
Průběh vlněnı́
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Ukažte průběh vlněnı́, které je dáno funkcı́ ψ(x, t) =
1

(x − 2t)2 + 1
pro t = 1, 2, . . .

D( f ) = R; H( f ) = R
+; ani sudá ani lichá, nenı́ periodická a nemá

průsečı́k s osou x.

lim
x→∞

1

(x − 2t)2 + 1
= 0

lim
x→−∞

1

(x − 2t)2 + 1
= 0

ψ(+∞) = 0, ψ(−∞) = 0;
+

ψ′ =

(

1

(x − 2t)2 + 1

)′

=
−2(x − 2t)

((x − 2t)2 + 1)2
= 0

x = 2t (t = 1, 2, . . . )
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Ukažte průběh vlněnı́, které je dáno funkcı́ ψ(x, t) =
1

(x − 2t)2 + 1
pro t = 1, 2, . . .

D( f ) = R; H( f ) = R
+; ani sudá ani lichá, nenı́ periodická a nemá

průsečı́k s osou x.

lim
x→∞

1

(x − 2t)2 + 1
= 0

lim
x→−∞

1

(x − 2t)2 + 1
= 0

ψ(+∞) = 0, ψ(−∞) = 0;
+

ψ′ =

(

1

(x − 2t)2 + 1

)′

=
−2(x − 2t)

((x − 2t)2 + 1)2
= 0

x = 2t (t = 1, 2, . . . )

Definičnı́ obor je celá množina R. Obor hodnot jsou kladná reálná čı́sla.
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Ukažte průběh vlněnı́, které je dáno funkcı́ ψ(x, t) =
1

(x − 2t)2 + 1
pro t = 1, 2, . . .

D( f ) = R; H( f ) = R
+; ani sudá ani lichá, nenı́ periodická a nemá

průsečı́k s osou x.

lim
x→∞

1

(x − 2t)2 + 1
= 0

lim
x→−∞

1

(x − 2t)2 + 1
= 0

ψ(+∞) = 0, ψ(−∞) = 0;
+

ψ′ =

(

1

(x − 2t)2 + 1

)′

=
−2(x − 2t)

((x − 2t)2 + 1)2
= 0

x = 2t (t = 1, 2, . . . )

f (−x) 6= ± f (x)
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Ukažte průběh vlněnı́, které je dáno funkcı́ ψ(x, t) =
1

(x − 2t)2 + 1
pro t = 1, 2, . . .

D( f ) = R; H( f ) = R
+; ani sudá ani lichá, nenı́ periodická a nemá

průsečı́k s osou x.

lim
x→∞

1

(x − 2t)2 + 1
= 0

lim
x→−∞

1

(x − 2t)2 + 1
= 0

ψ(+∞) = 0, ψ(−∞) = 0;
+

ψ′ =

(

1

(x − 2t)2 + 1

)′

=
−2(x − 2t)

((x − 2t)2 + 1)2
= 0

x = 2t (t = 1, 2, . . . )

y 6= 0 na celém definičnı́m oboru.
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Ukažte průběh vlněnı́, které je dáno funkcı́ ψ(x, t) =
1

(x − 2t)2 + 1
pro t = 1, 2, . . .

D( f ) = R; H( f ) = R
+; ani sudá ani lichá, nenı́ periodická a nemá

průsečı́k s osou x.

lim
x→∞

1

(x − 2t)2 + 1
= 0

lim
x→−∞

1

(x − 2t)2 + 1
= 0

ψ(+∞) = 0, ψ(−∞) = 0;
+

ψ′ =

(

1

(x − 2t)2 + 1

)′

=
−2(x − 2t)

((x − 2t)2 + 1)2
= 0

x = 2t (t = 1, 2, . . . )

Funkce je kladná, nemá žádné body nespojitosti.
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Ukažte průběh vlněnı́, které je dáno funkcı́ ψ(x, t) =
1

(x − 2t)2 + 1
pro t = 1, 2, . . .

D( f ) = R; H( f ) = R
+; ani sudá ani lichá, nenı́ periodická a nemá

průsečı́k s osou x.

lim
x→∞

1

(x − 2t)2 + 1
= 0

lim
x→−∞

1

(x − 2t)2 + 1
= 0

ψ(+∞) = 0, ψ(−∞) = 0;
+

ψ′ =

(

1

(x − 2t)2 + 1

)′

=
−2(x − 2t)

((x − 2t)2 + 1)2
= 0

x = 2t (t = 1, 2, . . . )

Pro všechna t je limita typu
1

∞

= 0.
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Ukažte průběh vlněnı́, které je dáno funkcı́ ψ(x, t) =
1

(x − 2t)2 + 1
pro t = 1, 2, . . .

D( f ) = R; H( f ) = R
+; ani sudá ani lichá, nenı́ periodická a nemá

průsečı́k s osou x.

lim
x→∞

1

(x − 2t)2 + 1
= 0

lim
x→−∞

1

(x − 2t)2 + 1
= 0

ψ(+∞) = 0, ψ(−∞) = 0;
+

ψ′ =

(

1

(x − 2t)2 + 1

)′

=
−2(x − 2t)

((x − 2t)2 + 1)2
= 0

x = 2t (t = 1, 2, . . . )

Stejně to platı́ pro x → −∞.
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Ukažte průběh vlněnı́, které je dáno funkcı́ ψ(x, t) =
1

(x − 2t)2 + 1
pro t = 1, 2, . . .

D( f ) = R; H( f ) = R
+; ani sudá ani lichá, nenı́ periodická a nemá

průsečı́k s osou x.

lim
x→∞

1

(x − 2t)2 + 1
= 0

lim
x→−∞

1

(x − 2t)2 + 1
= 0

ψ(+∞) = 0, ψ(−∞) = 0;
+

ψ′ =

(

1

(x − 2t)2 + 1

)′

=
−2(x − 2t)

((x − 2t)2 + 1)2
= 0

x = 2t (t = 1, 2, . . . )

Asymptota se směrnicı́ je pro x → ±∞ stejná: osa x: y = 0.
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Ukažte průběh vlněnı́, které je dáno funkcı́ ψ(x, t) =
1

(x − 2t)2 + 1
pro t = 1, 2, . . .

D( f ) = R; H( f ) = R
+; ani sudá ani lichá, nenı́ periodická a nemá

průsečı́k s osou x.

ψ(+∞) = 0, ψ(−∞) = 0;
+

ψ′ =

(

1

(x − 2t)2 + 1

)′

=
−2(x − 2t)

((x − 2t)2 + 1)2
= 0

x = 2t (t = 1, 2, . . . )

ψ′ =
−2(x − 2t)

((x − 2t)2 + 1)2
;

ր

2t

MAX ց

ψ′′ =
8(x − 2t)2 − 2((x − 2t)2 + 1)

((x − 2t)2 + 1)3
= 0

⊳⊳ ⊳ ⊲ ⊲⊲ c©Lenka Přibylová, 2009 ×



Ukažte průběh vlněnı́, které je dáno funkcı́ ψ(x, t) =
1

(x − 2t)2 + 1
pro t = 1, 2, . . .

D( f ) = R; H( f ) = R
+; ani sudá ani lichá, nenı́ periodická a nemá

průsečı́k s osou x.

ψ(+∞) = 0, ψ(−∞) = 0;
+

ψ′ =

(

1

(x − 2t)2 + 1

)′

=
−2(x − 2t)

((x − 2t)2 + 1)2
= 0

x = 2t (t = 1, 2, . . . )

ψ′ =
−2(x − 2t)

((x − 2t)2 + 1)2
;

ր

2t

MAX ց

ψ′′ =
8(x − 2t)2 − 2((x − 2t)2 + 1)

((x − 2t)2 + 1)3
= 0

Vyšetřı́me chovánı́ derivace.
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Ukažte průběh vlněnı́, které je dáno funkcı́ ψ(x, t) =
1

(x − 2t)2 + 1
pro t = 1, 2, . . .

D( f ) = R; H( f ) = R
+; ani sudá ani lichá, nenı́ periodická a nemá

průsečı́k s osou x.

ψ(+∞) = 0, ψ(−∞) = 0;
+

ψ′ =

(

1

(x − 2t)2 + 1

)′

=
−2(x − 2t)

((x − 2t)2 + 1)2
= 0

x = 2t (t = 1, 2, . . . )

ψ′ =
−2(x − 2t)

((x − 2t)2 + 1)2
;

ր

2t

MAX ց

ψ′′ =
8(x − 2t)2 − 2((x − 2t)2 + 1)

((x − 2t)2 + 1)3
= 0

Derivujeme jako složenou funkci ((x − 2t)2 + 1)−1.
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Ukažte průběh vlněnı́, které je dáno funkcı́ ψ(x, t) =
1

(x − 2t)2 + 1
pro t = 1, 2, . . .

D( f ) = R; H( f ) = R
+; ani sudá ani lichá, nenı́ periodická a nemá

průsečı́k s osou x.

ψ(+∞) = 0, ψ(−∞) = 0;
+

ψ′ =

(

1

(x − 2t)2 + 1

)′

=
−2(x − 2t)

((x − 2t)2 + 1)2
= 0

x = 2t (t = 1, 2, . . . )

ψ′ =
−2(x − 2t)

((x − 2t)2 + 1)2
;

ր

2t

MAX ց

ψ′′ =
8(x − 2t)2 − 2((x − 2t)2 + 1)

((x − 2t)2 + 1)3
= 0

Hledáme stacionárnı́ body, proto položı́me derivaci rovnu nule.
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Ukažte průběh vlněnı́, které je dáno funkcı́ ψ(x, t) =
1

(x − 2t)2 + 1
pro t = 1, 2, . . .

D( f ) = R; H( f ) = R
+; ani sudá ani lichá, nenı́ periodická a nemá

průsečı́k s osou x.

ψ(+∞) = 0, ψ(−∞) = 0;
+

ψ′ =

(

1

(x − 2t)2 + 1

)′

=
−2(x − 2t)

((x − 2t)2 + 1)2
= 0

x = 2t (t = 1, 2, . . . )

ψ′ =
−2(x − 2t)

((x − 2t)2 + 1)2
;

ր

2t

MAX ց

ψ′′ =
8(x − 2t)2 − 2((x − 2t)2 + 1)

((x − 2t)2 + 1)3
= 0

Stacionárnı́ bod závisı́ lineárně na t. S rostoucı́m t se zvyšuje jeho
hodnota.
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Ukažte průběh vlněnı́, které je dáno funkcı́ ψ(x, t) =
1

(x − 2t)2 + 1
pro t = 1, 2, . . .

D( f ) = R; H( f ) = R
+; ani sudá ani lichá, nenı́ periodická a nemá

průsečı́k s osou x.

ψ(+∞) = 0, ψ(−∞) = 0;
+

ψ′ =
−2(x − 2t)

((x − 2t)2 + 1)2
;

ր

2t

MAX ց

ψ′′ =
8(x − 2t)2 − 2((x − 2t)2 + 1)

((x − 2t)2 + 1)3
= 0

8(x − 2t)2 − 2((x − 2t)2 + 1) = 0

x = 2t ±

√

1

3

ψ′′ =
8(x − 2t)2 − 2((x − 2t)2 + 1)

((x − 2t)2 + 1)3
;

Na reálnou osu zaneseme stacionárnı́ bod. Nemáme žádné body
nespojitosti.
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Ukažte průběh vlněnı́, které je dáno funkcı́ ψ(x, t) =
1

(x − 2t)2 + 1
pro t = 1, 2, . . .

D( f ) = R; H( f ) = R
+; ani sudá ani lichá, nenı́ periodická a nemá

průsečı́k s osou x.

ψ(+∞) = 0, ψ(−∞) = 0;
+

ψ′ =
−2(x − 2t)

((x − 2t)2 + 1)2
;

ր

2t

MAX ց

ψ′′ =
8(x − 2t)2 − 2((x − 2t)2 + 1)

((x − 2t)2 + 1)3
= 0

8(x − 2t)2 − 2((x − 2t)2 + 1) = 0

x = 2t ±

√

1

3

ψ′′ =
8(x − 2t)2 − 2((x − 2t)2 + 1)

((x − 2t)2 + 1)3
;

Dosazenı́m nějakého bodu z intervalu (−∞, 2t) a (2t, ∞) nalezneme
znaménko derivace:

ψ′(2t − 1) =
−2 · (−1)

((−1)2 + 1)2
> 0

ψ′(2t + 1) =
−2 · 1

(12 + 1)2
< 0
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Ukažte průběh vlněnı́, které je dáno funkcı́ ψ(x, t) =
1

(x − 2t)2 + 1
pro t = 1, 2, . . .

D( f ) = R; H( f ) = R
+; ani sudá ani lichá, nenı́ periodická a nemá

průsečı́k s osou x.

ψ(+∞) = 0, ψ(−∞) = 0;
+

ψ′ =
−2(x − 2t)

((x − 2t)2 + 1)2
;

ր

2t

MAX ց

ψ′′ =
8(x − 2t)2 − 2((x − 2t)2 + 1)

((x − 2t)2 + 1)3
= 0

8(x − 2t)2 − 2((x − 2t)2 + 1) = 0

x = 2t ±

√

1

3

ψ′′ =
8(x − 2t)2 − 2((x − 2t)2 + 1)

((x − 2t)2 + 1)3
;

Ve stacionárnı́m bodě x = 2t nastává lokálnı́ maximum.
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Ukažte průběh vlněnı́, které je dáno funkcı́ ψ(x, t) =
1

(x − 2t)2 + 1
pro t = 1, 2, . . .

D( f ) = R; H( f ) = R
+; ani sudá ani lichá, nenı́ periodická a nemá

průsečı́k s osou x.

ψ(+∞) = 0, ψ(−∞) = 0;
+

ψ′ =
−2(x − 2t)

((x − 2t)2 + 1)2
;

ր

2t

MAX ց

ψ′′ =
8(x − 2t)2 − 2((x − 2t)2 + 1)

((x − 2t)2 + 1)3
= 0

8(x − 2t)2 − 2((x − 2t)2 + 1) = 0

x = 2t ±

√

1

3

ψ′′ =
8(x − 2t)2 − 2((x − 2t)2 + 1)

((x − 2t)2 + 1)3
;

Spočteme druhou derivaci, derivujeme jako podı́l: ψ′′ =
−2((x − 2t)2 + 1)2 + 2(x − 2t) · 2((x − 2t)2 + 1) · 2(x − 2t)

((x − 2t)2 + 1)4
a

upravı́me.
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Ukažte průběh vlněnı́, které je dáno funkcı́ ψ(x, t) =
1

(x − 2t)2 + 1
pro t = 1, 2, . . .

D( f ) = R; H( f ) = R
+; ani sudá ani lichá, nenı́ periodická a nemá

průsečı́k s osou x.

ψ(+∞) = 0, ψ(−∞) = 0;
+

ψ′ =
−2(x − 2t)

((x − 2t)2 + 1)2
;

ր

2t

MAX ց

ψ′′ =
8(x − 2t)2 − 2((x − 2t)2 + 1)

((x − 2t)2 + 1)3
= 0

8(x − 2t)2 − 2((x − 2t)2 + 1) = 0

x = 2t ±

√

1

3

ψ′′ =
8(x − 2t)2 − 2((x − 2t)2 + 1)

((x − 2t)2 + 1)3
;

Položı́me druhou derivaci nule.
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Ukažte průběh vlněnı́, které je dáno funkcı́ ψ(x, t) =
1

(x − 2t)2 + 1
pro t = 1, 2, . . .

D( f ) = R; H( f ) = R
+; ani sudá ani lichá, nenı́ periodická a nemá

průsečı́k s osou x.

ψ(+∞) = 0, ψ(−∞) = 0;
+

ψ′ =
−2(x − 2t)

((x − 2t)2 + 1)2
;

ր

2t

MAX ց

ψ′′ =
8(x − 2t)2 − 2((x − 2t)2 + 1)

((x − 2t)2 + 1)3
= 0

8(x − 2t)2 − 2((x − 2t)2 + 1) = 0

x = 2t ±

√

1

3

ψ′′ =
8(x − 2t)2 − 2((x − 2t)2 + 1)

((x − 2t)2 + 1)3
;

Zlomek je roven nule, jestliže je jeho čitatel roven nule.
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Ukažte průběh vlněnı́, které je dáno funkcı́ ψ(x, t) =
1

(x − 2t)2 + 1
pro t = 1, 2, . . .

D( f ) = R; H( f ) = R
+; ani sudá ani lichá, nenı́ periodická a nemá

průsečı́k s osou x.

ψ(+∞) = 0, ψ(−∞) = 0;
+

ψ′ =
−2(x − 2t)

((x − 2t)2 + 1)2
;

ր

2t

MAX ց

ψ′′ =
8(x − 2t)2 − 2((x − 2t)2 + 1)

((x − 2t)2 + 1)3
= 0

8(x − 2t)2 − 2((x − 2t)2 + 1) = 0

x = 2t ±

√

1

3

ψ′′ =
8(x − 2t)2 − 2((x − 2t)2 + 1)

((x − 2t)2 + 1)3
;

Vypočteme x:

8(x − 2t)2 − 2((x − 2t)2 + 1) = 0

6(x − 2t)2 − 2 = 0

(x − 2t)2 =
1

3

x − 2t = ±

√

1

3

x = 2t ±

√

1

3
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Ukažte průběh vlněnı́, které je dáno funkcı́ ψ(x, t) =
1

(x − 2t)2 + 1
pro t = 1, 2, . . .

D( f ) = R; H( f ) = R
+; ani sudá ani lichá, nenı́ periodická a nemá

průsečı́k s osou x.

ψ(+∞) = 0, ψ(−∞) = 0;
+

ψ′ =
−2(x − 2t)

((x − 2t)2 + 1)2
;

ր

2t

MAX ց

ψ′′ =
8(x − 2t)2 − 2((x − 2t)2 + 1)

((x − 2t)2 + 1)3
;

∪

2t−
√

1
3

in. ∩

2t+
√

1
3

in. ∪

Nakreslı́me reálnou osu s kritickými body. Nemáme žádné body
nespojitosti, proto se druhá derivace může měnit pouze v inflexnı́ch
bodech.
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Ukažte průběh vlněnı́, které je dáno funkcı́ ψ(x, t) =
1

(x − 2t)2 + 1
pro t = 1, 2, . . .

D( f ) = R; H( f ) = R
+; ani sudá ani lichá, nenı́ periodická a nemá

průsečı́k s osou x.

ψ(+∞) = 0, ψ(−∞) = 0;
+

ψ′ =
−2(x − 2t)

((x − 2t)2 + 1)2
;

ր

2t

MAX ց

ψ′′ =
8(x − 2t)2 − 2((x − 2t)2 + 1)

((x − 2t)2 + 1)3
;

∪

2t−
√

1
3

in. ∩

2t+
√

1
3

in. ∪

Konvexitu zjistı́me dosazenı́m do ψ′′:

ψ′′(2t − 1) =
1

2
> 0, ψ′′(2t) = −2 < 0, ψ′′(2t + 1) =

1

2
> 0
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Ukažte průběh vlněnı́, které je dáno funkcı́ ψ(x, t) =
1

(x − 2t)2 + 1
pro t = 1, 2, . . .

D( f ) = R; H( f ) = R
+; ani sudá ani lichá, nenı́ periodická a nemá

průsečı́k s osou x.

ψ(+∞) = 0, ψ(−∞) = 0;
+

ψ′ =
−2(x − 2t)

((x − 2t)2 + 1)2
;

ր

2t

MAX ց

ψ′′ =
8(x − 2t)2 − 2((x − 2t)2 + 1)

((x − 2t)2 + 1)3
;

∪

2t−
√

1
3

in. ∩

2t+
√

1
3

in. ∪

Body x = 2t ±

√

1

3
jsou inflexnı́.
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+ ր

2t

MAXց ∪

2t−
√

1
3

in. ∩

2t+
√

1
3

in. ∪

f (+∞) = 0 f (−∞) = 0 f (2t) = 1

Shrneme dosažené výpočty.
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+ ր

2t

MAXց ∪

2t−
√

1
3

in. ∩

2t+
√

1
3

in. ∪

f (+∞) = 0 f (−∞) = 0 f (2t) = 1

0

y

x

Nakreslı́me souřadný systém.
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+ ր

2t

MAXց ∪

2t−
√

1
3

in. ∩

2t+
√

1
3

in. ∪

f (+∞) = 0 f (−∞) = 0 f (2t) = 1

0

y

x

Nakreslı́me značky v blı́zkosti nevlastnı́ch bodů. Funkce roste v okolı́
−∞ a klesá v okolı́ +∞. Je kladná.
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+ ր

2t

MAXց ∪

2t−
√

1
3

in. ∩

2t+
√

1
3

in. ∪

f (+∞) = 0 f (−∞) = 0 f (2t) = 1

2t0

y

x

Nakreslı́me lokálnı́ maximum.
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+ ր

2t

MAXց ∪

2t−
√

1
3

in. ∩

2t+
√

1
3

in. ∪

f (+∞) = 0 f (−∞) = 0 f (2t) = 1

2t2t−

√

1

3
2t+

√

1

30

y

x

Nakreslı́me inflexnı́ body. Funkce v bodě 2t−
√

1
3

roste a v bodě 2t+
√

1
3

klesá.
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+ ր

2t

MAXց ∪

2t−
√

1
3

in. ∩

2t+
√

1
3

in. ∪

f (+∞) = 0 f (−∞) = 0 f (2t) = 1

2t2t−

√

1

3
2t+

√

1

30

y

x

Spojı́me nakreslené části do grafu.
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Vlna se šı́řı́ v čase následujı́cı́m způsobem:
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KONEC
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