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Preface

This book is intended for readers who are quite familiar with probability
and stochastic processes but know little or nothing about finance. It is
written in the definition/theorem/proof style of modern mathematics and
attempts to explain as much of the finance motivation and terminology as
possible.

A mathematical monograph on finance can be written today only be-
Cause of two revolutions that have taken place on Wall Street in the latter
half of the twentieth century. Both these revolutions began at universities,
albeit in economics departments and business schools, not in departments
of mathematics or statistics. They have led inexorably, however, to an esca-
lation in the level of mathematics (including probability, statistics, partial
differential equations and their numerical analysis) used in finance, to a
Point where genuine research problems in the former fields are now deeply
mtertwined with the theory and practice of the latter.

The first revolution in finance began with the 1952 publication of “Port-
folio Selection,” an early version of the doctoral dissertation of Harry
MarkOWitz. This publication began a shift away from the concept of try-
g to identify the “best” stock for an investor, and towards the concept
of trying to understand and quantify the trade-offs between risk and re-
ytum inherent in an entire portfolio of stocks. The vehicle for this so-called
Mean—variance analysis of portfolios is linear regression; once this analysis
'S complete, one can then address the optimization problem of choosing
the portfolio with the largest mean return, subject-to keeping the risk (i.e.,
the variance) below a specified acceptable threshold. The implementation
of Markowity’s ideas was aided tremendously by William Sharpe, who de-
Veloped the corcept ~f determirirg coverinnces nst bef w er., averv pogsible

'i -ii|""I Eitiks it letwiea 2aa sod. an tu “natkit’ B rircss of
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the above optimization problem each stock could then be characterized by
its mean rate of return (its “a”) and its correlation with the market (its
«3"). For their pioneering work, Markowitz and Sharpe shared with Mer-
ton Miller the 1990 Nobel Prize in economics, the first ever awarded for
work in finance.

The portfolio-selection work of Markowitz and Sharpe introduced math-
ematics to the “black art” of investment management. With time, the
mathematics has become more sophisticated. Thanks to Robert Merton
and Paul Samuelson, one-period models were replaced by continuous-
time, Brownian-motion-driven models, and the quadratic utility function
implicit in mean—variance optimization was replaced by more general in-
creasing, concave utility functions. Model-based mutual funds have taken a
permanent seat at the table of investment opportunities offered to the pub-
lic. Perhaps more importantly, the paradigm for thinking about financial
markets has become a mathematical model. This affects the way we now un-
derstand issues of corporate finance, taxation, exchange-rate fluctuations,

and all manner of financial issues.
The second revolution in financ
market for derivative securities.
mated by the Bank for Internation
worldwide, involving every sector o

estimate, the size of the derivative secu
fold in five years. The foundational work here was done by Fisher Black,

Robert Merton, and Myron Scholes in the early 1970s. Black, Merton, and
Scholes were seeking to understand the value of the option to buy one share
of a stock at a future date and price specified in advance. This so-called
European call-option derives its value from that of the underlying stock,
whence the name derivative security. The basic idea of valuing a European
call-option is to construct a hedging portfolio, 1.e., a combination of shares
from the stock on which the call is written and of shares from a money mar-
ket, so that the resulting portfolio replicates the option. At any time, the
option should be worth exactly as much as the hedging portfolio, for other-
wise some astute trader (“arbitrageur”) could make something for nothing
by trading in the option, the stock, and the money market; such trading

¢k into line. Based on this simple principle, called

would bring the prices ba:
absence of arbitrage, Black and Scholes (1973) derived the now famous for-
which bears their name

mula for the value of the European call-option,
and which was extended by Merton (1973) in a variety of very significant
ways. For this foundational work, Robert Merton and Myron Scholes were
awarded the 1997 Nobel Prize in economics.

While options and other derivative securities can be used for speculation,
their primary appeal is to investors who want to remove some of the risk
associated with their investments or businesses. The sellers of derivative
. fuond itk <bo terin provtenad ¢ wricing and hedging them,
Bisliof-Tivt o1 bued

e is connected with the explosion in the
Already in 1992, this market was esti-
al Settlements to be a $4 trillion business
f the finance industry. According to this
rities market had increased eight-

st a
and 10 accd wpaisi tis, curat praciics (< fC use

.
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d . .
;1}113 ; etl}.sle;f ;f:qdprl:les. Wltlilout such models and the analytical tractability
1t vide, the market for derivative securitie
to its present mammoth proportions. ies couldnot have grown
thfrzfore proceeding further in this brief description of modern finance
are two myths about the mathematical theory of finance th :
need to explode. e
E 2;1;{(1; fjri: m}trth is that this research is only about how to “beat the
3 is true that much of the i imizati
portfolio optimization k i
out of the first revolution in fi i the morket”
nance is about how to “beat th ”
but a substantial com 1 e
ponent is about how to understand
. the market for
Zthfar p.urposes,'s.uch as regulatlon. The second revolution in finance, the
e;vatlve securities explosion, is not about beating the market at a.ll,
ufacilzr see(;ond'giyth maintains that since the finance industry does not ;nan‘
angible commodities, such as refrigerat i 1 y
B i gerators or automobiles, it can
zero-sum game, “robbing Peter t .
In fact, the role of financial instituti g e L
institutions in a decentralized i
facilitate the flow of capi i red m produetion. An
pital to sectors of society engaged i i
efficient finance industry wi ili s flow at the loa e
y will facilitate this flow at the | i
making available to the manufa 1 S et ety
cturing sector a wi i i
by g or a wide variety of instruments
. S(J}());:)s(;dei,' forf exixmple, a manufacturer who contemplates expansion of
uction facilities and who chooses to finan i i
! ' : . ce this expansion by bor-
E;)wmgﬁ;agltal, 1n'effect' taking a mortgage on the new facilities. The };erms
izﬁi:m) e (;)r va}rlla}l:le interest rate, term, prepayment options, collateral
under which the manufacturer is willin , :
: g to borrow mone
- : : may not
g ;;liyt n:lix}tlzhﬁthe ter mz under which any particular lender is willi}rllg toypro—
: nance industry should take the invest
g vestments that lenders are
: ring and recombining them
provide a loan the manufact is willi A
urer is willing to accept. T 1
s : ctur pt. The finance indust
aﬂm'lld perform this function in a wide variety of settings and manage I;y
EHS s0 as to be exposed to minimal risk e
et '
B ollllst s;s;):si lthaLttthe manufacturer is unable to plan effectively if he
1able-rate mortgage, and so insi
- ' ; insists on a fixed-rate mortgage.
inveing al§o t.hat an investment bank makes the mortgage, using m%)ngee
. X 3.
(va,riaf)le;‘v'lt}tl it bty d:posmors expecting to receive payments at the curre’n)t,
interest rate. The bank is obliged
| : 1ged to make monthly payments to
interelsrtlvr(:ttors, thj amounts of these payments fluctuate with the }I’)revailing
. es, faLn may be larger or smaller than what the bank receives
8 c0nstf::t actzr(;r. "To remove the risk associated with this position, the
0 b
ey s a hedge. It may, for example, choose to sell short a numb
S, 1.€., receive money now in exch i s
T - xchange for a promise to deliver bonds
o et ia%vgrl and w1tll l'lave to buy eventually. If interest
E e 0 pay its investors more than i i
~ .‘enlqan frorm the ruanafeciraer Ful the cost 0" Ly p» alll lf\gezel\',?s o
| ' . ) ! S0 Dl G Y FRCRRAT 0 atg A S
1se't .« 1uliver will al. Tt tac Pank chose  ite » ca1%oa caeftl 4 ht
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additional liability to its investors will be exactly offset by the downward
movement of bond prices, and it will thus be protected against increases
in the interest rate. Of course, decreases in interest rates will cause bond
prices to rise, and the bank should choose its hedging position so as to be
protected against this eventuality as well.

As one can see from this overly simplistic example, a proliferation of
financial instruments can enhance the efficiency of an economy. The bank
in this example “synthesizes” a fixed-rate mortgage using variable-rate in-
vestments and a position in the bond market. Such synthetic securities
are the “products” of investment banks; while no one would claim that
every “product” of this type contributes to the well-being of the nation,
there is no doubt that an economy that has available a large variety of
such products has a comparative advantage over one with a more limited
offering. The firm that “manufactures” such products can do so only if
it has reliable models for pricing and hedging them. Current models are
built using stochastic calculus, are fit to the data by careful statistical
estimation procedures, and require accurate and fast real-time numerical
analysis.

This book is about some of these models. It treats only a small part of
the whole picture, leaving completely untouched the issues of estimation
and numerical analysis. Even within the range of models used in finance,
we have found it necessary to be selective. Our guide has been to write
about what we know best, namely areas of research in which we have had
some level of personal involvement. Through the inclusion of an extensive
bibliography and of notes at the end of each chapter, we have tried to
point the reader toward some of the topics not touched. The bibliography
is necessarily incomplete. We apologize to those whose work should have
been included but is not. Such omissions are unintentional, and due either
to ignorance or oversight.

In order to read this book one should be familiar with the material
contained in the first three chapters of our book Brownian Motion and
Stochastic Calculus (Springer-Verlag, New York, 1991). There are many
other good sources for this material, but we will refer to the source we
know best when we cite specific results.

Here is a high-level overview of the contents of this monograph. In Chap-
ter 1 we set up the generally accepted, Brownian-motion-driven model for
financial markets. Because the coefficient processes in this model are them-
selves stochastic process, this is nearly the most general continuous-time
model conceivable among those in which prices move continuously. The
model of Chapter 1 allows us to introduce notions and results about port-
folio and consumption rules, arbitrage, equivalent martingale measures, and
attainability of contingent claims; it divides naturally into two cases, called
complete and incomplete, respectively.

Ohoamter @ e mt tha sheorv of priviv, «n i Medging contingent clairs
{tun “eyaths #° ¢ “Aopmzbv? cesurtios desirned ahoverin ine €3tz

Preface xi

of a complete market. To honor the origins of the subject and to acquaint
the reader with some important special cases, we analyze in some detail the
pricing and hedging of a number of different options. We have also included
a section on “futures” contracts, derivative securities that are conceptually
more difficult because their value is defined recursively.

Chapter 3 takes up the problem of a single agent faced with optimal con-
sumption and investment decisions in the complete version of the market
model in Chapter 1. Tools from stochastic calculus and partial differential
equations of parabolic type permit a very general treatment of the asso-
ciated optimization problem. This theory can be related to Markowitz’s
mean—variance analysis and is ostensibly about how to “beat the market,”
although another important use for it is as a first step toward understand-
ing how markets operate. Its latter use is predicated on the principle that
a good model of individual behavior is to postulate that individuals act in
their own best interest. '

Chapter 4 carries the notions and results of Chapter 3 to their logical
conclusion. In particular, it is assumed that there are several individuals
in the economy, each behaving as described in Chapter 3; through the
law of supply and demand, their collective actions determine the so-called
equilibrium prices of securities in the market. Characterization of this equi-
librium permits the study of questions about the effect of interventions in
the market.

In Chapter 5 we turn to the more difficult issue of pricing and hedg-
ing contingent claims in markets with incompleteness or other constraints
on individual investors’ portfolio choices. An approach based on “fictitious
completion” for such a market, coupled with notions and results from con-
vex analysis and duality theory, permits again a very general solution to
the hedging problem.

Finally, Chapter 6 uses the approach developed in Chapter 5 to treat
the optimal consumption /investment problem for such incomplete or con-
strained markets, and for markets with different interest rates for borrowing
and investing.

Note to the Reader

We use a hierarchical numbering system for equations and statements.
The k‘—_th equation in Section j of Chapter ¢ is labeled (j.k) at the place
where it occurs and is cited as (7.k) within Chapter 4, but as (i.5.k) outside
Cl‘l‘apter i. A definition, theorem, lemma, corollary, remark, or exercise is
a “statement,” and the k-th statement in Section j of Chapter i is labeled
J-k Statement at tho place wheme #* cccuts, an is Ctod as Statement ik

g ) . -
'i Yeun "yt it av S etenzat o a suns'de Charta g


http://www.cvisiontech.com/pdf_compressor_31.html

xil Preface

Acknowledgments

We are grateful to our collaborators, who have made it possible for us to
work productively in this exciting new field: Abel Cadenillas, Jaksa Cvi-
tani¢, Mark Davis, Nicole El Karoui, Monique Jeanblanc-Picqué, Steve
Kou, Peter Lakner, John Lehoczky, Daniel Ocone, Igor Pikovsky, Suresh
Sethi, Martin Shubik, Mete Soner, Bill Sudderth, Gan-Lin Xu, and Xing-
Xiong Xue. Over the years we have benefited enormously from the
knowledge, expertise, and friendly good advice of colleagues such as Lud-
wig Arnold, Philippe Artzner, Marco Avellaneda, Silleyman Bagak, Kerry
Back, Mark Broadie, Michael Camp, Peter Carr, George Constantinides,
Domenico Cuoco, Freddie Delbaen, Jérome Detemple, Darrell Duffie, Phil
Dybvig, Wendell Fleming, Hans Follmer, Sanford Grossman, Michael Har-
rison, David Heath, Rainer Hohnle, Robert Jarrow, Robert Kertz, Shigeo
Kusuoka, Shlomo Levental, Marek Musiela, Stan Pliska, Marie-Claire
Quenez, Chris Rogers, Martin Schweizer, Michael Selby, David Siegmund,
Suresh Sundaresan, Christophe Stricker, and Walter Willinger; we are ex-
tending to them our most sincere appreciation. Special thanks go to Nicole
El Karoui for instructing us on the subtleties of the general theory of op-
timal stopping; Appendix D reflects what we have managed to understand
with her help from her St.-Flour lecture notes (E1 Karoui 1981).

Portions of this book grew out of series of lectures and minicourses
delivered over the last ten years at Columbia and Carnegie-Mellon Uni-
versities, and elsewhere. We are deeply grateful for these opportunities
to our two home institutions, and also to our colleagues in other places
who arranged lectures: Professors John Baras, Yuan-Shih Chow, Nicole El
Karoui, Hans-Jiirgen Engelbert, Avner Friedman, Martin Goldstein, Raoul
Le Page, Duong Phong, Heracles Polemarchakis, Boris Rozovsky, Wolfgang
Runggaldier, Robert Shay, Michael Steele, and Luc Vinet. We also owe a
debt to the audiences in these courses for their interest and enthusiasm,
and for helping us correct some of our mistakes and misconceptions.

Over the years, our research and the writing of this book have both been
supported generously by the National Science Foundation, under grants
DMS-87-23078, DMS-90-22188, DMS-93-19816, DMS-90-02588, DMS-92-
03360, and DMS-95-00626. A big part of the manuscript was typed by
Mrs. Doodmatie Kalicharan in her usual efficient and tireless fashion; we
could not even have started this project without her assistance, and we are

grateful for it.
And we would never have succeeded in finishing this book without the

support, the understanding, and the patience of our families. We dedicate.

it to them with love and gratitude.

Ioannis Karatzas
Steven E. Shrere

Contents

Preface

1. A Brownian Model of Financial Markets

1]
1.2
1.3
14
1.5
1.6
1.7
18

2.1
22
2.3
2:4
2.5
2.6
AT
2.8

Stocks and a Money Market
Portfolio and Gains Processes
Income and Wealth Processes
Arbitrage and Market Viability
Standard Financial Markets . . . . .
Completeness of Financial Markets

Notes

Contingent Claim Valuation in a Complete Market

Introduction . .. ... . . . . .

European Contingent Claims . . o
Forward and Futures Contracts

European Options in a Constant-Coefficient Market
American Contingent Claims . .
The American Call Option . . . .
The American Put Option
Notes

LR )

.............

................

Single-Agent Consumption and Investment

3.1
3..

Tnt-oduction

.....

[n: Ticanci? Nlars?

Financial Markets with an Infinite Planning Horizon .

......

vii

10
11
16
21
27
31

36
36
39
43
47
54
60
67
80

88
]8R

(o


http://www.cvisiontech.com/pdf_compressor_31.html

Xiv

3.3
3.4
3.5
3.6
3.7
3.8
3.9

Contents

Consumption and Portfolio Processes . , . .« ... . ..

Utility Functions . . . . . . . .. ... .« .

The Optimization Problems . . .. ... .........
Utility from Consumption and Terminal Wealth . . . . .

Utility from Consumption or Terminal Wealth . .

Deterministic Coefficients . . . . . . . ... ... .«
Consumption and Investment on an Infinite Horizon . . .
3.10 Maximization of the Growth Rate of Wealth

3.11 Notes . ... . ... ... .. R I

4 Equilibrium in a Complete Market

4.1
4.2
4.3

4.4
4.5
4.6
4.7
4.8

Introduction . . . . . . . ...

Agents, Endowments, and Utility Functions . . .. ...

The Financial Market: Consumption. and Portfolio
Processes . . . . .« o v v v v

The Individual Optimization Problems . .. ... ...

Equilibrium and the Representative Agent . . .. .
Existence and Uniqueness of Equilibrium . . . - .

Examples . . . .. . . BB+ . s F g3 e :
Notes . . N, . . A

5 Contingent Claims in Incomplete Markets

5.1
5.2
5.3
5.4
5.5
5.6
5.7
5.8
59

Introduction . . - .« . . . ... AN I, I

The Model . . . ... ... e

Upper Hedging Price . . .. ... P R

Convex Sets and Support Functions . . . . .

A Family of Auxiliary Markets .. . . BaoE
The Main Hedging Result . . . . . .. .. ... -
Upper Hedging with Constant Coefficients
Optimal Dual Processes . . . . . . . - Lo . . B

LowerHedgingPrice..............._l..‘.v,..‘

5.10 Lower Hedging with Constant Coefficients .
511 Notes ... ........

6 Constrained Consumption and Investment

6.1
6.2
6.3
6.4
6.5
6.6
6.7
AR

S}

Introduction . . . . . . . .. ... .

Utility Maximization with Constraints . . . . .. .. ..

A Family of Unconstrained Problems . .
Equivalent Optimality Conditions . . .

Duality and Existence . . . . . . . ... .. ..o i ..

Deterministic Coefficients, Cone Constraints . . .

Incomplete Markets . . . . . . . ... _
Higher Tnterest Rate for Borrc=irg Then for Invest'ng .

llcke

159
159
161

163
167
170
178
189
196

199
199
201
204
205
208
211
220
225
238|
254
257

26
2
26

275
284
291
302

310
313

Contents
Appendix A. Essential Supremum of a Family of Random Variables
Appendix B. On the Model of Section 1.1
Appendix C. On Theorei 6.4.1
Appendix D. Optimal Stopping for Continuous-Parameter Processes
Appendix E. The Clark Formula
References

Index

Xv

323

327

335

349

363

371

403



http://www.cvisiontech.com/pdf_compressor_31.html

-

1

A Brownian Model of
Financial Markets

1.1 Stocks and a Money Market

Throughout this monograph we deal with a financial market consisting
of N + 1 financial assets. One of these assets is instantaneously risk-free,
and will be called a money market. Assets 1 through N are risky, and
will be called stocks (although in applications of this model they are often
commodities or currencies, rather than common stocks). These financial
assets have continuous prices evolving continuously in time and driven by
a D-dimensional Brownian motion. The continuity of the time parameter
and the accompanying capacity for continuous trading permit an elegance
of formulation and analysis not unlike that obtained when passing from
difference to differential equations. If asset prices do not vary continuously,
at least they vary frequently, and the model we propose to study has proved
1ts usefulness as an approximation to reality. Our assumption that asset
Prices have no jumps is a significant one. It is tantamount to the assertion
that there are no “surprises” in the market: the price of a stock at time ¢
Can be perfectly predicted from knowledge of its price at times strictly prior
0 £. We adopt this assumption in order to simplify the mathematics; the
a'dditional assumption that asset prices are driven by a Brownian motion is
little more than a convenient way of phrasing this condition. Some literature
Ol continuous-time markets with discontinuous asset prices is cited in the
Botes at the end of this chapter. The extent to which the results of this
monograph can be extended to such models has not yet been fully explored.
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2 1. A Brownian Model of Financial Markets:

Let us begin then with a complete probability space (Q,F,P) on
which is given a standard, D-dimensional Brownian motion W(t) =
(W(t),... WD) (t)),0 < t < T. Here prime denotes transposition, so
that W (t) is a column vector. We assume that W (0) = 0 almost surely. All
economic activity will be assumed to take place on a finite horizon [0, T,

where T is a positive constant.! Define

FY) L o{W(s); 0<s<t}, Vte[o,T], (1.1)

to be the filtration generated by W (-), and let A/ denote the P-null subsets
of FW (T). We shall use the augmented filtration

Ft) 2 o(FY()UN), Yte[o,T). (1.2)

One should interpret the o-algebra F(t) as the information avatlable to
investors at time t, in the sense that if w € {1 is the true state of nature
and if A € F(t), then at time ¢ all investors know whether w € A. Note
that F(0) contains only sets of measure one and sets of measure zero, so
every F(0)-measurable random variable is almost surely constant.

Remark 1.1: The difference between {FW (t)}o<t<r and {F(t)}oi<T 18
a purely technical one. The filtration {F(t)}o<t<T is left-continuous, in the
sense that

f(t):a” U F) |, vte©T), (1.3)

0<s<t

and {F% (t)}o<t<r is also left-continuous. The filtration {F(t)}o<e<T 18
right-continuous in the sense that

Fity= (| F(s), VYte[o,T),

t<s<T

(1.4)

but {FY (t) }o<e<r is not right-continuous (see Karatzas and Shreve (1991),
Section 2.7, for more details). Equations (1.3), (1.4) express the notion
alluded to in the first paragraph of this section, that “there are no surprises
in the flow of information” in this model.

Remark 1.2: Every local martingale relative to the filtration {F(@)} has
a modification whose paths are continuous (Karatzas and Shreve (1991),
Problem 3.4.16); we shall always use this continuous modification. We shall
also encounter processes Y (-) that are right-continuous with left-hand lim-
its and whose total variation Y (t) is finite on each interval [0,2],0 <t < T.
We shall refer to these as finite-variation RCLL processes. In our context,

Py, 21w [aeCoo 0 th's book, nor.ety, detiors 1.7 9.3, 3.9. apd 2 1)
A th ElhAdinsedachlil) ob).

-_—

1.1 Stocks and a Money Market 3

an {F(t)}-semimartingale will be the sum of a (continuous) local mar-
tingale and a finite-variation RCLL process. The decomposition of such a
semimartingale into a local martingale and a finite-variation RCLL process
is unique, up to an additive constant.

We introduce now a money market and N stocks. The precise conditions
on these assets are given in Definition 1.3; here we content ourselves with
giving the main properties of these objects.

A share of the money market has price So(t) at time ¢, with Sp(0) = 1.
The price process Sq(-) is continuous, strictly positive, and {F(¢)}-adapted
with finite total variation on [0,T]. Being of finite variation, Sp(-) -
be decomposed into absolutely continuous and singularly continuous parts
Sg°(-) and S§°(-), respectively. We can then define

s £56°(t) A [t dSEe(u)

0= "m0 O S €2
so that
dSo(t) = So(t)[r(t) dt + dA(t)], VYte[0,T), (1.6)
or equivalently,
t
So(t) = exp{/o r(u)du + A(t)}.,‘ vtelo,T]. (1.7)

In the special case that Sp(-) is itself absolutely continuous, so that
A(-) =0, the price of the money market evolves like the value of a savings
account whose instantaneous (risk-free) interest rate at time t is r(t). This
18 the case the reader should keep in mind. The risk-free rate process r(:)
18 random and time-dependent, but r(t) is 7 (t)-measurable, so the current
risk-free rate is known to all-investors.

Next we introduce N stocks with prices-per-share S)(t),...,Sn(t)

gt time ¢t and with S;(0),...,Sn(0) positive constants. The processes
1(), .(-) are continuous, strictly positive, and satisfy stochastic
differer(fls | @ nations

C\IIISIODGIIE\I D
a5, (F) =T, (¢) lbn(t) dt + dA(t)+ Y ona(t) dWD(L)] (1.8)
d=1

Vte [OvT]an:L .2

?.;?( ts)}}l:‘:j n Appen.dix B that every continuous, strictly positive, and
N apted semlma}‘tlngale satisfies a stochastic differential equation
B (1mg,\where A() IS(SOI_ne {F (t)}-adapted, singularly continuous pro-
"\ L how.evnr. A ‘.-) ie not ~n arhitrary emch proeess, but rather it

Creceiedinv(1.0°. Vel cshyvinappesaic 3that fite( .Cit1)-
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adapted, singularly continuous) process A(') in (1.8) were not given by Fhe
expression of (1.5), then an arbitrage opportunity would exist. The notion
of arbitrage is defined in Section 4.

The solution of the equation (1.8) is

t D t
Sn(t)zsn(O)eXp{ / > ona(s) dW D (s) + /0 bn(s)
0
D

d=1
- %Zoid(s)} ds + A(t)}, vte[0,T), n=1,...,N. (19)
d=1

Consequently, the singularly continuous process A(-) does not enter the
discounted stock prices

t D Y
Su(t) = 5.(0) exp{/ > onals) dW(d)(s)'*'/O [bn(s) —7(s)
0
D

So(t) d=1
—%Zaid(s)} ds},‘v’tE[O,T], n=1,...,N. (1.10)
d=1

In some applications, the stocks have associated dividend rate processes.
We model these as real-valued processes &,(-), where 6,(t) is the rate of
dividend payment per dollar invested in the stock at time . Adding the
dividend rate process into (1.8), we can define the yield (per share) processes

by Y,(0) = S,(0) and

dY,(t) = Sn(t) [bn(t) dt + dA(2)

D
+ 3 Gna(t) dWD () +6a(t) db|, n=1,...,N, (111)
d=1 i |

or equivalently,
¢
Y. (t) = Sn(t) +/ Sp(u)b,(u) du,Vt € [0,T], n=1,...,N. (1.12)
0

We set Yo(t) = So(t),0<t<T. . N
We formalize this discussion with the following definition.

Definition 1.3: A financial market consists of

(i) a probability space (22, F, P); .
(ii) a positive constant T, called the terminal time;
(iii) a D-dimensional Brownian motion {W(t), F(t);0 St< T} defined
oo (. F, P). wheie {F(t)}oc. o~ iz th~ augmentation (by the nvll
sitsir F 7o) of the dbration [PV 0] tegee ¢ 3meas By VT

w
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(iv) a progressively measurable risk-free rate process r(-) satisfying
fOT [r(t)| dt < oo almost surely (a.s.);
(v) a progressively measurable, N-dimensional mean rate of return
process b(-) satisfying fOT Ib(t)]| dt < o0 a.s.;
(vi) a progressively measurable, N-dimensional dividend rate process
6(-) satisfying fOT 16(t)]| dt < oo a.s.;
(vii) a progressively measurable, (N x D)-matrix-valued volatility process
o(-) satisfying 277:1 Zle fOT o2,(t)dt < 00 as,
(viii) a vector of positive, constant initial stock prices S(0) = (S,(0),. ..,
~ SN(0)5
(ix) a progressively measurable, singularly continuous, finite-variation
process A(-) whose total variation on [0, is denoted by A(t).

We refer to this financial market as M = (r(-),b(-), ("), a(), S(0), A(-)).

Given a financial market M as above, the money market and stock price
processes are determined by (1.7), (1.9), and then (1.5), (1.6), (1.8), and
(1.10) hold. The initial conditions of the asset prices are nearly irrelevant.
For investment purposes, the essential feature of an asset is its rate of
price change and dividend payment relative to the current price, and these
relative rates are captured by r(-),b(-),o(-),8(-), A(-). Thus, for notational
simplicity we have taken the liberty of declaring Sp(0) = 1. We could also
have set the initial prices of the stocks equal to one, but have chosen not to
do so because some of the formulas developed later are more informative
when the dependence on S;(0),. .., Sn(0) is explicitly displayed.

Remark 1.4: Much of the existing finance literature is based on Markov
models, and exploits the connections between such models and partial
differential equations. Such a model typically has a K-dimensional state-
Process 1(-) with a given initial condition (0), and is driven by a stochastic
differential equation of the form

dip(t) = p(t, 9 (2)) dt + p(t, ¥ (t)) dW (2), (1.13)

Where 4 : [0,T] x R¥ — R¥ and p: [0,T] x RX — L(RP;RX) (the set of
KxD matrices) are jointly Borel measurable and satisfy conditions (e.g.,
Lipschitz continuity in their second argument) that guarantee the existence
of a unique solution to (1.13). The coefficients of the market model are taken
0 be measurable functions r : [0,T] x RX — R,b : [0,T] x RK — RV,
6:[0, 7] x R - RV, and o : [0,T] x R — L(RP;RK) with A(-) =0,
80 that the dependence of r(t,v(t)), b(t, ¥(t)), 6(t,%(t)), and o (t,1(t)) on
the sample point w € Q occurs only through the dependence of ¥(t) on w.
The simplest Markov model is the one with constant coefficients; in this
model r,b,8, and ¢ are constants, A() = 0, and there is no need for a
State-process. From *ime to time we shall specia®~a t} e se=1lts of our more
E21era. 13 th ootein vatious cassica Mako moce esult:.
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1.2 Portfolio and Gains Processes

In this section we model portfolio decisions and their consequences for an
investor faced with the market in Definition 2.1. We begin with an informal
discussion of an investor who makes decisions in discrete time, and this
leads us eventually to Definition 2.1, which pertains to continuous trading.

LetO=ty <t) < - <tm — T be a partition of [0,T]. For n = 1,...,N
and m=0,...,M — 1, let ny(ty) denote the number of shares of stock n
held by the investor over the time interval [tm, tm+1)- Let no(tm) denote the
number of shares held in the money market. Forn =0,1,. .., N the random
variable 7 (tm) must be F(t,,)-measurable; in other words, anticipation of
the future (insider trading) is not permitted.

Let us define the associated gains process by the stochastic difference

equation
G(0) =0, (2.1)
N
G(tms1) = Gltm) = Y Matm)Ya(tmsr) = Ya(tm)], (2.2)
n=0

m=0,...,M—1.

Then G(t,,) is the amount earned by the investor over the time interval
[0,tm]. On the other hand, the value of the investor’s holdings at time t,,

is Z,ILO N (tm)Sn(tm). We have
N
G(tm) = Zn'n(tm)sn(tm), m= 0,...,M,
=0

if and only if there is no infusion or withdrawal of funds over [0, T]. In this
case the trading is called “self-financed.”

Now suppose that 7(-) = (no(-),-.-,7n(-))" is an {F(t)}-adapted process
defined on all of [0, 7], not just the partition points to, . . ., tar. The associ-
ated gains process is now defined by the initial condition G(0) = 0 and the

stochastic differential equation
N
dG(t) =) nn(t) dYa(t)- 22y
n=0
We take this equation as an axiom; references related to this point are
cited in the Notes, Section 1.8. Defining mn(t) £ Na(t)Su(t),n(:) =
(m1(-), .- -,7n(-))’, and recalling (1.6), (1.11), we may rewrite (2.2)" as

dG(t) = [mo(t) + 7' (t)1](r(t) dt + dA(t)) + 7' (t)[b(t) + 6(t) — r(t)1] dt

+ ' (t)o(t) dW (), (2.3)

where 1 denotes the N-dimensional vector with every component equal to
aps Niate that . (#) ig the dollar .. 0%..* .ested in sec urity n, not the

stzdber o cnaee hela

-
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D«(e)ﬁnfiltion 2.1: Cons.ifier a financial market M = (r(-),b(-),8(-),o(-)
S( )lét()) as in Definition 1.3. A portfolio process (mo(-), n(-)) for, this’
mar i (c;)nswgs of ?n}_ ({.)7-; (t)}-progressively measurable, real-valued pro-
cess mo(-) and an t)}-progressively measurable, RV _val

a() = (71(), ..., ()’ such that LI iepenees

T
/0 Imo(t) + ' (£)1) [ ()] dt + dA(E)] < oo, (2.4)
T
/0 ]W'(t)(b(t) +6(t) — r(t)1)| dt < oo, (2.5)
i
| /0 o’ @)m(t) 2 dt < oo (2.6)

hold almost surely. The gains process G(-) associated with (mo(:),m()) is
“ aft / ¢
G(t) = /Q[WO(S) +7(8)1](r(s) ds + dA(s)) +/0 ' (s)[b(s) + 6(s)
¢
< r(s)1] ds + /0 '(s)o(s)dW(s), 0<t<T. @.7)
The portfolio process (mo(-), 7(-)) is said to be self-financed if

G(t) = mo(t) +'(t)1, Vte[0,T). (2.8)

IIl OlheI WOI‘d e Va]
S, !11 ue Of the pOI 1710110 at e‘/er;’ tl.n:le 15 equa] to tl]e galns
Qalned ﬁorll IllveStmentS up tO that tlI’He.

Remark 2.2: Define i '
) sl the N-dime :
interest rate) processes nsional vector of ezcess yield (over the

e ot
R(t) = /0 [b(u) + 6(w) — r(u)1] du + / o(uw)dW(u), 0<t<T, (2.9)
0 =

and simplify (2.7) as

- /o (mo(s) +7'(s)1)[r(s) ds + dA(s)] + / ) dR(s), 0<t<T.

0
(2.10)
It ] ;
(mo(-), 7()) is self-financed, then (2.10) reads in differential form
G(t)
dG(t) = —£% d
(t) So(®) dSo(t) + n'(t) dR(t), (2.10)

and has the solution

+

i’—iiil . e ]
Jt =S y - - —_— . Ny -~ I P
o ) L( )»/(J Su(‘;) (e d‘mu}w ) SE< T (. 1.7
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The integrand b(-)+8(-)—(-)1 appearing in (2.9) is called the risk premium
process; its mth component is regarded as the compensation, in terms of
mean growth rate, received by an agent willing to incur the risk of investing
in the nth stock.

If we are given only an {F (t)}-progressively measurable, R"-valued pro-
cess 7(-) satisfying (2.5) and (2.6), we can consider the process G(-) of (2.11)
and then define mo(-) by the self-financing condition (2.8). Because G(-) de-
fined by (2.11) is continuous, each of its paths is bounded on [0, T}, and
(2.4) follows from Definition 1.3 (iv) and (ix). It develops that (mo(-), 7(-))
is a self-financed portfolio process. Thus, in order to specify a self-financed
portfolio, we need only specify m(-). Slightly abusing terminology, we will
refer sometimes to 7(-) alone as a portfolio process.

As defined above, a portfolio process (mo(-),m(-)) is subject to few re-
strictions. In particular, o(-) may take negative values, which corresponds
to borrowing from the money market. The investor is subject to the same
“interest rate” regardless of whether he is a borrower or a lender. Finally,
the position 7, (-) in stock n may be negative, for n = 1,..., N; such short-
selling of stocks is permitted in real markets, subject to some restrictions.
In Chapters 5 and 6 we study models in which short-selling is either pro-
hibited or constrained and/or the interest rate for borrowing exceeds 7(t).
Other related work is cited in the Notes.

The definition of the gains process in (2:7) does not take into account any
cost for trading. An idealized market in which there are no transaction costs
is called frictionless, and most of the existing theory of finance pertains only
to frictionless markets. Models with transaction costs are reviewed in the
Notes to Chapters 2 and 3.

The conditions (2.4)—(2.6) are imposed on portfolio processes in Defini-
tion 2.1 in order to ensure the existence of the integrals in (2.7). If these
were the only conditions imposed on portfolio processes, then “outrageous”
behavior could occur, as the following example demonstrates.

Example 2.3 (Doubling strategy): In a discrete-time betting situation,
a doubling strategy is to place an initial bet and then to double the size of
the bet after each loss until a win is finally obtained. If the initial stake
is $1 and the first win occurs on the nth bet, then the accumulated losses

"o 2k =2" —1 (prior to the win) are more than offset by the win of 2™.
When the outcomes of successive bets are independent and identically dis-
tributed, and the probability of winning on any one bet is positive, then
the probability of an eventual win is one. In such a situation, a doubling
strategy offers a sure way to make money. Unfortunately, a gambler us-
ing a doubling strategy must be prepared to bet arbitrarily many times,
and to incur arbitrarily large accumulated losses, while waiting for the
eventual win.

UoxasacCds Sae 1 viclogus ¢f a dculing strateg v cap be imjile-
mented o1 a fuute tine rateivil. JumsiZes & finaacie! T2rke” it e

-
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st.o;k driven by a one-dimensional Brownian motion (N = D = 1) and
WItthi'(') = 0,b(-) = 0,0(-) = 1,6() = 0,A(-) = 0. For a self-financed
portfolio process (mo(-), 7(-)) the gains process is

t
G(t) :/0 w(s)dW(s), Vte[0,T]

We sh9w that for each a > 0, it is possible to construct a self-financed
portfolio (mo(-),m(-)) such that G(T) = a a.s. Thus, by investin ircle

money market with constant price per share and a st(;ck with zerogme 5§
rate of return and zero dividends, the investor can make arbitrarilv 1 o
amounts of money almost surely! re

tTo C(l)nstruct such a portfolio, we consider the stochastic integral I(t) =
Jo \/ 7= AW (w), which is.a martingale on [0, T') with quadratic variation

(1>(t)=/0t T‘i_"uzlog(%), Vte[0,T).

The ipverse of (I)(") is the mapping s — T — Te™* from [0, c0) to [0,T)
The time-changed stochastic integral I(s) = I(T — Te ) ’has quadr’atic'

variation (I)(s) = s and is thus a Brownian i
motion defined for 0 <
(Karatzas and Shreve (1991), Theorem 3.4.6). Consequently o |

limg; 71 (t) = limgtool(s) = 00,  limyy7I(8) = limpo0f(s) = —o0

and therefore

To Sinf{t €[0,T); I(t)=a} AT

satisfies 0 < 7, < T a.s. Define 7(t) =
Ta) — 7(t) for all ¢ € [0,T]. Then (mo(-)

1 1
(77¢)2 lit<r,} and mo(t) = I(t A
With corresponding gains process ’

7(-)) is a self-financed portfolio

- tATo 1
G(t)_/0 Tt W =1, viep Tl (212)

In particular, we have G(T) = a almost surely.

limf:’h; Cg;zgzs_prgce;s of (2.12) is not bounded from below, indeed, we have
bou;ded fro;l b(l ) a.s. and Eth) = 0Vt € [0,T), so that if G(-) were
. o G? ;w, then Fatou’s lemma would imply EG(T) < 0 (im-
E 1, 2 3ce ( )=a>0 a.s..). To rule out the behavior evident in
ple 2.3 we impose the following conditions on portfolio processes.

Definit; .
nition 2.4: An {F(t)}-adapted, R"-valued process w(-) satisfying

2'5 . . .
( ) and (2.6) is said to be tame if the discounted gains semimartingale

f~ U
! P.J-liﬂ(t‘)lrld), J:w ;rl‘

T M) =

o z.)‘
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is almost surely bounded from below by a real constant that does not
depend on t (but possibly depends on (). If (mo(-),m(-)) is a portfolio
process and 7(-) is tame, we say that the portfolio process (mo(-), (")) is

tame.

As already noted, the portfolio process () of Example 2.3 is not tame,
since the corresponding gains process G() = Mg () of (2.12) is not bounded
from below. The assumption of tameness rules out doubling strategies such
as the one encountered in Example 2.3; see Remark 5.7 for a stronger
assertion along these lines. Observe, however, that even a tame portfolio can
exhibit the “opposite”.of the behavior encountered in Example 2.3. Indeed,
for the same market as in that example and for any o > 0, one can easily
construct a tame, self-financed portfolio process for which G(T) = —«
almost surely, for any given real number o > 0. Such a suicide strategy
need not be ruled out by model assumptions; it will be eliminated from
consideration by “hedging” criteria or optimality criteria, to be formulated

and imposed later.

1.3 TIncome and Wealth Processes

An investor may have sources of income and expense other than those due
to investments in the assets discussed so far. In this section, we include this

possibility in the model.

Definition 3.1: Let M be a financial market (Definition 1.3). A cumu-
lative income process T'(t),0 <t < T, is a semimartingale, i.e., the sum of
a finite-variation RCLL process and a local martingale.

We interpret I'(t) as the cumulative wealth received by an investor on the
time interval [0,¢]. In particular, the investor is given initial wealth I'(0).
Consumption by the investor can be captured by a decrease in ().

ket, I'(-) a cumulative income

Definition 3.2¢ Let M be a financial mar
The wealth process associated

process, and (mo(-),7(-)) 2 portfolio process.
with (T(), mo("), (*)) is

X(t) ET@) +G), (3.1)

where G(-) is the gains process of (2.7). The portfolio (mo(+),m(+)) is said
to be I'(-)-financed if
X(t) = mo(t) + 7'(®)L, Vte[0,T]. (3.2)

Fer o \-fnancri pecufclic (molt), 7(-)), using the voctor

Tvraal 33
)0 12.4) e marvrite “ar weelba e Wk L)

of excest yidda prooecs K

-
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in differential form as

X(®)

dX(t) =dI(t) + mdsﬂ(t) + 7' (t) dR(t)
=dl'(t) + X (t)[r(t) dt + dA@t)] + n'
s O]+ (&) [b(t) +6(t) — r(t)1] d;g .

by analogy with (2.10) ]
Y ), and therefore the discounted wealth process is given

X(t) dl'(u) :
=T(0 1 ’
So(t) @+ /(o,t] So(u) +/o So(u)" (w)dR(u), 0<t<T. (3.4)

This formula does not inv

. : olve mo(-), which can b
prd i corresponding wealth process X() of (3.4) faar??,o;f red from ()
financed portfolios (Remark 2.2), we will sometimes 1 efer' to. . ;)w1th self-

a portfolio process. alone as

1.4  Arbitrage and Market Viability

Definiti : i
ﬁnanzlédul))r;rff.ll: Ina ﬁnanma'I market M we say that a given tame, self
- g 1o process 7(-) is an arbitrage opportunity if the as inted
process G(-) of (2.11) satisfies G(T) > 0 almost surely and GS((;:)Iateg
=1 >

with positive probabili
: ity. A financial mark i i
opportunities exist is said to be viable e i o suck =

Here i
1 =elrerl(s')ag Szgr(njnle gf a( 7)narket M that is not viable. Take N = D — 1

=1r()=0,6()=0,0()=1,and b() = 5 s the Bessel
N = nd b(-) o(y> Where Q(-) is the Bessel

1
dQ(t) = (W) - 2) dt +dW(t), Q)= 1.

Just . i
E lgs 8_f;)g3t)he clfssmal Bessel process (e.g. Karatzas and Shreve (199
- L we have P[Q(t) > 0,Y0 < ¢t < 1] = 1. Indeed, Q(.) i .
- :lfsel IEI)/rE)(;ess with dimension d = 3 under the probabi’lity(.) ko
. es t) — 2t a Brownian moti 1 e
K ' ' otion and is equival
g $ process G(") corresponding to the constant portf(?lioV: (e)nt—ti) sIaDt.' Tf;lle
-] = 1S11es

1
| )= @ &+ ®,.60 =0,
and th =
5 islG((Stg &1?;(0+2't_1. Now, this process satisfies P[G(t) > —1,V
B o ot & m(-) is a tame portfolio) as well as G(1) = 1_ :
e at m(-) is also an arbitrage opportunity) =1+Q(1)
kets Ifeory of mathematical finance must be restricted to v
2} - It an arb’tragr cyoeduaily raict o i1 2 raa ket P ViaDig minx-
it ex ltsi; sar b2 caed 4 ek GC""‘) K¢

0<
>1

‘Iz por’.inle P R E ST
arbiliaciy, lacge anc still
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keep G(T) > 0 almost surely. An investment opportunity in which there
is no possibility of loss and the expected gain is arbitrarily large does
not correspond to the reality available to most of us. Furthermore, it
makes optimization meaningless. This section explores the mathematical
ramifications of the assumption of market viability.

Theorem 4.2: If a financial market M is viable, then there erists a
progressively, measurable process 0(-) with values in RP, called the market
price of risk, such that for Lebesgue-almost-everyt € [0,T) the risk premium
b(t) + 8(t) — r(t)L s related to 0(t) by the equation

b(t) + 6(t) — r(t)l = a()0(t) a5 (4.1)

Conversely, suppose that there exists a process 0(-) that satisfies the above
requirements, as well as

T
/0 |19(3)||2 ds < oo a.s. (4.2i)

i T o T
Elexp{— | 0'(s)dW(s)— ! l6(s)1>ds p | = 1. (4.2ii)
0 2 Jo

Then the market M 1is viable.

The idea behind Theorem 4.2 is the following. Suppose that for all (¢,w)
in some subset of [0, T] x Q with positive product measure, one can find 7 (t)
such that 7' (t)o(t) = 0 but 7' (t) (b(t)+6(t)—r(t)1] # 0. It is clear from (3.4)
that this portfolio holds a combination of stocks that entails no risk but has
5 nonzero mean rate of return and hence exposes an arbitrage opportunity.
Thus, for a viable market, every vector in the kernel (o’ (t)) of o’ (t) should
be orthogonal to b(t) + &(t) —r(t)1. But from linear algebra we know that
the orthogonal complement of the kernel of o’ (t) is the range of o(t). Except
for the issue of progressive measurability, Theorem 4.2 is just the assertion
that b(t) + 6(t) — r(t)1 is in the range of o(t). The following lemmas make
this argument rigorous by addressing the relevant measurability issues; the
reader may wish to skip these on first reading and proceed directly to
Corollary 4.8.

Notation 4.3: Let L(RP;R") denote the space of N x D matrices.
For such a matrix o, let K(o) and K(o') denote the kernels of ¢ and o,

respectively:
K(o) = {z € RP;0z =0}, K(o') = {y € RV;0'y = 0}.
Let R(0) and R(o’) denote the range spaces of these matrices:
R(o) = {oz;z € RP}, R(o)={oyiy € RMY.

Then K+(0) = R(0') and K1L(o') = R(c), where the superscript 1 de
10 €3 o tag ol coap'ewent. Let pi2)p Cerote the orth sgonal projection

mapping vnio a Subspuls L.

-
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Lemma 4.4: The mappings (z,0 j ;

proj’C‘L(a)(I) from RDXL(RD_RN ’ ) T prO_']Ic(a-)(.’E) and (I7U) =
d (y,0) — proj s RY), and the mappings (y, o) — projxqr) (y)

and (y, Proji 1oy (y) from RN x L(RP; RN) are Borel measumabl)e

:?:ooi‘ét zV% Igr‘eagv only the first of the four mappings under considera-
Blolrlé] p algéb s RY) b: Sndowed with the operator norm and with the
= ra generated by the associated topol 2
have their Borel o-algebras, and le e
. , t all product spaces have th
Borel‘a—algebras. glpally, let QY be the set of vectors in RY wit‘}al I;f;{ duct1
coordinates, so Q" is a countable, dense subset of RV e
Define the Borel-measurable function F : RP x L(R?;RY) — R by
F(z,0) 2 i
(2,0) qle%f"’ Iz —a'q]l, vVzeRP, oe L(RP;RY).
E‘}(fng){(j,g)t;}f € ’R(U")} C {(2,0); F(s,0) = 0}. On the other hand, if
A ,” —_0 ,B en thereivls a sequence {¢,}52, C Q" such that lim ||;—
: qn: p-— + ! ecallllse' RY = /C(O'Il) @® K1 (0'), we can decompose egg}lwq as
lj;ear 17;1 n) where py, € I§(a ):Tn € K+(0”). Restricted to K1(o") nthe
apping o’ is invertible. Since ¢'r, — 2z, the sequence {r ,}°°
n fn=1

converges to some r € K1 (¢') that sati e
B o thot (o") satisfies o'r = z. Therefore, z € R(0”)

{(2,0); 2 € R(0")} = {(2,0); F(z,0) = 0}, (4.3)
and thus this is a Borel set. Consequently,
{(z,0,€) e RP x LR”;RY) x R”; £ = proj(ey(2)}
={(z,0,8); £€K(0), (z—§) LK(0)} !
| ~{(@,0,6); €0=0, z—¢£eR(") (4.4)
18 also a Borel set. Define Q : R? x L(R?; RM) — RP by

A
Q(I) U) = projK(a') (I))
The set in (4.4) is the graph

VIL'ERD, UEL(RD;RN)'

Cr(Q) £ {(z,0,¢); (z,0) €RP x LRP;RY), £=Q(z,0)}

on Havin
g a Borel graph, )
for any Borel set B C RI])_')’ \?er?ll;\s,zbe a Borel-measurable function. Indeed,

{(2,0), .
(#,0);Q(z,0) € B} = PIojgo oY) Gr(Q) N (RP x L(RP;RY) x B)

a'nd the one tO o . .
-to-one projection of i
Chapter I, Theorem 3J9) n of a Borel set is Borel (Parthasarathy (1967),
a

T}’: TTOCZ 38 "v-(' /
238 _],v 7 N ljt\ ‘l‘/:\_ N =1 )
224 7 ecsu-able. " PR+ i, N<t ST, 5

COI‘Ollary 15,
AV ETIS
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Lemma 4.6: If the financial market M is viable, then b(t)+6(t) —r(t)l €
R(o(t)) for Lebesgue-almost-every t € [0,T) almost surely.

PROOF. We define for 0 <t < T,
p(t) = projx(er (e b(t) + 6(t) — r()1];

p(t) ;
n(t) = { o P70

0 if p(t) = 0,

so that n(-) is a bounded, progressively measurable process. Condi-
tions (2.5), (2.6) are satisfied by 7(:) because of conditions (iv) and
(vi)~(viii) of Definition 1.3. Using Remark 2.2, we develop from () a
self-financed portfolio (mo(-), 7(+)) with associated gains process

T
G(T) = So(T) /0 lg)o((tz)nl{p(t)aw} din

Because G(T') > 0 almost surely, viability implies that G(T') must be zero
almost surely. It follows that p(t) = 0 for Lebesgue-almost-every t almost

surely, and this is equivalent to the assertion that b(t) + 6(t) —r(t)l €
o

Lemma 4.7: Consider the mapping ¥1 : {(¥, o) € RN x L(RP;RN);y €
R(0)} — RP defined by the prescription that ¥1(y,0) is the unique € €
Kt (o) such that o€ = y. Consider also the mapping ¥z : {(z,0) € RP x
L(RP;RN);z € R(0)} — RN defined by the prescription that Pa(z,0)
is the unique n € K+(o') such that o'n = z. Both ¢y and v are Borel

measurable.

PROOF. We establish the Borel measurability of 1, only. Define
A = {(50,6) € RN x L(RP;RY) x RP;y € R(0),§ € R(o"), 08 =y}

The set {(0,£); & € R(o')} was shown in the proof of Lemma 4.4 to be
Borel, and the same argument applies to {(y,0); y € R(o)} Therefore,
A is a Borel set. But A is the graph of 11, and just as in Lemma 4.4 we
conclude that ¥, is a Borel-measurable function. a

PROOF OF THEOREM 4.2. According to Lemmas 4.6 and 4.7, the
progressively measurable process

a(t) 2 ¥ (b(t) + 8ty — ()], a(t)) (4.5)

is defined and satisfies (4.1) for Lebesgue-almost-every ¢ € [0, T}, almost
surely. This proves the first part of the theorem.
oo, 2w other bond spppoce thew b %M. -ralued process 0(-) is progres-

Sivey Tl Ssllelle wen etis ies the conditicns (41 ¢21i:4.2). 10 ary rene

-

~
[
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portfolio 7(-) the associated discounted gains process can be written as

™ G(t) d TI"(’U,) Lo
So) ~ Jo Solw) “FW= | S’ (W dWolu), 0<i<T
(cf. (2.11)). Here Wo(t) 2 W(t)+ [' 0 . . .
under the probability measur(e) fo (s)ds,0 <t < T, is Brownian motion

Po(A) & el [ 1 T
Ro(4) E[u p{ LR ne(s>u2dsH,Aef(T>

(from the Girsanov theorem, §3.5 i
» §3.5 in Karatzas and Shreve (1991)). Th
the lower-bounded process M™(-) is a local martingale under }2(3 herilcst;

also a super i : o
permartingale: Ey (E)_((T)) < EgM7™(0) = 0. This shows that it

is impossible to have an arbitra, ; .
ge opportunity (i.e.
PIGT) > 0] = 1 and PIG(T) S 0] 5 0y 7 T connet have both

hCorollax;y 4.8: . A viable market can have only one money market, and
den;e on 5 one 'msk-fre‘e rate. In other words, if the nth stock pays no, divi-
ends and entails no risk (i.e., the nth row of o(-) is identically zero), then

bu(-) = 7(-) and Su(-) = $.(0)So(-).

PROOF. If the nth stock were as described, Theorem 4.2 would then imply

Tl( ) ( ) u n
t eve y t O y 3
t}la-(t )b (t) 7 t fOI Lebesg e—almOS I alm St Surel y SO S ( ) ‘

Corollary 4.9: For a viab .
i, a viable market, the excess-yield process R(-) of (2.9)

R(t) = /0 o(w)0(u) du+ dW(u)), 0<t<T, (4.6)
Where 0(-) satisfies (4.1).

Rem : -y
aCterizziirI:( ‘:}-110- Within the framework of a viable market, when char-
. i; e wealth processes that can be achieved through investment
: sume—without loss of generality—th '
5 n . ; Yy at the number N of stock
Theoi;tg:f:ter than the dimension D of the underlying Brownian {not(z)‘ons
- 1v;=, basis for this claim is that if there are more than D stocks.
dependeni (l)i them cartl) be duplicated by forming mutual funds (i.e., (t w)-’
: near combinations) of others -
in ’;he model can be reduced. ) » and thus the number of stocks
e} oS L .
let 9(31?};6 this intuition precise, let M be a viable market with N > D, and
i ::: dln Theore~m 4.2. Deﬁx‘le a progressively measurable, (D >£ D)-
e thpr;)icess () by specifying that the rows of &(t) be obtained
cOmbinatiog e first N — D rows of o(t) that can be written as linear
o .ns 'nf Fhelr predecessors. Then the suhevacs of R? spanned b
§C0c()1s theean: as tarr s lsnace spé uaed by the aYapl £ )V
k [
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and thus for every I'(-)-financed portfolio process (mo(-), m(+)) in the market
M, there is a D-dimensional, progressively measurable process 7(+) such
that 7' (t)o(t) = @ (t)a(t) for every t € [0, T). Therefore,

() dR(t) = 7 (o (OB(E) dt + aW ()] = 7 ()5 (B)[6(¢) de + dW ()],

and the discounted wealth process corresponding to a I'(-)-financed
portfolio can be written as

X _ dw) ' 1 s
san'F°+'mq&@y+Asum (u)5(w)f(u) du

2 i
+/0 o) 7 (u)d(u) AW (u) (4.7)
(see (3.4)). This discounted wealth process can be achieved in the D-stock
market M = (r(-),7(")lp + 5(-)8(-),0,5(-), 5(0), A(")), where S(0) is a
D-dimensional vector of initial stock prices and 1p is the D-dimensional
vector with every component equal to 1. In particular, the vector of excess
yield processes for the reduced model is

t

R@t) = /0 5(u)0(u) du + / &(w) dW (u)

(]

(cf. (2.9)), and in terms of it the representation (4.7) for the discounted
wealth process becomes

X() dw [ 1 zudRw), 0<t<T

+ 4
So(t) : 0. So(u)  Jio,g So(w)

The D stocks in this reduced market form a subset of the N stocks available
in the original market; the composition of this subset may depend on (t,w),
albeit in a progressively measurable fashion.

Remark 4.11: For a viable market, the progressively measurable process
8(-) constructed in (4.5) satisfies both (4.1) and

o(t) € Kt (o(t)) a.s. (4.8)

for Lebesgue-almost-every t € [0,T). Elementary linear algebra shows that
6(-) is uniquely determined by these conditions. If Rank(c(t)) = N, then

8(t) = o (1) (a(H)’ (1)) ' b(®) + 8() (D)1 (4.9)

1.5 Standard Financial Markets

Motivated by the developments of the previous section, in particular The-
orem 4.2 and Remark 4.10, we introduce here the notion of a standard
firapcial market model. It is mosty with <uch models that we shall be

ar»lnz 1 1le sequ.

1.5 Standard Financial Markets 17

Definition 5.1: A financial market model M is said to be standard if
(i) it is viable;
(ii) the number N of stocks is not
{ : greater than the di i
underlying Brownian motion; 1 the dimension I of the

(iii) the D-dimensional i
, progressively measurable market pri i
process 6(-) of (4.1), (4.8) satisfies ket price of sk

pr
/0 16()]12 dt < oo (5.1)

almost surely; and
(iv) the positive local martingale

N ) t S,
Zp(t) = exp {—/0 6'(s) dW (s) — %/0 ||9(s)||2ds} , 0<t<T,

is in fact a martingale. o2

For a standard ket .
F(T) by market, we define the standard martingale measure Py on
Py(A =
0(A) = E[Zo(T)14], VA€ F(T). (5.3)

Note that a set in F(T) has P, i
o-measure zero if and only if it has P-
zero. We say that Py and P are equivalent on F(T). ’ e

Re :
mark 5.2: The process Zy(-) of (5.2) is a local martingale, because

dZo(t) = —Zo(t)8'(t) AW (), Zo(0) = 1 (5.4)

or equivalently,

t
Zo(t)zl—/o Zo(s)8'(s) AW (s), Vte [0,T) (5.5)

A - . .
well-known sufficient condition for Zo(-) to be a martingale, due to
¥

Novikov, i 4
lkov, is that Efexp{3 [, [18(t)||>dt}] < oo (Karatzas and Shreve (1991)

Section 3.5.D). I : . .
i . )- In particular, if §(-) is bounded in ¢ and w, then Zy(+) is a

-3:  According to Gir 5
(1991), Section 3.5) the process sy thegwem (Hamnfoag gnd Bheve

>

Wo(t) 2 W(t) + /0 6(s)ds, Vte[0,T] (5.6)

is a D_d; . )
e ()} S;I(nle;?lciﬂal Brownian motion under Py, relative to the filtration
-2). In terms of Wa(-), the excess yield nrocess ~f (2.9) and (4.6)

\"'llbeyh 5 d ot
rvnten as R(Y = } I
enas R(™ = jic()elh u), the uicnrted eiine Hous
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becomes

GO _ pr 2 t—l—ﬂ'uau u
So(t) =M, (t)_/o So(u) (u)o(u) dWo(u) (6.7)

(see (2.11) and (2.13)), and the discounted wealth process of (3.4)
corresponding to a I'(-)-financed portfolio is

X0 _ __dl"(u) t —1—7r' u)o(u u
YO —ro+ [ G mree@ e, osisT
(5.8)

We see that P, permits a presentation of the excess yield process in which
the risk premium term fot [b(u) +6(u) —r(u)1)du has been absorbed into the
stochastic integral. This term represents the difference in return, including
dividends, between the stocks and the money market. See Remark 5.11 for

an elaboration of this point.

Remark 5.4: By definition, a cumulative income process I'(:) is a semi-
martingale under the original measure P;i.e., I'(t) =T(0) +Dfe () +Tim(t),
where I'/?() is a finite-variation RCLL process and I'*™(.) is a P-local mar-
tingale, both beginning at zero. The process I'(-) is also a semimartingale
under Py, i.e., has the unique decomposition

I'(t) =I(0) + T (t) + Tg™(t), 0<t<T,

where F(’;”(-) is a finite-variation RCLL process with total variation on
[0,¢] denoted by [y”(t), and rém(.) is a Py-local martingale, again with
Tf?(0) = T§™(0) = 0. Indeed, according to Theorem 3.5.4 in Karatzas and
Shreve (1991),

Fem(E) =T (2) + / t ¢ (s)d(T™, W)(s),
0

D) =10 - [ W),

In particular, T™(-) = 0 if and only if '§™() = 0, in which case rfv() =
Lo ()-

Definition 5.5: A cumulative income process is said to be integrable if

T mqJv T
dl'g” (u) / 1
E 0 < oo, & — AT (u) < 0o 5.9
0 A S()(U) 0 A Sg(u) ( 0 >( ) ’ ( )
where we use the notution of Rem~rk 54 and Ejy denotss the expectation

T,

ecrzespenlnz oo ta
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T.heorem 5.6: Under the standard martingale measure Py, the process of
discounted wealth minus discounted cumulative income

X)) dT'(u)
RO /(Mm, 0<t<T, (5.10)

corresponding to any tame I'(-)-financed portfolio is a local martingale and
bounded from below, hence a supermartingale. In particular
’

: [ X(T) dl ()

So(T) ~ Jioxy Solw) <TY(0). (5.11)

El’he process in (5.10) 1 ; . ) _
i (5.11). (5.10) is a martingale under Py if and only if equality holds

PROOF. From (5.7), (5.8) we see that the .
. > rocess in (5.1
stochastic integral representation P (5.10) has the

™ ¢ 1 !
M§(t) = /0 mﬂ (w)o(u) dWo(u), 0<t<T.

his process is a local martjngale, and because 7(-) is tame, it is bounded
om'below. A local martnkqgy which is bounded from below is a super-
1artingale because of Fato ma. A supermartingale is a martingale if

d only if it has constm&):&%ﬂa-@'@ion. ]

T?trk 5.7:‘ The proof of Theorem 5.6 shows that the expectation on
eft-hand side of (5.11) is defined and finite. For an integrable cumula-

Ve income process, the Pp-expectations of the individual terms sﬂ(% and
dl(uw) __ drf? (u) T gr'™ ’

0.7 #(55 = f(O,T] To(# il %IETU) are also defined and finite.

2mark 5.8: The process

Ho(t) é Zo(t)

So(t)’ 0<t<T, (5.12)

:t cz}illled the state price density process, will play a key role in subse-

p 1(13] a};flers (e.g: , Remark 2.2.4). Us.ing Hpy(-), we can rewrite conditions

" gP e martingale measure Py in terms of the original probability
e P. For example, when T'“"(.) = 0, (5.9) can be rewritten as

T
E/o Hy(u) df‘f“(u) < 00. (5.13)

Pplying 1t6’
e g 1t6’s rule to the product of Zy(t) and SEO%%, we obtain from (5.8)

- Ho(u) dI'(u) = T'(0) + /0 Ho(u)[o" (w)7(w)

A AR (1, P ST (5
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is a local martingale under the original measure P. If this local martingale
is also a supermartingale, we obtain the restatement of (5.11) in terms of P:

E [HO(T)X(T) - Ho(u)dr(u)] < T(0). (5.15)

(0,7

We already know that this inequality holds under the conditions of The-
orem 5.6; but because of Fatou’s lemma it also holds whenever 7(-) is

I'(-)-financed and

Ho()X(t) - | Ho(w)dl(u) 20, Vie[0,T],
o)

holds a.s., even if m(-) is not tame and even if Zo(+) of (5.2) is not a
martingale (so that the measure Py of (5.3) is not a probability).

The concept of a tame portfolio (7o(-),7(")) (Definition 2.4) was intro-
duced to get some control on the semimartingale MZ(-). Under P, this
semimartingale is in fact a local martingale, and this suggests a new,

noncomparable concept.

Definition 5.9: An {F(t)}-adapted, RV-valued process 7(-) satisfying
(2.5) and (2.6) is said to be martingale-generating if under the probability
measure P, of (5.3), the local martingale Mg (-) of (5.7) is a martingale. If
(mo(-), w(+)) is a portfolio process and 7(-) is martingale-generating, we say
that the portfolio process (mo(-), 7(-)) is martingale-generating.

Remark 5.10: If I'(:) = 0, then the wealth process is the gains process.
For a tame portfolio process 7 (-), (5.11) shows that Eo[g)((:;))] < 0. For a
martingale-generating portfolio process 7(-), Eo [%{%] = 0. In either case,

arbitrage (Definition 4.1) is ruled out.

Remark 5.11: In the notation of (5.6) and (4.1), we may rewrite (1.10)
in differential form as

d (S"(t)) + Sn(t) 8 (t) dt

So(t) So(t)
S [y >
= So(t) 3" ona(t) AW D (E) + [ba(t) + 8n(t) — 7(2)] dt
d=1

Sn(t) &
So(?) ; na(t) AW ().

1.6 Completeness of Financial Markets 21

This shows that under the martingale measure Py of (5.3), the process

Sn(t) .
D) - eXp {/0 6n(u) du} (5.16)
D t D t '
=.5,(0) exp {;/0 Ona(u) dWéd)(u) - %;/0 o2 4(u) du} ,
0<t<T,

is an exponential local martingale, and hence a supermartingale. If the
entries of the volatility matrix o(-) satisty the Novikov condition

Ey

T 1 D )
G {/0 3 ;ffﬁd(u)du}] <00 (5.17)

(e.g.,' Karatzas and Shreve (1991), Section 3.5D), then the exponential local
martingale (5.16) is in fact a martingale under Py, and this justifies calling
Fo a “martingale measure.”

1.6 Completeness of Financial Markets

An important purpose of a financial market, perhaps even the principal
purpose, is to afford investors the opportunity to hedge risk inherent in
their other activities. Consider an agent who knows, at time t = OA that
at some future time T' he must make a payment B(w), but the size (’)f the
payment depends on a number of factors that are still undetermined and
not within his control. This agent would like to set aside a fixed amount of
money z at time ¢t = 0 and be assured that this will enable him to make
the payment at time T. A conservative strategy would be to set aside an
amqunt equal to the maximal possible payment size, sup,, ., B(w), if this
maximal sizg is finite! A more reasonable strategy entails :(ftting as’ide less
(I)Izlotn:y,l:)ut investing it ip such a way that if the actual payment size turns
t the0 e large, the cgpltal ha§ 1n'the meantime grown to match it. This
- tgr;)}fess of @edgzng t}.w' risk inherent in the random payment, which
e following definition.

4 223;1)nition Gil Let M be a standard financial market, and let B be an
-measurable rando i B - g
B o ndom variable such that So(T) 18 almost surely bounded
B

B [W] % o8 (6.1)

i 1 : :
(1) We say that R ie finnnzoable, f thee is ~ *taws ~ Snanced port-

olc - 5 ]
i, Lo scesss (mof) () varse isorcated wealill oroces et sies
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B
So(T)
almost surely. )
(ii) We say that the financial market M is complete if every F(T)-
measurable random variable B, with 501(37,) bounded from below and
satisfying (6.1), is financeable. Otherwise, we say that the market is
incomplete.

T 1 ,
£ 5t /0 o™ e Wl (6.2)

Proposition 6.2: A standard financial market M 1s complete if and only
if for every F (T)-measurable random variable B satisfying

|B|
E < 3
o [y < o0 63)
and with = defined by (6.1), there is a martingale-generating, z-financed
portfolio process (mo(), (")) satisfying (6.2).

PROOF. Suppose the market is complete and B is an F (T)-measurable
random variable that satisfies (6.3). Then there exist tame, z-financed

portfolio processes (rE(-), 7 (-)) with

+ 7

almost surely, where BE i max{+B,0} and =4 LB [E‘?(—iﬁ] Taking
expectations in (6.4) with respect to P,, we see that the lower-bounded
local martingale (hence supermartingale) I s-oltu_)(”i(u))/ o(u) dWo(u),0 <
t < T, has constant expectation (equal to zero) under P,. Hence, () is
martingale-generating. Subtracting one version of (6.4) from the other, we
obtain (6.2), where 7(:) = at () — () is also martingale-generating.

Now suppose that for any 7 (T)-measurable random variable B, such that
ﬁT—) is almost .surely bounded from below and satisfies (6.1), there exists
a martingale-generating z-financed portfolio process (mo(-), (")) satisfying
(6.2). Taking conditional expectations in (6.2), we obtain that

to1 B p |
/OW” (w)o(u) dWo(u) = — + Eo [S—O(ﬁ\}'(t)], 0<t<T

is bounded from below. It follows that (mo(-), w(-)) is tame, 501(37,) is

financeable, and thus M is complete. m}

Remark 6.3: In the context of Definition 6.1, if an z-financed, tame

portfolio (mo(-),m(-)) can be found whose associated wealth process X(-)

satisfies X(T) = B almost surelv, then Ep [%] = z, and the last
) i y

sengeNY (L Tauoecma S.9 esterty whot = is a 1wriigale wee 1Y

o

-
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Consequently, X (-) is uniquely determined by the equation

X(t) B
mﬂ%[m’ﬂﬂ], Uit I, (6.5)

Equation (6.5) also holds if (mg(-),n()) is martingale-generating.

The remark and example that follow offer additional insights on the
hotion of financeability; they can be skipped on first reading.

Remark 6.4: The question arises why Definition 6.1 permits only z-
financed portfolios with x defined by (6.1). We first argue that for y < z
the(‘e can be no tame, y-financed portfolio whose associated wealth proces.;
sqtzsﬁes X(T) > B almost surely. Indeed, if X(-) is the wealth associated
with a tame, y-financed portfolio and X (T) > B, then (5.11) implies

X(T)

Som| =V (6.6)

It is sometimes possible to find a representation of % of the form
0

B "o
So@ — ¥t /0 Sow) ™ Wow) dWo(u), (6.7)

Where y > = and (7?0(-), 7(-)) is a tame, y-financed portfolio, even when B
1S not financeable in the sense of Definition 6.1 (see Example 6.5); but the
associated discounted wealth process E SO g ’

s =yt f ST (wolu dW,
cannot then be a martingale, because . e et A

X(0) X(T)
Ey|l—=|=y>z=E

[50(0)} ! ° | 5(T)

'f?rle properti'es of random variables B that permit a representation of the

m (6.7) with y > z are not well understood. Moreover, one could argue

that y-financed portfolio processes leading to discounted wealth processes

that are not martin
gales under Py are undesirable and
from consideration. and should be excluded

E .

u:l:;irrllple 6.5: pon51der a financial market M with one stock, with an

'r(.)ei }(’)lng two-dimensional Brownian motion (N = 1,D = 2) and with
=0,0(:) =0,6 =0,0(-) = [1,0], A(:) = 0. For a portfolio process ()

the dls H ) . t
B counted gains pracess is G(t) = fo n(s) dW(l)(s)_ As in Example 2.3,

i Q [ {
@32 e GV, ke, (e
v oo B
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so that limsrI(t) = oo and lim,;7I(t) = —oo almost surely. Set

7 2inf{t € [0,T);2 + I(t) = exp(W(t) —t/D}AT,

T
1
BLotI(r)=2+ / Lory 7 WD), (6.9)
L =

and notice that P[r < T} =1 and that the portfolio 7(t) = (T—t)‘% Lie<r}
is tame, because G(-) > —2. Equation (6.9) provides a representation for
B of the form (6.7) with y = 2. In this example, Py = P and

E(B) = E[GXP(W(z)(T) - 7/2)] =1<y.

If B had a representation of the form (6.2), then from (6.5) there would

exist a tame portfolio process 7(-) satisfying

1+ /t m(s) dWM(s)
0
= E[exp(W(z)(T) —7/2) | F(t)]
= exp(W(z)(t /\'T) - t/\T)

=1+ /Ot Lis<ry exp(W(z)(S) - 5/2) dW®(s). (6.10)

(e.g., the martingale on the left-hand side of (6.10)

This is clearly impossible
, but the martingale on the right-hand

has zero cross-variation with w® ()
side of (6.10) has nonzero cross-variation with W (-)).

The theory of complete markets is simpler and much better developed
than the theory of incomplete markets. Chapters 2-4 are devoted to com-
plete markets, while Chapters 5 and 6 explore incomplete markets. For a
standard financial market, the two cases are easily distinguished by the

following theorem.

Theorem 6.6: A standard financial market M is complete if and only

if the number of stocks N is equal to the dimension
Brownian motion and the volatility matriz o(t) is nonsingular for Lebesgue-

a.e. t € [0,T) almost surely.

The remainder of this section is devoted to the proof of Theorem 6.6.
al market M is fixed throughout, (Q,F, P) and
processes 0(-), Zo(-) and the

A standard financi
{F(t)}o<t<r are as in Definition 1.3, the
measure Py are as in Definition 5.1, and Wo(-) is given by (5.6).

Ternnio'
Fity;0s ¢<i}oeu neat b ale Zaacr 1. The. horz i

D of the underlying

© Il wt’ug e T3 rese aion proverty rnder P):  Let { Wolt).
a v meuiey

1.6 Completeness of Financial Markets 25

measurable, RN -valued process ©(+) such that
T
2
/0 le(s)][2ds < oo, (6.11)

at
Mo(t) = Mo(0) + | ‘
0(0) 1 @'(s)dWo(s), 0<t<T, (6.12)
hold almost surely.

PROOF. i ;
. t}I:e()rgnllnsoiemm?- is aimost a restatement of the standard representa

martingales as stochastic int A

1991 egrals (Karatzas and
Ehe ﬁl)t,r:tlilszr?? 3.4.}5 and Problem 3.4.16). The only complica:iI:)n iSshth:te
erated by W(.) I(lf))t}[j[s/ t(h)e ‘i}lf;mefntation by null sets of the filtration gen-
’ oL/ erelore, we revert to o e

measure P and represent, the Lévy P-martingale tHeTorigne! FEERNy

N(t) £ E[Zo(T) Mo(T)| F(2)]

as a stochastic integral with respect to W (-), namely

y 0<t<T,

i
N(t) = N(0) + /0 W(s)dW(s), 0<t<T,

where (-) is a pro i
. gressively measurable, RN-val isfyi
éi.rlel). x?lss)lgnllfle[lcalculation known as “Bayes’s :3lzfd(epé0C§S:r§?zt;fYIIl§
ve , Lemma 3.5.3) shows that M, — By[A g
N(t)/Zo(t), and Itd’s formula yields ¢ Mol = R =

1
dMy(t) = m[wl(t) + N(t)0'(t)] dWo(t),

so that (6.11), (6.12) hold with

w(t) = %[w(t) + N@®)o(t)).
o(t)
Sfi)(;l?;ltel(}zcéfjtﬁit) tf}(:er ©(-) fOllov&is from the same condition for () (5.1)
. paths of Z;(y and N(-) are continuous on [0, T] ’almost7
0

C . .
orollary 6.8 (Sufficiency in Theorem 6.6): If N = D and o(t) ¢
18

nonsingular 701 Lebes = -
: que almost-e 7
: : l ‘ very t € [O, T] almost surely, then the

PR, i
OOF. We verify the condition of Proposition 6.2. Let B be an

F(T)-measurable r :
ando o
Po-martingale m variable satisfying (6.3), and define the Lévy

M (t):- /o
@R gy MOl (s
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This martingale has a representation as in (6.12), and with

(8 & So(t)e' (o~ (), 0<t<T,

we have (6.2). Condition (2.6) follows from (6.11); condition (2.5) follows
from the almost sure inequalities

/ " 1 (5)(b(s) + 6(s) —r{s)D)| ds
Jor
T
L / So(u)' (w)8(w) du
0

T T
< max So(w)- [ ol du- / 10| du < oo,
T 0<Lu<lT 0 )

where we have used (4.9) and the Cauchy-Schwarz inequality. We construth
mo(-) as in Remark 2.2.

Lemma 6.9: There is a bounded, Borel-measurable mapping V3
L(RP;RN) — RP such that

Y3(0) € K(o), (6.13)
ba(0) 20 if K(0) # {0} (6.14)
for every o € L(RP;RY).
PrROOF. Let {e},e,...,ep} be a basis for RP, and define
min{i; projic)(es) # 0} if K(o) # {0},
LG it k(o) = {0},

¥3(0) = proji(s)(en(e))-

The Borel-measurability of 43 follows from Lemma 4.4. a
PROOF OF NECESSITY IN THEOREM 6.6. Using the function v3 from
Lemma 6.9, define the bounded, progressively measurable process ¢(t) =
W3(o(t)) that satisfies (t) € K(a(t)) for all ¢ € [0,T)], and (t) # O
whenever K(o(t)) # {0}. Next, define the F(T)-measurable random

variable

i T
B £ S(T) 1+/ ¢'(u) dWo(U)] :
0
Clearly, EO[S_L%] < oo and EO[EOI(;—T)] = 1. Market completeness and

Proposition 6.2 imply the existence of a martingale-generating portfolio
process 7 for which
ey

-

3 T .
P . 5 nymey B3 N R =
._,..h‘ul\fr\a:)(m[kq)zEiw_‘l ;/ 3 n' l,lVr\(J,‘. 10 Jo
) ~u vty 0

~~

JO =

A 4
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The stochastic integrals fot %ﬂ"(u)a(u) dWp(u) and fot ¢'(u) dWo(u) are
both martingales under Py. Conditioning both sides of (6.15) on F(t), we
see that these stochastic integrals agree. This implies that the integrands
agree, so o'(t)m(t) = So(t)p(t) for Lebesgue-a.e. t € [0,T) almost surely.
This shows that (t) € R(a'(t)) = K1(o(t)). By construction, ¢(t) €
K(a(t)), so ¢(t) = 0, which happens only if K(a(t)) = {0}. Thus, N = D
and o(t) is nonsingular for Lebesgue-a.e. t € [0, 7] almost surely. Q.

Remark 6.10: In a complete market M, there is a unique market price
of risk process §(-) satisfying (4.1), defined by

0(t) = (@) B +8() —r(1))), 0<t<T.  (6.16)

1.7 Financial Markets with an Infinite
Planning Horizon'

The time parameter in the financial market of Definition 1.3 takes values
in the interval [0, 7], where the planning horizon T is finite. In order to
consider certain financial instruments such as perpetual American options,
we introduce in this section the notion of a financial market on [0, co).

For the construction of this section, we need to work with Wiener mea-
sure on the “canonical” space of continuous, R?-valued functions, rather
than with a general probability space on which D-dimensional Brownian
motion is defined. Let 2 = C([0,00))P be the space of continuous func-
tions w : [0,00) — RP. On this space we define the coordinate mapping
process W (t,w) = w(t),0 < t < oo,w € Q. As in Section 1, we denote by
F¥(t) = o{W(s);0 < s < t} the o-field generated by W(-) on [0,¢], i.e.,
the smallest o-algebra containing all sets of the form {w € Q;w(s) e T},
where s ranges over [0,¢] and I' ranges over the collection of Borel subsets
Of RP. We set % (00) = o(Upgsco0 FW (£))-

Let P be Wiener measure on F W (o), i.e., the probability measure under
Which {W (t);0 < t < oo} is a D-dimensional Brownian motion. Let F be
the completion of F% (c0) under P; i.e., F 2 a(FW(00) UN), where

NE{NCO 3BeF%() with NCB and P(B) =0}

15 the collection of P-null sets of F% (c0). We call (Q, F, P) the canonical
Probability space for D-dimensional Brownian motion.
For each T € [0, 00), we define

N ={NCQ 3BeF™(T) with NCB and P(B)=0}

——

C This soc i cas Le oriistaa co ant e Wais esclis wid Lo wal nl 7o
jEMer. ", 79 and 3.0
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to be the collection of P-null sets in F% (T'), and we define the augmented
filtration

FO@E) Ea(FV(R)UNT), 0<t<T.

This is the filtration we have called {F(t);0 <t < T} heretofore; in this
section we indicate explicitly its dependence on T'.

Definition 7.1: A stochastic process Y = {Y(t);0 <t < oo} is said
to be restrictedly progressively measurable or restrictedly adapted if for ev-
ery T € [0,00), there exists T € [T, 00) such that the restricted process
{Y(#);0 <t <T}is {(FO@)0 <t < T}-progressively measurable or.
adapted, respectively.

Definition 7.2: A financial market M = (r(-),b(-),8(-), ("), S(0), A(-))
on the infinite planning horizon [0, 00) consists of

(i) a D-dimensional Brownian motion W = {W(t);0 <t < oo} that is
the coordinate mapping process on the canonical probability space
(@, F, P);

(ii) restrictedly progressively measurable processes 7(-),b(-),6(-),a(),
and A(-), as described in Definition 1.3, satisfying the integrability
conditions of Definition 1.3 for every finite T’

(iii) a vector of positive, constant initial stock prices S(0) = (S1(0),.--,

Sn(0)).
It is easily verified that the asset price processes in M are restictedly

progressively measurable. In order to simplify the presentation, we define
a standard, complete financial market in terms of the conditions obtained

in Theorem 6.6.
Definition 7.3: A financial market M = (r(-),b(-),8(-),a(-), 5(0), A(-))
on an infinite planning horizon is standard and complete if

(i) the number of stocks N equals the dimension D of the driving

Brownian motion;
(ii) the volatility matrix o(t) is nonsingular for Lebesgue-a.e. t € [0,00)

almost surely;
(iii) the positive local martingale

Zy(t) 2 exp {-/0 6'(s) dW (s) — —;—/0 16(s)1I? ds} , 0<t<oo,
(7.1)
is in fact a P-martingale, where
6(t) 2 o7 (B)[b() + 8(8) — r(t)1], O <t < oo (7.2)

Of course, a process is a martingale only relative to some filtration. In
St eon 7.3 Ci) w2 e that fo eeci U g 0,00) thore is a T e IT o0)

=

Such that ne restiition process {Zodd <y <VITHGslel Pamactaigae
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relative to {F(T)(t);0 < t < T}. (One should say, more precisely, that Zo(-)

is “restrictedly” a martingale; one could likewise speak of processes being

“restricted” semimartingales, submartingales, etc.) As in Definition 7.3, we

shall generally omit the modifier “restricted.” ’
With () defined by (7.2), we set

1>

t
Wo(t) = W(t) +/ f(s)ds, 0<t< oo. (7.3)
0
By analogy with (5.3), we may define for each T € [0, 00) th i
mensuro B on FW (T) by [0,00) the martingale

PT(A) 2 E[Zo(T)14], YA€ FY(T). (7.4)

Under P{, the restricted process {Wy(t);0 < t < T} is a Brownian motion.
F‘urt}:g‘r)mor(?, for 0 < t < T, the probability measure POT is equivalent to P
on F(T)(t); i.e., a set in FT)(t) is a PT-null set if and only if it is a P-null
set.

Proposition 7.4: There is a unique probability measure Py on
A !
FW(00) = a(W(s); 0<s<00)

such that Py agrees with each P¥ on FW(T), for any T < co. In particular,
{Wy(t);0 <t < oo} is a D-dimensional Brownian motion under P,.

PROOF. The family {PT }o<T<oo given by (7.4) is consistent: if 0 < T <
S < oo, then PT and Py agree on FW(T). Thus, a (finitely ad&tivé
set function Py, with Py()) = 0, Py(Q) = 1, is well-defined on the algebra
G = Up<r<oo FV (T) by the recipe

Py(A) 2 E[Zo(T)1a]; AeF¥(T), 0<T < oo.

"The question is whether this P is also countably additive on G, and thus, by
the Carathéodory extension theorem, uniquely extendable to a probabi’lity
measure on F* (c0) = o(G).

The countable additivity of Py on G is a consequence of the extension
theorems in Parthasarathy (1967), pp. 140-143, as we now explain. For
€ach T € [0, 00), the measurable space (2, FV (T)) is o-isomorphic to the
complete, separable metric space Qr = C ([0,T))P of RP-valued, continu-
gl_lslfunctlons on [0, T], equipped with the supremum norm and the Borel
tha %ebra. B{]“ generated by the collection of open subsets of Q7. Indeed

€ “truncation mapping” nr : @ — Qr defined by ’

mr(w)(t) = w(t), vtel0,T], weq,

1 w i
?QBC;SW]: \(T) and Br into a one-to-one correspondence. Therefore,
]5: ‘ (T) sa “ctanderd Ro-el corce” (Parthosarathr (1967), pp. 133—
)- "¢l 0} bee sttty iveroes g sequimned i1 (o) wc :L},’; .
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a decreasing sequence in F" (00) such that each A, is an atom of F% (Ty,).
Then, for every n,

An={weQ w(t)=wn(t), Vte[0,Tn]}
for some wy, € Qr,. Setting Top = 0 and

Woolt) =wn(t), Vt€ [Tn1,Tn), n=12...,

we see from the inclusions 4; 2 Ag D --- that wee € N2, Ay, so that
N2, A, # 0. From Theorem 4.2, p. 143 of Parthasarathy (1967), we con-
clude that there is a unique probability measure Py on (€, F W(o0)) such
that P¥(A) = Po(A) forall A€ FW(T)and 0 < T < 0. a

Remark 7.5: For each T € [0,00) and t € [0, T], the o-algebra FI(t) is
a sub-o-algebra of the completion of F W(T) with respect to P, and so Fp
is defined for all sets in (T (t). On F(T)(¢), the two measures P and Fp

are equivalent.

The infinite-horizon model is made difficult by the fact that P and Po
are not necessarily equivalent on F* (00). In fact, it is not hard to check
that P and P, are equivalent on F% (0o) if and only if the P-martingale
Zo(") of (7.1) is uniformly integrable. To see how things can go wrong if
this condition fails, consider the following example.

Example 7.6: Suppose N =D =1,7(:)=7r>0,b()=b>r+ %,
6(-)=0, o(-) = 1, A(-) = 0. Then Wo(t) = W(t) + (b—r)t and

g;gg = 5,(0)exp [W(t) + (b — g %) t]

= 51(0)exp [Wo(t) — %t} , 0<t< .

According to the law of large numbers for Brownian motion (Karatzas and
Shreve (1991), Problem 2.9.3 and solution, p. 124), as t — oo we have

Kt(ﬁ — 0 P-a.s, _I/V(;_(t) — 0 Pya.s.

This means that the event A 2 {lim; o0 %(‘%% = oo} satisfies P(A) = 1,

Po(A) = 0, whereas the event B = {limy 00 %%% = 0} satisfies P(B) =0,

Py(B) = 1. Notice also that the P-martingale Zo(t) = exp[—(b— rW(t) —
(b— 7)2t/2] of (7.1) is not uniformly integrable. Indeed, lim;_o Zo(t) = 0,
P-almost surely, but EZy(t) = 1 for all ¢ € [0, co).

Example 7.6 shows that if for ¢ € [0, 00) we were to augment F" (¢) by the
Po-null sets of F* (c0), we would obtain a o-algebra Fo(t) on which P and
P, would disagree. Indeed, there may exist sets A € Fo(t) for which P(A)is
ot Aefinad apd far whick Ri € FW (2} P, = W (t) can be ‘ound satisfiag
,Dd\' 2 _)"} -z qwranr;) = 0 but Pt\}_',) £ D(B;‘/. Lor tris eL01 Ae
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choose to work with the family of filtrations {F(T) (t)}o<i<r, indexed by
T € [0,00), rather than with the augmentation of {FW ()}o<t<co by the
Po-null sets of FW (c0). -

Definition 7.7: Consider a financial market M = (r(-),b(-),8(-),0(),
S(0), A(:)) on [0,00). A portfolio process (mo(-),n(-)) is as described in
Definition 2.1, except that now we require mo(-) and 7(-) to be restrict-
edly progressively measurable and we require (2.4)-(2.6) to hold for every
finite 7. We say that #(:) is tame if the Pp-local martingale

M) 2 /0 Sotu)w’(u)a(u)dWo(u), 0<t< oo, (7.5)

is almost surely bounded from below by a constant not depending on t.
We say that w(-) is martingale-generating if {M™(t);0 < t < oo} is a.
Py-martingale.

A cumulative income process I'(:) = {[(t);0 < t < oo} is a P-
semimartingale and hence a “restricted” Pp-semimartingale. We say that
I'(:) is integrable if (5.9) is satisfied for every T € [0,00). We say that
(mo(:), () is ['(:)-financed if (3.3) holds for every T € [0, 00). In this case
the wealth process is given by

R daifw)  [* 1

500 = "0 [, 5o+ H@T @@, osi<o.
(7.6)

1.8 Notes

Sections 1-3: Finance models that allow continuous trading constitute a
b}lrgeoning field of mathematical research. In the notes to Chapter 3 we
discuss the origin of these models within the capital asset pricing con-
text. Their application to the hedging of contingent claims is presented in
Chapter 2, and the related history is summarized in the notes to that chap-
ter. For broad and exhaustive surveys of the issues of finance, including
continuous-time models, one may consult the books of Cox and Rubin-
stein (1985), Dothan (1990), Duffie (1988, 1992), Huang and Litzenberger
(1988), Hull (1993), Ingersoll (1987), Jarrow (1988), Merton (1990), Jarrow
and Turnbull (1995), Baxter and Rennie (1996), Pliska (1997), Musiela and
Rutkowski (1997). The book by Malliaris and Brock (1982) surveys stochas-
tic models used in economics and finance. Additional surveys and/or lecture
Botes include Malliaris (1983), Miiller (1985), Karatzas (1989, 1996), Lam-
berton and Lapeyre (1991); this latter text, along with Duffie (1992) and
_Wllmott, Dewynne, and Howison (1993, 1995), can be consulted for numer-
leil and computational aspects of the theory. Questions of convergence of
discrete-tim~ and/or diccreto-state modals to +heir coptinuous-time coun-
€ Peviz 12 discussed arion, others o Cox, lus, uw Rubiastana (0725,
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Madan, Milne, and Shefrin (1989), Nelson and Ramaswamy (1990), He
(1990, 1991), Amin (1991), Amin and Khanna (1994), Cutland, Kopp, and
Willinger (1991, 1993a,b), Kind, Liptser, and Runggaldier (1991), Willinger
and Taqqu (1991), Duffie and Protter (1992), Eberlein (1992), Dengler
(1993), and Bick and Willinger (1994). Recent books on numerical meth-
ods of general applicability in this area are Kloeden and Platen (1992),
Kushner and Dupuis (1992), Talay and Tubaro (1997).

For early work on the subject, it is instructive to see the articles in the
volume edited by Cootner (1964), in particular the translation of the fa-
mous dissertation by Bachelier (1900); this work is the first instance of
both a mathematical treatment of Brownian motion and its application to
finance. The use of Brownian-motion-based models of stock prices derives
from the efficient market hypothesis, which asserts that all public infor-
mation useful for making investment decisions is already incorporated in
market prices. According to the efficient market hypothesis, past stock
prices may be useful for purposes of estimating parameters in the distri-
bution of future prices, but do not provide information that permits an
investor to outperform the market. In particular, if there is public informa-
tion which implies that a stock price is certain to rise, then it would have
already risen. The efficient market hypothesis is still subject to some debate,
although a substantial amount of empirical and theoretical justification has
accumulated in its favor; see, e.g., Kendall (1953), Osborne (1959), Sprenkle
(1961), Boness (1964), Alexander (1961), and Fama (1965). Originally, the
mathematical content of the efficient market hypothesis was expressed as
the belief that returns on stock prices follow a discrete-time random walk.
Samuelson (1965a) proposed a discrete-time martingale model of security
prices, a mathematical concept also in keeping with the efficient market
hypothesis. A more recent theoretical examination of this matter is given
by Samuelson (1973); see also Black (1986). The discrete-time martingale
model is criticized on the basis of empirical studies by LeRoy (1989). Non-
technical discussions can be found in Bernstein (1992), Chapters 5-7, and
Malkiel (1996).

The model presented in this chapter is an outgrowth of the “geometric”
Brownian motion model introduced by Samuelson (1965b) to capture the
limited-liability nature of corporation ownership. It was formulated within
the framework of Itd’s stochastic calculus by Merton (1969, 1971) and of
the calculus for more general stochastic processes by Harrison and Kreps
(1979), Harrison and Pliska (1981, 1983). The independence between past
and future increments of the driving Brownian motion enforces the effi-
cient market hypothesis in this model, provided that the model is viable
(Definition 4.1). The efficient market hypothesis does not claim any par-
ticular distribution for stock prices, although it is often confused with the
assumption of stock prices modeled by geometric Brownian motion and
hence having a log-normal distributizn. Thi: Aistribution ->rovides a rea-
wralle B o theoauvy Jin cher distritatiors are kio-ncee be et (e

A 2
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e.g., Fama (1965), Officer (1972), Hsu et al. (1974), Hagerman (1978), Kon
(1984), Madan and Seneta (1990), Lo (1991)). For the huge subjects of
statistical estimation and econometrics in the context of financial markets,
we send the reader to the April 1994 volume of the journal Mathematical
Finance, and to the recent monograph by Campbell, Lo, and MacKinley
(1997).

The model of this chapter allows for the stock-price coefficients to be
themselves random processes, which affords much greater generality than
the log-normal model. Various special cases of this model besides the
constant-coefficient case of Samuelson (1965b) have been studied. Cox and
Ross (1976) examined a constant elasticity of variance model, in which
stock prices have the form

dS(t) = bS(t) dt + 0S72(t) dW(2),

where b, o > 0 and 0 < v < 2 are constant and W(-) is a Brownian mo-
tion; see also Beckers (1980), Schroder (1989). Another alternative, due to
Follmer and Schweizer (1993), contains the geometric Ornstein—Uhlenbeck
process as a special case. Some works on hedging and/or optimization in
models that allow for jumps in the stochastic equations (1.8), and thus do
not fall within the purview of this text, are Aase (1993), Back (1991), Bates
(1988, 1992), Beinert and Trautman (1991), Dritschel and Protter (1997),
Elliott and Kopp (1990), Jarrow and Madan (1991b,c), Jones (1984), Jar-
row and Rosenfeld (1984), Jeanblanc-Picqué and Pontier (1990), Madan
and Seneta (1990), Madan and Milne (1991), Mercurio and Runggaldier
(1993), Merton (1976), Naik and Lee (1990), Pham (1995), Schweizer (1988,
1991, 1992a,b), Scott (1997), Shirakawa (1990, 1991), Xue (1992), Zhang

(1993).

A nonnegativity constraint on wealth was used by Harrison and Pliska
(1981) to rule out doubling strategies. The notion of a tame portfolio, used
here for the same purpose, also appears implicitly in Karatzas, Lehoczky,
and Shreve (1987) and Dybvig and Huang (1988). Heath and Jarrow (1987)
achieve the same end by imposing margin requirements.

Sections 4~6: The example of a nonviable market, which is based on the
three-dimensional Bessel process and appears right after Definition 4.1, is
due to A.V. Skorohod (private communication by S. Levental). Related
Tesults can be found in Delbaen and Schachermeyer (1995b).

The absence of arbitrage opportunities is implied by the existence of
an equivalent probability measure, under which discounted prices (plus
discounted cumulative dividends, if dividends are present) become martin-
gal(?s. This is essentially a rephrasing of the classical principle behind the
2ptlonal sampling and martingale systems theorems, according to which

One cannot win for certain by betting on a martingale” (e.g., Doob (1953),
Chung (1974)).

To wha* extent = the croverss trie” In othor v c.dz, if “one cannot,

Tr foutain by bett.g on ., zver. dirces” (e i ke riocess ccer 1L
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support arbitrage opportunities), then is this process a martingale, perhaps
under an equivalent probability measure? For discrete-parameter processes,
affirmative answers to this question were provided by Harrison and Kreps
(1979), Harrison and Pliska (1981), and Tagqu and Willinger (1987) for
finite probability spaces (see also Ross (1976) and Cox and Ross (1976)
for earlier work along similar lines), and by Dalang, Morton, and Willinger
(1990) for general probability spaces and multidimensional processes. This
last work uses arguments based on measurable selection results and on
the separating hyperplane theorem of convex analysis; the same result has
since been derived, using somewhat simpler arguments, by Kabanov and
Kramkov (1994a) and by Rogers (1995a). Related papers are Willinger and
Taqqu (1988), Back and Pliska (1991), Kusuoka (1992), Schachermayer
(1992). All these results on the relation between “no arbitrage” and the
existence of an equivalent martingale measure bear a striking similarity to
de Finetti’s (1937, 1974) theory of coherent subjective probabilities and
inferences; see Heath and Sudderth (1978), Boykov (1996), and the survey
papers of Sudderth (1994), Ellerman (1984).

For general continuous-parameter processes, the question at the begin-
ning of the previous paragraph becomes significantly more complex, and
the results much harder and deeper. Absence of arbitrage is in general
not sufficient for the existence of an equivalent martingale measure, and
stronger conditions are needed; cf. Kreps (1981), Schachermayer (1993,
1994). Work related to the results of Sections 4 and 5 has been done by
Stricker (1990), Delbaen (1992), Lakner (1993), Delbaen and Schacher-
mayer (1994a,b, 1995a—, 1996b, 1997a—c), Fritelli and Lakner (1994, 1995)
who use rather refined functional-analytic tools (see also the earlier work
by Duffie and Huang (1986)), and Levental and Skorohod (1995).

In particular, Levental and Skorohod (1995) consider a market M as in
Definition 1.3 with N = D and invertible volatility matrix o(-), and define
6(-) via (6.16), Wy(-) via (5.6) whenever 6(-) is integrable,

t
¢ 2 inf {t € (r, T);/ 0(s)||? ds = oo} AT, (8.1)
N t
ZO)(t) 2 Ljpeciry exp | — /0 1ir<10'(s) dW(s)
L 1ir<sI0(s)1? d 0<t<T
- "2' b {rSs}” (5)” S, = t<1T, (8'2)
for r € [0, T, as well as

t+h

n/-éinf{tc [, T); [ A(s)||2 ds = w2 VB ED T-i’l/\’l‘ (2.3)
e Il )
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They show that M is viable if and only if both
Pla=T]=1 and EZ"(T)=1,Yre[0,T] (8.4)
hold. In particular, under the condition (5.1), M is viable if and only if

{there exists a probability measure Py, equivalent to P,} (8.5)

under which Wy(-) becomes Brownian motion.

In the absence of condition (5.1), they define approzimate arbitrage as a
sequence of tame portfolios {m,(-)}52, with corresponding gains processes
{Gn(")}32, satisfying lim, o P[Gn(T) > 0] = 1 and limy o0 P[Gn(T) >
8] > 6,¥n € N for some § > 0 (cf. Stricker (1990), Duffie (1992), Kabanov
and Kramkov (1994b) for related notions); then they show that (8.5) is'
equivalent to the absence of approzimate arbitrage. This latter condition
is stronger than viability (absence of arbitrage), as these authors demon-
strate by example. In a similar vein, see the recent results of Delbaen and
Schachermayer (1997b) for general semimartingale price processes, which
might well be the “last word” on this subject.

The relations between market completeness and uniqueness of the equiv-
alent martingale measure were brought out in the fundamental papers of
Harrison and Kreps (1979) and Harrison and Pliska (1981, 1983), and more
recently in Ansel and Stricker (1992, 1994), Artzner and Heath (1995),
Chatelain and Stricker (1992, 1994), Delbaen (1992), Jacka (1992), Jarrow
and Madan (1991a,b), Miiller (1989), and Taqqu and Willinger (1987).

In the context of a complete market as in Section 6, what happens if the
agent starts at ¢ = 0 with initial capital y > 0 strictly less than the quantity
z = E°[B/S,(T)] of (6.1)? Remark 6.4 shows that there can exist no tame,
y-financed portfolio with corresponding wealth process X¥7(.) satisfying
P[X%™(T) > B] =1 for 0 < y < z. In other words, it is then not possible
to hedge the contingent claim B without risk, and the agent might wish
simply to maximize the probability P[X¥™(T) > B| of achieving a perfect
hedge, over a suitable subclass of tame y-financed portfolios m(-). One is
thus led to a stochastic control problem of the so-called “goal type.” Such
problems have been studied by Kulldorff (1993); see also Heath (1993),
Karatzas (1996), pp. 55-59, Follmer & Leukert (1998), and Spivak (1998).
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Contingent Claim Valuation in a
Complete Market

2.1 Introduction

A derivative security (also called contingent claim; cf. Definition 2.1 and
discussion following it) is a financial contract whose value is deried from
the value of another underlying, more basic, security, such as a stock or a
bond. Common derivative securities are put options, call options, forward
contracts, futures contracts, and swaps. These securities can be used for
both speculation and hedging, but their creation and marketing are based
much more on the latter use than the former. Some derivative securities
are traded on exchanges, while others are arranged as private contracts
between financial institutions and their clients. The world-wide market in
derivative securities is in the trillions of dollars.

In order better to understand the concept of derivative securities, let
us begin by considering one of the older derivative securities, a forward
contract. Under this contract, one agent agrees to sell to another agent
some commodity or financial asset at a specified future date at a specified
delivery price. Corporations that need a certain amount of a commodity at
a future date often buy a forward contract for delivery of that commodity.
Corporations that expect to be paid at a future date in a foreign currency
sell forward contracts on that currency. In the first case the corporation
would promise to receive delivery of the commodity, whereas in the second
case it would promise to deliver the currency. In both cases, the corporation
is using the forward contract to lock in a price in advance, i.e., to hedge
rnoemtainty Ferverd cortracts car aiy, be us:d for sneculstior; 8 £orvend
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contract on an asset requires no initial cash outlay by either party, and for
this reason allows speculators much higher leverage than can be obtained
by purchasing and holding the underlying assets.

Futures contracts are like forward contracts, except that unlike forwards,
futures are traded on exchanges and are consequently subject to a number
of regulations. The principal rule is that an agent must deposit money
into a margin account at the time the contract is entered, and this margin
account is credited or debited daily to reflect movement in the futures’ price.
If the margin-account balance falls too low, the agent must replenish it.
This whole process is called marking-to-market. Unlike the case of options
discussed below, forward and futures contracts are designed so that their
initial cost to both parties is zero.

Derivative securities that became popular more recently are the various
options on stocks. Options have been traded on public exchanges since 1973.
The holder of a Furopean call option has the right, but not the obligation,
to buy an underlying security at a specified date (ezpiration date) for a
contractually specified amount (strike price), irrespective of the market
value of the security on that date. The Furopean put option is the same
as the European call option, except that it entitles the holder to sell. The
American call option and the American put option entitle the holder to
buy or sell, respectively, at any time prior to a specified expiration date.
Besides the European and American options (which, incidentally, are both
traded worldwide, although exchange-traded stock options are typically
American), there is a variety of more “exotic” options. Options allow risk
to be hedged in various ways. The most obvious one is that an investor who
OWns a security but intends to sell it by a known future date can buy a put
option on the same security and thus be guaranteed at least the strike price
when the security is sold. If the security price rises above the strike price,
the investor is still able to sell the security at its market value. By taking
Combinations of long and short positions in puts and calls, investors can
Create a variety of customized contingent claims. Because one of the likely
Possibilities available to the holder of an option is to “receive a positive
amount and pay nothing,” arbitrage-based considerations suggest that the
Option’s present worth should be positive.

First appearing in 1981, a swap is a contract between two agents in
Which cash flows are traded. A common situation is that one agent has
mcome due to variable-rate interest on some investment, and the other
has income due to fixed-rate interest on a different investment. Because
of their different financial situations, the agents may wish to trade some
Part of their income streams. This trade is usually arranged by a financial
stitution, which guarantees the contract.

‘ The existence of derivative securities leads to two mathematical ques-
FIODSI pricing and hedging. The price of publicly traded derivative securities
1886t bv to> law ¢l suopl wid o d, et man s 2 ative spoumiting ame
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price has been reached. Even for publicly traded derivative securities, the
fact that they are described in terms of an underlying security, whose price
and price history are known, suggests that there should be some way of
theoretically determining a “fair” price. Arbitrageurs are vigilant for dis-
crepancies between the market price of derivatives and their estimation of
the fair price, and immediately take positions in the derivative security
when they perceive such a discrepancy.

More recently, model-based pricing of derivative securities has become
the basis of risk management. A typical risk-management question is how
much a portfolio value will be affected by a certain movement in underlying
asset prices. If the portfolio contains derivative securities, a mathematical
model is needed to answer this question.

The hedging of a derivative security is the problem faced by a financial
institution that sells to a client some contract designed to reduce the client’s
risk. This risk has been assumed by the financial institution, which would
now like to take a position in the underlying security, and perhaps in other
instruments as well, so as to minimize its own exposure to risk. Assumption
of client risk is a principal service of financial institutions; managing this
risk well is a necessary prerequisite for offering this service.

In a complete market model, as set forth in Definition 1.6.1, there are
definitive solutions to both the problem of pricing and the problem of hedg-
ing derivative securities. This method of solution is known as arbitrage
pricing theory, because it proceeds from the observation. that an incor-
rectly priced derivative security in a complete market presents an arbitrage
opportunity. A correctly priced derivative security 1n a complete market
is redundant, in the sense that it can be duplicated by a portfolio in the
nonderivative securities. The portfolio that achieves this duplication is the
hedging portfolio, which the seller of the derivative security can use to re-
move the risk incurred by the sale. Of course, the existence of the hedging
portfolio prompts one to ask why an agent would buy rather than duplicate
a derivative security. It appears that this occurs because markets are not
frictionless. In order to duplicate a derivative security by portfolio manage-
ment, an agent would have to develop a mathematical model, pay brokerage
fees, and gather information about the statistics of the market. Agents avoid
these costs by striking a deal with another agent (intermediated by an ex-
change or a financial institution) or by paying a fee to a financial institution.
A financial institution has modeling expertise and smaller transaction costs
than its clients because of the volume of its transactions and the fact that
many of these take place in-house.

We present the arbitrage pricing theory for European contingent claims
in Section 2.2, and for American contingent claims in Section 2.5. Special
cases of European contingent claims, such as forward and futures contracts,
are treated in Section 2.3, whereas Section 2.4 computes the prices and
Telgug oty o Friopion ced »v 1 pLu cpticns es wi N as far a crr ain
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type of path-dependent option (Example 4.5) in the context of a model
with constant coefficients. In particular, Example 4.1 derives the celebrated
Black and Scholes (1973) formula for the price of a European call option
in a model with constant interest rate and volatility. The development of
the arbitrage pricing theory for American contingent claims (Section 2.5) is
based on the theory of optimal stopping, which we survey in Appendix D;
special cases, such as the American call and put options, are studied ir;
detail in Sections 2.6 and 2.7, respectively.

2.2 European Contingent Claims

Throughou‘g this chapter we shall operate in the context of a complete, stan-
dard ﬁrfanczal market M (Definitions 1.1.3, 1.5.1, 1.6.1 and Theorem 1.6.6).
In particular, the price of the money market is governed by

dSo(t) = So(t)[r(t) dt + dA(t)] (2.1)
and the prices of the stocks satisfy

N
dS, (t) = Sn(t) [bn(t) dt + dA(t) + Z Ona(t) AW @ (t)} ,n=1,...,N,
d=1
4 ' (2.2)
with o(t) = (0n4(t))1<n,a<n nonsingular for Lebesgue-almost-every t €
[0, T] almost surely. Recall that So(0) = 1 and S (0), . .., Sn(0) are positive
constants.

Deﬁniti‘on. 2.1: A Europegn contingent claim (ECC) 15 an integrable
cumulative income proces@o simplify the notation, we shall always
assume that C(0) = 0 almo 15.

CVISIDI%

European contingent claﬁé”;}?'ﬁsought and sold. The buyer, who is said

to assume a long position in the claim, pays some nonrandom amount I'(0)
%th‘znne Z€To a.qd is ‘Fhereby entitled to the cumulative income process C(-).
oo selle.r (writer, issuer), who is said to assume a short position, receives

) at time zero and must provide C(-) to the buyer. Thus, the seller has
Cumulative income process

T(t)=T()-C(t), 0<t<T. (2.3)

po'rt}flsl iseller’s objective is to choose a martingale-generating, I'(-)-financed
X(r) >0 é)rc;cess (mo(), m(-)) such that his corresponding wealth satisfies
- a mpst surely. 1n other vyords, the seller wants to “hedge” the
k. agc;mtmn in the contingent claim by trading in the market in such a
-l 0 make the necessary payments and still be solvent at the final

y almoet surely. Peca'l oo 125 8) that the sellor's 2iscounted wealth
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process satisfies

X)) B dC(u) t .
=TI(0 /(O,t] So(u) +/0 Solw) (u) (u)dWo(u), 0Lt S(T)
2.4

So(t)

have, upon taking Pp-expectations in (2.4), that

2 dC(u)
z 2 Ey { /( omi 5o (u)} <T(0). (2.5)

This provides a lower bound on the time-zero price I'(0) the seller must

charge for the ECC C(:).
Suppose the seller charges the amount z. Because the market was as-
sumed to be complete and the cumulative income process C(') is integrable

(Definition 1.5.5), the random variable So(T) [ f(o,T] %%] is financeable:

there is a martingale-generating portfolio #(-) satisfying

© dC(u) /T 1 .,
=z + — 7' (u)o(u) dWo(u) a.s. 2.6

/(O,T] So(u) o So(u) (w)o () dWo() (26)
(see Proposition 1.6.2). Define X (") by (2.4) with z replacing I'(0) and #(:)
replacing 7 (-), namely,

X(t) e dC(u) 7 (u)
So(t) ©. So(u) ~ Jo So(u)

Then (2.6) shows that X(T) = 0 almost surely. With 7o(t) £ X(@)-#'(t)1,
the seller has found a martingale-generating, I'(-)-financed “hedging” port-
folio (#o(-), (")) that results in nonnegative wealth at time T, with
I'(0) = z. Thus, the seller of the contingent claim can charge z (but no less)
for the ECC C(-) and use the portfolio (#o(-),#(-)) to hedge his position.

Now let us take conditional expectations with respect to F (t) under the
probability measure Py in (2.6) to obtain

If () is martingale-generating and if X (T) > 0 holds almost surely, we
t

o(u) dWo(u), 0<t<T. (24

1 _ dC(u)
T +/0 So(u)w (uw)o(u) dWy(u) = Eo [/(‘o,r] 5o() } ]-'(t)} CD<t<T.

Substitution into (2.4") yields

;Xh(—t) _E [/ dC(u) ’ ]_-(t):l s UL (2.7)
(

So(t) ¢,7) So(u)

This provides a simple representation for the seller’'s wealth process
corresponding to the hedging portfolio.

Th- Eageom of the eontirzent claia vea, 1702 wishes, he dge his pos‘t.on
Ly 4ne revaise stratigy. Ko bas incume provess —I ), anc (-4 A )

2.2 European Contingent Claims 41

is a (—I'(-))-financed portfolio process corresponding to the wealth process
—X(-) (and, in particular, final wealth —X(T') = 0 almost surely).

The above discussion shows that the “fair price” at time zero for the ECC
C(') is z given by (2.5). To wit, if the ECC were traded at any other price,
then either the seller or the buyer would have an arbitrage opportunity.

We are also interested in the price of the ECC at other times ¢ € [0,T].
Subtracting (2.4) evaluated first at T and then at ¢, we obtain ,

X(T) _ Xt _/ dC(u)
So(T)  So(t) Jeo) So(u)

T
+/t So(u) W’(u)a(u) dWO(u), 0 S t —<— T
(2.8)

We imagine that at time ¢, an agent sells the remainder (excluding any pay-
ment at time t) of the ECC C(-) for a price X (t) (measurable with respect
to F(t)), invests X () in the market, pays out the contingent claim between
times ¢t and T', and wants to have X (T) > 0 almost surely. Prompted by
these considerations, we make the following definition.

Definition 2.2: Let C(-) be a European contingent claim. For ¢ € [0, T]
the value of C(-) at t, denoted by VECC(t), is the smallest (in the sense of
a.s. domination) F(t)-measurable random variable £ such that if X (t) =&
in (2.8), then for some martingale-generating portfolio process 7 () we have
X (T) > 0 almost surely. The value VECC(0) at time ¢t = 0 is called the
(arbitrage-based) price for the ECC at t = 0.

Proposition 2.3: The value at time t of a European contingent claim

C() is

VECC (4 — - dC(u) [l
(t) = So(8) - Eo [ /(m Sl | 7o)

, 0<t<T. (2.9)

~ In particular, VECC(0) =z as in (2.5).

PROOF. If X(T) > 0in (2.8) and () is martingale-generating, then

So(t) — ¢,7) So(u)

thich shows that VFCC(t) must be at least as large as the right-hand side
P (2'9){ But the wealth process X(-) of (2.4"), corresponding to the pair
(770(-).,7r(-)) whose existence was established above, satisfies (2.10) with
equality (see (2.7)). It follows that VECC(t) = X(t), which is (2.9). a
Iflieemark 2.4: We may use “Bayes’s rule” (Karatzas and Shreve (1991),
E mma '3.5.3) to convert (2.9) to a conditional expectation with respect to
€ original probability measure P, namely
T I s | N
VECC (= AN /',‘,, | H (DI 7 02 sT
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where Ho(u) E Zg (u)/So(u) is the state price density process. In particular,
the fair price of the claim at t = 0 is

VECC(0)=E Ho(u) dC(u).
(0,71
Remark 2.5: Unlike much of the finance literature, our d‘eﬁnitipn of
VECC(.) is set up so that PECCHRY e almost surely. This is consistent

with our convention that processes have RCLL paths, a convention that

. Clu) - X . 1
requires the integral J Y %0_(%)2 in (2.9) to be over the half-open interva

¢c(r—) = C(T) — C(T—), so a final jump
t,T)]. From (2.9) we have VE¢¢(T'-) ! inal j
i(n C']() causes the same final jump in VfECC(-). In particular, if B is an
F(T)-measurable random variable satisfylng

1Bl ] (2.11)
E <o )
’ [SO(T)
and C(') is given by
0 if0t<T,
C(t) = {B if —t= T, (2.12)

then we have
VECC(t) = So(t) - Eo [-S—O% 1 f(t)] , 0<t<T, (213)
0.

VECC(T-) =B, VEOU(T)= (2.14)

Definition 2.6: Let C(-) be a European contingent claim, and deﬁrlle
[(:) = VECC(0) - C(). The martingale-generating, T'(-)-financed portfolio

process (#o(-), #(-)) satisfying

vECC@y / dC (u)
So(t) 0.4 So(u)
i1 A )o(w) dWolu), 0<t<T, (2.15)
+ [ gt e Wal)
fot) = VECC(t) —#'(t)l, 0st=T, (2.16)

is called the hedging portfolio for (a short position in) C(-).

Remark 2.7: The representation (2.9) allows us to write (2.15) as

¢ " dC(w) ’
/0 Soi(u)fr'(u)a(u) dWo(u) = Eo { /(O’T] e ’}'(t)]
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or, in differential form,

#()a(t) dWo(t) = So(t) - ds (EO [ /(0 ., ‘;f((:)) |f(t)D. (2.17)

his formula sometimes enables us to determine #(-) explicitly.

.3 Forward and Futures Contracts

nsider an F (T')-measurable random variable B satisfying (2.11). We re-
rd B as the market value at time T' of some asset, such as a stock or
mmodity. In this section, we define the forward and futures prices for
is asset.

Suppose that at time zero an agent buys a contract obligating him to
rchase the above asset for the nonrandom delivery price ¢ on the delivery
e T. The seller of this contract, who is taking the short position, agrees
deliver the asset at time T in exchange for g, even though the market
e at time T is B. According to Remark 2.5, the value process for this
ract is

VFC(t;q) = So(t) - Eo [;(_T‘; \ ]-'(t)] , Oz E (3.1)
ided that
Foy

ple 3.1 (Forward contract to purchase a stock that pays no divi-
):  Suppose the contract is to purchase one share of the first stock,
B = S,(T). If the first stock pays no dividends and o(-) satisfies the
ikov condition (1.5.17) with n = 1, then Remark 1.5.11 implies

VFO(t;q) = S1(t) — aSo(t) - Boll/So(T)IF(®)], 0<t<T.  (3.3)

addition Sy(T') is nonrandom, the hedging portfolio is particularly
. The agent assuming the short position sells the contract for
(0;9) = 5,(0) — S—o'((IT) at time zero, buys one share of the stock at
51(0), and borrows S_O%T) from the money market. At time T, his
y-market debt has grown to q. He delivers the first stock, receives the
€Ty price ¢, and pays off his money-market debt.

€ quantity of interest in finance is the forward price of an asset, defined
llows.

Dition 3 2: 7.c* B le «n 7{T mzisural .l raaic.. variable. and
De ;-a: (2.11, (3.); o, Vhe 00 vare price mcose o F s
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defined by
) & BB/S@IFO) oy p .
Eo[1/So(T)1F (1))
From (3.1) we see immediately that f () is the unique, F(t)-measurable
solution to the equation

VEO( £(2)) = 0. (35)
In other words, at time ¢ the value is zero for the contract to buy at date
T the asset at delivery price f(t).
Example 3.3 (Forward price of a stock that pays no di.vidends ) If B =
S,(T), the first stock pays no dividends, and o(-) .satlsﬁes the Novikov
condition (1.5.17) with n = 1, then (3.3) and (3.5) yield
ft) = S0/50 __ g<i<T (3.6)
Eo[1/So(T)|F(2)}

Example 3.4 (Forward price of a stock with nonrandom dividend rate):
If B = 8,(T), the dividend rate process 61(-) is nonrandom and the pro-
are uniformly bounded, then the forward price

cesses 011(+)y- -, 01N (")

Si1()/So(t) . '_ T T u}, 0<t<T. (3.7)
10 = B1/Se@)F 0] p{ /t i

Si(t) t }
To see this, observe from (1.5.16) that the process St XP { Jo 61(u)du

is a Py-martingale, so the numerator of (34) is

T
Eo[$y(T)/So(D)F (1)) = 208 exp {— / 61(u) du} |

Example 3.5 (Forward price of a stock u_)z'th nonrandom dividend. paﬁ/—
ments, when the money market is nonrandom): If B. = 8,(T), if the
dividend-payment p(-) = 61 (-)S1(-) and money-market prices So(-) are non-
random, and if o(-) satisfies the Novikov condition (1.5.17) with n = 1, then
according to Remark 1.5.11 the process

S1(t) t p(u) " <T,
so(t)*/0 Sa im "=

is a martingale under Py. From (3.4) we have
= ST 222 - | dul. (3.
il [so(t) . Solw)
When a commodity rather than a stock is being priced, there can be a

. / . iy
Shomig Ot whish 2arresoonds tu o €5all o o(-) in this example. Ir that
Cave, (3.8} 16 c2liv the coui-cf cary icrala
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Forward contracts on assets are not always available, and if they are, they
re available only with delivery price equal to the forward price. Thus, at
he time of purchase, the forward contract has value zero. After purchase,
he value of the contract is typically nonzero. In particular, just before the
delivery date T, a forward contract bought at time zero has value

_ Eo[B/So(T))

FC . — — =
VT SO0) =B /0) =B -5 e

As the value of a forward contract moves away from zero, one of the
rties to the contract might become concerned about the possibility of
ault by the other party. The worried party might wish to see the other
ty deposit money into an escrow account. Any such stipulation would,
course, change the nature of the contract and render inappropriate the
asoning that led to the forward price formula (3.4). '

This leads us to the concept of the futures price o(t) for an asset with
ket value B at time T'. This futures price process is set such that at
ery time ¢ € [0, T), the futures contract has value zero. Suppose one party
Is (for $0) such a contract to another party at time ¢. At time ¢+ dt, the
ures price has moved by an amount ¢(t + dt) — ¢(t). According to the
visions of the contract, if p(t + dt) — ¢(t) is positive, the party holding
short position must transfer this amount of money to the party holding
long position. If @(t + dt) — ¢(t) is negative, the transfer of money
in the other direction. This way, the futures contract is “continuously
ttled”t and the value of the contract is always zero. The futures price
an asset must agree with the market price on the delivery date. We are
ready for a precise definition.

finition 3.6: Let B be an F(T)-measurable random variable, and let
:) be a European contingent claim whose value is zero for all ¢ € [0,T]
10st surely, and that satisfies ¢(T) = B. Then we say that () is a
ures price process for B,

rem 3.7: Let B be an F(T')-measurable random variable satisfying
(B?) < 00, and assume that So(-) is bounded from above and away from
» uniformly in (t,w) € [0,T] x Q. Then the futures price process for B
ts, is unique, and is given by

o(t) = Eo|B|F(t), 0<t<T (3.9)

"The mechanism for the transfer of money is provided by the margin ac-
ts set up by brokers dealing in futures. Money is credited or debited to these
Ounts daily, depending on the movement of futures prices. Investors can with-

mapey ghsn th, va'ars xees e orlar +hriosnd?d  rd wrs Stkizat tg 4
@18nc1'i raoalnee “dl *oc In-
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PROOF. We first show that the square-integrable Py-martingale ¢(-)
defined by (3.9) satisfies the conditions of Definition 3.6. Define

I(t)é/0 gs(;‘jdgo(u), Ot Ty (3.10)

which is also a square-integrable martingale under Pp. From Proposi-
tion 2.3, the value process for ¢(-) is

Ve(t) = Solt) - Boll(T) — I(t)|F(t)] =0, 0<t<T. (3.11)

It is obvious that ¢(T) = B.

We next prove uniqueness. Suppose ¢(+) is any ECC satisfying the condi-
tions of Definition 3.6. With I(-) as in (3.10) we have (3.11), which implies
that I(-) is a martingale under Fp. Hence o(t) = fot So(u)dI(u),0<t<T
is also a local martingale, so ¢f¥(-) = 0,¢%(:) = ¢(*), and

¥
Eo(I)(T) = Eo /0 gg—lw—)dm(u) amo

by (1.5.9). Since I(:) is a square-integrable martingale, ¢(-) is also. In
particular, ¢(t) = Eolp(T)|F(t)] = Eo[B|F(t),0<t<T. O

Remark 3.8: Because the value of a futures contract is always zero, an
investor who holds a position in futures can “close out” that position at any
time and at no cost. This is in fact the fate of most futures contracts; the
position is closed out before maturity. If a long position in a futures contract
is not closed out prior to maturity T, then in actual markets the investor
must receive delivery of the asset at market price B. Since purchasing the
futures at some time ¢ € [0, T, the investor has received a total cash flow of
ftT dp(s) = B — ¢(t), and so after the terminal payment of B the investor
has paid the net amount ¢(t) between times ¢ and 7. In this sense, the
investor has purchased the asset for the futures price (t) prevailing at the
time the futures contract was entered. However, the payment of (t) occurs
continuously prior to maturity, whereas for a forward contract the payment
occurs at maturity.

It is common in finance to approximate futures prices by forward prices.
The relationship between these two quantities is described in the following
corollary.

Corollary 3.9 (Forward-futures spread): Under the conditions of Theo-
rem 8.7, we have
COVO [B, I/So(T)|.7:(t)]
t) = o(t) + ,
10 = 20+ T, [1/80(T) F(0)

0<t<T,

where

Coa €, ISR D - B X SN 1Y = () '| ;~(e,}
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In particular, the forward price f(0) a ) i j
. grees with the future pri ;
nd only if B and 1/So(T) are uncorrelated under Py. price 04

ROOF. DBecause

Covo[X, Y|F(2)] = Eo[XY|F(8)] — Eo[X|F(t)] - Eo[Y]F(2)],
may rewrite (3.4) as

Eo[1/So(T)|F(2)]
e result follows from Theorem 3.7. C

-
Clearly, f(t) = @(t)V0<t<T if th ‘ .
Rrvinictic (noorandom). e money-market price So(T) is

i

4 FEuropean Options in a
" Constant-Coefficient Market

this lsection we present examples of European options in the context of
omplete, standard market with constant risk-free rate r(-) = r, dividend
vect'or 6(:) = 6 = (61,...,6n), volatility matrix o(-) = o, and with

)=0
dSo(t) = So(t)rdt

L dS () = Sa(t) [bn (t)dt + i Ond dW(d)(t)J

d=1

(4.1)

= S (t) [(r—én)dt+20nddWéd)(t)J, n=1,...,N (4.2)
d=1

e(nle::ﬁ) fand (1.6.16)). Qne of these is the Black—Scholes formula. Com-
ySiSS‘to‘ the market is equivalent to nonsingularity of . For this
P i, 1t 18 not necessary to assume that the vector b(-) of mean rates of
§ constant, and consequently, the market price of risk process
0(t) = o~ [b(t) + 6 — r1] (4.3)
f I}ecessarily constant either.
ving (4.1), (4.2), we obtain Sy(t) = "t and
S, L
n(u) = h, (u—t,S(t),0(Wo(u) — Wo(t))), 0<t<u<T
n=1,...,N, o
(4.4)

re b - |
h:[0,00) x RY x RN — RY is the function defined by

- PR ATV |

b o
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!/

and @ 2 (@nt)1<n<e<n = oo’ . Here we denote by S(t) = (S1(t),. -, Sn(t))
the vector of stock prices. B .
Consider an ECC of the type C(t) =0,0 <t < T., and C(T) = ¢(S(T));
here ¢ : RY — R is a continuous function satisfylng E0|c.p(S.(T))| < .
According to Proposition 2.3, the value process for this claim is
VECC (1) = e 7T~ Eo[p(S(T))| F(1)]
— T T0 By [ (T — 1,50, o (W(T) ~ Wo(0))) | #(0)

1

"p{’z(wt)} *

because Wy(-) is a Brownian motion under Py, relatiYe to the filtration
{F(t)}o<t<T- From these considerations, we see that with

3 N

e fon 9(h(s, 2,02)) grwrs exp{- 131 1dz, s> 0,z € RY,
s=0,7€ Rﬁ_],
(4.6)

S P

the value process of the ECC is
VECC (1) = e T Ey[p(S(T))|F(t)] = u(T—t,5(t), 0<t<T. (4.7)

Using Remark 2.7, it is possible to compute the hgdging portfolio. Indee.d,1
under appropriate growth conditions on the functlog @ (e.g.3 polylnoniuab1
growth in both ||z|| and 1/||z||), the function u of (4.6) is the unique classica.
solution of the Cauchy problem

N N u

1
2 Zl ?4:1 It G O
al Ou ou .
O py=22, on (0,T] x RY,
+Zl(r — 6n)Zn i T gy O (0,7 i
1(0,z) = p(z), VTE€E RY, (4.8)

by the Feynman-Kac theorem (e.g., Karatzas and Shreve .(1991), Theoé
rem 5.7.6 and Remark 5.7.8). Applying It&’s rule and invoking the secon
representation of dS,(t) in (4.2), we obtain

N N u )
du(T—t,S(t)) = ru(T—t,S(t)) dt+Y_ Y _ 0neSn(t) 5o (Tt S() dWo

n=1 {=1

or equivalently,

s { u(T — QL1 g/ 7, s n
g':.,g".ﬂ,‘\._—S;\W-—)_n'(t‘co’V,.(,,

~
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with #(-) = (#1(), .., #n())’ given by
ou

0z,

Fu(t) = Su(t) (T — £, S(t)), 0<t<T, (4.9)
forn=1,...,N. Recalling (4.7) and Remark 2.7, we conclude that #(-) is
indeed the hedging portfolio of Definition 2.6. At any time t, this portfolio

holds ;I—’i(T —t,5(t)) shares of the nth stock, n =1,..., N. The hedging
portfolio also has a component

N
fio(t) = (T —1,5(t)) — Y #a(t), 0<t<T, (4.10)
n=1

recording holdings in the money market.

- It should be noted in (4.6), (4.7) and (4.9), (4.10) that the value of the
ECC and the hedging portfolio depend on , §, and o, but not on the vector
b(-) of mean rates of return of the stocks. This fact makes the formulae

Particularly attractive, because the mean rates of return can be difficult to
'stimate in practice.

xample 4.1 (European call option): A European call option on the
1st stock in our market is the ECC given by C(t) =0, 0<t< T and
(T) = (S1(T) — q)*. The nonrandom constant q > 0 is called the strike
ice, and T' is the ezpiration date. The random variable (S, (T)-¢g)t is
e value at time T of the option to buy one share of the first stock at
he (contractually specified) price . If $;(T) > g, this option should be
ercised by its holder; the stock can be resold immediately at the market
ice, at a profit of S)(T) — ¢. If S;(T) < ¢, the option should not be
ercised; it is worthless to its holder.

With o(z) = (z1 - ¢)™", the Gaussian integration in (4.6) can be carried
ut explicitly, to yield

[ zie™% ®(py (s, 21; 9))
—qe " ®(p_(s,7159)), 0<s<T, =€ (0,00),
(1 —¢)7, §=0, x€(0,00),

(4.11)

#CC (5, 2;q) =

ere

V2 J=os

This is the celebrated Black and Scholes (1972) opticn mricing formula.
2eds 1y oorifoiods (se3 (L€) (4 16}
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avECC
3I1

7ECC(t) = VECO(T — ¢, 81(t);9) — S1(t)

(T —t, Sl(t);q)s 7r2Ecc(t) == ”Igcc(t) =0,

avECC
6I1

rECC (t) = S1(t)

(T —t,51(t)g),0 <t < T.
(4.12)

Exercise 4.2: Show that the function u(s,z1) = uECC (s,11;q) of (4.11)

satisfies

F 6—::%(5,131) > U(S,Il), o< s < T’ T € (0’ OO),

and hence that we have
rECC@)y <0, 0<t<T, (4.12)

I

from (4.12). In other words, the hedging portfolio for a (short position in
a) European call option always borrows.

Example 4.3 (European put option): The European put option confers
to its holder the right to sell a stock at a future time at a prespecified
price. We model a put on the first stock as the ECC with C(t) = 0 for
0<t<Tand C(T)=(q— S1(T))*. Because (¢ — S1(T))" = —(81(T) -
q) + ($1(T) - g)*, holding a long position in a European put is equivalent
to holding simultaneously a short position in a forward contract and a long
position in a European call. This is the so-called put-call parity relationship.
We have already priced the European call; the forward contract is easily

priced, as we now describe.
First note from Remark 1.5.11 that

es—(r—él)tsl(t) £s (0) n /t e-(r—&l)u[dsl (u) — (r - 51)51 (u) du].
0

=50+ /Ot e’ [d (g—;%) - %8%51 dU}

is a martingale under Fp. Consequently, the forward contract value process
(see (3.1)) is

So(t) - Eo [&T)—_q ' F(t)] — (TG (1) — e " Tty
Al = uFO(T —t,81(t); 9),

where

uFC(s,21;q) £ €%z — g, (413)

The hedging portfolio is (see (4.9), (4.10))
AFO(t) = e 0T VS (), m )= =7n () =0,

AFESSION: C2¢sF 1Y
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In other wprds, at time ¢ = 0 the contract is sold for e=417§;(0) — e~"T

The sel-ler invests the proceeds in the first stock and in the mlon . ki -y
respectively, buying e=%7 gshares of stock and borrowing e“’"Teyfrmal (;f’
money marke.:t. Dividends are reinvested in the stock. The yieldq e(r)mht .
of the stock is Y;(-) defined by (1.11), and the number of sharespownsec;l rlz

xFC()
=%y ) S0 we have the stochastic differential equation

| FC
cht=7r1 (t) _ _FC 7 N
| 7FC(¢) S dVi(t) =77 C@t) [(br +61)dt + > g dWD ()|,
d=1 !
hose solution is
FC(; _ FC( 61t 91() _ s (7
i C(t) = 7FC(0)e 50 =" a(T-0g (¢).

t time T, the agent owns one share of the stock, which he delivers at

ice g. This ¢ is the amount of mone
s y needed to pay off the debt to the

Returning to the European put option, we define

EP .NL  FC
u (S,Il,q) =-u (S,flll;q)'f‘ch(S,(El;q). (415)\

e value process for the E o o EP
i uropean put is u~* (T'—t, S;(t); ¢). The hedging

EP
T (t)= -1, C@) +7FC(t), 0<t<T, n=0,1,....,N. (4.16)

xalg%!e 4.4: Consider an ECC of the form C(t) =0, 0< ¢t < T
ctio(n %1— w(S1(T)), wbere x [0,00) — R is a convex function. Such a
as a nondecrea51ng, right-continuous derivative D%y satisfying

ola) = p(0)+ [ "Dtolg)dq, =30 (4.17)

~g-,eKa.ratz'as anc% Shreve (1991), Problems 3.6.20 and 3.6.21).
establish an integration-by-parts formula for D+¢. There is a unique
ure u on the Borel subsets of [0, 00) characterized by !

#((a,b]) = D*p(b) — D*p(a), 0<a<b.

P:R —0,00)b i i
T [(z)d) _ela function of class C*, with support in [0, 1] and
0 P z = 1. Define a sequence of mollifications of ¢ by

@)= [ o (a+2) o)z =n | etwptny —na)ay

N each - i o 5 =
| ch p, is of ~lass 0% ard ¥m _,, on(g) = «’0) lim o (a)
S Oy oY o il g

(‘) \ "( > p
(@' “n al 7 > 0. Tutherire ‘o- an bounied, Beralriean il
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function g : [0,00) — R, we have
b

‘ n— oo

by-parts formula

o(B)P(b) — g(@)Pa(@) — /

a a

to obtain

o) D*o(8) — 9(a)D* pla) — /

a

b b

b = z,, to obtain

(0,00)

+ /( CILEC

w € Q.

bl

lim | g(q)¢'l(a) da = /( s, 0<a<h

a fact that can be proved by first considering functions g that are in
of intervals. If g is a C* (R)-function, we may let n — oo in the integration-

g'(q)D* p(q) dq=/ g(q)u (dg). (4.

a
We now fix z; > 0 and apply (4.18) with g(q) = (; — ¢)t,a =0 and

o) — 90 - D*o0) = [ (@ @) u(d)
in conjunction with (4.17). Formula (4.19) allows us to compute the value

process for the contingent claim C(T) = p(S1(T)) at the beginning of this
example. Indeed, this contingent claim has the value process

=T~ Eg[o(S(D)F ()] = e 7T Eq [cp(O) + D% p(0) - S1(T)

— e "T=95(0) + DT p(0) - uFC(T — ¢, 51(£);0)

+/ uBC(T — t,81(t); )u(dq)
(0,00)

(cf. (4.7)), where u”'® is defined by (4.13) and uZ9 by (4.11).

Example 4.5 (A path-dependent option): Let us take N = 1,0 =011>
0 and assume that b,(-) is deterministic, so the one-dimensional Brow-
nian motions W(-) and Wy(-) both generate the filtration {F(t)}o<t<T"
We assume without loss of generality that we are on the canonical space
Q = C([0,T}), the space of real-valued continuous functions on
that Wy, is the coordinate mapping process Wo(t) = w(t),0 <t < T, for all

Consider an ECC of the form C(¢) =0 for 0 < ¢ < T and C(T) = G(w),
where G : C([0,T]) — R is a functional satisfying under P
, b (0 & -775.5 of fopoatz P Theu dca S Clark form Ja (E.7). the value

the conditions

2. i i
4 European Options in a Constant-Coefficient Market

process (2.9) for the above ECC is
VECC(t) = e T=0 By [G(Wo) | F(8)]
= e-T(T_t)EoG(Wo)
¢
+ —r(T—t) .
€ 1 Eo[aG(Wo, (S, T])I}—(S)]dWO(S)

From Remark 2.7 we see that the hedging portfolio is

| S
7T1(t) = ;e (T t)EO[aG(WO7 (t7TD|‘F(t)]7
wo(t) = VECC(t) — 7, ().

n particular, if
C(T) = max S,(t) = i
o223, 51(8) = 5,(0) “o<ior | P [ (r - %) t+0WO(t)” ’

we have a so-called look-back option (LBO)

For the look-back option of (4.20), ;Ne have G(W,
:P][gma‘xogth(Wo(tz‘F vt)], where v £ L — 2. With Vif()t) Wo(t)

S M(t) = maxo<s<t W(s), we obtain from'Example E.5 of Append?x(t%)'-*-

51(0) -

e

m(6) = e T08,(0) [ LT 1, Kit) - (o)

. {e o}
+ae”W(t)/ 7 :
! T — t,£)e7
i) ( §)e’tde |,

= e "I E, [G(Wo)|F(t)]

=e -7 (7 —t)Sl (0) 61\71(1,‘) aW
€ + e (t)/ f
. 1 —t 43
| M)W (1) ( ,Ee d¢| ,

ere f is defined in (E.11). We ded .
ok-back option of (4.20) his valuee uce from this last formula that the

VEBO(0) = e=7T 5, (0) { l+o /0 Ooef’b (T, b)db}

= e TS, (0) {1 +a/0°°e°" [1 — (b \—/%T)J db

LBO(t)

'tilnet:;(]

53
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9.5 American Contingent Claims

American contingent claims differ from European contingent claims in that
the buyer of an American contingent claim can opt, at any time of his
choice, for a lump-sum settlement of the claim. The amount of this set-
tlement is specified by a stochastic process, which is part of the claim’s
description. In this section, we define the value of an American contingent
claim and characterize it in terms of the Snell envelope of the discounted

payoff for the claim.

Definition 5.1: An American contingent claim (ACC) consists of a cu-

mulative income process C(-) satisfying C(0) = 0 almost surely, and of an

{F(t)}-adapted, RCLL lump-sum settlement process L(-). We assume that
the discounted payoff process

A dC(u)  L(t) .

Y(t) = = ) <t<T, (5.1)

)= Jon Sotw) 50 )

is bounded from below, uniformly in ¢ € [0,T] and w € €2, and continuous

(jumps in C(-) and L(-) occur at the same time and offset one another, i.e.,

they are of equal size and opposite direction), and satisfies

Eo [ sup Y(t)] < . (5.2)

0<t<T

Just as with a European contingent claim, the buyer (or holder) of an
ACC, who is said to assume a long position in the claim, pays some nonran-
dom amount v at the initial time and is thereby entitled to the cumulative
income process C(-). The seller, who is said to assume a short position,
receives v at time zero and provides C(-) to the buyer. Here, however, the
buyer also gets to choose an {F(t)}-stopping time 7 : Q — [0, T, called the
ezercise time. At time 7, the buyer forgoes all future income from C(:) and
receives instead the lump-sum settlement L(7). Thus, once 7 is chosen, the
cumulative income process to the seller is

Lt)=7—CEAT) = L(T)lg>ry, 0S8 <T. (5.3)

In particular, on the event {r = 0}, the seller receives ¥(0) = 7 — r(0)
at the initial time and nothing more. The buyer has cumulative income
process —I'(:).

For many American contingent claims, C (-) = 0. This is the case, for ex-
ample, with American options. An American call option entitles its holder
to buy one share of a stock, say the first one, at any time prior to T
at a specified strike price ¢ > 0; it is modeled by setting C(-) = 0,
Lty = (S:1(t) - @)™ :

A “repeyable mertooace i 2 mors v a American contingent claim.
Tvo moddl tas by ssmrgarg tie long posit o fo 1 oercwe . succ L€
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borrower gets to choose the time of prepayment. The original principal is
—v, —C(t) is the cumulative mortgage payment made up to time ¢, —L(t)
is the remaining principal after any payment at time ¢, and T is tl,le term
of the mortgage. Every upward jump in —C{(:) corresponds to a regularly
scheduled payment and creates a downward jump of equal magnitude in
—L(-), so the discounted payoff process Y{(-) is continuous.

- As with a European contingent claim, the seller of an ACC must choose a
portfolio to hedge the risk associated with his short position. This hedging is
compl'icated by his uncertainty about the exercise time r appearing in (5.3)

The simplest case is when 7 = T', because then the hedging and pricing are:
like thoge of a European claim. In this case, the seller’s cumulative income
process is given by v — C(t) — L(T)1{4=ry for 0 <t < T, and if n(-) is a
martingale-generating portfolio, the wealth process is given by

X(t) I dC(u) L(T)

So®) " Jio Solu) SO(T)l{t=T}

t 1
+/0 A m'(u)o(u)dWo(u), 0<t<T (5.4)

(see (1.5.8)). The seller wants X(T') > 0, or equivalently,
dC(u) L(T) -
Y(T) = / + < /
o1 Solu) ~ So(T) ~ v 0

most surely. To ensure that he can make the lump-sum payment if the
uyer should §top prematurely, the seller also wants X (t) > L(t) a.s. for
<t < T. This condition, coupled with (5.5), yields

dC(u)  L(t)
0,4 So(u) ~ So(t)

s()tu)”'(“)"(“)deu) (5.5)

Y(t) =

t
1
< '
< 'y+/0 So(u)w (u)o(u)dWo(u) a.s. Vte[0,T]. (5.6)
uppose (5.6) ho}ds. Since both sides are continuous in ¢, the probability-
nr(t) e¥;nt (;n which the inequality is violated can be chosen not to depend
t. Therefore, the inequality holds if ¢ is replaced by a i
e 0T p y any random time 7

v o [ 4w LD [ 1
) /(0,1] So(u) + So(7) £ ’Y+A So(u)ﬁ (u)o(u) dWy(u) a.s.
(5.6)

his is just the statement that the seller, with cumulative income pro-

88 (5.3), has nonnegative wealth after settling the ACC at any exercise
€ 7 chosen by the buyer.

efinition, £.2: " LA i
Ar tiow F.2: Lot (C().Z() Le an Amerian raitiygent elain. The
Qe 'hzclam ot Qe 2omr s
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VACC(O) £ inf {7 € R; there exists a martingale-generating

portfolio process 7(-) satisfying (5.6)}.

A hedging portfolio for (C(-),L(")) is a martingale-generating portfolio
process 7(-) satisfying (5.6) when v = VACC(Q).

Theorem 5.3: We have
VACC(0) = sup EoY(7), (5.7)

T€So, T
where So, 1 s the set of stopping times taking values in [0, T]. Furthermore,
there is a stopping time T* attaining this supremum and there is a hedging
portfolio 7(-) such that

g

Y-('T*)=VACC(0)+/T :
0

So () 7' (u)o(u) dWo(u) a.s. (5.8)

Remark 5.4: Equation (5.8) asserts that if the seller uses the hedging
portfolio 7(-) and the buyer chooses the stopping time 7*, then after settle-
ment the seller has wealth X (7*) = 0. The buyer, whose cumulative income
process is the negative of that of the seller, can hedge his long position with
—#(-) and after settlement have wealth —X (*) = 0. The stopping time 7"
is an optimal ezercise time for the buyer of the ACC.

PROOF OF THEOREM 5.3. By the addition of a constant, if necessary,
the process Y(-) can be assumed nonnegative, and we can bring the
results of Appendix D to bear. According to Theorem D.7, there is a Fo-
supermartingale {£(t), F(t); 0 <t < T} with RCLL paths, called the
Snell envelope of Y (-), such that

£(t) > Y(t) forall t € [0,T)
almost surely, and
£(v) = ess sup,esv’TEo[Y('r)lf(v)] a.s., YveSor, (5.9)
where S,.1 = {r € Sr;v < 7 < T as} In particular, £0) =
SUP; s, 1 EoY (7). According to Theorem D.12, the stopping time
Sinf{te[0,T); £t)=Y@)}IAT

satisfies £(0) = EoY (7%).

Theorem D.13 asserts that £(-) = M (-) — A(-), where M() is a uniformly
integrable RCLL martingale under Fp, and A(-) is an adapted, continu-
ous, nondecreasing process with A(0) = A(7") = 0 as. Because of our
s ier of morket somnletenes,, (b T 1)-measurabl> random vaci-
avle L = £u2)22(7) & houeorble, fe, *hore §s @ pactnzede-ceara 119
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portfolio process 7(-) satisfying

r o
M(T) = £(0) + /0 So (W) dWo(w) (5.10)

(cf. Proposition 1.6.2). Taking conditional expectations with respect to F(t)
in (5.10), we obtain

Y (t) <&(t) = M(t) — A(t)

=60 - A0+ | g (Wot) do(w
< £(0) + /0 Sol(u) #'(u)o(u) dWo(u), 0<t<T. (5.11)

It follows immediately that VACC(0) < £(0).

Now suppose that (5.6) is satisfied for some v € R and some martingale-

gEeI;ﬁEa‘;lng po\;tfolio Igocesi 7(-); take expectations in (5.6') to obtain
(7 Vo .

V?QCC(O)__ ¥ € So,r. It develops that £(0) < 4, and thus £(0) <

Havi.ng thus established £(0) = VACC(0), we see from (5.11) that #(-) is

3, hedging portfolio and (5.8) holds. |

Rerr.nark 5.5: The martingale M (-) in the proof of Theorem 5.3 is actually
continuous, as one can see by considering the second equality in (5.11).
Hence, the Snell envelope £(-) is also continuous.

Remark 5.6: If y = VACC(0), and #(-) = #(-) is the hedging portfolio
of Th.eorem 5.3, then (5.6) holds and implies (5.6') for any random time
T t.aklng values in [0,T]. Thus, even if the purchaser of the contingent
claim is allowed to choose 7 with knowledge of future prices, the seller of

g the claim is not exposed to any risk if he uses the hedging portfolio of
heorem 5.3. o

We wish to extend the notion of the value of an ACC to times other than
€ro. Suppose that an ACC is given, and consider that at time s € [0, T]
bl_lyer pays the amount (s) (an F(s)-measurable random variable) to
cewve the remaining income process {C(t) — C(s); t € [s,7]} up to a
OPping time 7 € S, 1, at which time he receives the lump sum L(7). The
gument that led to'(5.6) now leads to the condition for the seller’s desired

0,5] So(u) (s,8) So(u)  So(?)
) L
So(s)  J, So(’u)ﬂ- (u)o(u) dWo(u) a.s.,
viials, T, (5.12)
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Definition 5.7: Let (C(-),L(-)) be an American contingent claim. The
value of the claim at time s € [0,T], denoted by VACC(5s), is the smallest
F(s)-measurable random variable v(s) such that (5.12) is satisfied by some
martingale-generating portfolio process w(:).

Theorem 5.8: For s € [0,T], we have

' 1
(0.s] So(u) dC(u)] ; (5.13)

where £(+) is the Snell envelope of Y(-) and satisfies (5.9). Furthermore,
the stopping time

VACC(s) = So(s) [&(s) -

Te = inf{t € [s,T);€(t) = Y(OIAT
satisfies £(s) = E[Y(73)|F(s)]as., and with #(-) the hedging portfolio of
Theorem 5. 3 equality holds in (5.12) at 7

o [ 20V [ L

(0,5 So(¥)
PROOF. Replace t in (5.12) by an arbitrary 7 € S, and take conditional

expectations, to obtain
dC(u) _ ¥(s)
= < a.s.
) /(O,s] So(u) ~ So(s)

( )dWo( ) ‘a.s.
(5.14)

EolY ()| F (s

and thus
©dC(u) _ VACC(s
fo- [ LU T
.5 So(u) So(s)
For the reverse inequality, let t € [s,T] be given and observe from (5.11)
that

(5.15)

(u) dWo(u) — [A(t) — A(S)]-

S()u

Because Y (t) < £(t) and A(t) —

B dC(u) B u
Y /o 5] So(w) ~ =¢0) /(O,s] So(u)

A(s) > 0, we have

(5.16)
This shows that (5.12) is satisfied with
vis) CMu)
Yth meC W
So(<) (#) S (o F0H)
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‘whence
1% ACC ( S)

&) dC(u)
So(s) <) /(O,s] So(u)

Replacing ¢ by 7. in (5.16), we obtain e i ‘ :
. X 10), quality because Y (7)) = &(77
and A(7;) — A(s) = 0 (Theorem D.13, especially (D.34)). O [)1

Remark 5.9: Just as in Remark 5.4, we see here that the buyer of the
ACC can hedge his position with the portfolio process —#(-) if he calls for
settlement at time 7. Equation (5.14) is the statement that after settle-
ment, both buyer. and seller will have zero wealth. The stopping time 7 is
n optimal ezercise time in S,,1 for the buyer of the ACC. ’

ema'rk 5.10: Let (C(-), L(:)) be an American contingent claim. If the

uyer is f.orced.to choose the exercise time 7 = T, then the value of the

claim at time s is determined by formula (2.9) for European claims, namely
L(T)

dC(u)
Ey / +
(s,7] So(uw) — So(T)
he difference between the “American value”

- dC(u) |
OR S |

d this “European value” is called the early exercise premium

VECC(s) = So(s)

VACC () = Sols)

e(s) = VA9C(s) ~VECC(s), 0<s<T. (5.17)
cause:
T dC(u) 3 L(T) L
L Sow) T S ~ ) =8I = M(T) - AT,
have
e(s)
5oy~ £6) ~ BolY (DIF ()] = BolAT)|F ()] — A(s)
1 [T So(uw)dA -
= o / %lﬂﬂ}, 0<s<T (5.18)

us, ;from (2.9) of Proposition 2.3, the early exercise premium is itself

S(:/(aul)l;Aprocess for an ECC, namely, the cumulative income process

A (u), 0 <t < T. We shall offer some precise computations for
and A(-) in the case of the American put option in Section 2.7.

emark 5.11: Setting s = 0 in (5.18), we see that

o) = o o)

Y ()
<] oY (1),
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It is an easy consequence of the optional sampling theorem (e.g., Karatzas
and Shreve (1991), pp. 19-20) that f the discounted payoff process Y ()
is a Py-submartingale, then €(0) = 0, and the ACC of Definition 5.1 is
equivalent to its ECC counterpart. Then, of course, the exercise time 7 = T
is optimal for the holder of the ACC (although earlier exercise might also

be optimal).

2.6 The American Call Option

This section develops a variety of results for American call options. We
show that the value of an American call does not exceed the price of the
underlying stock. If the call is perpetual, i.e., the expiration time is T' = 00,
and the stock pays no dividends, then, regardless of the exercise price, the
value of the call agrees with the price of the stock, but there is no optimal
exercise time. If T' < oo and the stock pays no dividends, the American call
need not be exercised before maturity, and therefore its value is the same
as that of a European call. All these facts are simple consequences of the
optional sampling theorem.

The latter part of this section is devoted to a perpetual American call
on a dividend-paying stock, when most of the coefficient processes in the
model are constant. In this case, it is optimal to wait to exercise the call
until the underlying stock price rises to a threshold, although this may
never happen. The threshold is characterized in Theorem 6.7.

In this section we are concerned with an Ame@ on a single stock,
and we simplify notation by assuming that this ™ only stock. Thus,
we set N = D =1 and we write S(-), ('), b(')%&lﬂgin place of S;(-),
0'11('), b]('), and 61()

To cast an American call option on the stock, with exercise price g > 0,
into the framework of American contingent claims (Definition 5.1), we set
C(-) =0, L(t) = (S(t) — @)*, and thus the discounted payoff process is

— o)t .
(S0 -9 &)
So(t)
For a finite planning horizon (ezpiration date) T, let us denote by VAC(t;T)

the value of the American call at time ¢ € [0, T]. According to Theorem 5.8,
we have

Y(t) =

VAC(t; T)
So(t)
where S; 7 is the set of {F(t)}-stopping times taking values in [¢, T]. We
note from Remark 1.5.11 that when 6(-) > 0, then
St - (=5 ft‘(l YRR |
R RN T aiw)dVole — 'l se ¥ u)i B e
Sa(t) CI A .Y .0 2° ) \L)/ T]
0<t<T, (6.3)

= .ess Suprest,TEo[Y(T)lf(t)]’ 0<t<T, (6.2)
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is a nonnegative Pp-supermartingale, and the optional sampling theorem
(Karatzas and Shreve (1991), Theorem 1.3.22) implies

VAC(t; T) = Sp(t) - ess SUP.¢s, 7 £o [(;)((7;)) SO%T) ) + J }_(t)]
S(r)

< So(t) - ess sup,cs, . EFo F(t)
‘ So(7)
<S(t), 0<t<T

In other words, the value of an American call with finite expiration date
never exceeds the price of the underlying stock.

Theorem 6.1: With T < 060, assume that the stock pays no diwn-

dends, So(-) is almost surely nondecreasing, and o(-) satisfies the Novikov
condition (cf. (1.5.13))

T
Ey lexp {—;— /0, o?(u) du}} < 0. (6.4)

Then an American call on the first stock need not be exercised before
maturity, and its value is the same as that of a European call (cf. (2.13)):

+
VAC(4,T) = So(t) Eo [(S(T’ : ) \f(t)], 0<t<T

So(T)  So(T)

PROOF. Jensen’s inequality and the fact that Sp(-) is nondecreasing can

be used to show that Y'(-) of (6.1) is a Py-submartingale. The result follows
from Remark 5.11. i

We now turn our attention to perpetual American call options. Let
us assume that the financial market has an infinite planning horizon
(Definition 1.7.2), and recall the discussion of such markets in Section 1.7.

Definition 6.2: Consider the discounted payoff process Y (-) of (6.1),
defined for all t € [0,00). Following Definition 5.7, for s € [0,00) we
define the value at time s of the perpetual American call option on the
stock, denoted by VAC(s;00), to be the minimal random variable v(s) that
18 F ('T)(s)-measurable for some T € [s,00) and for which there exists a
artingale-generating portfolio process 7 (-) satisfying almost surely

() [ 1
Y(t)ggo(s))+/s S (o) dWo(w), Vi€ls00).  (65)

If (6.5) holds, then the continuity of both sides of (6.5) allows one to
choose, for exch k = N, a P nvll ~nd Py null e~+ N; in TT&) (k) for some

0k € b <) ruch thet (30 lulds ©-an t « (s end il w e G\N..

Consequently, (6.5) holds for all t € [s,00) and all w € Q\ Use, Nk. Thus,
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ifr7:Q— [s oo] is any random time, we have (cf. (5.6"))

B / So(u)

This is the assertion that an agent who sells the option for 7(s) at time
s and, having no further income, invests the amount 7(u) in the stock at
all times u € [s,00), will have sufficient wealth to pay off the option if the
buyer chooses to exercise it at any finite time.

w)o(u) dWo(u), P and Py a.s. on {7 < co}.

Theorem 6.3: Assume that the stock pays no dividends, that Sp(-) is
almost surely nondecreasing with Pyllim;_.oo So(t) = oo] = 1, and that
o(-) satisfies the Novikov condition (6.4). Then the value of the perpetual
American call on the stock is equal to the current stock price:

VAC(s;00) = S(s), 0<s<o0, as.

PrROOF. For 0 < s < t < oo, we have immediately from (6.1) and
Remark 1.5.11 that

S@t) _ S(s) *t S(u)
So(t) ~ So(s) " Js So(w)
which suggests taking m(u) = S(u), i.e., holding one share of stock at all
times. This 7(-) is martingale-generating, since S(t)/So(t) is a martingale.
Thus, from (6.6) and Definition 6.2, we obtain v(s) < S(s).

On the other hand, whenever (6. 5) holds for some random variable ¥(s)
and some martingale-generating portfolio #(-), we have for t € [s,00) and

sufficiently large T € [t,00):
S(s) (T) S¢ 94 | xm

Sa(s) ~IE0 [S |70 ] [So() 507 “]
< BolY ()| F D (s)] < (( )),

Letting ¢ — oo we obtain S(s) < y(s), and thus S(s) is the minimal random
variable that can replace ¥(s) in (6.5). m

Y(t) < o (w) dWo(u), (6.6)

s <t<oo.

Remark 6.4: The proof of Theorem 6.3 reveals that the seller of the
perpetual American call should hedge by holding one share of the stock,
and when this hedging portfolio is used and y(s) = VAC(s;T) = S(s), the

‘inequality (6.5) becomes

S(t) s (S(t) g )+
>Y(t) = — .
Solt) ~ (® So(t)  So(t)
This inequality is strict for all finite ¢, which means that there is no optimal
ezercise time (see Remarks 5.4, 5.9) for the purchaser of the option.

For the remainder of this section we shall assume that

oor=c>N §)=8500 1 )=- 506 (57)

Ny
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are constant, although b(-) may not be. Then the stock price process is

S(t) = S(0) exp {a’W(t) - %0'215 -+ /t b(u) du}
0

= S(0) exp {oWo(t) + (r — 6 — 0?/2)t}. (6.8)

We consider the perpetual American call on the stock with exercise price
q>0.
. The proof of Theorem 5.3 cannot be easily adapted to the present sit-
uation, because here the expiration date is T = oo; we do not have a
filtration parametrized by t € [0, co] and satisfying the usual conditions of
right-continuity and augmentation by null sets. Nonetheless, Theorem 5.3
suggests that the value VA4C(t;00) of the perpetual call at time zero can
be found by maximizing EoY (7) over “stopping times” 7, where

0<t <o,

4 e—?‘t(S(t) - q)+’
v 2 { : =t (6.9)
It should be noted from (6.8) that 0 < Y'() < e~"tS(t) = S(0) exp{oWy(t)—
(6 + 20?)t}, 0 < t < oo, whence
Y(0)=0= tl_lglg Y(t), Po-as. (6.10)

From (6.8) we see that the process S(-) is Markovian under Py, so we expect
the maximizing “stopping time” to be a hitting time, i.e., to be of the form

H, £ inf{t > 0;5(t) > a}
«=inf{t20;Wo(t)+ (.7";6—%0) log (5(0))} (6.11)

for some a € (0,00). Because H, is the first time the Py- Browman ‘motion
Wo(t)+ vt with drift 3—5—— =
0 vt with drift v = = o hits or exceeds the level y = 2 log(3 0))

we have Ege~"He = 1 for a < S( ), and for a > S(0) we have the follow-
ing transform formula for the hitting time of (6.11) (Karatzas and Shreve
(1991), Exercise 3.5.10):

J Eq (e—rHa) = exp [yy —yvVvi+ 2r] = (%9))7 )

A
where v = %[—-u + V2 4 2r]. Note that ~ satisfies the quadratic equation

10272 tovy—mr=0 (6.12)
2 ' '
nd the inequalities |

L G
1<y < — (6.13)

et us define
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It is now easily verified that
ga(z) = Egle ™M= (S(H,) — q)*|S(0) =z], a>0, z>0.
We want to maximize this quantity over a > 0.
Lemma 6.5: We have
9a(z) < go(z), Yz >0, a>0,
where b 2 vq/(v — 1) € (g,00).

Proor. The function ¢(a) 2 (a—q)/a” is increasing on (0, b), decreasing
on (b,00), and thus has its maximum on (0,00) at b. Let z > 0, a > 0 be
given. We have

a<mb<z=>go(z) = (2 —q)" = gs(2);
a<z<b=gy(z)=(z— " = (¢(2))"2" < ¢(b)z" = gu();
a>1z>b=> gu(z) = (#(a))T2" < (¢(x)) 2" = (z — )" = go(2);
a>1,b>1=>g.(z) = (¢(a))Tz” < B(b)z” = go(x). a

Lemma 6.6: The function g = gy is convex, of class C*((0,00))(C?
((0,00)\{b}), and satisfies the variational inequality

max {%02129” +(r—8)zg' —rg, f - 9} =0 on (0,00)\{b},

where f(x) 2 (x — q)*. More precisely, we have

%021‘2g”(z) + (r — 8)zg'(z) —rg(z) = {(1,(61 rg) <0, g i ill),"< b,
| (6.14)
g(z) > f(z), 0<z<b, (6.15)
g9(z) = f(z), z=b (6.16)

PROOF. In order for g, to be of class C'(0,00), we must have a > ¢
Even if a > q, we must also have equality between g,(a—) = 1(a — ¢) and
g\ (a+) = 1. This equality is equivalent to @ = b, so g, is the only function
in the family {ga}a>0 that is of class C'. (Here we have an instance of the
“smooth fit’ condition, common in optimal stopping.)

The remainder of the lemma follows from straightforward computation,
taking (6.12) into account. The positivity of 6z — rq when = > b follows
from (6.13). Inequality (6.15) follows from ¢(b) > ¢(z), valid for 0 < z < b,
where ¢ is the function used in the proof of Lemma, 6.5. o

Theorem 6.7 (McKean (1965)): Under the assumption (6.7), the value
process for a perpetual American call option is given by

1, 4::1;Y)= (S, A<t <,
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where the function g is

9(z) = {ib_—q‘{)(%)v’ y o ) (6.17)

and ¥ 2 LV 2r—v), v = =8 _ 1o, and b g 5% . Furthermore,
9(S(0)) = sup, EoY (r) = sup, Eole~"" (S(r) — )*], (6.18)
where the supremum is over all random times T satisfying
Yt € [0,00), 3T € [t,00) suchthat {r <t} e FD(¢). (6.19)
The random time

Hy 2 inf{t > 0; S(t) > b}
atisfies (6.19) and attains the supremum in (6.18).

ROOF. Itd’s rule for convex functions (e.g., Karatzas and Shreve (1991),
heorem 3.6.22 and Problem 3.6.7(i)) implies

d(e™"'g(S(t))) = e S(t)g' (S(t))o dWo(t) — e ™ (8S(t) — ra)1(s(t)>b)dt

=dM(t) — dA(t), (6.20)
here
t
A ~—Tru
M(t) = / e~ S(u)g'(S(u))o dWo(u) (6.21)
0
a Py-martingale (because ¢’ is bounded), and
A
A(t) = /0 e "(6S(u) — rq) L {s(u)>b}du (6.22)

nondecreasing (because z > b implies 6z — rq > 0). For every random
me 7 satisfying (6.19) and every t € [0, 00), we have then

9(S(0)) = Eole ™ ""g(S(r At)] + EoA(T A1)
> Eole "™ (S(r A1) - g) ), (6.23)

here we have used (6.15) and (6.16).
To let t — oo in (6.23), we need to dominate the right-hand side. But

sup Y (t) = “THS(t) — )t
Roe (t) Ogsllfm[e (S(t) — )]

< 5(0) exp [0- sup {Wo(t) - (é + _‘Z) tH
0<t<oo o 2 |
< 5(0) exp{cW.},
ere W, is the maximum value attained by the Py-Brownian motion
o(t) - Bt.n <t < 5 with nogative Arit, whe ¢ 3 = > % > 0. Accord-
.i; 0. ¢trsan! fhiove ‘18 C1 . Frevise 3.5y, |V rstle exper = dia
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distribution Py[W, € d§] = 28e~2Bd¢, ¢ > 0, and consequently,

5o sup v() = 5 [ sup (e -]
0<t<oo " 0<t<oo
ot S(0
< 5(0) / 287 2P)¢ g¢ = —%ﬂ <oo. (6.24)
0
Inequality (6.24) and the dominated convergence theorem allow us to let
t — oo in (6.23) and obtain, thanks to (6.10),
9(5(0)) > Eo[Lir<aoye” " (S(7) —9)] = EoY (7) (6.25)

for every random time 7 satisfying (6.19).
Let us now consider 7 = Hy. We have A(Hp) = 0 and g(S(Hp)) = g(b) =
(b—q)* = (S(H,) — q)* almost surely on {H} < 00}, so (6.23) becomes

9(5(0)) = Eollim,<eye™ "™ (S(Hp) ~@) 1+ Eo[Lia, >t~ 9(S(®))]- (6.26)
But
Eoll{m>e " 9(S(®))] < Boe™*S(t) = S(0)e™* —0
as t — 00, so passage to the limit in (6.26) yields
9(S(0)) = Bo[1(m,<c0p e " (S(Hy) — )] = EoY (Hy), (6.27)

thanks to (6.10). In conjunction with (6.25), this establishes (6.18) and
shows that 7 = Hp attains the supremum in (6.18).

The discounted payoff process for the American call is Y'(-) of (6.9), and
according to Definition 6.2 its value at t = 0 is the minimal constant ~(0)
satisfying

t
e T(S(t) — q)T < v(0) + / e "r(u)o dWo(u), 0<t<oo, (6.28)
0
P,-almost surely, for some martingale-generating portfolio 7(-). But (6.28)
implies
Eole ") (S(Hy A1) — 9)*] <7(0), 0<i< oo,
and letting t — oo we obtain g(S(0)) < ~(0). Therefore, g(S(0)) <

VAC(0; 00). On the other hand, (6.15), (6.16), and (6.20)-(6.22) imply

e H(S(t) — g)F <eTTg(S(1))

< g(S(0) + /Ot e ™ S(u)g'(S(u))o dWo(u), 0=t <00,
(6.29)

Py-almost surely, which shows that V4€(0;00) = ¢(S(0)). It is an easy
exercise in the Markov nroperty for S(-) to extend this result and obtaln
Vitditior == g SN, "<t 0 x. -
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Remark 6.8: From (6.29) we see that a hedging portfolio for the seller
of the American call is
m(u) = S(u)g'(S(u)), 0<u< oo

particular, the-seller should hold more of the stock as the price rises,
holding one share whenever the price reaches or exceeds b. The buyer of the
1l should exercise it as soon as the price reaches or exceeds b. From (6.8),
6.11) we see that P[H}, < oo] can be either one or strictly less than one;
either case Py[H, < oo| can be either one or strictly less than one,
epending on the model parameters.

emark 6.9: In Theorem 6.7, the process

£t £ {(e),-”g(sa)), 0 5t Zoc,

a continuous supermartingale with decomposition £(t) = M(t) — A(t)
in (6.20)—(6.22). Furthermore, £(¢) > Y(t), 0 < t < oo, and it can be
own that £(-) is the minimal supermartingale that dominates the process
(-) of (6.9) in this way. In other words, £(-) is the Snell envelope of Y (-).
all, however, that all these processes are only known to be restrictedly
ogressively measurable in the sense of Definition 1.7.1, and terms like
upermartingale” are to be understood only in this restricted sense. For
is reason, the theory of Appendix D is not directly applicable.

emark 6.10: In the setting of Theorem 6.7, the early exercise premium
r the perpetual American call can be defined as

e(0) £ V4C(0; 00) — VEC(0; 00),

ere the value of the “perpetual European call”

VEC(0,00) £ lim Eole™(S(T) - )]

zero because of (6.8); hence

e(0) = V4€(0,00) = g(5(0)). (6.30)
kopnal application of (5.18), (6.22) yields the formula

“(0) = Eoh(o0) = [ e (6S() — r)lgsonldt, (631)

ich agrees with (6.30), although the computational verification is long
painful.

{ The American Put Option

(Shall ccreentratc 1 th's secticn o the Amo lcar vl aphion with ex-
Beprira¢ > dand hrut =x)irctico «te 7€ (U, ), Asin 3aticn 26,
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we set N = D = 1 and suppress the indices on S1(-),011(:), b1(:), and 61 (-).
Furthermore, we assume that

o()=e>0, 6-)=6>0, r()=r>0 (7.1)
are constant, so that the stock price is given by
S(t)y = S(0)H(t), (7.2)
where
H(t) g exp {O'W(t) - %02.t + /Ot b(u) du}

= exp{oWy(t) + (r — 6 — a?/2)t}. (7.3)

We shall characterize the value of the American put as the unique solution
to a free boundary problem, and we shall obtain regularity results and some
explicit formulae for this solution.

The discounted payoff process for the American put is

Y(t)=eT (g~ S(E)T. (7.4)
According to Theorem 5.3, the value of the put with expiration T, when
S(0) =z, is
p(T, x) . sup Egle " (g—zH(1))*], 0<z<o0, 0<T <oo, (75)
T7€Se, T

and from the strong Markov property of S(-) we can compute the Snell
envelope of Y (-) as

€2 sup Ep[Y(r)|F(®)] =e p(T—1,5(t), 0<t<T. (7.6)
TES:, T
The proof of Theorem 5.3 shows that the optimal exercise time for the
American put option with initial stock price S(0) = x is given by
m 2inf{te [0,T} p(T—,50)=(@-S®)}. (D)

This stopping time takes values in [0, T] because p(0, S(T)) = (g — S(THt,
and it attains the supremum in (7.5). The proof of Theorem 5.3 also shows
that the stopped process

{e_r(“\"")p(T —(tAT2), S(tATg)),F(t); 0<t<T} (7.8)

is a Py-martingale.

Proposition 7.1: The optimal expected payoff function p : [0,00)% —
[0,00) is continuous and dominates the option’s “intrinsic value”

p@) 2 (¢-n)*, 0<z <00 (7.9)
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ROOF. Fix (T,z) € [0,00)? and let 7, be given by (7.7). Because z; —

< (21 — 25)* for any z1, 22 € R, we have for any y € [0, 00) that

p(T,z) — p(T,y) < Eole™"™{(q — zH(2))* ~ (¢ — yH(7z))*}]
<(y—2) Bole "™ H(r,)] < o — yl,

cause e "*H(t) is a Pp-supermartingale and H(0) = 1. Interchanging

he roles of z and y, we obtain [p(T,z) — p(T,y)| < |z — y|, so p(T,z) is

ipschitz continuous in x. Now let us define

W(t) £ By dax, (1~ e”H(s))+] .

cause of the bounded convergence theorem, lim;jp(t) = 0. Let 0 <
1 < T, and z € [0,0) be given. Set

=inf{t € (0,T2); p(Ta—t,zH(t)) = (q—zH®)T}IATy, 11 = rATh.
hen with S(t) = zH(t), we have

0 < p(Tz,z) — p(Th, ) < Enle™ "™ (g — S(72))T — e "™ (g — S(n1))*]
< Ep(e™"S(n1) —e " 8(1e))
< Eo{e " S(n1) - Eol(1 — n?tié‘n exp{a(Wo(t) — Wo(Th))

= (6+0%/2)(t - TV)NT|F(T)]}
=FEo{e™ " S(n)} - ¢(To — ) < zyp(Tz — Th).

f(?llows that p(T,z) is uniformly continuous in T. The function p
minates ¢, because we can always take 7 = 0 in (7.5). a

Although we are primarily interested in p(T, z) for finite T, we digress to
msider the behavior of this function at T' = o0o. Let us suppose that the
anc.ial market has infinite planning horizon (Definition 1.7.2). Following
: tion 6.2, we define the value at time s of the perpetual American put
won on the stock, denoted by VAP (s;00), to be the minimal random
lable ~(s) that is F(T)(s)-measurable for some T' € [s,00) and for which

I‘f exists a martingale-generating portfolio process 7 (-) satisfying almost
ely

=rt d
€ "(g— S(t)T <e"y(s) +/ e ™' (u)o(u) dWo(u), s <t < oo.

have the following counterpart to Theorem 6.7.

eorem 7.2: Assume (7.1). The wvalue process for the perpetual
erican put option is VAT (t;00) = p(S(t)), 0 <t < 0o, where

A [gq—z, 0<z<g
T) = 5 1
2(z) {_(:--f)(?”:“’, > @

(7.10)
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Here 7 3 =iy + V2 +2r|,v = =8 _ 1o, and c = vq/(F — 1) < q.
Furthermore,

p(5(0)) = sup Eole ™" (¢ — S())7], (7.11)

where the supremum is taken over alAl random times T satisfying (6.19) and
is achieved by the random time K, = inf{t > 0; S(t) < c}.

Much as in Section 6, we compute
0 ¥
Ege "Ke = exp [uy —ly|vVv? + 21‘] = (_S(c ))

for S(0) > ¢, where now y = % log( S(CO)) is negative. Note that % satis-
fies (6.12), but rather than (6.13) we now have 5 < 0, ¥(r — §) < r (recall
that r — & is allowed to be negative). The function p is convex, of class
C((0,00)) N C?%((0,00)\{c}), and satisfies the variational inequality

PROOF.

1 bx—-rqg<0, 0<z<ec,

§a2m2p”(m) + (r — 8)zp'(z) — rp(z) = {Oa’v e . 2, ©(7.12)
p(z)=(¢g—z)", 0<z<c (7.13)
p(z) > (g-2)*, z>c (7.14)

All the claimed results can now be obtained by simple modifications of the
proof of Theorem 6.7. The convergence arguments are easier than before
because e "(g—S(¢))* is bounded. In particular, the bounded convergence
theorem implies

p(S(0)) = lim Eole "<\ (q — S(K: AT))]. (7.15)
O

Corollary 7.3: With p(T,z) defined by (7.5) and p(x) defined by (7.10),

we have p(T, z) < p(z) for allT € [0,00),z € [0,00), and im7 .0 p(T,z) =

p(z).

PROOF. For z = 0, the definitions give p(T,0) = ¢ = p(0) for all T €
[0,00). For z € (0,00), (7.11) implies p(T,z) < p(z) for all T € [0, 00);
but (7.15) shows p(z) < limy_,p(T,z), and the result follows. o
Lemma 7.4: The mappings T — p(T,z); z — p(T,z), and T — = +
p(T, ) are nondecreasing, nonincreasing, and nondecreasing, respectively,
and the latter two are convez.

PROOF. The first two monotonicity assertions are obvious, so let us
establish the third. With 0 < z < y < co, we have

p(T,y) — p(T,z) = p(T,y) — Eole™"™ (g — zH(7:))"]
> Fole "™ {(g — yH(r-\\"" — (¢ — zH (7;))*}]
= ) Boem H(m) 20
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because e”"*H(t) is a supermartingale with H(0) = 1. The convexity of
z — p(T,z) follows easily from that of z — (q — z)*, and leads to the
convexity of z — = + p(T, x). O

Lemma 7.5: For every (T,z) € (0,00)?, we have 0 < p(T,z) < q.

PROOF. Only the positivity needs discussion. For 0 < z < ¢, we have
p(T,z) > (g —z)* > 0. For z > g, let 7 = T Ainf{t > 0;zH(t) < £} and
observe that

P(T,2) 2 Bole ™" (g~ zH()*] 2 SEgle " 1pemy) >0. U
‘We define the continuation region
C = {(T,z) € (0,00)%
’Ild consider its sections

Cr = {z € (0,00);

p(T;z) > (¢ — x)*}

p(Ta "E) > (q - .’II)+}, Te (Ov 00)
Because p is continuous, C is open in (0, 00)? and each Cr is open in (0, 00).

roposition 7.6: For every T € (0,00), there is a number c¢(T) € (0, q)
such that Cr = (¢(T'),0). The function T — c(T) is nonincreasing, upper
semicontinuous, and left Acontinuous on (0,00); thus it may be extended
by the definitions c(04) = limg o c(T), c(o0) 2 limr .o ¢(T). We have
(0+) < ¢ and c(00) = ¢, as defined in Theorem 7.2.

ROOF. For T € (0,00), suppose z € Cr and y > z. From Lemmas 7.4,
7.5 we have

p(Tyy) 2p(Tx)+z-y>(g—z)  +z—-y>q-y

d p(T,y) > 0, whence p(T,y) > (g—y)* and y € Cr. This shows that Cr
13s the form (c(T'),00). Since T — p(T,z) is nondecreasing, we have for
y€>0,6> 0 that p(T +e¢,c(T)+6) > p(T,c(T) +6) > (g—c(T) - 6)*.
.hferefore, c(T +€) < ¢(T) + 6. Since § > 0 is arbitrary, (T + ¢) < ¢(T),
hich shows that ¢(-) is nonincreasing.
Now take any sequence {T,}32, in (0,00) with limit Ty € (0, 00) and
n—oo ¢(T1,) = cp. Because C is open and (T, c(Ty)) ¢ C for every n, we
ave (To, co) ¢ C and thus cg < ¢(Tp). In other words, limp_, 1, ¢(T) < o(Tp)
Or every Tp € (0,00). This proves the upper semicontinuity of ¢(-), and
nce c(-) is nonincreasing, ¢(T-) = ¢(T).
From Lemma 7.5 we have p(T,z) > 0= (¢ — z)* for z > ¢, so c(T) < q
all T€(0,00). It follows that ¢(0+) < ¢. From Corollary 7.3 we have
g =)t < p(T,c) < plc) = (g—¢)*t, s0 ¢(T) > c for all T € (0, 00), and
00) > ¢. But for z > ¢, limp_,o0 p(T, z) = p(z) > (¢—z)* (see (7.14)), so
00) < c. Finally, we have ¢(T) > ¢(co) = ¢ > 0 for all T € (0, ). m)

1zatl heorem 7.7: The ontimal «averted pegoff function b of (1.5) is the

I Miuzsrimro01C of th: muev-roviley volu proben
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Lf=0 in C={(tz)e (0,00)% z>c)} (7.161)
flt,e(t) =qg—c(t), 0<t <00, (7.16ii)
f(0,z) = (g—z)*, ¢(0) <z < oo (7.16iii)

lim max |f(t,z)]=0 VT € (0,00), (7.16iv)

z—o00 0<t<T

where Lf - 1022 for + (r = 8)xfo —7f — ft. In particular, the partial
derivatives pye, Pz, and py ezist and are continuous in C.

ProoF. Clearly, p satisfies the boundary conditions (7.16ii) and (7.16iii).
In order to verify the equation (i) for p, let us take a point (t,z) € C
| and aArectangle R = (t1,t2) x (z1,22) with (t,2) € R C C. Denote by
R 2 OR\[{t2} x (z1,72)] the “parabolic boundary” of this rectangle,
and consider the initial-boundary value problem

Lf=0,inR,
f=p, on HR.

Because 7, > c(t) > 0, the classical theory for parabolic equations (eg.,
Friedman (1964), Chapter 3) guarantees the existence of a unique solution
f with fezz, fz, and f; continuous. We have to show that f and p agree

f on R.

Let (to,zo) € R be given, and consider the stopping time in Soto—t,
\ given by
“ T é inf{H € [0, to—t1); (to — 9,1‘0H(9)) € 80R} A (to — t)

“ and the process
1 N(B) £ e f(to — 0,20H(6)), 0<6<to—t.

” From Itd’s rule, it follows that N(- A7) is a bounded Py-martingale, and
‘ thus
|

1 £ (toy30) = N(0) = EoN(r) = Eole ""p(to— 7,z H (7))}
“ But (to — 7,20 H (7)) € C implies
<7, 2inf{6 €(0,t0); plto— B z0H(0)) = (a— 2H®) " } A to
(cf. (7.7)), and so the optional sampling theorem and (7.8) yield

“ Eole""plts — 7,20 H(r))] = p(to, 20)-

[ \ Thus f and p agree on R, and hence pgz, Pz, and p; are defined, continuous,
i and gaticfv (7.161) at the arbitrary zoint (4,2 € C.
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To check (7.16iv), let T € (0,00) be given. For (t,z) € [0,T
define (cf. (7.7)) (t,2) € [0,T] x (0,00),

7. 2inf{6 € [0,t); p(t—6,zH(8)) = (¢ — zH(6))*} At

and notice p(t,z) = Eple ""=(q — zH(7,))t]. Set £ ;

» T . px - 1nf{9 €
[0,00); zH(8) < g}, so that 7, > p; on {p, <t} and 7, =t on {p, > t}
Then ’ |

0 < p(t,2) < gBo[lip.<ye™ ] + Eollip,>pe ™ (g — zH(1))*]
< qPO[p_r < T]

and lim, .o, Po[p; < T] = 0.

- For uniqueness, let f defined on C be a solution of (7.16). Note that
for each T'€(0,00), f is bounded on {(t,z)€[0,T] x [0, 00);x > c(t)}. For
z > c(T) define M(t) 2 e "t f(T — t,zH(t)),0<t<T, and 7, ETA
inf{te[0, T]; H(t) < c(T —1)}. It&’s rule shows that {M(tA7,),0 < ¢ < T}
is a bounded Py-martingale. Since 7, attains the supremum in (_75)_ we
have from optional sampling that ,

J(T,2) = M(0) = EoM(r;) = Eole™™ f(T — 7, 2H(r,))]
= Eole™"™(q - 2H(r,))*] = p(T, ). 0

Tl}eorem 7.7 asserts that p is smooth enough to permit the application
f Ito’s rule to the Snell envelope £(t) = e~ "tp(T —t, S(t)) of (7.6), as long

(T —t, S(t)) €C, or equivalently, S(t) > ¢(T —t). On the other hand, in
e region {(t,z) €[0,00)% z < c(t)} we have p(t,z) = q — z, which is also

ooth. At issue then is the smoothness of p across the boundary z = c(t)

e have the following result. ”

tlémma 7.8: FizT € (0, oo): The convez function x — p(T, x) is of class
» even at x = ¢(T). In particular, p,(T,c(T)) = —1.

IIKOOF. Becal.Jse p(T,z) = g—x for 0 < z < ¢(T), we have p, (T, c(T)—) =
A - The convexity of z — p, (T, z), which was proved in Lemma 7.4, implies
at po (T, c(T)+) is defined and p,(T,c(T)+) > —1.

Thus, it suffices to show pg(T,c(T)+) < —1. To this end, set z = ¢(T)
d define :

Tote 2 inf{t€[0,T); (z + €)H(t) < ¢(T = )} AT

4 . .
€ 2 0, 50 74, is nondecreasing in ¢ and 7, = 0. Because c() is
Onincreasing, we have

Tete < inf {tG[O,T];H(t) < L} AT
T -¢
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The law of the iterated logarithm for the Fo-Brownian inotion Wo(-) implies
that P[mino<t<a H(t) < 1] =1 for every a > 0, and therefore

Tere L0 as €10 (7.17)
almost surely. We also have
p(T,z+¢€) = Eole” "™+ (g~ (z + €)H (Te4e))¥]
= Eole™"=*<(q — zH (7o4¢)) 7]
— Bole™"™+ (g~ 2H(T24))" — (¢ = (@ + ) H(Tate)) )]
<p(T,z) - EO[l{Tx+s<T}e_"=+E ((g = zH(Tz+¢))
— (g - (z+ &) H(724<)))]
— Bollqr,,.=rye (g - eH(D)* - (g - (z + &) H(D) )]
<p(T,z)—¢- E0[1{7m+5<T}e_"I+EH(Tz+E)]
=p(T,z) —¢- Eole™" ™+ H(Tz4)]
+& - Eo[lr,,.=mye "TH(T)],
for € > 0, from which it follows that
po(T,24) < lim Bollr, =rye ™ TH(T)} = lip Bole ™" H(rzs)) = =
For the last equality we have used (7.17) and the uniform integrability of
the supermartingale e " H(t),0 <t < T, in (7.3). o

Theorem 7.9: Fiz T € (0,00). The Snell envelope &(t) = e "tp(T —
t,S(t)) of (7.6) has the Doob-Meyer decomposition

£(t)=M() - At), 0<t<T, (7.18)

where
t
M(#) 2 p(T, S(0)) + o / T4 S(u)pa(T — u, S(w)) dWo(u)  (7.19)
0
is a Py-martingale and

t
A & /0 e (rg — 68(u))1(s()<e(T—uydt (7.20)

is nondecreasing. In particular,
5c(0+) < rq. (7.21)
PROOF. We mollify the function p(-,-) in order to apply Itd’s rule. Let

¢ R2 — [0,00) be a C* function integrating to 1 and having support in
[0,1)2. For € > 0, define

(o o] oo
(¢, z) 2 /0 /0 p(t + eu, z + ev)((u,v) dudv

g (=t 1.—=17)
» B -)U / P S$,1 ;s \' 5_7—';_";(37'1'-

/

53/0

e formulas show that p(

€)

£y = liile(E)(l,..,
el
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_ /0,_-(3) Pz (s, y)((
-z Ow '[w—pz(s, e(s)+)¢ (s;
“ */w Pez(8,y)¢ (s;t
! / / Pra(s, y)C(

= /0 /0 Pzz(t + eu,z + ev)((u, v) dudv,

en p&)()) is2 of class C°° on (0,00)2. Because p.(t,-) is continuous, for
,z) € (0,00)% we may integrate by parts to obtain

Pt z) = __// sy@(

) dyds

~a ) e (e

:/ / Pe(t + €u, z + ev)((u, v) dudv,

' 'piez) / / 3?!(22(
" z‘_/ /C(S) Sy@(
s

ki

(
fa

y—ws
€

(6)
(t,z) / / pe(t + eu, x + ev)((u, v) dudv,

e (; denotes the partial derivative of ¢ with respect to its ith variable.
and Lp'®) are bounded on compact subsets

— 7y€ )dyds

t efs)—=z
ST

y'; )dyil ds

z) dyds

) dyds
) dyds

c(s)E —z )
)dyil ds
)E )

) ds dy

rs:cll).
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According to Itd’s rule,
e tpEN(T —t,8(¢t)) = p°(T, S(0)) + /0 t e T LpEN(T — u, S(u))du
+o /0 t e~ S(w)pl (T — u, S(u))dWo(u), 0<t<T. (7.22)

For each u€ (0,T), we have Py[S(u) = ¢(T — u)] = 0, so f; e ™ Lp(T —
u, S(u))du is defined and equal to fg e ™ (6S(u) — Tq)1{S(u)<c(T—u)}du
a.s. Letting € | 0 in (7.22) we obtain (7.18), first for 0 < ¢ < T and
then, by letting ¢t T T in (7.18), for t = T as well.

The process M(-) in (7.19) is a martingale because —1 < p; < 0 and
Ey fo S?(u)du < oo. To see that A(-) is nondecreasing, we recall that a
decomposmon like (7.18) of a process into a continuous martingale M ()
and a continuous, bounded-variation process A(-) is unique (Karatzas and
Shreve (1991), Problem 3.3.2). But the Snell envelope £ (-), being a bounded
supermartingale, has a Doob-Meyer decomposition as a continuous mar-
tingale minus a continuous, nondecreasing process (e.g., Theorem D.13 in
Appendix D). Consequently, this Doob-Meyer decomposition must be the
decomposmon of (7.18), which shows that A(-) is nondecreasing. Since
Po[S(u) < ¢(T — u)] > 0 for every u€ (0,T], this can be the case only if
rq— 6c(T u) > 0 for Lebesgue-almost-every u € (0, T]. In particular, (7.21)
must hold. a

Proposition 7.10: The free-boundary function c(-) : [0,00) — (0,q] s
continuous, with ¢(0+) = q if r > 6, and c(0+) = rg/6 if r < 6.

PROOF. Let us define ¢(0) £ g if r > 6 and ¢(0) — rq/6 if r < 6. We know
from Proposition 7.6 that c(-) is left continuous and nondecreasing. To
prove right continuity we shall suppose ¢(to) > c(to+) for some to€(0,0)
and obtain a contradiction.
Under the assumption c(tg) > c(to+), define z; - Lle(to) + c(tot)] <
c(to) < ¢(0). Let t € (to,00) and z € (c(t), 1) be given. From (2.7. 16i) and
the fact that p(-, z) is nondecreasing, we have

1
—UQzme(t, z) > (6 — r)zps(t, ) + rp(t, T).

2
Now, p(t, ) > (g—z)* > g—z1 > 0,s0if r > 6, we may use the inequalities
-1 < po(t,z) < 0 to write éazzzpm(t z) > r(q — z1) > 0. On the other
hand, if r < 4, we have

1
50212pm(t,z) >—(6—r)z1+r(g—71) =r¢— 671 >0

because 6z, < 6¢(0+) = rg (see (7.2)). In either case,

A2lr —(rvé)z .
YD) __‘l___i_)_’_; ), ¥ E(t, ¥ w=(eleN
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A
= (g — &), te(to, ), and zo€(c(to+),

p(t, 20) — p(c) = / () () [Paa(t, €)

vhere we have used the relations

p(tc(t) = o(c(t),  pa(t, c(t)) = @'(c(t)).

etting t | to and using the continuity of p, we obtain p(to, zo) > (g—z0)t+

n(zo— c(to+))? > q—xo. If follows that c(to) < o, a contradiction to the
finition of ;.

z1), we compute

"(©)dgdy > Sn(zo - cft))?,

0
orollary 7.11: Fiz T€(0,00). The Snell envelo e
pe 6 Tt T —
S(t)) of (7.6) admits the representation “ - "
§(t) = Eole™ (g — S(D)*IF (1)) + Eo[A(T) - A®)IF()], 0<t<T,
(7.23)

ere A(-) is defined by (7.20).
OOF. From Theorem 7.9 we have

g = S(T))*|F(t)] = Eolé(T)|F(t)]

Eo[M(T)|F(t)] — EolA(T)|F (t)]

M(t) - At) - Eo[A (T) = A@®)IF ()]

£(t) — Eo[A(T) — A(t)|F (1)), 0<t<T. O
Corollary 7.11 facilitates the explicit computation of the value
B(T,z;q) = p(T,z) at time zero of the American put with expiration

> 0 and exercise p/r;ge g > 0, when §(0) = z. Of course, the value at
e te[0, T is just u4P(T —t, S(t); q). According to Corollary 7.11,

U’A.P(Ta T q) = p(Ty .’1,‘) .

O[e—rT(

I

I

EP(T,z;q) +e(0), 0<T<oo, (7.24)
ere, in the notation of (4.11), (4.13), and. (4.15),
P(T,2;9) = Bole ™ (q - S(T))*]
= —uF(T, z;q) + uPC(T, z; q)
= qe”"T[1 - ®(p_(T,z;9))] — 2e T [1 - B(p, (T, z; 0))]
(7.25)
the value of the associated European put, and

i
0)é/ Eyle
0

1 Y(Tyz;u) w2
= Vo /n [“ &% [rq — bzexp {owy/u

(=4 —('Z/D'Ll‘ N §
( )l andy (Vjee)

1{S(u)<c(T u)}(rq - 6S l du
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with
T, 32 2 % [log (iTI‘—“)) (r—b-0 /2)u] .o

In particular, e(0) is the early exercise premium of Remark 5.10. In the
special case of § = 0 (no dividends), the early exercise premium

pT
e(0) =rq- Eo /0 e 1S (w)<e(T—u)} U

L o /0 " g (0\1/6 [log (C(TI‘ “)) —(r—o? /2)uD du

is the value of an income process that pays at rate rq whenever the stock
price is in the region where the put should be exercised.

The formula (7.24) for the value of the American put still involves the
unknown free-boundary function ¢(-) via its presence in (7.27). To obtain
information about this free boundary, we can use in (7.24) the fact that
p(T,z) = g —z for 0 < z < ¢(T). When 6 = 0, this leads to the equation

g—z=qe " T[1 - &(p_(T, z;9)) — [l — B(p+(T,; 9))]

+rq /OT e TP (;—\/a [Iog (C—(T—z_—“)) —(r— 02/2)u]) du,
vz € [0,¢(T)). (7.28)

It can be shown (cf. Jacka (1991)) that the equation (7.28) characterizes c()
uniquely, among all nonincreasing left-continuous functions with values in
(0, ). In particular, setting z = ¢(T') in (7.28) yields the integral equation

c(T)

O(p4 (T, c(T); ) = 1 — e T [1 = @(p- (T, (T); D))}

- ol (i)

— (r—o® /2)u] ) du (7.29)

for ¢(T),0 < T < oc. The initial condition for ¢(-) when § = 0, given in
Proposition 7.10, is ¢(0) = g. Little (1998) shows further that (7.29) can
be reduced to a nonlinear Volterra integral equation for ¢(-).

Theorem 7.7 characterizes the optimal expected payoff function p(-7)
in terms of the free-boundary function ¢(-), and this has finally led t0
formula (7.24) for p(-,-), also in terms of ¢(-). We have seen that (7.24)
indirectly provides information about c(*) (e.g., (7.28), (7.29)). We close
this section with a direct characterization, along the lines of Theorem 7.7,
of the pair of functions (p(:,-), c(-))-

(lonsider the nroblen of finding = paiz of fmnctions f : 0,00)? — R and
213 co) = C rpsace la,

f is continuous on [0, 00)?, (7.301)

d is nonincreasing and left-continuous on [0, 00), (7.30ii)

fty fzy and [, are defined and continuous on the
open (because of (7.30ii)) set D 2 {(t,z) € (0,00)%z > d(t)}, (7.30iii)

A
d(0) = d(0+) < %q if §>r, (7.30iv)

] al
Lf =0 in D, where Lf = 5(;%%, +(r=8)zxfe—1f—fi, (7.30v)

ft,z) > (g—z)*, V(t,z)€[0,00)? (7.30vi)
fit,z)=(g—z), Vte[0,00), 0<z<d(t), (7.30vii)
f(0,z) =(g—xz)*, Vz € [d(0),0), (7.30viii)
Jim max |f(t,)| =0, VT €(0,00), (7.30ix)
fo(t,d(®)+) = -1, Yt € (0,00). (7.30x)

ecall the function ¢(z) = (¢ — z)* of (7.9), and define the set:

o (b xlog irzs
[0,00) x [0, %) if 6 > 7.

G, the function ¢ is smooth, and
Lo(t,z) =6z —rqg <0, V(t,z) € G. (7.31)

,d) satisfies (7.30), then f agrees with ¢ on the set {(¢t,z) € [0, 00)%0 <
< d(t)} C G. Thus, the free boundary divides (0,00)? into two open
ons, D and (0,00)%\D, such that

Lf=0, f>¢; on D, (7.32i)
Lf<0, f=¢; on (0,00)%\D. (7.32ii)

ough we do not know that f is smooth across the boundary between

);egions, (7.30x) guarantees that f, is defined and continuous. on.
00)“.

eorem 7.12: The pair of functions (p(-, ), c(-)) is the unique solution
the free-boundary problem (7.30).

OOF. We know from Propositions 7.1, 7.6, the definition of C, The-
mj'?’/ [Lemms'i/ 7.8, and relation (7.21) that (p(-,-), c(-)) solves (7.30).
C"I"use () sany soltcr to (13)) Tix (7,0 2 0,000 % cal ww

2.7 The American Put Option 79.
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the mollification argument of Theorem 7.9 to obtain the formula
e (T —t,8(t)) = MY (t) — Af(t), 0<t< T,A
where z = S(0), MZ(:) is the Pp-local-martingale M/(t) = f(T,z) +

afot e TS (u) f- (T — u, S(u))dWo(u), and Af(:) is the nondecreasing (be-

L - e
cause of (7.31)) process A/ (t) = f(: e T“l{g(,fkd(T_u)}(rq 6S(u))dlu Le;
{7.}52, be a sequence of stopping times with 7, T T almost surely an
suZhnt—hat {M!(t A7,);0 <t <T} is a Po-martingale. For any stopping

time 7 € So,r we have
Eo[e"r(TAT")f(T — (T ATR),S(T ATR))] = f(T,z) — EoAf (7 AT,). (7.33)

The function f is bounded on [0, T] x [0,00) (see (7.30i, ix), so passage to
the limit in (7.33) yields

Eole™"" f(T — 7,8(r))] = f(T,x) — EoA (1), Y1 € Sor-

From (7.30vi) and the nonnegativity of Af (), we conclude that Eo [;31 . 5q)—
S(m))*] < f(T,z) for all T € So r, whence p(T,z) < f(T,z) (reca I(3 .til.
On the other hand, defining 7, = T Ainf{t > 0; S(t) < d(T - 1)} to_e e
hitting time of the closed set [0, 00)%\D, we have f(T.— T, ng))_r—rz((q -
S(rz))* (from (7.30vii, viii), and A/ (7;) = 0, so (7.6;4) implies Eple q
S(2))*] = f(T,z). It follows that p = f on [0, 00)". ' T

To show that the functions c(-) and d(-) are equal, it suffices to establis
equality between the open sets

c2 ()€ (0,0)% plt,z) > (@—2)}={(t,z)€ (0,007 z>c(t)}

(7.34)

—r'r(

and
D £ {(t,2) € (0,00)% z > d(t)}.

7=
For (t,z)€C, we have Lp(t,z) = 0, which means that (t,z) & (0,00)*\D
(see (7,.30ii). Therefore, C C D, but since both C and D are open, we mus(;
have in fact C C D. The roles of C and D in this argument may be reverseD
to obtain D C C.

2.8 Notes

In order to implement the contingent-claim pricing th}aory presented in tlllslcs)
chapter, it is necessary not only to know the currenF interest rate, but tahat
to have a model for the evolution of interest ra?e:s into the future, so i
the statistics of the process So(-) appearing in pricing fqrmulas such as ( 'ed
can be computed. Such a model should be cqx.ls1stent with cgrrgnt ob§erz' Y
yields of default-free bonds of various maturities, each of which is sub(;ec a
the same pricing formula (2.9). Furthermore, the’ model ghould inclu e:r i
otz itava Lot il 1:to emzin conistert vir orsersed yc .\;
as time evclves. 'I'he construction of such models belongs to the stidy -
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the term structure of interest rates, a subject not developed in this mono-
graph. The most general term-structure model is that of Heath, Jarrow, and
Morton (1992, 1996), although many other models are also popular among
practitioners. For example, we refer the reader to the exhaustive treatment
of this subject in the recent monographs by Musiela and Rutkowski (1997a)
and Bisiére (1997), to Chapters 7 and 9 of Duffie (1992), to the papers by
Artzner and Delbaen (1989), Bjork, Di Masi, Kabanov, and Runggaldier
(1997), Bjork, Kabanov, and Runggaldier (1997), Black, Derman, and
Toy (1990), Brace, Gatarek, and Musiela (1997), Brennan, and Schwartz
(1979, 1982) (but see Hogan (1993)) n (1992), Cox, Ingersoll, and Ross
(1985b), Dothan (1978), Duffie a ' (1994, 1996), Dybvig (1997), El
Karoui, Myneni, and Viswanathan , El Karoui and Rochet (1989),
Ho and Lee (1986), Hull and WhitaY:a9eses) amshidian (1990, 1997b), Lit-
terman and Scheinkman (1988), Miltersen (1994), Miltersen, Sandmann,
and Sondermann (1997), Musiela and Rutkowski (1997b), Richard (1978),
Rogers (1997), Sandmann and Sondermann (1993), and Vasicek (1977), and
to the survey papers by Rogers (1995b) and Bjork (1997) for up-to-date
overviews. A less mathematical introduction to the issues of interest-rate
instruments is provided by Sundaresan (1997).

Section 3: The distinction between forward and futures contracts has been
only relatively recently recognized (see Margrabe (1976), Black (1976a))
and even more recently understood. Cox, Ingersoll, and Ross (1981) and
Jarrow and Oldfield (1981) provide a discrete-time, arbitrage-based analy-
8is of the relationship between forwards and futures, whereas Richard and
Sundaresan (1981) study these claims in a continuous-time, equilibrium
setting. Myneni (1992b) has used stochastic calculus to revisit the formu- .
1as of Cox et al. (1981). Our presentation of this material is similar to that
of Duffie and Stanton (1992), which also considers options on futures. In
Particular, our Corollary 3.9 on the forward-futures spread may be found
in Duffie and Stanton (1992), and also in Chapter 7 of Duffie (1992). For
additional reading on forward and futures contracts, one may consult An-
derson (1984), Dubofsky (1992), Duffie (1989), Edwards and Ma (1992),
Merrick (1990), Musiela and Rutkowski (1997), Sutcliffe (1993).

Sections 2 and 4: The modern theory of the pricing of options (or, more
generally, contingent claims) in a complete market begins with the seminal
articles of Samuelson (1965a), Samuelson and Merton (1969), Black and
Scholes (1973), and Merton (1973a). The arbitrage-based approach of these
Sections, which is not restricted to markets with constant coefficients, has
1ts origins in the articles of Ross (1976) and Cox and Ross (1976), and
Matures with Harrison and Kreps (1979); this latter paper, along with
the seminal Harrison and Pliska (1981, 1983), clarified the mathematical
Stucture of the problem and worked out its connections with martingale
theory. The early work on option pricing is nicely surveyed in Smith (1976)
and Miiller (1985). Nontechnical disenssions can he fomd ‘n Bernstein
|(1’)§‘Z), Clepur It ard MoTa sl (390), Cuntes 11. Grikbs (105 3 ,Ba 1,
(1530), Barron and Jensen (1990, 1991), Korn (1992), and Bergman (1995)

)
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have derived option pricing formulas when the interest rate for borrowing is
greater than the interest rate for investing. See also Section 6.8 of this text.
Cox, Ross, and Rubinstein (1979) provide a simple yet powerful discrete-
time model for option pricing. Ocone and Karatzas (1991) have used the
Malliavin calculus to identify hedging portfolios; Colwell, Elliott, and Kopp
(1991) have relied on the Markov property for the same purpose. Carr and
Jarrow (1990) use Brownian local time to resolve the paradox of hedging
an option using the stop-loss start—gain strategy. Lamberton and Lapeyre
(1993) and Madan and Milne (1993) discuss contingent-claim valuation
when one is investing in a “basis” of assets.

The Black-Scholes option pricing formula (4.11) heralded a revolution
marked by the widespread creation of derivative securities whose prices
are set as much by theoretical considerations as by market forces. One of
the basic insights of this formula is that it singles out the wvolatility of the
underlying stock-price process as the crucial parameter. The success of the
Black—Scholes model has been such that prices are often quoted now in
terms of the volatility parameters implied by it.

Empirical evidence has shown, however, that the constant volatility
model that supports the pricing formula (4.11) should not be used inju-
diciously (see, for instance, Blattberg and Gonedes (1974), Black (1976b),
MacBeth and Merville (1979), Christie (1982), Bhattacharya (1983), Ru-
binstein (1983, 1985), Scott (1987) and the references cited there). Several
procedures for estimating stock volatilities have been proposed; for pro-
cedures based on the extreme values of stock prices, see Garman and
Klass (1980), Parkinson (1980), Beckers (1983), Rogers and Satchell (1991).
Procedures for estimating stochastic volatility are described by Andersen
(1994), Taylor (1994). :

The formulae of Example 4.5 on path-dependent (or “look-back”) op-
tions appear in Goldman, Sosin, and Gatto (1979). Our treatment was
inspired by the preprint of Follmer (1991), who credits Martin Schweizer
with the idea of using the Clark formula in this context. Shepp and Shiryaev
(1993, 1994) introduced some perpetual American look-back options with
discounted payoff of the type

Y(t) =e ™ max S(u), 0<t< o0
0<u<t
with r > 0, which were later also studied by Duffie and Harrison (1993)-
For the rather difficult study of Asian options, i.e., path-dependent options
with (terminal) payoff of the type C(-) =0 on [0,T) and

1 [T r
C(T) = (T /0 S(t)dt—q)

depending on the average stock price ~ver a given time interval, we refer the
rods o b puen of Jatvahill and Sleviow (1%7) tim=zs and et
(1990), Conze and Viswanathan (1991), Turnbull and Wakeman (19J1), Ge-
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man and Yor (1992, 1993), Bouaziz et al. (1994), Kramkov and Vishnyakov
(1994), and Rogers and Shi (1995) or Karatzas (1996), p. 23.

Apother example of a path-dependent option is the so-called barrier
option of the type C(-) =0 on [0,T) and

C(T) = (S(T) — @) 1frery with 7, 2inf{t > 0;5(t) > £} (8.1)
and 0 < .5' (0),g < h < o0; i.e., a European call option that is activated only
if a certain upper barrier is hit before the expiration date. See, for instance
Merton (1973), Cox and Rubinstein (1985), Rubinstein (1991) Karatza,s,
(1996)', pp- 21-22, and Broadie, Glasserman, and Kou (1996,, 1997) for
nume:rlcal methods. One can think of several types of barrier options, de-
pending on whether the barrier lies above or below the initial stock p,rice
and on the function of the barrier (i.e., whether hitting the barrier activates,
or de‘a‘ctlvates the option); all of these have received attention, as has the
“Parisian option” (cf. Chesney et al. (1997)), a barrier-type option that is
activated only if the price process spends a sufficient, prespecified amount
of time above the upper barrier h of (8.1). There are also the double-barrier
options, which, for example, are deactivated if the stock price hits either an
upper or a lower barrier before expiration; see Kunimoto and Ikeda (1992)
Geman and Yor (1996), Rogers and Zane (1997), Jamshidian (1997a) and,
elsser (1997). Yet another example of a path-dependent option is th’e S0-
led guantile option, apparently first studied by Miura (1992); see also
kahori (1995), Dassios (1995), Yor (1995), and Fujita (1997). Tile reader
can consult Rubinstein (1991) for definitions and pricing formulae for a
number of exotic options, and Carr (1993) and Zhang (1997) for more
comprehensive treatments of the topic. '
The notion of compound options, or options on options, is not as far-
fetched as one might think. Stock can be viewed as an option on the value
of a firm; the value of a share of stock in a firm cannot become negative
because if the value of the firm’s assets falls below its level of debt thé
stockholders have the option of declaring bankruptcy. Thus, a stock o;;tion
can be r‘egar('ied as an option on an option. Analysis of compound options
- cont'aln(lad in Geske (1979) and Selby and Hodges (1987). In theory, one
an price a compound option by simply regarding the underlying option
; gen'e?atlng a European contingent claim C(-) that is substituted into
.t.he pricing formula (2.9). Similarly interesting are the exchange options of
e type C(T') = (51(T) — S2(T))*, which give their holder the right to
Xchange, on their expiration date t = T, one asset for another; in the con-
TXt of a model wi.th constant volatilities, the pricing of such options admits
Closed-form solutions of the Black-Scholes type, as was demonstrated b
-MargraEe (}978) (see also Davis (1996) or Karatzas (1996), p. 24). '
cagltet 4 arblti{rage—based” gpproach of these sections is not directly appli-
L marn ets that are z'ncomplete, or subject to portfolio constraints or
e ions (gu }‘1 3s transaction 2nsts or tax2n); in —uch rurlits. contingent
‘JTJ szl (.a,n‘lot Lerpmaid exacly usitg self fnawnnid octiclisg.
his problem arises, for example, when the volatility of the underiying
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stock is stochastic in a way that cannot be hedged by investment in the
stock and the money market (e.g., Hull and White (1987, 1988a)). One
possible approach, then, is to relax the requirement that portfolios be self-
financed (Definition 1.2.1), by requiring that the difference of the two sides
in (1.2.8) be a martingale—and not identically equal to zero, as postulated
by (1.2.8). A portfolio with this property was called mean-self-financed by
Féllmer and Sondermann (1986). These authors introduced this notion and
then established that for any square-integrable contingent claim and dis-
counted price processes that are martingales, there exists a portfolio whose
value is almost surely equal to that of the contingent claim at time T
and that possesses a certain “risk-minimizing” optimality property; such
a portfolio is unique and mean-self-financing. The Follmer—Sondermann
approach was extended by Schweizer (1988, 1990, 1991, 1992a, 1995a)
and Féllmer and Schweizer (1991) to semimartingale price processes; in
these papers, mean-self-financing portfolios were characterized in terms of
a stochastic functional equation, which was shown to have a solution un-
der the assumption that a certain minimal martingale measure exists. This
measure has the property that although it turns prices into martingales, 1t
does not otherwise change the structure of the model. Using this minimal
equivalent martingale measure, Schweizer (1992b) solved a mean-variance
hedging problem in a particular incomplete market problem, generalizing
earlier results of Richardson (1989) and Duffie and Richardson (1991);
an excellent survey of these results is Schweizer (1993). Numerical algo-
rithms based on this point of view are provided by Hofmann, Platen, and
Schweizer (1992). For these and related quadratic optimization problems,
see also Schil (1994), Schweizer (1995b), Musiela and Rutkowski (1997),
Section 4.2, for discrete-time results, and Schweizer (1994, 1996), Delbaen
and Schachermayer (1996a), Delbaen, Monat, et al. (1997), Pham et al:
(1997) for continuous-time results.

A different, stochastic-control-based, approach to the pricing and hedging
problems in incomplete markets was pioneered by El Karoui and Quenez
(1991, 1995), building on a duality construction developed by Xu (1990),
who was in turn inspired by Bismut (1973) (see the Notes to Chapters
5 and 6 for a fuller discussion of this history). This approach insists on
self-financeability of portfolios, but abandons the requirement of exact du-
plication of the contingent claim; instead, it requires that the value of
the portfolio at the terminal time T dominate the contingent claim almost
surely. The results of El Karoui and Quenez (1991, 1995) were extended
by Cvitanié and Karatzas (1993) and Karatzas and Kou (1996, 1998) (see
also Kramkov (1996a,b), Follmer and Kramkov (1997)) to the case of gen-
eral convex constraints on portfolio choice (of which market incompleteness
is but a very special case), and to the case of different interest rates for
borrowing and for lending. We take up this topic in Chapter 5.

The grhitrame nricing theory fo. ceutirgout claims assumes that ‘here
crand ook jor tramecctions anc by pies! nedeing 9 vclios 1eCUirz er 1%
finite amount of trading. Figlewski (1989) conducted a simulation study
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th;lchds.hows tbat transaction costs have a significant impact on the cost
o edglng OPthIlS. Indeed, Soner, Shreve, and Cvitanié (1995) recentl
proved a conjecture, first formalized by Davis and Clark (1994), that i nhy
presence of proportional transaction costs in the continu;)us—, el
the cbeapest way to construct a hedge that dominates a European call
t;onle the tF1v1al and unsatisfactory method of buying one share of ;)111)_
E h<i)c on which the call option is written and holding it until expira.tion(?
(1959 7coniectur(? was 'also proved independently by Levental and Skorohoci
{199 a).C n:ntlclpatlon of this negative result, Leland (1985) had consid
ontinuous-time model in which trades i i |
B s o L des occur at discrete times, and
ppage” 1s unavoidable. However, th
of the transaction remains finite
' | , and the Black-Scholes partial diff
:Laltegﬁlatlon (the one-dimensional version of (4.8)) remaiﬁs valjid le;cf:n;
be;ta.wee I:e tvolgtlhty o must be replaced by a larger constant. As t,he tirge
E ra.' es approaches zero, the hedge slippage disappears, the ad
;us ('e v}i)latlhty approaches infinity, and the value of the Euro;,)ean cali
\;f)}?;ﬁic es (tihe yalue obtained by Soner et al. (1995). See also Hoggard
Safariar}ll, (E;J;) 97\)7V1;mott (11994), Avellaneda and Parés (1994), Kabanov g
» tor work that builds on and extend P
1 : ilds o nds Leland’s approach.
Imitizssge;ya%;;rggch todorl)\?lortl) pricing in the presence of transacI;)iI:)n costs
es and Neuberger (1989), is to assign utili n
crepancy between the terminal value of : i T
' a portfolio and the termi
of the option, and to set u i ot
) . p an optimal portfolio control bl
\l\)forlfs a}l)ong these lines are Constantinides (1986, 1993, 1997)pr1;)an:I,sni13($))I;)e
ana(;u;,ar 'a;llas, and Zariphopoulou (1993), Davis and Panas (1994) Davis,
B Zar;ghggouiou 8335;, Cvitani¢ and Karatzas (1996) Consta.r;tinides
oulou 7). Barles and Soner (1998) , ili
approach to derive a nonlinear Black— P th'e e
Pricing with transaction costs. eSS P S pTeT optien
Ith:’n the dlscre.te—t'ime binomial model of Cox, Ross, and Rubinstein (1979)
tra;e ar}a replicating and dominating portfolios even in the presence %
b s\z;ctut)n costs; see .B'er'lsaid, Lesne, Pages, and Scheinkman (1992), Bo (l)e
» R(:lrtskoSS&)kQin;?)(;l)rlsnghe, Naik, and Uppal (1993), as well as I\/,IusiZla
i , Chapter 2. For additional i
" : : onal work on hed
(izgiactlon costs, see Gilster and Lee (1984), Dermody and I%glcgkali"gl?er
Shiral,{;f%), ;—Ienrotte (1993), Dewynne, Whalley, and Wilmott (19943')r
. Ja an Konno (1995), Grannan and Swindle (1996) Kusuoke;
(1997), (;)U.lnl {:),fld Kallal (1995b), Cvitani¢ and Karatzas (1996), Kabanov
and/or, Co\gstslr;i;,t il(jha.m,tial,nd Touzi (1998). Work on optimal i;lvestment
n i the i is ci
| piriy presence of transaction costs is cited in the
1 . . .
. rai;();czfirfekmti otf Incompleteness arises when, due to additional sources
| ss that cannot be perfectly hed ity 4
X . cal vy hedged, the volatilit -
(zf'gl?a'r‘lvf W1k on (N's cubject 4w V/opsins (007 aﬁlul“yalvs ’St\o‘c'{l?'s~
S-C-Ott, 1938 €a), cohvsrn and S, e U887, Scott ’4‘.,,8." Cn ; 1 3 ’i‘: :i
(1989), Schroder (1989), and is nicely surveyed iI\l H_ull,”(1993).1 lt\L/ier‘::)ln

time model,
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(1990), Musiela and Rutkowski (1997). El Karoui, Jeanblanc-Picqué, and
Viswanathan (1992) construct dominating portfolios when the (stochas-
tic) volatility is known to take values either inside or outside a given
interval; see also El Karoui, Jeanblanc-Picqué and Shreve (1998), Hob-
son (1998), Eberlein and Jacod (1997), and Frey and Sin (1997). Stein and
Stein (1991) discuss the distribution of asset prices in such models with
stochastic volatility, while Hofman, Platen, and Schweizer (1992), Heston
(1993), Dupire (1993, 1994), Platen and Schweizer (1994), (1998), Lyons
(1995), Avellaneda, Levy, and Paras (1995), Avellaneda and Paras (1996),
Renault and Touzi (1995), Pham and Touzi (1996), Cvitani¢, Pham, and
Touzi (1997), Romano and Touzi (1997), Scott (1997), Frey and Sin (1997),
Sin (1996), Lazrak (1997a,b), deal with various aspects of hedging contin-
gent claims in the framework of such models. Hobson and Rogers (1998)
dea] with similar questions within stochastic volatility models which are
complete.

Randomness in the volatility can arise also as the result of “feedback
effects” that relate stock price to the value or debt of a firm, or are due
to the trading of large investors or to “finite elasticity” in the market. For
option-pricing results in such models, which need not be incomplete, see
for instance Cox and Ross (1976), Rubinstein (1983), and the more recent
papers by Bensoussan et al. (1994, 1994/95), Cvitani¢ and Ma (1996), Frey
and Stremme (1997), Frey (1998), Papanicolaou and Sircar (1997), Platen
and Schweizer (1998) and Hobson and Rogers (1998).

For the very important and huge subject of real options—concerning
whether or not a firm should invest in new technology or equipment, or hire
additional workforce, or develop new products, etc.—which is not touched
upon in this book at all, we refer the reader to the monograph by Dixit
and Pindyck (1994).

Sections 5-7: A general arbitrage-based theory for the pricing of Amer-
ican contingent claims and options begins with the articles of Bensoussan
(1984) and Karatzas (1988); see Myneni (1992a) for a survey and additional
references, and Karatzas and Kou (1998) for the hedging of American con-
tingent claims under portfolio constraints. Theorems 6.1, 6.3 are taken
from Merton (1973a), which contains a wealth of information and still
makes excellent reading. Theorem 6.7 is due to McKean (1965), a “com-
panion” paper to Samuelson (1965a). Van Moerbeke (1976) formulates
the free-boundary problem associated with that of Theorem 6.7 but on
a finite-time horizon; no explicit solution seems possible in that case, but
the author obtains results on the existence and smoothness of the optimal
exercise boundary. Peter Carr pointed out that the right-hand sides of for-
mulae (6.30) and (6.31) must agree, and he provided the key part of the

“long and painful” computational verification. The results of Section 7 on
the American put option are taken from Jacka (1991). For related work see
the references in Myneni {1992a), in ~crtizvle- *he paper by Carr, Jarrow,
and Mopari (962, who pinile afi ar e evpucnaticon of Gu € tal 7z Cite
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premium formula (7.26), as well as Beaghton (1988), Broadie and Detemple
(1995, 1997), Carr and Jarrow (1990), El Karoui and Karatzas (1995), El-
g(})ltt, N(Igg;l)l, grﬁd Viswanathan (1990), Jamshidian (1992), Kim (19’90)

ang , Pham (1995), Mastroeni i i |
ey ( ) and Matzeu (1995), Mulinacci and
Appro?cimations and/or numerical solutions for the valuation of Amer-
ican options have been proposed by several authors, including the early
work of Black (1975) and Brennan and Schwartz (1977); see also Jaillet et
al. (1990) for a treatment of the American option optimal stopping problem
via variational inequalities, which leads to a justification of the Brennan—
Schwartz algorithm. Kramkov and Vishnyakov (1994) work out formulas for

hedging portfolios. Roughly speaking, the most popular methods currently
in use are:

(i) Binomial trees and their extensions; see for example Cox, Ross, and
Rubinstein (1979), and Lamberton (1993, 1995a) for the converg,ence
of the associated binomial and /or finite difference schemes, as well as
Boyle (1988), Hull and White (1988b), Rogers and Stapleton (1998)

i Figlewski and Gao (1997), Reimer and Sandmann (1995). ,

(ii) Numerical solution of PDEs and Variational Inequalities; see, for
example, Carr and Faguet (1994), Carr (1998), Wilmott, Dewy’nne
and Howison (1993, 1995). ,

- (iii) Analytic approximations, such as those in Parkinson (1977), John-
son (1983), Geske and Johnson (1984), MacMillan (1986), (5mberg
(1987), Barone-Adesi and Whaley (1987), Bunch and Johnson (1992)
Meyer apd Van der Hoek (1995), Broadie and Detemple (1996), Ches-,
211(3766];‘,'1110'0@ and Gibson (1993), Gao, Huang, and Subrahmanyam

(iv) Monte Carlo and quasi-Monte Carlo simulation, as in Tilly (1993)
Barraquand and Pudet (1996), who deal with path-dependent Amer-,
Ican contingent claims, and Broadie and Glasserman (1997). Other
papers on option price calculation by Monte Carlo simulation are
Boyle (1977), Boyle, Evnine, and Gibbs (1989), Duffie and Glynn
(1995), Paskov and Traub (1995), Barraquand and Martineau (1995)
Boyle, Broadie, and Glasserman (1997), Schoenmakers and Heemink,
(1997). Lehoczky (1997) surveys Monte Carlo variance reduction
methods for finance applications.

ieEarfles et afl.' (1995) and Lamberton (1995b) study asymptotic proper-
0 'the critical stock-price near expirations. For surveys of the extant
Umerical work on American and path-dependent contingent claims, the in-
Tested reader should consult Carverhill and Webber (1990), Hull,(1993),

1 gigg)Vilmott, Dewynne, and Howison (1993) and Broadie and Detemple
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3

Single-Agent Consumption
and Investment

3.1 Introduction

This chapter solves the problem of an agent who begins with an initial en-
dowment and who can consume while also investing in a standard, complete
market as set forth in Chapter 1. The objective of this agent is to maxi-
mize the expected utility of consumption over the planning horizon, or to
maximize the expected utility of wealth at the end of the planning horizon,
or to maximize some combination of these two quantities. Except for the
completeness assumption, the market model is quite general, allowing the
coeficient processes to be stochastic processes that are not even assumed
to be Markovian. Specializations of this model to the case of deterministic
and even constant coeflicients are provided in Sections 3.8 and 3.9. Tl}e
problem of this chapter is revisited in the context of incomplete markets in
Chapter 6. ‘
The agent acting in this chapter is assumed to be a “small investor,”.ln
the sense that his actions do not influence market prices. Chapter 4 consid-
ers the equilibrium problem of several agents whose joint actions determinfé
market prices through the law of supply and demand. The model of this
section is a basic building block in such equilibrium models, and these,
in turn, are the basis for a theory of financial markets. Such equilibrium
models can be used, for example, to study possible effects of taxation a.nd
market regulation. The Notes to this chapter contain a further discussion
of the relationship between this material and capital-asset pricing models.

3.1 Introduction 89

In addition to its role in theoretical studies of financial markets, the
model of this section can form the basis of portfolio management. This
requires, of course, that the investment manager either assume a utility
function or else elicit a utility function from the client whose money is being
managed. We show in Section 3.10 that maximization of the logarithm of
terminal wealth results in maximization of the growth rate of wealth, and
this is consequently a frequently used utility function. The class of utility
functions of the form U®)(z) = z?/p for z > 0, where p # 0 is a number
strictly less than one, are also commonly used. For this one-parameter
family of utility functions, the Arrow-Pratt index of relative risk aversion,

A 0? 0
J(z) = —x@U(p)(x)/aU(p)(x),
=1-p,
decreases with increasing p. One can elicit from an investor some measure
of risk aversion and attempt to determine the corresponding utility function
from this one-parameter family.

Sections 3.2 and 3.3 describe the market model and the set of consump-
tion and portfolio processes from which the investor in this market is free
to choose. Section 3.4 introduces the notion of utility function. We allow
these functions to take the value —oo on a half-line extending to —oo, which
effectively places a lower constraint on consumption and/or wealth. Section
3.6 solves the problem of an agent who seeks to maximize expected utility
from consumption plus expected utility from terminal wealth. The method
of solution uses the convez dual function (Legendre transform) of the utility
function. Related to this concept, we introduce and study the convex dual
of the value function for the problem of Section 3.6. This foreshadows a du-
ality theory that plays a critical role in the analysis of incomplete markets
in later chapters.

Section 3.7 considers the problem of maximization of expected utility
from consumption only, and the antithetical problem of maximization of
expected utility from terminal wealth only. These problems are related to
that of Section 3.6 in the following way. Given an initial endowment z, an
agent who wishes to maximize the expected utility of consumption plus the
€xpected utility of terminal wealth can partition his initial endowment into
two parts, z; and x,, such that z = z, + 5. Beginning with initial endow-
ment 24, the agent should solve the problem of maximizing expected utility
from consumption only; with z2, he should solve the problem of maximiz-
Ing expected utility from terminal wealth only. The superposition of these
two solutions is then the solution to the problem of maximizing expected
utility from consumption plus expected utility from terminal wealth. The
Partition of wealth that accomplishes this decomposition of the problems
1S derived in Section 3.7.

The result, o” Secticws 2.0 .d 2.7 ave soecial’ wod 10 raodels with de-
Yrinist : ohficen's in Section o R % ewh modes o Morgn-li e
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analysis is provided, including the development of the Hamilton-Jacobi-
Bellman equation and the optimal consumption and portfolio processes as
feedback functions of the agent’s wealth. The Hamilton—Jacobi-Bellman
equation of Section 3.8 is a second-order parabolic differential equation.
When the model coefficients are constant and the planning horizon is in-
finite, the Hamilton—Jacobi-Bellman equation is a second-order ordinary
differential equation, and lends itself to very explicit analysis; this is the
subject of Section 3.9.

3.2 The Financial Market

As in Chapter 2, we shall work in this chapter in the context of a complete,
standard financial market M = (r(-),b(-),6(-),0(-), 5(0), A(*)) (see Defini-
tions 1.1.3, 1.5.1, 1.6.1 and Theorem 1.6.6). In particular, the price of the
money market is governed by

dSo(t) = So(t) [r(t) dt + dA(2)], (2.1)
and the prices of the stocks satisfy
N .
dSu(t) = Sa(t) |ba(t) dt +dA(E) + 3 ona(t) W D(2) |,
d=1

=il ooy IV (2.2)

with 0(t) = (0nd(t));<n,a<n nonsingular for Lebesgue-almost-every ¢ €

[0, T] almost surely. In Sections 3.9 and 3.10, we place the financial market
on the infinite planning horizon [0, 0) (Deﬁmtlons 1.7.2, 1.7.3). Recall
that Sp(0) = 1 and S1(0), ..., Sn(0) are positive constants, and recall from
(1.6.16), (1.5.6), (1.5.2), d (1 5.12) the processes

000 £ o~ 0lbte) +50) 1] (23)
Wo(t)éW(tH 0(s) ds, (2.4)
0
b . t i ¢ ;
20 2ep{- [oawe -3 [ oy, @)
a Zo(t)
Hy(t) = So(t)' (2.6)

In a standard market, the exponential local martingale Zo(-) is in fact a
martingale, which permits the definition of the standard martingale mea-
sure Py (see Definition 1.5.1 and equation (1.5.3)). Except in Section 3.8,
we shall present the analysis of this chapter in a way that uses only the
loral martinaale praperty of Zo(-) and a. 0% de the use of Po alsogether. Thi3
poriiue ta r2ient oralyse 2,50 o be mued Fathe stu’y o ecnsueired a1l
incomplete markets in Chapter 6.
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Until further notice, we take T to be finite and restrict attention to
the finite-horizon model on [0,7]. For this model, one of the following
conditions will be imposed.

Assumption 2.1: The state price density process Hy satisfies

T
E [/{; Hy(t) dt:l < 0.

The state price density process Hy satisfies

EHy(T) < .

Assumption 2.2:

Assumption 2.3: The state price density process Hy satisfies

T
E / Hy(t) dt + Ho(T)| < o0.
0

~ A sufficient condition for these assumptions is that Sp(-) be bounded
ay from zero on [0, T, so that Ho(-) is bounded from above by a constant
es the nonnegative supermartingale Zy(-).

3 Consumption and Portfolio Processes

agent will act in the financial market of the previous section by choosing
onsumption process and a portfolio process. In this section, these entities
defined, and it is shown as a consequence of the admissibility condi-
(3.2) that these processes must satisfy the budget constraint (3.4). It
rther shown that if one starts with a consumption process and a non-
ative random variable that satisfy the budget constraint, then there is a
ing portfolio that, together with the given consumption process, results
terminal wealth equal to the given nonnegative random variable.

finition 3.1: A consumption process is an {.7-' )} -progressively mea-

able, nonnegative process c(-) satisfying fo
ely.

t)dt < o0, almost

N agent with initial endowment x -> 0 who chooses a consumption

ess c(-) will have a cumulative income process I'(t) = __- fo ) du,0 <
T'. If this investor chooses a I'(-)-financed portfoho process 7r( ), then

508<))rresponding wealth process X*7(.) will be governed by equation

X5om (1) b c(u) du B
St AT [ %)t / Gt " (W (W) Wolu),
L, )
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Definition 3.2: Given z > 0, we say that a consumption and portfolio
process pair (¢, ) is admissible at z, and write (¢, 7) € A(z), if the wealth
process X®%™(.) corresponding to z,c, 7 satisfies

X®em() >0, 0<t<T, (3.2)
almost surely. For z < 0, we set A(z) = (.
Remark 3.3: From (1.5.14), we have

[
—m+/ Ho(u) [0’ (u

0<t<T. (3.3)

H X$C7|'

— X®T(w)0(w)] dW (u)

When (¢, 7) € A(z), the left-hand side of (3.3) is nonnegative, and so the
It integral on the right side is not only a local martingale under P, but
also .a supermartingale (Fatou’s lemma). This implies that the so-called
budget constraint

[/ Ho(u

is satisfied for every (c,n) € A(x). The budget constraint has the satisfy-
ing interpretation that the expected “discounted” terminal wealth plus the
expected “discounted” total consumption cannot exceed the initial endow-
ment. Here the “discounting” is accomplished by the state price density
process Hy.

w) du + Ho(T)X®=*™(T)| < z (3.4)

Remark 3.4: Bankruptcy is an absorbing state for the wealth process
X2e™(.) when (c,m) € A(z); if wealth becomes zero before time T, it
stays there, and no further consumption or investment takes place. To see
this, note that because the left-hand side of (3.3) is a supermartingale, so
is the process Ho(t)X®7™(t),0 < t < T, for every (c,m) € A(z). With
70 2 T Ainf {t € [0,T]; X(t) = 0}, we have then

X7 (t,w) =0, Vte€ lnw)T],

for P-almost-every w € {ro < T} (e.g., Karatzas and Shreve (1991), Prob-
lem 1.3.29). On the other hand, the optional sampling theorem applied to
the left-hand side of (3.3) gives

[/ Ho(t)c(t) dt+ Ho(T)X™™(T) f(To)] < Ho(70)X (70)
almost surely, and thus, for P-a.e. w € {19 < T},
LIAIIAD 2T Kgr Neliedguelate. WW &y 5D~
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The budget constraint (3.4) is not only a necessary condition for ad-
missibility, but is also a sufficient condition, in a sense that we now
explain.

Theorem 3.5: Let z > 0 be given, let ¢(-) be a consumption process, and
let £ be a nonnegative, F(T)-measurable random variable such that

| [ e

Then there exists a portfolio process m(-) such that the pair (c,m) is
admissible at £ and £ = X>%™(T).

w) du + Ho(T)E| = . (3.5)

PROOF. Let us define J(t) £ fot Ho(u)c(u) du and consider the nonnega-
tive martingale

A
M(t) = E [J(T) + Ho(T)E|F(2)] ,

According to the martingale representation theorem (e.g., Karatzas and
Shreve (1991), Theorem 3.4.15 and Problem 3.4.16), there is a progressively
measurable, R%-valued process v(-) satisfying

0<t<T.

T
WMéAnwwwM<m

¢
Mit)==z +/ P (u)dW(u), 0<t<T.
0
Dparticular, M(-) has continuous paths, and

1Moo & max [M(®)] < 00

A
s t), 1So]lo = maxo<t<T So(t),
d k = maxo<¢<T 1/Zo(t) are finite almost surely.
Define a nonnegative process X(-) by
So(t) (t Z()(t

1 [/Ho

| = Zo® [M(t) - J(t)], (3.6)
that X (0) = M(0

most surely. Similarly, ||J||c0 = maxg<t<T J(

ey 4 w) du + Ho(T)¢

F (t)}

) = z. It6’s rule implies
X\ _ ) 1,
3 (So(t)> = 5w B ST o) o),

ere

1>

1 Teavy moor L ~ <~ y
wit) Hot) (' Cn) T () T (Lt — Séy) bie)) 3.7)
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We check that =(-) satisfies (1.2.5), (1.2.6), and hence is a portfolio pro-
cess. From Remark 1.6.10 and equation (1.5.1), we have that 6(t) =

o= 1(t) [b(t) + 6(t) — r(t)1] satisfies [|6]lz = (fy 110(t)I2dt)? < oo almost
surely. Therefore,

/T |7 () (b(t) + 6() — r(t)1)] dt
0

[T St) , B .
_/0 Zo(t) )8(8) + 161" (M(t) — J(¢)) ‘ dt
< &1Solloo [lIl12118ll2 + 116113 (1M lloo + 117 ]]eo)]

< 0o

almost surely, and (1.2.5) holds. Similarly,

T ot — [ 5D Jren
| lomnrae= [ 2w +60) () - ) | a
< w2)SollZ 1915 + 12 (1Mo + 1]0)

+ 1813 (1Mo + 10)?] < 00

almost surely, and (1.2.6) holds as well.
We conclude that

X)) / c(u) du /
=I-— wuauqu 0<t<T,
So(®) : o) So(a) (u)o(u) dWo(u),
and comparison with (3.1) shows that X(-) = X®%"(.). Since X(t) >
0 for 0 < t < T, the pair (¢,7) is admissible. Finally, X(T) =
7 (T)E[HO(T VE|F(T)] = £ almost surely: O

3.4 Utility Functions

The agent in this chapter desires to maximize his utility. In this section
we develop the properties of the utility functions we consider. We also
introduce the conver dual of a utility function.

Definition 4.1: A utility function is a concave, nondecreasing, upper
semicontinuous function U: R — [—o0, 00) satisfying:

(i) the half-line dom(U) 2 {z € R;U(z) > —oo} is'a nonempty subset of
[0, 00);

(ii) U’ is continuous, positive, and strictly decreasing on the interior of
dom(U), and

B

U'(o0) ‘Jillgo Uz)=C. 4.1)
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We set.

é 1nf{:c € R, U(.’E) > OO} (4'2)

go that T € [0,00) and either dom(U) =
We define

[Z,00) or dom(U) = (T, 00).

U'(z+) £ lim U (), (4.3)

8o that U'(z+) € (0, o0

Here are some common utility functions. Take p € (—o0, 1) \ {0} and set

A :EP/P, z > 0,
U(p)(z) = hm&lO é’p/p’ z=0, (44)
—00, z < 0.
For p =0, set
(0) logz, >0,
U (z) = { i (4.5)

i
i

The Arrow—Pratt index of risk aversion, — U'((?): for U is 1 — p. Other

tility functions are U(P)(z — %), where T is a positive constant.
Let U be a utility function with T given by (4.2). The strictly decreasing;

ntinuous function U’: (Z, o) 20 (0,U’(Z+)) has a strictly decreasing,

ntinuous inverse I: (0, U'(Z+)) 23 (z, 00). We set I(y) = Z for U'(z+) <
< 00, so that I is defined, finite, and continuous on the extended half-line
? m]’ a‘nd

w U (Iy) = {yU(E v S gy(f;go (4.6)
IU(z))=z, T<z<o00. (4.7)

efinition 4.2: Let U be a utility function. The convez dual of U is the
ction

A
U(y) = sup{U(z) —zy}, yeR. (4.8)
z€R
Except for the presence of some minus signs, U is the Legendre—Fenchel

nsform of U (Rockafellar (1970), Ekeland and Temam (1976)). Indeed,
we define the convex function

f(z) 2 ~U(z), z€R, (4.9)

€n the Legendre-Fenchel transform of f is

m &Y 74 - o vy — ™ ‘
My =suprey = S\ Z)} = (—y), y<n. (+.10;
reR
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Lemma 4.3: Let U and T be as in Definition 4.1, I as in (4.6), (4.7),

and let U be the conver dual of U. Then U : R — (—o00,00] is conver,

nonincreasing, lower semicontinuous, and satisfies

(1)

. U (I(y)) — yI(y), y >0,
U(y) = { U(co) £ limy 0o U(z), y=0, (4.11)

\ 60, y < 0.
(ii) The derivative U’ is defined, continuous, and nondecreasing on

(0, 00), and
U'(y) =-I(y), 0<y<oo. (4.12)
(iii) For all z € R,
U(z) = inf {U(y) + zy}- (4.13)
y€ER

(iv) For fized z € (T,00), the function y ﬁ(y) + Ty 15 uniquely
minimized over R by y = U’'(z); i.e.,

U(z) = U (U'(z)) + zU' (). (4.14)

PROOF. According to Rockafellar (1970), Theorem 12.2, the function U
is lower semicontinuous, convex, takes values in (—o0, oo|, and is related to
U via (4.13). Equation (4.11) is easily verified directly from the definition
of U.

According to Rockafellar (1970), Theorem 23.5, the function £ — U(§) —
y€ is maximized at £ = z if and only if —z € Bﬁ(y). But for 0 < y < oo,
this function is uniquely maximized by £ = I(y), whence (4.12) holds. From
(4.12) we see that U’ is continuous and nonincreasing on (0, co).

Finally, for fixed z € (Z,0), the convex function y — U (y) + zy has
derivative —I(y) + z for y € (0,00). This derivative is zero at y = U’(z)
(see (4.7)), which gives us (iv). o
Remark 4.4: We shall usually consider utility functions U for which T

given by (4.2) is zero. For such a function, we shall impose sometimes the
following additional conditions:

(a) z— zU’'(z) is nondecreasing on (0, c0); (4.15)
(b) For some § € (0,1),v € (1,00), we have
BU'(z) > U'(yz) Vz € (0,00). (4.16)

The first of these conditions is equivalent to

(c)y — yU'(y) is nondecreasing on (0, U’(0+))
(set y = U'(z) and use (4.7), (4.12)). (4.15")

Condeands rypelssehes

7z U(e*) isconvexonR,; (4.15")

3.5 The Optimization Problems 97

Furthermore, for a utility function U of class C?(0,0), condition (4.4)
implies that the so-called Arrow-Pratt index of relative risk aversion
a zU"(x)

@) 2 -y (4.17)

does not exceed 1.
Condition (4.16) is equivalent to having

U'(By) > +U'(y) Yy € (0,U'(0+)) forsomef € (0,1),7 € (1,00)
(4.16")
(just replace = by —U'(y) in (4.16), and then apply U’ to both sides of

the resulting inequality). By iterating (4.16’), one obtains the apparently
stronger statement

VB3 € (0,1),3y € (1,00) suchthat U'(8y) > U’ (y) Vy € (0,U’'(0+)).
(4.16")

It should also be noted, in the notation of (4.4), (4.5), that for v > 0 and
0 < p < 1, condition (4.4) is satisfied by the function

a U@ . >0
U(z) = {_OO(IJF’Y) izov

hereas (4.16) is satisfied by U® for all p € (—o0, 1).

.0 The Optimization Problems

e formulate three optimization problems for an agent. This agent is some-
imes called a small investor because his actions do not affect the prices of
ancial assets.

efinition 5.1: A (time-separable, von Neumann-Morgenstern) pref-
rence structure is a pair of functions U;:[0,7] Xx R — [—o00,00) and
2:R — [~00,00) as described below:

(i) For each t € [0,T], Uy (¢,-) is a utility function (Definition 4.1), and
the subsistence consumption

2(t) £ inf {c € R;Uy(t,c) > —o0}, 0<t<T, (5.1)

.. 1s a continuous function of ¢, with values in [0, 00);
(i) U; and U{ (where the prime denotes differentiation with respect to
the seecnd argoviert) s cruSit 1015 on tle sel

Dy 2 {(t,0) € [0,T] x (Qoo) &> 2(t)}; (5.2)
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(iii) Us is a utility function, with subsistence terminal wealth defined by
7 2 inf {z e R;Uz(z) > —o0}. (5.3)

Let an agent have an initial endowment z € R and a preference struc-
ture (U;,Uz). The agent can consider three problems whose elements of
control are the admissible consumption and portfolio processes in A(z) of
Definition 3.2.

Problem 5.2: Find an optimal pair (¢;,71) € .4;(z) for the problem

Vi(x) = sup
(c,;m)€AL(x)

E / U (t,c(t (5.4)

of maximizing expected total utility from consumption over [0, T, where

T
Ay(z) 2 {(c, n) € .A(:l:);E/0 min [0, Uy (t, ¢(t))] dt > -oo} +  [B5)

Problem 5.3: Find an optimal pair (e2,72) € A2(z) for the problem

Va(z) 2 sup  EU (X™°™(T)) (5.6)

(e,m)EAL ()
of maximizing expected utility from terminal wealth, where
As(z) £ {(c,7) € Az T))] > —o0}. (5.7
Problem 5.4: Find an optimal pair (c3,73) € A3(z) for the problem

); Emin [0, Us (X®™(

Va@)& sup E (58)

/T
/ Ua (t,¢(t)) dt + Us (X®5™(T))
(c,m)EAz(x) 0

of maximizing expected total utility from both consumption and terminal
wealth, where

As(z) £ Ai(z) N Az (). (5.9)

Of course, since A(z) = 0 for z < 0, we have A;(z) = 0 for < 0 and
1 =1,2,3. We adopt the convention that the supremum over the empty set
is —oo. In the next sections we shall strive to compute the value functions
Vi, Va2, and V3 of these problems and to characterize (or even compute)
optimal pairs (¢c;,7;),% = 1,2,3, that attain the suprema in (5.4), (5.6),
and (5.8), respectively.

Remark 5.5: In Problems 5.2-5.4, we could allow U, (respectively, Us)
also to depend on w € 2 in an {F(t)}-progressively measurable (respec-
tively, F(T')-measurable) manner. The analysis of the subsequent sections
would be unaffected.

Ir ta: rerianccs Wby secicn, we czrelo, ‘or futire w3 clmea e
sults conceraing some of the functions introduced here. The reade. may
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wish to postpone this material until these results are actually used in
subsequent sections.

Remark 5.6: Let (U;,Usz) be a preference structure.

(i) Because ¢(-) is continuous, there exists a finite number ¢ such that & >
Z V maxg<i<r ¢(t). From the continuity of U; on Dy D [0, T x [é, 00),
we have
T
/ \Us(t,8)| dt + [Ua(8)] < oo. (5.10)
0

Furthermore, under the respective Assumptions 2.1-2.3, the respec-
tive quantities

T
2E / Ho(t)a(t) dt, AXa(oo) 2 E[Ho(T)z], (5.11)
{ / Ho()e(t) dt + Ho(T)Z (5.12)
are finite.
il) From (4.1), we have lim._,o, Uj(t,¢) = 0 for all t € [0, T]. In fact, the

following stronger statement holds:

lim max Uj(t,c) =0, (5.13)

c—00 0<t<T

as one can see by considering, for fixed ¢ > 0, the nested sequence

of compact sets K, (¢) 2 {t€[0,T);Ui(t,¢+n)>€},n=1,2,....
These sets have empty intersection, so for some integer n, we have

K, (e) = 0.

ark 5.7: For Problem 5.4, the agent must have initial wealth at least
00) in order to avoid expected utility of —oo. Indeed, for this problem,

e preference structure forces the constraints 0
e(t) >¢t), aetel0,T), (5.14)
XI,C,W(T) 2 T (515)

nost surely, for otherwise E[f0 Ui (t,c(t)) dt + Uz (X=%™(T))] would be

0. But (5.14), (5.15), and (5.12) imply

[ / Hy(t)e(t) dt + Ho(T)X™™(T)| > Xs(00). (5.16)

alling the budget constraint (3.4), we see that V3 = —oc on the half-line
80, A3(oc)). For = = X- (> Jveme{e, ) « A3(=) sat’ely'ng (5.14), (5.15)
Brav,ralssitisty of) = ot , X > T, = v. .wanding 1¢ "Tuoen
there is in fact a portfolio process 7 for which X¥3(°®):%%(T) = %, and
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we conclude that

(T
/ U, (t,e(t)) dt + Uz(T), = = X3(00),
—Ooo, z < X3(00).

From (5.10), this last expression is well-defined, although it may be —oo,
in which case Az (X3(00)) = 0@ and V3 (X3(o0)) = —o0, in accordance with
(5.17). Similar arguments show that

| /T Uy (t,8(t) dt, == AX)(0),
0

Vi(z) = (5.18)
-0 z < X1(00),
_ (@), ==X(),
Valz) = { —00, I < Xa(00). (5.19)
Let (U,,Us) be a preference structure. For fixed t € [0, T], the function
Li(t,-) 1 (0, 00] 2 [¢(t), 00), satisfying the analogue
/ _Iy 0 <y <Uj(tet)+),
RN =G o, Bbnn 2y ce O

of (4.6), is strictly decreasing on (0, U; (¢, E(t)+)], is identically equal to
(t) on [U] (t,2(t)+) ,00], and is continuous on all of (0, co]. Similar remarks
apply to the function I : (0,00] — [Z, 00) that satisfies

0 ) = { %z )

Lemma 5.8: The function I, of (5.20) is jointly continuous on [0,T] X
(0, 00].

0 <y < Uiz +),

ULE+) <y < 0. (5.21)

PROOF. Let (to,%0) € [0,T] x (0,00] be given, and let {(t,,yn)},., be
a sequence in the same set with limit (to,yo). Define ¢, = I, (tn,yn),n =
0,1, .... We need to show that ¢y = limy, 0 Cn.

Let us consider separately the two cases:

Case 1: yp < Uj (to, ¢(to)+)-

For some v > 0, we have yo < Uj(to,¢(to) + 7). Continuity of ¢ and of
U} on D, implies y, < Uj (tn,¢(tn) + ) for n sufficiently large, and thus
cn > E(tn) +v and

o, U (L, € (5.22)

The sequence {c,}5%, is bounded, for otherwise (5.13) would imply
0 = lim, . Uj(tn,cn) = lim,_, . yn, which violates the assumption
limn—co¥n = ¥o > 0. Ary accumuletiop neint ¢f of {c,}32, must sat-
icfv ¢ > 3tc) 4 o thus the contiwiy of U on L+ w002 mol/
yo = Uj(to, ) and ¢ = I (to, yo) = co. Consequently, lim,_,, ¢, = co-
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ase 2: yo > Uj (to,c(to)+).

Now we have ¢y = ¢©(ty). We divide the index set into N 2
n > Liyn > Ul (tn, e(ta)+)} and Ny £ {n > 1;yn < U} (tn,&(tn)+)}. For
n € N1, we have ¢, = ©(tn), so limpen, ¢ = €(to) = co, as desired. For
€ N,, we have ¢, > €(t,), and thus (5.22) holds; we can argue as in
ase 1 that {c, }nen, is bounded. If {c,}ren, Were to have an accumula-
jon point ¢ > €(tg), then the argument of Case 1 would imply cg = co,
hich violates the Case 2 assumption. Hence, every accumulation point ¢j
f {c, }nen, satisfies c§ = ¢(to) = co. O

.6 Utility from Consumption
and Terminal Wealth

Theorem 6.3 and Corollary 6.5 below we provide a complete solution
Problem 5.4 of maximizing expected utility from consumption plus
xpected utility from terminal wealth. We follow this with a number of
amples of this solution. Theorem 6.11 begins the study of the dual value
ction for this problem.

Let a preference structure (U, Uz) be given. We define the function

T
EE /0 Ho(®)Ts (t,yHo(t)) dt + Ho(T)L(yHo(T)) | , 0 <y < oo.

(6.1)

ssumption 6.1: X3(y) < oo, Vy € (0,00).

Remarks 6.8, 6.9 below give conditions that imply the validity of this
sumption.

mma 6.2: Under Assumption 6.1, the function X5 is nonincreas-
q andAcontz'nuous on (0,00), and Astr’ictly decreasing on (0,r3), where
(0+) = limy, o X3(y) = 00, X3(00) = limy_o0 X3(y) s given by (5.12),
d

rs £ sup {y > 0; X3(y) > X3(00)} > 0. (6.2)

particular, the function X3 restricted to (0,73) has a strictly decreasing

erse function Ys: (Xg(oo), oo) onte (0,73), so that

X3 (V3(z)) =2, V€ (A3(00),00). (6.3)

OOF. Since I)(t,-) and I2(-) are nonincreasing, so is X3(-). The right
ntinuity of X3(-) and the equation X3(0+) = oo are consequences of
€ monotone converrence tboorare and, in the '~tter cas~ the equalities
G(5)4) - 7 ()-) =00 Wletet Onfinuiy of &) fcllovs £orr s3>
N 6.1 and the dominated convergence theorem. Likewise, agreement with
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(5.12) follows from the dominated convergence theorem and the equalities
lime oo 1 (t, €) = &(t), limg—oo I2(z) = T. )

It remains to show that Xj is strictly decreasing on (0, r3). For y € (0,73),
we have X3(y) > X3(00), and thus, either yHo(t,w) < U, (t,e(t)+) for all
(t,w) in a set of positive product measure, or else yHo(T,w) < Uj(z+) for
all w in an event of positive P measure. But Jy(t,-) (respectively, L(})) is
strictly decreasing on (0, U] (t,€(t)+)) (respectively, on (0, U3(Z+))). Thus,
either one of the above inequalities is enough to imply A3(y — 8) > A3(y)
for all & € (0, y). O

We are now prepared to solve Problem 5.4. In light of Remark 5.7,
specifically (5.17), we need only consider initial wealth z in the domain
(X3(c0), 00) of Y3(-). For such an z, we know from (3.4) and Theorem
3.5 that Problem 5.4 amounts to maximizing E[fOT Us (t,c(t)) dt + Uaz(€)]
over pairs (c,£), consisting of a consumption process c(-) and a nonnega-
tive F(T)-measurable random variable &, that satisfy the budget constraint
(3.4), namely, E[fOT Ho(t)e(t)dt + Ho(T)€] < z. Now, if y > 0is a “La-
grange multiplier” that enforces this constraint, the problem reduces to the
unconstrained maximization of

T .
+y (z —E { /0 Ho(t)e(t) dt + HO(T)gD .

But this expression is (> ]

T
E [/ Ur(t, c(t)) dt + Ua(€)
0

CVISION

T
zy + E/o [Ur(t, c(t)) — yHo(t)c(t)] dt + E [Ua(€) — yHETTYR ===

<zy+FE

T :
/0 Us(t,yHo(t)) dt + (72(1/H0(T)):| )

with equality if and only if
C(t) = Il(t,yHo(t)), 0 S t S T and £ = IQ(yH()(T))

(recall (4.8) and Lemma 4.3(i)). Quite clearly, y = Ys(z) is the only value
of y > 0 for which the above pair (c,§) satisfies the budget constraint
with equality. Thus, for every & € (X3(00), 00), we are led to the candidate
optimal terminal wealth

€3 = L(Vs(x)Ho(T)) (6:4)
and the candidate optimal consumption process
c3(t) 2 L(t, Va(@)Ho(t)), 0<t<T. (6.5)
From (6.1), (6.3), we have

. |
E [ 4 Ho(u)es(u) du + Ho(T)Ea| = A3 (V3(z)) = 7, (6.6)

e
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and Theorem 3.5 guarantees the existence of a candidate optimal portfolio
process 73(-) such that (c3,73) € A(z) and £ = X=c373(T),

Theorem 6.3: ‘Suppose that both Assumptions 2.8 and 6.1 hold, let x €
A3(00), 00) be given, let €3 and c3(-) be given by (6.4), (6.5), and let m3(-)
he such t.hat (c.3,7r3) € A(z), §&3 = X™™3(T). Then (c3,73) € Asz(x), and
3, m3) s optimal for Problem 5.4:

/2 ‘
Vg(l‘) =F /0 Uy (t,Cg(t)) dt + U, ()(:':’ca'ﬂ-3 (T)) . (67)

PROOF. We first show that (c3,m3) € As(z). With ¢é as in Remark 5.6,
1a 4.3(1) and Definition 4.2 imply

Us (¢, ¢3(t)) — Ya(x) Ho(t)ca(t) = U (t, s(x) Ho(t))
Z Ul(ta é) - y3(z)H0(t)éa

Ua(&3) — Vs(z) Ho(T)&s =Us (V3(z) Ho(T))
> Us(€) — V3(z)Ho(T)é,

d consequently,

T

E { /0 min [0, U (¢, c3(t))] dt + min [0, U2(§3)]}
T

> /0 min [0, U (¢, &)] dt + min [0, Uy (&)]

T
—yg(l‘)éE {/0 H()(t) dt + H()(T)}
> —00.

Next, we show that (c3,73) attains the supremum in (5.8). Let (c, ) be
yther pair in A;3(z). Using Lemma 4.3(i) again, we have
U (8 es(t)) — YVs(x)Ho(t)es(t) > Un (¢, ¢(t)) — YVa(x)Ho(t)e(t), (6.8)
Ua(t,€3) — Ys(z)Ho(T)¢s = Uz (X™°™(T))
—Y3(z)Ho(T) X" (T), (6.9)
thus

T
B /0 Uy (t, cs(t)) dt + Us(t, )

>E

=
/0 Ut (t,c(t)) dt + Uz (X “”’“'”(T))}

{ i
+YVs(x)E I/ Hy(t)es(t) dt + H()(T)ffx-‘
%1 ]
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& » i
_Wi(2)E /0 Ho(t)e(t) dt + Ho(T) X5 (T)

T
>F /0 Ui((¢,c(2)) dt + U (X®™(T))

because of (6.6) and the budget constraint (3.4) satisfied by (c, 7). O

Remark 6.4: Assume that V3(z) < oo. Inequality (6.8) is strict unless
c(t) = c3(t), and likewise (6.9) is strict unless X *™(T) = £3. It follows that
up to almost-everywhere equivalence under the product of Lebesgue mea-
sure and P, ¢3(-) is the unique optimal consumption process and &3 is the

unique optimal terminal wealth. This implies also that mw3(-) is the unique

optimal portfolio process, again up to almost-everywhere equivalence.

Corollary 6.5: Under the assumptions of Theorem 6.3, the optimal wealth
process X3(t) = X©°73(t) is

Xs3(t) =

f(t)] 0<t<T

/ Ho(u)es(u) du + Ho(T)E

H (t
(6.10)
Furthermore, the optimal portfolio w3 is given by
! ¢3(t)
o (t)ms(t) = 4 o) + X3(t)6(t), (6.11)

in terms of the integrand 3(-) in the stochastic integral representation
Ms(t) =z + [ ¥s(u) dW (u) of the martingale

Ms(t) & f(t)] 0<t<T (6.12)

/ Ho(u)es(w) du + Ho(T)Es

The value function V3 is then given as

Va(z) = G5 (Vs3(z)), A3(00) <z < 00, (6.13)

where
Galy) 2 / U (&, Iy (¢, yHo(t))) dt + Uz (I (yHo(T))) | , 0 <y < oo
(6.14)
PrOOF. The formula for X3(-) comes directly from (3.6), which also pro-

vides the formula for M3(-) in terms of Ho(:) and converts (3.7) to (6.11).
Equations (6.13), (6.14) are just restatements of (6.4), (6.5), and (6.7). U

Example 6.6: U,(t,z) = Uy(z) = logz, V(t,z) € [0,T] x (0, 00).
In this case, I; (t,y) = I2(y) = 1/y for 0 < y < oo, X3(y) = (T +1)/y for

0 <y < a,avl V()= T Hi)/z or 2< 2 < 0c0. Thsooimal inaiel
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wealth, consumption, and wealth processes are given respectively by

S=TT 1)H0<T)’

.z B T+1-t)z _
TR 10 T hme

In particular, the martingale M3(-) of (6.12) is identically equal to z, so
¥(:) =0, and the optimal portfolio, given by (6.11), is

m3(8) = (a(8)o’(£) ™" [b(t) + 8(t) — r(1)1] X3 (2),

Furthermore,

cs(t) = 0<t<T.

0<t<T  (6.15)

4
Gs(y)=—(T+1)logy — E/ log Ho(t) dt — Elog Ho(T), 0<y < oo,
0

/ ‘T
T
Va(z) = (T + 1) log (T—-I-1> - E/o log Ho(t) dt — E'log Ho(T),
0<z< oo
This example is extended in Example 7.11.

xample 6.7: U, (t,z) = Us(x) = —x”

<1l p#0.
We have I (t,y) = L(y) = y/®=Y for 0 < y < oo, and

Y(t,z) € [0,T] x (0, 00), with

T .
Xa(y) = y71E /0 (Ho(£))"/®~V dt + (Ho(T))P/®~V)

= X3(1)y1/(17—1)’ 0<y< oo,

z p=1
y3(l') = (m) s 0<z<o0.
€ optimal terminal wealth and the optimal consumption process are
n as
£y = Ho(T))Y/ (P~ 1)’ ¢ 1/(p— 1)
g1y (@) es(t) = 5 opy (Holt) |
(t) i F p/(p=1) /p—1 |
£ L p— p/p—
3 X3(1)H0(t)E /t (Ho(w)) du+ (Ho(T))"'? f(t)} .
Ly, |
1
G3(y) = I_)X3(1)y}7/(p—1), 0< y < o0,
1 -
Vi(z) = 5(X3(1))1 PP, 0<z<oo.
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We may write (Ho(t))"/®™" = m(t)A(t), where
t £
m) 2o {2 [a)+ [ ran] + 557 [l w,

t 2 t )
A(t)_é_exp{I% /0 e'(u)alW(u)—Tl’”_—pF /0 ||6(u)||2du}.

If r(-), A(:), and 6(-) are deterministic, then m(-) is deterministic and
A(') is a martingale, so

E [(Hg(u))”/ (»-1) ‘f-'(t)] —mwA(t), 0<t<u<T.

With N(t) 2 [! m(s) ds + m(t), we have X3(1) = N(T) and

zA(t) Tm .
N Ho () [/ wdut (T)}’

o m(t)X3(t) ’
T [T m(u) du+m(T)

xr i
Mi(0) = 5z [A(t) ( / m(u) du + m(T>>

—f /Ot m(u)A(u) du]

X3(t) =

ir
x
dM3(t) = — / m(u) du+m(T)> dA(t)
- Ho(t)Xs(t)T%G’(t) AW (2).
This last expression yields the optimal portfolio 73(-) of (6.11) as

(o(t)a’(£)) " [b(2) + 6(t) — r(t)1] X3 (t) (6.16)

1
71'3(t) a 1 “p

for the case of deterministic (), A(-), and 6(-).

Remark 6.8: If 7(-), A(-), and 6(-) are bounded uniformly in (t,w), but
not necessarily deterministic, then in Example 6.7, the function'm'(-) can
be bounded independently of (¢,w), and A(-) is a martingale. This implies
that

Xs(y) = y/P-VE [/()T m(t)A(t) dt + m(T)A(T)| < oo, Vy>0,

¢ Nesmapticr CooosEatsiel; nopertizola, va(z) Lo arwlz > 0 [

is then clear that for any utility functions U; and U; satisfying a growth
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condition of the form
Ui(t,z) + Ua(z) < k(1 +27), V(t,z) € [0,T] x (0,00),

where 0 < £ < o0 and 0 < p < 1, the boundedness of r(-), A(-), and 6(")
implies V3(z) < oo for all z > 0.

Remark 6.9:
(i) Suppose that

both U (¢, ) and Us(-) satisfy condition (4.16) with 6.17
the same constants § and v, for all t € [0, T]. ‘ (6.17)

It follows then, using (4.12) and (4.16"), that if X3(y) < oo for some
y > 0, then Assumption 6.1 holds.
(i) Assumption 6.1 is also implied by the condition

sup Ii(t,y) + I(y) < ky™?, Vye€ (0,00), (6.18)
<tLT

(]

for some k > 0, p > 0, provided that at least one of the following
conditions also holds:

0 < p £1 and Assumption 2.3 holds, (6.19)

or

A(-),7(-), and 6(-) are uniformly bounded in (t,w) € [0,T] x €.
(6.20)
Indeed, under (6.18), (6.19), we have

X3(y) < ky PE {/OT (I1VH@)dt+ Qv HO(T))} <oo, z>0.

On the other hand, under (6.18) and (6.20), let us write (Ho(t))'™* =
m(t)A(t), where

m) 2 e { (- 1[40 + [ 70 | +3000-1) tlw(u)nzdu} |

and,
t 3 t
A®) 2 exp {(p -1 [ o@aww - 317 / ||6(u)||2du}

is a martingale; because of (6.20), m(-) is bounded by some constant
K, and thus

. N G 1.
’3,;‘)531"1(1"[: G0 B AT S 57 o500

L


http://www.cvisiontech.com/pdf_compressor_31.html

108 3. Single-Agent Consumption and Investment

Remark 6.10: The case Z = 0 and U(0+) = oo.

In this case, I3(y) > 0 for all y > 0, and the random variable &3 of (6.4)
is strictly positive almost surely, as is the optimal wealth process X3(t) of
(6.10) for 0 <t < T. We can define the portfolio proportion

A m3(t)
)2 22
p3( ) Xg(t)
a process which is obviously {F(t)}-progressively measurable and satisfies
fOT lp3(¢)||? dt < oo almost surely. The components of ps(t) represent the
proportions of wealth X3(t) invested in the respective assets at time t €
[0,T), and equation (3.1) for X3(-) becomes
Xs(t) " es(u) du /t Xs(u) ,
= + pa(u)o(u) dWy(u
5o~ Jo Sotw) T Jo Sotuy P27 L)
In (6.15) and (6.16) of Examples 6.6 and 6.7, p3(t) depends on the market
processes and the utility functions, but not on the wealth of the agent.

0<t<T

06 ET.

We close this section with the observation that the value function V3 is
a utility function in the sense of Definition 4.1, and we find its derivative
and convex dual. Recall from Remark 5.7 and Corollary 6.5 that

( Gs (Vs(x)), z > X3(00),
Va(z) = { Jo Uy (t,2(t)) dt + Up(T), == Xa(o0), (6.21)
\ —o0, T < Xg(OO)

Theorem 6.11: Let Assumptions 2.8 and 6.1 hold, and assume V3(z) <
oo for all z € R. Then V3 satisfies all the conditions of Definition 4.1, and

X3(o0) = inf {z € R; V3(z) > —o0}, (6.22)
Vi(z) = Ys(z), Vz € (X3(00),0), (6.23)
Va(y) = Gs(y) — yA3(y) ) (6.24)

T ~
=B / Ui (t,yHo(t)) dt + Uz (yHo(T)) |, Yy € (0,00),

0

Vily) = ~X(), Vy € (0,00), (6.25)
where
Va(y) 2 suﬁ {Va(z) —zy}, yeR (6.26)
z€

PROOF. We first prove the concavity of V3. Let z1,z2 € [X3(00),00) be

given, and let (c1,7m1) € As(z1), (cz,m2) € A3(x2) also be given. It is easily
verified that for A;, Az € (0,1) with A\; + X2 = 1, the consumption/portfolio
pair (C, 7I') é ()\161 + Azcg, AT+ )\271'2) is in Ag(.’E) with z é A1z + A2Z2
and

1:1(1‘( \_:)\- { ‘Let Irl(‘)_i_Al“ T2,C0y7 2 '

J N
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Consequently,
T
ME ./0 Ui (t,¢1(t)) dt + Uy (X*F1evm (T))]

+XE

i
/0 Ui (t,co(t)) dt + Uy (X *2020m2 (T))J

<E

T
/o Ui (t,c(t)) dt + Uz (X IM(T))J

:S V3(I)
= Vg()\ll‘l + )\2.’172).

aximizing over (¢, m) € As(x;) and (c2,m2) € A3(z3), we obtain
AVs(21) + A2Va(z2) < Va( Mz + Apza).

It is easily seen that V3 is nondecreasing. Furthermore, for each z €
3(00), 00), we constructed in Theorem 6.3 a policy (c3,m3) € Az(x)
ich shows that V3 > —co on (X3(c0), 00); (6.22) follows.

‘A concave function is continuous on the interior of the set where it is

ite. Therefore, to establish the upper semicontinuity of V3, we need only
ow that

1

. T
lim m@:AUmﬂma+mm. (6.27)

x| X3(00)

t limrlxs(oo) Vi(x) = limy1., G3(y), where r3, defined by (6.2), possesses

property that X3 is constant on [r3, 00). We consider separately the
€s 13 = 00 and r3 < 0. If r3 = 00, then

lm 1 (L yHo(0) =2(0),  lim L (wH(T) =7, (6.29)
that the monotone convergence theorem and the finiteness of Gs3(y) =
(X3(y)) for 0 < y < r3 imply

T
lim Ga(w) = [ U3 (62(0) e + (o),
eSired. If r3 < 00, then the constancy of X3 on [r3,00) implies r3 Ho(t) >
(,&(t)+) for Lebesgue-almost-every t € [0, 7] and r3Ho(T) > Uz’(f+—)
0st surely. This implies (6.28), and the rest follows.
le) t?énl )to (6.2(4). The second equation in (6.24) follows directly from
» \0.1), and (6.14). For the first, let Q(y) = G5(y) — yX. for 0 <
0, and observe from (4.8) that v for

Ui (t,c(t) < Un (8, yHo(t)) + uHo(t)c(t), 0< t < T
Il-/; /] {. CE,1 (1 ‘) S ’/2 (:'ID‘J ’41)) ‘|' :" {C(T’)) wyC T j u)
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hold alnost surely for any y > 0, £ > A3(c0), and (c,m) € As(z).
Consequently, from the budget constraint (3.4), we have

T
E [ / U (¢, c(t)) dt + Us (X”“’(T))]
0 E

<Qy)+yE [ /0 ' Ho(t)c(t) dt + Ho(T) X =" (T)]

< Qy) +zy, (6.29)
with equality if and only if
c(t) = I (t,yHo()),  X™™(T) = I (yHo(T)), (6.30)

and
T
E [/ Ho(t)c(t) dt + HO(T)X”C”’(T)] = ),
0 N

Taking the supremum in (6.29) over (¢,7) € A(z), we obtain V3(z) <
Q(y) + zy for all z € R, and thus Vs(y) < Q(y) for gll y > O Fo.r the
reverse inequality, observe that equality holds in (6.29) if (6.30) is satisfied

and z = Xs(y). This gives Q(y) = Vi (Xs(y)) — yXs(y) < Va(y). This
completes the proof of (6.24) and shows that for y > 0, the maximum In

(6.26) is attained by = = X3(y). ' - '
To prove (6.25), we use (4.11) and (4.12) to write for any utility function

U and for 0 < 2 <y < o0,

yI(y) — 2I(z) - / " 1€ de = yI(y) — 21(2) + T (y) — U ()
— U Iy) - U (I(2). (6.31)

Therefore,

Y
yXay) — 2(2) — / Xs(N) d\

g
:E/
0.

yHo(T) Lr(yHo(T)) — zHo(T)I2(2Ho(T)) —/zHo(T)

yHo(t)

yHo(t)I1(t,yHo(t)) — zHo(t)I1(t, 2Ho(t)) —/ I(¢,€) d&] dt

zHo(t)

yHo(T)

+ F 12(6) dé}

= E/T[Ul(t,ll(t, yHo(t))) i Ul(t, Il(t, ZHo(t)))] dt
0

A B EGHG ) P (L (21 (T

2
= Ga(y) — Ga(2), (6.32)
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equivalently
~ ~ y
Viy) — Th(z) = —/ X(\d\, 0<z<y<oo,  (6.33)

d (6.25) follows.

‘According to Rockafellar (1970), Theorem 23.5, for z* > AX3(occ) and
> 0 we have y € OVz(z*) if and only if z* attains the maximum in
26). We have already seen that this maximum is attained by A3z(y),
 the sole element in dV3(z*) is V3(z*). Equation (6.23) follows, and im-
es that V is continuous, positive, and strictly decreasing on (Xs3(00), 00),
d im0 V3(x) = lim,_,o V3(z) = 0. Thus V; satisfies property (ii) of
finition 4.1 and is a utility function. m}

ark 6.12: From (6.13) we have Gz(y) = V3 (A3(y)) for all y €
(00)). If X5(y) exists, then G5(y) also exists and is given by the

Gs(y) = V3 (A3(y)) X3(y) = yA3(y), 0 <y < Xs(00), (6.34)

ere we have used (6.23).

f  Utility from Consumption or Terminal Wealth

orem 7.3 below provides a complete solution to Problem 5.2 of maxi-
ation of expected utility from consumption alone, and Theorem 7.6 does
same for Problem 5.3 of maximization of expected utility from termi-
wealth alone. This section also contains examples of these solutions
examines the dual value functions for Problems 5.2 and 5.3. Theorem
shows how to combine the solutions of these two problems to obtain
olution of Problem 5.4 of maximization of expected utility from con-
Ption plus expected utility from terminal wealth. In particular, the dual
e function for Problem 5.4 is the sum of the dual value functions for
lems 5.2 and 5.3.

et a preference structure (U, Us) be given. We define the functions

T
X(y) 2 E / Ho®)L(tyHot)dt|, 0<y<oo,  (7.1)
(1]

Xa(y) £ E [Ho(T) (yHo(T))], 0 <y < oo. (7.2)
Ption 7.1:  X,(y) < oo, Vy € (0,00).
ption 7.2: Aa(y) < oo, Vye€(0,00).

Mmarks 6.8 and 6.9 can he trivially modified to »rovide sufficient con-
§f) assanptiov 7.1 w1179 ¢ 10,2 S.adary, Rerwa: 5.3 ¢ Lo
H€u To obtain conditions that guarantee V;(z) < co and Va(z) < oo.
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Just as we proved Lemma 6.2, we can show that for each 7 = 1,2, under
Assumption 7.7, the function X; is nonincreasing and continuous on (0, 00)
with X;(0+) = oo and with X;(00) = limy_.oc &i(y) given by (5.11). With

r: 2 sup{y > 0; Xi(y) > Xi(o0)} >0, i=1,2, (7.3)

X; is strictly decreasing on (0,7;) and, when restricted to (0,7;), has a
strictly decreasing inverse function Y;: (&;(00),00) ont (0,7:).

The proof of the following theorem parallels the proof of Theorem 6.3
and Corollary 6.5.

Theorem 7.3 (Maximization of the expected utility from consumption):
Let Assumptions 2.1 and 7.1 hold, let z € (X1(00),00) be given, and define

a(t) 2 L, (z)Hot), 0<t<T. (7.4)

(i) There exists a portfolio my(-) such that (c1,m) € Ai(z), X&™(T) =
0, and the pair (c1,m ) is optimal for Problem 5.2, 1.e.,

T
V] (.’E) = E/O U] (t, Cy (t)) dt.

(ii) The optimal wealth process X;(t) = X™°0™(t) is

Hy(t)

1 %
X,(t)= w—=F [/ Hy(u)ci(u) du f(t)} , 0<t<T (7.5)
t i

(iii) The optimal portfolio my(-) is given by

o eme) = XD 1 x o), (7.6)

Ho(t)

where ;1 (-) is the integrand in the stochastic integral representation
M(t)=z+ fot ¥, (v) dW (u) of the martingale

T
M2 E l / Ho(u)ex (u) du }'(t)} .
0

(iv) The value function Vi is given by Vi(z) = G1(Qh(z)) for all T >
X1 (00), where

Gl(y) é E/OT Ul (ta Il(tayHO(t))) dta 0< Yy < 00. (77)

It is now not difficult to see that the value function V; is given by (cf:

(6:21))

01(3;1(1)), x > X(00),
Vi(z) =< E [ Ui(t,e(t))dt, == Xi(o0), (7.8)
\"‘:0' r< ;V‘(?.;\.
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Imitating the proof of Theorem 6.11, we can show that V; has the following
properties.

Theorem 7.4: Let Assumptions 2.1 and 7.1 hold, and assume V;(z) < oo
for all z € R. Then Vi satisfies all the conditions of Definition 4.1, and

X1(00) = inf {z € R; V1 (z) > —o0},
Yl,(z) = yl(l‘), vz e (Xl OO),OO),
1(y) = G1(y) — yXi(y)

[}

- ,
E {/0 Uy (t,yHo(t)) dt}, Yy €(0,00),

Vi(y) = -Xi(y), Yy e (0,00), (7.9)

where
oF A
Vi(y) =sup {Vi(z) — 2y}, yeR
TER
Example 7.5 (Subsistence consumption): Suppose
Ui(c) = {log(c—f)z €<e<oo,
o oH -0 <c<g,

where € is a positive constant that consumption must exceed at all times.
heAn II(ZQ =T+ (1/y) and Xi(y) = chy + (T/y) for 0 < y < 0o, where
= J8) fo Hg('t).d.t. In order to ensure that consumption can exceed ¢ at
times, the initial endowment z must exceed X1(00) = chy. We have

(z) =T/(z —ch,) for z > ¢h,, and the opti :
) ptimal cons t
ocesses from (7.4), (7.5) are MImption and:wealtly

.’I,‘—Ehl
alt)= =——=+¢
1() THg(t)+c’

1 [T-¢ g
- m {T(z—6h1)+6E [/t Ho(u) du

nally, Gy(y) = ~T'logy — EfOT log Hy(t) dt, so

f(t)} } |

‘ i
Vi(z) = Tlog(z — hy) - Tlog T — E/ log Hy(t)dt, z > ch,.
0

If So(") is deterministi ;
wnistic, we can derive the optimal portfoli ici
der this condition, , P portfolio explicitly.

du\

Lo U'/ ’

Tt 7.
Xl(f)='L_'1?0’—f(T £he) LG (1) (/
/ \
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Ml (t) =¢cF OT gzg—z; du ]:(t):| +z— Ehl
't T du
=lc u+7T —— +x —¢h,
= C/O Ho(u) du + Zo(t) s So(w) + c

T du

dM;(t) = —z( | (u)) Zo(t)0' (t) dW (2).

It follows from (7.6) that

T du
m(t) = (') [Xl ) -5 | gay|

t
Tt

—hy) (e (@)’ (t) ! §(t) —r(H)1).
s U ORI UCRLURCH

The analogues of Theorems 7.3, 7.4 for Problem 5.3 are the following.

Theorem 7.6 (Maximization of utility from ter@nal wealth): Let
Assumptions 2.2 and 7.2 hold, let © € (X2(00),00) be given, and let

&=L (V2 (z)Ho(T)) -

(i) With cp =0, there ezists a portfolio 72(-) such that (cz,m2) € As(z),
Xzeam2(T) = &, and the pair (c2,m2) is optimal for Problem 5.3,

i.€.,

Va(z) = BU(X>™(T)).

(ii) The optimal wealth process Xa(t) = X™ ™ (t) is

Xa(t) = %(t)E[Ho(T)&U:(t)], 0<t<T.

(iii) The optimal portfolio mo(+) is given by

o (t)ma(t) = ;/’Iz((tt)) + X2 (H)0(t),

where 1y is the integrand in the stochastic integral representation.
My(t) = z + [y ¥(w) dW () of the martingale

Ma(t) & Ho(t)X2(t).

(iv) The value function Va is given by Va(x) = G2(Va(z)) for all z >
Xa(00), where

Coly) AR (Iesdy(T))) s 02y < o

3.7 Utility from Consumption or Terminal Wealth 115

Summarizing information about V5, we have the formula

[ G2(V2(2)), 2> Xz(co),
Va(z) = { Us(2), z = Xy(00), (7.10)
- —0Q, < XQ(OO)

Theorem 7.7: Let Assumptions 2.2 and 7.2 hold, and assume Va(z) < 0o
for allz € R. Then V; satisfies all the conditions of Definition 4.1, and

Va(z) = Ya(z), Va € (Xz(00),00),
Va(y) = Ga(y) — yXa(y)
= EU; (yHo(T)), Wy € (0,00),
V(y) = —Xa(y) Vy € (0,00), (7.11)

Wtere
Va(y) 2 sup (Va(z) oy}, yeR.
€

temark 7.8: If X{(y) and X;(y) exist, then just as in Remark 6.12, we
ave for i = 1,2, 3,

Gi(y) =yX/(y), 0<y < Xi(o0). (7.12)
ample 7.9 (Portfolio insurance): Suppose
_Jlog(z—7), T<z< o0,
Ua(z) = {—oo, —00 < z < T,
ére T is a positive constant below which terminal wealth is not permitted

fall. We have X3(y) = Thy + (1/y) for 0 < y < oo, where hy 2= EHy(T).
order to ensure that terminal wealth can exceed T, the initial wealth
t exceed X;(00) = Thy. We have Y, () = 1/(x — Thy) for z > Ths, and
€ optimal consumption and wealth processes are c2(t) =0 and

X, (t) = Folﬁ {z — Thy + ZE[Ho(T)|F ()]}
ally, Gy (y) = —logy — Elog Hy(T), so
Va(z) = log(z — Thy) — Elog Hy(T), x > Thy.

S i.n Example 7.5, we can derive the optimal portfolio explicitly when
() 9s deterministic. Under this condition,

ZZ(t)

Ma(t) £ Ho(t)Xs(t) =« — Thy + So(T)

T

wily () = a(bio(e) X2 (v)) = ~ So(T)

Zo(t)6'(t) aw (z).
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It follows that

IRl PRAAIES »
= "o @O O)7 (o) +8() ~ rt)L).

In the remainder of this section we examine the relationship among the
value functions and the optimal policies for Problems 5.2-5.4. Consider an
agent with initial endowment z > X3(00) who divides this wealth into two
pieces, z; > X)(00) and z2 > Aa(00), so that 1 + 22 = . For the piece
1, he constructs the optimal policy (c1,m) € Ai(z1) of Theorem 7.3 for
the problem of maximization of utility from consumption only. With the
piece zo, he constructs the optimal policy (cg,m2) € Az(z2) of Theorem
7.6 for the problem of maximization of utility from terminal wealth only.
Note that X=¢t™(T) = 0 and c2(-) = 0, so the superposition (c,T) =
(¢1 + ca, ™ + m2) of the policies (c1,71), (ce, T2) is in Asz(z), results in the
wealth process X® o™ (t) = XZ1eu™(t) 4 X*2¢72(t), and satisfies

. _
Vi(z1) + Va(z2) = E [ /0 Us(t, c(t)) dt + Uz (X=o™(T)) | < Va().

Therefore,

sup{Vi(z1) + Va(z2); 71 € R,z € R,z1 + 22 = z} < V3(z), Vz€eR,
(7.13)

where we have used (6.21), (7.8), and (7.10) to extend these considerations
to all z, 1, and z2 in R.

Moreover, the reverse of inequality (7.13) holds. Again, we consider only
z > X3(00), relying on (6.21), (7.8), and (7.10) for the rest. For z > Xs(00),
let (c3,73) € Asz(z) be the optimal policy of Theorem 6.3 for the problem
of maximization of utility from consumption and terminal wealth. Define

A . A
2 2F /0 Ho(t)es(t) dt, o2 2 E [Ho(T)X™™(T)],

so that z, + 2 = z (see (6.6)). Theorem 3.5 guarantees the existence

of a portfolio process #;(-) such that X®-°»#1(T) = 0 and (c3,%1) €

Ai(zy); therefore, E fOT U, (t,c3(t))dt < Vi(z;). This same theorem guar-
antees the existence of a portfolio process #(-) such that with é& = 0,
we have XT»é2®2(T) = X®c73(T) and (G,72) € Az(z2); therefore,
EUy(X=¢™3(T)) < Va(z2). We have then

T
Valz) = B / Us(t, c3(t)) dt + EU,(X="(T))

- ) | RN
= rx\wl)-i ‘Z\IZI
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Theorem 7.10: Let Assumptions 2.3 and 6.1 hold. Then
Va(z) = sup{Vi(z1) + Va(z2);z1 + 22 = 7} Vz € R. (7.14)

If, in addition, Vi(z) < oo for all z € R and i = 1,2, then for each
z € (A3(00),00) the supremum in (7.14) is attained by =, = X,(V3(z)),
zo = X2(Vs(z)). In particular,

Va(z) = Vi (X1(3(2))) + Va (X2(Vs(2))),

and

Vz € (X3(00),00) (7.15)

Va(y) = Viy) + Va(y), Vy € (0,00). (7.16)

PrOOF. For fixed 2 € (A3(00),00), let us consider the ‘concave func-
tion f:R — [—o00,00) defined by f(z;) £ Vi(z1) + Va(z — ;). Under the
assumption that V; < oo for i = 1,2, f is finite on the open interval
(&1(00), z — A2(00)). Outside the closure of this interval, f takes the value
—00. Now, f'(z1) = Vi(z1) — Va(z — 1) for Xi(00) < 7, < = — Xp(00),
and f’ is continuous and strictly decreasing on this interval, with

f' (XKi(00)+) =71 = Ya(z — X1 (00)),

f' ((g="2(00))—) = Vi(z — X3(00)) — 1,
where r; and r, a@by (7.3). There are three possibilities:
i) f (% (c0)+) SIS

il) (% (00)+) > 0, f (& ~ Xy(o0))-) <0,
i) f (= — %(00)~) > 0.

In case (ii), the maximum in (7.14) is attained by the unique value z, €
1(00), z — X(00)) where f'(z1) =0, i.e., Vi (z1) = do(z — z,). We check
at £, = X;();3(z)) solves this equation, to wit,

Y1 (X1 (Vs(z))) = Vi(z)
= V2 (X2(Vs(2)))
= V2 (X3(Vs(z)) — X1 (Vs(2)))
= Y2 (z — X1 (Vs(7))) -

Jn case (i), the supremum in (7.14) is attained by z; = X,(oc0). In this
€, we h‘ave r1 £ V(z — Ai(00)), or equivalently, Xa(ry) > z — &;(00).
illnphes A3(r1) = X1(r1) + Xa(r1) = Xi(00) + Xo(ry) > z, so that
= y3(z) and Xj(o0) = Xi(r1) > X1(Vs(z)) > Xi(o0) because X is

Clncrezﬁs.m‘g. Thus A} (0c0) = X, (Vs(z)), as claimed.
ase (iii) is dispatched by interchanging the subscripts 1 and 2 in the

Bument for case (i).

\(\;? have shown that the supremum in (7.14) is attained by z; =
- 37(I))\, = B — X.l(yli(l‘)) = X3(V3(z)) — X1(%a(z) = Xe(Vs(x));
Zatlo 1 (715 4., & Tquatior 13 folsvs i umedively from (524, (7.9)
O

)y wrd tue definivious ot Giana A wor o= 1,2, 5.
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Example 7.11: Let

log(c —¢), t<c<oo,
(o) = { 5~

—00, —oc0<c<g,
as in Example 7.5 (subsistence consumption), and let

log(z — %), T <z <00,
U2(m) = {——oo, —-00<zx<TI,

as in Example 7.9 (portfolio insurance). Then
X3(y) = Xi(y) + Xa(y) = Thy + Thy + (T +1)/y,
so Vi(z) = (T'+1)/(z — ¢thy — Thy) and

Tx +¢hy — TThy
Xl(yii(m)) = 7P

It follows from Theorem 7.10 that
Va(z) = Vi (X1 (Va(x))) + Va (X2(V3(x)))
_ _ T
= (T +1)log (ﬂl”Q) - E/ log Ho(t) dt — E log Ho(T).
b 0

x —chy + TThy

) X2(y3(m)) = Tt 1

T+1

When € = 7 = 0, we recover the formula for V3 obtained in Example 6.6.

3.8 Deterministic Coefficients

In this section we specialize the results of Section 3.6 to the case of A(:) EA(/)
and continuous, deterministic functions r(-):[0,7] — R, 6(-): [0, T]'—> R
and o(-):[0,T] — L(RN;RY), the set of N x N matrices. In this case,
stock prices and the money-market price become Markov processes. We
will focus on obtaining an explicit formula for the optimal portfohg w3(+)
of Theorem 6.3, whose existence was established there but for which no
useful representation apart from (6.11) was provided. We shall show that
the value function for Problem 5.4 is a solution to the nonlinear, §econd-
order parabolic Hamilton—Jacobi-Bellman partial differential equgtllon one
would expect (Theorem 8.11), and that subject to a growth condition, the
dual value function is the unique solution of a linear second-order parapollc
partial differential equation (Theorem 8.12). Several examples are prov1fied-1
" We shall represent both the optimal portfolio w3(-) and also the optlm?J;l
consumption rate process cz(-) in “feedback form” on the level of wealt
Xg() of (610), 'i.e.,
c3(t) = C(t, Xa(t)), ms(t) = TI(t, Xa(t)), 0<t<T, (8.1)
£, <titabl> Am~ranrz o (0 0] > (0,00 ) = [, ) ad II;'il'. PR G, ) ;
RN (cf. Theorem 8.8), which do not depend on the initial wealth. Suc

3.8 Deterministic Coefficients 119

a representation shows that in the case of deterministic coefficients, the
current level of wealth is a sufficient statistic for the utility maximization
Problem 5.4: an investor who computes his optimal strategy at time ¢ on
the basis of his current wealth only can do just as well as an investor
who keeps track of the whole past and present information F(t) about the
market! Similar results hold for Problems 5.2 and 5.3; the interested reader
will find their derivation to be straightforward.

Throughout this section, the following two assumptions will be in force.
'These are not the weakest assumptions that support the subsequent anal-
“ysis, but they will permit us to proceed with a minimum of technical fuss.
For more general results, the reader is referred to Ocone and Karatzas
(1991), Section 6.

Assumption 8.1: We have A(-) = 0, and the processes r(-), 6(-), and
a(-) are nonrandom, continuous (and hence bounded) functions on [0,T],
nd () and ||6(-)|| are in fact Hélder continuous, i.e., for some K > 0 and
€ (0,1) we have

Ir(t1) = r(t2)] < Kltr —ta]?,  [16(t1) - 6(t2)ll| < K[t1 — t2]

or all ty,ty € [0,T]. Furthermore, ||6(-)| is bounded away from zero. In
particular, there are positive constants ky, ko such that

0 <k <|O(t)]| < Kz <00, Vtel0,T]

lmost surely.

Because of Novikov’s condition (e.g., Karatzas and Shreve (1991) Section

:6D), Assumption 8.1 guarantees that the local martingale Zy(-) of (2.5)
in fact a martingale. This permits the construction of the martingale
asure Py of (1.5.3) under which the process Wy(-) is a Brownian motion.

e have not needed this probability measure in previous sections, but we
Il make use of it in this section.

sumption 8.2: The agent’s preference structure (U, Uy) satisfies
(i) (polynomial growth of I; and I,) there is a constant v > 0 such that.

Lt,y) <v+y™" Y(t,y) €[0,T] x (0, 00),
L(y) <v+y™" Vye (0,00);

ii) (polynomial growth of Uy o I} and U; o I;) there is a constant ¥>0
such that
Uit Ii(t,y) 2 —y—y? VY(t,y) € [0,T] x (0,00),
Ua(I2(y)) > —y — ¥ Vy € (0,00);

) t'5ce onsirai ol L) jemece. y, & (J,o0), thore cuist co wotuns
(o) > 0, K(yo) > 0, and p(yo) € (O, 1) such that
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1 (t,y) — Li(t,y0)) < K(v0)|y — vo|?¥) Vvt € [0,T],
Vy € (0,00) N (yo — €(y0), yo + €(¥0));

(iv) either for each t € [0,T], I1(t,y) = ayll(t y) is defined and strictly
negative for all y in a set of positive Lebesque measure, or else I;(y)
is defined and strictly negative for all y in a set of positive Lebesgue
measure.

Remark 8.3: Because I;(t,-) and [ are nonincreasing, Assumption
8.2(i), (ii) and Remark 5.6(ii) imply the existence of a constant v > 0
such that
(L) <v+y +y7 Y(ty) €[0,T] x (0,00),
[Uz(L2(y)] < v+y"+y™7 Vy € (0,00).

Furthermore, for each yo € (0,00) and €(yo), K (yo), and p(yo) as in As-
sumption 8.2(iii), the mean value theorem implies for all y € (0,00) N (yo -

€(¥o), Yo + €(yo)) that

[U1(t, I (8, ) — Un (8, Lo (¢, 90))| < Uy (2, e(8) |1t y) — L1 (E, o)
< MK (y0)ly — yol”™,

where «(t) takes values between I, (t,y) and I;(t,y0) and M is a bound on
the continuous function Uj (¢, I,(t,n)) as (¢,7n) ranges over the set [0,T] X
[(0,00) N (yo — €(yo), Yo + €(¥0))]. In other words, U, o I; enjoys the same
kind of Holder continuity posited in Assumption 8.2(iii) for ;.

We introduce the process

Y(t’y)(S)éyeXP{ / du—/ 0 (u) dW (u __/ e ||2du}
=yexp{ /t ()du—-/ 8’ (u) dWo(u)

i3 [ lwlPag, t<a<T, 52
t

for any given (t,y) € [0,T] x (0,00). The process Y (*¥)() is a diffusion.

with linear dynamics:

dY &9 (5) = Y &) (s)[—r(s) ds — 0'(s) AW (s)]

W) (5)[—r(s) ds + ||8(s)||* ds — &' (s) dWo(s)],
Y9 (t) = y, and Y(t’y)(s) = yY&y(s) = yHy(s)/Ho(t), where Ho(s)
is given by (2.6). With these properties in mind, and using the Markov

property for Y ®¥)(.) under the martingale measure Py, as well as “Bayes’s
rule” of Lemma 3.5.3 in Karatzas and Shreve (1991), we may rewrite the
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expression (6.10) for the optimal wealth as follows:

1 T s
X3(t) = mE { /t Zo(s)e_ft (5, 2Y O () ds

T |
+ Zo(T)e™ J g Ly @) 7y

]-'(t)]

T s
- EO / e_ft r(u)duII (S,Y(O,z)(s))ds
t

T .
te Jo g 02 (T))

f(t)]
—X(tYO9), o<t<T, (8.3)

here z = V3(z), Eo denotes expectation with respect to the martingale
easure Fo, and &: [0, T] x (0, 00) — (0, co) is given by

A [T
X(t,y) = Bo / e I T (5 Y e (5)) s

t
i )

+eJe T(")dulg(yY(t’l)(T))J : (8.4)
e Markov property for Y(%)(.) under P implies that

» ‘
E [ /t YD ()1 (5,Y 49 (s)) ds + Y9 (T) L (Y ) (T))

F (t)]

a function of Y *¥)(t) = y, i.e., is deterministic. Therefore,

T s
X(t,y) = Eo {Eo [/ e i A (s, Y (5)) ds
t

o)

Zo(T) [ 1T
=E{ 2 )E[/ e LT o ) 5, V9 5)) ds

o(?)
]-'(t)] }

' T
E{ZO(T)E [/t YEW(8) I (s, Y0¥ (5)) ds

T
+e ft T(“)d"]2 (y(tay) (T))

- fT r(u)du
+e Ji ZO(T)IQ(Y(W)(T))

5
y
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)

T
/ YY) ()1, (s, YY) (s)) ds
t

+ YT B(Y ¢ (1))

-
Y

+ Y (T)L(Y®D(T)) |, (8.5)

and X(-,-) is an extension of the function X3(-) = X(0, ) defined by (6.1).
We should properly write X3(t, y) rather than X'(¢,y), to indicate that this
function is associated with Problem 5.4. However, we do not carry out an
analysis for Problems 5.2 and 5.3 under the assumption of deterministic
coefficients, and hence permit ourselves the convenience of suppressing the
subscript.

Lemma 8.4: Under Assumptions 8.1, 8.2, the function X defined by (8.4)
is of class C([0,T] x (0,00)) N C2([0,T) x (0,00)) and solves the Cauchy
problem

2(t,9) + 16027,y 1,) + (6O = () 3%, (8,9) — rOX ()
= —IL(t,y) on[0,T) x (0,00), (8.6)
X(T,y) = Ix(y) on (0, 00). (8.7)

Furthermore, for each t € [0,T), X(t,) is strictly decreasing with
X(t,04) = o0 and

X(t,00) 2 lim X(t,y)= /t A ,(- /t;sr(u)du) o(s) ds

y—o0

+ exp (— /Tr(u)du> z (8.8)

Consequently, for t € [0,T), X(t,-) has a strictly decreasing inverse
function Y(t,); (X(t,00),00) 22 (0, ), i.e.,

X(t,Y(t,x)) =2z, Ve (X(to00),00), (8.9)
and Y is of class C1'? on the set

DE{(t,z)€[0,T)xR; x> X(t,0)}. (8.10)

Fort = T, we have X(T,:) = ILy(-), which is strictly decreasing on the
interval (0,U5(T+)), and we have X (T, 00) = T. The inverse of X(T,")
YI(T. ) = UA(-). which also satisfies (2.2). The function Y is continuous ¢n
the e H{itI3Vd LDXHICH T, &

3.8 Deterministic Coefficients 123

PROOF. Consider the Cauchy problem

w(t) + G100 Pt + (FIOOI = rt) ) ) = Bt
— _Il(taerl)’ 0< t<Tr UER, (811)
u(T,n) = I(e"), neR (8.12)

he classical theory of partial differential equations (e.g., Friedman (1964),
ection 1.7) implies that there is a function u of class C([0,7] x R) N
1.2([0, T) x R) satisfying (8.11), (8.12). Furthermore, for each € > 0, there
s a constant C(e) such that

lu(t,n)| < C(e)e™, VneR. (8.13)

We fix (t,y) € [0,T) x (0,00) and use It6’s rule in conjunction with (8.2)
d (8.11) to compute

8
d [e_ 5 Wy (s, log YY) (s))]

— o J rwan (s, YY) (5)) ds (8.14)
— e I Ty (5, 10g Y9 ()6 (5) dWo ).

or each positive integer n, we define
1
T 2 (T - H) Ainf {s € [t,T); ilogY(t’y)(s)| > n},,

that maxo<s<r, |Uun(s,log Y ¥ (s))| is bounded, uniformly in w € €.
egrating (8.14) and taking expectations, we obtain

u(t,logy) = By /t gy (— /t i r(u)du) (s, Y®¥(s)) ds

+ Egexp (—/ ’ r(u)du) u(Tn, log Y("y)(rn)),
¢

€ monotone convergence theorem implies
T o
u(t,logy) = Eo / e T (6, Y9 () ds
t

+ lim Ege o T(")duu(rn., logY®¥)(7,)).  (8.15)

n—o0

Now

. i m — T'r:u
lim o™ J." "7, log Y9 (7)) = e e T By e (1)) (8.16)

ost surely, and we wish to prove that

< - F™ v u)eu [ t S LA -
m 7 1.3 1IN SEE EITC, TN D

(8.17)
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To obtain (8.17) from (8.16), we need a dominating function. We can use
(8.2) and (8.13) to write

e_ f:'n r('u;)duu (irn’ logy(t,y) (Tn))‘

< Cle f [r(u)|du c(logY“ ¥ (7n))?

T
< C(e f IrCldu oy {e [| log y| +/ —r(u) +
¢

/ts 9'(u) dWy(u) ]2} .

Equation (8.17) will follow from the dominated convergence theorem, once

we show that
‘ ) )
exp 4 € sup < 0.
t<s<T

We may extend 6(-) beyond [0,T] by setting 6(t) 2 6(T) for t > T, and
we can set

1
Sl6)?

+ sup
t<s<T

E, /t "0 (w) dWo(w) (8.18)

s t+s
M(s) = / ' (u) dWo(u), s>0.
/8,
We have

t4-s
(M)(s) = /t |6(u)||? du < K3s, Vs € [0,00),

and (M)(.) is strictly increasing. Under Py, B(7) = M{M)~(r)), 0 <
7 < 00, is a standard Brownian motion (e.g., Karatzas and Shreve (1 991),

Theorem 3.4.6). Moreover, with T = k(T —t), we have
. )
B.2 sup |B(r)|> sup |M(s) = sup / 6’ (u) dWo(u)| .
0< <7 0<s<T—t t<s<T |Jt

We show that for € > 0 sufficiently small,
E‘QGEB3 < Q.

Let By = supy<,<7B(1) and B_ = supg<,<7(—B(7)), so that B, =
max{By,B_}. The density for both B, and B_ is (e.g., Karatzas and
Shreve (1991), Remark 2.8.3)

—= 7Y/ gp,

F(b) db = Po{By € db} = b> 0.

We define Fi(b) = [,° f d:c, and write

= —j e‘b'n dFy{B. > 0}
Jo
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<1 +/ Po{B. > b} d(e*")
1]

<142 / P de®)

<1+2 lim F(b )et’ /f b)e<t db,

which is finite for 0 < e < 1/(27).
Choosing € € (0,1/(27)) so tha.t (8.18) holds, we obtain (8.17), and (8.15)
yields

(8.19)
CcY%([0,T) x

Y(t,y) € [0,T] x (0, 00).
x (0,00)) N

X(t,y) = u(t, logy),
It follows immediately that X is of class C([0,T)
(0,00)) and satisfies (8.6) and (8.7).

We next use Assumption 8.2(iv) to show that X, (t,y) < 0. For specificity,
et us assume that I5(y) is defined and strictly negative for all y in a set
C (0, 00) having positive Lebesgue measure. Because I;(¢,-) and I, are
nonincreasing, we have for ¢ € [0,T), y > 0, and h > 0 that

%[X(t,y) — X(t,y + h)|

T
- riu)au 1
> e J O By By (1))

nder Pj, the random variable ftT 0'(u) dWo(u) =
normally distributed, with mean zero and standard deviation p
(M)(T — t). Setting m = ft (=r(u) + [|6(w)]|?/2) du, we have

~ L((y + YO (T))].

B((M)(T - 1))
A

L((y + R)Y & (1))

1 1 2
. _ m—pw\) _ m—pw —w*/2
> o /N 5 [I2 (ye )= L ((y+h)e™ )] e dw.

etting h | 0 and using Fatou’s lemma, we obtain

EOE[Iz(yY(t'I)(T)) -

~2,(6) > ~ = [ e (uen ) e 2w > 0.

om the implicit function theorem we have the existence of the function
that satisﬁes (8.9) for all t € [0,T), is of class C? on D, and is contin-
on {(t,z) € [0,T] x R;z > X(t,00)}. Relation (8.8) follows from the
itions of Ii(t,-) and I in Section 3.5 and the dominated convergence
orem., O

emark 8.5: From (8.14) and (8.19), we have

e f; r(u)duX(S y(O,y)(,,.))\' = 2 fj r(u)du[_ T;(S.?’(O’y)(s))

\

-~ Y(O’y)(s)/\’y (s, Y\O,y)(s))ar(s) dvo(s)],
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126 3. Single-Agent Consumption and Investment
which leads to the following useful integral formula for 0 <t < T, y > 0:

t t s
o~ o Ty YO () 4 / o= Jo T (o YO0 (5)) ds
0

3 s
= X(0,y) — /0 ol Ay 09) (5) X, (s, YO (5))6/ (s) dWo(s). (8.20)

Remark 8.6: The proof of Lemma 8.4 also shows that X is the unique
C([0,T)] x (0,00)) N CY2([0,T) x (0,00)) solution to the Cauchy problem
(8.6), (8.7) among those functions f satisfying the growth condition

Ve > 0, 3C(e) such that | f(t,y)| < C(e)e<1=¥)’* (¢, y) € [0,T] x (0, 00).
(8.21)

Indeed, if f is a solution to (8.6), (8.7) satisfying (8.21), then u(t,n) =

f(t,e")is a solution to (8.11), (8.12) satisfying the growth conditon (8.13)
for every € > 0. From (8.19) we see that f agrees with X'

Remark 8.7: We noted in Remark 5.7 that if an agent’s initial wealth
X3(0) lies below X(0,00), then every consumption/portfolio process pair
results in an expected utility of —oo. If X3(0) = X' (0, 00), then one should
take c3(t) = €(t), 0 <t < T, choose m3(-) such that X3(T") = Z, and this
results in expected utility fOT U (t,€(t)) dt + Ua(T), which is either finite or
—o00. Under Assumption 8.1, the portfolio 73(-) that produces this result
is m3 = 0. Indeed, with this choice of ¢3(-) and 73(:), the wealth equation
(3.1) becomes

¢ 't rs
XXO0hesms (1) — oo "W (0 00) — / e~ S Tig(g) g
0
= X(t, OO),

where we have used (8.8). We have then the feedback form (8.1) for optimal
consumption and investment when wealth at time ¢ is X'(¢, 00):

C(t, X (t,00)) = &), M(t, X(t,00)) =0, 0<t<T. (8.22)

We now derive the feedback form for optimal consumption and
investment when wealth at time ¢ exceeds X(t, 00).

Theorem 8.8: Under the Assumptions 8.1 and 8.2, the feedback form
(8.1) for the optimal consumption/portfolio process pair (c3,m3) for
Problem 5.4 is given by

C(t,z) & L(t, V(¢ 1)), (8.23)

fi(t,2) 2 ~(0'(0)0(0) 5 -, (829

for0 <t <T and x € (X(t,00),00).
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PROOF. We have from (8.3) that when the initial wealth z at time 0
exceeds X EO, o0), then the optimal wealth X3(t) at time t € [0,T] is
X(t, Y ©Y(@)(£)). In other words,

YOYON (1) = (¢, Xa(t)),
and (6.5) becomes
es(t) = Li(t, Y(0,2) YOV (1)) = I, (¢, V(t, X3(t))),

which establishes (8.23). With y = Y(0,z) and using (8.3), we may write
(8.20) as
X3(t) * cs(s)

< () SEZx= tM 1 i) f
So() " Jo 5o(s) ™ /0 Sos) ! ’y(s’Xs(s)))e(s)dv(Vo(s)).
8.25

But from (8.9), we have X, (t, Y(t,z)) = 1/V,(t, z) for all z > X(¢t, 00), and
comparison of (8.25) with the wealth equation (3.1) shows that the optimal
portfolio satisfies

T ({)o(t) = —9'(“%;3(8)))’

justifying (8.24). o

Remark 8.9 (Merton’s mutual fund theorem): Formula (8.24) for the
optimal portfolio shows that under the assumptions of Theorem 8.8, the.
agent should always invest in stocks according to the proportions

(o' (£))760(t) = (a(t)o ()" b(t) + 6(t) — r(B)1],

independently of the utility functions Uy, U,. This permits the formation of
a mutual fund so that independently of his wealth and preference structure,
he agent is indifferent whether he invests in the assets individually or
nvests only in the mutual fund and the money market. For example, we
nay form a mutual fund by imagining an agent who begins with initial
ealth 1 and seeks to maximize Elog X(T). The behavior of this agent
3 described in Example 7.9 with = 0; the optimal wealth is X5(t) =
1/Ho(t), and the optimal portfolio is ma(t) = (o/(t))0(t)/Ho(t). (We
Ow in Section 10 that as T' — oo, this agent is maximizing the growth
ate of wealth.) We think of X2(t) as the price per share of a mutual fund
hat holds a portfolio m3(t) in the N stocks and (1/Hy(t)) — 74 (¢)1 in the
oney market. In particular, each dollar invested in the mutual fund results
0 the vector (0/(t))~16(t) of dollar investments in the stocks. The essence
Theorem 8.8 is that any other agent solving Problem 5.4 is satisfied
0 have the only investment opportunities be the money market and this
Utual fund. At time ¢ and with wealth level z, this other agent invests
Y(t,z) /Yz(t, ) dollars in the mutual fund. This amount depends on the
Bént’s wealth z and preference structure (Uy,Us), but the mutual fund
elf does not.
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128 3: Single-Agent Consumption and Investment

Finally, we develop the Hamilton-Jacobi-Bellman (HJB) equation asso-
ciated with Problem 5.4. To do that, we must extend the value function
Vs of (5.8) to include the time variable. Given (t,7) € [0,T] x R, and
given a consumption/portfolio process pair (c(-),7(-)), the wealth process
X*%#e7(.) corresponding to (c,7) with initial condition (t,z) is given by

(cf. (3.1))
_f T(u)duthcﬂ' —.T,‘—/ f r(v)d’u ’U,)d

o [ B o awoo)
t<s<T. (8.26)

We say that (c,7) is admissible at (t,x) and write (c,7) € A(t,z) if
X557 (s) > 0 almost surely for all s € [t, T]. We set

T
As(t,z) & {(c, 7)€ At,z); E /t min{0, Uy (s, ¢(s))] ds

+ E (min [0, U, (Xt”:’c”’(T))]) > —oo}
and define

Vit,x) 2 sup F
(e,m)EA3(t,z)

5 !
/t Uir(s,e(8))ds + Uy (Xt”:’c’"(T))} . (8.27)

Because we do not consider the time-dependent variations of Problems 5.2
and 5.3, we allow ourselves the convenience of writing V (¢, z) rather than
V3(t,z) in (8.27).

By analogy with (6.14), we introduce the function

Gty 2 E

/ "0, (5 1,9y 0 (5))) ds + Uy (I (yY““(T)))] :

(t,y) € 0,T] x (0,00),  (8.28)

so that G(0, -} = G3(-) of (6.14). Under Assumptions 8.1 and 8.2, we have
(ct. (6.21))

(t))( z)), if x> X(t, 00)
V(t,z) = § [ U(s,e(s)) ds + Us(T), if & = X(¢, 00), (8.29)
—00, if £’ < X(t, 00).
Of course,
v(T,:" =:Uz z) vz <R ()
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In particular, V(t,z) < oo for all (t,z) € [0,T] x R. Moreover (cf. (6.27)),

By VG / Ur(s,8(s)) ds + Un(@), Vte[0,T).  (8.31)
x| X(t,00)

Lemma 8.10: Under Assumptions 8.1 and 8.2, the function G defined
by (8.28) is of class C([0,T] x (0,00)) N CH2([0,T) x (0,00)), and among
such functions that also satisfy the growth condition (8.21), G is the unique
solution to the Cauchy problem

Gi(t,9) + 100 Gon (t,) — (G 1,9) (5.32)
=-Ui(t,1(t,y)) on[0,T) x (0,00),
G(T,y) = Ualla(y))  on (0,00) (5.33)

Furthermore,
G(t,y) — G(t, 2) = yX(t,y) — 2X(t,2)
y
—/ X, N dA 0< 2z <y < oo, (8.34)
z

Gy(t,y) = yAy(t,y),
Gyy(t,y) = Xy(t,y) + yXyy(t,y), 0<t<T, y>0. (8.35)

PROOF. The proof of (8.32) and (8.33) is like the proof of (8.6) and (8.7),
except that now we use Remark 8.3 and take u: [0,7] x R — R to be the
([0,T] x (0,00)) N C¥2([0,T) x (0,00)) solution of the Cauchy problem

)+ FI0O ) ~ (+0)+ IO ) 830
=-U(¢, Li(t,€e")), 0<t<T, neR,
’U,(T, T)) = Ug(t, Ig(t, e")), neR. (837)

0’s rule, (8.2), and (8.36) imply that (cf. (8.14))

du(s,log Y9 (s5)) = Uy (s, I (s, Y ¥ (s))) ds
(s, log YO ()0 (5) dWW (s),

d so (cf. (8.15), (8.17))

u(t,logy) = E / ' Ui(s, In(s, Y 4¥)(s))) ds + EUs (I (Y *¥)(T)))

= G(t,y)'

‘onsequently, G solves the Cauchy problem (8.32), (8.33).

Equation (8.34) is just (6. 32) with initial time ¢ rather than initial time
°ro. Equation (8.35) follows from differentiation of (8.34). Uniqueness
lows a< in Rerrail: 8./, =
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Theorem 8.11 (Hamilton-Jacobi-Bellman equation): Under Assump-
tions 8.1 and 8.2, the value function V(t,z) of (8.29), (8.30) is of
class C1* on the set D of (8.10), continuous on the set {(t,x) &
[0,T] x (0,00); > X(t,00)}, and satisfies the boundary conditions (8.30),
(8.31) (where V(t,X(t,00)+) may be —oo). Furthermore, V satisfies the
Hamilton—Jacobi~Bellman equation of dynamic programming;:

11
Vi(t,z) + max 5”0'(t)7r||2Vm(t,z)

0<e<oo
TERN

+ (r(t)z — c+ 7'o(t)6(t))Ve(t,z) + Ui(t,c)| =0 on D. (8.38)

In particular, the value function V3(-) of (5.8) is V(0,-), and the maz-
imization in (8.38) is achieved by the pair (C(t,x),I1(t,z)) of (5.23),
(8.24).

Proor. Differentiating (8.9) and (8.29) and using the formula (8.35), we
obtain for (t,z) € D,

Xt(ta y(ta 1,‘)) il Xy(t’ y(t’z))yt(t’ I) = Oa
Xy(t’ y(t’ z))yz(t’z) =1,

Vi(t,z) = Gu(t, Y(¢, 7))
Gy(t’ y(ta z))yt(t’ 1,‘),
Ve(t, z) = Y(¢t, ),
Vs () = Wolt, T

Using these formulas, we can rewrite the left-hand side of (8.38) as

Gt(ta y(t’ 1:)) + Gy (t’ y(t’ I))yt(ta 1,‘) + T(t)zy(t’ I)
+ max [U1(t, ) — cY(t, x)]

||0 O7l2Ya(t, ) + 7' (1)8(8) V(¢ 7) | .(8.39)

+max
TER

Both expressions to be maximized are strictly concave. Setting their deriva-
tives equal to zero, we verify that (8.23) and (8.24) provide the maximizing
values of ¢ and w, respectively. Substitution of these values converts the
expression of (8.39) into

Gi(t, V(t, x)) + Gy(t, Y(t, 2))Ve(t, z) + r(t)z)(t, )
+ U, (t, Il(t y(t I))) - y(t, I)Il(t,y(t, I))
1 o VRt )
Loy

= (t, T)
Setting y = Y(t,z), so that z = X(t,y), we can use (8.35) and (8.32) to
wots Sl in v shnoles fra
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Ge(t,y) — yXe(t, y) + r(yX (t,y) + Ur(t, u(t, y))
~yh(6,y) - 310017, (t,0)
= = SI0OIPY Gy (1) + TGy t,1) — yXult,9)
Oy () - vhi(69) — 5100172, (6)
= |06 ) + G101 0 6,0) + (OOI — DDy (e1)

—rX(t,y) + Li(t, y)]~

According to Lemma 8.4, this last expression is zero. Ej

Theorem 8.11 provides only a necessary condition for the value function
V; it is not claimed that V is the only function that is of class C!*? on
D and satisfies (8.38) with boundary conditions (8.30), (8.31). In order to
make such a uniqueness assertion, one would have also to impose some

owth condition as z approaches co. Instead of pursuing this approach, it
Eeasier to derive a necessary and sufficient condition for the conver dual
of V, defined by the formula

V(t,y) £ sup{V(t,z) - 7y}, yeR.
z€ER

n contrast to the noniinear partial differential equation (8.38), which gov-
ns the value function V', the dual value function V satisfies the linear

ia] differential equation (8.44) below. The function V can be recovered
rom V by the Legendre transform inversion formula (cf. (4.13))

Vit,z) = 32£{17(t,y) +zy}, zER

heorem 8.12 (Convex dual of V(t,-)): Let Assumptions 8.1 and 8.2
ld. Then, for each t € [0,T), the function V(t,-) satisfies all the
nditions of Definition 4.1, and

(t,00) = inf{z € R; V(t,z) > —o0}, (8.40)
Va(t,z) = Y(t,7), Vz € (X(t,00),00), (8.41)

V(t,y) = G(t,y) - yX(t, ) _ (8.42)
—J / U1 (s,yY 0 (s))ds + Ta(yY EO(T)) |, Wy € (0,00),
Vilt,y) = ~X(t,y), Wy e (0,00). (8.43)

oreover, V' is of ~lass C{[0, T"
Cruidy jriblem

¥ (0,20 N CY2010, T x (0, 00)) and solves
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Tult,w) + 3 100 Py Vi (1) — rOWVi () = ~Th(t,0) (8.49)
on [0,T) x (0,0),
V(T,y) = Ua(y), (8.45)
y € (0, 00).

If o is a function satisfying (8.44), (8.45), Uy is of class C([0,T] x (0,00))N
CH2([0,T) x (0,00)), and ¥ and @, satisfy the growth condition (8.21), then

§=V, —o,=X, G=10-yi,

PROOF. All the claims (8.40)—(8.43) made here for fixed t € [0,T) are
contained in Theorem 6.11, taking T in that theorem to be T' —t here.
When t = T, (8.40)—(8.43) and (8.45) follow directly from the definitions.

Equation (8.42), Lemma 8.4, and Lemma 8.10 show that V has the
claimed degree of smoothness. Equations (8.42), (8.32), (8.6), and (4.11)
yield (8.44). ’

If  has the properties stated, then differentiation of (8.44) and (8.45),
using (4.12), shows that —, satisfies (8.6), (8.7). According to Remark
8.6, —v, = X. Furthermore, ¥ — y@, solves (8.32), (8.33), and from Lemma
8.10 we see that G = ¥ — y,. From (8.42) we now have V=4 a

The following examples illustrate the use of Theorem 8.12 to compute
the value function and the optimal consumption and portfolio processes in
feedback form.

Example 8.13: Fix p € (—oo, 1) \ {0} and set
Ui(t,c) = UPNc —&(t)), Us(z)=UP(z-7),
where U(®) is defined by (4.4) and &: [0,T] — [0, 00) is continuous. Then
Li(t,y) =¢(t) + /7Y,
Outy) = 29?00 ey, 0<t<T, y>0,

L(t,y) =z +y"/*Y,

= 1—
Ua(y) = — Pyp/e=) _zy, y > 0.
We seek a solution o of (8.44), (8.45) of the form
5 1 =Py o/ (-1
w(t,y) = —=k(t)y?/ P~ — £(t)y. (8.46)
p

This function solves (8.44), (8.45) if and only if

K'(t) + al®k(t, = -1, £(t) -ri\ = —¢(t), 0<t<T,
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‘where

() 2 2 [HI01? + 0 )| (8.47)

and
k(T)=1, ¢{T)=17.

From these conditions, we see that

T r T 5
k(t) = efz gt [1 +/ e fs ) ds} , (8.48)
t

T
Z(t) _ e—ft r(s)ds

T sr L
T+ / efs r(u)du ¢(s) ds:| : (8.49)
t

The function #: [0, T] x (0, 00) — R defined by (8.46)—(8.49) satisfies (8.44),
(8.45), and
By (t,y) = —k(t)y" O~ — (t)

is of class C([0,T] x (0,00)) N C12([0,T) x (0,00)). Furthermore, both @
d @, satisfy the growth condition (8.21). According to Theorem 8.12, v
ees with V,

1
X(t,y) = k(t)y*/ @V + £(t), G(t,y) = ;k(t)y”/"’—”, 0<t<T,y>0,

]

d consequently, for 0 <t < T,

X(t,00) = (1),
z—0t)\"
via) = (Tggt) o ve> o,
1 z - 0(t)\*
V(t, z) Z—)k(t)( = ) Vo> ),

(53
C(t,z) = o(t) + = ;(f)(t), vz > €(t),
I(t, z) = (o' (t))~20(t) > - _Z;t), YV > 6(t)
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where U is defined by (4.5) and @: [0,T] — [0, 00) is continuous. Then.
hit) =0+,
Ui(t,y) = —logy — 1—¢(t)y, D<t<T,y>0,
)=+, Day) = —logy~1-7u, y>0
We seek a solution ¥ of (8.44), (8.45) of the form
¥(t,y) = —k(t)logy — m(t) — £(t)y.
This function solves (8.44), (8.45) if and only if
k(t) =T —t+1,

T
m(t) =1+ / [1— (T — s +1)(r(s) + |0(s)]2/2)] ds,

and ¢(-) is given by (8.49). Again, we see that ¥ and

k(t)

ty(t,y) = ———= — €(1)

satisfy the growth condition (8.21), so Theorem 8.12 implies that © agrees

with V and

X(t,y) = ’—? FUt), Gty) = k(t)(1 — logy) — m(z).

Consequently, for 0 <t < T,

X(t7 OO) = Z(t)a
k()

Y(t,z)= — 0 vz > £(t),
V(t,z) = k(t)log (I ;(f)(t)> +k(t) —m(t) Vx> (1),
Clt,z) = &(t) + = ;(f)(t) vz > 0(b),

I(t,2) = ('(8) '0() (@ — £(t) Ve > ().

Remark 8.15: If we take r, §, and o to be constant in Examples 8.13,
8.14, we have

0
aH(t, r) = —(0')7100'(t) = (o) 0(—rL(t) + T(t)).
It can easily happen that some or all of the components of —%H(t, x) are
positive, a somewhat counterintuitive situation. In particular, suppose that
there is only one stock ard ¢ and # have the same sign (as they will when-

cve 1tenwan 1t > avim on the stozcex c.ds tiv: irsiris mite) Tl
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gt—H(t, ) has the same sign as —rf(t) + (t). If &(T) > rZ = rf(T), then
(%H(t, z) > 0 for t near T. In this case, as the terminal time approaches,
for a fixed level of wealth the optimal portfolio invests more heavily in the
stock.

Example 8.16 (Constant coefficients): Consider the case that r(:) =

r>0,0() =6 # 0, and 0(-) = o are constants, and A(-) = 0. Set
4= 10]|*> > 0. Assume that

U(t,z) = e uy(z), Us(z) =e “Tug(z), 0<t<T, z> 0, (8.50)

where o > 0 and u;:(0,00) — R, uy:(0,00) — R are thrice continuously
differentiable utility functions

(u(2))* (ug (2))?
1 =0 fo > 2, lim % i
B " ) I some a 1 () exists, (8.51)
u(0) > —oo. (8.52)

or k=1,2. Let iy denote the inverse of u}, k = 1,2.

The functions of Theorem 8.12 can be computed explicitly, following
aratzas, Lehoczky, and Shreve (1987), as follows. Denote by Ay and A_
he respective positive and negative roots of the quadratic equation A% —
r—a—7vA—r=0, and set .

i1(y)
B /0 (, ()¢,

Al - 1 YA+ yIHA-
800) & Za(00) ~ s [ - ),
. 1 142, I+A
) 2 ()~ i [ - 0],
) £ 9(v) - sv)
b l ) 3 g 1 yl+)\+
2 = L)+ s [ )

1+A_
y+

= mJ—(y)} 5

! [10 ® it — B )t] ¢ 0
g — r—= ’ » Z,q >0,
ot q Y q

W(t, z;q) = 4 T 2P+ (t,7;9)) — geTD(p_(t,739), 0<t<T,
= (Z—q)+. t=07
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by analogy with Example 2.4.1. Then
yX(ty) = s(y) + / (miz(n) = s(m)"v(T —t,m;y)dn, (8.53)
0

. ul_(m) o

o

Glt,y) = gly) + (u (0)

+ /w(uQ(h(n)) —g(m)"v(T —t,m;y)dn, (8.54)
0

and thus

V(t, y) = G(t, y) - yX(t, y)
—a(T-t)
= 1(3) + (10 - )

+ " (@) — k)T~ timsy)dn,  (8.55)
0

where i is the convex dual (Definition 4.2) of uy. See Karatzas, Lehoczky,
and Shreve (1987) for details.
Conditions (8.51), (8.52) and Assumption 8.2 are satisfied by
1
ug(r) = =2, >0,

p
for any p € (0,1) (p may depend on k). Although condition (8.52) is not
satisfied by ux(z) = logz, the formulas obtained above still hold and sim-
plify considerably for this case (see Remarks 4.7, 5.5 in Karatzas, Lehoczky,
and Shreve (1987)).

3.9 Consumption and Investment on an
Infinite Horizon

In this section and the next we consider a complete, standard financial
market on an infinite horizon, as set forth in Section 1.7. In particular,
on an underlying probability space (€2, F, P), there is an N-dimensional
Brownian motion W = {W(¢);0 < t < oo}, and we shall use the no-
tion of restricted progressive measurability (Definition 1.7.1) relative to this
Brownian motion. .
For this market we shall be interested in Problem 9.5 below of maximiz-
ing expected utility from consumption over the infinite planning horizon.
The solution of this problem is similar to that obtained from Problem
5.2 of maximizing expected utility from consumption over a finite plz?m-
ning horizon. After developing the evnected results for the market with
generel codiciir: poelsies, ve twin cur atwation (o wle na ket b
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constant coeflicients and utility function of the form (9.21). In this case,
explicit computations become possible (e.g., Theorems 9.14, 9.18, 9.21).
The Hamilton-Jacobi-Bellman equation takes the form of a nonlinear,
second-order ordinary differential equation (Theorem 9.20), and the dual

value function satisfies a linear, second-order ordinary differential equation
(Theorem 9.21).

Definition 9.1: A consumption process on the infinite planning horizon
is a nonnegative, restrictedly progressively measurable process satisfying
fOT c(t) dt < oo almost surely for every T € [0, 00).

An agent with initial £ > 0 who chooses a consumption process c(-)

will have a cumulative income process I'(t) S fot c(u) du, 0 < t < oo.

If this investor chooses a I'(-)-financed portfolio process m(-), then his
corresponding wealth process X7 () will be governed by equation (1.7.6):

X=emt) _  [fe(u)du f1,
O /0 Sow) T /0 Sola) " (W (W) dWo(w),
0<t<oo (9.1)

Definition 9.2: Given z > 0, we say that a consumption and portfolio
process pair (¢, 7) on the infinite planning horizon is admissible at z, and
write (c,7) € A(z), if the wealth process X*“™(.) corresponding to «, ¢, 7
satisfies

X®e™() >0, 0<t< oo
almost surely. For z < 0, we set A(z) = 0.

Remark 9.3: Just as in Remark 3.3, we have for any (¢, 7) € A(z) that

1 . .
E [, Ho(u)c(u)du < z for every T € [0, o0). Letting T — oo and using
the monotone convergence theorem, we obtain the infinite horizon budget
constraint

E Ho(u)c(u)du < z. (9.2)
Theorem 9.4: etz >0 be gwen and let c(-) be a consumption process

oo

E Ho(u)e(u) du = z. (9.3)
0

Then there exists a portfolio process w(-) such that (c,) is admissible at z.
The corresponding wealth process is

1 ge o)
l\ ?, 2
Hc(c)E[/ Ho(1me(n) dn

Xa:,c,ﬂ'(t) — ]—'(t\-l

g
|

0 <+ <o, (9.4)
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PROOF. Given T € [0,00), define
ér= ﬁE [ /T h Ho(u)c(u) du ]—'(T)] .
Then
/ Ho(uw)e(u) du + Ho(T )§Tl =,

and Theorem 3.5 implies the existence of a portfolio process mp =
{mr(t);0 <t < T} such that the corresponding wealth process.

X®ORT () = So(2) [x—/o So(u / So(u)

satisfies X*4™T(¢) > 0 almost surely for 0 < t < T and X®%"7(T) = &7,
According to Remark 3.3,
/ Ho(u)c(u) du,

is a nonnegative supermartingale under P, but since

J / Ho(w)c(u) d }

o) dWa(w)].

0<t<LT

Mr(t) & Ho(t) X=" (¢) 0<t<T

EMy(T) = { [/ Ho(u)c(u) du| F

=
= MT(O)’

the process {My();0 < ¢t < T} is in fact a martingale. Consequently, for
0<t<T" <T < oo, we have the almost sure equalities

Ho(t)X™<7 (t) =

=FE HO(T)§T+/t Hy(u)e(u) du| F

- /t " Holu)e(u) du f(t)]

= B | Ho(T)er + / Ho(u)e(u) du

t
,f Lot de(r) d‘/! F (t\]

v 0 ! |

o)

~- 5 [M_«/(T’) =
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/ Hy(u)c(u) d

a HO( )chnT/

= Mp(t

(9.5)

Since both X*¢"7(.) and X*%™r'(.) are continuous, we have X®¢7r t) =
X®emr(t) for all t € [0,T"] almost surely. This implies

/0 W(”T(U)

and thus 77 (¢) = 7 (t) for Lebesgue-almost-every ¢ € [0, T'] almost surely.

We now define
m(t) = Zl[" ln)@ 0 <t < o0,

CVISION

TECHNOLOGIES

= mr(u))o(u)dWo(u) =0, Vi€ [0,T],

and we have
X (1) = Z Lin-1,m ()X () 2 0, Vi € [0, 00)

most surely. For fixed ¢ > 0, choose the integer n such that n—1 < ¢ < n.

hen (9.5) implies
E [ /t " Ho(w)e(u)dul ]—'(t)]

ost surely, which establishes (9.4). o

XTem (t)

= Xzycyﬂn (t) .

Let a function U): [0, 00) x R — [—00, 00) be given such that:

i) For each t € [0,00), Ui(t,-) is a utility function in the sense of
Definition 4.1, and the subsistence consumption

c(t) 2 inf{c € R;Uy(¢,¢) > —o0},

is a continuous function of ¢, with values in [0, 00);

ii) Uy and U] (where prime denotes differentiation with respect to the
second argument) are continuous on the set

0<t < oo,

Do £ {(t,¢) € (0,00); ¢ > &(t)}.
FOr each ¢t € [0,00), we construct I,(t,-): (0, oo] 29 — [e(t), 00) satisfying
20). Lemma 5.8 extends to show that I 1 is jointly continuous on [0, 00) x
o).

Let an agent have an initial endowment z € R. The problem of this
tion is the following,.

[0,00) x

Oblem 9.5: Find an optimal pair (Cooy Too) € Aoo() for the problem

oo
LA 2 ‘ .
‘/c;\il-) :( )Stﬂb , \l / Ul(l.cf))w
yTIE L el v
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of maximizing expected total utility from consumption over [0, 00), where
o0
Aco(T) 2 {(c, m) € A(z); E'/ min|0, U; (t, c(t))] dt > —oo} .
0

We recall that A(z) = @ for z < 0 and that the supremum over the
empty set is —oo. To avoid trivialities, we impose the following condition
throughout.

Assumption 9.6: There is at least one £ > 0 such that V() is finite.

Remark 9.7: With £ as in Assumption 9.6, there must exist some
(6,7) € Aco(Z) such that E [°min[0,U(t,é(t))]dt > —oo, and, in
addition, Ef0°° Ui (t,é(t)) dt < V(&) < oo. Simply stated, é(-) satisfies

E / ULt &(8)| di < oo (9.6)
0

Remark 9.8: It is not difficult to compute Voo(z) in the case that z <
E [;° Ho(t)¢(t) dt. Indeed, we have

o0

/oo Uit,e(t)dt, ==E [ H(t)e(t)dt,
- 0 0

(o o)
—o0, z<E [ Hy(t)e(t)dt.
0
To verify this, note that when z < E f0°° Hy(t)e(t) dt, the budget constraint
(9.2) shows that Ax(z) = 0, and so V(z) = —oo. If on the other hand
z=FE f0°° Hy(t)e(t) dt, then (9.2) shows that the only possible admissible
consumption process is ¢(-) itself. Theorem 9.4 guarantees the existence
of a portfolio 7(-) such that (¢,7) € A(z). If [;° min[0,Us(t,2(t))] dt >
—00, then (¢,7) is the sole member of A (z), and hence is optimal. If
Jo min[0, Uy (¢,€(t))] dt = —oo, then [ Ui(t,c(t)) dt is defined and equal
to —oo because ¢(-) is dominated by é(-) satisfying (9.6). Moreover, in this
case Ao (z) = 0, 50 Voo(z) = —00. In either case, we have (9.7).

Vo () (9.7)

We now define
Xoo(y) 2 E/ Ho(t)I,(t,yHo(t))dt, 0<y < oo. (9.8)
0

A sufficient condition for the following assumption is given in Propostion
9.14.

Assumption 9.9: X (y) < oo, Vy € (0,00).

The following lemma is proved in the same way as Lemma 6.2.

Lemma 9.10: Under Assumption 9.9, the function X, is nonin
creasing and continuous on (0,00) and strictly decreasing on (0,7c0)s
(¢, & _'00)

. . - A i B . PR _
Drere Ax (O = Al () = Y e OMATF
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Jo Ho(t)e(t) dt, and

Foo 2 8Up {y > 0; Xoo (y) > Koo (00)} > 0. (9.9)

In particular, the function X, restricted to (0,70) has a strictly decreasing
inverse function YVoo: (Xoo(00), 00) 229 (0,7), so that

Xoo Voo(®)) = 7, V& € (Xoo(00), 00). (9.10)

For z € (Xu(00),00), we define the candidate optimal consumption
process

Coo(t) 2 L1 (t, Voo (z)Ho(t)), 0 <t < oo. (9.11)
‘From (9.8), (9.10), we have

E/Ooo Hy(u)coo (u) du = z,

and Theorem 9.4 guarantees the existence of a candi

i date optimal portfoli
policy Teo(-) such that (cog,700) € A(z). ptimal portfolio

Theorem 9.11: .Suppose that both Assumptions 9.6 and 9.9 hold, let z €
(Xoo (00), 00) be given, let Coo(") be given by (9.11), and let 7o, be such that
Coos o) € A(z). Then (Cooy Teo) € Aoo(T) and (CooyToo) is optimal for

Voo(z) = E'/ Ui(t, co(t)) dt. (9.12)
0
tie optimal wealth process Xo.(-) = X®CoorToo (L) g

1 o0
0Xioo (1) = Hg(t)E [/t Hy(u)coo (1) du

d the value function V,, is given as

}‘(t)J , 0<t < oo, (9.13)

Aoo(00) < 7 < 00, (9.14)

here

Cooly) 2 E /0 U (t T (t, yHo(£)) dt, 0 < y < oo, (9.15)

OOF. The proof of the optimality of (cs, o) is the same as the proof
Theorem 6.3, except that now we use the process é(-) of Remark 9.7 in
Oce of the constz.mt ¢ of the proof of Theorem 6.3. Equation (9.13) comes
m (9.4). Equation (9.14) is just a restatement of (9.12). o

As in Section 3.6, we examine the convex dual of Vo, defined by

A .
Violyy = supli(z, ~ay), 1 21
e
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Recall from Remark 9.8 and Theorem 9.11 that

Goo(Vool(Z)), T > Xoo(00),
Veol(x) = { f0°° Ur(t,c(t)) dt, z = Xy(00), (9.16)
—00, T < Xoo(00).

The proof of Theorem 6.11 is easily adapted to prove the following resuit.

Theorem 9.12: Let Assumptions 9.6 and 9.9 hold, and assume Vo (z) <
00 for allz € R. Then V, satisfies all the conditions of Definition 4.1, and

Xoo(00) = inf{z € R; Vo (z) > —00}, (9.17)
Vi (x) = Voolz), VI € (Xoo(00),00), (9.18)
Voo () = Goo(y) — yXoo () (9.19)

=B [ GiuHa®)d Yy e (0,00)
0
Vio(y) = —Xoo(y), ¥y € (0,00). (9.20)

For the remainder of this section, we impose the following condition.

Assumption 9.13: The processes r(-) = and 0(:) = 0 are constants,
1
r>0, 226 >0,
the process A(:) is identically zero, and the function Uy is of the form.
Ui(t,c) = e PU(c), te0,00), c€R, (9.21)

where U is a utility function (Definition {.1) and 3 is a positive discount
factor.

Under Assumption 9.13, we have
Lty =1 (eﬂty) , te0,00), 0<y< o0, (9.22)
where I is related to U by (4.6), (4.7). We set (cf. (4.2))
= inf{c € R;U(c) = —o0}.
Because 7 > 0, 8 > 0, and v > 0, the quadratic equation
¥0® = (r=B+7)p—B=0 (9:23)

has two roots, one negative and the other greater than 1. We denote the
negative root of (9.23) by p, and the positive root by p2. More specifically,

pié%[(7‘_5"‘7)+(”1)i\/Fﬂ+7)2+475]’ i=12 (024

Theorem 9.14: Let Assumption 9.13 hold. Then the condition

1

)g ’—P1‘ (T] \W]< ~

625

v

. : ]
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a5 equivalent to Assumption 9.9. Under this condition,

) 1 .
Xoo y) = = ——= [ pl_l/ —p1 |
W= = (V7 ), 4y

(x‘z i

n~"21(n) dn] ,
0<y<oo,
(9.26)

Yy

is finite, twice continuously differentiable, satisfies X"
(0, 00), and fies X (y) < 0 for ally €

1 .
S161PY* X0 () + (16117 — 7 + B) yXLo () — rdoo(y) = ~I(y),

0<y<oo (9.27)

PROOF. Under Assumption 9.13, equation (9.8) becomes

Xol) = B [ exp{=(+ e - W (e)
(yexp{—(r - B+t —OW()}) dt
oo oo 1
:/—00/0 Eexp{—(r+’y)t—w 2’yt—w2/2}
-I(yexp{—(r—,@-l—’y)t—w 27t}) dt dw.

olding't > 0 fixed, we can make the change of variable z — (r=B+vy)t+
V27t in the outer integral and then use the Laplace transform formula

oo 1 R ~\/ap
—a/(4t) ,—pt 3, _ € ,
/0 —me eF Pldt'= 7 a>0, p>0, (9.28)

obtain

'Xoo(y) = /:; %exp{z(’"%g_ﬂ} I (ye—z)

0

W= _4% i t} dtdz

e " 1 .
: /—Qo Vo—prarras )

sexp{% [Z(r—ﬂ—’v)—IZI\/(T—5+7)2+4’75]} dz

1 oo
= — (p1—1)z —z
Y(p2 — p1) [/0 ¢ I(ye™) dz

0
+/ e(Pz—l)zI (ye—z) dZJ .:

v —00

e Sl;?nge of variable n = ye~7 leads to equation (9.26). The integral
N~ P2I(n) dn conveises becwuse 7 11 or resative it nuars

= 1
Mo uY al

Py

ra .
) a5 W e, ) IR B = -y
(Livalenos ¢f (U.25) and Assumy.iol 9.5 13 now apparen .
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From (9.26) it is clear that X is twice continuously differentiable. Direct
computation verifies (9.27). To show that X’ (y) < 0, we use integration

by parts for Riemann—Stieltjes integrals to compute

A 1 [ ' _a
X (y) = —— -1 PI‘Q/ P I(n)dn
oY) Py po—— b(Pl )y o (n) dn
+(p2 — 1)y**? / n~#21(n) dn]
v
1 | e ef = [F .
o yP! 21117%nf (=P (n)) + y™ 2/0 n~ Pt dI(n)

wer? [Toea)|.
Yy

But (9.25) implies liminf,jo (p7"*'I(n)) = 0, and both the above
Riemann-Stieltjes integrals are strictly negative because I is strictly

decreasing.

Under Assumptions 9.9 and 9.13, X, is a bijection from (0,00) to
(0, X(00)), and so its inverse Vo, maps (0, Xo(00)) onto (0, c0). The im-
plicit function theorem implies that ), is continuously differentiable, and

in fact,

Xl (Vo) Vio(@) =1, V2 € (Xoo(00), 00).

Corollary 9.15: Under Assumptions 9.9 and 9.13, the feedback form for
the optimal consumption/portfolio process pair (Coo, Too) for Problem 9.5 is

given by
C(z) = I(Veo(x)),

-1 Yoo(T)
II(z) = —(o") Hyg,o(x)

for € (Xo(00),00).
PROOF. We introduce the process
YW (s) 2 yexp{~(r +7)s —6'W(s)}
= yexp{—(r—v)s — 'Wy(s)},
which satisfies

dY®(s) = YW (s)[(27 — r) ds — 6/ dWo(s)],
YW (s) = yYD(s) = yHo(s)-

In terms of this process, we have the representation

YXooly) = B [ [ roeneyos)as) .
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and the Markov property implies that

E [ /t g YW (5)1(eP-Dy®)(s)) ds

]—'(t)J =Y O () X (Y ¥ (2)).

Let z > .Xoo(oo) be given and set y = Y, (z). The optimal wealth process
with initial condition z, given by (9.13), is (see (9.11), (9.22))

1 o0
Xoo(t) mE [/t Ho(s)I (yeP*Ho(s)) ds

= WE [ /t Tyt (o)1 (ef“s-f)Y(ye"’)(s))’f (t)J

= Xoo(Y ) (2))
= X (ePty W)(1))
= Xoo (yeP Ho(t)) . (9.32)

In particular, the optimal consumption process is

7|

O

Coo(t) = I (yeP* Ho(t)) = I (Voo (Xoo(2))), (9.33)

which verifies (9.30).

From It6’s rule in conjunction with (9.27) and (9.33) applied to (9.32),

9.29
( ) we have

d(e "X (t)) = d(e " Xoo (ePty W) (1))
= —e Moo (t) dt — PV W) (1) XL (PY W) (1)) dWy (t),

(9.30) . .
and comparison with (9.1) shows that the optimal portfolio process is

31
(9:31) Too(t) = —(0) T10eP Y W (1) X (ePtY W) (2)).

ut eﬁtY(y)(t) = YVoo(Xoo(t)), and because of (9.29), X' (ePry®) (1)) —
/y(I)o(Xoo(t))- This proves (9.31). ) Xoo(e (t) =

emark 9.16: Just as in the finite-horizon model with deterministic co-
cients, discussed in Section 3.8, Merton’s mutual fund theorem (Remark

51))5 holds for the infinite-horizon, constant-coefficient model of Corollary

We next compute the function G oo 0f (9.15). The following lemma enables
to establish the finiteness of this function.

€mma 9.17:  Under Assumption 9.13, we have

/u 17"’2‘1|U(I(17))l dn< oo Vye(0.00). (9.34)
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If, in addition, Assumption 9.9 (or equivalently, relation (9.25), holds),
then

Ay n P U ()] dn < 00, Vy € (0, 00). (9.35)

PROOF. Fix y € (0,00). From (6.31) we have for any 7 € (0, 00) that

UUI) = VW) - 1) + i) + [ 1Ok (930

Therefore,
o0 i 1
| rewamlin < Sy o) - vw)
y

+/yoon"’?l(n)dn+Aw/ynn“’2"11(€)d€dn'

Fubini’s theorem implies

/y h / ") de dy = . / Cerr(e)de

1 [o o]

iy o —P2 4
Sp2 (y)/y §7P2dg
< 00,

because p; > 1. Relation (9.34) follows.
From (9.36), we also have

/0 e U (n)) dn < —p—lly-mwu(y)) ~yl(g)

Y ¥ rv
~—p1 —p1—1 ]
+/Q n I(n)dn+/0 /77 n I(¢) d¢ dn,

and Fubini’s theorem implies

vy 1y
L[t dean= - [Meorea
0 Jy P1 Jo
From Assumption 9.9 in the form (9.25), we have (9.35). o

Theorem 9.18: Let Assumptions 9.9 and 9.13 hold. Then the function
Goo of (9.15) is given by
Goolt) = - [y”‘ / eI m) dn
°° 7(p2 — p1) 0

+.yp2/ n—pz-lU(I(n))dnJ , 0<y< oo, (9.37)
v
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is finite, twice continuously differentiable, and satisfies

SVOIPPCLG) + (8~ MyGL(3) ~ BGwt) = ~UU), 0<y< oo

(9.38)
Furthermore,

! Goo (y) — G (z) = yXo (y) =250 (z)
= / ’ Xo(N)dA, 0<2z<y< oo, (9-39)
Goo(y) =y (y), Gooly) = Xo(y) + yX(y), y > 0. (9.40)

PROOF. By computations similar to those in the proof of Theorem 9.14,
using again the Laplace transform formula (9.28), we have for 0 < y < 00,

Goo(y) = E/Oooe‘ﬁ‘U(I (ve® Hy(t))) dt

[ et

U (I(yexp{—(r B+t —w 27t)) dt dw

= [ e {0 b ey

./“L p{ 2 (r—B+7)?+4v8
0

exp{ ——— —
vt 4t 4~

t} dtdz

=f L e
—oo V(1 —B+7)2+ 478 (Iwe™)

-exp{% [z(f—ﬂ+7)—|z|\/(f—ﬂ+7)2+47ﬂ” dz

= sy [ e e

0

+/ eP22y (I(ye_z)) dzJ ,
—00

and the change of variable M = ye * gives us (9.37). Finiteness of G,

follows from Lemma 9.17, and (9.38) can be verified by direct computation.

Equation (9.39) is proved in the same manner as (6.32), and from (9.39)
We obtain (9.40). O

Corollary 9.19: Under Assumptions 9.9 and 9.13, the value function
Voo(z) given by (9.16) is finite for all x € (Koo (00), 00).

;I’heorem 9 20 (Hamilten Jacok; Pallnan e uctins':  Tet A AT e T
Y ar. 0.1 hod 4 1y ] eI LLALM &
[ ] (' hod Q%er in: talie ) nenon Vo i el oty 2ousl,
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differentiable on (X (00),00) and satisfies the Hamilton—-Jacobi-Bellman
equation of dynamic programming,

—fBVoo(z) + max %lla’ﬂ“zVo’(’J () + (rz —c+n'od)V. (z) + U(c)] =0,
0<c< o0
TERN

T > Xoo(00).
(9.41)

PrOOF. Equations (9.16), (9.29), and (9.40) imply
Voo (@) = Voo(),  Vii(2) = Vi (2), @ > Xog(00).
We may thus rewrite the left-hand side of {(9.41) as

= BGx(Voo(T)) + rzdeo(z) + s [U(c) — Voo ()]

+ max [lua'wu?y;o(z) +1r'00y°°(m)] .
reRN |2

The maximizing values of ¢ and 7 are given by (9.30) and (9.31), respec-
tively. Substituting these values into (9.41) and setting y = YVoo(z), so
T = Xeo(y), we obtain

~BGon(y) + ryXoo(y) + U(IW)) ~ yT() — 16142 Xla(u).

Using (9.38) and (9.40), we reduce this expression to
1 1
= lOIPY* G (y) = (B = )yGio(y) + ryXoo () — uI(y) — 511617y* Xio )
1
=[SO + (I - 7+ 8)1200) ~ rRelt) + 1)

which is zero because of (9.27). o

Theorem 9.21: Let Assumptions 9.9 and 9.18 hold. Then

~ 1 v = o0 -

ot = s o [T s [y
) = ) b ydn+y , (n)

0 <y < oo,

(9.42)

is finite, twice continuously differentiable, and

SIOIP2T20) + (8 —ryVis(v) — BValy) = ~U(1), 0< y < oo. (9.43)

PrOOF. According to Theorems 9.12, 9.14, and 9.18,

~f/\_’v
Io = Y

'y zs(U\ ‘:‘,;‘)caty\
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1 { i "
=— ! i (U(I —-nl d
Yo =pp) |V /077 W (m) ~nl(n) dn

+yﬂ2/y pP21 (UI(n)) —nI(n)) dnJ , 0<y < oo.

Equation (9.42) follows from (4.11). Equation (9.43) can be proved by direct
computation. O

Example 9.22: For p < 1, p # 0, take U(e) = UP)(c —¢), given by (4.4),
where € > 0 is constant. Then

10) =400 2, UU) = S0, Gy) = LByl g
p p '
for all y > 0. Let
§2 B—rp— I
1-—
Then (9.25) is equivalent to § > 0, which is certainly the case if p < 0, but
can fail to be if 0 < p < 1. Under the assumption § > 0, we have

o0

1-p)? N B
(y) = (_p)yp/(p—l,) _ Cr—y’ y>0.

op

The optimal consumption and portfolio processes in feedback form are
1) [ 1 [

C’(m):—l_p (m—f) +¢, Il(z) = 2 (') '0 (m—f) , T >

r T

=No

The optimal wealth process, given by (9.32), is

X (t) = (w— g) 655 {1 ip(r B+t ﬁG’W(t)} + § t>0.

Remark 9.23: For 0 < p < 1 and U(c) = UP)(c —€), where € > 0. is
Constant, condition (9.25), or equivalently, the inequality

6(6)= 8-rp- £ >0,
w2

'S not only sufficient bt alse nececcars £ the - wlue 3 noiion V.. [x) o he
@ineir o2 %r. Nes»:ihis 'y varynp the diicoun a-tr >0 stus
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write V2 rather than V to indicate explicitly the dependence of th.e value

function on 3. Because e~PtU(c) is decreasing in 3, the value function V2
A ,

must also be decreasing in 8. For 8 > By = rp + (yp/(1 — p)), Example

9.22 shows that

1-p -\ P &
1/1- c C
p \ 6(B) 4 r
Consequently,
lim VA(z) =00, z> E,
BlBo r

which implies V2(z) = oo for all z > ¢/r and 8 < fo.

Example 9.24: Take U(c) = U®(c — ©), given by (4.5), where ¢ > 0 is
constant. Then
I6) = +% UU()=~logy, T(y)=—logy—7y—1, y>0
y .

Condition (9.25) holds, and we have

Xw(y)=@+§, y>0,
i) = 2 (- 2) L 253
Gooly) = —%loger % y>0,
Veo(Z) = %logﬂ (z— g) + 7‘_54, T > g,
Voo (y) = —%logy— ETy + T_Z# y>0.
The optimal consumption and portfolio processes in feedback form are
Clz) =8 (:c - §) +2, T(z) = (o)1 (:c - g) oz §

The optimal wealth process, given by (9.32), is

RN (z - g) exp{(r — B+t +0W({t)} + g t>0.

3.10 Maximization of the Growth Rate of Wealth

Let us consider as a special case of Problem 5.3 the maximization of
Elog (X®=°™(T)) over consumptiop port®li~ process pais (c, ). Sche
here s noy vbliy o ccnovn pticn, A2 My, with ) b s of zea3wraiy,
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restrict attention to pairs (c, ) for which ¢(-) = 0 (see Theorem 7.6(1)).
Example 7.9 with Z set equal to zero shows that for any initial endowment
z > 0, the optimal wealth process X(-) and the optimal portfolio process
mo(-) are given by

Xa(t) = 2/ Ho(t), (10.1)
mo(t) = (0(t)o' (1)) (b(t) + 8() — r(O)1) Xa(t).  (102)

Note that the expressions (10.1), (10.2) do not depend on the terminal
time T'. This is a very special property of the logarithmic utility function;
we shall exploit it below to show that the portfolio process ma(-) of (10.2)
solves the problem of maximization of the growth rate of wealth over the
infinite horizon [0, 0o).

We use the complete, standard financial market on an infinite horizon,
as set forth in Section 1.7. Let £ > 0 be given. Recall from Definition 9.2
that a consumption/portfolio process pair (¢, 7) is said to be admissible at
 if the corresponding wealth process is almost surely nonnegative at all
times; the set of all such processes is denoted by A(z). Since we shall only
be considering c(-) = 0, we shall simplify the notation by writing 7 € A(x)
rather than (0,7) € A(z) and X®7(.) rather than X=0.7(.). Within the
class A(z) of portfolio processes, there is the smaller class of portfolios
() for which Emin{0,log X*™(T)} > —oo for all T € [0, 0), and we
shall denote by 4, o (z) this collection. For 7 € Az,00(z), the expectation
Elog X*™(T) is well-defined for all T € [0, 00). Since

.
o X=7(T) = loga + AT) + [ [r(0)+ S1ots) 1]

T
+/ 6'(s) dW (s), (10.3)
0
asufficient condition for my(-) to be in A2 0o(x) is that both

- VTI' € [0, 00) there exists a nonrandom constant kg > —oco |
» (104)

1

such that A(T) + /T [r(s) + %“9(3)”2} ds > —kT a.s.
0

T
E/ 16(s)IPds <00, ¥V T e[0,00) (10.5)
0

old. Condition (10.4) implies for each fixed T that So(T) is bounded away
fom zero, which implies in turn that Assumption 2.2 holds.

When (10.4), (10.5) hold, it is straightforward to verify that ma(-) of
10.2) maximizes the ezpected growth rate of wealth

linscy ;<Elog ¥* *(T,

I'—oo 4


http://www.cvisiontech.com/pdf_compressor_31.html

”U\

152 3. Single-Agent Consumption and Investment

over all m € Aj oo(z). Indeed, from the first paragraph of this section we
know that Flog X*™(T) < Elog X®™(T) for all 7 € A (z) for each
fixed T € [0, 00), whence

1
limsup = E log X>™ (T < limsup ' log X™™(T)
T—o00 T T

T—o0

T—oo

+ /0 y [}(s)+%||e(s)||'~’J ds}.

The following theorem shows that mo(-) is also optimal in the almost sure
sense for this long-term growth problem. Because this is not a statement
about expectations, it is not necessary to assume (10.4), (10.5), and we can
show that m2(-) is optimal in the class .A(z) rather than the smaller class

.'42’00 (.’B)

Theorem 10.1: Let z > 0 be given. For any portfolio process 7 € A(z),
we have almost surely

= lim sup %E {A(T)

1
lim sup 1 log X*™(T) < limsup — log X*72(T). (10.6)
T Tooo 1

T—o0

In other words, for P-almost every w € Q, the portfolio process ma(-)
mazimizes the actual rate of growth limsupy_, % log X (T,w) of wealth
from investment over all admissible portfolios m(-).

PROOF. For any 7 € A(z), the ratio
R(E) & Xo )/ X*™(t) = - Ho())X™" (1
satisfies (cf. Remark 3.3)
dR() = ~ Ho(0)lo' (1) ~ X="(00(0)) W (1)

and is, therefore, a nonnegative local martingale and supermartingale. As
such, R(-) satisfies the inequality

66"P{ sup R(t) > 66"} <ER(n)<R0)=1, YneN, 0<é<1

n<t<oo

(cf. Karatzas and Shreve (1991), Problem 1.3.16 and Theorem 1.3.8(ii))-
Fix 6 € (0,1). Then

o0 ] o0
XP! sup log R(t) ~ SnJ < f:e_‘s" < .
L:‘: ‘n_t<c)

n =1
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and the Borel-Cantelli lemma implies the existence of an integer-valued
random variable N5 such that

log R(t,w) < én <6t VYn> Ng(w) Vt>n

for P-almost every w € Q. In particular, for all such w, we have

1
sup < log R(t,w) <6 Vn > Ns(w),
to>n b

hence:
. 1 P 1 .
limsup - log X*™(t,w) < limsup - log X®™(t,w) + 6,
t—o0 t t—o0 t
and inequality (10.6) follows from the arbitrariness of § € (0,1). ]

Corollary 10.2: Assume that the processes r(-) and 6(-) are constants r
and 0, and that the process A() is identically zero. Then the optimal rate
of growth for the wealth process, given by the right-hand side of (10.6), is
r+ 467

PrOOF. Use (10.3) and the observation that limp_,o FW(T) = 0
almost surely. 0O
3.11 Notes

The modern mathematical theory of finance begins with Markowitz (1952,
1959), who conceived the idea of trading off the mean return of a portfolio
against its variance. In a one-step, discrete-time model, one can buy an
initial portfolio of stocks, and the value of this portfolio after one step is a
random variable. Dividing the difference between this random variable and
the initial value of the portfolio by the initial value of the portfolio, one
obtains the (random) return associated with the portfolio. A given portfolio
is said to be efficient if every portfolio that has mean return greater than
that of the given portfolio also has a greater variance of return. Markowitz
argues that one should hold only efficient portfolios. Tobin (1958) extends
the portfolios of risky assets considered by Markowitz, to include linear
combinations of these portfolios with a risk-free asset. There is then a dis-
tinguished portfolio of risky assets, called the market portfolio, such that
any other portfolio can be dominated in the mean—variance sense by a lin-
€ar combination of the market portfolio and the risk-free asset. This result
18 often called a separation theorem, because the problem of optimal invest-
ment separates into the two problems of (1) finding the market portfolio
and (2) determining the optimal allocation between the market portfolio
and the risk-free asset.

There may be several ways to construct the market portfolio from the
Tisky assets, but regardless of the particular socats tko¢ are used to build

[ ‘a2 ne it potfolio, e meor nc ariance ¢Cig s uen tre nipey ce-
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termined. Furthermore, the covariance of the return between any other
risky asset and the market portfolio (the so-called § of that asset, when
normalized by the variance of the market portfolio) is also uniquely de-
termined. This leads to the capital asset pricing model of Sharpe (1964),
Lintner (1965), Mossin (1966). According to this model, every risky asset
must have a mean return that exceeds the risk-free return by a certain risk
premium, which can be computed from that asset’s 8. If an asset had a
risk premium higher than- this computed value, the definition of market
portfolio would be contradicted. If an asset had risk premium lower than
predicted, it could not be part of any market portfolio and would therefore
not be demanded; this would cause its current price to fall, which would
increase its return, bringing its risk premium into line with the capital asset
pricing formula.

The Sharpe-Lintner—Mossin capital asset pricing model is static: in-
vestments are made once, and then a return is realized. The assumption
underlying the model is that the vector of returns on risky assets has a
multivariate normal distribution, or else all agents have quadratic utility
functions. (However, Ross (1976) provides a derivation of the capital asset
pricing model from arbitrage rather than utility theory.) It is not surpris-
ing, therefore, that the risk premia computed from the model have been
found not to conform well to real data; see, e.g., Jensen (1972).

In an attempt to consider more realistic, dynamic models, Mossin (1968)
and Samuelson (1969) apply dynamic programming to solve multiperiod
problems of portfolio management. Hakansson (1970) obtains a separation
theorem in this context. However, the set of utility functions and asset
price models for which the discrete-time backward recursion of dynamic
programming can be executed analytically is rather limited. An early work
on optimal consumption in continuous time is Mirrlees (1974), which ac-
tually dates from 1965. This paper presents a heuristic argument that the
marginal utility of consumption should equal the marginal value of wealth
along an optimal trajectory (cf. (8.23), (8.41)).

In two landmark papers, Merton (1969, 1971) introduces It6 calculus and
the methods of continuous-time stochastic optimal control to the problem
of capital asset pricing. (We refer the reader to Merton (1990) for a com-
pilation of Merton’s papers and for essays that place them in context.)
By assuming a model with constant coefficients and solving the relevant
Hamilton—Jacobi-Bellman equation, Merton (1969) produces solutions to
both the finite- and infinite-horizon models when the utility function is a
power function (Examples 8.13, 9.22), the logarithm (Examples 8.14, 9.24),
or of the form 1 —e~"* for some positive constant . The mutual fund theo-
rem (Remarks 8.9, 9.16), a separation theorem described above, appears in
Merton (1971). It is often called the two-fund theorem, because the investor
is content to have his only investment opportunities be Merton’s mutual
fund and the money market. Merton (1973b) introduces a Markov stochas-
tic interest rate and a three-fund theorem, according to which the investor
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requires a second mutual fund to hedge against fluctuations in the interest
rate. Richard (1979) generalizes this result to a market with an underlying
N-dimensional Markov state and obtains an (N + 2)-fund theorem. Sethi
and Taksar (1988) resolve some boundary issues in Merton’s model, and
Merton (1989) returns to this topic. Richard (1975) introduces a random
time horizon to Merton’s model. Khanna and Kulldorff (1998) obtain the
two-fund theorem under very weak assumptions.

The original analysis of Merton’s model was wedded to the Hamilton—
Jacobi-Bellman equation and its requirement of an underlying Markov
state process. In a non-Markov model of optimal consumption without
portfolio control, Foldes (1978a,b) proves the existence of an optimal con-
sumption process and shows that the marginal utility of consumption is, up
to a discount factor, a martingale (our Zy(-) of (2.5)). In the continuous-
time model for both consumption and portfolio selection, Bismut (1975)
obtains the key formula (6.5) for optimal consumption using his stochastic
duality theory (Bismut (1973)) rather than relying on the Hamilton-
Jacobi—-Bellman equation. With the appearance of the papers by Harrison
and Kreps (1979) and Harrison and Pliska (1981, 1983), which provide a
martingale characterization of the set of terminal wealths that can be at-
tained by investment in a complete market, it became possible to solve
the optimal control problem of maximizing the expected utility of termi-
nal wealth (by appropriate choice of portfolio) without the assumption of
Markov asset prices. This was accomplished by Pliska (1986). The appli-
cation of the Harrison—Kreps—Pliska martingale methodology to reproduce
the Bismut (1973) formula for optimal consumption was worked out inde-
pendently in Cox and Huang (1989, 1991) and Karatzas, Lehoczky, and
Shreve (1987); both these papers show how to decompose the nonlinear
Hamilton—Jacobi—Bellman equation into linear partial differential equa-
tions. The presentation in this chapter follows the latter reference, with the
addition of Bismut’s stochastic duality theory. The fact that the dual value
function satisfies a linear partial differential equation was discovered by
Xu (1990). Connections with the stochastic maximum principle appear in
Back and Pliska (1987), Cadenillas (1992), Cadenillas and Karatzas (1995).
See Brock and Magill (1979) for another application of Bismut’s stochastic
duality theory to economics. Kramkov and Schachermayer (1998) provide
a necessary and sufficient condition on the utility function U; for V5 to be
a utility function and for an optimal portfolio process to exist; this would
replace our Assumption 7.2.

The further extension of the martingale methodology to the infinite-
horizon problem (Section 3.9) appears in Huang and Pages (1992). The
constant-coeflicient computations for the infinite-horizon model are due
to Karatzas, Lehoczky, Sethi, and Shreve (1986). Foldes (1990, 1991a,b,
1992), Jacka (1984), and Lakner and Slud (1991) treat the infinite-horizon
Problem with discontinuous asset price processes.


http://www.cvisiontech.com/pdf_compressor_31.html

156 3. Single-Agent Consumption and Investment

Example 7.9 (portfolio insurance) is inspired by the work of Bagak
(1993, 1995, 1996a). Some other papers addressing portfolio insurance are
Black and Perold (1992), Brennan and Schwartz (1988, 1989), Cvitanié¢ and
Karatzas (1995), Grossman and Zhou (1993, 1996), Korn and Trautmann
(1995).

Maximization of the growth rate of a portfolio (Section 3.10) goes back
to Breiman (1961). Hakansson (1970) contains a discrete-time version of
the results we present here; see also Thorp (1971). We take the results of
Section 3.10 from Karatzas (1989). Aase and @ksendal (1988) extend these
results to allow stock prices to jump. Taksar, Klass, and Assaf (1988) and
Pliska and Selby (1994) address this problem in the presence of transaction
costs. Algoet and Cover (1988) and Cover (1984, 1991) provide algorithms
for maximizing of the growth rate of a portfolio in a very general discrete-
time model. Jamshidian (1991) examines the behavior of this algorithm in
a continuous-time model. Because it leads to maximization of the growth
rate, the logarithmic utility would seem a natural choice for money man-
agers. To temper the enthusiasm for this criterion, Merton and Samuelson
(1974) point out that maximization of the growth rate does not necessarily
maximize even approximately the expectation of a nonlogarithmic utility
at any finite time, and Samuelson (1979) argues in words of literally one
syllable that maximization of nonlogarithmic utility at a finite time is the
more desirable goal. Kulldorff (1993) and Heath (1993) solve the related
problem of maximizing the probability of reaching a goal by a fixed time.

In a continuous-time capital asset pricing model with an underlying
N-dimensional Markov state process, the risk premia of assets can be com-
puted theoretically from their covariances with a set of N +1 mutual funds.
Breeden (1979) shows that rather than using the set of all covariances,
one can in principle compute risk premia from the covariance of assets
with the consumption process of an optimally behaving investor. Like the
simple mean—variance capital asset pricing model, this consumption-based
capital asset pricing model does not conform well to actual data. In par-
ticular, individuals’ consumption patterns are smoother than predicted by
the model; see Cornell (1981), Hansen and Singleton (1982, 1983), Mehra
and Prescott (1985), Dunn and Singleton (1986), Singleton (1987). To ad-
dress this so-called equity premium puzzle, several generalizations of the
basic time-additive utility function maximization (considered in this chap-
ter) have been proposed. One of these, which models habit formation of
consumers, constructs a utility function that at each time depends on the
current level of consumption and on an average of previous levels of con-
sumption; see, e.g., Alvarez (1994), Constantinides (1990), Detemple and
Zapatero (1991, 1992), Dybvig (1993), Hindy and Huang (1989, 1992, 1993),
Hindy, Huang, and Kreps (1992), Hindy, Huang, and Zhu (1993), Sundare-
san (1989), Uzawa (1968). A more radical approach is the construction of
recursive utility, to disentangle agents’ aversion to risk from their feelings
about smoothness of consumption over time. an idea due to Kreps and
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Porteus (1978). Some papers related to recursive utility in the context of
dynamic optimal consumption and investment are Bergman (1985), Chew
and Epstein (1991), Duffie and Epstein (1992a,b), Duffie and Lions (1990),
Duffie and Skiadas (1994), Epstein and Zin (1989), Kan (1991), Ma (1991),
El Karoui, Peng and Quenez (1997), Schroder and Skiadas (1997); see also
the survey by Epstein (1990). Another way to account for the smoothness
of observed consumption is the assumption of transaction costs for changes
in level of consumption; see Grossman and Laroque (1990), Heston (1990),
Cuoco and Liu (1997). He and Huang (1991, 1994) provide conditions on
a consumption/portfolio policy that guarantee that it is optimal for some
time-additive utility function; see also Lazrak (1996).

The value function in problems of optimal consumption and invest-
ment is quite sensitive to the introduction of transaction costs; see Dumas
and Luciano (1989), Fleming, Grossman, Vila, and Zariphopoulou (1990),
Shreve and Soner (1994). The notes to Chapter 2 survey the literature
on utility-based models for option pricing in the presence of transaction
costs. Some papers dealing with the problem of an investor who seeks
to maximize expected utility of wealth and/or consumption and incurs
transaction costs for changes in portfolio are Akian, Menaldi, and Sulem
(1996), Cadenillas and Pliska (1997), Constantinides (1979, 1986), Davis
and Norman (1990), Magill (1976), Magill and Constantinides (1976), Cvi-
tani¢ and Karatzas (1996), Korn (1998), Morton and Pliska (1995), Shreve,
Soner, and Xu (1991), Shreve and Soner (1994), Weerasinghe (1996),
Zariphopoulou (1992). When transaction costs or other market frictions
(e.g., borrowing constraints, different rates for borrowing and lending) are
introduced, one can study the optimal consumption and investment prob-
lem by probabilistic techniques (e.g., Xu (1990), Shreve and Xu (1992),
Cvitani¢ and Karatzas (1992, 1993, 1996), Jouini and Kallal (1995a,b),
Karatzas and Kou (1996)) or, in a Markovian framework, by a viscosity
solution analysis of the corresponding Hamilton—Jacobi-Bellman equation
(see, in addition to the several papers already mentioned, Duffie, Fleming,
Soner and Zariphopoulou (1997), Fitzpatrick and Fleming (1991), Fleming
and Zariphopoulou (1991), Vila and Zariphopoulou (1991), Zariphopoulou
(1989)). Cuoco and Cvitanié (1998) consider optimal consumption for an in-
vestor whose actions affect the market. Other work on optimal consumption
and/or investment in incomplete markets is cited in the notes to Chapter 6.

Extension of the optimal consumption/investment model to allow for
several consumption goods can be found in Breeden (1979), Madan (1988),
Lakner (1989) and the references therein. Ocone and Karatzas (1991) use
ideas from the Malliavin calculus to compute optimal portfolios. Pikovsky
and Karatzas (1996) use enlargement of filtration techniques to study a ver-
sion of the consumption/investment problem in which the investor has some
“inside” information about the behavior of future prices; see also Elliott,
Geman, and Korkie (1997), Amendinger, Imkeller, and Schweizer (1997),
and Pikovsky (1998). as well as Kvle (1985), Dnffie ard Huang (1986), and
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Back (1992, 1993) for earlier work in a similar vein. Kuwana (1993, 1995)
and Lakner (1995) consider the mixed control/filtering problem, in which
the investor must estimate-the mean rate of return of the assets; see also
Karatzas (1997), Karatzas and Zhao (1998). Richardson (1989), Duffie and
Richardson (1991), and Schweizer (1992b) find minimal-variance portfolios
that achieve desired expected returns. Xu (1989) constructs a simple ex-
ample in which the optimal portfolio does not invest in the risky asset,
even when its mean rate of return dominates the risk-free rate. The opti-
mal consumption/investment model with an allowance for bankruptcy has
been considered by Lehoczky, Sethi, and Shreve (1983, 1985), Presman and
Sethi (1991, 1996), Sethi and Taksar (1992), Sethi, Taksar and Presman
(1992). Several related papers are collected in Sethi (1997).

Adler and Dumas (1983) provide a survey of the application of the
continuous-time capital asset pricing model to international finance. For
general theory on stochastic control problems, the reader can consult the
books by Fleming and Rishel (1975), Bertsekas and Shreve (1978), Elliott
(1982), Chapter 12, Fleming and Soner (1993), as well as the lecture notes
by El Karoui (1981).

4
Equilibrium in a Complete Market

4.1 Introduction

In the context of continuous-time fin 'i(si'a}markets, the equilibrium problem
is to build a model in which secu? t‘vg ices are determined by the law
of supply and demand. The primifiygs=yyihis model are the endowment
processes and the utility functions™5t"8°fiifite number of agents. We shall
assume in this chapter that all agents are endowed in units of the same
perishable commodity, which arrives at some time-varying random rate.
Agents may consume their endowment as it arrives, they may sell some
portion of it to other agents, or they may buy extra endowment from other
agents. The endowment, however, cannot be stored, and agents will wish
to hedge the variability in their endowment processes by trading with one
another. To facilitate the trading of endowment, there is a financial markel
consisting of a money market and of several stocks, in which agents may
invest (positively or negatively).

Each agent takes the security prices as given, observed stochastic pro-
cesses, and maximizes his expected utility from consumption over the finite
time horizon of the model, subject to the condition that his wealth at the
final time must be nonnegative almost surely. This problem differs from
Problem 5.2 of Chapter 3 only because the agent receives his endowment
over time rather than initially, but in the context of a complete financial
market this difference is inconsequential. The goal is to choose the prices
of the money market and of the stocks so that when each agent solves his

- optimal consumption and investment problem, at all times the aggregate
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endowment is consumed as it enters the economy and all securities are in
zero net supply. The first condition codifies the concept of a “perishable”
commodity; the second reflects the fact that for every buyer of a security,
there must be a seller.

In the model of this chapter all securities will be denominated in units
of the single perishable commodity. When the marginal utility functions of
all the individual agents are infinite at their individual “subsistence lev-
els” (see Section 4.2), then all agents’ optimal consumption processes are
always strictly above the subsistence level; in this case the equilibrium
money market price can be described solely in terms of an interest rate,
and the equilibrium prices for all stocks are determined. However, when we
allow even one agent to have finite marginal utility at the subsistence level
of consumption, then this agent may sometimes see his equilibrium optimal
consumption fall to the subsistence level. In this case we still obtain equilib-
rium prices for the money market and stocks, but the money-market price
can no longer be described in terms of an interest rate. More specifically,
the money-market price is given by the formula

So(t) = exp { /0 ) dut A(t)}

of (1.1.7), where A(-) is singularly continuous. Although A(-) is continuous
and has zero derivative at Lebesgue-almost-every time, A(-) decreases at
those times when an agent’s equilibrium optimal consumption either falls
to, or rises from, the subsistence level (see Remark 6.8). The stock prices
of this equilibrium market are given by (1.1.9), which also includes the
singularly continuous process A(-).

The inclusion of this singularly continuous component in the equilibrium
security prices could be avoided by denominating security prices in terms
of money rather than units of commodity (see Karatzas, Lehoczky, and
Shreve (1990)). In effect, whenever an agent’s consumption falls to, or rises
from, the subsistence level, there is a burst of inflation in which securities
become substantially less valuable in terms of commodity but not in terms
of money. It is interesting to note that both falling to and rising from
subsistence consumption leads to inflation; neither induces deflation.

The singularly continuous component in equilibrium security prices could
also be avoided by denominating security prices in terms of the money-
market price. This can be seen from (1.1.10); the process A(-) does not
appear in the stock prices discounted by the money-market price.

When denominating security prices in units of commodity, however, a
singularly continuous component in the security prices cannot be avoided.
It was for this reason that we set up the market model in Section 1.1 to
include this possibility. In this model, under the assumption (6.4) on the
indices of risk aversion for the individual agents, we obtain uniqueness of
the equilibrium allocations of the commodity, uniqueness of the equilibrium
money-market price, and uniqueness of the equilibrium stock prices up to
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the formation of mutual funds (see Theorem 6.4 and the discussion follow-
ing it). The equilibrium existence Theorem 6.3 and uniqueness Theorem
6.7 still hold when we permit agent endowments to arrive in a singularly
continuous way, i.e., so that the cumulative endowment is continuous but
is not necessarily described by a rate. For this reason we allow this added
degree of generality, and the singularly continuous process £(-) appearing
in the aggregate endowment equation (2.2) can contribute to the singu-
larly continuous process A(-) in the security prices. However, even without
the presence of the singularly continuous process £(-) in the aggregate en-
dowment process, the singularly continuous process A(-) will appear in the
security prices under the conditions discussed above.

The model of this chapter is a pure exchange economy, because there
are no securities associated with production. Only financial securities are
posited, which are in zero net supply. One could, however, use the equilib-
rium model to price the right to receive future endowments, and thereby
have “productive assets” that are held in positive net supply (see Re-
mark 6.6). The more challenging task of including production that can
be enhanced by forgoing current consumption is not addressed here.

We conclude with a section-by-section summary of the chapter. Section 2
describes the exogenous processes and Section 3 describes the endogenous
ones. Section 4 modifies the analysis of Chapter 3 to solve the optimal
consumption and investment problem for an agent who receives an endow-
ment process and acts as price-taker. Equilibrium is defined in Section 5,
as is the concept of a single “representative agent” (really a utility func-
tion) who aggregates with appropriate weights the individual agents (really
their utility functions). Equilibrium is characterized in terms of the rep-
resentative agent’s utility function via Corollary 5.4 and Theorem 5.6.
This reduces the question of existence and uniqueness of equilibrium to
the finite-dimensional problem of determining the appropriate weights
in the construction of the representative agent’s utility function. Theo-
rem 6.1 establishes the existence of these weights and describes the extent
to which fhey are uniquely determined. The remainder of Section 6 works
out the ramifications of Theorem 6.1 for the existence and uniqueness of
equilibrium. One of these is the consumption-based capital asset pricing
model (CCAPM) (Remark 6.7). Section 7 contains examples in which the
equilibrium consumption allocations and security prices can be exhibited
explicitly.

4.2 Agents, Endowments, and Utility Functions

We consider an economy consisting of a finite number K of agents, each of
Whom is continuously endowed in units of a single perishable commodity.
The exogoncus epdaswment precesces {r; (£);0 < ¢ < T k=1, .. .K. of
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these agents are assumed to be nonnegative and progressively measurable
with respect to the filtration {F(t)}o<¢<7 of Section 1.1, the augmentation
by P-null sets of the filtration generated by the N-dimensional Brownian
motion W(-) on the interval [0,T]. The aggregate endowment

K
A
€(t) =) e(t), 0<t<T, @.1)
k=1
is assumed to be a continuous, positive, bounded semimartingale:

t t t

€(t) = €(0) + /0 e(s)v(s)ds +/0 €(s) de(s) + /0 €(s)p'(s) dW (s),
0<t<T
(2.2)

Here £(-) is an {F(t)}o<¢<T - progressively measurable process with paths
that are continuous and of finite variation on [0, T}, but that are singular
with respect to Lebesgue measure (see Proposition B.1 in Appendix B).
We take £(0) = 0 and assume that the total variation of £(-) on [0, T] is
almost surely bounded. The processes v(-) and p(-) are {F(t)}-progressively
measurable and bounded; they take values in R and RY, respectively.

In addition to his endowment, each agent k has a utility function Uy, -
R — [~00,00) as described in Definition 3.4.1. We denote the subsistence
consumption for agent k by

& 2 inf{c € R; Uk(c) > —o0} (2.3)

(cf. (3.4.2)), and define aggregate subsistence consumption as

K
Y. % (2.4)
k=1

I

@

Recall that ¢, >0 for k=1,... K.

Finally, the agents have a common discount rate 3 : [0,T] — R, which is
a nonrandom Lebesgue-integrable function, bounded from below. Agent k
will attempt to maximize his expected discounted utility from consumption

T ¢
o / e o POBy (0 (1)) dt
0

over the time horizon [0,T], where c,(-) is his consumption process.
This maximization is very similar to Problem 3.5.2 with utility function

t
e Js B A (c), a function of both ¢ € [0,7] and ¢ € R.

The endowment processes {ex(-)}{,, the utility functions {Ux(-)}5;,
and the discount rate (3(-) are the primitives of our equilibrium model.
Starting with these primitives, we shall construct an equilibrium market. It
is also possible to carry out this construction when each agent k has his own
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discount rate Bi(-), or, even more generally, when Uy is a function of both
time and consumption. However, this more general construction involves
a more complicated version of Ité’s formula than the one we employ in
Section 6. For this reason, we have restricted our attention to the situation

presented above.
In order to construct an equilibrium market, we impose throughout the

following conditions on the primitives.
Condition 2.1:

(i) For each k = 1,..., K, the function Ui(-) is of class C® on (&, o0),
satisfies U}/ (c) < 0 for all ¢ > &, and the quantity

. UIN (c)
iR Uy )

exists and is finite.
(ii) Foreach k =1,..., K, we have

ek(t) >c¢, 0<t<T, (26)

almost surely.
(iii) There exist constants 0 < v; < -y < 00 such that

Ctm<et) <y, 0<t<T, (2.7)
almost surely.

Remark 2.2: We note that

1 1 /C- Uy (n)

= = ,,—d ) C>Ev,
HOACT N A ¢

and so the existence of the limit (2.5) implies that lim,z, ﬁc—) also exists
and is finite.

4.3 The Financial Market: Consumption and
Portfolio Processes

- To give structure to the search for an equilibrium market, we set out in
this section a description of the object of our search. We seek to construct
a complete, standard financial market M as in Definitions 1.5.1, 1.6.1, but
without dividends. More specifically, we seek a money market price process
So(-) with Sp(0) = 1 and

dSo(t) = So(8)[r(¢) dt + dA()], (3.1)
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as well as N stock price processes Si(-),...,Sn(-), with S,(0) a positive
constant for each n, and

D
ASn(t) = Sn(t) |ba(t)dt + dA(R) + ) " 0ni(t) dWD(t) | ,n=1,...,N.
Jj=1

(3.2)

In order to guarantee completeness, the volatility matrix o(t) =
{on;(t)}1<n,j<n must be nonsingular for Lebesgue-almost-every ¢ € [0, T]
almost surely (Theorem 1.6.6).

After we have constructed an equilibrium market as described above, we
can define the market price of risk

0(t) = o~ (1) b(t) — r(®)1] (3.3)

(see (1.6.16)), and then the processes Zo(-) of (1.5.2), Wo(-) of (1.5.6), and
the standard martingale measure Py of (1.5.3). Finally, we can define the
state price density process

Zo(?) <<

of (1.5.12). To aid in the subsequent analysis, we shall require that our
equilibrium market satisfy the following condition. Unlike Condition 2.1,
which concerns the primitives of the economy and is assumed through-
out this chapter, Condition 3.1 below must be verified after the candidate
equilibrium market has been constructed.

Condition 3.1:
(i) We have

Hy(t) 2

E, [ X L <
0 loSier So(t) o
(ii) There exist constants 0 < §p < Ay < 00 such that we have almost
surely

S0 < Ho(t) <A, 0<t<T.

Once an equilibrium market has been constructed, each agent k can
choose a consumption process cx : [0, T] x Q2 — [0, 00) and a portfolio process
T 1 [0,T] x @ — RY. These are both {F(t)}-progressively measurable;
mi(-) satisfies (1.2.5), (1.2.6); and cx(-) satisfies fOT ck(t) dt < oo almost
surely. The structure of Uy implies that agent k will be interested only in
consumption processes ck () satisfying the additional condition

c(t) >en, 0<t<T, (3.5)

almost surely. The wealth process Xi(-) = X[**°*(-) as in (1.5.8), corre:
sponding to the portfolio 7(-) and the cumulative income process I'x(t) =

4.3 The Financial Market: Consumption and Portfolio Processes 165
fot(ek(s) — ¢x(s)) ds, is given by

t . _—
g:((;)) = /0 ek(ugo(u)k(u) du +/0 %(u)w;c(u)a(u) dWo(u), 0<t<T.
(3.6)

We take X (0) = 0.

Remark 3.2: The wealth equation (3.6) can be written in the equivalent
form

i it
Ho(t)Xk(t)+/() Ho(S)(ck(S)—fk((%’))ds:/0 Ho(s)[o(s)m(s)
— Xi()0' ()] dW(s)  (3.7)

by analogy with (3.3.3), as is seen if one applies It6’s formula to the product
of the processes X (-)/So(-) and Zo(-) in (3.6) and (1.5.5), respectively.

Definition 3.3: A consumption/portfolio process pair (ck, ) is admis-
sible for the kth agent if the corresponding wealth process X(-) of (3.6)

satisfies
Xi(t) / v
+ E
Sot) " | '

almost surely. The class of admissible pairs (¢, 7x) is denoted by Aj.

€x(u)
i & { }‘(t)J >0, 0<t<T, (3.8)

Remark 3.4: The admissibility condition says that at each time ¢, the
present wealth X (t) (which may be negative) plus the current value Sp(t)-

Eo[ ftT 5 ((Z)) du|F(t)] of future endowment (cf. Proposition 2.2.3) must be

nonnegative. This condition is equivalent to

Ho(t) X, (t) +E /THo<u)ek<u)du {f(t)Jzo, 0<t<T, (39)

almost surely, as can be seen from “Bayes’s rule” in Chapter 3, Lemma 5.3
of Karatzas and Shreve (1991).

Remark 3.5: Condition 3.1(i) guarantees that for every given (ck, m) €
Ay, the local Py-martingale

M () 2 /0 #(wﬂ;c(u)a(u)dwo(u), 0<t<T (3.10)

i also a Py-supermartingale. To see this, use Condition 2.1(iii) and (3.6),
(3.8) to write

X (1) " ex(u)

M2 500 ~ Jo Solw) ™
i
> By | | ;’;((13 du‘f(t)]‘
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25 |z (7) | #0)

Under the probability measure Pp, the expression Y (t) =3 —voT .
Eo[maxogugT(%)lf(t)] is a martingale; being a nonnegative local
martingale, M™(-) — Y(:) is also a supermartingale, so M™(-) is a
supermartingale.

From this, (3.6), and (3.8) with ¢t = T, it develops that c(-) must satisfy
the budget constraint

T T
c(t) / ex(t)
dt < E, dt, 3.11
°Jo 5@y 50w (&11)
or equivalently,

T T

E/ H()(t)ck(t) dt < E/ H()(t)ek(t) dt. (312)
0 0

In any market satisfying Condition 3.1(i), and for any consumption pro-
cess ci(+) such that (ck,7x) € Ax for some portfolio process (), the
value of an agent’s consumption cannot exceed the value of his endowment,
where value is determined using the state price density process Hy(-) for
that particular market.

We have the following counterpart to Theorem 3.3.5.

Theorem 3.6: Suppose we have constructed a complete, standard finan-

ctal market satisfying Condition 3.1(i). Let cx(-) be a consumption process

in this market that satisfies (3.11) (or equivalently (3.12)) with equality,

namely

T T

¢k (t) ex(t) ’
dt = Fy — dt. 3.11

) Sal®) o Sold) o

Then there ezists a portfolio process my(-) such that (ck, k) € Ak, and the

corresponding wealth process is given by

Ey

1 T
Xi(t) = mE [/t Ho(s)(ck(s) —ex(s))ds ‘ f(t)] , 0<t<T

(3.13)
PRrOOF. In Proposition 1.6.2, take B = So(T) - fOT M%W du, so that
|B| } ' /T cx(u) + ek (w) /T ex(u)
E [ < E ——— 2 du]| <2F, =2 du
"Ly = e T So(w) °|Jo Solw) |

’ 1
<75 | ()] <=
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From the assumption of market completeness, we have the existence of a
martingale-generating portfolio process m(-) such that

7]
ck(u) — ex(u)
——————du= M™(T), 3.14
| (1) (3.14)
where M™*(-) is given by (3.10). Taking conditional expectations in (3.14),
we obtain

5 /T Mdu ‘ ]__(t)J N /t ex(u) — c(u) du
t 0

So(u) So(u)

¢
1
+ 7 (u)o(u) dWo(u),
| sme awaw)
0<t<LT
LComparison of this equation with (3.6) reveals that’

Xi(t) = So(t) - Eo /TMduI}‘(t):l, 0<t<T (3.15)

So(u)

(the initial condition X, (0) = 0 is a consequence of (3.11')), and (3.13)
follows from “Bayes’s rule” (cf. Karatzas and Shreve (1991), Lemma 3.5.3).
From (3.15) we see that the admissibility condition (3.8) is satisfied. O

4.4 The Individual Optimization Problems

- Suppose that we have constructed a complete, standard financial mar-
ket satisfying Condition 3.1, as described in the previous section. In this
market, each agent, say the kth agent, will be faced with the following
problem.

Problem 4.1: Find an optimal pair (¢, 7y ) for the problem of maximizing
~ expected discounted utility from consumption

7g ¢
E/ e_fo ﬁ(u)Uk(ck(t))dt
0
over consumption/portfolio process pairs in the set
N Tt ama
Al = < (ko k) € A E/ e Jo A “ min[0, Uk (ck(t))] dt > —oco ¢ .
0

(4.1)

- From (3.5) and the budget constraint (3.12), we see that this problem is
Interesting only if the feasibility condition

T T
i E / Ho(t)er(t)dt > e - E [ Ho(t) dt (4.2)
S0 JU
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is satisfied; otherwise, A} = 0. If equality holds in (4.2), then the only
candidate optimal consumption process is ¢x(-) = é. According to Theo-
rem 3.6, there is then a portfolio process #(-) such that (&, #%) € Ax. This
consumption/portfolio process pair is in A, if and only if Ug(c) > —oo.

t
Regardless of whether this is the case or not, fOT e Js B duUk(Ek) dt is
well-defined (even though it may be —oo) and is the value of Problem 41,
whenever (4.2) holds as equality. This leads us to adopt the following
convention, even though 4] may be empty.

Convention 4.2: If the nonstrict feasibility condition

T T
E‘/O Ho(t)ek(t) dtiz= Ek - E‘/O H()(t) dt (43)

holds, we say that the optimal consumption process for Problem 4.1 is
€k () = €. There exists then a portfolio process #tx(-) such that (i, ;) €

Ag.
We consider now the case of strict feasibility:

T 7
E /0  Ho(t)ex(t)dt > & - E /0 Ho(t) dt. (4.4)

To treat this case, we define as in Section 3.4 the nonincreasing, continuous
function I, : (0, c0] by [¢k, 00) which, when restricted to (0,Uf(cx)), is
the (strictly decreasing) inverse of UL : (er,00) 22 (0,UL(2)). On the
interval [U’(¢x), 00}, I (') is identically equal to é.

Agent k uses the time-dependent utility function e~ Jo B duUk(c) in
t t
Problem 4.1, and the inverse of e_jo ﬂ(u)duUL(-) is g — Ik(yefo ﬂ(u)du).
Following (3.7.1), we define
T t
X(y) S E / Ho(t)I, <yefo e d"Ho(t)) dt, 0<y<oo  (45)
L :

Lemma 4.3: Under Condition 3.1(ii), the function Xk(v)Ais finite, non-
increasing, and continuous on (0,00). We define X (0+) = limy o Xk (y),
[N
X (00) = limy o0 Xi(y), and
A
i = sup{y > 0; X¢(y) > Xi(00)}. (4.6)
Then.

Xi(00) = & - E/OT Ho(t) dt, (4.7)

rk > 0, and X restricted to (0,ry) is strictly decreasing; thus, this function
to
has a continuous and strictly decreasing inverse Vi : (X (00),00) ==

(0,7k), which satifies
Xe(Ve(x)) =2, Vz € (Xi(o0),00). (48)
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PROOF.  Condition 3.1(ii) implies X} (y) < oo for all y € (0,00). The other
properties of A% (-) now follow from the arguments used to prove Lemma,
3.6.2. |

Remark 4.4: If ry in (4.6) is finite, then X (-) is identically equal to
k- EfOT Ho(t) dt on [rg,c0). But Ik(rkejo Al duHO(t)) 2 for0<t<T
almost surely, and so we must actually have

g (rkejo Alw) d"Ho(t)) =&, 0<t<T, (4.9)

almost surely. In other words,

reedo PR g ) S UL 5), 0<t<T, (4.10)
almost surely. If ry = oo, (4.9) and (4.10) still hold.

The omitted proof of the following theorem uses Theorem 3.6 and is
otherwise a minor modification of the proofs of Theorem 3.6.3 and Corol-
lary 3.6.5 (see also Remark 3.6.4). The statement of the theorem is close
to that of Theorem 3.7.3.

Theorem 4.5: Suppose that we have constructed a complete, standard
financial market satisfying Condition 3.1. Under the strict feasibility con-
dition (4.4), the unique optimal consumption/portfolio pair (é&,7;) € Ay
for Problem /.1 and the corresponding wealth process Xk() are gwen for
0<t<T by

(t) = Iy <ykejot Bt duHo(t)) ' (4.11)
P 1 d '
Xi(t) = mE [/t Ho(s)(ék(s) — ex(s)) ds ' f(t)J » (412)
7 Or(t) = B + Xiwo) (4.13)
where
T
Yk = Vi (E/ Ho(t)ex(t) dt) € (0,7%) (4.149)
0

and () is the integrand in the representation

M) = [ i) aw ) (4.15)

of the zero-mean P-martingale

T
Mi(t) = E [/0 Ho(s)(ek(s) — €x(s)) ds ’ f(t)J : (4.16)
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4.5 Equilibrium and the Representative Agent

We are now in a position to state the properties of the complete standard
financial market M we shall be seeking.

Definition 5.1: Let the endowment processes and utility functions
{ex, Ux}£_ | and the discount rate B(-) of Section 2 be.glv.en. We sa.y.that a
financial market M as described in Section 3 and satisfying (;(ondltlo.n 3.1
is an equilibrium market (for the economic primitives {ex, Ux} £ |, B), if the
following conditions hold.

(i) Feasibility for the agents:
vy 7
E/ Hg(t)ek(t)dt > Ck E/ Hg(t) dt, k=1,...,K. (5.1)
0 0

(ii) Clearing of the commodity market:

iék(t) =e€(t), 0<t<T, (5.2)
k=1

almost surely.
(iii) Clearing of the stock markets:

D A(t)=0, 0<t<T, (5.3)

almost surely, where 0 is the origin in RY.
(iv) Clearing of the money market:

K
D (Xi(t) - 7 (t)1) =0, 0<t<T, (5.4)
k=1 o

almost surely, where 1 is the vector (1, .. RS g

IHNOLOGIE!

Here é(-), #x(-), Xx(-) are the unique optimal processes ?f)r. Problem 4.1;
these are given by (4.11)—(4.14) if the strict feasibility condlthn (4.4).h91.ds
for agent k, and by Convention 4.2 in the case of the nonstrict feasibility
condition (4.3).

For the remainder of this section we shall focus on characterizing sgch
an equilibrium market. Aided by this characterization, we shall establ.lsh
in the next section the existence of an equilibrium market and examine
the extent to which this equilibruim market is uniquely determined by the
economic primitives {ex, Uy }X | and 8. N

We note immediately from (3.5) and (5.2) that a necessary condition
for an equilibrium market to exist is that (t) > ¢, 0 < t < T; lbn
other words, aggregate endowment must always dominate aqgregate sub-
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sistence consumption. We have imposed a somewhat stronger assumption
in Condition 2.1(iii).
We now provide a simple characterization of an equilibrium market.

Theorem 5.2: If M is an equilibrium: market, then

K
1 t
et) =31, [ —els A0 “Ho(t)), 0<t<T, (5.5)
k=1 A
where A, € [0,00),k=1,... K, satisfy the system of equations

E /0 THg(t) [Ik (%efotﬁ(“)d“Hg(t)) —ek(t)J dt=0, k=1, K

(5.6)
(If Ak = 0, we adopt the convention Ik(ﬁefo Al) dqu(t)) = Ix(00) = ¢.)
Conversely, if M is a standard, complete financial market satisfying Con-
dition 3.1, and there ezists a vector A= (A, .. 0k) € [0,00)% satisfying
(5.5) and (5.6), then M is an equilibrium market. In either case, the
optimal consumption processes for the individual agents are given by

1 ‘ u) du
ék(t) = Ik (A—kej; Alu) d Hg(t)) y 0 S t < T‘,‘

PROOF. First, let us assume that M is an equilibrium market. If the
strict feasibility condition (4.4) holds for agent k, then this agent’s opti-
mal consumption process (4.11) is given by (5.7), with A € (%,oo) and

Xk(ﬁ) = EfOT Ho(t)er(t) dt (see (4.14)); this last equation is (5.6). If the
nonstrict feasibility condition (4.3) holds for agent k, then (4.6) shows that
(5.6) is equivalent to Xk(ﬁ) = Xy (00), and this equation is solved by any
A: € [0, i], with such a choice of Ak, we see from Convention 4.2 and
Remark 4.4 that (5.7) holds, where now ¢ (t) = &. Summing (5.7) over k
and using the commodity market clearing condition (5.2), we obtain (5.5).

For the second part of the theorem, we assume that M is a standard,
complete financial market satisfying Condition 3.1, and that there exists
@ vector A = (A\,...,)) € [0,00)K satisfying (5.5) and (5.6). Since

T
k(ﬁefo PR b (4) > &,0 < ¢ < T, (5.6) implies the “feasibility for
ents” condition (5.1). Under this feasibility condition, we have Jjust seen
hat the optimal consumption process for each agent k is given by (5.7),
d now (5.5) implies the clearing of commodity markets (5.2). We sum
4.16) over k and use (5.2) to obtain Zle M;(t) = 0. From (4.15) we see
hat [ Sr L Bh(s) dW(s) = 0, which implies K, () = 0. Summing
I8t (4.12) and then (4.13) over k, we conclude first that Z,:il Xty =m;
0d next that o'(t) Zle Tx(t) = 0. Since o’(t) is nonsingular, we have

he Clearing of the stock markets (5.3) and then the clearing of the money
arket (5.4). o

k=1,.. K. (5.7)
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Remark 5.3: If A € [0,00)% satisfies either (5.5) or (5.6), then A
cannot be the zero vector. For suppose it were; then the right-hand side
of (5.5) would be Z,{;l ¢ = ¢, which is different from €(¢) because of
Condition 2.1(iii), and (5.6) would become

T
E/ Ho(t)(6 — ex(t)dt =0, k=1,... K,
0

so that summing up over k we would again obtain a contradiction to
Condition 2.1(iii). To simplify notation, we define

*[0,00)% = [0,00)\{0} (5.8)

to be the K-dimensional nonnegative orthant with the origin 0 = (0,...,0)
removed.

Theorem 5.2 reduces the search for an equilibrium market to the search
for a vector A €* [0,00)%, and for a market with state price density Hy(-),
s0 that (5.5) and (5.6) are satisfied. We can further simplify the search by
inverting (5.5), writing the sought Hy(-) as a function of the given aggregate
endowment process €(-); cf. (5.16) below.

Let A €7 [0,00)% be given. For k = 1,..., K, the function y Ik(3E) is
identically equal to ¢ if A = 0; but if Ay > 0, it is continuous on (0, 00)
as well as strictly decreasing on (0, \cUj, (¢ )], and maps (0, A\ U} (€ )] onto
[€k,00). We set

>

m(A) (AU (€x)), (5.9)

max
{k;Ak >0}

which is strictly positive since A is not the zero vector. The function

K
T y
k=1
is continuous on (0,00], is stricth decreasing on (0,m(A)], and maps
(0,m(A)] onto [¢,00) (recall that € = S°K_ &). For A €*[0, 00)*, we define
H(4) : [,00) =5 (0,m(4)] (5.11)
to be the (continuous, strictly decreasing) inverse of

I(54) : (0,m(A)] 22 [¢,00). (5.12)

We note that I(y; A) is also defined for y > m(A), and in fact,
I(y;4) =¢, Vye [m(d),o0]. (5.13)
We have
H(I(y;4);4) =y, Vye (0,m(A)], 5.14
I(H(c;A);A) =¢; Vee€ [6,00). 5.15
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Because of Condition 2.1(jii), €(t) is in the domain of H(:;A), and we can
invert (5.5) to obtain )
Ho(t) = ¢ Jo B® “He();d), 0<t<T (5.16)
This leads to the following corollary of Theorem 5.2.

Corollary 5.4: A standard, complete financial market M satisfying Con-
dition 3.1 is an equilibrium market if and only if its state price density
process Ho(-) is given by (5.16), where A — Aty Ak) €%[0,00)K 4s g
solution to the system of equations ’

3 T sy 0 [Ik (%H(e(t);m) - ek(t)} dt =0,

k
k=1 .. K.
(5.17)
An this case, the optimal consumption process for the kth agent is
. 1
Ck(t) = I <EH(e(t);1~\)) , 0<t<T (5.18)

In Section 6 we shall establish the existence of a solution A to (56.17).
Although (5.17) does not have a unique solution, the optimal consumption

processes ¢ (), ...

, €k (-) given by (5.18)

lowing lemma, examines one type of non

are uniquely determined. The fol-
uniqueness that can occur in the

solution of (5.17).
Lemma 5.5: Define

T={ke{l1,...,K}; €x(t)=c, 0<t< T,a.s.},
T ={1, .., KN\T. (5.19)
Because of Condition 2.1(i1t), T¢ is nonempty.
Suppose A €*[0,00)% satisfies (5.17). Then k € T if and only if
H(e(t); A
Aks—éééfl 0<t<T, (5.20)
almost surely. Define A™ = (Af,... \%) by

. ) H(e(t)‘A)) )
. A | P-ess inf < min -~~~/ f
Ap = { o<t<t U(e) )7 ! ke, (5.21)
My if keTe
nd note that Ak 2 k. Then m(A) = m(A™),
H(e(®); A) = H(e(t);A"), 0<t<T, (5.22)
1 1
I (Eu(e(t);m) -1 (Eu(e(t);a*)) ,
0<t<T, k=1, . K (5.23)

1

“ L oalv 514 fizs 75.14),
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From (5.17) and the fact that Ij(y) > & for all y € (0, 00], we see

= H(e(t); 4)) = &,0 < t < T, almost s)urely.
=0,

PROOF.
that k € 7 if and only if Ix(
This equality is equivalent to (5.20). Using the convention 0.- (o0
we have

ALUk (@) < H(e(t);
almost surely, and since (0,

m(A
MU (Ex) < MUi(@) <
m(A).
We compare I(y; A Zk Te(5L) with I(y; AY) = 37 Ie(55)
> kere Ik(5%). These two express1ons agree if and only if ApUL(Ck) g

y,Vk € ’T *But Af is defined so that (5.20)" holds, and from (5.15) w
obtain

A), 0<t<T, VkeT,
)] is the range of H(:;
m(A) = max{\;U;(;); A; > 0}-

(5.20')
A), this implies

It is apparent that m(A )=

H‘

e(t) = I(H(e(t); A); A) = T(H(e(2); 4); 47).-

Applying H(-; A*) to both sides and using (5.14), we obtain (5.22).
IfkeTe, (5.23) follows from (5.22) because Ay = A. If k € T, we have

1
L0 4) > () A) > Up(ex),
Ak B
and (5.23) holds with both sides identically equal to ¢x. Equations (5.22)
and (5.23) imply that A* is a solution of the system (5.17). ]

The remainder of this section develops properties of the function H(-; A)
of (5.11). We shall see, in particular, that H(-;A) is the derivative of the

function
a
U(C; A) = c1>c1 .... cK>CK Z)\kUk Ck ce R (524)
¢+ Feg=c
(We use here and elsewhere the convention 0 - (+00) = 0.)

The next theorem shows that U(-; A) is itself a utility function. It plays
the role of the utility function for a “representative agent” who assigns
“weights” A1,...,Ar to the various agents and, with proper choice of
A = (A1, ., \k), has optimal consumption equal to the aggregate endow-
ment. The weights Aq,...,Ax correspond to the “relative importance” of
the individual agents in the equilibrium market. The maximizing values
c1,...,cx in (5.24) give the optimal consumptions of the individual agents
when the aggregate endowment is c.

The reader may wish to skip on first reading the (long and technical)
proof of Theorem 5.6.

Theorem 5.6: Let A €* [0,00)K be given. Then the functzonAU (54) o f
(5. 24) is a utility function as set forth in Definition 8.4.1, and ¢ = Zk_
S e fi

¢=inf{c € R; U(gA) > —oo}. {5.29)
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Moreover, U(-; A) is continuously differentiable on (c, 00) with

U'(c;A) = H(c;A), e¢> e (5.26)
Fork=1,... K, define

so that

and set

a
D = {ax}ic \{¢}
80 that D C (¢,00). The derivatives U"(-;A) and U"'(-;A) exist and are

continuous on (¢,00)\D, and their one-sided limits exist and are finite at
all points in D. Moreover,

U'(a+;A) —U"(a—;A) >0, VYaeD. (5.27)

ProOF. Using the convention that the maximum over the empty set is
—00, we see that

U(c;A) = —00 Ve € (—00,6). (5.28)

If ¢ > ¢, then the numbers ¢, = cr + Il((c — ¢) satisfy ¢, > ¢ and ¢; +
‘ + ¢k = c. From the definition (5.24) of U(c; A), we have U(c;A) >

2515 83 AkUk(ck) > —oo. Relation (5.25) follows from this inequality and

Now let ¢ > ¢ be given. For each k, set
(5.29)

K
en Zk:_l ée = I(H(c; A); A) = ¢, from (5.15). Furthermore, &, > &
r each k. If é, > ¢, for some k, then Ay > 0 and Ui(é) = %H(c; A)
N k ~ ]
hereas if ¢, = ¢, we know only that U (é;) < —'H(c A). Suppose ¢; >

,) ,EK > ¢k and ¢; + - - 4+ ¢cx = c. We have from the concavity of each
that

K
Z MeUg(ex) <

M [Uk(éx) + (cx — éx)Uk (k)]

= Z)\kUk(ék) +H(c A) - Z (ck — &)

k=1 {k;éx>a)

e L LV CE)

{kiéx=¢k}

xqu
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K K
Z kU]p C}c +H C, ch—ck):
k=1 k=1
In other words, é,,...,¢éx attain the maximum in (5.24), and we obtain

the representation

A) = g)\kUk (Ik ()‘ikH(c; A))) | (g, o0),

ifferentiabili ies of I (), I( A), a
We develop the differentiability properties of Iy  I(5 4
If U (¢) = oo, then Ii(-) is of class C? on (0, 0o), v_vxth I,.(y) < 0 for all
€ (0,00). However, if U (éx) < oo, then Ix(y) = ¢ for y >
I.() = I!() = 0 on (U.(¢), ). The relation I(U.(c)) = c
k
implies

(5.30)

1 "ot ___w
vrtey O =gy

and Remark 2.2 and Condition 2.1(i) guarantee that when U, (¢x) < oo, we
have

for ¢ > ¢,

L(Uk(0) =

—o0 < L (Uj(e)—) <0 = L (Ui (x)+).
I (Ui(Ee)—-) < oo, I/ (Uip(cr)+) =0.

In particular, each I, (') is piecewise C? on (0, 00). The function I(y; A) =
b I1(5&) is continuous on (0,00), and the derivative formulas
k=1

N1 m Wy
o 1, ) P = Y. 3k (r)
A (y, A) Z Ak k ()\k {k; >0} /\k ‘

{k; x>0}

(5.31)

e (5.32)

show that I(-; A) is piecewise C? on (0, 00). The pOiIlltS_Of possible disczlnti(;
nuity of I'(-; A) and I"(-;A) are M U;(¢1), ... ,)\K‘UK(‘CK). At any of thes
points that is also contained in (0, m(4)), (5.31) implies

— 00 < I'(MUL(E) =5 A) < I' UL @)+ 4) < 0.

In particular, I'(-; A) is bounded below and bounded away from zero on
each closed, bounded subinterval of (0, m(A)).
Because H(I(y; A);A) =y for 0 < y < m(4A),

1
)’ I\{UL(Ex) s

This shows that H is piecewise C'. From (5.33), we also have the inequality

(5.33)

H (I(y; A);A) = y € (0,m(A (5.34)

H'(a+;4) > H'(a—;4), Ya€D. (5.35)
Differentiation of. (5.34) leads to
1
/UG08 = - Jril, € Om\ADEE K
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From (5.32) and (5.33), we see that H"(az; A)
H"(;4) is piecewise C2 on (0, m(A)).
Let ax € D be given. Since H(-

exists for all o € D; ie.,

A) is strictly decreasing on (g, 00) and

'H(ak, ) )\kU (C}c) we have
1 :
TR A) > Ui(e), Vee (¢ ap), (5.36)
k
1
0 < -H(GA) < U(&), Vee (ag,o0). (5.37)
k

For ¢ € (ax,00)\D, we compute

& o (1 () - w/( (i)

) onto

H(Gry00) == (0, Up(er)).
) For ¢ € (¢, ax)\D, we have
- H(c;4)) = 0, so once again

%[)\kUk (Ik (A—IICH(C;A)))J = H(c; A) - ;[Ik (/\lkH( A))J, (5.38)

but now with both sides equal to zero.

We have established (5. 38) forall c € (
If o) = ¢, then

where we have used (5. 37) and the fact that Uy
1s the inverse of I, : ( 1)) 28 (Ck, 00

0,U]
from (5.36) that In(5 ~H(c;A)) = ¢, and I+

oo)\{ax}, provided that ay #C.

)\kU/ (€r)= H(ag; A) = m(A) > 0. (5.39)
Therefore, A\, > 0 and (5.39) implies (5.37), which leads to (5.38) as before.

We may now sum (5. 38) over ke {1,..., K} and use the representation
(5.30) to obtain ‘

U6 8) = MG A) - I )i ) = H(ei ), vee (@

de ( s 43/ 4D OO)\D

This implies
Ulc; A) =

Ue+1,4) + H(n; A) dn,

Ve € (¢, 00),
e+1

and since H(;
Because #(;

the function U (;

is continuous, differentiation yields 5.26.

)
A) is continuous, positive, and strictly decreasing on (¢, 0o),
b

A) is strictly concave and i Increasing on this set. Moreover,
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H(-;A) is continuous from the right at ¢, and the representation (5.30),
combined with the right continuity (upper semicontinuity) of each U(-) at
¢k, establishes the right continuity (upper semicontinuity) of U(-; A) at &.
Finally,

lim U'(c; A) = lim H(¢A) =0.

C— OO CcC— o0 ;
This concludes the proof that U(-;A) has all the properties required of
utility functions by Definition 3.4.1.

The piecewise continuity of U”(;;A) and U''(;A) on (¢, 00) follows

from the properties proved for H'(-; A) and H"(-; A). Inequality (5.35) is
(5.27). O

4.6 Existence and Uniqueness of Equilibrium

In light of Corollary 5.4, the key remaining step in the construction of an
equilibrium market is the solution of the system of equations (5.17) for A €
*[0,00)K. In contrast to the original problem of determining equilibrium
price processes, the problem at hand is finite-dimensional.

Lemma 5.5 shows that we should not expect the system of equations (5.17)
to have a unique solution A €*[0,00)¥, since H(e(t); A) and H(e(t); A*) can
agree even though A # A*. However, the equality (5.23) guarantees that
both A and A* result in the same optimal consumption processes for the
individual agents, given by (5.18).

There is, however, an additional kind of nonuniqueness in (5.17). The
representation (5.26) of the function H, along with the definition (5.24) of
the “representative agent” utility function, allows us to deduce the positive
homogeneity properties for ¢ > &n > 0, and A €*[0,00)X:

Ule;nd) =nU(c 4), (6.1)
H(c;nd) = nH(c; 4). (6.2)
It follows from (6.2) that if a vector A €*[0,00)K satisfies the equa-
tions (5.17), then so does every other vector nA with n € (0,00), on the

same ray through the origin; for all such vectors, the optimal consumption
processes are the same:

. 1
ér(t) = Ik </\—H(€(t); A))
k
il
N Ak
The first result of this section guarantees the existence of a solution

to (5.17) and provides a condition under which the equilibrium optimal
consumption processes of the individual agents are uniquely determined.
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Thgorem 6.1: There exists a vector A = (\y,..., \) € *[0,00)% sat-
isfying the system of equations (5.17). Suppose, moreover, that for each
agent k, the Arrow—Pratt “index of risk-aversion” is less than or equal to
one, namely

<1 forall cé€ (G,), k=1,...,K, (6.4)

(see Remarlc 3.4.4), and let M = (my,...,pk) € *[0,00)K be any other
solution of (5.17); then for some positive constant 7, we have almost surely

mH(e(t); 8) = H(e(t); M), 0<t<T, (6.5)
and

(0 = I (SH(e(0) v)

1
k<#k (e(t) ~)> 0<t<T, k=1,.. K (6.6)

PRQOF. We first establish ezistence. Let {e,,...,ex} be the standard
basis of unit vectors in RX and let K = {1,...,K}. For any nonempty set
B C K, denote by ‘

’ ,
Sp = {Z Acgr; M 20 VkeBand ) M =1) C*[0,00)K
=~ keB

the convex hull of {¢; }xes. For every k € K, define Ry : Sx — R by

Ri(8) 2 E /0 T e B gy ) [Ik (%H(e(t);m) - ek(t)] dt,

1 . G (6.7)
where as usual, Ik(,\—kH(e(t);/}g) = ¢ if Ay = 0. The function Ry is con-
tmuous, and hence the set F, = {A € Sk; Ri(A) > 0} is closed. Note from
(5.15) that

T t
>R =E [ 5 (e I (e(0: 0)50) — (0] dt = 0
keK 0

holds for every A € *[0,00). We claim that (0

SsC|)F, VYBCK, B#0 (6.9)
kEB

Indee.d, suppose A € Sp but A ¢ UrcpFi; then Ri(A) < 0 for all k € B.
Confiltion (2.1(ii)) implies Rx(A) < 0 for all k € K\B, so that (6.8) is con-
tradicted. From (6.9) and the lemma of Knaster—Kuratowski-Mazurkiewicz
.(1929‘) (e.g., Border (1985), p. 26), we conclude that Nkek Fi # 0. Let A be
In this set. The definition of F}, combined with (6.8), implies Ry (A) =D
for all k € K; hence A satisfies the system (5.17). )
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We next assume the risk-aversion condition (6.4) and characterize the
set of all solutions of (5.17) in terms of a particular solution A. Let 7 and
A* be as in Lemma 5.5. Suppose that M = (i, .. ., ftk) is another solution
of (5.17), and let M™ = (u3, ..., uk) be defined by the analogue of (5.21):

A | P-ess inf [ min Tw
0<e<T  Uj(ex)
Lk, if keT®

) ) if keT,

e o (6.10)

and note that p; > p.
If A, = 0 for some k, then Lemma 5.5 implies k£ € 7, and thus

P-ess inf( min M =0
o<t<T Uj(Ck)

But H(e(t); A) is bounded from below by H(~y2; A) > 0 (Condition 2.1(iii)),
so we must have U] (¢x) = oo and thus pf = 0 from (4.6). Now define

némax{%;keK,Az#O}. (6.11)
k .
Because A; = 0 implies x; = 0, we have

tr <nip, VkekK. 6.12

Furthermore, there is an index k € K such that p; = nA; > 0. From (6.12)
we have

K K ;
I(y;nA”) = ka( i) >N I (i) =I(y; M"), y>0,
k=1 % k=1 i
and thus, almost surely,
nH(e(t); A") = H(e(t); M*), 0<t<T,
or equivalently,
1 1
H(e(); A") > —H(e(t); M™), 0<t<T. (6.13)
4 M

Consider the function ¢ (y) = yli(y),0 < y < Uj(ck). With ¢ = Li(y),
we have the derivative formula
Uy (c)
’ ’ k
er(y) = Ie(y) + yLi(y) = c + =,
‘ ‘ T/
and (6.4) implies that ¢ is nonincreasing. Because both A* and M* satisfy
(5.17), we have, in the notation of (6.7),

0 < y < Up(cx),

1 .
0= )‘_ERE(A )
_p [ e s i*H(e(t);zy)) — L r(e(t); A%)er(t) |
0 AE AE-
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- * -
k Ky

T [ B 1 \ 1 |
SE|[ e Jo “ [‘PE (FH(ﬁ(t);M*)) = —H(E(t);M*)EE(t)} dt

(Tﬁh; shows that equality must hold in (6.13) almost surely, which yields

For any k € K, (6.5) and (6.12) imply

I, (%H(e(t);/})) =< (nizH(e(t); M))

1
> I (FH(E(t); M)) , 0<t<T. (6.14)
k

But (5.17) for both A* and M* and (6.5) gives
T [ B 1
E/o e Jo MY (e(t); AN, ( 'H(e(t);/}*)) dt

A

T s

:E/O e Jo P “H(e(t); A*)ew(t) dt
1T By du

=8 [ e Bty ayen o) a

i
T t
=E /0 e bo PO Ay e(t); A*) L, ( L H(e(t);M*)) dt.

7

1 (T s du
=1 [ e o M5 7 He(t) ") )

t
B - [fs)a o
Since ¢~ Jo Av “H(e(t); A*) is always Positive, equality must hold in (6.14)
almost surely; this and Lemma 5.5 imply (6.6). ]

Remark 6.2: Although we do not use this observation, it is interesting to
notfe that A™ and M™ in the proof of Theorem 6.1 are related via M* = pA*

In light of (6.12), we need only rule out the possibilty nA; > pr. From (6T5j
ancd the definitions (5.21), (6.10) of Aks 1% for k € T, such a k must be in
7° Lemma 5.5 applied to M shows that k € T¢ if and only if the inequality

4o < M M)

k= UL(EI‘:) () OStSTa

does not hold almost surely, i.e., P [U,’C(Ek) > ming<i<r = H(e(t); M*)| >
* * 3 s 4 o
0. If nA; > ui, then the above inequality and (6.5), (5.22)’c imply

. . 1
P [Ué(ck) > min \‘*H(E(t);l}*)] > 0:
p g S )
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but for ¢ and w chosen such that UL (¢) > ;—;H(e(t,w);g\*), we have the

strict inequality

I (iH(e(t,w);A*)) > I (%H(e(t,w);a*)) =1y (%H(e(t,w);l\!*)) ,,

An k
and (6.6) fails.

To complete the construction of an equilibrium market, we appeal to
Theorem 6.1 and choose a vector A € *[0,00)¥ satisfying the system of
equations (5.17). The positive homogeneity properties of (6.1), (6.2) permit
us to assume without loss of generality that

H(e(0);A) = 1. (6.15)
Let us consider the process
n(t) S H(e(t)iA) = U'(e(t); A), 0<t<T. (6.16)

An application of Itd’s rule for differences of convex functions of mar-
tingales (e.g., Karatzas and Shreve (1991), Theorems 3.6.22, 3.7.1 and

Problem 3.6.24) yields

o) = 1+ | 07l Melehvta) + 30" (o) Do) e (s)] ds

i
+ /0 U ((s); A)e(s) d€(s)

K

+ ) [U"(ak+; 4) = U"(car—; A)) Le(ak)
k=1
+f U (e(s); A)e(o)pl(s) dW(s), 0<E<T, (6.17)

in conjunction with Theorem 5.6 and equation (2.2). Here L;(ax) is the
local time at oy of the semimartingale €(-), accumulated during [0,¢]. On
the other hand, if Hy(:) is the state price density in a standard, complete
financial market M, then the process.

¢(t) = Ho(t)efot Alu) du
= xp { — = , <t<1T 18
Zo(t)e p{ A0+ [ 6 r(u))du} 0<t<T (6.18)
satisfies the integral equation
=1~ /0 C(s) dA(s) + /0 (()(B(s) — (s)) ds

= /t C(s)f'(s)dW(s), 0<t<T. (6.19)
)}
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Corollary 5..4 asserts that M is an equilibrium market if and only if n(:) =
¢ 1(ﬂ), er equivalently, in light of the decompositions (6.17) and (6.19), if and.
only i

r(t) = B(t) — U"(e(t); A)e(t)v(t)

o]

O
1

b 10 A)Hp(t)||2e2<t)] ,. (6.20)

UII € .
0 = ~Fred Detwns), (6.21)
[ Ul
40 =~ [ e o))
K

-2 Uowt; 4) = U0k 4)
U'(ax; A)

Le(ax) (6.22)
k=1

for0 <t <T.

Theorem 6.3 (Existence of an equilibrium market): Choose A* €
*[0,00)% to satisfy (5.17) and (6.15). Define r(),0(.), and A(~) by
(6.20)-(6.22). Let o(t) = {oni(t)}1<nj<n be an arbitrary, nonsingu-
lar, matriz-valued process satisfying the integrability condition (vii) of
Definition 1.1.8, and define

b(t) 2 1)1y + o(t)8(2). (6.23)

Let't.he initial stock prices be any vector S(0) = (81(0),...,88(0) of
positive constants. Then the market M = (r(-),(-),0(), S(0), A(-)) is an
equilibrium market. "

PROOF. Because of Corollary 5.4, we need only verify that M is a stan-
dard, complete financial market satisfying Condition 3.1. (Recall that we
are omitting dividends from the markets in this chapter.) Condition 2.1(jii)
Fhe integrability of 3(-), and the boundedness of v(-) and p(-) ensure thé
Integrability of r(-) and the boundedness of 6(-). Together with the in-
tegrability condition on o(:), this guarantees that fOT |b(t)]|dt < oo a.s.
Therefore, M is a standard, complete financial market (Definitions 1.1.3
1.5.1 and Theorem 1.4.2, 1.6.6). ,

Because U('; A) is piecewise C3 on (g, 00) (Theorem 5.6) and U’(+; A) =
H(:;A) is strictly positive and continuous on (¢,00), the bounds in

Cond.it.ion 2.1(iii) imply that Ho(t) = e~ o B “N(e(t); A) satisfies
Condition 3.1(ii). To verify Condition 3.1(i), we consider

1 o —ft r(u) du—A(t)
S()(t)_e 0] s OStST

Now, 3(:) was assumed in Section 2 to be bounded from below, and all the

rt b 14 . . - “ v
AN tery epoarg i (€.40) (12 boan led, s0 wuexi < ¢ -7e e S
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bounded from above. It remains to establish

—A(t)
E[o?tag:r(e )] <%0

(6.24)

From (6.17) we see that for some real constant Cp, we have

K
S U (ax+; A) — U” (a5 A) L)
k=1 .
sa—/'W&mwk@ﬂ9MW®
0

almost surely. For o, ¢ (¢, 00) we have Li(ax) = 0, and inequality (5.27)
for ay € (¢, 00) shows that

// A U// — A L ak)
0<t<T Z[U @t (o L
K
[U” (ak+;A) — U" (e —; A) Lr (o).
k=1
These inequalities and equation (6.22) imply
K
max (~A(t)) < Cz +Cs )_[U"(ex+;4) — U"(ox—; A)] Lr(ox)
0<t<T =
o /
<Cu—Cs [ Ul Nelo) ()W (o),
0
for appropriate constants Cs, Cs3, Cy, Cs. Condition 6.24 follows. a

Theorem 6.4 (Uniqueness of the equilibrium market): Assume that
(6.4) holds. Then the equilibrium money marl?et process So(+), the state
price density process Hy(-), and the market price qf risk processﬂﬁ(-), are
uniquely determined, as are the optimal consumption processes ¢,(-), .. -
¢x () of the individual agents.

ProoF. The uniqueness of Hy(+) follows from Corollary 5.4, Thef)rem 6.1,
and the initial condition Ho(0) = 1. The uniqueness of é;(-),...,¢éx () also
follows from Theorem 6.1. The semimartingale log Ho(t) can be decom-
posed uniquely as the sum of a finite-variation process F(-) plus a local

martingale M(-). But
n—%/ﬁmwww—éemmww»

and the equation M(t) = — fo ),0 < t < T determines the
process 6(+). Knowmg 0( ) and usmg thp ecmatmn

log Ho(t) = — /0 r(u)du— A
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03 [ 16w)1?au

A(t), and hence So(-). O

F(t)=‘—~/0 r(u)du =~ A

u)du — A

we determine — fo

We should not expect the stock mean rate of return vector b(-) and the
volatility matrix o(-) to be determined by equilibrium conditions, because
of the possibility of replacing stocks by mutual funds. Given a market M =
(r(-),8(-),0(-),5(0), A()), we can form a mutual fund by specifying an
initial value S(0) > 0 and the proportion p;(t) of the fund that is to be
invested in each stock j at time ¢. The proportion 1 — ZJ 1 P;(t) (which
may be negative, or may exceed 1) is invested in the money market. The
value of the mutual fund will then evolve according to the equation

dS(t) = S@t)[(1 - P'(t)1n)(r(t) dt + dA(t))
+ P/ () (b(t) dt +15dA(t)) + P (t)o (t) dW ()]
= S(t)[r(t) dt + dA(t) + p'(£)(b(t) — r(t)1y) dt + p'(t)o(t) dW (2)).

This is just (1.3.3) with I'(-) = (-) = 0, X(") = §(-), and =(-) = §(-)p().
Now let us choose a set of N mutual funds pi(-) = (py,(-),...,

nn()Y,...,p Vg (pn1(:),-..,pvn () such that the matrix P(t) =

(@i; (t))1<1,J<N mgular for all t € [0,7] almost surely. Then the

values S(t =QIEeN 5 " for these funds evolve according to the
stochastlc dlfferentlal equatlon
d5(t) = diag(S(t)) - [(r(¢) dt + dA(t))Ly
+ P(t)(b(t) — r(t)1) dt + P(t)o(t) dW (t)],
where diag(S(t)) denotes the N x N diagonal matrix with S (), .

in the diagonal positions. We may regard § 1(5), -
of stocks with mean rate of return vector

fr

- Sn(t)

L 8v()asa complete set

b(t) = r(t)Ly + P(2)[b(¢)

and volatility matrix

—r(t)1n] (6.25)

5(t) £ P(t)o(t). (6.26)

The associated market price of risk is

0(t) = 67 (B)[b(t) ~r(O)1n] = o~ (B)b(t) — r(t)1y] = 6(2),
the same as the market price of risk associated with the original set of
Stocks S(-),...,Sn(").
IfM=(r( ),b(-),a(-),S(-), A(")) is an equilibrium market for the prim-

itives introduced in Section 2, then so is M — (r (-),b(-),&(-),S(-),A(-)).
Indeed, since §(-) = 6(-), the markets have a commen st=te price density
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process Hy(-), and this is all that matters (Theorem 5.2). Thus, equilibrium
considerations cannot determine the processes b(-) and o(-).

It follows from Theorem 6.4, however, that under the risk-aversion condi-
tion (6.4), the equilibrium market is unique up to the formation of mutual
funds. 1€ M = (1(-),b(), (), S(0), A()) and A = (r(-),5(),5(), 5(0),
A(+)) are two equilibrium markets, the uniqueness of the market price of
risk implies

o (B)b(E) — r()1n] = 57 OB - r()1n].
Setting P(t) = &(t)o~1(t), we have (6.25), (6.26).

Remark 6.5: Under condition (6.4), the representative agent utility func-
tion (5.24) that results in equilibrium is determined (up to an irrelevant
multiplicative constant) purely endogenously, by the individual agents’ util-
ity functions Uy, ..., U, the discount rate 3(-), and the distribution of the
vector of endowment processes £(-) = (ex ("), - - -, €x(*)).

The paths of the equilibrium market processes r(-), A(-), and 4(-), as well
as the individual agents’ optimal consumption processes é(-), depend on
the representative agent’s utility function, the discount rate function 3(-),
the paths of the aggregate endowment process €(-), and the paths of the
processes v(-), p(-), and £(-) used in the model (2.2) of €(-). More gener-
ally, 7(-), A(*),8(-) and é(-) are adapted to the filtration {F(t)}o<:¢<T, the
augmentation by null sets of the filtration generated by the N-dimensional
Brownian motion W(-).

A more satisfactory result would be for r(-), A(-),8(-), and é(-) to be
adapted to the filtration {F%(t)}o<t<T generated by the vector £(-) =
(e1(-),-..,€x(-)) of endowment processes. This is indeed the case, under
the following conditions.

Assume that instead of (2.2), the individual agents’ endowment processes
are given by the system of functional stochastic differential equations

. .
de(t) = e(t) |ve(t, EC)) dt+ Y pis(t,EC)) AW @) |, k=1,....K,

=t

where vy : [0,T] x C([0,T])* — R and pxq : [0,T] x C([0,T])¥ — R are
progressively measurable functionals as in Definition 3.5.15 of Karatzas and
Shreve (1991). If these functionals v(t,y) = {vk(t,y) }x=1,.,x and p(t,y) =
{pci(t,y)} 15ksic ale bounded and satisfy the Lipschitz condition

lot, ) ~ v(t, ) + ot y) — p(t, 2)]| < L1+ S fly(u) - z(u)lh)

for every t € [0,T] and y, z in C([0,T])¥, then the system (6.27) has a
pathwise unique, strong solution £(t),0 < t < T. The proof is a straight-
forward modification of the standard iterative construction (e.g., Karatzas
and Shreve (1991), Theorem 5.2.9).
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The solution to (6.27) satisfies

t 1 N
ex(t) = ex(0) exp { of {uk(t,e(-)) - Zpid(t,e(-))J d
d=1

N
+ 2Pk (8, E()) dW(j)(t)}

=1

and hence is nonnegative, and positive if €x(0) is positive. Provided that at
least one € (0) is positive, we may write the differential of €(t) = Zf_l ex(t)
E -

N
de(t) = e(t)v(t) dt +€(t) Y p;(t) dWD(g),
J=1
where

vi(t, £()),
k

>

k

ex(t)
e(t)
ex(t)

p;(t)

pkj(tyg('))> g

K
vt) =3
:1
=1

e(t)

We are now in the setting of (2.2) with £(-) = 0, ezcept that now all processes
are adapted to the filtration {F¢(t)}o<,<7.

Remark 6.6: The equilibrium market in this chapter is constructed so
that the money market and all stocks are in zero net supply (cf. (5.3)
(5.4)). Within the framework of this chapter, other assets can be deﬁne(i
and priced, and these can be in positive net supply. For example, the right
to receive agent k’s endowment process is in positive net supply. The value
of this right at time £ is

il T
e [ /t Ho(w)ex(u) du [ f(t)] ,

where Hy(:) is determined by equilibrium. Any other value would result in
an arbitrage opportunity.

Remark 6.7 (The Consumpti