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© Fourier Transform
@ Definition
@ Properties
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Fourier Transform

Motivation

Let
Pu(x) = ™% = cos 2mxw + i sin 2mxw

be a orthonormal basis, where x € R defines the index and w € R defines
the frequency (speed of oscilation). We can perform a projection of any
function f onto the basis ¢, (x) as follows:

o0 (e o]

frpo= / F(x)pw(x)dx = / f(x)e 2™ dx

—00 —00
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Fourier Transform

Definition

Given 1D integrable function f and a basis (¢, w € R), let us define:
@ forward 1D continuous Fourier transform

o0

Flw) = / F(x)e=27 g

—00

@ inverse 1D continuous Fourier transform

oo

f(x) = / F(w)e*™™ ¥ duw

—00
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Fourier Transform Properties

Oddness and evenness

@ Each function f(x) is sum of its odd and even part:
1
E(x) = SIf)+f(=x)]

0() = [flx) ~ F(-x)]
f(x) = E(x)+ O(x)
@ sin(x) is an odd function

cos (x) is an even function

© Any FT basis function is composed of sine and cosine waves

Corollary:
e FT of even function misses imaginary part (sine waves)

e FT of odd function misses real part (cosine waves)
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Fourier Transform Properties

Oddness

Original function . Real part
original function (odd) its transform pair
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Fourier Transform Properties

Oddness

Imaginary part

Original function o
g N ‘ ] ‘ l l £ l . g f
original function (odd) its transform pair
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Fourier Transform Properties

Evenness

Original function Real part
E. g
) l I 1 ¢ |
original function (even) its transform pair
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Fourier Transform Properties

Evenness

Original function Imaginary part

16

4
AIZ ’_\6’
E. g
08

k
original function (even) its transform pair
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Fourier Transform Propertis

Scaling
Statement: 1
w
f —F (=
(295 (5)
Proof:
o0
Flf(ax)] (w) = /f(ax)e_2”ixwdx

- |1| | flaxge 2@l ax)
—00

- 5 (%)

Notice: Stretch in time domain corresponds to shrinkage in Fourier

domain and vice versa.
David Svoboda (CBIA®FI) Image Transforms autumn 2023 9/65



Fourier Transform Properties

Scaling/Reciprocity
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Fourier Transform Properties

Scaling/Reciprocity

. Gaussian with ¢=15 w© FT of Gaussian with ¢=15
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Fourier Transform Properties

Scaling/Reciprocity

. II(am) with a=0.06 . FT of II(am) with a=0.06
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Fourier Transform Properties

Scaling/Reciprocity

. II(am) with a=0.2 . FT of II(am) with a=0.2
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Fourier Transform Properties

Shift
Statement: '
f(x —a) D e M F(w)
Proof:
Flf(x-a) (@) = / Fx — a)e 2" d
— / f(X - a)ef27ri(xfa)wef27riawd(x - a)
— ef277l‘a;dF(w)

O

Notice: Shift affects only phase. The higher the frequency w is the more

the corresponding cosine wave is affected.
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Fourier Transform Properties

Shift

f(m) FT(f(m))
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Fourier Transform Properties

Shift

f(m) 4 FT(f(m))
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Fourier Transform Properties

Hermitian symmetry of real signal

Statement:
F(—w) = F(w)
Proof:
F(—w) = / f(x)e*2”"x(* ) dx
— / f(X)eZ7rixw
= Flw) if f:R—>R
O
David Svoboda (CBIA®FI) Image Transforms

autumn 2023 17 / 65



Fourier Transform Properties
Linearity

Statement:
af(x) + Bg(x) D aF(w) + G(w)

Proof:

.F[Oéf(x) + Bg(X)] (w) = / [Oéf(X) + Bg(X)] e~ 2mixw

= a/f(x)e_2”ixwdx+ﬁ/g(x)e_z’rixwdx
= af(w)+BG(w)
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Fourier Transform Properties
Convolution theorem

Statement:

Proof:

F[f(x) * g(x)] (w) / {/ f(x’)g(XX')dX/] o 2mixw gy

- 7 f(x) |:7og(x — X’)e2”ixwdx] dx’
— 70 f(x)e 2™ G(w)dx' = F(w)G(w)
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Fourier Transform Properties

Convolution theorem

The meaning:

@ The convolution in time domain corresponds to point-wise
multiplication in the Fourier domain, and vice versa.

slower?

time ‘
domain f * g = f*g 1

Fourier
domain

faster?
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Fourier Transform Properties

Rayleigh's energy theorem (Parseval’s theorem)

Statement: - -
/ ()P = / IF ()2
Proof: - -
T1reopdx = | F)fGdx

= [ f)f(x)e > dx W' =0

= Fogw’)*F(—w’) w' =0
= 7f F(w')F(w— w)dw w' =0
= | FF@ o

Notice: Rayleigh's energy theorem — the integral of the square of a
function is equal to the integral of the square of its transform.

David Svoboda (CBIA®FI) Image Transforms autumn 2023

21/65



@ Discrete Fourier Transform
@ Definition
@ Properties
@ Fast Fourier Transform
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Discrete Fourier Transform

Motivation

Given a signal f, |[f| = N, let

( ) 1 e27r/(/mk 1 ( os 2mmk Lisi 27ka)
m)=— = — ——— 4 isin

Pk N N N N

be an orthonormal basis, where m € {0, ..., N — 1} defines the index

(position) and k € {0,..., N — 1} defines the frequency (speed of
oscilation). We can perform a projection of a signal f onto the basis
wk(m) as follows:

N—-1 N—-1 1 y
_ 2mikm
fro=) flmp(m)=2 f(m)—=e
— — vN
m=0 m=0
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Discrete Fourier Transform

Motivation

An example

of 16 sampled basis functions for N = 16:

freq=0 freq=1 freq=2 freq=3 freq=0 freq=1 freq=2 freq=3
1 1 1 1
) OU Om
-1 = -1
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0 Om OM OlLuJ_rrrr‘LL 0| Om om D\‘M
= = -1 -1 -1 -1 -1 -1
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Discrete Fourier Transform

Motivation

Properties
@ periodical:
1 2ximkan) 1 2rimk
oren(m) = We N We N = pk(m)
@ symmetrical:
1 2rxim(n—k)
on—k(m) = ﬁe N
_ 1 6_%— 1 e27ri(/;m)k B ( m)
\/N \/N Pk
@ orthonormal:
N—1 - N—1
| 1 2 m(k—1)i
ok(m) - oi(m) = Z—eT—eT :—ZeiN = 0k
VNS VN N
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Discrete Fourier Transform

Definition

Given 1D discrete function f of N samples and a basis
(pr(m),k=1{0,...,N —1}), let us define:

o forward 1D discrete Fourier transform:

1 Nt 2mimk
F(ky=f-px=—— f(me v
N m=0
@ inverse 1D discrete Fourier transform:
1 N1 2mimk
f(m)=F -op=— F(k)e n
N =
N—1 N—1
f-or= i f(m)ezwllvmk = i f(m)e_%
N m=0 N m=0
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Discrete Fourier Transform

Matrix notation

then
(1 1 1 | i
1 d}l 1/)2 o ¢N—1
1 2 2.2 (N=1)2
A=_—_ |1 % (0 e Y
VN 1 ¢ : L

1 wN—l 1/}2(N—1) o w(N—l)(N—l)

and

F=Af — f=A'F=A"F

. _2mi . .
Notice: 1) = e~ N is called the N/ root of unity.

David Svoboda (CBIA®FI) Image Transforms autumn 2023 27 /65



Discrete Fourier Transform

The obvious question

When we apply FT, we usually say "let us decompose our signal into the J

sine waves ..." Why do we use another (so complicated) basis?
Basis function is a "sine wave” Basis function is ¢x(m)
@ we avoid complex numbers @ we have to use complex

. . . numbers
@ more intuitive if basis function is a

simple "sine wave” @ i (m) functions generate the

. . . hol f i
@ sine waves without phase shift do not whole space (form basis)

generate the whole space @ this basis is orthonormal

@ possible basis function: sin (km — ) @ transform is linear, i.e. realized

. . . . . via matrix multiplication
@ « hidden in the sine function spoils the P

linearity; matrix multiplication cannot
be used
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Discrete Fourier Transform

The meaning of Fourier coefficients

If you perform inverse FT

N—1 1 N—-1 -
f(m)=F - om= F(k)px(m) = — F(k)e'™n"
o= 2 Fkyadm) = 7 0 Flk)e

you literally compose the original signal f by combining the individual
basis functions.
e Each basis function ¢y(m) = €' T defines only the frequency.

o Fourier coefficient F(k) = |zx| (cos ay + isin ay) = |zx|e’* modifies
the corresponding basis function ¢, (m) by scaling it and shifting it.

27rmk

F(k)em(k) = |Zk‘e'a"e’2ﬂ/\'1"k ]Zk|e’°‘k+’

21k .. [2mk
= |z 4 cos Wm—i—m:k + isin Tm—i-uk
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Discrete Fourier Transform

The meaning of Fourier coefficients

e F(0) matches the lowest frequency in the signal f and corresponds to
the “mean” of f:

1 s 2mim0 1 N
FO)=—=Y f(me "% =—3 f(m)
> P
e F(0) is usually called DC term
DC ... “direct current” (current of zero frequency)

e F(1) ... F(N —1) are called AC terms
AC ... “alternating current”

° F(%) matches the highest frequency in the signal 7

Exercise: Why does the component F(%) correspond to the highest
frequency?
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Discrete Fourier Transform Properties

Some properties can be adopted from continuous Fourier transform

@ Evenness & Oddness ... valid

e Shift ... valid

o Linearity ...valid

o Rayleigth theorem ... valid

@ Hermitian symmetry of real signal ... valid

@ Scaling .. .invalid

@ Convolution theorem ... modification required

Some new properties are introduced
@ Periodicity
@ Stretch

@ Rearrangement
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Discrete Fourier Transform Properties

Convolution theorem

Let f and g be 1D discrete periodic signals of length N, then:
fxg = IDFT[DFT(f)-DFT(g)]VN

Proof:
N—-1
f(m)xg(m) = f(k)g(m — k)
k=0
N—1 1 N—-1
— — F( ) wikn/ N:| |: Z G mi(m—k)I/N
k=0 LV 15 VN
1 N—-1 N—-1 N—-1
— N Z F(n) G(I) ekan/N 2mi(m—k)I/N
n=0 1=0 k=0
1 N—1 N—-1
— N Z F(n) G(/ 2mm//Nz 2mik(n—1)
n=0 1=0 k=0
1 N—-1 N—1 ) N—1 )
— N F(n) G(I)EQmml/N(g(n o /)/\/ _ Z [F(n) . G(n)] e2mimn/N
n=0 1=0 n=0

David Svoboda (CBIA®FI) Image Transforms autumn 2023 32/65



Discrete Fourier Transform Properties

Stretch

If f(m) is a 1D function of length N, p € N, and stretch,{f} = {g}, where

g(n) = { f(n/p) n=0,p,2p,...,(N—1)p

0 otherwise
then
F(k) k=0,...,.N—1

1 F(k — N) k=N,...,2N—1
F(k—(p—1)N) k=(p—1)N,...,pN—1

Notice: Stretch by a factor p in the time domain results in p-fold
repetition of F(k) in the frequency domain.
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Discrete Fourier Transform Properties

Stretch

An example of stretch for p = 2

time domain Fourier (frequency) domain
10
8
g6 3
= [
4
2
0
01234567 12345678
m u
time domain Fourier (frequency) domain
10 10
8 8
£ 6 S 6
S o
4 4
2 2
0 0
0 5 10 15 0 5 10 15
m u
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Discrete Fourier Transform Properties

Rearrangement

Let f be a 1D discrete signal, where |f| = N, and let a € N be number
that satisfies the condition gecd(a, N) = 1. The rearrangement of signal f
determines the rearangement of Fourier coefficients in the following way:

F(k) = F(f(m))

F((bk)n) = F(f({am)n))

where
e (myy = mmod N
o b= <aEuler(N)—1>N
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Discrete Fourier Transform Properties

Why scaling does not work

50

original function

interleaved with zeros

NN interpolation

linear iterpolation

David Svoboda (CBIA®FI)

Image Transforms

autumn 2023

10 10 10
8
—~ 6 —
E E
=, =
2
0
0 10 20 0 10 20
m m
50 100 100
40 80 80
=30 = 60 = 60
= = X
L 20 L 40 L 40
10 20 20
0 0 0
10 5 0 5 10 10 5 0 5 10 10 -5 0 5 10 10 5 0 5 10
k 3 k k




Discrete Fourier Transform Properties

Periodicity
Statement;:
F(k+ N) = F(k)

Proof:

N—1

2mim(k+N)
F(k + N) = f(m e” N
m=0
N—1

_2mimk _ 2ximl

f(me  n e n
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Discrete Fourier Transform Properties

Periodicity and Symmetry = Domain centering

Frequency spectrum

Centering

Magritude | Phase Frequency spectrum [ centering Magnitude | Phase

Fa) Fla)
4,500 - 4,500 -
3,000 - . . . 3,000 - . . .
1,500 |- had " e Lol .. .. ..

O R . e = . e . .
0,000 Paspnedee o .. o o Py, 0,000 fammeints o Peimany poie’s 0 o oy
-1,500 - -1,500 -
3,000 - -3,000 -
-45 30 -15 ] 15 30 450 45 30 -15 0 15 30 45 ©
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Fast Fourier Transform

Idea: N-point signal (N = 2™, m € N) is decomposed into two N/2-point
signals:

@ one with all odd samples

@ one with all even samples

Example'

92><5|mp|erDFT:[fOf2f4f6 D[ABCD]
2x simpler DFT: [A 55 | D[P QRS

estretch:[f()OfQOﬁ;OfGO]D%[ABCDABCD]
Qstretch'[ﬂOl%O:%OfyO]D\}[PQRSPQRS]
shift: [0 0£0% 0] J5 [ PYQy?R¢*S ¢*P Y°Q ¢°R {75 ]
9|lnea|"ty1[foflf2f3f4fsfef7]—[fOOf20f40f60]+[0f10f30f50f7]
4
[(hhihhfififofi]D 5 [(A+P) (B+9Q) (C+¥°R)...]
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Fast Fourier Transform

Derivation:
]. N-1 2mimk
F(k) = f(me "W
() = 2 f(m
N/2-1 N/2-1
1 2mi(2m)k 1 2mi(2m+1)k
= Y ofeme T+ —— fem+1)e " n
N m=0 \/N m=0
1 N/Hf(z Je WA 4 ek N/Hf(z 4 1)e W
= — m)e e — m e
N “= VN

Notice: ¢ = e~ N
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Fast Fourier Transform

Idea: While it is possible, repeat the division.

F(k) — F2(k), F°(k)
— F(k), F(k), F%(K), F*°(k)
= (), Foo(K), FE2(k), F°2(k), Foe(K), Fo*°(K),

FOOe(k)’ FOOO(k)

1

After log,(n) divisions we have feeeoe--€0€00€e(f) which is just one point
long signal in Fourier domain.

You should know that: {X} D {X}

Exercise: What is the complexity of FFT?
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Fast Fourier Transform
One more illustration

1 signal (16 points) ‘0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15‘

2 signals (8 points each) ‘0 2 4 6 8 10 12 14H1 3 5 7 9 11 13 15‘

4 signals (4 points each) ‘o 4 8 12H2 6 10 14H1 5 9 13H3 7 1 15‘

8 signals (2 points each) ‘0 8H4 12H2 10H6 14H1 9H5 13H3 11H7 15‘

16 signals (1 pointeach) 0 | 8 ||4 |[12[2 ||10]|6 |[1a][1 ]|9 |5 | 1d[a [[11]7 |15
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© Discrete Fourier transform in 2D
@ Definition
@ Properties
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Discrete Fourier Transform in 2D

Definition

Given 2D discrete function f of (M, N) samples and two bases
(pk, k=1{0,...,M —1}) and (¢, ={0,..., N —1}), let us define:

o forward 2D discrete Fourier transform:

M-1N-1

]_ - mk nl
F(k,) = — f(m, n)efzm(V+W)
Vi 2, 2
@ inverse 2D discrete Fourier transform:
1 M—1N-1 P
f(mn)= — F(k, /)ezw’(V'FW)
MN k=0 /=0
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Discrete Fourier Transform in 2D

Properties

Some properties are adopted from lower-dimensional case
o Shift
@ Periodicity
@ Convolution theorem
@ Stretch

Some new properties are introducted

@ Separability
@ Rotation
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Discrete Fourier Transform in 2D

Properties

Separability
The evaluation of 2D-(D)FT can be decomposed into two simpler tasks:

F(k,l) =
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Discrete Fourier Transform in 2D

Stretch

f(x,y)=x+y Fourier Transform (amplitude)

10 10

15
5 10 15 5 10 15

f(x,y) stretched by factor 2 Fourier Transform (amplitude)

David Svoboda (CBIA®FI) Image Transforms autumn 2023 47 / 65



Discrete Fourier Transform in 2D

Rotation

Input image "I" |FT(1)|

rotated | |FT(rotated )]

X
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Discrete Fourier Transform in 2D

Rotation

Let us introduce the polar coordinates:

= rcos¢

= rsing
wx = Rcosy
wy = Rsiny

Then

fix,y) — f(r,9)
Flwx,wy) —  F(R,%)
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Discrete Fourier Transform in 2D

Rotation

It is now clear to see that:

F(r, ¢+ ¢o) D F(R, % + ¢o)

Conclusion: Rotating f(x, y) by an angle ¢q rotates F(wy,w,) by the
same angle, and vice versa.
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@ Spherical Harmonics Transform
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Spherical Harmonics Transform

Motivation

How does the time/input domain influences the transform selection
@ Discrete-time unit step sequence:

ul(n):{ 1 if n>0

0 otherwise

suitable transform: DFT in 1D
@ Discrete-time unit step function:

up(m, n) = uy(m) - ur(n)

suitable transform: DFT in 2D

@ Discrete-time regularly sampled unit sphere:
suitable transform: SHT (Spherical Harmonics Transform)

Notice: Keep in mind, that Fourier transform requires the input domain to
be regularly sampled!
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Spherical Harmonics Transform

Motivation

Let us define a new basis Y;"(6, ) on a unit sphere as follows:

Y0, ) = ke.mP{"(cos 0)e™?
where
@ ¢ and m are respectively the degree and order of the harmonic

@ k¢ m is the normalization coefficient:

2041 (¢ — m)!

ke =
“ 4 ((+ m)!

@ 6 and ¢ are respectively the azimuth and the elevation
@ P['(x) is the associated Legendre polynomial.

m -1)" m de+
Prog = O ey S0

_ 1)2
Notice: Associated Legendre polynomials are mutualy orthogonal
polynomials for fixed m or £.
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Spherical Harmonics Transform

Motivation

An example of some items (their magnitudes only) from the Y;" basis

0 ‘r’? = cosf Yg: 3cos?6-1

"l’; = cosB sind sing Yg:.‘)cos](}?scos!) CY;=(560520-1 )sin® cosé
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Spherical Harmonics Transform

Definition

Using this Y, basis, any spherical scalar function f(6, ) can be expressed

as follows:

9] l
f(H, (P) = Z Z H(€> m) Yém(97 90)7

=0 m=—¢
where H(¢, m) is a harmonic coefficient, given by:

T 27

H(¢, m) // 0,0)Y/(8, ) sin0dpdd

Notice: Compare the terms Harmonic coefficient and Fourier coefficient.
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Spherical Harmonics Transform

Application

3D cell shape modeling

8.892
H(0,0) = 8.282
| 9.269
[ 0.609 — 1.354i
H(1,-1) = 1.228 + 1.264i
| —1.797 +0.119i
1.251
H(1,0) = 2.045
| 3.078
[ —0.609 — 1.354i
L H(1,1) = —1.228 + 1.264i
™~ | 1.797 +0.119i

courtesy: images prepared by D. Wiesner

Notice: For more details how to get regular sampling over a sphere, see
http://lishenlab.com/spharm/SPHARM-MAT.pdf
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Spherical Harmonics Transform

Application

3D cell shape modeling

/5 courtesy: images prepared by D. Wiesner
Notice: For more details how to get regular sampling over a sphere, see
http://lishenlab.com/spharm/SPHARM-MAT.pdf
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Spherical Harmonics Transform

Application

3D cell shape modeling

/—9 courtesy: images prepared by D. Wiesner
Notice: For more details how to get regular sampling over a sphere, see
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Spherical Harmonics Transform

Application

3D cell shape modeling

courtesy: images prepared by D. Wiesner
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Notice: For more details how to get regular sampling over a sphere, see
http://lishenlab.com/spharm/SPHARM-MAT.pdf
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Spherical Harmonics Transform

Application

3D cell shape modeling

courtesy: images prepared by D. Wiesner

L=17

Notice: For more details how to get regular sampling over a sphere, see
http://lishenlab.com/spharm/SPHARM-MAT.pdf
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Spherical Harmonics Transform

Application

3D cell shape modeling

courtesy: images prepared by D. Wiesner

=21

Notice: For more details how to get regular sampling over a sphere, see
http://lishenlab.com/spharm/SPHARM-MAT.pdf
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Hilbert Transform

Definition

Let f be a real-valued signal. The Hilbert transform of f is defined as
a convolution:

H(f) =1 xh,

where h(t) = L is called a Hilbert kernel.

Alternatively, we can define Hilbert transform via frequency domain:

F(H(F))(w) = —i sign(w)F(f)(w),

v

where
1 x>0
sign(x) = 0 x=0
-1 x <0
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Hilbert Transform
Properties

Hilbert transform is further used to form so called Analytic Signal:

fa = f + i H(f)

Original signal

U oall el alll
L/
1 R T T T T T T
.1 0.2 0.3 0.4 0.5

0.0 0

o

Components of Analytic signal

0.0 01 02

[

- -Ikea[part

|||II||| mmm Imaginary part
|||||||| |||II|||III ------ Ill ||||
0.3 0.4 0.5
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Hilbert Transform

Properties

Analytic signal has the following properties:
o real(fa) =1f
e imag(fa) = H(f)
@ fa is a complex signal, i.e. can be interpreted in polar form:

fa(x) = A(x)e™™)

where

A(x) = \/f(x)2 + H2(f)(x) ...amplitude/envelope
° (p(X) = arctan (H(f () ) . phase
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Hilbert Transform
Application

Positive versus Negative frequencies

Fourier coefficent F(k) corresponds to:
@ positive frequency ... bx(m) = TN if0< k< N/2

_ 2mimk

@ negative frequency ...b_x(m) =e "~ otherwise

Real-valued signal Analytic signal

Fourier transform produces: Fourier transform produces:
@ double-sided spectrum with @ single-sided spectrum (no
redundant items (Fourier redundancies)

coefficients) @ spectrum contains only

@ pairs of identical items with positive frequencies
positive and negative
frequencies

v
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Hilbert Transform

Application

Double-sided versus single-sided spectrum

Double-sided left-aligned spectrum _ Double-sided centered spectrum Single-sided left-aligned spectrum

90
80}
70f
60+
50t

40t

[FFT(£)]

301
20+
10t
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Hilbert Transform

Application

Signal decomposition

Mixed signal
Lo e

L T~ ==
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You should know the answers . ..

@ Express the discrete Fourier transform as a matrix multiplication.
Derive this matrix.

@ How many Fourier basis functions do we need if we transform the
signal of length N into the frequency domain?

e Formulate the forward discrete Fourier transform. Explain all the
variables and constants.

@ What does DC and AC terms mean?

@ Explain the meaning of one particular Fourier coefficient in inverse
Fourier transform.

@ What is the product of the projection of an even function into a sin
wave?

@ Why are the wide functions in time domain transformed into their
narrow counterparts in frequency domain and vice versa?

@ Derive FFT for a signal of length 3™, m € N.
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