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Definice Petriho śıtě – syntax

Petriho śı̌t je čtvěrice N = 〈P,T , f ,m0〉, kde:

• P je konečná neprázdná množina ḿıst (places),

• T je konečná neprázdná množina p̌rechod̊u (transitions),

• f : ((P × T ) ∪ (T × P)) → N je množina orientovaných hran
vážených celými č́ısly,

• m0 : P → N je iniciálńı označkováńı (marking).

Petriho śı̌t je graficky znázorňována jako bipartitńı graf, ḿısta jsou značena

kružnicemi, p̌rechody čtverci.
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Definice Petriho śıtě – sémantika

Mějme Petriho śı̌t N = 〈P,T , f ,m0〉.

• p̌rechod t ∈ T je uschopněn v označkováńı m, pokud
∀p ∈ •t.m(p) ≥ f (p, t); znač́ıme m[t〉

• libovolný p̌rechod, který je uschopněn, může být proveden

• p̌ri provedeńı p̌rechodu je dosaženo nové označkováńı m′,
ṕı̌seme m[t〉m′, splňuj́ıćı
∀p ∈ P.m′(p) = m(p)− f (p, t) + f (t, p)

• p̌rechod je proveden atomicky

• provedeńı p̌rechodu spoťrebovává nulový čas.

Sémantika celé śıtě je definována jako množina všech proveditelných

sekvenćı p̌rechodů, typicky fixováno k danému iniciálńımu označkováńı.

Uspǒrádáńı v sekvenćıch může být úplné (interleaving) nebo částečné

(partial order).



Petriho śıtě pro specifikaci model̊u Boolovské śıtě pro specifikaci model̊u Algebry proces̊u pro specifikaci model̊u

Definice Petriho śıtě – sémantika

• množina všech dosažitelných označkováńı z daného
označkováńı m je značena [m〉

• typicky zaj́ımavá [m0〉 pro iniciálńı marking m0

• označkováńı lze zapisovat maticově jako (sloupcové) vektory:

m = ((m(p))p∈P)T
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Petriho śıť – př́ıklad

2H2O + O2 → 2H2O
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Petriho śıť – možnosti sémantiky

• diskrétńı chápáńı ḿıst

m′(p) = m(p)− f (p, t) + f (t, p)

• spojité chápáńı ḿıst

dm(p)

dt
=

∑
t∈•p

f (t, p)v(t)−
∑
t∈p•

f (p, t)v(t)

kde v(t) je spojitá funkce charakterizuj́ıćı okamžitý tok
p̌rechodem t, nap̌r. zákon o aktivńım působeńı hmoty
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Petriho śıť – možnosti sémantiky

• stochastické chápáńı p̌rechodů
→ označkováńı jako stochastický proces {m(t)|t ∈ R+

0 }
• pravděpodobnost provedeńı p̌rechodu r v čase τ :

τ ∼ Exp(λr (m))

fr (τ) = λr (m)e(−λr (m)τ)

kde λr (m) je funkce p̌rǐrazuj́ıćı p̌rechodu r hazard

• splňuje Markovovu vlastnost (Markov̊uv řetězec) – viz PA054
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Petriho śıť – možnosti analýzy

• statická analýza
• ohraničenost, živost, reverzibilnost
• stabilńı konfigurace toku hmoty
• konzervace hmoty
• v principu analogie stoichiometrické analýzy

• kvalitativńı analýza
• dosažitelnost
→ ohraničenost, živost, reverzibilnost, dead-lock

• kvantitativńı analýza
• emergentńı vlastnosti dynamiky
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Petriho śıť a biologický model



Petriho śıtě pro specifikaci model̊u Boolovské śıtě pro specifikaci model̊u Algebry proces̊u pro specifikaci model̊u
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Petriho śıtě pro specifikaci model̊u Boolovské śıtě pro specifikaci model̊u Algebry proces̊u pro specifikaci model̊u
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Kinázová kaskáda v signálńı dráze MAPK/ERK
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Spojitý vs. diskrétńı model

abstrahovan

modelovan
cas

promenne

diskretni spojite

kvalitativni model

stochasticky model spojity model

kvalitativni Petriho site
LTL/CTL model checking

stochasticke Petriho site
PCTL/CSL model checking

spojite Petriho site
diferencialni rovnice

aproximace

abstra
kce abstrakce

M. Heiner, D. Gilbert, R. Donaldson. Petri Nets for Systems and Synthetic Biology. In Formal Methods for

Computational Systems Biology, volume 5016 of LNCS, pages 215-264, Springer, 2008.
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Petriho śıť – expresivita

• univerzálńı výpočetńı formalismus

• plně zachycuje reakčńı śıtě – tok hmoty
• možnost uplatnit tradičńı modelovaćı principy
• využit́ı výsledk̊u poč́ıtačové vědy

• zachyceńı regulačńı logiky
• problém se zachyceńım negativńı/pozitivńı vazby
• na kvalitativńı úrovni lze řešit
• na kvantitativńı úrovni nutno rozš́ı̌reńı: hybridńı Petriho śıtě
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Abstrakce regulačńı logiky

• studováno u genové regulace

• vliv exprese genů v jednom časovém okamžiku na expresi v
následuj́ıćım časovém okamžiku

• dvou/v́ıcestavová sémantika genu

• boolovská logika nad pozitivńımi a negativńımi vazbami
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Abstrakce regulačńı logiky
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Př́ıklad modelu – autoregulace

gene a

protein A

2
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Př́ıklad modelu – autoregulace

gene a

protein A

0 1 2 3 4

• identifikace diskrétńıch úrovńı exprese
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Př́ıklad modelu – autoregulace

gene a

protein A

0 1 2 3 4

• spontánńı (tzv. bázová) transkripce: A → 4
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Př́ıklad modelu – autoregulace

gene a

protein A

0 1 2 3 4

• ḿısto projevu regulace (A ∈ {3, 4} ⇒ regulace aktivńı)
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Př́ıklad modelu – autoregulace

gene a

protein A

0 1 2 3 4

• ćılový bod regulace (A ∈ {3, 4} ⇒ A → 0)



Petriho śıtě pro specifikaci model̊u Boolovské śıtě pro specifikaci model̊u Algebry proces̊u pro specifikaci model̊u

Stavový prostor – autoregulace

• p̌rechodový systém 〈S ,T ,S0〉
• S množina stav̊u, S ≡ {0, 1, 2, 3, 4}
• S0 ⊆ S množina počátečńıch stav̊u
• T ⊆ S × S p̌rechodová relace:

zdrojový stav aktivńı regulace ćılový stav

0 ∅; [A → 4] 1
1 ∅; [A → 4] 2
2 ∅; [A → 4] 3
3 A →− A; [A → 0] 2
4 A →− A; [A → 0] 3
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Stavový prostor – autoregulace

p̌rechodový systém pro negativńı autoregulaci 〈S ,T ,S0 = S〉 :

4

3

2

1

0
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Př́ıklad modelu složené regulace

gene a gene b

protein A protein B
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Diskrétńı charakteristika dynamiky

protein A protein B

gene a gene b

0 1 20 1

• identifikace diskrétńıch úrovńı exprese
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Diskrétńı charakteristika dynamiky

protein A protein B

gene a gene b

0 1 20 1

• spontánńı (tzv. bázová) transkripce: A → 1, B → 2
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Charakteristika regulace – autoregulace

protein A protein B

gene a gene b

0 1 20 1

• ḿısto projevu regulace B →− B (B = 2 ⇒ regulace aktivńı)
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Charakteristika regulace – autoregulace

protein A protein B

gene a gene b

0 1 20 1

• ćılový bod regulace B →− B (B = 2 ⇒ B → 0)
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Charakteristika regulace – vstupńı funkce

protein A protein B

gene a gene b

0 1 20 1

• ḿısto projevu regulace B →− A (B ∈ {1, 2} ⇒ reg. aktivńı)
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Charakteristika regulace – vstupńı funkce

protein A protein B

gene a gene b

0 1 20 1

• ḿısto projevu regulace A →− A (A = 1 ⇒ reg. aktivńı)
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Charakteristika regulace – vstupńı funkce

protein A protein B

gene a gene b

0 1 20 1

AND

• AND-kompozice regulaćı A →− A ∧ B →− A:
A = 1 ∧ B ∈ {1, 2} ⇒ regulace aktivńı
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Charakteristika regulace – vstupńı funkce

protein A protein B

gene a gene b

0 1 20 1

AND

• ćılový bod složené regulace A →− A ∧ B →− A:
A = 1 ∧ B ∈ {1, 2} ⇒ A → 0
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Stavový prostor – synchronńı sémantika

• p̌rechodový systém 〈S ,T ,S0〉
• S ≡ {0, 1} × {0, 1, 2}
• S0 ⊆ S , uvažujeme S0 = S
• T ⊆ S × S p̌rechodová relace (zobrazeńı):

zdrojový stav aktivńı regulace ćılový stav

[0, 0] ∅; [A → 1,B → 2] [1, 1]
[0, 1] B →− A; [A → 0,B → 2] [0, 2]
[0, 2] B →− B ∧ B →− A; [A → 0,B → 0] [0, 1]
[1, 0] A →− A; [A → 0,B → 2] [0, 1]
[1, 1] A →− A ∧ B →− A; [A → 0,B → 2] [0, 2]
[1, 2] A →− A ∧ B →− A ∧ B →− B; [A → 0,B → 0] [0, 1]
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Stavový prostor – synchronńı sémantika

p̌rechodový systém 〈S ,T ,S0 = S〉 :
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Stavový prostor – asynchronńı sémantika

• p̌rechodový systém 〈S ,T ,S0〉
• S ≡ {0, 1} × {0, 1, 2}
• S0 ⊆ S , uvažujeme S0 = S
• T ⊆ S × S p̌rechodová relace:

zdroj. stav aktivńı regulace ćılové stavy

[0, 0] ∅; [A → 1,B → 2] [1, 0], [0, 1]
[0, 1] B →− A; [A → 0,B → 2] [0, 2]
[0, 2] B →− B ∧ B →− A; [A → 0,B → 0] [0, 1]
[1, 0] A →− A; [A → 0,B → 2] [0, 0], [1, 1]
[1, 1] A →− A ∧ B →− A; [A → 0,B → 2] [0, 1], [1, 2]
[1, 2] A →− A ∧ B →− A ∧ B →− B; [A → 0,B → 0] [0, 2], [1, 1]
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Stavový prostor – asynchronńı sémantika

p̌rechodový systém 〈S ,T ,S0 = S〉 :
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Vlastnosti diskrétńıch sémantik

• synchronńı sémantika
• efekt aktivńıch regulaćı uplatněn pro všechny proteiny ve

stejný okamžik
• nerealistická approximace, dává však deterministický

p̌rechodový systém

• asynchronńı sémantika
• efekt aktivńıch regulaćı uplatněn pro každý protein individuálně

(interleaving)
• nutno uvažovat všechny možné souběhy
• věrněǰśı aproximace, dává však nedeterministický p̌rechodový

systém
• možnost definovat priority
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Použit́ı boolovských model̊u

• jednoduchá operačńı sémantika

• kvalitativńı abstrakce parametr̊u

• vyžaduje zachyceńı logiky

• lze fitovat na microarray time-series data

• těžko realizovatelné (nutnost diskretizace)

• exponenciálńı stavová exploze
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Princip modelováńı
Substráty – molekuly

• populace interaguj́ıćıch molekul

• každou molekulu (proteinu) lze popsat stavově
• stav zachycuje konfiguraci vazebných ḿıst
• volná vazebná ḿısta
• vazebná ḿısta obsazena jinou molekulou (dimerizuj́ıćı stavy)

• formalizace prosťrednictv́ım sekvenčńıho procesu:

MEK

MEKp MEKpp
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Princip modelováńı
Substráty – molekuly

• populace interaguj́ıćıch molekul

• každou molekulu (proteinu) lze popsat stavově
• stav zachycuje konfiguraci vazebných ḿıst
• volná vazebná ḿısta
• vazebná ḿısta obsazena jinou molekulou (dimerizuj́ıćı stavy)

• formalizace prosťrednictv́ım sekvenčńıho procesu:

MEK

MEKp MEKpp

?p1

?d1

?p2

?d2
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Princip modelováńı
Substráty – molekuly

• populace interaguj́ıćıch molekul

• každou molekulu (proteinu) lze popsat stavově
• stav zachycuje konfiguraci vazebných ḿıst
• volná vazebná ḿısta
• vazebná ḿısta obsazena jinou molekulou (dimerizuj́ıćı stavy)

• formalizace prosťrednictv́ım sekvenčńıho procesu:

MEK
phosporylating

enzyme

requires

MEKp MEKpp

?p2

?d2

?p1
enzyme

requires

?d1

dephosporylating
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Princip modelováńı
Interakce

MEK

MEKp MEKpp

?p1

?d1

?p2

?d2

PPb

PPf

procE procMEK procPP

Ef

Eb

!p1 !d1

• paralelńı chováńı proces̊u (molekul)

• binárńı synchronizace

• roztok lze modelovat jako populaci proces̊u:

procMEK |procMEK |procE |procE |procE |procPP |procPP
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Molekuly jako komunikuj́ıćı automaty

individuálńı p̌rechody a synchronizace lze modelovat stochasticky
(provedeńı p̌rechodu v čase t ∼ Exp(ri ))
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Molekuly jako komunikuj́ıćı automaty
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Elementárńı reakce jako komunikuj́ıćı automaty
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Elementárńı kalkulus pro popis (bio)chemických systém̊u
Syntax

Andrew Phillips, Luca Cardelli, and Giuseppe Castagna, A Graphical Representation for Biological Processes in the Stochastic
Pi-calculus, in Transactions in Computational Systems Biology, vol. 4230, pp. 123–152, Springer, November 2006
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Př́ıklad
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Vlastnosti algebraického popisu

• obecný formalismus

• kompaktńı zápis (tzv. rule-based p̌ŕıstup)

• modulárńı struktura

• definice funguj́ı jako šablony

• možnost definice libovolné sémantiky
• operačńı vs. denotačńı sémantika
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Př́ıklad modelováńı genetické regulačńı śıtě

Gene(a, b) = τt .(Gene(a, b)|Protein(b))+?a.Blocked(a, b)
Blocked(a, b) = τu.Gene(a, b)

Protein(b) =!b.Protein(b) + τd .0

Ralf Blossey, Luca Cardelli, and Andrew Phillips, A Compositional Approach to the Stochastic Dynamics of Gene Networks,
in Transactions in Computational Systems Biology, vol. 3939, no. 3939, pp. 99–122, Springer, January 2006
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Př́ıklad modelováńı genetické regulačńı śıtě

Gene(c , a)|Gene(a, b)|Gene(b, c)
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Kalkuly pro biologické systémy

• SPiM

• κ-calculus

• BioPEPA

• Brane-Calculus

• ...
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