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If we interpret A as the asymptotic value of f'(k), then the conditions derived in this
appendix are satisfied by all the models that we discussed in this chapter. In particular, the
steady-state per capita growth rate is given in equation (4.76), and the steady-state level of
¢/k is given in equation (4.78).

4.8 Problems

4.1 The AK model as the limit of the neoclassical model. Consider the neoclassical
growth model discussed in chapter 2. Imagine that the production function is Cobb-Douglas,
$ = Ak,

a. How does an increase in « affect the transition equations for k and & in equations (2.23)
and (2.24)? How, therefore, does the increase in « affect the loci for =0 and k=0 in
figure 2.1? How does it affect the steady-state values, k* and ¢*?

b. What happens, for example, to k* as approaches 1? How does this result relate to the
AK model that was discussed in this chapter?

4.2 Oversaving in the AK model (based on Saint-Paul, 1992). We know from chapter 1
that an economy oversaves if it approaches a steady state in which the rate of return, r, is
smaller than the growth rate. Suppose that the technology is ¥ = AK, and the ratio c/k
approaches the constant (¢/k)* in the steady state.

a. Use equation (4.8) to determine the steady-state growth rate of K (and, hence, of Y
and C). Can this steady-state growth rate exceed the interest rate, r, given in equation (4.7)?
Is it possible to get oversaving if the economy approaches a steady state and the technology
i8sY=AK?

b. Suppose that we combine the AK technology with the model of finite-horizon consumers
of Blanchard (1985), as described in section 3.7. Is it possible to get oversaving in this
model? What if we combine the AK technology with an overlapping-generations model, as
described in the appendix to chapter 37

4.3 Transitional dynamics. Show that in the model of learning by doing with knowledge
spillovers presented in section 4.3 there is no transitional dynamics. That is, output and
capital always grow at the constant consumption growth rate given in equation (4.28).

h} Spillovers from average capital per worker. In the model presented in section 4.3,
assume that the firm’s productivity parameter, A;, depends on the economy’s average capital
per worker, K /L, rather than on the aggregate capital stock, K. The production function is
assumed to be Cobb-Douglas:

Yi=A-(K)* - [(K/L)- L)'
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Derive the growth rates for the decentralized economy and for the social planner. Comment

on how the scale effect discussed in section 4.3 does not appear with this new specification.

4.5 Distorting taxes in the public-goods model. Suppose, in the model of section 441,
that public expenditures, G, are financed by a tax on household asset income at the rate t,.
How does this change affect the relation between the growth rate and G/Y, that is, how
does equation (4.42) change?

4.6 Congestion of public services (based on Barro and Sala-i-Martin, 1992¢). Inthe
congestion model discussed in section 4.4.2, suppose that output for firm i is given by

Y; = AK; - f(G/K)

that is, the congestion of public services involves G in relation to K, rather than Y. How
do the results change under this revised specification of congestion? Consider, in partic-
ular, the growth rates that arise in the decentralized economy and in the social planner’s
solution.

4.7 Adjustment costs with an AK technology (based on Barro and Sala-i-Martin,
1992¢). Imagine that firms face an AK technology, but that investment requires adjustment
costs as described in section 3.3. The unit adjustment-cost functionis ¢ (i/k) = (b/2)-(i/k),
so that the total cost of purchasing and investment for 1 unit of capital is 1 + (b/2) - (i/k).
Producers maximize the present value of cash ﬂowé,

/00 {AK —I-[14+(b/2)- (I/K)]}-e " - dt
0

where r = A — 8. The maximization is subject to the constraint K = I — 8K.

a. Setup the Hamiltonian and work out the first-order conditions for the representative firm.
Find the relation between the interest rate and the growth rate of capital. Is this relation
monotonic? Explain.

b. Assume that consumers solve the usual infinite-horizon Ramsey problem, so that the
growth rate of consumption relates positively to the interest rate. Suppose that the growth
rate of consumption equals the growth rate of the capital stock. Does this condition pin
down the growth rate? If not, can one of the solutions be ruled out from the transversality
condition?

¢. Show that the growth rate of consumption equals the growth rate of the capital stock.
What does this finding imply about the model’s transitional dynamics? Explain.
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( 4".8\,,‘)Growth in a model with spillovers (based on Romer, 1986). Assume that the pro-
“duction function for firm i is

Y; = AK} - L™ - K*

where 0 < @ < 1,0 < A < 1, and KX is the aggregate stock of capital.

a. Show that if A <1 — o and L is constant, the model has transitional dynamics similar
to those of the Ramsey model. What is the steady-state growth rate of Y, K, and C in this
case?

b. If A <1 — o and L grows at the rate n > 0, what is the steady-state growth rate of Y, K,
and C?

c. Show thatif A = 1 — o and L is constant, the steady state and transitional dynamics are
like those of the AK model.

d. What happens if . = 1 — o and L grows at the rate n > 0?
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where 0 <a < 1,0 <b < 1, ¢ < 1. Output can be used on a one-for-one basis for consump-
tion and for investment in K and H. The depreciation rate for each type of capital is §.
Households have the usual infinite-horizon preferences, as in the Ramsey model. Assume
initially that there are no irreversibility constraints on K and H, so that gross investment in
either form of capital can be negative.

a. Set up the Hamiltonian and find the first-order conditions.

b. What is the optimal relation between K and H? Substitute this relation into the given
production function to get a relation between Y and K. What does this “reduced-form”
production function look like?

¢. What is the steady-state value of the ratio of physical to human capital, (K /H)*?

d. Describe the behavior of the economy over time if the initial condition is such that
K(0)/H(0) < (K/H)*. What are the instantaneous rates of investment in each type of
capital at time 0?

e. Suppose that the inequality restrictions /¢ > Oand /5 > 0 apply. How do these constraints
affect the dynamics if the economy begins with K (0)/H (0) < (K/H)*?

5.2 Adjustment costs for human and physical capital. Consider the model from sec-
tion 5.1 in which consumables and physical and human capital are produced by the same
technology. Imagine, however, that there are adjustment costs for changes in the two types
of capital. The unit adjustment costs, analogous to the formulation discussed in section 3.3,
are (bg /2) - (Ix/K) for K and (b /2) - (In/H) for H. Assume that the depreciation rates
for each types of capital are 0.

a. Discuss the parameters bg and by. Which one would likely be larger?

b. Suppose that by =by. Discuss the short-run dynamics if the economy begins with
K(0)/H() < (K/H)*. What if K (0)/H(0) > (K/H)*?

c. Suppose now that bx < by. Redo part b, and comment on the main differences in the
results.

5.3 Externalities in human capital (based on Lucas, 1988). The production function
for the ith producer of goods is

Yi=A-(K)"- (H) - H

where 0 <a <1,0<A < 1,0 < € < 1. The variables K; and H; are the inputs of physical
and human capital used by firm i to produce goods, ;. The variable H is the economy’s
average level of human capital; the parameter € represents the strength of the external effect
from average human capital to each firm’s productivity. Output from the goods sector can
be used as consumables, C, or as gross investment in physical capital, /x. Physical capital
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depreciates at the rate 8. The production function for human capital is
(Ig)j = BH;

where H; is the human capital employed by the Jjth producer of human capital. Human
capital also depreciates at the rate 8. Households have the usual infinite-horizon preferences,
as in the Ramsey model, with rate of time preference p and intertemporal-substitution
parameter 6. Consider, first, a competitive equilibrium in which producers of ¥ and H act
as perfect competitors.

a. What is the steady-state growth rate of C, ¥, and K ? How does the answer depend on
the size of the human-capital externality, that is, the parameter €?

b. What is the steady-state growth rate of H? Under what circumstances does H grow at
the same rate as K in the steady state?

¢. How would the social planner’s solution differ from the competitive one?



