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Interpolation

x0, . . . , xn – given points, xi 6= xj for i 6= j
f0, . . . , fn – given function values (measurments), fi = f (xi)
Φ(x) = aoΦ0(x) + · · ·+ anΦn(x) – given function depending
on the parameters a0, . . . , an.

Examples:

Φ(x) = a0 + a1x + · · ·+ anx
n: a polynomial,

Φ(x) = a0 + a1e
ix + · · ·+ ane

inx : a trigonometric polynomial.

Problem of interpolation:
find the parameters a0, . . . , an to fulfill conditions

Φ(xi) = fi , for i = 0, 1, . . . , n.
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Interpolation by polynomials

Theorem

For given points (xi , fi), i = 0, . . . , n, xi 6= xj for i 6= j there
exists the unique polynomial P of degree at most n with

P(xi) = fi , i = 0, . . . , n.

Uniqueness:
If P1(xi) = P2(xi) = fi , i = 0, . . . , n., then Q = P1 − P2 is a
polynomial of degree at most n and Q(xi) = 0, i = 0, . . . , n.,
i.e., Q has n + 1 roots so Q must be zero polynomial.
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Existence Construction of P :
We construct the polynomials Li :

Li is a polynomial of degree n,

Li(xj) =

{
0 pro i 6= j
1 pro i = j .

Points xj , j 6= i are roots of Li :

Li(x) = Ai(x − x0) . . . (x − xi−1)(x − xi+1) . . . (x − xn).

or
Li(x) = Aiπi(x), where πi(x) =

∏
j 6=i

(x − xj)

Li(xi) = 1 ⇒ Ai =
1

πi(xi)
.
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Li(x) =
πi(x)

πi(xi)
=

∏
j 6=i

(x − xj)∏
j 6=i

(xi − xj)

Li – Lagrange base polynomials

Lagrange interpolation polynomial:

P(x) =
n∑

i=0

fiLi(x) =
n∑

i=0

fi

∏
j 6=i

(x − xj)∏
j 6=i

(xi − xj)
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Example:

xi -1 0 1 3
fi -3 1 -1 1

L0(x) =
(x − 0)(x − 1)(x − 3)

(−1− 0)(−1− 1)(−1− 3)
= −1

8
x3 +

1

2
x2 − 3

8
x

L1(x) =
(x + 1)(x − 1)(x − 3)

(0 + 1)(0− 1)(0− 3)
=

1

3
x3 − x2 − 1

3
x + 1

L2(x) =
(x + 1)(x − 0)(x − 3)

(1 + 1)(1− 0)(1− 3)
= −1

4
x3 +

1

2
x2 +

3

4
x

L3(x) =
(x + 1)(x − 0)(x − 1)

(3 + 1)(3− 0)(3− 1)
=

1

24
x3 − 1

24
x

P(x) = −3L0(x) + L1(x)− L2(x) + L3(x) = x3 − 3x2 + 1
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Lagrange base polynomials
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Effective calculation of Li

Calculation of one base polynomial Li is O(n2), i.e. direct
calculation of the interpolation polynomial is O(n3).

Effective calculation:

ω(x) =
n∏

j=0

(x − xj) O(n2)

πi(x) = ω(x) : (x − xi) Horner scheme, O(n)
pi(xi) Horner scheme, O(n)
P O(n2)

Jǐŕı Zelinka Numerical methods – lecture 7 9 / 16



Example:

xi -1 0 1 3

ω(x) = (x + 1)(x − 0)(x − 1)(x − 3) = x4 − 3x3 − x2 + 3x

π0(x) = ω(x) : (x + 1)

π1(x) = ω(x) : (x + 0)

π2(x) = ω(x) : (x − 1)

π3(x) = ω(x) : (x − 3)
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Horner scheme for division ω(x) : (x − x0), i.e. ω(x) : (x + 1):
ω 1 -3 -1 3 0

-1 1 -4 3 0 0

π0(x) = x3 − 4x2 + 3x

Horner scheme for π0(x0) = π0(−1):
π(x) 1 -4 3 0

-1 1 -5 8 -8

π0(−1) = −8

L0(x) = π0(x)
π0(x0)

= −1
8
(x3 − 4x2 + 3x)

Similarly L1, L2, . . .
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Disadvantage of the Lagrange interpolation polynomial:
adding a point (xn+1, fn+1) will cause recalculation of all base
polynomials Li .
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Newton interpolation polynomial

Base functions:
Φ0(x) = 1,
Φ1(x) = (x − x0),
Φ2(x) = (x − x0)(x − x1),
...

Φn(x) = (x − x0) · · · (x − xn−1).

Interpolation polynomial:

Pn(x) = aoΦ0(x) + · · ·+ anΦn(x)

Adding a point (xn+1, fn+1):

Pn+1(x) = Pn(x) + an+1Φn+1(x)
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Calculation of parameters ai :

ai = f [x0, x1, . . . , xi ] – divided diffrerence

f [xi ] = fi

f [xi , xj ] =
fi−fj
xi−xj

f [xj , . . . , xj+k ] =
f [xj+1,...,xj+k ]−f [xj ,...,xj+k−1]

xj+k−xj

i.e.

f [x0, . . . , xi ] = f [x1,...,xi ]−f [x0,...,xi−1]
xi−x0
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P(x) = f [x0] + f [x0, x1](x − x0) + f [x0, x1, x2](x − x0)(x − x1) +

+ · · ·+ f [x0, . . . , xn](x − x0) · · · (x − xn−1)

Table of divided diffrerences

xi fi f [xi , xi+1] f [xi , xi+1, xi+2] . . .

x0
x1
x2

...
xn

f0

f1
f2

...
fn

��
HH

��
HH

��
HH

f [x0, x1]

f [x1, x2]

...
f [xn−1, xn]

��
HH

��
HH

f [x0, x1, x2]

...
f [xn−2, xn−1, xn]

��
HH

��
HH
· · · ��HH f [x0, . . . , xn]
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Example:

xi fi f [xi , xi+1] f [xi , xi+1, xi+2] f [x0, x1, x2, x3]

-1

0

1

3

-3

1

-1

1

��
HH

��
HH

��
HH

1+3
0+1

= 4

−1−1
1−0 = −2

1+1
3−1 = 1

��
HH

��
HH

−2−4
1+1

= -3

1+2
3−0 = 1

��
HH 1+3

3+1
= 1

P(x) = −3 + 4(x + 1)− 3(x + 1)x + 1(x + 1)x(x − 1) =

= x3 − 3x2 + 1
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