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e Dosadime x = 1.

e Jedna se o definovany vyraz. Funkce je spojita v bodé x = 1
a funkéni hodnota je rovna hodnoté limity.
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Dosadime ...
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im = =||—*
z——1 41 —1+1 0
arctgx

z——11t T + 1

nenulovy vyraz
e Funkce je typu =0 R
nula
e Musime proto studovat nejprve jednostranné limity. Zac-

neme s limitou zprava.
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Dosadili jsme xz = —1.
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arctgr || —7%
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e Musime urcit znaménko jmenovatele.
e Je-li x napravo od —1, pak x > —1 a plati x + 1 > 0.

e Jmenovatel je kladny.
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Limita zprava je —oo
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arctg x
Vypoctéte li
yp Lmy 11 ]

arctgr  arctg(— H

im =
z——1 z+1 —1+1
lim

arctgr || —y
z——11t T + 1 -

. arctgx =
lim =
rz——1— X + 1

e Je-li z nalevo od ¢isla —1, pak =z < —1.

e Proto x + 1 < 0 a jmenovatel je zaporny.
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im =
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. arctgx =
lim =
rz——1— X + 1

Limita je +o0
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arctg x
Vypoctéte li
yp Lmy 11 ]

arctgr  arctg(— H

im =
z——1 x4+ 1 —1+4+1
. arctg x =4
lim ——=|—|=-
r——1t X + 1 +0
. arctgx -7
lim = ||—
z——1- z+1
arctgx
Oboustranna limita lim 2 neexistuje.

rz——1

Obé jednostranné limity jsou rizné a oboustranna limita tedy

neexistuje.
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arctg x
Vypoctéte lim & ]
z——oco x + 1

arctgr  — %

11m
z——oco x4+ 1

4 )

e Urcime limitu citatele a jmenovatele samostatné.

e lim arctgzr mize byt urcena z grafu funkce y = arctgx.
r——00

U
e Funkce y = arctgx ma vodorovnou asymptotu y = -3 v

7r
—o00. Hodnota limity citatele je —3

. v
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Vypoctéte lim & ]
z——oco x + 1
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Limita jmenovatele je —oco + 1 = —o0. J‘
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arctg x
Vypoitste lim -2
z——oco x + 1

arctgr  — % 0
z——oco g+ 1 —00
Koneéna hodnota délena nekone¢nem je rovna nule. J‘
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Vypoététe lim e * arctgm]
r—+o00

lim e~ " arctgx
r—0o0

Zacneme s limitou v +oco
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Vypoététe lim e * arctgm]
r—+o00

lim e”"arctgr = e
r—0o0

e Urc¢ime zvl4st limity funkei v soudinu.

e Dosadime. Vyrazem e~ °>° méme na mysli limitu lim e*.
r——00
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Vypoététe lim e * arctgm]
r—+o00

lim e”%arctgx = e~ arctg oo
r—0o0

e Dosadime do druhé funkce.

e Vyrazem arctgoo mame na mysli limitu lim arctgz.
r—00
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Vypoététe lim e * arctgac]
r—+o00

™
lim e *arctgex = e~ > arctgoo = 0—
r—0o0 2

(Zkouménim grafu funkci y = €® a y = arctgz zjistime, Ze )

lim e*=0

r——00
a
. T
lim arctgz = —.
r—00 2
\.
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Vypoététe lim e~ arctg m]
r—+o00

T
lim e”*arctgex = e~ arctgoo =0—- =0
xr—00 2

Soucin je nula. J‘
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Vypoététe lim e~ arctg m]
r—+o00

m
lim e”*arctge = e~ arctgoo =0—- =0
r—0o0 2
lim e *arctge =
r——00
Pokracujeme s limitou v —oo. J‘
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Vypoététe lim e~ arctg m]
r—+o00

T
lim e”*arctge = e~ arctgoo =0—- =0
xr—00 2

lim e *arctgxr =e
r——00

e Opét ur¢ime limity funkci v soucinu.

e Dosadime. Protoze plati —(—o00) = 0o, dostavame z prvniho

soufinitele vyraz ¢*°. Tim mame na mysli limitu lim e®.
xr—00
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Vypoététe lim e~ arctg m]
r—+o00

T
lim e”*arctge = e~ arctgoo =0—- =0
xr—00 2

lim e~ *arctgaz = e™ arctg(—oo)

r——00

Dosadime do druhé funkce. Vyrazem arctg(—oo) rozumime

limitu lim arctgzx.
r——00
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Vypoététe lim e * arctgac]
r—+o00

T
lim e”*arctge = e~ arctgoo =0—- =0
xr—00 2

lim e~ *arctgz = e™ arctg(—o0) = oo(—g)

r——00

(Z grafu funkci y = ¥ a y = arctgz plyne )
lim e* = o0
xr—00
a
) s
lim arctge = ——.
T— —00 2
\.
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Vypoététe lim e~ arctg :1:]
r—+o00

lim e”*arctgx = e” *° arctgoo = 0= =0

T—00 2
lim e~ *arctgz = e™ arctg(—o0) = oo(_ﬁ) - 0
T——00 2
Soucin je roven —oo. J‘
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Vypottste lim (a® +20° — 4) ]‘
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Vypottste lim (a® +20° — 4) ]‘

lim (23 + 222 — 4) = 00 4 200% — 4

xr—00

e ZacCneme s limitou v +0co. Dosadime.
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Vypottste lim (a® +20° — 4) ]‘

lim (z® + 222 —4) = 00® + 200> —4 =00 + 00 — 4

xr—00
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Vypottste lim (a® +20° — 4) ]‘

lim (z® + 222 —4) = 00® + 2002 —4 =00+ 00 — 4 = 0

xr—00

o0+ 00 —4 =00
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Vypottste lim (a® +20° — 4) ]‘

lim (z® + 222 —4) = 00® + 2002 —4 =00+ 00 — 4 = 0

r—0o0
lim (23 + 222 — 4)
xT——00
Pokracujeme s limitou v —oo. J‘

©Lenka Piibylova, 2006 B



Vypoctéte m (23 + 227 — 4) ]‘

li
T—ITO0O

lim (z® + 222 —4) = 00® + 2002 —4 =00+ 00 — 4 = 0

xr—00

lim (z® 4+ 22% —4) = (—00)3 + 2(—00)2 — 4

T——00

Dosadime.
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Vypoctéte m (23 + 227 — 4) ]‘

li
T—ITO0O

lim (z® + 222 —4) = 00® + 2002 —4 =00+ 00 — 4 = 0

xr—00

lim (2® 4+ 22% —4) = (—00)3 + 2(—00)2 — 4

T——00

— || - 00+ col| - 4

Pozor! Mame neuréity vyraz || — oo + oof|.
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Vypottste lim (a® +20° — 4) ]‘

lim (z® + 222 —4) = 00® + 2002 —4 =00+ 00 — 4 = 0

lim (x3 + 227 — 4) = (—o0)3
= |l =o0
=—00
4 )

e 7 teorie vime, jak tento problém vyresit.

e Lze ukazat, Ze na vysledek ma vliv jenom vedouci koeficient.
Ostatni koeficienty tedy vynechame.

e Limita vedouciho ¢lene je —oc.
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Vypottste lim (a® +20° — 4) ]‘

lim (z® + 222 —4) = 00® + 2002 —4 =00+ 00 — 4 = 0

lim (2 + 222 — 4) = (—00)3
= |l =o0
= —00

©Lenka Piibylova, 2006 Bl



234+ 322 +1 |
stot .
Vypoctéte IEI:II:loo T2 3
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e 3+ 3P+ 1)
Vypoctete xl{r:iloo W

o34+ 322+1
lim ————
z—oo 222 —3

Zacneme s limitou v +oo.
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e 3+ 3P+ 1)
Vypoctete xl{r:iloo W

34322 +1 00
lim ———— = || —
z—oo 222 —3 (o)

e Limita citatele i jmenovatele je +o0.

e Dostavame neurcity vyraz.
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z—too 272 —3

3432241 |
Vypoctéte lim M]

lim ————— =

23+ 32 +1 00
z—oo 222 —3

z—>oo 2$2

e 7 teorie vime, ze limita se d& urcit snadno — jenom z ve-
doucich ¢lend citatele a jmenovatele.

e Vynechdme tedy vSechno ostatni.
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e 3+ 3P+ 1)
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34322 +1 00
lim ———— = ||—
z—oo 222 —3 (o)
3
= lim L lim L
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Upravime
z3 oz
222 2
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e 3+ 3P+ 1)
Vypoctete IEIzll:loo W

o3+ 32241 00
lim ———— = ||—
z—oo 222 —3 (o)

. x3 . x 00

= lim — = lim — = —

z—00 212 z—00 2 2

Dosadime x = oo.
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3 2 )
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Vypoctete IEIzll:loo W
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lim ————— = ||—
z—oo  2x4 —3 00
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= lim — = lim — = — =0
z—o00 22  z—o00 2 2
Pouzijeme znamé pravidla pro pocitani s nekone¢nem. J‘
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3 2 )
. . xz® + 3z +1
Vypoctete IEIzll:loo W

3+ 322 +1

. 00

lim ———— = ||—

z—oo 222 —3 (o)
T o202 w2 2

. 3 +3z2+1 (o)

Iim ———— = ||—

z——oc0 222 —3 (o)

e Pokracujeme s limitou v —oo.

e Dosazenim x = —oo dostavame opét neurcity vyraz.
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3 2 )
. . x>+ 3z +1
Vypoctete IEIzll:loo W
o3+ 32241 00
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I x3 00
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lim ——— = ||—
z——oc0 222 —3 (o)
- qB—>—E3) 21’2
Opét uvazujeme pouze vedouci ¢leny. J‘
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lim ———— = ||—

z—oo 222 —3 (o)

I x3 xr 00
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. x3 4+ 322 +1 (o)

lim = ||—
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3
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Upravime.
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. o+ 32241
Vypoctete IEIzll:loo W
3+ 322 +1 00
lim ———— = ||—
z—oo 222 —3 (o)
I x3 0o
oo 222 a2 2 °
. x3 4+ 322 +1 (o)
lim =
z——oc0 222 —3 (o)
. CE3 T —0o0
= lim — = = —
z——o00 212 r——00 2 2
Dosadime.
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3 2 )
z° +3r°+1
cteét li _
Vypoc cte xi»Izll:loo 21‘2 — 3
o3+ 32241 00
lim ———— = ||—
z—oo 222 —3 (o)
I x3 00
= 1im — = _—= — =
z—o00 272 z—00 2 2 o
. x3 4+ 322 +1 (o)
Iim ———— = ||—
z——oc0 222 —3 (o)
. z3 x —0o0
= lim — —=— = —00
z——o00 212 z——00 2 2
Pouzijeme znamé pravidla pro pocitani s nekone¢nem. J‘
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Vypoctéte i
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. . 22 + 42 +5
Vypoctéte xgliloo I S P—

i 2zt + 42 +5
1m
z—o0 3zt — 3 +4x + 1

Zacneme s limitou v +oo.
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. . 22 + 42 +5
Vypoctéte IEIjl:loo I S P—

) 2ct + 4z +5 00
lim — ||=
z—oo 3t — 3 +4x +1 00

Dosadime x = oo.
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224 + 4z + 5
Vypodtéte lim ——b 2T +0 ]

z—too 3z — a3 +4x +1

i 2t +4z+5 HOOH 2t
lim = = el
00

z—oo 3t — 3 +4x+ 1 -

o Neurcity vyraz.
e Pouzijeme jenom vedouci ¢leny.

e Vsechno ostatni lze zanedbat.
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. . 22 + 42 +5
Vypoctéte xgliloo I S P—

) 2ct + 4z +5 00 2zt 2
lim = = = -
z—oo 3t — 3 +4x +1

Upravime
224 2
3zt 3
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" . 2zt +4x 45
Vypoctéte IEI:II}QO Y S P

, 224 + 42 +5 0 o2zt 2 2

lim =||l—||l= lim — = lim - = —

z—o00 3zt — a3 + 4z + 1 00 100 3x4 13503 3
Limita konstantni funkce je ta konstanta. J‘
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\

2zt +4x 45

Vypoctéte li
i 3zt — 23 +4x+1
, 224 + 4z + 5 %) . 2zt 22
lim =|—=lm — = 1i ==
z—o0 3zt — 23 +4x + 1 00 1—00 3x2  w—o0 3
) 2zt + 4z + 5 00
lim — || =
T— —00 3$47$3+4$+1 o0
Pokracujeme s limitou v —oo. Dosadime x = —o0. J‘
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2zt +4x 45
V ctéte i
ypociete xﬂlrdlzloo 3zt — 3 +4x+1

, 2zt +4x +5 00 . 2zt o202
lim =||—|=lm — = lim - = =
z—o0 3zt — g3 +4x + 1 00 z—oo 3t 500 3
. 2t + 4z +5 00 2zt
lim =|(—| = —
z——c0 34 — g3 + 4z +1 00 z——o00 34

e Mame neurcity vyraz.
e Pouzijeme jenom vedouci ¢leny.

e Vsechno ostatni zanedbame.
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\

2zt +4x 45
V Ctéte i
ypociete xﬂndlzloo 3zt — 3 +4x+1

, 2zt +4x +5 00 . 2zt o202
lim =||—|=lm — = i -
z—o0 3zt — g3 +4x + 1 00 z—oo 3t 500 3
. 2ct + 4z +5 00 2zt . 2
lim =||l—| = lim — = —
T——00 3504 — JE3 + 450 + 1 o T——00 3504 T——00 3

Upravime
224 2
3zt 3
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\

2zt +4x 45
V Ctéte i
ypoctete xﬂndlzloo 3zt —x3+4r+1

) 2ct + 4z +5 00
lim = ||—
z—oo 3t — 3 +4x +1 00
) 2t +4x+5 00
lim = ||—
z——o0o 3t — 23 +4x + 1 00

Limita konstantni funkce je ta konstanta.

]
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224 + 4z + 5
Vypodtéte lim ——b 2T +0

z—too 3xd — a3 + 42+ 1

]

) 2ct + 4z +5 00
lim = ||—
z—oo 3t — 3 +4x +1 00
) 2t +4x+5 00
lim = ||—
z——o0o 3t — 23 +4x + 1 00
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xr—00

Vypoctéte lim [2Inz — In(z® + z + 1)] ]
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Vypoctéte lim [2Inz — In(z® + z + 1)] ]

xr—00

lim [2Inz — In(2® + 2 + 1)] = |joo — oo|

r— 00

Protoze lim lnxz = oo, dostavame neurcity vyraz |[oo — ool|. j
r—00
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xr—00

Vypoctéte lim [2Inz — In(z® + z + 1)] ]

lim [2Inz — In(2® + 2 + 1)] = |joo — oo|

r— 00

= lim [Inz® — In(z® + z + 1)]

xr—00

4 )
e Limity z neurcitych vyrazi ve tvaru zlomku jsou obycejné
jednodussi. Napiseme funkci jako zlomek. .

Nejdrive oba ¢leny napiseme v logaritmickém tvaru.

Pouzijeme pravidlo .

\ v
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Vypoctéte lim [2Inz — In(z® + z + 1)] ]

xr—00

lim [2Inz — In(2® + 2 + 1)] = |joo — oo|

r— 00

= lim [Inz® — In(z® + 2 + 1)]
2
= lim In ——
T—00 ;CQ + x4+ 1

Odecteme logaritmy podle pravidla |lna — Inb = hl% . ]
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Vypoctéte lim [2Inz — In(z® + z + 1)] ]

xr—00

lim [2Inz — In(2® + 2 + 1)] = |joo — oo|

r— 00

= lim [Inz® — In(z® + 2 + 1)]

xr—00

x? x?
= lmhnh—=In{ lim ——
z—oo x24+x+1 z—oo g2+ + 1

e Urdéime limitu sloZené funkce.

e Nejprve prozkoumame limitu vnitini slozky.
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Vypoctéte lim [2Inz — In(z® + z + 1)] ]

xr—00

lim [2Inz — In(2® + 2 + 1)] = |joo — oo|

r— 00

= lim [Inz® — In(z® + 2 + 1)]

r— 00
2
= lim In S In( lim
z—oo  x2+x+1 z%oo:EQ—i—ac—i—l o)
Uvnitf mame neurcity vyraz. J‘
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Vypoctéte lim [2Inz — In(z® + z + 1)] ]

xr—00

lim [2Inz — In(2® + 2 + 1)] = |joo — oo|

r— 00

= lim [Inz® — In(z® + 2 + 1)]

2
—limh—"  —In{ lim
z—oo x24+x+1 CE‘*001‘2+£L‘+1 o0

. o
()

Uvazujeme jenom vedouci ¢leny. J‘
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Vypoctéte lim [2Inz — In(z® + z + 1)] ]

xr—00

lim [2Inz — In(2® + 2 + 1)] = |joo — oo|

r— 00

= lim [Inz® — In(z® + 2 + 1)]

2
—limh—"  —In{ lim
z—oo x24+x+1 CE‘*001‘2+£L‘+1 o0

2
:ln(lim z—Q) =Inl
r—00 I

7 ’ /. $2 v v . 7
Provedeme kréaceni ve vyrazu — a pouzijeme zfejmy vztah
az
lim 1=1.
r— 00

©Lenka Piibylova, 2006 Bl



Vypoctéte lim [2Inz — In(z® + z + 1)] ]

xr—00

lim [2Inz — In(2® + 2 + 1)] = |joo — oo|

r— 00

= lim [Inz® — In(z® + 2 + 1)]

2
= lim lnzizln lim
zooo 24+ x+1 zHOOQCQ-i-ZE—i—l 00

2
:ln(lim z—2)=1n1=0
r—00 I
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