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Pomocı́ Eulerova vzorce dokažte, že platı́ cos x = eix+e−ix

2 .

e
ix = cos x + i sin x

e
−ix = cos x − i sin x

Sečtenı́m dostáváme
e

ix + e
−ix = 2 cos x,

tj.

cos x = eix+e−ix

2 .
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2 .

e
ix = cos x + i sin x

e
−ix = cos x − i sin x

Sečtenı́m dostáváme
e

ix + e
−ix = 2 cos x,

tj.

cos x = eix+e−ix

2 .

e
−ix = e

i(−x) = cos(−x) + i sin(−x). Přitom funkce cos je sudá, tj.
cos(−x) = cos x, a funkce sin lichá, tj. sin(−x) = − sin x.
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Dokažte nejkrásnějšı́ formuli matematiky: −1 = e
iπ.

Stačı́ dosadit do Eulerova vzorce e
ix = cos x + i sin x čı́slo x = π. Pak

e
iπ = cos π + i sin π = −1.
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Dokažte, že platı́ cos α + cos β = 2 cos
α−β

2 cos
α+β

2 .

e
i
α−β

2 · e
i
α+β

2 = e
iα

e
−i

α−β
2 · e

i
α+β

2 = e
iβ

Re

(

e
i
α−β

2 · e
i
α+β

2 + e
−i

α−β
2 · e

i
α+β

2

)

= Re
(
e

iα + e
iβ
)

= cos α + cos β

Re

(

(cos
α−β

2 + i sin
α−β

2 )(cos
α+β

2 + i sin
α+β

2 )+

+(cos
α−β

2 − i sin
α−β

2 )(cos
α+β

2 + i sin
α+β

2 )

)

= 2 cos
α−β

2 cos
α+β

2
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α−β
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α−β

2 )(cos
α+β

2 + i sin
α+β

2 )

)

= 2 cos
α−β

2 cos
α+β

2

Sečtenı́m exponentů
α−β

2 + α+β
2 = α,

podobně −
α−β

2 + α+β
2 = β.
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2

Sečtenı́m obou rovnic dostaneme

e
i
α−β

2 · e
i
α+β

2 + e
−i

α−β
2 · e

i
α+β

2 = e
iα + e

iβ, rovnost musı́ platit i pro
reálnou a imaginárnı́ část.
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Podle Eulerova vzorce Re e
i♥ = cos♥.
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Funkce přepı́šeme podle Eulerova vzorce e
i♥ = cos♥+ i sin♥,

navı́c funkce cos je sudá, proto cos(− α−β
2 ) = cos

α−β
2 a funkce sin je

lichá, proto sin(− α−β
2 ) = − sin

α−β
2 .
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Složte vlněnı́ s posunutou fázı́ ψ1(x, t) = A cos(ωt − kx) a
ψ2(x, t) = A cos(ωt − k(x − δ)).

Označme α = ωt − k(x − δ) a β = ωt − kx.
Pak

α−β
2 = kδ

2 ,

α+β
2 = ωt − kx + kδ

2 .

Podle vzorce
cos α + cos β = 2 cos

α−β
2 cos

α+β
2

tedy platı́

ψ1(x, t) + ψ2(x, t) = 2A cos kδ
2

︸ ︷︷ ︸

amplituda

cos(ωt − kx + kδ
2 )

︸ ︷︷ ︸

harmonická vlna

.

Animace.
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Složte vlněnı́ s opačným směrem šı́řenı́ ψ1(x, t) = A cos(ωt − kx) a
ψ2(x, t) = A cos(ωt + kx) a ukažte, že jde o stojaté vlněnı́.

Označme α = ωt + kx a β = ωt − kx.
Pak

α−β
2 = kx,

α+β
2 = ωt.

Podle vzorce
cos α + cos β = 2 cos

α−β
2 cos

α+β
2

tedy platı́
ψ1(x, t) + ψ2(x, t) = 2A cos(kx) cos(ωt).

Funkce je tedy pro libovolné pevné t násobkem cos(kx), tedy
harmonickou vlnou s nulovou počátečnı́ fázı́ - s časem se vlna
neposouvá po ose x, jde o stojaté vlněnı́.
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Maxima odpovı́dajı́

cos(kx) = ±1 ⇒ kx = mπ,

a minima
cos(kx) = 0 ⇒ kx = π

2 + mπ,

kde m je libovolné celé čı́slo. Protože k = 2π
λ je ψ1 + ψ2 = 0 pro

x =
π
2 + mπ

k
=

2m + 1

4
λ.

Animace.
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ψ1(x, t) + ψ2(x, t) = 2A cos(kx) cos(ωt).

Maxima odpovı́dajı́

cos(kx) = ±1 ⇒ kx = mπ,

a minima
cos(kx) = 0 ⇒ kx = π

2 + mπ,
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