€5

“so[dunes [jeuis J0J 90UIRJUY JOBYS SISSNISIP ¢ UOT)
-0ag pue spotpew ofdums-a3re] sfuasexd 7 g Uondeg ‘SUOLIBIZOSER YINS 10J SPOYISTI
[PRUSIaN Juasexd ¢'¢ PUR T'E SUOHIOS "IqRIIRA JUIOUE 10} [ONUOD B IIPUN AJ[eor
-{eWIRIp 23 UeyD LRUI SO[RIIEA OM] HA9MISQ UONBII0SSE SI 18Y) SMOYS | C UOT00g
[ONNICY [BINSHELS WIoLTad
0] S[OPOT JO 25T S B [[o4 S §ISBD [RIoUaE axowr jean sioydeys 1oyer] 'sesuodsar
ATewrq s so[qe) ABm-2oI0) 0) Xajar sopdurexs oty ‘Konduns 104 ‘7 JO S[EAS] RIS
-u02 ‘paxy ye drysuone[ar f-y oyl SmApms Aq SIH Op 9 "7 S[qrLRa SWpunojuos
A1qissod € Jo s109172 203 SuonueD A ¢ [ PUE ¥ S9[QRLIZA JEOLIOTAIED OM] TIa0Mm)ar
uoneI0ssE Ay urzdfeur st ordoy urewr o, 's91qe] LeA-NIN 0) SI[QE) LOUSFUNUOD
Aem-om3 Suipre3arz 1ender)) jo spotpet oy sozifersuas deyo supy, ‘sisd[eue sreTIeA
-1q € TRy Jayex sfeeanni v saxnbar sisATeue ve U sejqerea jonuod Supnpoug
"a8e o8eIaAR J0MOT IAUY 10901
Arduns few soyowsuou jo sosnods FUOUIE Seged 1aoted Sumny o uonrodoxd ramof v
‘st [, Taoued Junj oary O A[SYI] 5591 o ofdoad refunod esoddns pue ‘szoyows jo
gosnods uet 10804 2 0 pua) s1eyowsuou jo sasnods asoddng sseurnasn payruy
oAB T[IAM SINSAT ‘S3[(BLIBA OIS JONUOD oM SSIU[) “Iesues Fun| sey Suo Iopoym o)
Ppue saxjowus ssnods 8,010 IOISHM O] T10q S1e[T JYSIU 18y} S10308] I9I0 10 ‘Snje)s
OTHIOUODR0IN0S 58k JOJ jonuoo 01 1dwane pnoys am ‘os Fuop U "ajOows jou op
s9s10ds 9501M SIANOUISHOU pUE S]OUIS Sasn0ds SSOUM SIOYOWSUOU HaomIeq SoTRl
Jaoues Sunf amdwos 1S Apms JeUONRS-S5010 B I00Ues FUR] I PIIRIDOSSE ST
Burjows salssed Joypanm az7ATemy O, FYOUIS & Yits SUrA] JO ISYOWISTON B U0 S193]79
aup ‘st yerp ‘Fupows sassed Jo s10aye sIeprsuod Apms e asoddns ‘sjensnr of,
"SIIRUENe]] JURXSNIP O} Ss}oofgns SUrSisse AJUWOPURE JO AMXN] S QAEY] JOU §30P SUO
2T2YM ‘SIPIYS [PUOTIRAIISQO 1] 2Ny Apremmonired ST STT, * [ PUR X Y104 UO S9IELEBAOD
3501 JO $109J19 199ger Ajdums Aemwr £ 00 ¥ JO 10013 PAAINSGO UR “OSIAISIQ) © £ UO
X 30 100110 o) SwApms afrja JURISUOD SOJETIEAOD [[ONS PlOY 03 WISIUBYIOUL SUIOS
2SN PINOYS QU0 ‘st 1ey], "dISUOTE[SI JEY) SHUSNYUL UBD JBI]} SOJEMIBAOD |, JOXU0d,
pInoYs auo © [ a[qerea asuodsal v 10 ¥ o[qeliea L1ojeuefdxs uw jo yosys oy SuApms
uJ ‘S9[qelieA JOXU0D JO 90IOHD ) ST SSIPIIS (reasar Jsowl yo jred juwprodun wy

Sa[qe], AOUa3Unu0)) ABA\-99M] ],

¢ dHLJdVHD

op + Yp = [p pis wonngisip
pexenbs-1ys v s €4 4 Lt woy) “&fp pue Ifp wopao) Jo $92180p [Iim. 9918LIEA
pazenbs-nya juspuadoptr axe Z1 pue 11 J1 3801 M0Ys ‘sny) SUTs() *SARLIEA RO
prepuess spusdopur are Pz 1y oroym :ﬁw + ..+ + t7 uommuesardar
sey fp 01 fenba wopsery Jo soaiSap 1M aYerea parenbs-mpo vV T = [P In
UORNAEASIP porenbs-yo ¥ Sey ;7 USY], 2JELIeA [EUIOT PIEPUESS B S10USp Z 9T "+ET
((c961)
00£~56T :8S "P2IN 208 "y "904d “TITH PIOJPEIF UNSTY IS 'I3)Seul PE] € pue
JUBAXSS JUS[[A0X TR 87 189) aTenbs-Wo 2ty ‘a1 oyr,,) "HoNeRIS0ssE Jo mfuans
a3 Inoqe volBuLIorur 2A18 10U op pue sisamodAy € 1sureSe couspias Jo sasdap
a1y} a1eo1pr A7duuns s1se] I9TC A1 ‘s1821 parenbs-npo Aya uredxy juenodun
Aqreonoeld ST UOTIBIOOSSE oI} JOUIATM Jo sso[predal ‘oBre] st u uoym o8Te] 0g
ued ¥ ‘90udy ‘u 0y feuontodord Apoamp st X “{"d} 30 185 monred € 104
Srgeid \nﬁ tdtd K u = X uotssaxdxa sayewiae sey (¢'p'7) BIwIo “geT
("¢ ¢ ¢ uenoog ass Jurdures [erwounq Joj serpdde enpisal uosresd
jusIayytp ¢ pue ‘Sunduues UOSSIO] 0] SISOl A1y PIUPOp [eNpISeI UOSIedy
oy 1, “Surdwes [erourg pue UOSSIOJ JOJ [BODURPL ol S{ENPISAI pASpy

. ﬁw+2ﬁ+ﬁ_+ﬂz+nr@
nﬁﬂ,:n:;. — Nmr.:ﬁ.vt

”NN

01 sayrduns ,y ‘s31qB1 7 X 7 104 “270N) * X sfenba

SHTAVL AONHDONLLNOD AVAM-0ML 75




54 THREE-WAY CONTINGENCY TABLES
3.1 PARTIAL ASSOCIATION

We begin this chapter by discussing statistical control and the types of relationships
one can encounter in performing such control with multivariate categorical data. We

illustrate basic concepts for a response variable ¥, an explanatory variable X, and a

single control variable Z, all of which are categorical. A three-way contingency table
displays counts for the combinations of levels of the three variables.

3.1.% Partial Tables

Two-way cross-sectional slices of the three-way table cross classify X and ¥ at
separate levels of the control variable Z. These cross sections are called partial
tables. They display the X-Y relationship at fixed levels of Z, hence showing the
effect of X on ¥ while controlling for Z. The partial tables remove the effect of Z by
holding its value constant.

The two-way contingency table obtained by combining the partial tables is called
the X-¥ marginal table. Each cell count in the marginal table is a sum of counts from
the same cell location in the partial tables. The marginal table, rather than controlling
Z, ignores it. The marginal table contains no information about Z. It is simply a
two-way table relating X and ¥ . Methods for two-way tables, discassed in Chapter
2, do not take into account effects of other varjables.

The associations in partial tables are called conditional associations, because they
refer to the effect of X on Y conditional on fixing Z at some level. Conditional
associations in partial tables can be quite different from associations in marginal
tables. In fact, it can be misleading to analyze only a marginal table of a multi-way
contingency table, as the following example illustrates.

3.1.2 Death Penalty Example

Table 3.1 is a 2 X 2 X 2 contingency table—two rows, two columns, and two layers—
from an article that studied effects of racial characteristics on whether individuals
convicted of homicide receive the death penalty. The 674 subjects classified in Ta-

Table 3.1 Death Penalty Verdict by Defendant’s Race and Victims’ Race

Victims’ Defendant’s Death Penalty Percentage ©
Race Race Yes No Yes
White ‘White 53 414 11.3
Black 11 37 22.9
Black White 0 16 0.0
Black 4 139 2.8
Total ‘White 53 430 11.0
Black 15 176 7.9

Source; M. L. Radelet and G. L. Pierce, Florida Law Rev. 43: 1-34 (1991).
Reprinted with permission of the Florida Law Review.

e
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ble 3.1 were the defendants in indictments involving cases with maltiple murders in
Florida between 1976 and 1987. The variables in Table 3.1 are ¥ = “death penaity
verdict,” having categories (yes, no), and X = “race of defendant” and Z = “race
of victims,” each having categories (white, black). We study the effect of defendant’s
race on the death penalty verdict, treating victims’ race as a contrel variable. Table 3.1
has a 2 X 2 partial table relating defendant’s race and the death penalty verdict at
each level of victims’ race.

For each combination of defendant’s race and victims’ race, Table 3.1 lists and
Figure 3.1 displays the percentage of defendants who received the death penalty. We
use these 1o describe the conditional associations between defendant’s race and the
death penalty verdict, controlling for victims’ race. When the victims were white, the
death penalty was imposed 22.9% —11.3% = 11.6% more often for black defendants
than for white defendants. When the victim was black, the death penalty was imposed
2.8% more often for black defendants than for white defendants. Thus, controlling
for victims’ race by keeping it fixed, the percentage of “yes” death penalty verdicts
was higher for black defendants than for white defendants.

The bottom portion of Table 3.1 displays the marginal table for defendant’s race
and the death penalty verdict, We obtain it by summing the cell counts in Table 3.1
over the two levels of victims’ race, thus combining the two partial tables {(e.g.,
11 + 4 = 15). We see that, overail, 11,0% of white defendants and 7.9% of black
defendants received the death penalty. Ignoring victims’ race, the percentage of “yes”

22.9%
(n=48)
11.3%
= 2.8%
(n=467) (=143)
— Black Defendants
0% .
(N=16) “— White Defendants

<<:.m\a w_m\o,w
Victims Victims

Figure 3.1 Percent receiving death penalty.
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56 THREE-WAY CONTINGENCY TABLES

death penalty verdicts was lower for black defendants than for white defendants. The
association reverses direction compared to the partial tables.

‘Why does the association between death penalty verdict and defendant’s race dif-
fer so much when we ignore vs. control victims’ race? This relates to the nature of
the association between the control variable, victims’ race, and each of the other vari-
ables. First, the association between victims’ race and defendant’s race is extremely
strong. One can verify that the marginal table relating these variables has odds ratio
(467 % 143) /(48 X 16) = 87.0; the odds that a white defendant had white victims
are estimated to be 87.0 times the odds that a black defendant had white victims.
Second, the percentages in Table 3.1 show that, regardless of defendant’s race, the
death penalty was considerably more likely when the victims were white than when
the victims were black. So, whites are tending to kill whites, and killing whites is
more likely to result in the death penalty. This suggests that the marginal association
should show a greater tendency for white defendants to receive the death penalty than
do the conditional associations. In fact, Table 3.1 shows this pattern.

Figure 3.2 may clarify why the conditional associations differ so from the marginal
association. For each defendant’s race, the figure plots the proportion receiving the
death penalty at each level of victims’ race. Each proportion is labeled by a letter

0.25 -
Proporticn
Receiving
Death Penalty - N
0.20 Conditional assoc.
{vic. = W)
0.15
Marginal
association
.10 -
0.05 Conditional assoc.
{vic. uﬂv.
0.0

T T
w B

Defendant’s Race

Figure 3.2 Propostion receiving death penalty by defendant’s race, controlling and ignoring victim’s
race.
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symbol giving the level of victims’ race. Surrounding each observation is a circle
having area proportional to the number of observations at that combination of defen-
dant’s race and victims’ race. For instance, the W in the largest circle represents a
proportion of .113 receiving the death penalty for cases with white defendants and
white victims. That circle is largest, becanse the number of cases at that combination
(53 + 414 = 467) is larger than at the other three combinations. The next largest
circle relates to cases in which blacks kill blacks.

We control for victims’ race by comparing circles having the same victims’ race
letter at their centers, The line connecting the two W circles has a positive slope, as
does the line connecting the two B circles. Controlling for victims’ race, this reflects
a higher chance of the death penalty for black defendants than white defendants.
When we add results across victims' race to get a summary resuli for the marginal
effect of defendant’s race on the death penalty verdict, the larger circles having the
greater number of cases have greater influence. Thus, the summary proportions for
each defendant’s race, marked on the figure by periods, fall closer to the center of
the larger circles than the smaller circles. A line connecting the summary marginal
proportions has negative slope, indicating that white defendants are more likely than
black defendants to receive the death penalty.

The result that a marginal association can have different direction from the condi-
tiona] associations is called Simpson’s paradox. This result applies to quantitative as
well as categorical variables.

3.1.3 Conditional and Marginal Odds Ratios

One can describe marginal and conditional associations using odds ratios. We illus-
trate for 2 X 2 X K tables, where X denotes the number of levels of a control variable,
Z. Let {n;} denote observed frequencies and let {u; i+ denote their expected frequen-
cies.

Within a fixed level k of Z,

Orqy = LikH22 G.1.D)
12z M21k

describes conditional X-Y association. It is the ordinary odds ratio computed for the
four expected frequencies in the kth partial table. We refer to the odds ratios for the
K partial tables as the X-Y conditional odds raties.

The conditional odds ratios can be quite different from marginal odds ratios, for
which the third variable is ignored rather than conirolled. The X-¥ marginal table has
expected frequencies {i;;+ = ¥, i) obtained by summing over the levels of Z.
The X-Y marginal odds ratio is

— M+ Mt

Oy .
P12+ Ha1+

Similar formulas with cell counts substituted for expected frequencies provide sample
estimates of QN.MAE and Byy.
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We illustrate by computing sample conditional and marginal odds ratios for the
association between defendant’s race and the death penalty. From Table 3.1, the
estimated odds ratio in the first partial table, for which victims’ race is white, equals

33 X 37

aaxi 04

Uxriy =

The sample odds for white defendants receiving the death penalty were 43% of the
sample odds for black defendants. In the second partial table, for which victim’s race
is black, the estimated odds ratio equals @5\@ = (0 X 139)(16 X 4) = 0.0, since the
_ death penalty was never given to white defendants having black victims.

Estimation of the marginal odds ratio for defendant’s race and the death penalty
uses the 2 X 2 marginal table in Table 3.1, collapsing over victims’ race. The estimate
equals (53 X 176)/(430 X 15) = 1.45. The sample odds of the death penalty were
45% higher for white defendants than for black defendants. Yet, we just observed that
those odds were smaller for a white defendant than for a black defendant, within each
level of victims' race. This reversal in the association when we control for victims’
race illustrates Simpson’s paradox. (Problems 5.16 and 6.3 consider further analyses
of these data.)

3.1.4  Margina! versus Conditional Independence

Consider the true relationship between X and ¥, coutrolling for Z. If X and ¥
are independent in each partial table, then X and Y are said to be conditionally
independent, given Z. All conditional odds ratios between X and ¥ then equal 1.
Conditional independence of X and ¥, given Z, does not imply marginal independence
of X and ¥. That is, when odds ratios between X and ¥ equal 1 at each level of Z,
the marginal odds ratio may differ from 1.-

‘The expected frequencies in Table 3.2 show a hypothetical relationship among
three variables: ¥ = response (success, failure), X = drug treatment (A4, B), and
Z = clinic (1, 2). The conditional association between X and Y at the two levels of

Table 3.2 Conditional Independerce Does Not Imply
Marginal Independence

Response

Clinic Treatment Success Failure
1 A 18 12
B 12 3
2 A 2 8
B S 32
Total A 20 20
B 20 40
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Z is described by the odds ratios

18 X8

borw = Txz - 10
22X 32

QNQAB == a = 1.0

Given clinic, response and freatment are conditionally independent. The marginal
table adds together the tables for the two clinics. The odds ratio for that marginal
table equals fxy = (20 X 40)/(20 X 20) = 2.0, so the variables are not marginally
independent.

Why are the odds of a success twice as high for treatment A as treatment B when
we ignore clinic? The conditional X-Z and ¥-Z odds ratios give a clue. The odds ratio
between Z and either X or ¥, at each fixed level of the other variable, equals 6.0.
For instance, the X-Z odds ratio at the first level of ¥ equals (18X8)/(12)(2) = 6.0.
The conditional odds (given response) of receiving treatment A are six times higher
at clinic 1 than clinic 2, and the conditional odds (given treatment) of success are six
times higher at clinic 1 than at clinic 2. Clinic 1 tends to use ireatment A more often,
and clinic 1 also tends to have more successes. For instance, if patients who attend
clinic 1 tend to be in better health or tend to be younger than those who go to clinic
2, perhaps they have a hetter success rate than subjects in clinic 2 regardless of the
treatment received.

It is misleading to study only the marginal table, concluding that successes are
more likely with treatment A than with treatment B. Subjects within a particular
clinic are likely to be more homogeneous than the overall sample, and response is
independent of treatment in each clinic.

3.1.5 Homogeneous Association

There is homogeneous X-Y association in a 2 X 2 X K table when

bray = v = 00 = oo

The conditional odds ratio between X and ¥ is then identical at each level of Z. Thus,
the effect of X on ¥ is the same at each level of Z, and a single number describes
the X-¥ conditional associations. Conditional independence of X and ¥ is the special
case in which each conditional odds ratio equals 1.0.

Homogeneous X-¥ association in an / X J X X table means that any conditional
odds ratio formed using two levels of X and two levels of ¥ is the same at each
level of Z. When X-Y¥ conditional odds ratios are identical at each level of Z, the
same property holds for the other associations. For instance, the conditional odds
ratio between two levels of X and two levels of Z is identical at each level of
Y. Homogeneous association is a symmeiric property, applying to any pair of the
variables viewed across the levels of the third. When it occurs, there is said to be no
interaction between two variables in their effects on the third variable.
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When homogeneous association does not exist, the conditional odds ratio for
any pair of variables changes across levels of the third variable. For X = smoking
(ves, no), ¥ = lung cancer (yes, no), and Z = age (<45, 45-65, >65), suppose
m.«Dwﬁ: = H.Nw QN.D\.ANU = va and mkmwﬁv = 6.2, Then, mEOEHbm has a weak effect on
lung cancer for young people, but the effect strengthens considerably with age.

The estimated conditional odds ratios for Table 3.1 are dyy(ry = 0.43 and gy 5y =~
0.0. The values are not close, but the second estimate is unstable because of the zero
cell count. If we add w to each cell count, we obtain 0.94 for the second estimate.
Because the second estimate is so unstable and because further variation can occur
from sampling variability, these data do not necessarily contradict homogeneous
association. The next section shows hew to check whether sample data are consistent
with homogeneous association or conditional independence,

3.2 COCHRAN-MANTEL-HAENSZEL METHODS

This section introduces inferential analyses for three-way tables. We present a test of
conditional independence and a test of homogeneous association for the X conditional
odds ratios in 2 X 2 X K tables. We also show how to combine the sample odds ratios
from the K partial tables into a single summary measure of partial association.
Analyses of conditional association are relevant in most applications having :._Ea
tivariate data. To illustrate, we analyze Table 3.3, which summarizes eight studies in
China about smoking and lung cancer. The smokers and nonsmokers are the levels

Table 3.3 Chinese Smoking and Lung Cancer Study, with Information Refevant 8
Cochran—-Mantel~Haenszel Test

Lung Cancer

City Smoking Yes No Odds Ratio Mg Var(ni)

Beijing Smokers 126 100 2,20 113.0 16.9
Nonsmokers 35 61

Shanghai Smokers 908 688 2.14 7732 179.3
Nonsmokers 497 807

Shenyang Smokers 913 747 2.18 799.3 1493
Nonsmokers 336 598

Nanjing Smokers 235 172 2.85 203.5 311
Nonsmokers 58 121

Harbin Smokers 402 308 232 355.0 57.1
Nonsmokers 121 215

Zhengzhou Smokers 182 156 1.59 169.0 28.3
Nonsmgkers 72 98

Taiyuan Smokers 60 99 237 53.0 9.0
Nounsmokers 11 43

Nanchang Smokers 104 89 2.00 96.5 11.0
Nonsmokers 21 34

Source: Based on data in Z. Lin, Smoking and lung cancer in China, Intern. J. Epidemiol., 21 G.__.INE
{1992). Reprinted with permission of Oxford University Press.
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of a group classification X, the two possible outcomes (yes, no) for lung cancer are
the levels of a response variable ¥, and different cities are levels of a control variable
Z. Subjects may vary among cities on relevant characteristics such as socloeconomiic
status, which may cause heterogeneity among the cities in smoking rates and in
the lung cancer rate. Thus, we investigate the association between X and ¥ while
controlling for Z.

3.2.1 The Cochran-Mantel-Haenszel Test

For 2 X 2 X K tables, the nuil hypothesis that X and ¥ are conditionally independent,
given Z, means that the conditional odds ratio fxy between X and ¥ equals 1 in
each partial table. The standard sampling models treat the cell counts as (1) inde-
pendent Poisson variates, or (2) multinomial counts with fixed overall sample size,
or (3) multinomial counts with fixed sample size for each partial table, with counts
in different partial tables being independent, or (4) independent binomial samples
within each partial table with row totals fixed. In partial table k, the row totals are
{7144 Bz +43, and the column totals are {#4 1z, #+2;}. Given both these totals, all these
sampling schemes yield a hypergeometric distribution (Section 2.6.1) for the count
31 in the cell in the first row and first column. That cell count determines all other
counts in the partial iable. The test statistic utilizes this cell in each partial table.
Under the null hypothesis, the mean and variance of #y; are

_ _ Mi+pR+1z
e = E(ipye) = ——
Btk
Y42+ 11 T2k

Var(r i) .
HE ;mr+..%:++» -1

When the true odds ratio Gxy () exceeds 1.0 in partial table &, we expect to observe

(r1x — miw) > 0. The test siatistic combines these differences across all X tables.

When the odds ratio exceeds 1.0 in every partial table, the sum of such differences

tends to be a relatively large positive number; when the odds ratio is less than 1.0 in

each table, the sum of such differences tends to be a relatively large negative number.
The test statistic summarizes the information from the X partial tables using

gl — F:EN

CMH =
3o Var(g )

) (32.1)

This is called the Cochran-Mantel-Haenszel (CMH) statistic. It has a Jarge-sample
chi-squared distribution with df = 1.

The CMH statistic takes larger values when (7133 — f114) 15 consistently positive
or consistently negative for all tables, rather than positive for some and negative for
others. This test is inappropriate when the association varies dramatically among the
partial tables. It works best when the X-¥ association is similar in each partial table.

The CMH statistic combines information across partial tables. When the true
association is similar in each table, this test is more powerful than separate tests within
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