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Lecture 3

. Continue about the theory of
combinators



Inferesting book

“To mock a Mockingbird and Ofher LOgic Puzzles: including an Amazing
Adventure in Combinatory Logic” by Raymond Smullyan (1985)

- combinafor Birds

B from Bluebird, C from Cardinal, I from Identity Bird, K from
Kesfrel, s from Starling, and so on.



Theory of combinators

. Combinafory base: S and K

All combinators can be defined from the two combinators S and K.

Combinators, called elemantary : I, K, B, W, C, S, &, ¥

All combinators work with the elimination (e.) and the introduction (i.)
rules,

All combiantors are defined by B—reduction: Xfgxeee =B tG%00ss



Introduction and elimination rules (in Gentzen style)

Rules analogues to fhe vules of the natural deduction ot Genfzen
Rules infroduce or eliminate the logical constants

. =y of implication, & of conjonction, v of disjonction

Rule of elimination Rule of introduction
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Comment:

a. With each of the simpler combinators we shall associate a rule of reduction, designated by
the sumbol for the combinator between parentheses.

b, This rule states that when the combinator in question is applied sucessively to a (finite )
series of variables, the resulfing combination reduces to a cerfain combination of those
variables,

c. This reduction will follow from the definition of the combinator by (B—) rule.

d. And we shall use lower case italic letfers for unspecified variables, The letters x, y, z will
offen be used, when in the usual application, the variable is thought of as a function or an
argument,



The combinator B takes two functiors t and g and composes the
function g with the argument x. - composition

The introduction and elimination
rule of the combinator B

(Bfg) (x) f(g(x))

———————r—— e e

f(g(x)) (Bfg) (x)




Y f A :
Pj/// * -"s‘i! , Nﬁm

The combinator W takes one functor f and applies the functor t to the
argument x by duplicating The argument x, - duplication

The introduction and elimination
rule of the combiantor W

(W) (x) (F(x)) (x)

(F(x)) (x) (WD) (x)




The combinator C takes one functor f and fwo arguments x and y, The
elimination of the combinator C by B—reduction allows fo converse the
position of the arguement x with y, - conversion

The introduction and elimination
rule of the combinator C

(CH&) ) (f(y)) (x)

(F(y)) (x) CHE) )
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The combinator @ fakes three functors t, g, and h, and the functor g

ﬂ' ; and h become infricate with fhe argument x., - infrication

The introduction and elimination
rule of the combinator @

(@fgh) (x) f(gx) (hx)

f(gx) (hx) (dfgh) (x)
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Y f A :
Pj/// * -"s‘i! , Nﬁm

The combinafor C¥ fakes an argument x (operand) and transtorms it in
functor (operator), - transformation of operand to operator

The introduction and elimination
rule of the combinator CO

(C*x) () f(x)

f(x) (C*x) (0
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- Wigxy - f(gx(gy)

fhe combinator W takes fwo functions t and g and composes with the
arguments x and ¢ by distributing the second function g fo each of
them, - distribution

A/
y
/ \/\\\ //\ B\
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o (x)
f)(x
(ﬂgﬂ (y) (x)
(Bfg) (x)
(Pfgh) (x) |
(‘Pfg) (x))(y
(Sfg) (x)
(Kf) (x)
(C*x)(f)

reduction
B—

->B
-> B
->B
->B
-> B
-> B
->B
-> B
->B

= fxx
?f(X)){é; ] fxy}
(f(x)) e X)
f(g(!i);(h(x)) = f(gg ?gly)
f(gi)i)))(gtyk f(;.; )
gg))(g(?ﬂ} igx
(£(y)) (x) ) Y
f(x)
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Examples of B—reduction : X =2 VY

By the scheme of B—reduction (B3

B(fx)gx =pfx(gx)

X = xy(Bxy2)UT 25 xy(x(y2))UT =Y
By the scheme of p—reduction (W3

X= BUdxy ) 20 B(xyy) U =Y

We use here The infix < 1o denote the velation converse fo =.
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Interdetinability of simple combinators

Cerfain of the combinators can be defined by the others.

> by the way that the reduction rule tor the derived combinator will
follow from its definition and the veduction rule for the basic
combinators.,

Important point

We shall show that (1) W, S, @ and w can be so defined in terms of
B, C and either W or S (see the classwork n'3): (2) that I can be
defined in ferms of W and K; and (3) that all the combinators on
the list can be expressed in terms of S and K (refer to fhe
classwork n2: complefeness ot the s—K base).
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Properties of B—Theorems

Theorem 1, If x is a reqular combinaotr and Y a combinator: then Xey
applied fo a sequence of arguments pertorms upon them first the
fransoformation X, then the transtormation Y.

Example:

C performs a permutation, W performs a duplication, Cew performs a
permufation, then a duplication on the result:

(CewW)fxy = C(WH)xy = Wtux = fyyx
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Theorem 2., The product is associative, I.e.,

SAA 2y W

Proot

2, ((Xe Y)ezZ)f = B(BXY)Zf
> BXY(21)
= U&7

b, (X (Y 2))f = BX(BYZ)f

> X(BYzf)
= X(Y(z2f))



Theorem 3, The product is distributive with respect to pre—application
of 8B Y I.€e,,

BU@ER0) = BPCRaNE

Proof
B(X «Y)tx =(X *¥Y)(fx)
=X(Y(fx)
< X(BYfx)
< BX(BY{)x

< (BX « BY)fx 18
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Power of combinators

Definition: We define the powers ot a combinatory composite by nafural
induction Thus:

N =O|e£ Yo X"

From these definitions, it is possible to deduce the following X, X*, %2,
That is, X, XeX, XeXeX, ..

Application o the combinators
C*txy 2C(CT)xy = Ctyx = txy
W2 fx 2W(WTx) = Wxx > fxxx 19
K2fxy = K(Kf)xy = Kfy zﬂ

!
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. B*fxyz

= B(Bf)xyz 2Bf(xy)z =21((xy)z) = F(xyz)

Theorem: For any expressions U, X, Y, Z ,000e,2,

Bz 2 2N C e ),

OUWXNZ . Nz =z MW ... Z. )
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Summing up—combinators

combinators
B for functional composition
1 for identify
C for conversion
W for duplication
S tor distribution
K for effacement
C¥¢ for fransposition
® for intrication

w tor distribution

B—reduction
Bxyz ZB x(yz)
Ix ZB X
Cyz 25 X()
Wxy 25 Xy
Sz 25 x2(y2)
Ky 25 x
C*xy 25 yx
dxyzu 2 x(yu)(eu)

Wym 2, xmOw
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Summing up—theorems

S KR X (S KK =1

S (Ks) K iy
AN 2 e (S (K S) K-B]

S (K (51)) Kxy R ed)
(S (K (s 1)) k=C1
S(K(s1I1)) (s(KK)I)xy-> (4 x)

(S (K (s1)) (s(KK) I)C)

¥¥Complefeness of the s—K base
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NexT week.,..

Aboul the Combinafors vs A—conversion and The application of
The combinators To wnatural language analysis
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