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1 Nevlastni integral

Nevlastni integral je rozsitenim pojmu Riemannova integrdlu. Riemanniv integrdl je
definovany pouze pro ohranicené funkce a konecné obory integrace.
Body, ve kterych funkce neni ohranicena a nevlastni body #-co budeme souhrnné

nazyvat singularnimi body.
b
Integral / f(x) dx nazyvame nevlastni, pokud alespon jedno z ¢isel a, b je rovno +oo0,

a
nebo funkce f(x) neni ohrani¢end na uzavreném intervalu [a, b] (tj. alespofi v jednom
bodé intervalu funkce ma singularni bod - nemusi jit vzdy o body a nebo b, ale
singularni bod mdZe byt i uvnitf intervalu).
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o0 2 u 2
e Xdx = lim e “dx
1 u—oo J_4

] ‘

—1 y X

( Definice. Necht b € R U {+0c0} a necht funkce f(x) je integrovatelnd na kazdém),
intervalu [a, u], kde a < u < b. Déle necht bud plati b = co nebo necht f(x) neni

u
ohranic¢ena v okoli bodu b. Existuje-li vlastni limita lim / f(x)dx = B, fikdme
a

u—b—

b
ze nevlastni integral konverguje a piSeme / f(x) dx = B. Pokud limita neexistuje,
a

b
nebo je nevlastni, fikdme, Ze integral / f(x) dx diverguje.
a

Nevlastni integral (©Robert Mafik, 2006 Ed



- ] X

( Definice. Necht @ € R U {—oo} a necht funkce f(x) je integrovatelnd na kazdém)
intervalu [u, b], kde a < u < b. Déle necht bud plati @ = —oco nebo necht f(x) neni

b
ohranicena v okoli bodu a. Existuje-li vlastni limita Llim / f(x)dx = A, fikdme

+
u—a u

b
ze nevlastni integral konverguje a pisSeme / f(x) dx = A. Pokud limita neexistuje,
a

b
nebo je nevlastni, fikdme, Ze integral / f(x) dx diverguje.
a
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u ‘ 4

0 0 0
/ e dx = / e dx + / e dx
—00 0

e dx + lim / e dx
0

>

= lim

u——0Q V—00

Sy

Pokud singuldrni bod lezi uvnitf intervalu (a, b), a, b € R U {£o0}, nebo pokud jsou
singuldrnimi body obé meze, rozdélime interval pres ktery integrujeme na nékolik
podintervald opakovanym vyuzitim aditivity Riemannova integrdlu vzheldem k mezim
a integrujeme na kazdém intervalu samostatné.
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I i ———dx.
[ ntegrujte /1 ) dx ]

Y 1
= li —d
quEo/1 x(x2—|—'|) X

Pouzijeme definici nevlastniho integralu a rozepiSeme jej jako limitu Riemannova
integralu.
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I i ———dx.
[ ntegrujte /1 ) dx ]

1 1 X
b o gme L E e
/x(x2+1) X /x 21X

Pro vypocet neurcitého integralu rozlozime na parcialni zlomky. ]
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I i ———dx.
[ ntegrujte /1 ) dx ]

Y 1
= li —d
uLTo/1 x(x2—|—1) X

1 1 X 1
7(1 — __—d :l __l 2 1
/x(x2+1) X /x 21 T e +1)

UZijeme zakladni vzorce a pravidla pro integraci. ]
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I i ———dx.
[ ntegrujte /1 ) dx ]

4 1
= li ——Fd
uLTo/1 x(x2—|—1) X
1 1 X 1
————dx= [ - — ———dx=lnx— = In(x* + 1
/x(x2+1) X /x L B ) N +1)

/uédx—lnu 1ln(u2+1)+1ln(2)
1 x( - 2 2

Vypocteme Riemannilv integral pomoci Newtonovy—Leibnizovy véty. ]
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I i ———dx.
[ ntegrujte /1 ) dx ]

4 1
= li ——Fd
uLTo/1 x(x2—|—1) X
1 1 X 1
————dx= [ - — ———dx=lnx— = In(x* + 1
/x(x2+1) X /x L B ) N +1)

/uédx—lnu 1ln(u2+1)+1ln(2)
1 x( - 2 2

1 1
/= lim [ln u— 3 In(u?+1)+ 5 ln(Z)]

u—oQ

Nyni uzijeme limitni pfechod u — . ]
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I i ———dx.
[ ntegrujte /1 ) dx ]

1 1 1
——dx= [ - dx=lnx— =1 1
/x(x2+1) X /x x2+1 x=mxees n(x +1)

“ 1 1
/1 mdx—lnu—iln(u +1)+§ln(2)

o T2 ’ 1 _
I = lim Hlnu—zln(u +1)+§ln(2)]_

u—oQ

2

1 1 . 1 1 1
zian—i—zln(uan;m) =S In2+>In1=>n2

e \yraz je typu co — o0.

e Sectenim logaritmi prevedeme na logaritmus podilu, se kterym se |épe zachazi.
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I i ———dx.
[ ntegrujte /1 ) dx ]

1 1 1
————dx= [ - dx =Ilnx— = 1
/x(x2+1) X /x x2+1 x=mxees n(x +1)
/uédx—lnu 1ln(u2+1)+1ln(2)
1 ox(x2+1) 7 2 2

1 1
/= lim [lnu— > tn(u? +1) + Eln(Z)] -

u—oQ

1 1 u? 1 1
= 52 oI, ) = A St

1 ‘
Integral konverguje, jeho hodnota je | = 5 n2. ]
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. <1
[Intengte / dx.]
> xlnx

Rozepiseme

v
I = lim/ dx.
u—oo J, xlnx
1 1
/ dx:/ dx = ln|lnx|
x lnx nx
a proto

o 1 u 9
/:/ dx:um/ dx:lim[ln|lnu|—ln|ln2|]:oo
> xlnx u—oco J, xlnx u—00

a nevlastni integrél tedy diverguje.

Neurdity integral spliuje
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& 1
Integrujte ——dx.
grul /1 xvVx+1 ]
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o0 1
Integrujte ——dx.
[ grUJ /1 XV X + 1 ) ]

| = lim

u
1
[Aw
u—00 Jj X‘/X+1

pouzijeme definici nevlastniho integrélu. ]
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o0 1
Integrujte ——dx.
[ grUJ [ XV X + 1 ) ]

| = lim

u
1
[Aw
u—00 Jj XW/X+1

1
—d
/x\/x+1 X

Vypocteme neurdity integral.

|
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o0 1
Integrujte ——dx.
[ grUJ [ XV X + 1 ) ]

| = lim

u
1
[Aw
u—00 Jj XW/X+1

1 x+1= t2
—dx
/ xvVx +1
Substituci odstranime odmocninu. ]
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o0 1
Integrujte ——dx.
[ grUJ [ XV X + 1 ) ]

| = lim

u
1
[w
u—00 Jj xvVx+1

1 X+1:t2
——dx — 2 _
/X N1 X =t 1

Vypocteme x. .. ]
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o0 1
Integrujte ——dx.
[ grUJ [ XV X + 1 ) ]

| = lim

1
—d
/X\/x+1 X

u
1
[Aw
u—00 Jj X‘/X+1

x+1=1+
x=1t>—1
dx = 2tdt

...a odsud nalezneme vztah mezi diferencialy.

|
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o0 1
Integrujte ——dx.
[ grUJ [ XV X + 1 ) ]

| = lim

u
1
[Aw
u—00 Jj X‘/X+1

/ 1 X+1=t2 1

— —dx | =21 :/72tdt
v/ 2 —1)t
a2l dx = 2t dt ( )

Dosadime substituci. . .

J
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o0 1
Integrujte ——dx.
[ grUJ [ XV X + 1 ) ]

| = lim

1
—d
/X\/x+1 X

u
1
[Aw
u—00 Jj X‘/X+1

x+1=1+
x=1t>—1
dx = 2t dt

g

1 2

. a upravime.

|
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o0 1
Integrujte ——dx.
[ grUJ [ XV X + 1 ) ]

| = lim

u
1
[Aw
u—00 Jj X‘/X+1

2
1 x+1=t 1 2 —1
———dx | x=£—1|= | 5 2tdt= dt = In
/X\/x+1 XS =1 /(t2—1)t /t t+1

dx = 2tdt
(Rozlo¥ime na parcialni zlomky (zde pfeskoceno) a zintegrujeme. )
2 1 1
——dt=| — — ——dt=Iln|t—1|—In|t+1
/t2—1 /t—1 t+1 | | =t +1]
I [t—1] t—1
t+1] "t
- /

Nevlastni integral (©Robert Marik, 2006 Ed



o0 1
Integrujte ——dx.
[ grUJ [ XV X + 1 ) ]

| = lim

u
1
[Aw
u—00 Jj X‘/X+1

2
1 x+1=t 1 2 —1
———dx | x=£—1|= | 5 2tdt= dt = In
/X\/x+1 XS =1 /(t2—1)t /t t+1

dx = 2tdt
l Vx+1-1
=N ————
Vx+1+1
Dosadime substituci a vratime se tak zpét k proménné x. ]
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o0 1
Integrujte ——dx.
[ grUJ [ XV X + 1 ) ]

1 L vVx+1-—1

| = lim

u 1
——dx ———dx=ln—
UHOO/1 xvVx+1 xvVx+1 vVx+1+1

u
1
—dx
/1X\/x+1

UZijeme primitivni funkci k vypoctu urcitého integralu.

|
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o0 1
Integrujte ——dx.
[ grUJ [ XV X + 1 ) ]

1 L vVx+1-—1

| = lim

u 1
——dx ———dx=ln—
UHOO/1 xvVx+1 xvVx+1 vVx+1+1

ln\/x+1—1]“
\/X+1+1 1

dx =

u
1
/1 xvVx+1

[ Newtonova—Leibnizova formule.

J
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o0 1
Integrujte ——dx.

) u 1 1 Vx—+1—1
| = lim ——dx ———dx=ln—
u—oo J1 xv/x+1 xvVx+1 vVx+1+1

dx =

\/x+1—1]“_l VutT—1 V21

u
1
_— In——| =In —In
/1X\/x+1 Vx+1+1], Vu+1+1 V241

Urdity integral.

|
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o0 1
Integrujte ——dx.
[ grUJ [ XV X + 1 ) ]

. Y 1 1 Vx—+1—1
| = lim ——dx ———dx=ln—

u—oo J1 xv/x+1 xvVx+1 vVx+1+1
/U71 dx = ln7X+1_1]u—ln sl el ln\/z_1
1 xvVx+1 Vx+14+11 vVu+1+1 V2 +1
/:—ln\/i_1 + lim lnﬂ

V241 = Vu+141

Nevlastni integral je limitou urcitého integralu.

|
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o0 1
Integrujte ——dx.
[ grUJ [ XV X + 1 ) ]

. Y 1 1 Vx—+1—1
| = lim ——dx ———dx=ln—
u—oo J1 xv/x+1 xvVx+1 vVx+1+1
/U71 dx = ln7X+1_1]u—ln sl el ln\/z_1
1 xvVx+1 Vx+14+11 vVu+1+1 V2 +1
vV2—-1 Vu+1—1
| =—1In + lim lIn —
V241 ume Vu+ 141
V241  NVu+1-1
=ln +In | lim ——
V2 -1 u=oo /U + 141

UZijeme vétu o limité funkce se spojitou vnéjsi slozkou.

|
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[Integrujte

& 1
— dx.
/1 xXVx+1 X]

1 dX_n\/x+1—1
xvVx+1 N vVx+1+1

/ Li /u ! d
= (um — ax
u—oo J1 xv/x+1
/U71 dx = ln7X+1_1]u
1 xvx+1 vVx+1+1]14
vV2—-1 Vu+1—1
| =—1In + lim lIn —
V241 umeo Ju+141
V241  NVu+1-1
=ln +In | lim ——
V2 —1 u=oo /U + 1 41

Yt ln\fz—1

VUt 1+1 V241

):ln\/i+1+ln(lim 1))
\/Z_‘] u—00 u ’I)’

[VnitFni slozka je neurcity vyraz typu

a |ze pouzit I'Hospitalovo pravidlo.

|
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& 1
Integrujte —— dx.
[ grUJ [ XV X + 1 ) ]

| = lim édx—lnw
 u—oo xvVx+1 xvVx+1 N vVx+1+1

1 dx_l\/x+—1 1] lm1 l\f2—1
xvVx+1 Vx+1+1 vVu+1+1 \/2-1-1

\ﬁ 1 Vu+1-1

|=— + lim In Y——
\/_+1 u=oo U+ 141
\f+1  NVuFT1-1 V2 +1 (Vu+1y

+ In | lim =In +In | lim

\f— iy V2 —1 u=co (vu £+ 1)
\/_+1+l1
"z

[Citatel a jmenovatel se zkrati.
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o0 1
Integrujte —— dx.
[ grUJ [ XV X + 1 ) ]

| = lim édx—lnw
-0 xvx+1 xvVx+1 VX141
1 dx_lm1]l¢m1lﬁ-1
xvVx+1 vx+1+1 vVu+1+1 V2 +1
\ﬁ 1 Nu+T-1
| =— + lim lIn —
\f+1 umoo /U1 +1
\f+1  VuF1-1 V2 +1  (Vuty
+In | lim =In +In [ lim ——
\F_ iy V2 -1 u=oo (vu+ 1y
\/_—i_1-|-ln1:ln\/§+1
\f— V2 —1
[lh1=0 )
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o0 1
Integrujte —— dx.
[ grUJ [ XV X + 1 ) ]

I = lim édx—lnw
oo xvx+1 xvVx+1 N vx+14+1
L VE R 1] _ G Yeri—1 | V21
xvVx+1 vx+14+1 vu+1+1 V2 +1
B Y21, YT
| =— + lim In ——
\f+1 umoo /U1 +1
\f+1 - Vur1-1 V2 +1 (Vu + 1)'
4+ ln | lim =In 4+ In | lim
\/__ u—oo \/u4+14+1 \/z_‘] u—00 \/
\f+1+ln1:lnﬁ+1
"z V2 -1
[Problém je vyresen, integral konverguje. ]
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& 2
Integrujte / :/ xe ™ dx
0

o] Nevlastni integral (©Robert Mafik, 2006 Ed



& 2
Integrujte / :/ xe ™ dx
0

u
. 2
= le/xede
U*)OQO

Pouzijeme definici nevlastniho integralu. Singularnim bodem je +o0. ]
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& 2
Integrujte / :/ xe ™ dx
0

u
. 2
| = le/xeX dx
UHOOO

/xefx2 dx

NejdFive vypocteme neurdity integral. ]
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& 2
Integrujte / :/ xe ™ dx
0

u
. 2
| = le/xeX dx
UHOOO

/xe*X2 dx

n

Slozena funkce “vold” po substituci (—x?). I
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& 2
Integrujte / :/ xe ™ dx
0

u
. 2
| = le/xede
UHOOO

X2 =t
/ 2 —2xdx = dt
xe X dx

1
xdx = —5 dt

Nalezneme vztah mezi diferencidly. VSimnéme si, Ze diferencial nalevo vychazi x dx,
coz v integralu presné potrebujeme.

Nevlastni integral (©Robert Mafik, 2006 Ed



[Integrujte = / xe ™ dx]
0

u
. 2
| = le/xeX dx
UHOOO

X’ =t
/ 2 —2xdx = dt
xe X dx

1
xdx = —5 dt

1
:—E/etdt

Dosadime substituci.

J

B O BE |
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(©Robert Mafik, 2006 B4



[Integrujte = / xe ™ dx]
0

u
. 2
| = le/xeX dx
UHOOO

X’ =t
/xe*X2 dx RS 0 = —1 /etdt = —16’
: 1 : 2 2
=——dt
x dx >
Vypocteme integral. ]
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[Integrujte = / xe ™ dx]
0

u
. 2
| = le/xede
UHOOO

—x’ =t
/xe*X2 dx dZXdX ] Ccllt =5 /etdt = —iet = iefxz
=——dt
x dx 5
Zpétna substituce zafidi ndvrat k proménné x. ]
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[Integrujte = / xe ™ dx]
0

u
. 2
[ = lim / xe * dx
u—0Q 0

X’ =t
/)(efx2 dx dZXdX 1ccllt :—E/etdt:—iet: 59”2
=——dt
x dx 5
/ xe™ dx
0
Vypocitame urcity integral. ]
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[Integrujte = / xe ™ dx]
0

u
. 2
[ = lim / xe * dx
u—0Q 0

—xX’ =t

/xe*X2 dx Zabe = Qi :—E/etdt:—iet: 59”2

1
xdx = —5 dt

/ xe ™ dx = [—1exz]
0 2 0

Neucity integral zndme a mdzeme pouzit Newtonovu-Leibnizovu vétu. ]
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[Integrujte = / xe ™ dx]
0

u
. 2
[ = lim / xe * dx
u—0oQ 0
2

—Xx" =1

2 —2xdx=dt | 1 toa, t_
/xe dx _—Z/edt_—ze_ze

1
xdx = —5 dt

Dosadime meze.

J
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[Integrujte = / xe ™ dx]
0

u
. 2
[ = lim / xe * dx
u—0oQ 0
2

—Xx" =1t
/xe*X2 dx Zabe = Qi :—E/etdt:—iet: 59”2

1
xdx = —5 dt

Upravime.

|
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[Integrujte = / xe ™ dx]
0

u
. 2
/= lim / xe  dx
u—0Q O

—x*=t
2 —2xdx=dt | 1 A PR
/xe dx ) 1d _—Z/edt_ 29_29
=—=dt
x dx 3
v 12]u 1 _p (10) 2
xe ¥dx=|—ze | =—ze™ — |-z’ | =—ze™" +
/0 [ 2 0 2 2
1 1
I= 5 n uan(;]o Eeiu

Nevlastni integral je (podle definice) limitou uréitého integralu.
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[Integrujte | = / xe™ dx]
0

u
. 2
/= lim / xe  dx
u—o0Q 0

X’ =t
2 —2xdx=dt | 1 e 1 e
/xe dx ) 1d _—Z/edt_ 29_29
= ——dt
x dx 5
v 12]“ 1 _» ( 10) 2
xe Ydx=|—ze| =—ze" — | —=e e " +
/0 [ 2 0 2 2
1 R S Y O
=3t 5o =550

[002 = oo (pfi pocitani s limitami)
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[Integrujte = / xe ™ dx]
0

u
. 2
/= lim / xe  dx
u—0Q 0

2=t
2 —2xdx=dt | 1 A PR
/xe dx ) 1d _—Z/edt_ 29_29
=—=dt
x dx 3
v 12]u 1 _p (10) 2
xe ¥dx=|—ze | =—ze™ — |-z’ | =—ze™" +
/0 [2 0 2 2
1= i lew 21 w1
o uLn(’)]oze _2 e _2

[e—oo = 0 (pfi pocitani s limitami)
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[Integrujte | = / xe ™’ dx]
0

u
. 2
/| = lim / xe X dx
u—o0Q O

—x*=t
2 —2xdx=dt | 1 A PR
/xe dx ) 1d _—Z/edt_—ze_ze
=—=dt
x dx 5
v 12]u 1 _p (10) 2
xe ¥dx=|—ze | =—ze™ — |-z’ | =—ze™" +
/0 [ 2 0 2 2
j= ) i lew 21 1w ]
o uLn(’)]o 26‘ - 2 e - 2
Vyreseno. ]
B Nevlastni integral ©Robert Mafik, 2006 3




o
Integrujte /:/ x?e ™ dx.
0
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o
Integrujte /:/ x?e ™ dx.
0

u
/| = lim / x2e X dx
u—0Q 0

Pouzijeme definici nevlastniho integralu. ]
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[Integrujte /:/ xze_xdx.]
0

u
[ = lim / x2e X dx
u—0Q 0

/x2 e “dx

Nejprve budeme hledat primitivni funkci. ]
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o
Integrujte /:/ x?e ™ dx.
0

u
[ = lim / x2e X dx
u—0Q 0

/xzefx dx = —x%e ™ +2 /xefx dx

Pouzijeme integraci per partés pfi volbé

] Nevlastni integral (©Robert Marik, 2006 Ed



[Integrujte /:/ xze_xdx.]
0

u
[ = lim / x2e X dx
u—0Q 0

/xzefx dx = —x%e ™ +2 /xe*X dx = —x%e ¥ 42 (—xeX + / e~ dx)

Pouzijeme opét integraci per partés, nyni pfi volbé | -, -
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[Integrujte /:/ xze_xdx.]
0

u
[ = lim / x2e X dx
u—0Q 0

/xzefx dx = —x%e ™ +2 /xe*X dx = —x%e ¥ 42 (—xeX + / e~ dx)

= —xe X 42(—xe ¥ —e)

Zintegrujeme. ]
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[Integrujte /:/ xze_xdx.]
0

u
[ = lim / x2e X dx
u—0Q 0

/xzefx dx = —x%e ™ +2 /xe*X dx = —x%e ¥ 42 (—xeX + / e~ dx)

= —xe ¥ 42(—xeF—e )= —e ¥ (x* +2x+2)

Vytkneme opakujici se ¢len —e™™ pred zdvorku.
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[Integrujte /:/ xze_xdx.]
0
I = lim / x?e™ dx
u—0Q O

/xzefx dx = —x%e ™ +2 /xe*X dx = —x%e ™ 42 (—xeX + / e~ dx)

= —xe ¥ 42(—xe ¥ —e )= —e ¥ (x* +2x+2)

/ x’e ¥ dx = [—efx(x2 + 2x + 2)]3
0

Nyni budeme pocitat urcity integral. Protoze zname primitivni funkci, mizeme vyuzit
Newtonovu-Leibnizovu vétu.
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[Integrujte /:/ xze_xdx.]
0

u
[ = lim / x>e ™ dx
u—0Q 0

/xzefx dx = —x%e ™ +2 /xe*X dx = —x%e ™ 42 (—xeX + / e~ dx)

= —xe ¥ 42(—xe ¥ —e )= —e ¥ (x* +2x+2)

/ x’e ¥ dx = [—efx(x2 + 2x + 2)]3
0

= —e Y(u? +2u+2)—[—e’(0+0+2)]

[ Dosadime meze. ]
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[Integrujte /:/ xze_xdx.]
0

u
[ = lim / x>e ™ dx
u—0Q 0

/xzefx dx = —x%e ™ +2 /xe*X dx = —x%e ™ 42 (—xeX + / e~ dx)

= —xe ¥ 42(—xe ¥ —e )= —e ¥ (x* +2x+2)

/ x’e ¥ dx = [—efx(x2 + 2x + 2)]3
0

=—e Y +2u+2) — [0+ 0+2)]=—e V(W +2u+2)+2

Upravime. Nyni je nutno vypocitat limitu. ]
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[Integrujte /:/ xze_xdx.]
0

u
= lim / x>e ™ dx
u—o0Q O

/xzefx dx = —x%e ™ +2 /xe*X dx = —x%e ™ 42 (—xeX + / e~ dx)

= —xe ¥ 42(—xe ¥ —e )= —e ¥ (x* +2x+2)

/ x’e ¥ dx = [—efx(x2 + 2x + 2)]3
0
=—e Y +2u+2) — [0+ 0+2)]=—e V(W +2u+2)+2

[=2— lim e ¥(u* 4+ 2u+2)

u—0Q

lim e™" = 0 a vychazi neurdity vyraz typu . ]

u—oQ
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[Integrujte /:/ xze_xdx.]
0

u
= lim / x>e ™ dx
u—o0Q O

/xzefx dx = —x%e ™ +2 /xe*X dx = —x%e ™ 42 (—xeX + / e~ dx)

= —xe ¥ 42(—xe ¥ —e )= —e ¥ (x* +2x+2)

/ x’e ¥ dx = [—efx(x2 + 2x + 2)]3
0

=—e Y +2u+2) — [0+ 0+2)]=—e V(W +2u+2)+2

24+ 2u+2
J=2— lim e™(u?+2u+2) =2 — lim L1 24F 2
u—00 U—00 el
Prevedeme soucin na podil, abychom mohli pouzit I'Hospitalovo pravidlo. ]
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[Integrujte /:/ xze_xdx.]
0

u
= lim / x>e ™ dx
u—o0Q O

/xzefx dx = —x%e ™ +2 /xe*X dx = —x%e ™ 42 (—xeX + / e~ dx)

= —xe ¥ 42(—xe ¥ —e )= —e ¥ (x* +2x+2)

/ x’e ¥ dx = [—efx(x2 + 2x + 2)]3
0

= —e (P +2u+2) — [0+ 0+2)]=—e V(W +2u+2)+2

24 2u+2

I=2— lim e*"(u2+2u+2):2—um%
— 2 (i 222
u—00 et

Po aplikaci I'Hospitalova pravidla mdme stéle neurcity vyraz

813

. Pouzijeme tedy

I'Hospitalovo pravdlo jesté jednou.
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[Integrujte /:/ xze_xdx.]
0

u
= lim / x>e ™ dx
u—o0Q O

/xzefx dx = —x%e ™ +2 /xe*X dx = —x%e ™ 42 (—xeX + / e~ dx)

= —xe ¥ 42(—xe ¥ —e )= —e ¥ (x* +2x+2)

/ x’e ¥ dx = [—efx(x2 + 2x + 2)]3
0

=—e Y +2u+2) — [0+ 0+2)]=—e V(W +2u+2)+2

2 4 2u+42
I=2— lim e (> +2u+2) =2~ lim %
o im 22y yn 2
u—00 el u—oco el
2 2 2
Nyni dostdvame lim — = — = — =0. ]
u—oo eY ex o
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[Integrujte /:/ xze_xdx.]
0

u
= lim / x>e ™ dx
u—o0Q O

/xzefx dx = —x%e ™ +2 /xe*X dx = —x%e ™ 42 (—xeX + / e~ dx)

= —xe ¥ 42(—xe ¥ —e )= —e ¥ (x* +2x+2)

/ x’e ¥ dx = [—efx(x2 + 2x + 2)]3
0

=—e Y +2u+2) — [0+ 0+2)]=—e V(W +2u+2)+2

2 4 2u+42
/:2—ume*"(u2+2u+2):2—um%
2 im 22 o ym 2 =2
u—00 el u—oco el
2 2 2
Nyni dostdvame lim — = — = — =0. ]
u—oo eY ex o
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[Integrujte /:/ xze_xdx.]
0

u
= lim / x>e ™ dx
u—o0Q O

/xzefx dx = —x%e ™ +2 /xe*X dx = —x%e ™ 42 (—xeX + / e~ dx)

= —xe ¥ 42(—xe ¥ —e )= —e ¥ (x* +2x+2)

/ x’e ¥ dx = [—efx(x2 + 2x + 2)]3
0

=—e Y +2u+2) — [0+ 0+2)]=—e V(W +2u+2)+2

24+ 2u+2
I=2— lim e (> +2u+2) =2~ lim %
e (i 22 LA [ 2 ===
u—00 el u—oco el
Hotovo, integral konveruje a jeho hodnota je 2. ]
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Findl:/ arctgx 4,
1 X2+1
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Find | = / arctg Xy
1 X2 +1

u
I = um/ AAIX
u—oo Ji X +1

We start with the definition of the improper integral. ]
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Find /:/w arcgx
1 X2+1
u
| = um/ arctgx iy
u—00 Jj X2+1

arctg x
d
/ x2 41 X

We evaluate the indefinite integral first.

|

B Nevlastni integral
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Find /:/w arcgx iy
1 X2+1
u
| = um/ arctgx iy
u—oo Ji x2 41

arctgx arctgx =t
dx
x2+1

We use the substitution arctgx = t.

B O BE |
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Find/:/ arctg Xy
1 X2+1

u
| = um/ arctgx iy
1

u—00 )(2 + 1

arctgx q a1rctgx =
P dx = dt

x2 41

1 1
With this substitution we have ——— dx = dt and the term ——— dx is present in
x2 41 x2 41
the integral.
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Find | = / arctg Xy
1 X2 +1

u
= um/ AAIX
u—oo Ji X +1

arctg x arctgx =t
231 | = dx = de
X2 +1

:/tdt

[We substitute,. . .

)

B O BE |
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Find/:/ arctg Xy
1 X2+1

u
= um/ AAIX
u—oo Ji X +1

arctg x arctgx =t
231 | = dx = de
X2 +1

t2
tdt = —
fra=3

. evaluate the integral ...

|
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Find/:/ arctg Xy
1 X2+1

u
= um/ AAIX
u—oo Ji X +1

arctgx =t 2 2
/a;dgfdx LY :/tdt:%: arCt2g -
Xt 2+1
. and return to the variable x. ]
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Find /:/ ArCtGX 1y
1 X2+1
u
= um/ AAIX
u—oo J1 X —|—1
arctgx =t
arctgde 1 _ rdf —
x2+1 dx = dt

X2 +1
u
/ a;ctgxdx
1 X +1

t2

N

. arc‘[g2 X

We continue with the definite integral.

|
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Find | = / arctg Xy
1 X2 +1

u
= um/ AAIX
u—oo J1 X —|—1

arctg x GRS t? arc‘[g2 X
opre i RV Bl I b e
X x2 4+ 1
u 2 u
/ arctg x d arctg” x
X =
1 X2 + 1 2 ’
The antiderivative is known. ]
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Find /:/ arcgx iy
1 X2+1
u t
= um/ T dx
u—oo J1 X —|—1

arctgx =t 2 2
/a;dgfdx LY :/tdt: t? = ardzg -
a x2+1 7

/” arctg x dx — larctgzx]u _ arctgzu arct921
1

2+l T T2 T2 2

Newton—Leibniz formula yields the value of the integral. ]
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Find /:/ arcgx iy
1 X2+1
u t
= um/ T dx
u—oo J1 X —|—1

arctgx =t 2 2
/a;dgfdx LY :/tdt: t? = ardzg -
a x2+1 7

/” arctg x dx — arctg’ x ! _ arctg® u B arctg® 1 _ arctg’ u B (7/4)?
’ 2 2 2 2

2+l T T2 -

Simplifications can be made. ]
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Find | = /m arcgx
1 X2+1
u
| = um/ arctgx iy
u—00 Jj X2—|—1

arctgx =t 2 2
/a;dgfdx LY :/“”: t? = ardzg -
a x2+1 7

/” arctg x dx — arctg’ x ! _ arctg® u B arctg® 1 _ arctg’ u B (r/4)?
’ 2 2 2 2

EES R I
_arctgzu_ﬂ_
N 2 32

2
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Find | = /oo arcgx
1 X2 +1
u
= lim / arctgx iy
u—00 Jj X2 + 1

arctgx =t 2 2
/a;dgfdx LY :/tdt: t? = ardzg -
a x2+1 7

/” arctg x dx — larctgzx]u B arctg® u _ arctg® 1 _ arctg’ u B (r/4)?
1

2+10 T2 2 2 2 2
_arctg’u S
2 32
= lim arctg2 u - 71_2
u—co 2 32
We continue with the improper integral. It is a limit of the definite integral. ]
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[Find /:/ a;ctgde]
1 X +1
u t
= um/ T dx
u—oo J1 X —|—1

arctgx =t 2 2
/a;dgfdx LY :/tdt: t? = ardzg -
a x2+1 7

/” arctg x dx — larctgzx]u B arctg® u _ arctg® 1 B arctg’ u B (r/4)?
1

2+10 T[T | T T2 2 T2 2
_arctg’u S
- 2 32
2 2 2 2
= lim arctg"u 7% (n/2)° 7=
u—oo 2 32 2 32

The function y = arctgx has an horizontal asymptote y = g in +o00. This is the

value of the limit lim arctqu.

u—0o0
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Find | = /m arcgx
1 X2+1
u
| = um/ arctgx iy
u—00 Jj X2—|—1

arctgx =t 2 2
/a;dgfdx LY :/tdt: t? = ardzg -
a x2+1 7

/” arctg x dx — larctgzx]u B arctg® u _ arctg® 1 B arctg’ u B (r/4)?
1

2+10 T2 2 2 2 2
_arctg’u S
2 32
= lim arctgzu_JT_2 _ (m/2)? _JT_Z_ JT_Z_JT_Z
) 32 2 32 8 32
We simplify. ]
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Find | = /m arcgx
1 X2+1
u
| = um/ arctgx iy
u—00 Jj X2—|—1

arctgx =t 2 2
/a;dgfdx LY :/“”: t? = ardzg -
a x2+1 7

/” arctg x dx — larctgzx]u B arctg® u _ arctg® 1 B arctg’ u B (r/4)?
1

2+l T T2 T2 2 2 2
_arctgzu_ﬂ_2
) 32

PP U GO /20 S G

=T 9 32 2 328 32 32
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Find/:/ arctg Xy
1 X2+1

u t
= um/ T dx
u—oo J1 X —|—1

arctgx =t 2
t t
e | T |- fre=b-
a x2+1 7

2

arc‘[g2 X

/” arctg x dx — larctgzx]u B arctg® u _ arctg® 1 B arctg’ u B (r/4)?
1

2

21072 1 2
_arctg’u S
o 2 32
2 2 2 2 2
[ = lim arctg u_JT_:(JT/Z)_JT_:n__
u—00 2 32 2 32 8

7.1.2

32

372

T 32

2

2

The integral is evaluated.

|
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Find /:/ édx
oo €N F

©
/ LN
oo €7+ €

We start with the integral. ]
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© 1 0 1 ©
——dx = ——dx + —dx
o0 €T+ € oo €T+ € o e *+er

There are two singularities: +co. ]
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© 1 0 1 ©
——dx = ——dx + —dx
0o X+ eX 0o EX + eX o e *+er

N A A
= lim ——dx + lim —dx
u——oo J, e X+ eX u—oo Jy e+ eX

We divide into two integrals on half-lines. ]
(©Robert Mafik, 2006 B4
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© 1 0 1 ©
——dx = ——dx + —dx
o0 €T+ € oo €T+ € o e *+er

N A N A
= lim ——dx + lim —— dx
u——oo J, e X+ eX u—oo Jy e + eX

We evaluate the indefinite integral. ]
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© 1 0 1 ©
——dx = ——dx + —dx
o0 €T+ € oo €T+ € o e *+er

N A N A
= lim ——dx + lim —— dx
u——oo J, e X+ eX u—oo Jy e + eX

We simplify the integrand. . . ]
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© 1 0 1 ©
[ e[ e [
o0 €T+ € oo €T+ € o e *+er
. o Y A
= lim ——dx + lim —dx
u——oo J, e X+ eX u—oo Jy e+ eX

/de—/eixdx e
ex+e ] 14 (e)? e*dx = dt

...and substitute. ]
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© 1 0 1 ©
[ e[ e [
o0 €T+ € oo €T+ € o e *+er
. o Y A
= lim ——dx + lim —dx
u——oo J, e X+ eX u—oo Jy e+ eX

1 eX eX:t / 1
. _ax=[—f 4 [ ——at
/e*x-l-ex X /1-1—(6*)2 | e dx = dt 1+t

The substitution gives this integral. . . ]
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© 1 0 1 ©
[ e[ e [
o0 €T+ € oo €T+ € o e *+er
. o Y A
= lim ——dx + lim —dx
u——oo J, e X+ eX u—oo Jy e+ eX

1 eX eX:t / 1
. _ax=[—f 4 — [ . dt=arcigt
/e*x-l-ex X /1-1—(6*)2 | e dx = dt 1+t arct

...which can be integrated by direct formula. ]
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© 1 0 1 ©
[ e[ e [
o0 €T+ € oo €T+ € o e *+er
. o Y A
= lim ——dx + lim —dx
u——oo J, e X+ eX u—oo Jy e+ eX

1 eX eX:t / 1
. _ax=[—f 4 — [ —_ dt=arcigt
/e*x-l-ex X /1-1—(6*)2 | e dx = dt 1+t arcty

= arctg e

Finally we return to the original variable. ]
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o 1 & 1 o
[ Se [ e [
o e*X + eX o e*X + eX 0 e*X _|_ eX
) 0 1 ) u 1
= lim —— dx+ lim - dx
u——oco J, e 4 ex u—oo Jy e~ + eX

1 e~ X =1t / 1
——dx= | ——d = | ——dt =arctgt
/e*x-l-ex X /1-1—(6*)2 | e dx = dt 1+t arcty

= arctg e

0
1
——
u e—X_j’_eX
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© 1 0 1 ©
——dx = ——dx + —dx
o e*X + eX o e*X + eX 0 e*X _|_ eX
) 0 1 ) u 1
= lim ———dx + lim —dx
u——co J, e X 4+ eX u—o0 Jj e X 4+ eX
1 eX eX = t / 1
- dx = —d = ——dt = tgt
/ e e / 14 (e¥)? | e dx = dt 1+t arcty

= arctg e

0 1 0
——dx = tg e”
/u o x = [arctg e'];
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o 1 & 1 o
[ Se [ e [
o e*X + eX o e*X + eX 0 e*X _|_ eX
) 0 1 ) u 1
= lim —— dx+ lim - dx
u——oco J, e 4 ex u—oo Jy e~ + eX

1 e~ X =1t / 1
——dx= | ——d = | ——dt =arctgt
/e*x-l-ex X /1-1—(6*)2 | e dx = dt 1+t arcty

= arctg e

0
——— dx =[arctg e = arctg e® — arctg e
/u e + e !
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/ —— dx = / ——dx+ / —  dx
o0 €T+ € oo €T+ € o e *+er
N A G
= lim ———dx + lim —  dx
u——oo J, e X+ eX u—oo Jy e+ eX

1 eX eX:t / 1
/e*x-l-ex X /1-1—(6*)2 | e dx = dt 1+t arcty

= arctg e*

0
0 0
/ prmp dx = [arctg e*]> = arctg e’ — arctg e’ = arctg1 — arctg e
u
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/ —— dx = / ——dx+ / —  dx
o0 €T+ € oo €T+ € o e *+er
N A G
= lim ———dx + lim —  dx
u——oo J, e X+ eX u—oo Jy e+ eX

1 eX eX:t / 1
/e*x-l-ex X /1-1—(6*)2 | e dx = dt 1+t arcty

= arctg e*

0
0 0
/ e X =larctgey = arctge’ —arctge” = arctg 1 —arctg e
u

_Z arctg e
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[Find/:/ #dx]

oo €T+

oy L HY S
N et e ) e te

. 0 1 ) & 1
= lim ——dx + lim — dx
u——oo J, e X+ eX u—oo Jg e+ e¥

eX eX:t 1
T+ (e ¢ = | —5dt=arctgt
/e“re* /1+( )2 | e dx = dt /1+r2 arctg
= arctg e*
0
/ — o ———— dx =[arctg e = arctge® — arctg e’ = arctq1 — arctq e"
:%—arctge”
0
/ _X—l—eX

Nevlastni integral (©Robert Mafik, 2006 Ed



[Find /:/ édx]
oo €T+

L.

0

&+
f
L.

1 o1 ]
—dx = —dx+ —dx
e X+ e oo €T+ € o e *+er

N A Y A
lim ———dx + lim — dx
u——oo J, e X+ eX u—oo Jy e+ eX

e* X =t 1
eX-l-eX /1-1—(6*)2 | e dx = dt /1+t2 arcty

= arctg e
o dx = [arctg e*]> = arctq e — arctg e = arctg 1 — arctg e
x4+ e

7

= — —arctg e’
4 g

_ L _ u)
e dx = ULLTOO ( 2 arctge
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[Find /:/ édx]
oo €T+

L.

0

&+
f
L.

1 o1 ]
—dx = —dx+ —dx
e X+ e oo €T+ € o e *+er

N A Y A
lim ———dx + lim — dx
u——oo J, e X+ eX u—oo Jy e+ eX

e* X =t 1
eX-l-eX /1-1—(6*)2 | e dx = dt /1+t2 arcty

= arctg e
o dx = [arctg e*]> = arctq e — arctg e = arctg 1 — arctg e
x4+ e

7

= — —arctg e’
4 g

= 1 z — [0 [— z _ —00
e X_ULLTOO(4 arctge ) =3 arctge
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[Find /:/ édx]
oo €T+

L.

0

&+
f
L.

1 o1 ]
—dx = —dx+ —dx
e X+ e oo €T+ € o e *+er

N A Y A
lim ———dx + lim — dx
u——oo J, e X+ eX u—oo Jy e+ eX

e* X =t 1
eX-l-eX /1-1—(6*)2 | e dx = dt /1+t2 arcty

= arctg e
m dx =[arctg eX]O = arctg el — arctg e’ = arctg1 — arctg e”
—X ex
T
= — tg e¥
2 arctg e
dx = lim (z — arct e“) _Z —arctge ® = 4l —arctg0
_X+eX _u~>7(x> 4 g - 4 g - 4 g
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[Find/:/ #dx]

oo €T+

oy L HY S
N et e ) e te

. 0 1 ) & 1
= lim ——dx + lim — dx
u——oo J, e X+ eX u—oo Jg e+ e¥

eX eX:t 1
T ¢ = | ——dt=arctgt
/ex+ex /1+() X e dx = dt /1+1’2 arctg
= arctg e*
0
/ — o ———— dx =[arctg e = arctge® — arctg e’ = arctq1 — arctq e"
:%—arctge”
0 = lim (z—arct e“)—z—arct e =2 _arctq0
_X—i-eX _u~>7(x> 4 9 _4 g _4 g
=z
4
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o 1 & 1 o
- dx= - dx+ - dx
o e*X_i_eX o e*X_i_eX 0 e*X_i_eX
0 v
= lim / 7dx+llm/ - dx
u——oco J, e 4 ex u—oo Jy e~ + eX
1 & 1
/fdx:arctgex / 77dx:z
e+ eX oo ETX €& 4

v 1
g
0 e—X_l’_eX
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o 1 & 1 o
- dx= - dx+ - dx
o e*X_i_eX o e*X_i_eX 0 e*X_i_eX
0 v
= lim / 7dx+llm/ - dx
u——oco J, e 4 ex u—oo Jy e~ + eX
1 & 1
/fdx:arctgex / 77dx:z
e+ eX oo ETX €& 4

u 1
——— dx =[arctg e*]§
/0 o x = [arctg €]y
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© 1 0 1 ©
[ e[ e [
o0 €T+ € oo €T+ € o e *+er
. o Y A
= lim ——dx + lim —dx
u——oo J, e X+ eX u—oo Jy e + eX

1 0 1
/fdx:arctgex / 77dx:z
e +e* oo €+ € 4

u
1
/ = dx = [arctg e*]§ = arctg e — arctg e’
0 € e
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© 1 0 1 ©
[ e[ e [
o0 €T+ € oo €T+ € o e *+er
. o Y A
= lim ——dx + lim —dx
u——oo J, e X+ eX u—oo Jy e + eX

1 0 1
/fdx:arctgex / 77dx:z
e +e* oo €+ € 4
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