviation for the multivariate equation in the
preceding display.

We close this section by showing that Girsanov’s theorem may be used
to construct a weak solution of a special type of stochastic differential equa-
tion, under a mild condition. This illustrates that special approaches to
special equations can be more powerful than the general results obtained
in this chapter.

7.4 Example. Let £ be an Fy-measurable random variable and let X — ¢
be a Brownian motion on a filtered probability space (2, F,{F:}, P). For a
given measurable function p define a process Y by ¥; = u(t, X;), and assume
that the exponential process £(Y - X) is a uniformly integrable martingale.
Then dP = (Y - X))o defines a probability measure and, by Corollary 6.16
the process B defined by By = X; — & — fg Y, ds is a P-Brownian motion
process. (Note that YV - X =Y - (X — £).) It follows that X together with
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the filtered probability space (Q, F,{F;}, P) provides a weak solution of
the stochastic differential equation X; = & + fot u(s, Xs)ds + By.

The main condition to make this work is that the exponential process
of Y - X is a uniformly integrable martingale. This is easy to achieve on
compact time intervals by Novikov’s condition. O

7.1 Strong Solutions

Following Ito’s original approach we construct in this section strong solu-
tions under Lipschitz and growth conditions on the functions p and o. We
assume that for every ¢ > 0 there exists a constant C; such that, for all
s € [0,t] and for all z,y € [—t,¢],

(s, 2) — u(s,y)| < Cel —yl,

7.5
(7.5) |o(s,2) — a(s,y)| < Celz —y)-

Furthermore, we assume that for every ¢ > 0 there exists a constant C\
such that, for all s € [0,¢] and = € R,

|u(s, )| < Co(1 + |al),

7.
(7.6) |g(s,x)| < Ci(1 + |z)).

Then the stochastic differential equation (7.1) possesses a strong solution in
every possible setting. The proof of this is based on an iterative construction
of processes that converge to a solution, much like the Picard iteration
scheme for solving a deterministic differential equation.

Let (Q,F,{F:}, P) be an arbitrary filtered probability space, and let
B be a Brownian motion and an Fy-measurable random variable ¢ defined
on it.

7.7 Theorem. Let y and o be measurable functions that satisfy (7.5)—
(7.6). Then there exists a continuous, adapted process X on (Q, F,{F:}, P)
with Xy = £ that satisfies (7.1). This process is unique up to indistinguisha-
bility, and its distribution is uniquely determined by the distribution of §.

Proof. For a given process X let LX denote the process on the right of
(7.1), i.e.

(LX)t:£+/ u(s,XS)ds+/ o(s, Xs) dBs.
0 0

We wish to prove that the equation LX = X possesses a unique continuous
adapted solution X. By assumption (7.6) the absolute values of the inte-
grands are bounded above by C;(1 + |X;|) and hence the integrals in the
definition of LX are well-defined for every continuous adapted process X.
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First assume that £ is square-integrable and the Lipschitz condition
(7.5) is valid for every z,y € R (and not just for z,y € [—t,t]). We may
assume without of loss of generality that the constants C are nondecreasing
in .

By the triangle inequality, the maximal inequality (4.38), the Cauchy-
Schwarz inequality, and the defining isometry of stochastic integrals,

Esup|(LX), — (LY),/[’
s<t

2

< E‘/0t|u(s,Xs) — s, V3] ds‘z + E‘/Ot (o(s, X.) — 0(s,Y2)) dB,

t t
< tE/ |u(s,XS) — (s, Ys) 2ds + E/ (o(s, Xs) — U(S,Ys))2 ds
0 0

t
<(t+ 1)03E/ X, — V|2 ds.
0

The use of the maximal inequality (in the first <) is justified as soon as
the process ¢ v [y (o(s, X,) — 0(s,Y,)) dB, is an Lo-martingale, which is
certainly the case if the final upper bound is finite.

Define processes X (™ by X () = ¢ and, recursively, X(® = LX (1),
for n > 1. In particular,

t t
xM :§+/0 ,u(s,f)ds+/0 o(s, €) dB,.

By similar arguments as previously,

t t
Esup | X — XOP gtE/ 12 (5,6) ds+E/ o2(s,€) ds
s<t 0 0
S (t+1)2CEE(L +£%).
Furthermore, for n > 1, since X(*+1) — x(») = L x(» _ [ x(»=1),
t
Esup| X)) — X(WP < (¢ +1)C2E / XM — X(DP g,
s<t 0
Iterating this last inequality and using the initial bound for n = 0 of the
preceding display, we find that, with M = E(1 + £2),
2n 2n
Esup [X (M — XD < (t+1)™Ci"M
SSt S S ~ n!

We conclude that, for m < n, by the triangle inequality,

gm’n: =

“o(t+1)
sup | X (™ — x(m) H < ( CivII.
SSIt)| s s | 9 ~ i:;rl \/Z_' t
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For fixed ¢, we have that €, , = 0 as m,n — co. We conclude that the
variables in the left side of the last display converge to zero in quadratic
mean and hence in probability as m,n — oo. In other words, the sequence of
processes X () forms a Cauchy sequence in probability in the space C[0, ]
of continuous functions, equipped with the uniform norm. Since this space
is complete there exists a process X such that, as n — oo,

sup | XM — X,| & o.
s<t

Being a uniform limit of continuous processes, the process X must be con-
tinuous. By Fatou’s lemma

Em:=

s<t n—o0

sup | X, — X(™)| H < lim epmp.
2

Because LX (™ = X(»+1) the triangle inequality gives that

sup |(LX)s — X
s<t

‘ 2

S

sup [(LX), — (LX ™), H n
s<t 2

sup | XD - X, |
s<t 2

t

<Vi+ 1Ct\/E/ 1X, — X2 ds + engn
0

S Vit+ 1\/£Ct6n + €nt1-

The right side converges to zero as n — oo, for fixed ¢, and hence the left
side must be identically zero. This shows that LX = X, so that X solves
the stochastic differential equation, at least on the interval [0, ¢].

If Y is another solution, then, since in that case X — Y =LX — LY,

¢
Esup | X, — Y:* < (t+ l)Cf/ Esup | X, — Yy, |? ds.
0

s<t u<s

By Gronwall’s lemma, Lemma 7.10, applied to the function on the left side
and with A = 0, it follows that the left side must vanish and hence X =Y.

By going through the preceding for every ¢ € N we can consistently
construct a solution on [0, 00), and conclude that this is unique.

By the measurability of p and o the processes ¢ — u(t,X;) and
t — o(t,X;) are predictable, and hence progressively measurable, for ev-
ery predictable process X. (Cf. Exercise 7.2.) By Fubini’s theorem the
process t fg u(s, Xs)ds is adapted, while the stochastic integral ¢ +—
fot o(s, Xs) dBs is a local martingale and hence certainly adapted. Because
the processes are also continuous, they are predictable. The process X () is
certainly predictable and hence by induction the process X (™) is predictable
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for every n. The solution to the stochastic differential equation is indistin-
guishable from lim inf, o X (") and hence is predictable and adapted.

The remainder of the proof should be skipped at first reading. It con-
sists of proving the theorem without the additional conditions on the func-
tions p and ¢ and the variable £, and is based on the identification lemma
given as Lemma 7.11 below. First assume that p and o only satisfy (7.5)
and (7.6), but ¢ is still square-integrable.

For n € N let x,,: R — R be continuously differentiable with compact
support and be equal to the unit function on [—n,n]. Then the functions
i and o, defined by p,(t,z) = p(t,z)x(z) and o,(t,z) = o(t, x)xn(x)
satisfy the conditions of the first part of the proof. Hence there exists, for
every n, a continuous adapted process X,, such that

t t
(7.8) Xnt=¢ +/ pn(s, Xn,s)ds +/ on(s,Xn,s) dBs.
0 0

For fixed m < n the functions u,, and u,, and o,, and o,, agree on the in-
terval [—m, m], whence by Lemma 7.11 the process X,,, and X, are indistin-
guishable on the set [0, T),,] for T, = inf{t > 0:|X,,+| > m or | X, | > m}.

In particular, the first times that X,, or X,, leave the interval [—m,m]
are identical and hence the possibility “|X, | > m” in the definition of T,
is superfluous. If 0 < T, 1 oo, then we can consistently define a process X
by setting it equal to X,, on [0,T},], for every n. Then XT» = XT» and, by
the preceding display and Lemma 5.54(i),

t t
(79) XtTn = §+/0 1(0,Tn](8)un(S>Xn,s)ds+/0 l(O,Tn](S)U’n(S;Xn,s) dB;.

By the definitions of T}, p,, 0, and X the integrands do not change if we
delete the subscript n from u,, o, and X,. We conclude that

T, At T At
XtTn :§+/ u(s,Xs)ds—f—/ o(s,Xs)dBs.
0 0

This being true for every n implies that X is a solution of the stochastic
differential equation (7.1).

We must still show that 0 < T, 1 oco. By the integration-by-parts
formula and (7.8)

t t
tht - Xfl’o = 2/ X stin (8, Xn,s) ds + 2/ X 500(8, X0 ) dBs
0 0

t
+ / 0’721(8, Xn,s)ds.
0

The process 1(o, 1,1 Xn,s0n (8, X7,s) is bounded on [0, t] and hence the process
T At

t= Jo Xn,s0n(8, Xn,s) dBs is a martingale. Replacing ¢ by T, At in the
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preceding display and next taking expectations we obtain
Ty At
1+EX] 7 o =1+EE + 2E/ X, stin (8, Xn,s) ds
0
Ty At
+ E/ 02 (s, Xn,s)ds
0
Ty At
§1+E52+(Ct+CE)E/ (1+X2,)ds
0

t
<1+ EE& 4+ (C, +C?) / (1+EX? 1 A,) ds.
0

We can apply Gronwall’s lemma, Lemma 7.10, to the function on the far
left of the display to conclude that this is bounded on [0, ¢], uniformly in n,
for every fixed ¢. By the definition of T,

P(0 < T, < tyn* <EX? 1\,

Hence P(0 < T, <t) = O(n~?) — 0 as n — 00, for every fixed ¢. Combined
with the fact that P(T,, = 0) = P(|¢| > n) — 0, this proves that 0 < T, 1
00.

Finally, we drop the condition that £ is square-integrable. By the pre-
ceding there exists, for every n € N, a solution X,, to the stochastic differen-
tial equation (7.1) with initial value £1j¢|<,. By Lemma 7.11 the processes
X,, and X,, are indistibguishable on the event {|¢{| < m} for every n > m.
Thus lim,,_,+ X, exists almost surely and solves the stochastic differential
equation with initial value &.

The last assertion of the theorem is a consequence of Lemma 7.12
below, or can be argued along the following lines. The distribution of the
triple (¢, B, X(™) on Rx C[0, 00) x C[0, 00) is determined by the distribution
of (¢,B, X 1) and hence ultimately by the distribution of (¢, B, X(9),
which is determined by the distribution of &, the distribution of B being
fixed as that of a Brownian motion. Therefore the distribution of X is
determined by the distribution of ¢ as well. (Even though believable this
argument needs to be given in more detail to be really convincing.) =

7.10 Lemma (Gronwall). Let f:[0,7] — R be a measurable function

such that f(t) < A+ B fot f(s)ds for every t € [0,T] and constants A and
B > 0. Then f(t) < AeP* on [0,T].

Proof. We can write the inequality in the form F'(t) — BF(t) < A, for F
the primitive function of f with F(0) = 0. This implies that (F(t)e=5*)" <

Ae~ B, By integrating and rearranging we find that F(t) < (A/B)(eft—1).
The lemma follows upon reinserting this in the given inequality. m
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7.1.1 Auxiliary Results

The remainder of this section should be skipped at first reading.

The following lemma is used in the proof of Theorem 7.7, but is also
of independent interest. It shows that given two pairs of functions (u;,0;)
that agree on [0, 00) x [—n, n], the solutions X; of the corresponding stochas-
tic differential equations (of the type (7.1)) agree as long as they remain
within [—n, n]. Furthermore, given two initial variables ¢; the corresponding
solutions X; are indistinguishable on the event {1 = &2}.

7.11 Lemma. For i = 1,2 let p;,0;:[0,00) x R — R be measurable
functions that satisfy (7.5)—(7.6), let & be Fo-measurable random vari-
ables, and let X; be continuous, adapted processes that satisfy (7.1) with
(&, iy 04) replacing (&, p,0). If iy = po and o1 = o9 on [0,00) X [—n,n]
and T = inf{t > 0:|X1,| > n, or |Xa,| > n}, then X] = XI on the event
{61 =6}

Proof. By subtracting the stochastic differential equations (7.1) with
(&, pi, 04, X;) replacing (€, u, 0, X), and evaluating at T' A ¢ instead of ¢,
we obtain

TAt
lejt - Xg:t =& —& +/ (1 (s, X1,5) — pa(s, Xa,5)) ds
0

TAt
+/ (0’1(8,X1’S) _U—Q(S,XQ,S)) dBS
0

On the event F' = {& = &} € Fo the first term on the right vanishes.
On the set (0,T] the processes X; and X, are bounded in absolute value
by n. Hence the functions g1 and pg, and oy and o9, agree on the domain
involved in the integrands and hence can be replaced by their common
values p1 = p2 and o7 = 03. Then we can use the Lipschitz properties of
w1 and o1, and obtain, by similar arguments as in the proof of Theorem 7.7,
that

TNt
Esup [X{, — XJ "1r S (t+ 1)03E/ | X1, — Xos|* dslp.
s<t 0

(Note that given an event F' € Fy the process Y1 is a martingale whenever
the process YV is a martingale.) By Gronwall’s lemma the left side of the
last display must vanish and hence X{ = X{ on F. =

The next lemma gives a strengthening of the last assertion of The-
orem 7.7. The lemma shows that, under the conditions of the theorem,
solutions to the stochastic differential equation (7.1) can be constructed in
a canonical way as X = F({, B) for a fixed map F' in any strong setting
consisting of an initial variable £ and a Brownian motion B defined on some
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filtered probability space. Because the map F' is measurable, it follows in
particular that the law of X is uniquely determined by the law of £.

The sense of the measurability of F' is slightly involved. The map F' is
defined as amap F: RxC[0,00) — C]0,00). Here C[0, c0) is the collection of
all continuous functions z:[0,00) — R. The projection o-field I, on this
space is the smallest o-field making all evaluation maps (“projections”)
m:x — z(t) measurable. The projection filtration {I1,} is defined by II, =
o(ms:s < t). (The projection o-field can be shown to be the Borel o-field
for the topology of uniform convergence on compacta.) A Brownian motion
process induces a law on the measurable space (C’ [0, 00), Hoo). This is called
the Wiener measure. We denote the completion of the projection filtration
under the Wiener measure by {II;}.

For a proof of the following lemma, see e.g. Rogers and Williams, pages
125-127 and 136-138.

7.12 Lemma. Under the conditions of Theorem 7.7 there exists a map
F:R x C[0,00) — C[0,00) such that, given any filtered probability space
(Q, F,{F:}, P) with a Brownian motion B and an Fy-measurable random
variable & defined on it X = F(§, B) is a solution to the stochastic differen-
tial equation (7.1). This map can be chosen such that the map £ — F(§,x)
is continuous for every x € C[0,00) and such that the map x — F(,x) is
II; — II;-measurable for every t > 0 and every ¢ € R. In particular, it can
be chosen B x I, — [I..-measurable.

7.2 Martingale Problem and Weak Solutions

If X is a continuous solution to the diffusion equation (7.3), defined on
some filtered probability space, and f:R — R is a twice continuously dif-
ferentiable function, then It6’s formula yields that

df (Xz) = f'(Xe)o(Xe) dBy + f'(Xe)u(Xe) dt + § f"(Xe)o® (Xy) db.
Defining the differentiable operator A by
Af = pf'+ 3o,
we conclude that the process
t

(7.13) 0o (X0 = 1) = [ AF(X)ds

0
is identical to the stochastic integral (f'c)(X) - B, and hence is a local

martingale. If f has compact support, in addition to being twice continu-
ously differentiable, and o is bounded on compacta, then the function f'o
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is bounded and the process in (7.13) is also a martingale. It is said that
X is a solution to the (local) martingale problem. This martingale problem
can be used to characterize, study and construct solutions of the diffusion
equation: instead of constructing a solution directly, we search for a solution
to the martingale problem. The following theorem shows the feasibility of
this approach.

7.14 Theorem. Let X be a continuous adapted process on a given filtered
space such that the process in (7.13) is a local martingale for every twice
continuously differentiable function with compact support. Then there ex-
ists a weak solution to the diffusion equation (7.3) with the law of X, as
the initial law.

Proof. For given n € N let 7, = inf{t > 0:|X;| > n}, so that |[X1»| < n
on (0,T}]. Furthermore, let f and g be twice continuously differentiable
functions with compact supports that coincide with the functions z — x
and z — z? on the set [—n, n]. By assumption the processes (7.13) obtained
by setting the function f in this equation equal to the present f and to g
are local martingales. On the set (0,T,] they coincide with the processes
M and N defined by

t
Mt:Xt_XO_/ [J,(Xs)dS
0

t
N, = X2 X2 _/ (2X.0(X,) + 02 (X)) ds.
0

At time O the processes M and N vanish and so do the processes of the
type (7.13). We conclude that the correspondence extends to [0,T,] and
hence the processes M and IV are local martingales. By simple algebra

t t 2
M = X7 - 2X X0+ X3 - 20X - Xo) [ s+ ([ ux.)as)
0 0

t
:Nt+At+/ UQ(XS)dS,
0

for the process A defined by

A = =2(X,—Xo) (Xo+ /0 () ds)+( /0 () ds) + / 29X, u(X,) ds.

0
By It0’s formula

t
dA, = —2(X, — Xo)u(X,) dt — 2dX, (Xo +/ w(Xy) ds)
0
t
+ 2/ (X)) ds p(Xy) dt + 2u(X,) X, dt
0

_ —Z(XO + /Ot (X)) ds) dM,.
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We conclude that the process A is a local martingale and hence so is the
process t — M2 — fot 02(X) ds. This implies that [M], = fot 0%(X,)ds.

Define a function 6:R — R by setting ¢ equal to 1/0 if o # 0 and
equal to 0 otherwise, so that 6o = 1,4¢. Furthermore, given a Brownian
motion process B define

B=6(X) M+ 1l,x)=0B.

Being the sum of two stochastic integrals relative to continuous martingales,
the process B possesses a continuous version that is a local martingale. Its
quadratic variation process is given by

[B], = 6%(X) - [M]; + 2(6(X)1y(x)=0) - [M, Bls + 1o(x)=0 * [Bl:-

Here we have linearly expanded [B] = [B, B] and used Lemma 5.77. The
middle term vanishes by the definition of &, while the sum of the first and
third terms on the right is equal to fg(&zaz(Xs) + 1o(x,)=0) ds = t. By
Lévy’s theorem, Theorem 6.1, the process B is a Brownian motion process.
By our definitions o(X) - B = 1,(x)40 - M = M, because [1,(x)—o - M] =0
whence 1,(x)—=o - M = 0. We conclude that

t t t
X, =Xo+ M, +/ w(Xs)ds = Xo +/ o(Xs) dBs +/ w(Xs) ds.
0 0 0

Thus we have found a solution to the diffusion equation (7.3).

In the preceding we have implicitly assumed that the process X and
the Brownian motion B are defined on the same filtered probability space,
but this may not be possible on the filtered space (2, F, {F;}, P) on which
X is given originally. However, we can always construct a Brownian motion
B on some filtered space (Q, F, {ft},ﬁ) and next consider the product
space

(Q x Q, F x ]:“,{Tt X ft},P x P),

with the maps
(w,2) = X (w),

(w,@) = B(@).

The latter processes are exactly as the original processes X and B and
hence the first process solves the martingale problem and the second is
a Brownian motion. The enlarged filtered probability space may not be
complete and satisfy the usual conditions, but this may be remedied by
completion and replacing the product filtration F; x F; by its completed
right-continuous version. =

It follows from the proof of the preceding theorem, that a solution
X of the martingale problem together with the filtered probability space
on which it is defined yields a weak solution of the diffusion equation if



122 7: Stochastic Differential Equations

o is never zero. If o can assume the value zero, then the proof proceeds
by extending the given probability space, and X, suitably defined on the
extension, again yields a weak solution. The extension may be necessary,
because the given filtered probability space may not be rich enough to carry
a suitable Brownian motion process.

It is interesting that the proof of Theorem 7.14 proceeds in the opposite
direction of the proof of Theorem 7.7. In the latter theorem the solution X
is constructed from the given Brownian motion, whereas in Theorem 7.14
the Brownian motion is constructed out of the given X.

Now that it is established that solving the martingale problem and
solving the stochastic differential equation in the weak sense are equivalent,
we can prove existence of weak solutions for the diffusion equation from
consideration of the martingale problem. The advantage of this approach
is the availability of additional technical tools to handle martingales.

7.15 Theorem. If y,0:R — R are bounded and continuous and v is a
probability measure on R, then there exists a filtered probability space
(Q, F,{F:}, P) with a Brownian motion and a continuous adapted process
X satisfying the diffusion equation (7.3) and such that X, has law v.

Proof. Let (B,¢) be a pair of a Brownian motion and an Fy-measurable
random variable with law v, defined on some filtered probability space. For
every n € N define a process X (™ by

Xg" =¢,

XM= X0 x - k27 + o(X ) (By = Big—n),
B2 m<t<(k+1)2 "k=0,1,2,....

Then, for every n, the process X (™ is a continuous solution of the stochastic
differential equation

t t
(7.16) x™=¢+ / [in(s) ds + / o (s) dB,,
0 0
for the processes u, and o, defined by
p(t) = p(X5)),  oalt) =o(X3).), k2T <t < (k127

By Lemma 5.77 the quadratic variation of the process M defined by
M, = 0y - Beyy — 0y - B is given by [M], = fOSH 0% (u)du. For s < t
we obtain, by the triangle inequality and the Burkholder-Davis-Gundy in-
equality, Lemma 7.18,

2

t
BX(™ - XM <E / 02 (u) dB,

S

t 4
/ o (1) du‘ +E

s

S lullcols = + llolls|s — ¢
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By Kolmogorov’s criterion (e.g. Van der Vaart and Wellner, page 104) it
follows that the sequence of processes X (™) is uniformly tight in the met-
ric space C[0,00), equipped with the topology of uniform convergence on
compacta. By Prohorov’s theorem it contains a weakly converging subse-
quence. For simplicity of notation we assume that the whole sequence X (")
converges in distribution in C[0, 00) to a process X. We shall show that X
solves the martingale problem, and then can complete the proof by applying
Theorem 7.14.

The variable Xg is the limit in law of the sequence X(S”) and hence is
equal in law to &.

For a twice continuously differentiable function f: R — R with compact
support, an application of I1t6’s formula and (7.16) shows that the process

t
(11) ) = S = [ (i) CE) + a2 ()7 (X)) ds
0
is a martingale. (Cf. the discussion before the statement of Theorem 7.14.)
By assumption the functions g and ¢ are uniformly continuous on com-
pacta. Hence for every fixed M the moduli of continuity

m8) = sup |u(@) —p@)|, s@)= sup |o(z)—o(y)|
|z—y| <6 |z—y| <6
|z|V]y|<M |z|V]y|<M

converge to zero as 8 | 0. The weak convergence of the sequence X (™)

implies the weak convergence of the sequence sup,, |Xs(n)|, for every
fixed ¢ > 0. Therefore, we can choose M such that the events F, =

{sup,<; | X §")| < M} possess probability arbitrarily close to one, uniformly
in n. The weak convergence also implies that, for every fixed ¢t > 0,

Ay:= sup |X7(L”) — Xl(,”)| Ko
Jlu—v|<27 ", u<v<t

On the event F),

[ o) = X)) ] < A1 5 0.

Combining this with a similar argument for o2 we conclude that the se-
quence of processes in (7.17) is asymptotically equivalent to the sequence
of processes

M= f(X™) - fx$M) - / CAF(X0) ds,

These processes are also uniformly bounded on compacta. The martingale
property of the processes in (7.17) now yields that EMt"g(Xén): u<s)—=0
for every bounded, continuous function g: C[0,s] — R. Because the map
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x— f(xy) — f(zo) — fg Af(zs)ds is also continuous and bounded as a map
from C[0,00) to R, this implies that

B(£0X0) = £X) - [ A7(G) du)g(Xuiu < ) =0

We conclude that X is a martingale relative to its natural filtration. It is
automatically also a martingale relative to the completion of its natural
filtration. Because X is right continuous, it is again a martingale relative
to the right-continuous version of its completed natural filtration, by The-
orem 4.6.

Thus X solves the martingale problem, and there exists a weak solution
to the diffusion equation with initial law the law of Xy, by Theorem 7.14. m

7.18 Lemma (Burkholder-Davis-Gundy). For every p > 2 there exists a

constant C), such that E|M;|? < C’,,E[M]f/2 for every continuous martingale
M, 0 at 0, and every t > 0.

Proof. Define m = p/2 and Y; = cM? + [M]; for a constant ¢ > 0 to be
determined later. By Itd’s formula applied with the functions x — 2™ and
(z,y) — (cz? +y)™ we have that

dMP™ = 2mM™ " dM, + $2m(2m — 1) M7™ 2 d[M],,
dY;™ = mY,™ 12cM, dM; +mY,™ ' d[M];
+ 3 (mm = DY 4N + Y 20) M)

Assume first that the process Y is bounded. Then the integrals of the
two first terms on the right are martingales. Taking the integrals and next
expectations we conclude that

t
EM?™ = E/ Lom(2m — 1)MZ™? d[M];,,
0
t t
EY" = E/ mY™ L d[M], + E/ Im(m - 1)Y,"?
0 0
t
+ 4P M2 d[M], + E/ ImY* " "2¢cd[M],.
0

The middle term in the second equation is nonnegative, so that the sum of
the first and third terms is bounded above by EY;™. Because M? < Y;/ec,
we can bound the right side of the first equation by a multiple of this sum.
Thus we can bound the left side EM?™ of the first equation by a multiple
of the left side EY;™ of the second equation. Using the inequality |z +y|™ <
2m~L(z™ + y™) we can bound EY;™ by a multipe of c"EMZ™ + E[M]}".
Putting this together, we obtain the desired inequality after rearranging
and choosing ¢ > 0 sufficiently close to 0.
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If Y is not uniformly bounded, then we stop M at the time T, =
inf{t > 0:]Y;] > n}. Then Y7 relates to M7» in the same way as Y to
M and is uniformly bounded. We can apply the preceding to find that the
desired inequality is valid for the stopped process M. Next we let n — oo
and use Fatou’s lemma on the left side and the monotone convergence
theorem on the right side of the inequality to see that it is valid for M as
well. m

Within the context of weak solutions to stochastic differential equa-
tions “uniqueness” of a solution should not refer to the underlying filtered
probability space, but it does make sense to speak of “uniqueness in law”.
Any solution X in a given setting induces a probability distribution on
the metric space C[0,00). A solution X is called unique-in-law if any other
solution X, possibly defined in a different setting, induces the same dis-
tribution on C[0,00). Here X and X possess the same distribution if the
vectors (Xy,,...,X,, ) and (X;,,...,X,,) are equal in distribution for every
0 <ty <--- <tg. (This corresponds to using on C[0, 00) the o-field of all
Borel sets of the topology of uniform convergence on compacta.)

The last assertion of Theorem 7.7 is exactly that, under the conditions
imposed there, that the solution of the stochastic differential equation is
unique-in-law. Alternatively, t here is an interesting sufficient condition
for uniqueness in law in terms of the Cauchy problem accompanying the
differential operator A. The Cauchy problem is to find, for a given initial
function f, a solution wu: [0,00) x R — R to the partial differential equation

% = au, u(0,) = f.

Here Ou/0t is the partial derivative relative to the first argument of wu,
whereas the operator A on the right works on the function = +— u(t, z) for
fixed t. We make it part of the requirements for solving the Cauchy problem
that the partial derivatives du/dt and §%u/0z? exist on (0,00) x R and
possess continuous extensions to [0, 00) x R.

A sufficient condition for solvability of the Cauchy problem, where the
solution also satisfies the condition in the next theorem, is that the functions
u and o2 are Holder continuous and that o2 is bounded away from zero.
See Stroock and Varadhan, Theorem 3.2.1.

For a proof of the following theorem, see Karatzas and Shreve, pages
325-427 or Stroock and Varadhan.

7.19 Theorem. Suppose that the accompanying Cauchy problem admits
for every twice continuous differentiable function f with compact support
a solution w which is bounded and continuous on the strips [0,t] x R, for
every t > 0. Then for any x € R the solution X to the diffusion equation
with initial law Xo = x is unique.
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7.3 Markov Property

In this section we consider the diffusion equation

t t
X: = Xo +/ w(Xy) du + / 0(X,)dB,.
0 0

Evaluating this equation at the time points t+s and s, taking the difference,
and making the change of variables u = v + s in the integrals, we obtain

t t
Xs+t :XS+/ [.L(Xs+u)d’l}+/ O'(XS+U)dBS+U.
0 0

Because the stochastic integral depends only on the increments of the inte-
grator, the process B4, can be replaced by the process B, = By, — By,
which is a Brownian motion itself and is independent of F;. The resulting
equation suggests that conditionally on F; (and hence given X) the pro-
cess {Xs4¢:t > 0} relates to the initial value X and the Brownian motion
B in the same way as the process X relates to the pair (X, B) (with X,
fixed). In particular, the conditional law of the process { X ¢t > 0} given
Fs should be the same as the law of X given the initial value X; (considered
fixed).

This expresses that a solution of the diffusion equation is a time-
homogeneous Markov process: at any time the process will given its past
evolve from its present according to the same probability law that deter-
mines its evolvement from time zero. This is indeed true, even though a
proper mathematical formulation is slightly involved.

A Markov kernel from R into R is a map (z, B) — Q(z, B) such that

(i) the map = — Q(x, B) is measurable, for every Borel set B;

(ii) the map B — Q(z, B) is a Borel measure, for every z € R.
A general process X is called a time-homogeneous Markov process if for
every t > 0 there exists a Markov kernel @); such that, for every Borel set
B and every s > 0,

P(Xs+t 6B|Xu:USs) :Qt(stB)a a.s..

By the towering property of a conditional expectation the common value
in the display is then automatically also a version of P(Xy; € B| X;). The
property expresses that the distribution of X at the future time s + ¢ given
the “past” up till time s is dependent on its value at the “present” time s
only. The Markov kernels @, are called the transition kernels of the process.

Suppose that the functions p and o satisfy the conditions of Theo-
rem 7.7. In the present situation these can be simplified to the existence,
for every ¢t > 0 of a constant C; such that, for all z,y € [—t,1],

lu(z) — p(y)| < Cilz —yl,

7.20
( ) |g’(aj)—0'(y)| SCt|x_y|7
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and the existence of a constant C such that, for all z € R,

|u(@)| < C(1 + Ja),

(7.21) |o(2)] < C(1+ |z]).

Under these conditions Theorem 7.7 guarantees the existence of a solution
X?* to the diffusion equation with initial value X§ = z, for every z € R,
and this solution is unique in law. The following theorem asserts that the
distribution Q¢(z, ) of XF defines a Markov kernel, and any solution to the
diffusion equation is a Markov process with @); as its transition kernels.

Informally, given Fy and X, = z the distribution of X, is the same
as the distribution of X7 .

7.22 Theorem. Assume that the functions p,0:R — R satisfy (7.20)—
(7.21). Then any solution X to the diffusion equation (7.3) is a Markov
process with transition kernels Q; defined by Q.(z, B) = P(X} € B).

Proof. See Chung and Williams, pages 235-243. These authors (and most
authors) work within the canonical set-up where the process is (re)defined
as the identity map on the space C|0, c0) equipped with the distribution in-
duced by X*. This is immaterial, as the Markov property is a distributional
property; it can be written as

E1X3+t€Bg(X’U«:u < 3) = EQt(XS:B)g(Xu:Xu:u < S):

for every measurable set B and bounded measurable function g: C|[0, s] —
R. This identity depends on the law of X only, as does the definition of Q.

The map z — [ f(y) Q:(z,dy) is shown to be continuous for every
bounded continuous function f:R — R in Lemma 10.9 of Chung and
Williams. In particular, it is measurable. By a monotone class argument
this can be seen to imply that the map = — Q(z, B) is measurable for
every Borel set B. =



8
Option Pricing
in Continuous Time

In this chapter we discuss the Black-Scholes model for the pricing of deriva-
tives. Given the tools developed in the preceding chapters it is relatively
straightforward to obtain analogues in continuous time of the discrete time
results for the Cox-Ross-Rubinstein model of Chapter 3. The model can be
set up for portfolios consisting of several risky assets, but for simplicity we
restrict to one such asset.

We suppose that the price S; of a stock at time t > 0 satisfies a
stochastic differential equation of the form

(81) dSt = /,ttSt dt+0tSt th

Here W is a Brownian motion process on a given filtered probability space
(Q, F,{F:},P), and {p:t > 0} and {o:t > 0} are predictable processes.
The filtration {F;} is the completed natural filtration generated by W,
and it is assumed that S is continuous and adapted to this filtration. The
choices p; = p and o, = o, for constants p and o, give the original Black-
Scholes model. These choices yield a stochastic differential equation of the
type considered in Chapter 7, and Theorem 7.7 guarantees the existence of
a solution S in this case. For many other choices the existence of a solution
is guaranteed as well. For our present purpose it is enough to assume that
there exist a continuous adapted solution S.

The process o is called the volatility of the stock. It determines how
variable or “volatile” the movements of the stock are. We assume that
this process is never zero. The process p gives the drift of the stock. It is
responsible for the exponential growth of a typical stock price.

Next to stocks our model allows for bonds, which in the simplest case
are riskless assets with a predetermined yield, much as money in a savings
account. More generally, we assume that the price R; of a bond at time ¢
satisfies the differential equation

th = Tth dt, Ro =1.
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Here r; is some continuous adapted process called the interest rate pro-
cess. (Warning: r is not the derivative of R, as might be suggested by the
notation.) The differential equation can be solved to give

Ry=ehimt,

This is the “continuously compounded interest” over the interval [0,¢]. In
the special case of a constant interest rate r; = r this reduces to R; = €.

A portfolio (A, B) is defined to be a pair of predictable processes A
and B. The pair (A4;, B;) gives the numbers of bonds and stocks owned at
time ¢, giving the portfolio value

(82) W - Ath + BtSt.

The predictable processes A and B can depend on the past until “just
before t” and we may think of changes in the content of the portfolio as
a reallocation of bonds and stock that takes place just before time t. A
portfolio is “self-financing” if such reshuffling can be carried out without
import or export of money, whence changes in the value of the portfolio are
due only to changes in the values of the underlying assets. More precisely,
we call the portfolio (A, B) self-financing if

This is to be interpreted in the sense that V' must be a semimartingale
satisfying V =V5+ A- R+ B - S. It is implicitly required that A and B are
suitable integrands relative to R and S.

A contingent claim with expiry time 7" > 0 is defined to be an Fr-
measurable random variable. It is interpreted as the value at the expiry
time of a “derivative”, a contract based on the stock. The European call
option, considered in Chapter 3, is an important example, but there are
many other contracts. Some examples of contingent claims are:

(i) European call option: (ST — K)*.

(ii) European put option: (K — St)*.
(iii) Asian call option: (fOT S, dt — K)+.
(iv) lookback call option: St — ming<;<7 St,
(v) down and out barrier option: (S — K)*1{ming<;<7 S; > H}.
The constants K and H and the expiry time 7" are fixed in the contract.
There are many more possibilities; the more complicated contracts are re-
ferred to as ezotic options. Note that in (iii)—(v) the claim depends on the
history of the stock price throughout the period [0, T]. All contingent claims
can be priced following the same no-arbitrage approach that we outline be-
low.

A popular option that is not covered in the following is the American
put option. This is a contract giving the right to sell a stock at any time in
[0, T for a fixed price K. The value of this contract cannot be expressed in a

—
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contingent claim, because its value depends on an optimization of the time
to exercise the contract (i.e. sell the stock). Pricing an American put option
involves optimal stopping theory, in addition to the risk-neutral pricing we
discuss below. A bit surprising is that a similar complication does not arise
with the American call option, which gives the right to buy a stock at any
time until expiry time. It can be shown that it is never advantageous to
exercise a call option before the expiry time and hence the American call
option is equivalent to the European call option.

Because the claims we wish to evaluate always have a finite term T,
all the processes in our model matter only on the interval [0,T]. We may
or must understand the assumptions and assertions accordingly.

In the discrete time setting of Chapter 3 claims are priced by reference
to a “martingale measure”, defined as the unique measure that turns the
“discounted stock process” into a martingale. In the present setting the
discounted stock price is the process S defined by S, = R;'S,. By Ito’s
formula and (8.1),

Ut — Tt O

Ot R,

(8.4) ds, = —;—% dR, + n% ds, = Sydt + %St AW
Here and in the following we apply Itd’s formula with the function r —
1/r, which does not satisfy the conditions of It6’s theorem as we stated
it. However, the derivations are correct, as can be seen by substituting the
explicit form for R; as an exponential and next applying Ito’s formula.
Under the true measure P governing the Black-Scholes stochastic dif-
ferential equation (8.1) the process W is a Brownian motion and hence S
is a local martingale if its drift component vanishes, i.e. if yu; = r;. This
will rarely be the case in the real world. Girsanov’s theorem allows us to
eliminate the drift part by a change of measure and hence provides the
martingale measure that we are looking for. The process

—-r
0, = K t
Ot
is called the market price of risk. If it is zero, then the real world is already
“risk-neutral”; if not, then the process # measures the deviation from a

risk-neutral market relative to the volatility process.
Let Z = £(—6 - W) be the exponential process of —6 - Z, i.e.

7 e [0, aw.— [*o%as
t — .

We assume that the process 6 is such that the process Z is a martingale (on
[0,T7]). For instance, this is true under Novikov’s condition. We can next
define a measure P on (9, F, P) by its density dP = Zr dP relative to P.
Then the process W defined by

t
Wt:Wt+/ 6, ds
0
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is a Brownian motion under P, by Corollary 6.16, and, by the preceding
calculations,

t

It follows that S is a P-local martingale. As in the discrete time setting the
“reasonable price” at time O for a contingent claim with pay-off X is the
expectation under the martingale measure of the discounted value of the
claim at time T, i.e.

Vo = ER:'X,

where E denotes the expectation under P. This is a consequence of eco-
nomic, no-arbitrage reasoning, as in Chapter 3, and the following theorem.

8.6 Theorem. Let X be a nonnegative contingent claim with ER;1|X| <
0o. Then there exists a self-financing strategy with value process V such
that

(i) V > 0 up to indistiguishability.

(ii)) Vp = X almost surely.
(iii) Vo = ER;'X.

Proof. The process S = RS is a continuous semimartingale under P
and a continuous local martingale under P, in view of (8.5). Let V be a
cadlag version of the martingale

V. =E(R7'X| 7).
Suppose that there exists a predictable process B such that

dV, = B, dS,.

Then V is continuous, because S is continuous, and hence predictable.
Define

A=V -BS.
Then A is predictable, because V, B and S are predictable. The value of
the portfolio (A, B) is given by V.= AR+ BS = (V — BS)R+ BS = RV
and hence, by It6’s formula and (8.4),
dV; =V, dR, + R, dV, = (A, + B;S,) dR, + R, B, dS,
= (A + BiR; ' S1) dR, + Ry By (—SR; 2dRy + R; ' dS;)
- At th + Bt dSt

Thus the portfolio (A, B) is self-financing. Statements (i)(iii) of the theo-
rem are clear from the definition of V' and the relation V = RV
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We must still prove the existence of the process B. In view of (8.5) we
need to determine this process B such that

d‘;} _ O'tSt

th

The process W is a P-Brownian motion and V is a P-martingale. If the
underlying filtration would be the completion of the natural filtration gener-
ated by W, then the representation theorem for Brownian local martingales,
Theorem 6.6, and the fact that ¢,S; is strictly positive would immediate
imply the result. By assumption the underlying filtration is the completion
of the natural filtration generated by W. Because W and W differ by the
process fg 0, ds, it appears that the two filtrations are not identical and
hence this argument fails in general. (In the special case in which p, o and
ry and hence 6, are deterministic functions the two filtration are clearly the
same and hence the proof is complete at this point.) We can still prove the
desired representation by a detour. We first write the P-local martingale V'
in terms of P-local martingales through

- B(R;'XZp|F) _ U s
¢ E(Zy| Fp) Z o

Here U, defined as the numerator in the preceding display, is a P-martingale
relative to {F;}. By the representation theorem for Brownian martingales
the process U possesses a continuous version and there exists a predictable
process C such that U = Up+C'-W. The exponential process Z = £(—6-W)
satisfies dZ = Zd(—6 - Z) = —Z§dW and hence d[Z], = Z}6? dt. Careful
application of Itd’s formula gives that

U n dau, ,2U;

Vo= =75 dZu+ 75+ 575 dlZ) = 5 dlU, 2],
U, CodW, Ui 1
_Z_?( Z10:) dW, 7 Z3 Z207 dt + tZCtZtetdt
Ub,+Cp -~
= dWs.
Z ¢

This gives the desired representation of V in terms of W. m

We interpret the preceding theorem economically as saying that V5 =
ER;lX is the just price for the contingent claim X. In general it is not
easy to evaluate this explicitly, but for Black-Scholes option pricing it is.

First the stock price can be solved explicitly from (8.1) to give

Sy = Soefot(’uS % ds+f Ts dW
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Because we are interested in this process under the martingale measure P,
it is useful to write it in terms of W as

t 1 o t -
St _ Soefo (rsfzas)ds+f0 oy dws.

Note that the drift process p does not make part of this equation: it plays
no role in the pricing formula. Apparently the systematic part of the stock
price diffusion can be completely hedged away. If the volatility ¢ and the
interest rate r are constant in time, then this can be further evaluated, and
we find that, under P,

S
log 5" N((r—%0*)t,0%t).
This is exactly as in the limiting case for the discrete time situation in
Chapter 3. The price of a European call option can be written as, with Z
a standard normal variable,

E(Soe(P%UZ)TJmﬁZ B K)+.

It is straightforward calculus to evaluate this explicitly, and the result is
given already in Chapter 3.

The exact values of most of the other option contracts mentioned pre-
viously can also be evaluated explicitly in the Black-Scholes model. This
is more difficult, because the corresponding contingent claims involve the
full history of the process S, not just the martingale distribution at some
fixed time point. However, if the processes o and r are not constant, then
the explicit evaluation may be impossible. In some cases the problem can
be reduced to a partial differential equation, which can next be solved nu-
merically.

Assume that the value process V' of the replicating portfolio as in
Theorem 8.6 can be written as V; = f(t,S;) for some twice differentiable
function f.T Then, by It6’s formula and (8.1),

d‘/t = le(t, St) dt + Dgf(t, St) dSt + %ngf(t, St)O'tQStQ dt.

By the self-financing equation and the definition of V"= AR+ BS, we have
that

th = At th + Bt dSt = (‘/t — BtSt)Tt dt + Bt dSt

The right sides of these two equations are identical if

le(t, St) + %Dng(t, St)O'tZSZ = (‘/t — BtSt)’I"t,
D2f(t; St) = B;.

f I do not know in what situations this is a reasonable assumption.
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We can substitute V; = f(¢,S;) in the right side of the first equation,
and replace B; by the expression given in the second. If we assume that
o = o(t,St) and r, = r(t,S), then the resulting equation can be written
in the form

fi+ & fss0?s* = fr— fosr,

where we have omitted the arguments (t,s) from the functions f;, fss, o,
f, fs and r, and the indices ¢ and s denote partial derivatives relative
to t or s of the function (¢,s) — f(t,s). We can now try and solve this
partial differential equation, under a boundary condition that results from
the pay-off equation. For instance, for a European call option the equation
f(T,S7) = Vp = (Sr — K)7 yields the boundary condition

J(T,5) = (s — K)*.

8.7 EXERCISE. Show that the value of a call option at time ¢ is always at
least (S; — e~"(T=Y K)* where r is the (fixed) interest rate. (Hint: if not,
show that any owner of a stock would gain riskless profit by: selling the
stock, buying the option and putting e " K in a savings account, sit still
until expiry and hence owning on option and money K at time 7', which is
worth at least Syp.)

8.8 EXERCISE. Show, by an economic argument, that the early exercise
of an American call option never pays. (Hint: if exercised at time ¢, then
the value at time t is (S, — K)*. This is less than (S, — e "(T=OK)*))

8.9 EXERCISE. The put-call parity for European options asserts that the
values P; of a put and C} of a call option at ¢ with strike price K and expiry
time T based on the stock S are related as S; + P, = C; + Ke_T(T_t),
where r is the (fixed) interest rate. Derive this by an economic argument,
e.g. comparing portfolios consisting of one stock and one put option, or one
call option and an amount Ke~"T in a savings account. Which one of the
two portfolios would you prefer?



