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Matice
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Motivace

Jaký je geometrický význam rovnice?

”
Naj́ıt pr̊useč́ık dvou graf̊u.“

f (x) = g(x)

Jak ale naj́ıt bod (oblast), která by splňovala v́ıce podḿınek?

V́ıce rovnic nejde dát do vzájemné rovnosti.
Ale lze několik rovnic řešit současně.
Takzvanou soustavu rovnic.

Omeźıme se pouze na lineárńı rovnice.

(Pomoćı numerických metod lze každá rovnice p̌revést na
opakované řešeńı lineárńıch rovnic.)
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Naj́ıt pr̊useč́ık dvou graf̊u.“

f (x) = g(x)

Jak ale naj́ıt bod (oblast), která by splňovala v́ıce podḿınek?
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Motivace
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Naj́ıt pr̊useč́ık dvou graf̊u.“

f (x) = g(x)

Jak ale naj́ıt bod (oblast), která by splňovala v́ıce podḿınek?
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V́ıce rovnic nejde dát do vzájemné rovnosti.
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Základńı značeńı

Soustava lineárńıch rovnic

a11 · x1 + a12 · x2 + · · · + a1n · xn = b1

a21 · x1 + a22 · x2 + · · · + a2n · xn = b2
...

...
. . .

...
...

am1 · x1 + am2 · x2 + · · · + amn · xn = bm

aij ∈ R, i = 1, . . . , n, j = 1, . . . ,m koeficienty

xi , i = 1, . . . , n neznámé (pro malá n, x , y a z)

bj ∈ R, j = 1, . . . ,m koeficienty pravých stran

n ∈ N počet neznámých

m ∈ N počet rovnic
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Základńı poznatky

Počet řešeńı:

Žádné řešeńı
Jedno řešeńı
Nekonečně mnoho řešeńı (

”
určitého tvaru“)

Bohužel toto nejde na prvńı pohled jednoznačně určit.

x1 + 2y1 + z1 = 3
2x1 + 2y1 + 3z1 = 4
x1 + z1 = 2

2x1 + 4y1 = 8

x2 + y2 − z2 = 1
2x2 + 2y2 − 4z2 = 2
x2 + y2 + z2 = 1

x3 + y3 − z3 = 1
2x3 + 2y3 − 4z3 = 2

z3 = 1

[x1; y1; z1] =
[
3; 1

2 ;−1
]

[x2; y2; z2] = [t; 1− t; 0] , t ∈ R
[x3; y3; z3] = Nemá klasické řešeńı.
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Klasifikace soustav lineárńıch rovnic

Homogenńı×Nehomogenńı soustava

Homogenńı soustava má na všech pravých stranách jen 0
Homogenńı rovnice má vždy alespoň triviálńı řešeńı

Přeurčená soustava

Je soustava, která má v́ıce rovnic než proměnných

”
Neḿıvá klasické řešeńı, ale řešeńı ve smyslu nejmenš́ıch

čtverc̊u.“

Nedourčená soustava

Má méně rovnic než proměnných

”
Mı́vá nekonečně mnoho řešeńı, která se zapisuj́ı pomoćı

volitelných parametr̊u.“
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”
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”
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Nedourčená soustava
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Klasifikace lineárńıch rovnic

a)

Nedourčená homogenńı soustava (dvou rovnic o ťrech
neznámých)

x + y + z = 0
x − y + z = 0

b)

Nehomogenńı soustava (ťŕı rovnic o ťrech neznámých)

x + y + z = 0
x − y − z = 1

2x − y + z = 0

c)

Přeurčená homogenńı soustava (čty̌r rovnic o ťrech
neznámých)

x + y + z = −1
x − y − z = 3
x − 2y − z = 2

2x − y + z = 1

Lukáš Kokrda Soustavy lineárńıch rovnic a matice
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x + y + z = 0
x − y − z = 1

2x − y + z = 0

c)
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x + y + z = 0
x − y − z = 1

2x − y + z = 0

c)
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Metody řešeńı soustav lineárńıch rovnic

Sč́ıtaćı metoda

, postup:

1) Vhodným p̌rič́ıtáńım násobk̊u jednotlivých rovnic redukovat
jednotlivé proměnné, dokud nezbude posledńı proměnná.
2) Vypočtené proměnnou postupně dosazovat do
redukovaných rovnic.

Dosazovaćı metoda

, postup:

1) Vyjáďrit z prvńı rovnice proměnou x1 pomoćı zbylých
proměnných.
2) Dosadit źıskaný vztah do zbylých rovnic.
3) Opakovat krok 1) a 2) pro ostatńı proměnné.

Metody pomoćı matic

(aby jste věděli na co se těšit)

Gaussova eliminačńı metoda
Cramerovo pravidlo
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Cramerovo pravidlo
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proměnných.
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redukovaných rovnic.

Dosazovaćı metoda
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1) Vhodným p̌rič́ıtáńım násobk̊u jednotlivých rovnic redukovat
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redukovaných rovnic.
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Sč́ıtaćı metoda

x + 2y + z = 3
2x + 2y + 3z = 4
x + z = 2

2x + 4y = 8

⇒

x + 2y + z = 3
- 2y + z = -2
- 2y = -1

- 2z = 2

⇒

⇒

x + 2y + z = 3
- 2y + z = -2

- z = 1
- 2z = 2

⇒

x + 2y + z = 3
- 2y + z = -2

- z = 1
0 = 0

⇒

⇒
z = −1

- 2y = −2− z ⇒ y = 1
2

x = 3− 2y − z ⇒ x = 3
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Dosazovaćı metoda

x + 2y + z = 3

⇒ x = 3− 2y − z

2x + 2y + 3z = 4

x = 3− 2 · 1
2 − (−1)

x + z = 2

x = 3

2x + 4y = 8

2(3− 2y − z) + 2y + 3z = 4
3− 2y − z + z = 2

2(3− 2y − z) + 4y = 8

- 2y + z = -2

⇒ −2 · 1
2 + (−1) = −2

- 2y + = -1

⇒ y = 1
2

- 2z = 2

⇒ z = −1
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Dosazovaćı metoda
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Matice - základńı pojmy

Matićı řádu m × n nazýváme obdélńıkové schéma reálných
č́ısel o m řádćıch a n sloupćıch.

A =


a11 a12 · · · a1n

a21 a22 · · · a2n
...

...
. . .

...
am1 am2 · · · amn


Matice znač́ıme věťsinou velkými tučnými ṕısmeny

Řádky matice č́ıslujeme shora

Sloupce matice č́ıslujeme zleva

Č́ısla v matici nazýváme prvky matice

Prvky matice označujeme odpov́ıdaj́ıćımi malými ṕısmeny s
řádkovým a sloupcovým indexem
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Matice - základńı pojmy

Matice o jednom řádku/sloupci nazýváme vektory

Vektory věťsinou znač́ıme malými tučnými ṕısmeny

u =

 u1

u2

u3

 =

 3
4
−2

 , v =
(

1 −2 2
)

Matici o n řádćıch a n sloupćıch nazveme čtvercovou matićı
řádu n

Prvky aii matice A (prvky jejichž řádkový a sloupcový index se
rovná) nazýváme diagonálńımi prvky

Všechny diagonálńı prvky matice A nazýváme hlavńı
diagonálou
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Speciálńı typy matic

Jednotková matice - čtvercová matice, která má na hlavńı
diagonále 1 a ostatńı prvky jsou 0. Značeńı E, nebo I, pokud
chceme zdůraznit řád matice pak En, nebo In

E = I =

 1 0 0
0 1 0
0 0 1


Matice ve schodovitém tvaru, je matice jej́ıž každý řádek
zač́ıná věťśım počtem 0 než řádek p̌redcházej́ıćı. 1 2 −1 0

0 1 0 −1
0 0 0 3

  1 2 −1 0
0 0 0 −1
0 0 0 3


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Speciálńı typy matic

Symetrická matice je matice jej́ıž prvky splňuj́ı podḿınku

∀i , j ∈ {1, 2, . . . , n}, aij = aji

Př́ıklad: 
1 2 −1 0
2 1 0 −1
−1 0 5 4
0 −1 4 2


Protip̌ŕıklad: 

1 2 −1 7
2 1 0 −1
−1 0 5 4
0 −1 4 2


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Operace s maticemi

Rovnost matic

Matice se rovnaj́ı pokud jsou stejného řádu a odpov́ıdaj́ıćı
prvky se rovnaj́ı

A =

 1 2
−3 0
0 0

 , B =

(
1 2
−3 0

)
, C =

 −1 −3
2 1
6 5


A 6= B a A 6= C

Sč́ıtáńı matic

Matice lze sč́ıtat, pokud jsou stejného řádu a výsledné prvky
matice jsou součty odpov́ıdaj́ıćıch si prvk̊u původńıch matic.

A + C =

 1 + (−1) 2 + (−3)
−3 + 2 0 + 1
0 + 6 0 + 5

 =

 0 −1
−1 1
6 5


Odč́ıtáńı analogicky
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Násobeńı matic

Násobeńı konstantou c ∈ R
každý prvek se vynásob́ı konstantou c

A =

 2 −1
−1 2

1 2

 , 4·A =

 4 · 2 4 · (−1)
4 · (−1) 4 · 2

4 · 1 4 · 2

 =

 8 −4
−4 8

4 8


Násobeńı matic

Matici řádu m × n lze zprava vynásobit matićı řádu n × o,
výsledná matice je řádu m × o 1 2

0 −1
3 −2

 · ( 1 2 −1
0 −1 −2

)
=

=



1 · 1 + 2 · 0 1 · 2 + 2 · (−1) 1 · (−1) + 2 · (−2)
0 · 1 + (−1) · 0 0 · 2 + (−1) · (−1) 0 · (−1) + (−1) · (−2)
3 · 1 + (−2) · 0 3 · 2 + (−2) · (−1) 3 · (−1) + (−2) · (−2)


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Násobeńı matic
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A =

 2 −1
−1 2

1 2

 , 4·A =

 4 · 2 4 · (−1)
4 · (−1) 4 · 2

4 · 1 4 · 2

 =

 8 −4
−4 8

4 8


Násobeńı matic

Matici řádu m × n lze zprava vynásobit matićı řádu n × o,
výsledná matice je řádu m × o 1 2

0 −1
3 −2

 · ( 1 2 −1
0 −1 −2

)
=

=

 1 · 1 + 2 · 0 1 · 2 + 2 · (−1)

1 · (−1) + 2 · (−2)
0 · 1 + (−1) · 0 0 · 2 + (−1) · (−1) 0 · (−1) + (−1) · (−2)
3 · 1 + (−2) · 0 3 · 2 + (−2) · (−1) 3 · (−1) + (−2) · (−2)


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Násobeńı matic

Násobeńı konstantou c ∈ R
každý prvek se vynásob́ı konstantou c

A =

 2 −1
−1 2

1 2

 , 4·A =

 4 · 2 4 · (−1)
4 · (−1) 4 · 2

4 · 1 4 · 2

 =

 8 −4
−4 8

4 8


Násobeńı matic

Matici řádu m × n lze zprava vynásobit matićı řádu n × o,
výsledná matice je řádu m × o 1 2

0 −1
3 −2

 · ( 1 2 −1
0 −1 −2

)
=

=

 1 · 1 + 2 · 0 1 · 2 + 2 · (−1) 1 · (−1) + 2 · (−2)

0 · 1 + (−1) · 0 0 · 2 + (−1) · (−1) 0 · (−1) + (−1) · (−2)
3 · 1 + (−2) · 0 3 · 2 + (−2) · (−1) 3 · (−1) + (−2) · (−2)


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Násobeńı matic

Násobeńı konstantou c ∈ R
každý prvek se vynásob́ı konstantou c

A =

 2 −1
−1 2

1 2

 , 4·A =

 4 · 2 4 · (−1)
4 · (−1) 4 · 2

4 · 1 4 · 2

 =

 8 −4
−4 8

4 8


Násobeńı matic

Matici řádu m × n lze zprava vynásobit matićı řádu n × o,
výsledná matice je řádu m × o 1 2

0 −1
3 −2

 · ( 1 2 −1
0 −1 −2

)
=

=

 1 · 1 + 2 · 0 1 · 2 + 2 · (−1) 1 · (−1) + 2 · (−2)
0 · 1 + (−1) · 0

0 · 2 + (−1) · (−1) 0 · (−1) + (−1) · (−2)
3 · 1 + (−2) · 0 3 · 2 + (−2) · (−1) 3 · (−1) + (−2) · (−2)


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Násobeńı matic

Násobeńı konstantou c ∈ R
každý prvek se vynásob́ı konstantou c

A =

 2 −1
−1 2

1 2

 , 4·A =

 4 · 2 4 · (−1)
4 · (−1) 4 · 2

4 · 1 4 · 2

 =

 8 −4
−4 8

4 8


Násobeńı matic

Matici řádu m × n lze zprava vynásobit matićı řádu n × o,
výsledná matice je řádu m × o 1 2

0 −1
3 −2

 · ( 1 2 −1
0 −1 −2

)
=

=

 1 · 1 + 2 · 0 1 · 2 + 2 · (−1) 1 · (−1) + 2 · (−2)
0 · 1 + (−1) · 0 0 · 2 + (−1) · (−1)

0 · (−1) + (−1) · (−2)
3 · 1 + (−2) · 0 3 · 2 + (−2) · (−1) 3 · (−1) + (−2) · (−2)


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Násobeńı matic

Násobeńı konstantou c ∈ R
každý prvek se vynásob́ı konstantou c

A =

 2 −1
−1 2

1 2

 , 4·A =

 4 · 2 4 · (−1)
4 · (−1) 4 · 2

4 · 1 4 · 2

 =

 8 −4
−4 8

4 8


Násobeńı matic

Matici řádu m × n lze zprava vynásobit matićı řádu n × o,
výsledná matice je řádu m × o 1 2

0 −1
3 −2

 · ( 1 2 −1
0 −1 −2

)
=

=

 1 · 1 + 2 · 0 1 · 2 + 2 · (−1) 1 · (−1) + 2 · (−2)
0 · 1 + (−1) · 0 0 · 2 + (−1) · (−1) 0 · (−1) + (−1) · (−2)

3 · 1 + (−2) · 0 3 · 2 + (−2) · (−1) 3 · (−1) + (−2) · (−2)


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Násobeńı matic

Násobeńı konstantou c ∈ R
každý prvek se vynásob́ı konstantou c

A =

 2 −1
−1 2

1 2

 , 4·A =

 4 · 2 4 · (−1)
4 · (−1) 4 · 2

4 · 1 4 · 2

 =

 8 −4
−4 8

4 8


Násobeńı matic

Matici řádu m × n lze zprava vynásobit matićı řádu n × o,
výsledná matice je řádu m × o 1 2

0 −1
3 −2

 · ( 1 2 −1
0 −1 −2

)
=

=

 1 · 1 + 2 · 0 1 · 2 + 2 · (−1) 1 · (−1) + 2 · (−2)
0 · 1 + (−1) · 0 0 · 2 + (−1) · (−1) 0 · (−1) + (−1) · (−2)
3 · 1 + (−2) · 0

3 · 2 + (−2) · (−1) 3 · (−1) + (−2) · (−2)


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Násobeńı matic

Násobeńı konstantou c ∈ R
každý prvek se vynásob́ı konstantou c

A =

 2 −1
−1 2

1 2

 , 4·A =

 4 · 2 4 · (−1)
4 · (−1) 4 · 2

4 · 1 4 · 2

 =

 8 −4
−4 8

4 8


Násobeńı matic

Matici řádu m × n lze zprava vynásobit matićı řádu n × o,
výsledná matice je řádu m × o 1 2

0 −1
3 −2

 · ( 1 2 −1
0 −1 −2

)
=

=

 1 · 1 + 2 · 0 1 · 2 + 2 · (−1) 1 · (−1) + 2 · (−2)
0 · 1 + (−1) · 0 0 · 2 + (−1) · (−1) 0 · (−1) + (−1) · (−2)
3 · 1 + (−2) · 0 3 · 2 + (−2) · (−1)

3 · (−1) + (−2) · (−2)


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Násobeńı matic

Násobeńı konstantou c ∈ R
každý prvek se vynásob́ı konstantou c

A =

 2 −1
−1 2

1 2

 , 4·A =

 4 · 2 4 · (−1)
4 · (−1) 4 · 2

4 · 1 4 · 2

 =

 8 −4
−4 8

4 8


Násobeńı matic

Matici řádu m × n lze zprava vynásobit matićı řádu n × o,
výsledná matice je řádu m × o 1 2

0 −1
3 −2

 · ( 1 2 −1
0 −1 −2

)
=

=

 1 · 1 + 2 · 0 1 · 2 + 2 · (−1) 1 · (−1) + 2 · (−2)
0 · 1 + (−1) · 0 0 · 2 + (−1) · (−1) 0 · (−1) + (−1) · (−2)
3 · 1 + (−2) · 0 3 · 2 + (−2) · (−1) 3 · (−1) + (−2) · (−2)


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Násobeńı matic

Násobeńı matic neńı komutativńı A · B 6= B · A
Př́ıklad:

A =
(

1 −1
)

B =

(
1
−1

)
A · B = (1 · 1 + (−1) · (−1)) = 2

Jednoprvková matice je
”
č́ıslo“

B · A =

(
1 · 1 1 · (−1)
(−1) · 1 (−1) · (−1)

)
=

(
1 −1
−1 1

)
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Násobeńı matic - p̌ŕıklady

A =

(
1 2 3
−2 2 −1

)
, B =

 0 1 2
−2 −1 −1
1 0 0


Proved’te A · B

( )
( )

Proved’te B · A

Lukáš Kokrda Soustavy lineárńıch rovnic a matice



Násobeńı matic - p̌ŕıklady

A =

(
1 2 3
−2 2 −1

)
, B =

 0 1 2
−2 −1 −1
1 0 0


Proved’te A · B (

1 · 0 + 2 · (−2) + 3 · 1
)

( )
Proved’te B · A
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Násobeńı matic - p̌ŕıklady

A =

(
1 2 3
−2 2 −1

)
, B =

 0 1 2
−2 −1 −1
1 0 0


Proved’te A · B(

1 · 0 + 2 · (−2) + 3 · 1 1 · 1 + 2 · (−1) + 3 · 0
)

( )
Proved’te B · A
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Násobeńı matic - p̌ŕıklady

A =

(
1 2 3
−2 2 −1

)
, B =

 0 1 2
−2 −1 −1
1 0 0


Proved’te A · B(

1 · 0 + 2 · (−2) + 3 · 1 1 · 1 + 2 · (−1) + 3 · 0 1 · 2 + 2 · (−1) + 3 · 0
)

( )
Proved’te B · A
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Násobeńı matic - p̌ŕıklady

A =

(
1 2 3
−2 2 −1

)
, B =

 0 1 2
−2 −1 −1
1 0 0


Proved’te A · B(

1 · 0 + 2 · (−2) + 3 · 1 1 · 1 + 2 · (−1) + 3 · 0 1 · 2 + 2 · (−1) + 3 · 0
−2 · 0 + 2 · (−2) + (−1) · 1 −2 · 1 + 2 · (−1) + (−1) · 0

)

( )
Proved’te B · A
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Násobeńı matic - p̌ŕıklady

A =

(
1 2 3
−2 2 −1

)
, B =

 0 1 2
−2 −1 −1
1 0 0


Proved’te A · B(

1 · 0 + 2 · (−2) + 3 · 1 1 · 1 + 2 · (−1) + 3 · 0 1 · 2 + 2 · (−1) + 3 · 0
−2 · 0 + 2 · (−2) + (−1) · 1 −2 · 1 + 2 · (−1) + (−1) · 0 −2 · 2 + 2 · (−1) + (−1) · 0

)

( )
Proved’te B · A

Lukáš Kokrda Soustavy lineárńıch rovnic a matice



Násobeńı matic - p̌ŕıklady

A =

(
1 2 3
−2 2 −1

)
, B =

 0 1 2
−2 −1 −1
1 0 0


Proved’te A · B(

1 · 0 + 2 · (−2) + 3 · 1 1 · 1 + 2 · (−1) + 3 · 0 1 · 2 + 2 · (−1) + 3 · 0
−2 · 0 + 2 · (−2) + (−1) · 1 −2 · 1 + 2 · (−1) + (−1) · 0 −2 · 2 + 2 · (−1) + (−1) · 0

)

(
−1 −1 0
−5 −4 −6

)
Proved’te B · A
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Násobeńı matic - p̌ŕıklady

A =

(
1 2 3
−2 2 −1

)
, B =

 0 1 2
−2 −1 −1
1 0 0


Proved’te A · B(

1 · 0 + 2 · (−2) + 3 · 1 1 · 1 + 2 · (−1) + 3 · 0 1 · 2 + 2 · (−1) + 3 · 0
−2 · 0 + 2 · (−2) + (−1) · 1 −2 · 1 + 2 · (−1) + (−1) · 0 −2 · 2 + 2 · (−1) + (−1) · 0

)

(
−1 −1 0
−5 −4 −6

)
Proved’te B · A Nelze
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Transponováńı matic

Transponováńı matic

”
Prohozeńı index̊u u prvk̊u matic.“

A = (aij), transponovaná matice AT = (aji )
Př́ıklad:

A =

 1 2
0 −1
3 −2

 , AT =

(
1 0 3
2 −1 −2

)

Vztahy pro transponováńı matic(
AT
)T

= A

(A + B)T = AT + BT

(A · B)T = BT · AT
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Determinant

Determinant je č́ıslo p̌rǐrazené matici, které je definované jen
pro čtvercové matice

značeńı |A|, det(A)
podle hodnoty determinantu rozděluje na singulárńı (|A| = 0)
a regulárńı (|A| 6= 0)
ukazuje zda jsou řádky/sloupce matice nezávislé (kombinaćı
ostatńıch řádk̊u/sloupc̊u)
singulárńı matice má závislé řádky/sloupce

(
1 0
2 0

)
,

 1 0 1
0 1 1
1 1 2



Lukáš Kokrda Soustavy lineárńıch rovnic a matice



Výpočet determinantu

Sarrusovo pravidlo

Matice řádu 2× 2 ∣∣∣∣ 2 3
−1 2

∣∣∣∣ =

Matice řádu 3× 3 ∣∣∣∣∣∣
1 −1 0
2 1 3
1 2 1

∣∣∣∣∣∣

Nelze použ́ıt na věťśı matice!
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Výpočet determinantu

Sarrusovo pravidlo

Matice řádu 2× 2 ∣∣∣∣ 2 3
−1 2

∣∣∣∣ = 2 · 2

Matice řádu 3× 3 ∣∣∣∣∣∣
1 −1 0
2 1 3
1 2 1

∣∣∣∣∣∣

Nelze použ́ıt na věťśı matice!
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Výpočet determinantu

Sarrusovo pravidlo

Matice řádu 2× 2∣∣∣∣ 2 3
−1 2

∣∣∣∣ = 2 · 2−(3 · (−1))

Matice řádu 3× 3 ∣∣∣∣∣∣
1 −1 0
2 1 3
1 2 1

∣∣∣∣∣∣

Nelze použ́ıt na věťśı matice!
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Výpočet determinantu

Sarrusovo pravidlo

Matice řádu 2× 2∣∣∣∣ 2 3
−1 2

∣∣∣∣ = 2 · 2− (3 · (−1))

Matice řádu 3× 3 ∣∣∣∣∣∣
1 −1 0
2 1 3
1 2 1

∣∣∣∣∣∣

Nelze použ́ıt na věťśı matice!
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Výpočet determinantu

Sarrusovo pravidlo

Matice řádu 2× 2∣∣∣∣ 2 3
−1 2

∣∣∣∣ = 2 · 2− (3 · (−1)) = 4− (−3) = 7

Matice řádu 3× 3 ∣∣∣∣∣∣
1 −1 0
2 1 3
1 2 1

∣∣∣∣∣∣

Nelze použ́ıt na věťśı matice!
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Výpočet determinantu

Sarrusovo pravidlo

Matice řádu 2× 2∣∣∣∣ 2 3
−1 2

∣∣∣∣ = 2 · 2− (3 · (−1)) = 4− (−3) = 7

Matice řádu 3× 3 ∣∣∣∣∣∣
1 −1 0
2 1 3
1 2 1

∣∣∣∣∣∣
1 −1 0
2 1 3

Nelze použ́ıt na věťśı matice!
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Výpočet determinantu

Sarrusovo pravidlo

Matice řádu 2× 2∣∣∣∣ 2 3
−1 2

∣∣∣∣ = 2 · 2− (3 · (−1)) = 4− (−3) = 7

Matice řádu 3× 3 ∣∣∣∣∣∣
1 −1 0
2 1 3
1 2 1

∣∣∣∣∣∣ =

1 −1 0
2 1 3

Nelze použ́ıt na věťśı matice!
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Výpočet determinantu

Sarrusovo pravidlo

Matice řádu 2× 2∣∣∣∣ 2 3
−1 2

∣∣∣∣ = 2 · 2− (3 · (−1)) = 4− (−3) = 7

Matice řádu 3× 3∣∣∣∣∣∣
1 −1 0
2 1 3
1 2 1

∣∣∣∣∣∣ = 1 · 1 · 1 + 2 · 2 · 0 + 1 · (−1) · 3

1 −1 0
2 1 3

− (0 · 1 · 1 + 3 · 2 · 1 + 1 · (−1) · 2) =

Nelze použ́ıt na věťśı matice!
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Výpočet determinantu

Sarrusovo pravidlo

Matice řádu 2× 2∣∣∣∣ 2 3
−1 2

∣∣∣∣ = 2 · 2− (3 · (−1)) = 4− (−3) = 7

Matice řádu 3× 3∣∣∣∣∣∣
1 −1 0
2 1 3
1 2 1

∣∣∣∣∣∣ = 1 · 1 · 1 + 2 · 2 · 0 + 1 · (−1) · 3−

1 −1 0
2 1 3

− (0 · 1 · 1 + 3 · 2 · 1 + 1 · (−1) · 2) =

= 1 + 0− 3− (0 + 6− 2) = −2− 4 = −6

Nelze použ́ıt na věťśı matice!
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Vlastnosti determinantu

Záměna řádku/sloupce

Po výměně dvou řádů se změńı znaménko determinantu∣∣∣∣ 1 0
0 1

∣∣∣∣ = −
∣∣∣∣ 0 1

1 0

∣∣∣∣
Vynásobeńı řádku konstantou

Po vynásobeńı řádku matice A konstantou c se determinant
nové matice rovná c · |A|

2 ·
∣∣∣∣ 1 0

0 1

∣∣∣∣ =

∣∣∣∣ 2 0
0 1

∣∣∣∣
Hodnota determinantu se nezměńı pokud k řádku p̌ričteme
násobek jiného řádku

·
∣∣∣∣ 1 0

0 1

∣∣∣∣ =

∣∣∣∣ 6 1
5 1

∣∣∣∣
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Determinanty-Př́ıklady

∣∣∣∣∣∣
1 2 −1
0 1 3
2 3 −1

∣∣∣∣∣∣ =∣∣∣∣∣∣
3 −1 2
2 0 −1
1 0 1

∣∣∣∣∣∣ =∣∣∣∣∣∣
1 1 2
−2 1 1
−1 2 3

∣∣∣∣∣∣ =
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Determinanty-Př́ıklady

∣∣∣∣∣∣
1 2 −1
0 1 3
2 3 −1

∣∣∣∣∣∣ = 1 · (−1) · (−1)

∣∣∣∣∣∣
3 −1 2
2 0 −1
1 0 1

∣∣∣∣∣∣ =∣∣∣∣∣∣
1 1 2
−2 1 1
−1 2 3

∣∣∣∣∣∣ =
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Determinanty-Př́ıklady

∣∣∣∣∣∣
1 2 −1
0 1 3
2 3 −1

∣∣∣∣∣∣ = 1 · (−1) · (−1) + 0 · 3 · (−1)

∣∣∣∣∣∣
3 −1 2
2 0 −1
1 0 1

∣∣∣∣∣∣ =∣∣∣∣∣∣
1 1 2
−2 1 1
−1 2 3

∣∣∣∣∣∣ =
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Determinanty-Př́ıklady

∣∣∣∣∣∣
1 2 −1
0 1 3
2 3 −1

∣∣∣∣∣∣ = 1 · (−1) · (−1) + 0 · 3 · (−1) + 2 · 2 · 3− (−1 · 1 · 2

∣∣∣∣∣∣
3 −1 2
2 0 −1
1 0 1

∣∣∣∣∣∣ =∣∣∣∣∣∣
1 1 2
−2 1 1
−1 2 3

∣∣∣∣∣∣ =
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Determinanty-Př́ıklady

∣∣∣∣∣∣
1 2 −1
0 1 3
2 3 −1

∣∣∣∣∣∣ = 1 · (−1) · (−1) + 0 · 3 · (−1) + 2 · 2 · 3− (−1 · 1 · 2 + 3 · 3 · 1

∣∣∣∣∣∣
3 −1 2
2 0 −1
1 0 1

∣∣∣∣∣∣ =∣∣∣∣∣∣
1 1 2
−2 1 1
−1 2 3

∣∣∣∣∣∣ =
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Determinanty-Př́ıklady

∣∣∣∣∣∣
1 2 −1
0 1 3
2 3 −1

∣∣∣∣∣∣ = 1·(−1)·(−1)+0·3·(−1)+2·2·3−(−1·1·2+3·3·1+(−1)·2·0)

∣∣∣∣∣∣
3 −1 2
2 0 −1
1 0 1

∣∣∣∣∣∣ =∣∣∣∣∣∣
1 1 2
−2 1 1
−1 2 3

∣∣∣∣∣∣ =
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Determinanty-Př́ıklady

∣∣∣∣∣∣
1 2 −1
0 1 3
2 3 −1

∣∣∣∣∣∣ = 1·(−1)·(−1)+0·3·(−1)+2·2·3−(−1·1·2+3·3·1+(−1)·2·0) = 4

∣∣∣∣∣∣
3 −1 2
2 0 −1
1 0 1

∣∣∣∣∣∣ =∣∣∣∣∣∣
1 1 2
−2 1 1
−1 2 3

∣∣∣∣∣∣ =
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Determinanty-Př́ıklady

∣∣∣∣∣∣
1 2 −1
0 1 3
2 3 −1

∣∣∣∣∣∣ = 1·(−1)·(−1)+0·3·(−1)+2·2·3−(−1·1·2+3·3·1+(−1)·2·0) = 4

∣∣∣∣∣∣
3 −1 2
2 0 −1
1 0 1

∣∣∣∣∣∣ = 3 · 0 · 1

∣∣∣∣∣∣
1 1 2
−2 1 1
−1 2 3

∣∣∣∣∣∣ =
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Determinanty-Př́ıklady

∣∣∣∣∣∣
1 2 −1
0 1 3
2 3 −1

∣∣∣∣∣∣ = 1·(−1)·(−1)+0·3·(−1)+2·2·3−(−1·1·2+3·3·1+(−1)·2·0) = 4

∣∣∣∣∣∣
3 −1 2
2 0 −1
1 0 1

∣∣∣∣∣∣ = 3 · 0 · 1 + 2 · 0 · 2

∣∣∣∣∣∣
1 1 2
−2 1 1
−1 2 3

∣∣∣∣∣∣ =

Lukáš Kokrda Soustavy lineárńıch rovnic a matice



Determinanty-Př́ıklady

∣∣∣∣∣∣
1 2 −1
0 1 3
2 3 −1

∣∣∣∣∣∣ = 1·(−1)·(−1)+0·3·(−1)+2·2·3−(−1·1·2+3·3·1+(−1)·2·0) = 4

∣∣∣∣∣∣
3 −1 2
2 0 −1
1 0 1

∣∣∣∣∣∣ = 3 · 0 · 1 + 2 · 0 · 2 + 1 · (−1) · (−1)

∣∣∣∣∣∣
1 1 2
−2 1 1
−1 2 3

∣∣∣∣∣∣ =
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Determinanty-Př́ıklady

∣∣∣∣∣∣
1 2 −1
0 1 3
2 3 −1

∣∣∣∣∣∣ = 1·(−1)·(−1)+0·3·(−1)+2·2·3−(−1·1·2+3·3·1+(−1)·2·0) = 4

∣∣∣∣∣∣
3 −1 2
2 0 −1
1 0 1

∣∣∣∣∣∣ = 3 · 0 · 1 + 2 · 0 · 2 + 1 · (−1) · (−1)− (2 · 0 · 1

∣∣∣∣∣∣
1 1 2
−2 1 1
−1 2 3

∣∣∣∣∣∣ =
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Determinanty-Př́ıklady

∣∣∣∣∣∣
1 2 −1
0 1 3
2 3 −1

∣∣∣∣∣∣ = 1·(−1)·(−1)+0·3·(−1)+2·2·3−(−1·1·2+3·3·1+(−1)·2·0) = 4

∣∣∣∣∣∣
3 −1 2
2 0 −1
1 0 1

∣∣∣∣∣∣ = 3 · 0 · 1 + 2 · 0 · 2 + 1 · (−1) · (−1)− (2 · 0 · 1 + (−1) · 0 · 3

∣∣∣∣∣∣
1 1 2
−2 1 1
−1 2 3

∣∣∣∣∣∣ =
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Determinanty-Př́ıklady

∣∣∣∣∣∣
1 2 −1
0 1 3
2 3 −1

∣∣∣∣∣∣ = 1·(−1)·(−1)+0·3·(−1)+2·2·3−(−1·1·2+3·3·1+(−1)·2·0) = 4

∣∣∣∣∣∣
3 −1 2
2 0 −1
1 0 1

∣∣∣∣∣∣ = 3·0·1+2·0·2+1·(−1)·(−1)−(2·0·1+(−1)·0·3+1·(−1)·2)

∣∣∣∣∣∣
1 1 2
−2 1 1
−1 2 3

∣∣∣∣∣∣ =
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Determinanty-Př́ıklady

∣∣∣∣∣∣
1 2 −1
0 1 3
2 3 −1

∣∣∣∣∣∣ = 1·(−1)·(−1)+0·3·(−1)+2·2·3−(−1·1·2+3·3·1+(−1)·2·0) = 4

∣∣∣∣∣∣
3 −1 2
2 0 −1
1 0 1

∣∣∣∣∣∣ = 3·0·1+2·0·2+1·(−1)·(−1)−(2·0·1+(−1)·0·3+1·(−1)·2) = 3

∣∣∣∣∣∣
1 1 2
−2 1 1
−1 2 3

∣∣∣∣∣∣ =
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Determinanty-Př́ıklady

∣∣∣∣∣∣
1 2 −1
0 1 3
2 3 −1

∣∣∣∣∣∣ = 1·(−1)·(−1)+0·3·(−1)+2·2·3−(−1·1·2+3·3·1+(−1)·2·0) = 4

∣∣∣∣∣∣
3 −1 2
2 0 −1
1 0 1

∣∣∣∣∣∣ = 3·0·1+2·0·2+1·(−1)·(−1)−(2·0·1+(−1)·0·3+1·(−1)·2) = 3

∣∣∣∣∣∣
1 1 2
−2 1 1
−1 2 3

∣∣∣∣∣∣ = 1 · 1 · 3
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Determinanty-Př́ıklady

∣∣∣∣∣∣
1 2 −1
0 1 3
2 3 −1

∣∣∣∣∣∣ = 1·(−1)·(−1)+0·3·(−1)+2·2·3−(−1·1·2+3·3·1+(−1)·2·0) = 4

∣∣∣∣∣∣
3 −1 2
2 0 −1
1 0 1

∣∣∣∣∣∣ = 3·0·1+2·0·2+1·(−1)·(−1)−(2·0·1+(−1)·0·3+1·(−1)·2) = 3

∣∣∣∣∣∣
1 1 2
−2 1 1
−1 2 3

∣∣∣∣∣∣ = 1 · 1 · 3 + (−2) · 2 · 2
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Determinanty-Př́ıklady

∣∣∣∣∣∣
1 2 −1
0 1 3
2 3 −1

∣∣∣∣∣∣ = 1·(−1)·(−1)+0·3·(−1)+2·2·3−(−1·1·2+3·3·1+(−1)·2·0) = 4

∣∣∣∣∣∣
3 −1 2
2 0 −1
1 0 1

∣∣∣∣∣∣ = 3·0·1+2·0·2+1·(−1)·(−1)−(2·0·1+(−1)·0·3+1·(−1)·2) = 3

∣∣∣∣∣∣
1 1 2
−2 1 1
−1 2 3

∣∣∣∣∣∣ = 1 · 1 · 3 + (−2) · 2 · 2 + (−1) · 1 · 1
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Determinanty-Př́ıklady

∣∣∣∣∣∣
1 2 −1
0 1 3
2 3 −1

∣∣∣∣∣∣ = 1·(−1)·(−1)+0·3·(−1)+2·2·3−(−1·1·2+3·3·1+(−1)·2·0) = 4

∣∣∣∣∣∣
3 −1 2
2 0 −1
1 0 1

∣∣∣∣∣∣ = 3·0·1+2·0·2+1·(−1)·(−1)−(2·0·1+(−1)·0·3+1·(−1)·2) = 3

∣∣∣∣∣∣
1 1 2
−2 1 1
−1 2 3

∣∣∣∣∣∣ = 1 · 1 · 3 + (−2) · 2 · 2 + (−1) · 1 · 1− (2 · 1 · (−1)
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Determinanty-Př́ıklady

∣∣∣∣∣∣
1 2 −1
0 1 3
2 3 −1

∣∣∣∣∣∣ = 1·(−1)·(−1)+0·3·(−1)+2·2·3−(−1·1·2+3·3·1+(−1)·2·0) = 4

∣∣∣∣∣∣
3 −1 2
2 0 −1
1 0 1

∣∣∣∣∣∣ = 3·0·1+2·0·2+1·(−1)·(−1)−(2·0·1+(−1)·0·3+1·(−1)·2) = 3

∣∣∣∣∣∣
1 1 2
−2 1 1
−1 2 3

∣∣∣∣∣∣ = 1 · 1 · 3 + (−2) · 2 · 2 + (−1) · 1 · 1− (2 · 1 · (−1) + 1 · 2 · 1
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Determinanty-Př́ıklady

∣∣∣∣∣∣
1 2 −1
0 1 3
2 3 −1

∣∣∣∣∣∣ = 1·(−1)·(−1)+0·3·(−1)+2·2·3−(−1·1·2+3·3·1+(−1)·2·0) = 4

∣∣∣∣∣∣
3 −1 2
2 0 −1
1 0 1

∣∣∣∣∣∣ = 3·0·1+2·0·2+1·(−1)·(−1)−(2·0·1+(−1)·0·3+1·(−1)·2) = 3

∣∣∣∣∣∣
1 1 2
−2 1 1
−1 2 3

∣∣∣∣∣∣ = 1·1·3+(−2)·2·2+(−1)·1·1−(2·1·(−1)+1·2·1+3·1·(−2))
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Determinanty-Př́ıklady

∣∣∣∣∣∣
1 2 −1
0 1 3
2 3 −1

∣∣∣∣∣∣ = 1·(−1)·(−1)+0·3·(−1)+2·2·3−(−1·1·2+3·3·1+(−1)·2·0) = 4

∣∣∣∣∣∣
3 −1 2
2 0 −1
1 0 1

∣∣∣∣∣∣ = 3·0·1+2·0·2+1·(−1)·(−1)−(2·0·1+(−1)·0·3+1·(−1)·2) = 3

∣∣∣∣∣∣
1 1 2
−2 1 1
−1 2 3

∣∣∣∣∣∣ = 1·1·3+(−2)·2·2+(−1)·1·1−(2·1·(−1)+1·2·1+3·1·(−2)) = 0
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Hodnost matice

Značeńı - h(A)

Udává počet lineárně nezávislých řádk̊u

Hodnost matice zjist́ıme p̌revedeńım matice na schodovitý
tvar pomoćı ekvivalentńıch řádkových úprav na schodovitý
tvar, počet nenulových řádk̊u udává hodnost matice

Mezi elementárńı řádkové úpravy paťŕı:
Výměna pǒrad́ı řádk̊u
Vynásobeńı řádku konstantou
Přič́ıtáńı / odč́ıtáńı dvou řádk̊u matice
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Hodnost matice - p̌ŕıklad

 1 2 3
4 5 6
7 8 9

 −4 · [1]
−7 · [1]

∼

 1 2 3
0 −3 −6
0 −6 −12


−2 · [2]

∼

 1 2 3
0 −3 −6
0 0 0


Hodnost matice h(A) = 2
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Řešeńı soustav rovnic pomoćı matic

Soustavy lineárńıch rovnic je možné zapsat pomoćı rozš́ı̌rené
matice 

a11 a12 · · · a1n

a21 a22 · · · a2n
...

...
. . .

...
am1 am2 · · · amn

∣∣∣∣∣∣∣∣∣
b1

b2
...
bm


Zkráceně

(
Ã
)

Metody řešeńı

Gaussova eliminačńı metoda (univerzálńı, ekvivalent součtové
metody)
Cramerovo pravidlo (jen v p̌ŕıpadech, kdy matice A je
čtvercová)
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Frobeniova věta

Soustava má (alespoň jedno) řešeńı právě tehdy, když se hodnost
matice h(A) rovná hodnosti rozš́ı̌rené matice soustavy h(Ã), tedy
když:

1 Soustava s n neznámými má jediné řešeńı právě tehdy, když
plat́ı

h(A) = h(Ã) = n

2 Soustava s n neznámými nemá žádné řešeńı právě tehdy, když
plat́ı

h(A) 6= h(Ã)

3 Soustava s n neznámými má nekonečně mnoho řešeńı právě
tehdy, když plat́ı

h(A) = h(Ã) < n

Řešeńı existuje nekonečně mnoho závislých na (n − h(Ã))
parametrech.

Lukáš Kokrda Soustavy lineárńıch rovnic a matice



Gaussova eliminačńı metoda - p̌ŕıklad

 1 1 1
2 −1 0
−1 2 3

∣∣∣∣∣∣
2
5
−1


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Gaussova eliminačńı metoda - p̌ŕıklad

 1 1 1
2 −1 0
−1 2 3

∣∣∣∣∣∣
2
5
−1

 −2 · [1]
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Gaussova eliminačńı metoda - p̌ŕıklad

 1 1 1
2 −1 0
−1 2 3

∣∣∣∣∣∣
2
5
−1

 −2 · [1]
+1 · [1]
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Gaussova eliminačńı metoda - p̌ŕıklad

 1 1 1
2 −1 0
−1 2 3

∣∣∣∣∣∣
2
5
−1

 −2 · [1]
+1 · [1]

∼

 1 1 1
0 −3 −2
0 3 4

∣∣∣∣∣∣
2
1
1


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Gaussova eliminačńı metoda - p̌ŕıklad

 1 1 1
2 −1 0
−1 2 3

∣∣∣∣∣∣
2
5
−1

 ∼

 1 1 1
0 −3 −2
0 3 4

∣∣∣∣∣∣
2
1
1


+1 · [2]
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Gaussova eliminačńı metoda - p̌ŕıklad

 1 1 1
2 −1 0
−1 2 3

∣∣∣∣∣∣
2
5
−1

 ∼

 1 1 1
0 −3 −2
0 3 4

∣∣∣∣∣∣
2
1
1


+1 · [2]

∼

 1 1 1
0 −3 −2
0 0 2

∣∣∣∣∣∣
2
1
2


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Gaussova eliminačńı metoda - p̌ŕıklad

 1 1 1
2 −1 0
−1 2 3

∣∣∣∣∣∣
2
5
−1

 ∼

 1 1 1
0 −3 −2
0 3 4

∣∣∣∣∣∣
2
1
1



∼

 1 1 1
0 −3 −2
0 0 2

∣∣∣∣∣∣
2
1
2


Zbylý postup jako u sč́ıtaćı metody.
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Gaussova eliminačńı metoda - p̌ŕıklad

 1 1 1
2 −1 0
−1 2 3

∣∣∣∣∣∣
2
5
−1

 ∼

 1 1 1
0 −3 −2
0 3 4

∣∣∣∣∣∣
2
1
1



∼

 1 1 1
0 −3 −2
0 0 2

∣∣∣∣∣∣
2
1
2


Zbylý postup jako u sč́ıtaćı metody.

2x3 = 2⇒ x3 = 1
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Gaussova eliminačńı metoda - p̌ŕıklad

 1 1 1
2 −1 0
−1 2 3

∣∣∣∣∣∣
2
5
−1

 ∼

 1 1 1
0 −3 −2
0 3 4

∣∣∣∣∣∣
2
1
1



∼

 1 1 1
0 −3 −2
0 0 2

∣∣∣∣∣∣
2
1
2


Zbylý postup jako u sč́ıtaćı metody.

2x3 = 2⇒ x3 = 1
−3x2 − 2 · 1 = 1⇒ 3x2 = −3⇒ x2 = −1
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Gaussova eliminačńı metoda - p̌ŕıklad

 1 1 1
2 −1 0
−1 2 3

∣∣∣∣∣∣
2
5
−1

 ∼

 1 1 1
0 −3 −2
0 3 4

∣∣∣∣∣∣
2
1
1



∼

 1 1 1
0 −3 −2
0 0 2

∣∣∣∣∣∣
2
1
2


Zbylý postup jako u sč́ıtaćı metody.

2x3 = 2⇒ x3 = 1
−3x2 − 2 · 1 = 1⇒ 3x2 = −3⇒ x2 = −1
x1 + (−1) + 1 = 2⇒ x1 = 2
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Gaussova eliminačńı metoda - p̌ŕıklad

 1 1 1
2 −1 0
−1 2 3

∣∣∣∣∣∣
2
5
−1

 ∼

 1 1 1
0 −3 −2
0 3 4

∣∣∣∣∣∣
2
1
1



∼

 1 1 1
0 −3 −2
0 0 2

∣∣∣∣∣∣
2
1
2


Zbylý postup jako u sč́ıtaćı metody.

2x3 = 2⇒ x3 = 1
−3x2 − 2 · 1 = 1⇒ 3x2 = −3⇒ x2 = −1
x1 + (−1) + 1 = 2⇒ x1 = 2
[x1; x2; x3] = [2;−1; 1]
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Cramerovo pravidlo

(A |b) ,

 1 1 1
2 −1 0
−1 2 3

∣∣∣∣∣∣
2
5
−1


Metoda spoč́ıvá v postupném poč́ıtáńı determinant̊u

x1 =
|A1|
|A|

, x2 =
|A2|
|A|

, x3 =
|A3|
|A|

Kde matice A1,A2,A3 vyniknou záměnou pravé strany
(vektoru b) za sloupec s odpov́ıdaj́ıćım indexem

A1

 2 1 1
5 −1 0
−1 2 3

 , A2

 1 2 1
2 5 0
−1 −1 3

 , A3

 1 1 2
2 −1 5
−1 2 −1


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Cramerovo pravidlo - dopoč́ıtáńı

|A| =

∣∣∣∣∣∣
1 1 1
2 −1 0
−1 2 3

∣∣∣∣∣∣ =

|A1| =

∣∣∣∣∣∣
2 1 1
5 −1 0
−1 2 3

∣∣∣∣∣∣ =

|A2| =

∣∣∣∣∣∣
1 2 1
2 5 0
−1 −1 3

∣∣∣∣∣∣ =

|A3| =

∣∣∣∣∣∣
1 1 2
2 −1 5
−1 2 −1

∣∣∣∣∣∣ =
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Cramerovo pravidlo - dopoč́ıtáńı

|A| =

∣∣∣∣∣∣
1 1 1
2 −1 0
−1 2 3

∣∣∣∣∣∣ = −3 + 4 + 0− (1 + 0 + 6) =

|A1| =

∣∣∣∣∣∣
2 1 1
5 −1 0
−1 2 3

∣∣∣∣∣∣ =

|A2| =

∣∣∣∣∣∣
1 2 1
2 5 0
−1 −1 3

∣∣∣∣∣∣ =

|A3| =

∣∣∣∣∣∣
1 1 2
2 −1 5
−1 2 −1

∣∣∣∣∣∣ =
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|A| =

∣∣∣∣∣∣
1 1 1
2 −1 0
−1 2 3

∣∣∣∣∣∣ = −3 + 4 + 0− (1 + 0 + 6) = −6

|A1| =

∣∣∣∣∣∣
2 1 1
5 −1 0
−1 2 3

∣∣∣∣∣∣ = −6 + 10 + 0− (1 + 0 + 15) = −12

|A2| =

∣∣∣∣∣∣
1 2 1
2 5 0
−1 −1 3

∣∣∣∣∣∣ = 15 + (−2) + 0− (−5 + 0 + 12) = 6

|A3| =

∣∣∣∣∣∣
1 1 2
2 −1 5
−1 2 −1

∣∣∣∣∣∣ = 1 + 8 + (−5)− (2 + 10 + (−2)) = −6

x1 =
−12

−6
= 2; x2 =

6

−6
= −1; x3 =

−6

−6
= 1
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Řřešený p̌ŕıklad - parametr

Řešte soustavu rovnic 1 −1 2 3
1 0 1 4
−2 −1 −1 −3



Schodovitý tvar matice 1 −1 2 3
0 1 −1 1
0 0 0 0


Hodnost matice h(A) = h(Ã) = 2, tedy soustava má řešeńı
Proměnné jsou 3, je poťreba zvolit 3-2=1 parametr, parametr
voĺıme na řádku, kde

”
p̌ribylo“ v́ıce proměnných než 1 (tedy y ,

nebo z)
z = t ∈ R→ y = 1 + t
x − (1 + t) + 2t = 3→ x = 4− t
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Proměnné jsou 3, je poťreba zvolit 3-2=1 parametr, parametr
voĺıme na řádku, kde

”
p̌ribylo“ v́ıce proměnných než 1 (tedy y ,
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Proměnné jsou 3, je poťreba zvolit 3-2=1 parametr, parametr
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