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❉❛❧➨í ♦❞❦❛③② ❛ ♣r❛❝♦✈♥í ❧✐st② ❧③❡ ♥❛❥ít ✈❡ st✉❞✐❥♥í❝❤ ♠❛t❡r✐á❧❡❝❤ ✈ ■❙✳✶

❚❡♥t♦ ♠❛t❡r✐á❧ s❡ ♣r➲❜➙➸♥➙ ✈②✈í❥í✱ ❛ t♦ ✐ ♥❛ ③á❦❧❛❞➙ st✉❞❡♥ts❦ý❝❤ ♣➦✐♣♦♠í♥❡❦✳ ❩❛ ❦♦r❡❦❝❡✱
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✶ ❊✉❦❧❡✐❞♦✈s❦á ❛ ♥❡❡✉❦❧❡✐❞♦✈s❦á ❣❡♦♠❡tr✐❡

❊✉❦❧❡✐❞♦✈s❦♦✉ ❣❡♦♠❡tr✐í s❡ tr❛❞✐↔♥➙ ♠②s❧í ❣❡♦♠❡tr✐❡ t❛❦✱ ❥❛❦ ❥❡ ♣➦❡❞st❛✈❡♥❛ ✈ ❊✉❦❧❡✐❞♦✈ý❝❤ ❩á✲
❦❧❛❞❡❝❤ ❬❊❪ ✭❝❝❛ ✸✵✵ ♣➦✳ ❑✳✮✱ r❡s♣✳ ✈ ❥❡❥í❝❤ ❣❡♦♠❡tr✐❝❦ý❝❤ ❦♥✐❤á❝❤✳ ❏❡❞♥á s❡ ♦ ✉❝❡❧❡♥ý ❞❡❞✉❦t✐✈♥í
✈ý❦❧❛❞ ♦❞✈♦③❡♥ý ③ ♥➙❦♦❧✐❦❛ ❛①✐ó♠➲ ❛ ♣♦st✉❧át➲✳ ❆①✐ó♠② s❡ tý❦❛❥í ♦❜❡❝♥ý❝❤ ✈❡❧✐↔✐♥✳ P♦st✉❧át②
❥s♦✉ r②③❡ ❣❡♦♠❡tr✐❝❦é❤♦ ❝❤❛r❛❦t❡r✉ ❛ ✈②♠❡③✉❥í ✈③t❛❤② ♠❡③✐ ♣r✐♠✐t✐✈♥í♠✐ ♣♦❥♠② ✭❜♦❞✱ ♣➦í♠❦❛✮
❛ ③á❦❧❛❞♥í♠✐ r❡❧❛❝❡♠✐ ✭✐♥❝✐❞❡♥❝❡✱ s❤♦❞♥♦st ❛ r♦✈♥♦❜➙➸♥♦st✮✳ ❱ ❩á❦❧❛❞❡❝❤ s❡ ✈➨❛❦ ♣♦✉➸í✈á
♥➙❦♦❧✐❦ ❞❛❧➨í❝❤ ♣➦❡❞♣♦❦❧❛❞➲✱ ❛♥✐➸ ❜② ❜②❧② ❥❛❦❦♦❧✐ ❢♦r♠✉❧♦✈á♥② ✭✈✐③ ❛①✐♦♠② ✉s♣♦➦á❞á♥í ❛ s♣♦✲
❥✐t♦st✐✮✳ P➦❡s♥ý ❛①✐♦♠❛t✐❝❦ý ♣♦♣✐s✱ ③❛❧♦➸❡♥ý ♥❛ t♦♠ ❊✉❦❧❡✐❞♦✈➙✱ ♣♦❝❤á③í ♦❞ ❉✳ ❍✐❧❜❡rt❛ ❬❍✐❪
✭❦♦❧❡♠ ✶✾✵✵✮✱ ✈✐③ té➸ ❬❍❛✱ ▲❪ ♥❡❜♦ ♣➦í❧♦❤✉ ♥❛ str✳ ✶✼✶✳

❖❜rá③❡❦ ✶✳✶✿ ❬❑♦❪ ▼✐♥✐❛t✉r❛ ❊✉❦❧❡✐❞❛ ③❡ ✻✳ st♦❧❡tí✳

❯➸ ♥❛ ♣r✈♥í ♣♦❤❧❡❞ ❥❡ ♣❛tr♥é✱ ➸❡ ❥❡❞♥② ③ ❦❧í↔♦✈ý❝❤ r♦❧í ✈ ❊✉❦❧❡✐❞♦✈➙ ❣❡♦♠❡tr✐✐ ❤r❛❥í r❡❧❛❝❡
s❤♦❞♥♦st✐ ❛ r♦✈♥♦❜➙➸♥♦st✐✳ ❯✈➙❞♦♠t❡ s✐✱ ➸❡ ✈ ❊✉❦❧❡✐❞♦✈➙ ♣♦❥❡tí ❥❡ s❤♦❞♥♦st ❞♦❝❡❧❛ ❛❜str❛❦t♥í
❦♦♥❝❡♣t❀ ③❡❥♠é♥❛ ✭③ ♣♦❝❤♦♣✐t❡❧♥ý❝❤ ❞➲✈♦❞➲✮ ♥❡♣➦❡❞st❛✈✉❥❡ ➸á❞♥é ↔ís❡❧♥é ✈②❥❛❞➦♦✈á♥í ❞é❧❡❦ ús❡✲
↔❡❦✱ ✈❡❧✐❦♦stí ú❤❧➲ ❛♣♦❞✳✦ ❘♦✈♥♦❜➙➸♥♦st ú③❝❡ s♦✉✈✐sí s ♣♦st✉❧át❡♠✱ ❦t❡rý ❥❡ ✈ ♥❛➨❡♠ ③♥❛↔❡♥í ♣átý
❛ ❦t❡rý ❥❡ ✈ rá♠❝✐ ❊✉❦❧❡✐❞♦✈❛ s②sté♠✉ ❡❦✈✐✈❛❧❡♥t♥í s t✈r③❡♥í♠✱ ➸❡ ✒❦❛➸❞ý♠ ❜♦❞❡♠ ❦❡ ❦❛➸❞é
♣➦í♠❝❡ ♣r♦❝❤á③í ❥❡❞✐♥á r♦✈♥♦❜➙➸❦❛✏ ✳ Prá✈➙ ❞✐s❦✉③❡ ♥❛❞ ♣➲✈♦❞♥í ❊✉❦❧❡✐❞♦✈♦✉ ❢♦r♠✉❧❛❝í ♠➙❧❛
❞❛❧❡❦♦sá❤❧é ❞➲s❧❡❞❦② ❛ ✈❡❞❧❛ ❦ ✈②♥á❧❡③✉ ♥❡❡✉❦❧❡✐❞♦✈s❦ý❝❤ ❣❡♦♠❡tr✐í✳



✻ ■ Ú✈♦❞

❱❡❧♠✐ ❤r✉❜➙ ➦❡↔❡♥♦✱ ❡✉❦❧❡✐❞♦✈s❦á ❣❡♦♠❡tr✐❡ ❥❡ ③❛❧♦➸❡♥❛ ③❡❥♠é♥❛ ♥❛ r❡❧❛❝í❝❤ s❤♦❞♥♦st✐ ❛ r♦✈✲
♥♦❜➙➸♥♦st✐✳ ❯✈❛➸✉❥❡♠❡✲❧✐ ❣❡♦♠❡tr✐✐ s r❡❧❛❝í r♦✈♥♦❜➙➸♥♦st✐✱ ❛♥✐➸ ❜②❝❤♦♠ ✉➸í✈❛❧✐ s❤♦❞♥♦st✐✱ ❥s♠❡
♥❛ st♦♣➙ ❛✜♥♥í ❣❡♦♠❡tr✐✐✱ ♦ ❦t❡ré s❡ ♥➙❦♦❧✐❦rát ③♠✐➡✉❥❡♠❡ ♥í➸❡✳ ◆❛♦♣❛❦✱ ♥❡✉✈❛➸✉❥❡♠❡✲❧✐ r♦✈♥♦✲
❜➙➸♥♦st✱ ♣♦✉③❡ s❤♦❞♥♦st✱ ❞♦s♣➙❥❡♠❡ ❦❡ ❣❡♦♠❡tr✐í♠ ♥❡❡✉❦❧❡✐❞♦✈s❦ý♠✳ ❚②t♦ ❥s♦✉ ❞✈♦❥í❤♦ t②♣✉✿

• ❡❧✐♣t✐❝❦á ✖ ✒➸á❞♥é r♦✈♥♦❜➙➸❦②✏ ✱

• ❤②♣❡r❜♦❧✐❝❦á ✖ ✒✈í❝❡ r♦✈♥♦❜➙➸❡❦✏ ✭❦ ❥❡❞♥é ♣➦í♠❝❡ ❥❞♦✉❝í ❞❛♥ý♠ ❜♦❞❡♠✮✳

◆í➸❡ ♥❛③♥❛↔í♠❡✱ ♣r♦↔ ❡❧✐♣t✐❝❦ý ♣➦í♣❛❞ ♥❡♥í ❦♦♠♣❛t✐❜✐❧♥í s ❛①✐♦♠② ✉s♣♦➦á❞á♥í ✭❝♦➸ ❥❡ t❛❦é ❞➲✈♦❞✱
♣r♦↔ s❡ ♥❡❥❞➦í✈ ♣➦✐➨❧♦ ♥❛ ❣❡♦♠❡tr✐✐ ❤②♣❡r❜♦❧✐❝❦♦✉✮✳ ❱ t♦♠t♦ s♠②s❧✉ ♠á ❡❧✐♣t✐❝❦á ❣❡♦♠❡tr✐❡ ✈❡❧♠✐
❜❧í③❦♦ ❦❡ ❣❡♦♠❡tr✐✐ ♣r♦❥❡❦t✐✈♥í✱ ♦ ♥í➸ s✐ t❛❦é ♥➙❝♦ ➦❡❦♥❡♠❡✳ Prá✈➙ t②t♦ ♦❜❥❡✈② ❛ ú♣❧♥é ♣♦r♦③✉♠➙♥í
♥❡❡✉❦❧❡✐❞♦✈s❦ý♠ ❣❡♦♠❡tr✐í♠ ✭❦♦❧❡♠ ✶✽✸✵✮ ♣➦❡❞st❛✈✉❥í ❥❡❞♥♦ ③ ♥❡❥③❛❥í♠❛✈➙❥➨í❝❤ ❞♦❜r♦❞r✉➸st✈í
✈ ❤✐st♦r✐✐ ♠❛t❡♠❛t✐❦②❀ ❞➲❧❡➸✐tá ❥♠é♥❛✱ ❦t❡rá s❡ ✈ tét♦ s♦✉✈✐s❧♦st✐ ♣➦✐♣♦♠í♥❛❥í✱ ❥s♦✉ ③❡❥♠é♥❛
❏✳ ❇♦❧②❛✐✱ ◆✳■✳ ▲♦❜❛↔❡✈s❦ý ❛ ❈✳❋✳ ●❛✉ss✳ P➦❡st♦➸❡ ❥❡ t❛t♦ ❧át❦❛ ③❛❥í♠❛✈á t❛❦é ③ ❦♦♥str✉❦↔♥í❤♦
❤❧❡❞✐s❦❛✱ ♥❡❜✉❞❡♠❡ s❡ ❥í ✈ t♦♠t♦ ❦✉r③✉ ✈➲❜❡❝ ③❛❜ý✈❛t✳ ❍❡③❦ý ú✈♦❞ ❛ ❞❛❧➨í ♦❞❦❛③② ❧③❡ ♥❛❥ít ♥❛♣➦✳
✈ ❬❍❛❪ ♥❡❜♦ ❬❉❪✳

✷ ❘➲③♥á ♣♦❥❡tí ❣❡♦♠❡tr✐❡

❱ tét♦ ♣♦❞❦❛♣✐t♦❧❡ s❡ ③♠í♥í♠❡ ♦ r➲③♥é♠ ♣♦❥❡tí ❣❡♦♠❡tr✐❡ ♣♦❞❧❡ ♣♦✉➸✐té ♠❡t♦❞② ✭t❡❞② ♥✐❦♦❧✐ ♣♦❞❧❡
♦❜❥❡❦t✉ ♥❛➨✐❝❤ ú✈❛❤ ♥❡❜♦ ③á❥♠➲✮✳ ❩ ♥❛③♥❛↔❡♥ý❝❤ ♠♦➸♥♦stí ❜✉❞❡♠❡ ✈ t♦♠t♦ ❦✉r③✉ ♣r♦s❛③♦✈❛t
③❡❥♠é♥❛ ♣♦st♦❥ s②♥t❡t✐❝❦ý ❛ tr❛♥s❢♦r♠❛↔♥í✳

✷✳✶ ❙t❛♥♦✈✐s❦♦ ❛①✐♦♠❛t✐❝❦é

❚❡♥t♦ ♣♦st♦❥ ❥❡ ♣➦❡❞st❛✈❡♥ ❥✐➸ ✈ ❩á❦❧❛❞❡❝❤ ❛ ♥❡tý❦á s❡ s❛♠♦③➦❡❥♠➙ ♣♦✉③❡ ❣❡♦♠❡tr✐❡✳ ❯❦á③❦♦✉ ❛①✐✲
♦♠❛t✐❝❦é❤♦ ♣➦íst✉♣✉ ❦❡ ❣❡♦♠❡tr✐✐ ✈ ♠♦❞❡r♥í ❛ ú♣❧♥é ♣♦❞♦❜➙ ❥s♦✉ ❍✐❧❜❡rt♦✈② ❛①✐♦♠② ❬❍✐❪✳ ❱ tét♦
s♦✉✈✐s❧♦st✐ s❡ r♦③❧✐➨✉❥❡ ♠❡③✐ ❛①✐♦♠❛t✐❝❦♦✉ t❡♦r✐í ❛ ❥❡❥í♠ ♠♦❞❡❧❡♠✳ ❏❡ s✐❝❡ ♣r❛✈❞❛✱ ➸❡ ✈ ♣➦í✲
♣❛❞➙ ❡✉❦❧❡✐❞♦✈s❦é ❣❡♦♠❡tr✐❡ ❥s♦✉ ✈➨❡❝❤♥② ♠♦❞❡❧② ✒st❡❥♥é✏ ✱ ♥✐❝♠é♥➙ ❢♦r♠á❧♥➙ ❥❡ t➦❡❜❛ r♦③❧✐➨♦✈❛t✳
◆❛♣➦✳ t♦✱ ❝♦ ❜➙➸♥➙ ♥❛③ý✈á♠❡ st❛♥❞❛r❞♥í ❡✉❦❧❡✐❞♦✈s❦♦✉ r♦✈✐♥♦✉✱ ❥❡ ❥❡♥ st❛♥❞❛r❞♥í♠ ♠♦❞❡❧❡♠
❛①✐♦♠❛t✐❝❦é t❡♦r✐❡ ♣♦♣s❛♥é ❛①✐♦♠② ♥❛ str✳ ✶✼✶✳

❱ tét♦ s♦✉✈✐s❧♦st✐ ❥❡ ✈❤♦❞♥é s❡ ❛❧❡s♣♦➡ ③❛♠②s❧❡t ♥❛❞ ♠♦➸♥♦✉ ❛①✐♦♠❛t✐③❛❝í ❛✜♥♥í ❛ ♣r♦❥❡❦t✐✈♥í
❣❡♦♠❡tr✐❡✱ ♦ ♥✐❝❤➸ s❡ ③♠✐➡✉❥❡♠❡ ♥í➸❡✳

✷✳✷ ❙t❛♥♦✈✐s❦♦ s②♥t❡t✐❝❦é

❆➸ ❞♦ ✶✼✳✕✶✽✳ st♦❧❡tí t♦ ❜②❧ ✈ ♣♦❞st❛t➙ ✈ý❤r❛❞♥í ♣➦íst✉♣ ❦❡ ❣❡♦♠❡tr✐✐✳ ❙②♥t❡t✐❝❦♦✉ ❣❡♦♠❡tr✐í s❡
♠②s❧í ❣❡♦♠❡tr✐❡ ❜❡③ s♦✉➦❛❞♥✐❝ ♥❡❜♦✱ ♣♦♥➙❦✉❞ ú➸❡❥✐✱ ❣❡♦♠❡tr✐❡ ❦♦♥str✉❦↔♥í✳ ❚❛t♦ ♠❡t♦❞❛ ♠á
❥✐stá ♦♠❡③❡♥í✿ ❏❡❞♥❛❦ ❡①✐st✉❥í ú❧♦❤②✱ ❦t❡ré ♥❡❥s♦✉ ❦♦♥str✉❦↔♥➙ ➦❡➨✐t❡❧♥é✱ ✈✐③ ♥❛♣➦✳ ❞♦❞❛t❡❦ ✶✾✳✶
♣♦❥❡❞♥á✈❛❥í❝í ♦ ♣r♦s❧✉❧ý❝❤ ❣❡♦♠❡tr✐❝❦ý❝❤ ♣r♦❜❧é♠❡❝❤ st❛r♦✈➙❦✉✳ ❏❡❞♥❛❦ ♣➦✐ ❦♦♥str✉❦❝í❝❤ ♣♦✲
③♦r✉❥❡♠❡ ③♥❛↔♥ý r♦③❞í❧ ♠❡③✐ ú❧♦❤❛♠✐ ✈ r♦✈✐♥➙ ❛ ✈ ♣r♦st♦r✉✱ ✈✐③ ♥❛♣➦✳ ❦♦♥str✉❦❝❡ ✭♣r➲♠➙t➲✮
♣r❛✈✐❞❡❧♥ý❝❤ ♠♥♦❤♦st➙♥➲✳

✷✳✸ ❙t❛♥♦✈✐s❦♦ ❛♥❛❧②t✐❝❦é

▼➲➸❡♠❡ str✉↔♥➙ ❝❤❛r❛❦t❡r✐③♦✈❛t ❥❛❦♦ st❛♥♦✈✐s❦♦ ♣♦↔❡t♥í✱ ♦❜✈②❦❧❡ ❥❡ ♠í♥➙♥♦ ♣♦↔ítá♥í ✈ s♦✉➦❛❞♥✐✲
❝í❝❤✳ P♦↔át❦② ❛♥❛❧②t✐❝❦é ❣❡♦♠❡tr✐❡ ❥s♦✉ tr❛❞✐↔♥➙ s♣♦❥♦✈á♥② s❡ ❥♠é♥❡♠ ❘✳ ❉❡s❝❛rt❛ ✭❦♦❧❡♠ ✶✻✸✼✮✱
♠➙❧♦ ❜② ✈➨❛❦ ❜ýt ③➦❡❥♠é✱ ➸❡ s❡ ♥❡♠♦❤❧♦ ❥❡❞♥❛t ♦ ❛♥❛❧②t✐❝❦♦✉ ❣❡♦♠❡tr✐✐✱ ❥❛❦ ❥✐ ❝❤á♣❡♠❡ ❞♥❡s✦✶

✶❱ té ❞♦❜➙ stá❧❡ ♥❡❜②❧❛ ✈②♥❛❧❡③❡♥❛ r❡á❧♥á ↔ís❧❛✳ ✳ ✳



✸ P➦❡❞♣♦❦❧❛❞② ❛ ❝í❧❡ ✼

◆✐❝♠é♥➙ ❉❡s❝❛rt♦✈♦✉ ✐♥♦✈❛❝í ❜②❧❛ ❛♣❧✐❦❛❝❡ ❛❧❣❡❜r② ❦ ➦❡➨❡♥í ❣❡♦♠❡tr✐❝❦ý❝❤ ú❧♦❤✳ ❱❡ st❛r➨í ❧✐t❡✲
r❛t✉➦❡ ❥❡ ↔❛st♦ ❛♥❛❧②t✐❝❦á ❣❡♦♠❡tr✐❡ ❥♠❡♥♦✈á♥❛ ❥❛❦♦ ❛❧❣❡❜r❛✐❝❦á✱ t❡♥t♦ ♣➦í✈❧❛st❡❦ ♠á ✈➨❛❦ ❞♥❡s
♣♦♥➙❦✉❞ ♣♦s✉♥✉tý ✈ý③♥❛♠✳

✷✳✹ ❙t❛♥♦✈✐s❦♦ tr❛♥s❢♦r♠❛↔♥í

❱➨❡❝❤♥② s❤♦❞♥♦st✐ ❡✉❦❧❡✐❞♦✈s❦é r♦✈✐♥② t✈♦➦í ❣r✉♣✉✳ ❚❛t♦ ❥❡ ♣♦❞❣r✉♣♦✉ ❣r✉♣② ✭❜✐❥❡❦t✐✈♥í❝❤✮ ❛✜♥✲
♥í❝❤ tr❛♥s❢♦r♠❛❝í✱ ❥❡➸ ❥❡ ③❛s❡ ♣♦❞❣r✉♣♦✉ ❣r✉♣② ✭❜✐❥❡❦t✐✈♥í❝❤✮ ♣r♦❥❡❦t✐✈♥í❝❤ tr❛♥s❢♦r♠❛❝í ❛t❞✳
❙t❛♥♦✈✐s❦♦ tr❛♥s❢♦r♠❛↔♥í✱ ♥❡❜♦❧✐ ❑❧❡✐♥♦✈♦✱ ❥❡ ③❛❧♦➸❡♥♦ ♣rá✈➙ ♥❛ ♣♦❥♠✉ tr❛♥s❢♦r♠❛↔♥í ❣r✉♣②✳
❚❡♥t♦ ♣♦st♦❥ ✈❡❧♠✐ ♣♦♠á❤á ♣➦✐ ♦r❣❛♥✐③❛❝✐ ❣❡♦♠❡tr✐❝❦ý❝❤ ✐♥❢♦r♠❛❝í ❛ ♦❞ s✈é ♣➦❡s♥é ❢♦r♠✉❧❛❝❡
✭✶✽✼✷✮ ✈❡❧♠✐ ♦✈❧✐✈♥✐❧ ❞❛❧➨í ✈ý✈♦❥ ❣❡♦♠❡tr✐❡✳ P♦❞❧❡ ❋✳ ❑❧❡✐♥❛ ❥❡ t❛ ↔✐ ♦♥❛ ❣❡♦♠❡tr✐❡ ③❝❡❧❛ ❝❤❛✲
r❛❦t❡r✐③♦✈á♥❛ ❣r✉♣♦✉ ♦❞♣♦✈í❞❛❥í❝í❝❤ ❣❡♦♠❡tr✐❝❦ý❝❤ tr❛♥s❢♦r♠❛❝í✳ ❱ t♦♠t♦ ❞✉❝❤✉ ❥❡ ❣❡♦♠❡tr✐❡
st✉❞✐❡♠ ✈③t❛❤➲ ❛ ✈❧❛st♥♦stí✱ ❦t❡ré ❥s♦✉ ✐♥✈❛r✐❛♥t♥í ✈③❤❧❡❞❡♠ ❦ ♣➲s♦❜❡♥í ♥➙❥❛❦é tr❛♥s❢♦r♠❛↔♥í
❣r✉♣②✳

✷✳✺ ❙t❛♥♦✈✐s❦♦ ❞✐❢❡r❡♥❝✐á❧♥í

❚♦t♦ ♣♦❥❡tí ❥❡ s♣♦❥♦✈á♥♦ s ❇✳ ❘✐❡♠❛♥♥❡♠ ✭♦❦♦❧♦ ✶✽✺✹✮ ❛ ❞♦✈♦❧✉❥❡ ♦♣r❛✈❞✉ ❞❛❧❡❦♦sá❤❧á ③♦❜❡❝✲
♥➙♥í✳ ❩❞❡ ❥❡ ❣❡♦♠❡tr✐❡ ✉r↔❡♥❛ ✐♥✜♥✐t❡③✐♠á❧♥➙ t③✈✳ ❘✐❡♠❛♥♥♦✈♦✉ ♠❡tr✐❦♦✉✳ ❱ t♦♠t♦ ❞✉❝❤✉ ❥s♦✉
❡✉❦❧❡✐❞♦✈s❦é ♣r♦st♦r② ❘✐❡♠❛♥♥♦✈ý♠✐ ♣r♦st♦r② s ✒♥✉❧♦✈♦✉ ❦➦✐✈♦stí✏ ✱ ③❛tí♠❝♦ ❡❧✐♣t✐❝❦é ❛ ❤②♣❡r❜♦✲
❧✐❝❦é ♣r♦st♦r② ❥s♦✉ ❘✐❡♠❛♥♥♦✈② ♣r♦st♦r② s ♥❡♥✉❧♦✈♦✉✱ ❛❧❡ ✒❦♦♥st❛♥t♥í ❦➦✐✈♦stí✏ ✳ ❚❡♥t♦ ♣➦íst✉♣ ❥❡
♥❡③❜②t♥ý ♥❛♣➦✳ ♣➦✐ st✉❞✐✉ ✈❧❛st♥♦stí ♥➙❦t❡rý❝❤ ❦❛rt♦❣r❛✜❝❦ý❝❤ ③♦❜r❛③❡♥í✳

✸ P➦❡❞♣♦❦❧❛❞② ❛ ❝í❧❡

❑r♦♠➙ ♦❜✈②❦❧é❤♦ ♣➦❡❤❧❡❞✉ ➨❦♦❧s❦é ❣❡♦♠❡tr✐❡ ♥❡♣➦❡❞♣♦❦❧á❞á♠❡ ➸á❞♥é s♣❡❝✐á❧♥í ③♥❛❧♦st✐ ❛ ❞♦✈❡❞✲
♥♦st✐✳ ❍❧❛✈♥í♠ ♣➦❡❞♣♦❦❧❛❞❡♠ ❦ ✉s♣♦❦♦❥✐✈é♠✉ ❛❜s♦❧✈♦✈á♥í t♦❤♦t♦ ❦✉r③✉ ❜② ♠➙❧❛ ❜ýt s❝❤♦♣♥♦st
③♦r❣❛♥✐③♦✈❛t ❛ ♣♦t➦❡❜❛ ✈②s✈➙t❧♦✈❛t ✈②❜r❛♥é ❣❡♦♠❡tr✐❝❦é ♣♦③♥❛t❦②✱ ❥❡❥✐❝❤ ♥á✈❛③♥♦st✐ ❛ ❦♦♥str✉❦↔♥í
✉♣❧❛t♥➙♥í✳

❈❡❧ý ❦✉r③ ③❛↔í♥á♠❡ ♣➦❡❤❧❡❞❡♠ ③á❦❧❛❞♥í❝❤ ❛✴♥❡❜♦ ❦♦♥str✉❦↔♥➙ ③❛❥í♠❛✈ý❝❤ té♠❛t ③ ❊✉❦❧❡✐✲
❞♦✈ý❝❤ ❩á❦❧❛❞➲ ✭♣♦❞❦❛♣✳ ✹✮✳ ❚② ❥s♦✉ ✈❡s❦r③❡ ♣❧❛♥✐♠❡tr✐❝❦é❀ ③❡ st❡r❡♦♠❡tr✐❝❦ý❝❤ ú❧♦❤ s❡ s♦✉✲
st➦❡❞í♠❡ ♥❛ ❦♦♥str✉❦❝❡ ♣r❛✈✐❞❡❧♥ý❝❤ ❦♦♥✈❡①♥í❝❤ ♠♥♦❤♦st➙♥➲✱ ❥✐♠✐➸ t❛t♦ ↔ást ✈r❝❤♦❧í✳ ❩ ❦❧❛s✐❝❦é
❦♦♥str✉❦↔♥í ❣❡♦♠❡tr✐❡✱ ❦t❡rá ♥❡♥í ③❛st♦✉♣❡♥❛ ✈ ❩á❦❧❛❞❡❝❤✱ s❡ ♣♦❞r♦❜♥➙❥✐ ✈➙♥✉❥❡♠❡ ❆♣♦❧❧ó♥✐♦✈➙
ú❧♦③❡ ♦ ❞♦t②❦✉ ❦r✉➸♥✐❝ ✭♣♦❞❦❛♣✳ ✺✮✳ P➦✐ ➦❡➨❡♥í t➙❝❤t♦ ú❧♦❤ s❡ s ús♣➙❝❤❡♠ ♣♦✉➸í✈á ❣❡♦♠❡tr✐❝❦ý❝❤
tr❛♥s❢♦r♠❛❝í✱ ❦❡ ❦t❡rý♠ s❡ ✈r❛❝í♠❡ ✈ s❛♠♦st❛t♥é ❦❛♣✐t♦❧❡ ✭❦❛♣✳ ■■■✮✳ ◆❡❥♦❜❡❝♥➙❥➨í st✉❞♦✈❛♥♦✉
s❦✉♣✐♥♦✉ ③♦❜r❛③❡♥í ❜✉❞♦✉ ③♦❜r❛③❡♥í ❛✜♥♥í ❛ ♣r♦❥❡❦t✐✈♥í✳ ❙ t➙♠✐t♦ ③á✈➙r② ✈st♦✉♣í♠❡ ❞♦ ♣♦s❧❡❞♥í
❦❛♣✐t♦❧② ✭❦❛♣✳ ■❱✮✱ ✈ ♥í➸ ❞✐s❦✉t✉❥❡♠❡ ♣r♦❜❧é♠② s♣♦❥❡♥é s❡ ③♦❜r❛③♦✈á♥í♠ tr♦❥r♦③♠➙r♥é❤♦ ♣r♦✲
st♦r✉ ❞♦ r♦✈✐♥②✳ P➦❡❞st❛✈í♠❡ ♥➙❦♦❧✐❦ ③á❦❧❛❞♥í❝❤ ♠❡t♦❞ t❛❦✱ ❛❜②❝❤♦♠ ❜②❧✐ s❝❤♦♣♥✐ ✈➙r♥➙ ③♦❜r❛③✐t
❥❛❦ý❦♦❧✐ ♣r♦st♦r♦✈ý ♦❜❥❡❦t✱ ③❡❥♠é♥❛ t❡❞② ♦❜❥❡❦t ❦rás♥ý ✭✈✐③ ♥❛♣➦✳ ♦❜r✳ ✸✳✷✮✳

❚②♣✐❝❦é ú❧♦❤②✱ ❦t❡ré ❜②❝❤♦♠ ♥❛ ❦♦♥❝✐ s❡♠❡str✉ ♠➙❧✐ ✉♠➙t ➦❡➨✐t✱ ③❛❤r♥✉❥í ♥❛♣➦✳✿

• s❡str♦❥✐t ③❧❛tý ➦❡③ ❞❛♥é ús❡↔❦②✱

• s❡str♦❥✐t ♣r❛✈✐❞❡❧♥ý ♣➙t✐ú❤❡❧♥í❦ ❛ ❞❛❧➨í ♣r❛✈✐❞❡❧♥é ♠♥♦❤♦ú❤❡❧♥í❦②✱

• ♣r♦ ❞❛♥ý ♠♥♦❤♦ú❤❡❧♥í❦ s❡str♦❥✐t ↔t✈❡r❡❝ s❡ st❡❥♥ý♠ ♦❜s❛❤❡♠✱

• s❡str♦❥✐t ❦r✉➸♥✐❝✐✱ ❦t❡rá s❡ ❞♦tý❦á t➦í ❞❛♥ý❝❤ ❦r✉➸♥✐❝✱ r❡s♣✳ ♣➦í♠❡❦ ♥❡❜♦ ❜♦❞➲✱

• ❝❤❛r❛❦t❡r✐③♦✈❛t ③á❦❧❛❞♥í tr❛♥s❢♦r♠❛❝❡ ✈ r♦✈✐♥➙ ❛ ✉♠➙t ❥❡ ❦♦♥str✉❦↔♥➙ ♣♦✉➸ít✱



✽ ■ Ú✈♦❞

• s❡str♦❥✐t ♦❜❡❝♥ý ♣r➲♠➙t ♣r❛✈✐❞❡❧♥é❤♦ ♠♥♦❤♦st➙♥✉ ↔✐ ❥✐♥é❤♦ t➙❧❡s❛✱

• s❡str♦❥✐t ♣r➲♥✐❦ ♣➦í♠❦② s r♦✈✐♥♦✉✱ ♣r➲s❡↔♥✐❝✐ ❞✈♦✉ r♦✈✐♥ ❛♣♦❞✳✱

• s❡str♦❥✐t ➦❡③ r♦✈✐♥② s t➙❧❡s❡♠ ❛ ③♦❜r❛③✐t t❡♥t♦ ➦❡③ ✈❡ s❦✉t❡↔♥é ✈❡❧✐❦♦st✐✱

• ✉r↔✐t ✈③❞á❧❡♥♦st ❜♦❞✉ ♦❞ ♣➦í♠❦②✱ r❡s♣✳ r♦✈✐♥②✱

• ❛♣♦❞✳

P➦✐ ❦♦♥str✉❦❝í❝❤ r♦③❧✐➨✉❥❡♠❡ ♠❡③✐ rýs♦✈❛❝í ❛ ♠②➨❧❡♥❦♦✈♦✉ ♣➦❡s♥♦stí ✖ t❛ ♣r✈♥í ③➲st❛♥❡ ♥❛➨í♠
♥❡s♣❧♥➙♥ý♠ s♥❡♠✱ ♥❛ té ❞r✉❤é tr✈á♠❡✦ ❙ ✈ý➨❡ ✉✈❡❞❡♥ý♠✐ ú❧♦❤❛♠✐ ❛ ❥❡❥✐❝❤ ➦❡➨❡♥í♠ s✐ s❛♠♦③➦❡❥♠➙
♦s✈♦❥í♠❡ ③♥❛↔♥é ♠♥♦➸st✈í ♣♦③♥❛t❦➲✱ ❦t❡ré ❜②❝❤♦♠ ♠➙❧✐ ✉♠➙t ✭❛s♣♦➡ rá♠❝♦✈➙✮ ③❞➲✈♦❞➡♦✈❛t✳
❙♦✉↔❛s♥➙ ❜② ♥á♠ ♠➙❧♦ ③á❧❡➸❡t ♥❛ ❥❡❥✐❝❤ s♣rá✈♥é ❧♦❣✐❝❦é ♣♦s❧♦✉♣♥♦st✐✱ t❥✳ ✉✈➙❞♦♠♦✈❛t s✐ ✭❛s♣♦➡
rá♠❝♦✈➙✮ ♥❛ ↔❡♠ t♦ ↔✐ ♦♥♦ t✈r③❡♥í ③á✈✐sí ❛ ❝♦ ③ ♥➙❥ ❞á❧❡ ✈②♣❧ý✈á✳ ✳ ✳

❖❜rá③❡❦ ✸✳✷✿ ❬❆❪ Pr➲♠➙t ♣r❛✈✐❞❡❧♥é❤♦ ❞✈❛❝❡t✐st➙♥✉ ✈ ❩á❦❧❛❞❡❝❤ ❛ ✈❡ ✈♦❧♥é♠ r♦✈♥♦❜➙➸✲
♥é♠ ♣r♦♠ítá♥í✳



❑❆P■❚❖▲❆ ■■

❑❧❛s✐❝❦á ❦♦♥str✉❦↔♥í ❣❡♦♠❡tr✐❡

❚✉t♦ ❦❛♣✐t♦❧✉ ③❛↔í♥á♠❡ s❡ s❦✉t❡↔♥♦✉ ❦❧❛s✐❦♦✉ ✖ s ❊✉❦❧❡✐❞♦✈ý♠✐ ❩á❦❧❛❞②✳ ❚í♠ s✐ ③♦♣❛❦✉❥❡♠❡
♠♥♦❤♦ ❞♦❜➦❡ ✐ ♠é♥➙ ❞♦❜➦❡ ③♥á♠ý❝❤ ♣♦③♥❛t❦➲✱ ③❡❥♠é♥❛ s✐ ♣➦✐♣♦♠❡♥❡♠❡ ♥➙❦t❡ré ♣♦③❛♣♦♠❡♥✉té
s♦✉✈✐s❧♦st✐✳ ◆ás❧❡❞♥➙ s❡ ❜✉❞❡♠❡ ✈➙♥♦✈❛t t③✈✳ ú❧♦❤á♠ ❆♣♦❧❧ó♥✐♦✈ý♠✱ ❝♦➸ ❥❡ ③❛❥í♠❛✈á s❦✉♣✐♥❛ ú❧♦❤
s♦✉✈✐s❡❥í❝í❝❤ s ❞♦t②❦❡♠ ❦r✉➸♥✐❝✳

✹ ❩á❦❧❛❞②

❱❡❧♠✐ rá♠❝♦✈ý ♣➦❡❤❧❡❞ ❩á❦❧❛❞➲ ❥❡ ♥ás❧❡❞✉❥í❝í✿

• ❦♥✐❤② ■✕■❱ ❛ ❱■✱ ♣❧❛♥✐♠❡tr✐❡✱

• ❦♥✐❤② ❱■■✕■❳✱ ❛r✐t♠❡t✐❦❛✱

• ❦♥✐❤② ❳■✕❳■■■✱ st❡r❡♦♠❡tr✐❡✳

❑♥✐❤② ❱ ❛ ❳ ♠❛❥í ♣♦♥➙❦✉❞ s♣❡❝✐✜❝❦é ♣♦st❛✈❡♥í✱ ✈✐③ ❞á❧❡✳

✹✳✶ ❆①✐ó♠② ❛ ♣♦st✉❧át②

❱ ❦❛➸❞é ❦♥✐③❡ ♥❛❥❞❡♠❡ ♥➙❦♦❧✐❦ ❞❡✜♥✐❝✱ ③ ♥✐❝❤➸ ❝❡❧♦✉ ➦❛❞✉ ③♥á♠❡ té♠➙➦ ✈❡ st❡❥♥é♠ ③♥➙♥í ✉➸ ③❡
➨❦♦❧②✳ ◆➙❦t❡ré ♣♦❥♠②✴r❡❧❛❝❡ ❥s♦✉ ♥❡❞❡✜♥♦✈❛♥é ♥❡❜♦❧✐ ♣r✐♠✐t✐✈♥í ✭♥❛♣➦✳ s❤♦❞♥♦st ús❡↔❡❦ ❛ ú❤❧➲✮✱
❥✐♥é ❥s♦✉ s✐❝❡ ♥➙❥❛❦ ❞❡✜♥♦✈❛♥é✱ ❛❧❡ ✈❡ s❦✉t❡↔♥♦st✐ ❥s♦✉ té➸ ♣r✐♠✐t✐✈♥í ✭♥❛♣➦✳ ❞❡✜♥✐❝❡ ❜♦❞✉ ❛ ♣➦í♠❦②✮✳

◆❛ ③❛↔át❦✉ ■✳ ❦♥✐❤② ❥❡ ❢♦r♠✉❧♦✈á♥♦ ♥➙❦♦❧✐❦ ❛①✐ó♠➲ ❛ ♣♦st✉❧át➲✳ ❆①✐ó♠② s❡ tý❦❛❥í ♦❜❡❝♥ý❝❤
✈❡❧✐↔✐♥❀ ♥❛ str✳ ✶✻✺ ❥s♦✉ ✈②❥♠❡♥♦✈á♥② ❥❛❦♦ ❈♦♠♠♦♥ ♥♦t✐♦♥s ❛ t❛❞② ❥❡ ♥❡♣➦❡♣✐s✉❥❡♠❡✳ P♦st✉❧át②
❥s♦✉ r②③❡ ❣❡♦♠❡tr✐❝❦é❤♦ ❝❤❛r❛❦t❡r✉✿✶

✭✐✮ ❑❛➸❞é ❞✈❛ r➲③♥é ❜♦❞② s♣♦❥✉❥❡ ♣➦í♠❦❛✳

✭✐✐✮ ❑❛➸❞♦✉ ♣➦í♠❦✉ ❧③❡ ♥❛ ❦❛➸❞é str❛♥➙ ❧✐❜♦✈♦❧♥➙ ♣r♦❞❧♦✉➸✐t✳

✶❱ r➲③♥ý❝❤ ❡❞✐❝í❝❤ ❥s♦✉ ❛①✐♦♠②✴♣♦st✉❧át② ♦r❣❛♥✐③♦✈á♥② r➲③♥➙✱ sr✳ ♥❛♣➦✳ s ❬❊V ❪✳ ▼② ♦❞❦❛③✉❥❡♠❡ ♥❛ ✈②❞á♥í
♦❞✈♦③❡♥á ③ ♣➦❡❦❧❛❞✉ ❚✳ ❍❡❛t❤❛✱ ✈✐③ ❬❍❚❉❪✳



✶✵ ■■ ❑❧❛s✐❝❦á ❦♦♥str✉❦↔♥í ❣❡♦♠❡tr✐❡

✭✐✐✐✮ ▲③❡ ✈②t✈♦➦✐t ❦r✉➸♥✐❝✐ s ❧✐❜♦✈♦❧♥ý♠ ❞❛♥ý♠ st➦❡❞❡♠ ♣r♦❝❤á③❡❥í❝í ❧✐❜♦✈♦❧♥ý♠ ❥✐♥ý♠ ❜♦❞❡♠✳

✭✐✈✮ ❱➨❡❝❤♥② ♣r❛✈é ú❤❧② ❥s♦✉ s❤♦❞♥é✳

✭✈✮ ❑❞②➸ ♣➦í♠❦❛ ♣r♦tí♥❛❥í❝í ❞✈➙ ❥✐♥é ♣➦í♠❦② t✈♦➦í ✈♥✐t➦♥í ú❤❧② ♥❛ ❥❡❞♥é str❛♥➙ ♠❡♥➨í ♥❡➸ ❞✈❛
♣r❛✈é✱ ♣❛❦ t②t♦ ❞✈➙ ♣➦í♠❦② ✭❞♦st❛t❡↔♥➙ ♣r♦❞❧♦✉➸❡♥②✮ s❡t❦❛❥í s❡ ♥❛ té str❛♥➙✱ ❦❞❡ ❥s♦✉ ú❤❧②
♠❡♥➨í ❞✈♦✉ ♣r❛✈ý❝❤✳

❱ ✭✐✮ ❛ ✭✐✐✮ ❥❡ ♣➦í♠❦♦✉ ③➦❡❥♠➙ ♠②➨❧❡♥❛ ús❡↔❦❛✱ ❛ t♦ ❥❡❞✐♥á✳ P♦st✉❧át② ✭✐✮✕✭✐✐✐✮ ♣➦❡❞st❛✈✉❥í ❥❡❞✐♥é
❦♦♥str✉❦↔♥í ♥ástr♦❥❡✱ s❡ ❦t❡rý♠✐ s✐ ❝❡❧é ❩á❦❧❛❞② ✈②st❛↔í ✖ ✐❞❡á❧♥í ♥❡❦♦♥❡↔♥➙ ❞❧♦✉❤é ♣r❛✈ít❦♦
❛ ✐❞❡á❧♥í ♥❡❦♦♥❡↔♥➙ r♦③❦r♦↔✐t❡❧♥é ❦r✉➸ít❦♦✳ ❑♦♥str✉❦❝❡✱ ❦t❡ré ❧③❡ r❡❛❧✐③♦✈❛t s t➙♠✐t♦ ♥ástr♦❥✐ s❡
♥❛③ý✈❛❥í ❡✉❦❧❡✐❞♦✈s❦é ❦♦♥str✉❦❝❡✱ ✈✐③ té➸ ❞♦❞❛t❡❦ ✶✾✳

P♦st✉❧át ✭✐✮ ❥❡ t②♣✐❝❦ý♠ ❛①✐ó♠❡♠ ✐♥❝✐❞❡♥❝❡✱ ♣♦st✉❧át ✭✐✈✮ ♥á♠ ➦í❦á ♥➙❝♦ ♦ ③á❦❧❛❞♥í r❡❧❛❝✐
s❤♦❞♥♦st✐✳ P♦st✉❧át ✭✈✮ ❥❡ ♣➦❡③❞í✈á♥ ❥❛❦♦ ❞♦❞❛t❡↔♥ý✱ ♥❡❜♦➫ ❥❡ ♣➲✈♦❞♥➙ ❢♦r♠✉❧♦✈á♥ ❞♦❞❛t❡↔♥➙
❛➸ ♣➦❡❞ t✈r③❡♥í♠ ■✳✷✾✳✷ ❷❛st♦ ❜ý✈á ♥❛❤r❛③♦✈á♥ t③✈✳ ♣♦st✉❧át❡♠ ♦ r♦✈♥♦❜➙➸❦á❝❤✱ s❡ ❦t❡rý♠ ❥❡
❡❦✈✐✈❛❧❡♥t♥í✱ ✈✐③ ♦❞st✳ ✹✳✹✳

❖❜rá③❡❦ ✹✳✶✿ ❬❆❪ ❊✉❦❧❡✐❞➲✈ ❞♦❞❛t❡↔♥ý ♣♦st✉❧át✿ α+ β < 2R =⇒ g ❛ h s❡ ♣r♦tí♥❛❥í✳

❱ ❩á❦❧❛❞❡❝❤ s❡ ✈➨❛❦ ♣♦✉➸í✈á ♥➙❦♦❧✐❦ ♣➦❡❞♣♦❦❧❛❞➲✱ ❛♥✐➸ ❜② ❜②❧② ❥❛❦❦♦❧✐ ❢♦r♠✉❧♦✈á♥②✳ P➦❡s♥ý
❛①✐♦♠❛t✐❝❦ý ♣♦♣✐s✱ ③❛❧♦➸❡♥ý ♥❛ t♦♠ ❊✉❦❧❡✐❞♦✈➙✱ ♣♦❝❤á③í ♦❞ ❉✳ ❍✐❧❜❡rt❛ ❬❍✐❪ ✭❦♦❧❡♠ ✶✾✵✵✮✱ ✈✐③
♣➦í❧♦❤✉ ♥❛ str✳ ✶✼✶✳ ❊✉❦❧❡✐❞♦✈② ♥❡✈②s❧♦✈❡♥é ❛①✐ó♠② s❡ tý❦❛❥í ❤❧❛✈♥➙ ✉s♣♦➦á❞á♥í ❛ s♣♦❥✐t♦st✐✳
❚②♣✐❝❦ý ❛①✐ó♠ ✉s♣♦➦á❞á♥í ❥❡ ♥❛♣➦✳✿

• Pr♦ t➦✐ r➲③♥é ❜♦❞② ❧❡➸í❝í ♥❛ ❥❡❞♥é ♣➦í♠❝❡ ♣❧❛tí✱ ➸❡ ♣rá✈➙ ❥❡❞❡♥ ③ ♥✐❝❤ ❥❡ ♠❡③✐ ③❜②❧ý♠✐ ❞✈➙♠❛✳

❚❡♥t♦ ♣♦➸❛❞❛✈❡❦ ♥á♠ ♠❥✳ ➦í❦á✱ ➸❡ ♣➦í♠❦❛ ♥❡♥í ✉③❛✈➦❡♥á ❦➦✐✈❦❛✱ ❝♦➸ ③❡ s❛♠♦t♥é❤♦ ♣♦st✉❧át✉ ✭✐✐✮
♥❡✈②♣❧ý✈á✳ ❚♦ ✈ ❞➲s❧❡❞❦✉ ③♥❛♠❡♥á✱ ➸❡ ❜♦❞② ♥❛ ♣➦í♠❝❡ ❧③❡ ✉s♣♦➦á❞❛t ❛ t♦t♦ ✉s♣♦➦á❞á♥í ❥❡ ú♣❧♥é✳
❯✈➙❞♦♠t❡ s✐✱ ➸❡ t❡♣r✈❡ ♣♦ tét♦ ♣➦í♣r❛✈➙ ❥❡ ♠♦➸♥é ✉s♣♦❦♦❥✐✈➙ ❞❡✜♥♦✈❛t ♣♦❥❡♠ ús❡↔❦②✦ ❆①✐ó♠②
s♣♦❥✐t♦st✐ ❥❡ ♠♦➸♥é ♥❛❤r❛❞✐t ❥❡❞✐♥ý♠✱ t③✈✳ ❉❡❞❡❦✐♥❞♦✈ý♠ ❛①✐ó♠❡♠✳ ❚❡♥ ❧③❡ ✈ ➦❡↔✐ ✉s♣♦➦á❞á♥í
❛ t③✈✳ ❉❡❞❡❦✐♥❞♦✈ý❝❤ ➦❡③➲ ❢♦r♠✉❧♦✈❛t ♥ás❧❡❞♦✈♥➙✿

• ❇♦❞② ♥❛ ♣➦í♠❝❡ ♥❡♦❜s❛❤✉❥í ✭✈③❤❧❡❞❡♠ ❦ ✈ý➨❡ ③♠í♥➙♥é♠✉ ✉s♣♦➦á❞á♥í✮ ❉❡❞❡❦✐♥❞♦✈② ➦❡③②
t②♣✉ ✒s❦♦❦✏ ❛ ✒♠❡③❡r❛✏✳

✹✳✷ P➦❡❤❧❡❞

❖❞ str✳ ✶✻✺ ❥❡ ♣➦✐❧♦➸❡♥ str✉↔♥ý ♣➦❡❤❧❡❞ ♥❡❥❝✐t♦✈❛♥➙❥➨í❝❤ t✈r③❡♥í ③❡ ✈➨❡❝❤ ❣❡♦♠❡tr✐❝❦ý❝❤ ❦♥✐❤ ♣♦❞❧❡
❬❍❛❪✳ ◆②♥í s❤r♥✉❥❡♠❡ ♥➙❦♦❧✐❦ ♣♦❞r♦❜♥♦stí ❦ ❥❡❞♥♦t❧✐✈ý♠ ❦♥✐❤á♠✱ ✈✐③ ❬❆❪✳

✷■✳✷✾ ❂ ✷✾✳ ✈➙t❛ ✈ ■✳ ❦♥✐③❡ ❩á❦❧❛❞➲



✹ ❩á❦❧❛❞② ✶✶

■✳ ❩á❦❧❛❞② ♣❧❛♥✐♠❡tr✐❡

❩á❦❧❛❞♥í ❛ ❞♦❜➦❡ ③♥á♠á t✈r③❡♥í ❛ ❦♦♥str✉❦❝❡ ✈↔❡t♥➙ ✈➨❡❝❤ ✈➙t ♦ s❤♦❞♥♦st❡❝❤ tr♦❥ú❤❡❧♥í❦➲ ✭■✳✶✕
✷✻✮❀ t❡♦r✐❡ r♦✈♥♦❜➙➸❡❦ ✭■✳✷✼✕✸✶✮❀ ✈➙t❛ ♦ s♦✉↔t✉ ✈♥✐t➦♥í❝❤ ú❤❧➲ ✈ tr♦❥ú❤❡❧♥í❦✉ ✭■✳✸✷✮❀ ♦❜s❛❤②
r♦✈♥♦❜➙➸♥í❦➲ ❛ tr♦❥ú❤❡❧♥í❦➲ ✭■✳✸✸✕✹✺✮❀ P②t❤❛❣♦r♦✈❛ ✈➙t❛ ✭r❡s♣✳ ❊✉❦❧❡✐❞♦✈❛ ✈➙t❛ ♦ ♦❞✈➙s♥➙✮
❛ ✈➙t❛ ♦♣❛↔♥á ✭■✳✹✼✕✹✽✮✳

❑ ✈②❜r❛♥ý♠ té♠❛t➲♠ s❡ ✈r❛❝í♠❡ ✈ ♦❞st✳ ✹✳✹ ❛ ✹✳✻✳

■■✳ ❖ ♣r❛✈♦ú❤❡❧♥í❝í❝❤

❱➙t➨✐♥❛ t✈r③❡♥í s❡ tý❦á t③✈✳ ❣❡♦♠❡tr✐❝❦é ❛❧❣❡❜r②❀ ❦♦♥str✉❦❝❡ ③❧❛té❤♦ ➦❡③✉ ✭■■✳✶✶✮❀ ❦♦s✐♥♦✈á ✈➙t❛
✭■■✳✶✷✕✶✸✮❀ ❦✈❛❞r❛t✉r❛ ♦❜❡❝♥é❤♦ ♠♥♦❤♦ú❤❡❧♥í❦✉ ✭■■✳✶✹✮✳

❑ ✈②❜r❛♥ý♠ té♠❛t➲♠ s❡ ✈r❛❝í♠❡ ✈ ♦❞st✳ ✹✳✻✱ ✹✳✽✱ ✹✳✾ ❛ ✹✳✶✶✳

■■■✳ ●❡♦♠❡tr✐❡ ❦r✉➸♥✐❝

❱➙t② ♦ ❦r✉➸♥✐❝í❝❤✱ ❥❡❥✐❝❤ ♣r➲♥✐❝í❝❤ ❛ ❞♦t②❦✉✱ s❡↔♥á❝❤✱ t❡↔♥á❝❤ ❛ ❛s♦❝✐♦✈❛♥ý❝❤ ú❤❧❡❝❤✿ ♥❛♣➦✳
❦♦♥str✉❦❝❡ t❡↔♥② ✭■■■✳✶✻✕✶✼✮❀ ✈➙t② ♦ st➦❡❞♦✈ý❝❤ ❛ ♦❜✈♦❞♦✈ý❝❤ ú❤❧❡❝❤ ✭■■■✳✷✵✕✷✶✮✱ ❚❤❛❧❡t♦✈❛
✈➙t❛ ✭■■■✳✸✶✮✱ ✈➙t❛ ♦ ús❡❦♦✈ý❝❤ ú❤❧❡❝❤ ✭■■■✳✸✷✮❀ ♠♦❝♥♦st ❜♦❞✉ ❦❡ ❦r✉➸♥✐❝✐ ✭■■■✳✸✺✕✸✼✮✳

❑ ✈②❜r❛♥ý♠ té♠❛t➲♠ s❡ ✈r❛❝í♠❡ ✈ ♦❞st✳ ✹✳✶✷✳

■❱✳ Pr❛✈✐❞❡❧♥é ♠♥♦❤♦ú❤❡❧♥í❦②

❑♦♥str✉❦❝❡ ♥➙❦t❡rý❝❤ ♠♥♦❤♦ú❤❡❧♥í❦➲ ✈❡♣s❛♥ý❝❤✴♦♣s❛♥ý❝❤ ❞❛♥é ❦r✉➸♥✐❝✐ ❛ ❦♦♥str✉❦❝❡ ❦r✉➸♥✐❝❡
♦♣s❛♥é✴✈❡♣s❛♥é ❞❛♥é♠✉ ♠♥♦❤♦ú❤❡❧♥í❦✉✿ ❥♠❡♥♦✈✐t➙ ♣r♦ ♦❜❡❝♥ý tr♦❥ú❤❡❧♥í❦ ✭■❱✳✷✕✺✮✱ ↔t✈❡r❡❝
✭■❱✳✻✕✾✮✱ ♣r❛✈✐❞❡❧♥ý ♣➙t✐ú❤❡❧♥í❦ ✭■❱✳✶✵✕✶✹✮✱ ♣r❛✈✐❞❡❧♥ý ➨❡st✐ú❤❡❧♥í❦ ✭■❱✳✶✺✮✱ ♣r❛✈✐❞❡❧♥ý ✶✺✲
t✐ú❤❡❧♥í❦ ✭■❱✳✶✻✮✳

❑ ✈②❜r❛♥ý♠ té♠❛t➲♠ s❡ ✈r❛❝í♠❡ ✈ ♦❞st✳ ✹✳✶✹✳

❱✳ ❖❜❡❝♥á t❡♦r✐❡ ♣r♦♣♦r❝í

▼♥♦❤❡♠ ❛❜str❛❦t♥➙❥➨í ❦♥✐❤❛ ♥❡➸ ♦st❛t♥í✱ ♥❡③á✈✐s❧á ♥❛ ♣➦❡❞❝❤♦③í❝❤✱ ♥✉t♥á ♣r♦ ♥ás❧❡❞✉❥í❝í❀ ♣♦❥❡❞✲
♥á✈á ♦ ♣♦♠➙r❡❝❤ ❛ ♣r♦♣♦r❝í❝❤ ♦❜❡❝♥ý❝❤ ✈❡❧✐↔✐♥ ✭♣r♦♣♦r❝❡ ❥❡ r♦✈♥♦st ❞✈♦✉ ♣♦♠➙r➲✮✱ ♣➦✐↔❡♠➸ s❡
♠②s❧í ✐ ♥❛ ♥❡s♦✉♠➙➦✐t❡❧♥é ✈❡❧✐↔✐♥② ✭t❥✳ ✈❡❧✐↔✐♥②✱ ❥❡❥✐❝❤➸ ♣♦♠➙r ♥❡♥í r❛❝✐♦♥á❧♥í ↔ís❧♦✱ ✈✐③ ❉❡❢✳❱✳✺✮❀
t②♣✐❝❦é t✈r③❡♥í ♣r♦ ♣➦❡❞st❛✈✉✿ a : b = c : d =⇒ a : c = b : d ✭❱✳✶✻✮✳

❱■✳ ●❡♦♠❡tr✐❡ ♣♦❞♦❜♥ý❝❤ út✈❛r➲

❩á❦❧❛❞♥í t✈r③❡♥í ✭❱■✳✶✮ ♠❧✉✈í ♦ ♣r♦♣♦r❝í❝❤ ♠❡③✐ ♦❜s❛❤② tr♦❥ú❤❡❧♥í❦➲ ❛ ✈❡❧✐❦♦st♠✐ ❥❡❥✐❝❤ ③á❦❧❛✲
❞❡♥ ③❛ ♣➦❡❞♣♦❦❧❛❞✉✱ ➸❡ ♠❛❥í st❡❥♥♦✉ ✈ý➨❦✉❀ ❝❤❛r❛❦t❡r✐③❛❝❡ ♣♦❞♦❜♥ý❝❤ tr♦❥ú❤❡❧♥í❦➲ ✭❱■✳✷✱✹✱✺✮
❦♦♥str✉❦❝❡ ❣❡♦♠❡tr✐❝❦é❤♦ ♣r➲♠➙r✉ ✭❊✉❦❧❡✐❞♦✈❛ ✈➙t❛ ♦ ✈ý➨❝❡✮ ✭❱■✳✶✸✮❀ ✈②❥á❞➦❡♥í ♣♦♠➙r✉ ♦❜s❛❤➲
♣♦❞♦❜♥ý❝❤ ♠♥♦❤♦ú❤❡❧♥í❦➲ ♣♦♠♦❝í ❦♦❡✜❝✐❡♥t✉ ♣♦❞♦❜♥♦st✐ ✭❱■✳✶✾✕✷✵✮❀ ♣♦❦r❛↔♦✈á♥í ❣❡♦♠❡t✲
r✐❝❦é ❛❧❣❡❜r② ✖ ➦❡➨❡♥í ♦❜❡❝♥é ❦✈❛❞r❛t✐❝❦é r♦✈♥✐❝❡ ✭❱■✳✷✽✕✷✾✮❀ ❞❛❧➨í ③♦❜❡❝♥➙♥í P②t❤❛❣♦r♦✈② ✈➙t②
✭❱■✳✸✶✮✳

❑ ✈②❜r❛♥ý♠ té♠❛t➲♠ s❡ ✈r❛❝í♠❡ ✈ ♦❞st✳ ✹✳✶✻ ❛ ✹✳✶✽✳

❱■■✳ ❩á❦❧❛❞♥í ❛r✐t♠❡t✐❦❛

❊✉❦❧❡✐❞➲✈ ❛❧❣♦r✐t♠✉s ❦ ♥❛❧❡③❡♥í ♥❡❥✈➙t➨í❤♦ s♣♦❧❡↔♥é❤♦ ❞➙❧✐t❡❧❡ ❞❛♥ý❝❤ ↔ís❡❧ ✭❱■■✳✶✕✸✮❀ ♣♦♠➙r②
❛ s♦✉↔✐♥② ↔ís❡❧ ✭❱■■✳✶✼✕✶✾✮❀



✶✷ ■■ ❑❧❛s✐❝❦á ❦♦♥str✉❦↔♥í ❣❡♦♠❡tr✐❡

❱■■■✳ ❛ ■❳✳ ❚❡♦r✐❡ ↔ís❡❧

●❡♦♠❡tr✐❝❦é ♣♦s❧♦✉♣♥♦st✐ ↔ís❡❧❀ ↔t✈❡r❝♦✈á ❛ ❦✉❜✐❝❦á ↔ís❧❛❀ ✈➙t❛ ♦ ♣♦↔t✉ ♣r✈♦↔ís❡❧ ✭■❳✳✷✵✮❀ s✉❞á✱
❧✐❝❤á ❛ ❞♦❦♦♥❛❧á ↔ís❧❛✳

❳✳ ◆❡s♦✉♠➙➦✐t❡❧♥é ✈❡❧✐↔✐♥②

◆❡❥♦❜sá❤❧❡❥➨í ❦♥✐❤❛ ③❡ ✈➨❡❝❤✿ ❞❡✜♥✐❝❡ ✭❉❡❢✳❳✳✶✮ ❛ ❝❤❛r❛❦t❡r✐③❛❝❡ ✭❳✳✺✕✻✮ s♦✉♠➙➦✐t❡❧♥ý❝❤ ❛ ♥❡✲
s♦✉♠➙➦✐t❡❧♥ý❝❤ ✈❡❧✐↔✐♥❀ ❡①✐st❡♥❝❡ ♥❡s♦✉♠➙➦✐t❡❧♥ý❝❤ ✈❡❧✐↔✐♥ ✭❳✳✶✵✮❀ ✈③t❛❤② ♠❡③✐ s♦✉♠➙➦✐t❡❧♥♦stí
❛ ♣♦♠➙r②✱ s♦✉↔t② ❛ ❞❛❧➨í♠✐ ♦♣❡r❛❝❡♠✐ s ✈❡❧✐↔✐♥❛♠✐❀ ❦❧❛s✐✜❦❛❝❡ ♥❡s♦✉♠➙➦✐t❡❧♥ý❝❤ ✈❡❧✐↔✐♥❀ ✳ ✳ ✳ ✳ ✳ ✳

❳■✳ ❩á❦❧❛❞② st❡r❡♦♠❡tr✐❡

❱➙t② ♦ r♦✈♥♦❜➙➸♥♦st✐ ❛ ❦♦❧♠♦st✐ ♣➦í♠❡❦ ❛ r♦✈✐♥ ✭❳■✳✶✕✶✾✮❀ ♣r♦st♦r♦✈é ú❤❧② ✭❳■✳✷✵✕✷✸✮❀ ♦ r♦✈♥♦✲
❜➙➸♥♦st➙♥❡❝❤ ❛ ❥❡❥✐❝❤ ♦❜❥❡♠❡❝❤ ✭❳■✳✷✹✕✸✼✮❀ ❞✈➙ ✈➙t② s tr♦❥❜♦❦ý♠✐ ❤r❛♥♦❧② ✭❳■✳✸✽✕✸✾✮✳

❑ ✈②❜r❛♥ý♠ té♠❛t➲♠ s❡ ✈r❛❝í♠❡ ✈ ♦❞st✳ ✹✳✷✵✳

❳■■✳ ❖❜s❛❤② ❛ ♦❜❥❡♠②

▼②➨❧❡♥♦ ♦❜s❛❤② ❛ ♦❜❥❡♠② ♣♦♠♦❝í ❊✉❞♦①♦✈② ❡①❤❛✉st✐✈♥í ♠❡t♦❞②✿ ♦❜s❛❤ ❦r✉❤✉ ✭❳■■✳✷✮❀ ♦❜❥❡♠
❥❡❤❧❛♥✉ ✭❳■■✳✸✕✾✮❀ ♦❜❥❡♠ ✈á❧❝❡ ❛ ❦✉➸❡❧❡ ✭❳■■✳✶✵✲✶✺✮❀ ♦❜❥❡♠ ❦♦✉❧❡ ✭❳■■✳✶✽✮✳

❑ ✈②❜r❛♥ý♠ té♠❛t➲♠ s❡ ✈r❛❝í♠❡ ✈ ♦❞st✳ ✹✳✷✵✳

❳■■■✳ Pr❛✈✐❞❡❧♥é ♠♥♦❤♦st➙♥②

❱➙t② ♦ ③❧❛té♠ ➦❡③✉ ✭❳■■■✳✶✕✻✮❀ ✈➙t② ♦ ♣➙t✐ú❤❡❧♥í❦✉ ✭❳■■■✳✼✕✶✺✮❀ ❦♦♥str✉❦❝❡ ♣r❛✈✐❞❡❧♥ý❝❤ ♠♥♦✲
❤♦st➙♥➲ ✭❳■■■✳✶✸✕✶✼✮✱ ♣♦r♦✈♥á♥í ❥❡❥✐❝❤ str❛♥ ❛ ③❞➲✈♦❞♥➙♥í✱ ➸❡ ❥✐❝❤ ♥❡♥í ✈í❝❡ ✭❳■■■✳✶✽✮✳

❑ ✈②❜r❛♥ý♠ té♠❛t➲♠ s❡ ✈r❛❝í♠❡ ✈ ♦❞st✳ ✹✳✷✶✳

✹✳✸ ❈✈✐↔❡♥í

✭✶✮ ◆❛ ✈②❜r❛♥ý❝❤ ♣♦❥♠❡❝❤ ♣♦r♦✈♥❡❥t❡ ❞❡✜♥✐❝❡ ✈ ❩á❦❧❛❞❡❝❤ ❬❊❪ s t➙♠✐✱ ❦t❡ré ③♥át❡ ③❡ ➨❦♦❧②✳

✭✷✮ ◆❛❥❞➙t❡ ♥➙❥❛❦é t✈r③❡♥í ✈ ❩á❦❧❛❞❡❝❤✱ ❦t❡ré ♥❡③♥át❡ ③❡ ➨❦♦❧②✱ ❛ ♥❛♦♣❛❦✳

✭✸✮ ❯t✈♦➦t❡ s✐ ♣➦❡❞st❛✈✉ ♦ str✉❦t✉➦❡ ❩á❦❧❛❞➲ ✖ ♥❡❥❧é♣❡ t❛❦✱ ➸❡ s✐ ③❛♣❛♠❛t✉❥❡t❡ ➦❛③❡♥í ♥➙❦t❡rý❝❤
✈ý③♥❛↔♥ý❝❤ t✈r③❡♥í ✈ ❥❡❞♥♦t❧✐✈ý❝❤ ❦♥✐❤á❝❤✳

✭✹✮ ❯t✈♦➦t❡ s✐ ♣➦❡❞st❛✈✉ ♦ r♦③❞í❧❡❝❤ ♠❡③✐ ❛①✐♦♠❛t✐❝❦ý♠ s②sté♠❡♠ ❊✉❦❧❡✐❞♦✈ý♠ ❬❊❪ ❛ ❍✐❧❜❡rt♦✲
✈ý♠ ❬❍✐❪✱ ♣➦í♣✳ ❥✐♥ý♠✳

✹✳✹ P♦st✉❧át ♦ r♦✈♥♦❜➙➸❦á❝❤

❏❛❦ ❥s♠❡ ③♠í♥✐❧✐ ✈ý➨❡✱ ♣♦st✉❧át ✭✈✮ ❥❡ ♦③♥❛↔♦✈á♥ ❥❛❦♦ ❞♦❞❛t❡↔♥ý✱ ♥❡❜♦➫ ❥❡ ♣➲✈♦❞♥➙ ❢♦r♠✉❧♦✈á♥
❛➸ ♣➦❡❞ t✈r③❡♥í♠ ■✳✷✾ ❛ ♥✐❦♦❧✐ ♥❛ ③❛↔át❦✉ s ♦st❛t♥í♠✐✳ ❚❡♥t♦ ♣♦st✉❧át s❡ ❜❡③♣r♦st➦❡❞♥➙ tý❦á
r♦✈♥♦❜➙➸♥♦st✐ ❛ ↔❛st♦ ❜ý✈á ♥❛❤r❛③♦✈á♥ t③✈✳ ♣♦st✉❧át❡♠ ♦ r♦✈♥♦❜➙➸❦á❝❤✱ s❡ ❦t❡rý♠ ❥❡ ❡❦✈✐✈❛❧❡♥t♥í✱
✈✐③ ❱➙t❛ ✭∗✮ ♥❛ str✳ ✶✹✳ P➦✐t♦♠ r♦✈♥♦❜➙➸♥♦st ♣➦í♠❡❦ ❥❡ ❞❡✜♥♦✈á♥❛ ♥ás❧❡❞♦✈♥➙ ✭❉❡❢✳■✳✷✸✮✿

P➦í♠❦② ❥s♦✉ r♦✈♥♦❜➙➸♥é✱ ♣♦❦✉❞ ❧❡➸í ✈ té➸❡ r♦✈✐♥➙ ❛ ♥❡♠❛❥í ➸á❞♥ý s♣♦❧❡↔♥ý ❜♦❞✳



✹ ❩á❦❧❛❞② ✶✸

❈♦ ❥❡ ♥❛ ♣♦st✉❧át✉ ✭✈✮ ♥❡③á✈✐s❧é

Pr✈♥í❝❤ ✷✽ t✈r③❡♥í ✈ ■✳ ❦♥✐③❡ ❥❡ ♥❛ ♣♦st✉❧át✉ ✭✈✮ ♥❡③á✈✐s❧ý❝❤ ✖ ❥s♦✉ t♦ ♥❛♣➦✳✿

■✳✹ ❱➙t❛ ❙❯❙✳

■✳✺✕✻ ❘♦✈♥♦r❛♠❡♥♥é tr♦❥ú❤❡❧♥í❦② ❥s♦✉ ❝❤❛r❛❦t❡r✐③♦✈á♥② r♦✈♥♦stí ú❤❧➲ ♣➦✐ ③á❦❧❛❞♥➙✳

■✳✽ ❱➙t❛ ❙❙❙✳

■✳✶✶✕✶✷ ❑♦♥str✉❦❝❡ ❦♦❧♠✐❝❡ ❦ ❞❛♥é ♣➦í♠❝❡ ❞❛♥ý♠ ❜♦❞❡♠✳

■✳✶✻ ❱➙t❛ ♦ ✈♥➙❥➨í♠ ú❤❧✉ tr♦❥ú❤❡❧♥í❦✉✳

❬ ❩❞❡ s❡ ♣♦♣r✈é s✐❧♥➙ ♣♦✉➸í✈á ♥❡✈②s❧♦✈❡♥ý❝❤ ♣➦❡❞♣♦❦❧❛❞➲ ♦ ✉s♣♦➦á❞á♥í ❜♦❞➲ ♥❛ ♣➦í♠❝❡✳ ❪✸

■✳✶✼✕✷✵ ❩♥á♠é ♥❡r♦✈♥♦st✐ ✈ tr♦❥ú❤❡❧♥í❦✉✳✹

■✳✷✸ ❑♦♥str✉❦❝❡ ❞❛♥é❤♦ ú❤❧✉ ♥❛ ❞❛♥é ♣♦❧♦♣➦í♠❝❡✳

■✳✷✻ ❱➙t❛ ❯❙❯✳

■✳✷✼ ❙❤♦❞♥é st➦í❞❛✈é ú❤❧② ✐♠♣❧✐❦✉❥í r♦✈♥♦❜➙➸♥♦st ♣➦í♠❡❦✳

❬ ❩❞➲✈♦❞♥➙♥♦ ♥❡♣➦í♠♦ ♣♦♠♦❝í ■✳✶✻✳ ❪

❑r♦♠➙ t➙❝❤t♦ t✈r③❡♥í ❥❡ ♥❛ ✭✈✮ ♥❡③á✈✐s❧é t❛❦é ♥❛♣➦✳✿

■✳✸✶ ❑♦♥str✉❦❝❡ r♦✈♥♦❜➙➸❦② ❦ ❞❛♥é ♣➦í♠❝❡ ❞❛♥ý♠ ❜♦❞❡♠✳

❬❑♦♥str✉❦❝❡ ♣♦❞❧❡ ■✳✷✸✱ ③❞➲✈♦❞♥➙♥í ♣♦❞❧❡ ■✳✷✼✳ ❪

❖❜rá③❡❦ ✹✳✷✿ ❬❆❪ ■✳✷✼✿ α = γ =⇒ h‖g✳ ■✳✷✾✿ h‖g =⇒ α = γ✳

❈♦ ♥❛ ♣♦st✉❧át✉ ✭✈✮ ③á✈✐sí

◆❛♦♣❛❦✱ ➦❛❞❛ ❞❛❧➨í❝❤ t✈r③❡♥í ❥❡ ♥❛ ♣áté♠ ♣♦st✉❧át✉ ③á✈✐s❧á✱ ♣➦í♣✳ ❥❡ s ♥í♠ ❡❦✈✐✈❛❧❡♥t♥í✳ Pr✈♥í
t❛❦♦✈é t✈r③❡♥í ❥❡✿

■✳✷✾ ❱➙t❛ ♦ st➦í❞❛✈ý❝❤ ú❤❧❡❝❤✱ ✈✐③ ♦❜r✳ ✹✳✷ ✭♥❡❜♦ ♣➦í❧♦❤✉ ♥❛ str✳ ✶✼✷✮✳

❬ ❉♦❦á③á♥♦ ♥❡♣➦í♠♦✿ α 6= γ =⇒ α + β 6= γ + β =⇒ 2R 6= γ + β❀ ♦❞t✉❞ ♣♦❞❧❡ ✭✈✮ ♣❧②♥❡✱ ➸❡
s❡ ♣➦í♠❦② h, g ♣r♦tí♥❛❥í✱ t❡❞② ♥❡❥s♦✉ r♦✈♥♦❜➙➸♥é✳ ❪

Prá✈➙ ③ ■✳✷✾ ♣➦í♠♦ ✈②♣❧ý✈á ❥❡❞♥♦③♥❛↔♥♦st r♦✈♥♦❜➙➸❦② s❡str♦❥❡♥é ♣♦❞❧❡ ■✳✸✶✿

✸❚♦ ❥❡ ❤❧❛✈♥í ❞➲✈♦❞✱ ♣r♦↔ ❱➙t❛ ■✳✶✻ ❛ ✈➨❡❝❤♥② ❥❡❥í ❞➲s❧❡❞❦② ♥❡♣❧❛tí ✈ ❡❧✐♣t✐❝❦é ❣❡♦♠❡tr✐✐ ✭❥❡➸ ❥❡ ❧♦❦á❧♥➙ ♠♦❞❡✲
❧♦✈❛♥á ♥❛ s❢é➦❡✮✦

✹◆❛♣➦✳ ■✳✶✼ ❥❡ t✈r③❡♥í ♦♣❛↔♥é ❦ ♣♦st✉❧át✉ ✭✈✮✱ ■✳✷✵ ❥❡ tr♦❥ú❤❡❧♥í❦♦✈á ♥❡r♦✈♥♦st✳



✶✹ ■■ ❑❧❛s✐❝❦á ❦♦♥str✉❦↔♥í ❣❡♦♠❡tr✐❡

❱➙t❛✳ ❑❛➸❞ý♠ ❜♦❞❡♠ ❦❡ ❦❛➸❞é ♣➦í♠❝❡ ♣r♦❝❤á③í ♣rá✈➙ ❥❡❞♥❛ r♦✈♥♦❜➙➸❦❛✳

❚♦t♦ t✈r③❡♥í ❥❡ ❛s✐ ♥❡❥③♥á♠➙❥➨í ✈➙t❛✱ ❦t❡rá ❥❡ s ♣♦st✉❧át❡♠ ✭✈✮ ❡❦✈✐✈❛❧❡♥t♥í✳ ❉❛❧➨í t✈r③❡♥í ③á✈✐s❧á
♥❛ t♦♠t♦ ♣♦st✉❧át✉ ❥s♦✉✿

■✳✸✷ ❱➙t❛ ♦ s♦✉↔t✉ ✈♥✐t➦♥í❝❤ ú❤❧➲ ✈ tr♦❥ú❤❡❧♥í❦✉✱ ✈✐③ ♦❜r✳ ✹✳✸✳

❬ ❉♦❦á③á♥♦ ♣➦í♠♦ ③ ■✳✷✾✿ CE‖AB =⇒ α′ = α ❛ β′ = β❀ ♦❞t✉❞ ♣❧②♥❡✱ ➸❡ α′ + β′ = α + β

❛ α+ β + γ = 2R✳ ❪

❖❜rá③❡❦ ✹✳✸✿ ❬❆❪ ■✳✸✷✿ ❱♥➙❥➨í ú❤❡❧ ✈ ❧✐❜♦✈♦❧♥é♠ tr♦❥ú❤❡❧♥í❦✉ ❥❡ r♦✈❡♥ s♦✉↔t✉ ♣r♦t➙❥➨í❝❤
✈♥✐t➦♥í❝❤ ú❤❧➲ ❛ s♦✉↔❡t ✈➨❡❝❤ ✈♥✐t➦♥í❝❤ ú❤❧➲ ❥❡ r♦✈❡♥ ❞✈➙♠❛ ♣r❛✈ý♠✳

■✳✸✸✕✹✺ ❱➙t② ♦ r♦✈♥♦❜➙➸♥í❝í❝❤ ❛ tr♦❥ú❤❡❧♥í❝í❝❤ ❛ ❥❡❥✐❝❤ ♦❜s❛③í❝❤✱ ✈✐③ ♦❞st✳ ✹✳✻✳

■✳✹✼ P②t❤❛❣♦r♦✈❛ ✈➙t❛✱ ❥❛❦♦➸t♦ ❞✈❛❦rát ❊✉❦❧❡✐❞♦✈❛ ✈➙t❛ ♦ ♦❞✈➙s♥➙✱ ✈✐③ ♦❜r✳ ✹✳✹✳

❉➲❦❛③✳ FBAG ❥❡ ↔t✈❡r❡❝ ❛ ú❤❡❧ BAC ❥❡ ♣r❛✈ý✱ t✉❞í➸ ❜♦❞② G,A,C ❧❡➸í ♥❛ ❥❡❞♥é ♣➦í♠❝❡✱
❛ t❛ ❥❡ r♦✈♥♦❜➙➸♥á s FB ✭■✳✷✼✮✳ ❖❞t✉❞ ♦❜s❛❤ FBA ❂ ♦❜s❛❤ FBC ✭■✳✸✼✮ ❂ ♦❜s❛❤ ABD

✭■✳✹✮ ❂ ♦❜s❛❤ PBD ✭■✳✸✼✮✳ Pr♦t♦ ♠á ↔t✈❡r❡❝ FBAG st❡❥♥ý ♦❜s❛❤ ❥❛❦♦ ♦❜❞é❧♥í❦ PBDL✳

❙t❡❥♥ý♠ ③♣➲s♦❜❡♠ s❡ ③❞➲✈♦❞♥í✱ ➸❡ ↔t✈❡r❡❝ KCAH ♠á st❡❥♥ý ♦❜s❛❤ ❥❛❦♦ ♦❜❞é❧♥í❦ PCEL✳
❉♦❤r♦♠❛❞② t❡❞② ♣❧❛tí✱ ➸❡ ↔t✈❡r❡❝ ♥❛❞ BC ♠á st❡❥♥ý ♦❜s❛❤ ❥❛❦♦ s♦✉↔❡t ↔t✈❡r❝➲ ♥❛❞ BA

❛ AC✳

❖❜rá③❡❦ ✹✳✹✿ ❬❆❪ ■✳✹✼✿ ❱ ♣r❛✈♦ú❤❧é♠ tr♦❥ú❤❡❧♥í❦✉ BAC ♦③♥✳ P ♣❛t✉ ✈ý➨❦② ③ ✈r❝❤♦❧✉ A✳
P♦t♦♠ ♣❧❛tí BP ·BC = BA2 ❛ CP · CB = CA2✱ t✉❞í➸ BC2 = BA2 +AC2✳

❑r♦♠➙ t➙❝❤t♦ ✉❦á③❡❦ ③ ■✳ ❦♥✐❤② ③á✈✐sí ♥❛ ♣♦st✉❧át✉ ♦ r♦✈♥♦❜➙➸❦á❝❤ ✈➙t➨✐♥❛ ❣❡♦♠❡tr✐❝❦ý❝❤
t✈r③❡♥í ③ ♦st❛t♥í❝❤ ❦♥✐❤ ❩á❦❧❛❞➲✳ ✳ ✳



✹ ❩á❦❧❛❞② ✶✺

✹✳✺ ❈✈✐↔❡♥í

✭✶✮ P♦♠♦❝í ✐❞❡á❧♥í❝❤ ❡✉❦❧❡✐❞♦✈s❦ý❝❤ ♥ástr♦❥➲ s❡str♦❥t❡✿ ❦♦❧♠✐❝✐ ❦ ❞❛♥é ♣➦í♠❝❡ ❞❛♥ý♠ ❜♦❞❡♠✱
r♦✈♥♦❜➙➸❦✉ ❦ ❞❛♥é ♣➦í♠❝❡ ❞❛♥ý♠ ❜♦❞❡♠ ❛♣♦❞✳

✭✷✮ P♦♠♦❝í ♦♠❡③❡♥ý❝❤ ❡✉❦❧❡✐❞♦✈s❦ý❝❤ ♥ástr♦❥➲ ✭❦rát❦é ♣r❛✈ít❦♦✱ ♠❛❧é ♥❡❜♦ ❞♦❦♦♥❝❡ ③❛s❡❦♥✉té
❦r✉➸ít❦♦✮ s❡str♦❥t❡✿ s♣♦❥♥✐❝✐ ❞✈♦✉ ❜♦❞➲✱ r♦✈♥♦str❛♥♥ý tr♦❥ú❤❡❧♥í❦✱ ③♥♦✈✉ ✭✶✮ ❛♣♦❞✳

✭✸✮ ❉♦❦❛➸t❡✱ ➸❡ s✐ ✉♠ít❡ ♣➦❡❞st❛✈✐t s❢ér✐❝❦ý tr♦❥ú❤❡❧♥í❦✱ ✈❡ ❦t❡ré♠ ♥❡♣❧❛tí ■✳✶✻✳

✹✳✻ ❑✈❛❞r❛t✉r❛ ♠♥♦❤♦ú❤❡❧♥í❦✉

❑✈❛❞r❛t✉r♦✈❛t ♥➙❥❛❦ý ♣❧♦➨♥ý út✈❛r ③♥❛♠❡♥á s❡str♦❥✐t ↔t✈❡r❡❝✱ ❦t❡rý ♠á st❡❥♥ý ♦❜s❛❤ ✭♣➦✐↔❡♠➸
s❡str♦❥✐t ❥❛❦♦ ♦❜✈②❦❧❡ ③♥❛♠❡♥á s❡str♦❥✐t ❡✉❦❧❡✐❞♦✈s❦②✮✳ P♦s❧♦✉♣♥♦st t✈r③❡♥í ✈ ❬❊❪ ✭♣♦↔í♥❛❥❡ ■✳✸✹
❛ ✈r❝❤♦❧í❝❡ ■■✳✶✹✮ ➦❡➨í t❡♥t♦ ♣r♦❜❧é♠ ♣r♦ ❧✐❜♦✈♦❧♥é ♠♥♦❤♦ú❤❡❧♥í❦②✳ P♦❥❡♠ ♦❜s❛❤✉ ♥❡♥í ✈ ❩á❦❧❛❞❡❝❤
♥✐❥❛❦ ✈②♠❡③❡♥✱ ❛✈➨❛❦ ♥❛❦❧á❞á s❡ s ♥í♠ ❥❛❦♦ s ❦❛➸❞♦✉ ❥✐♥♦✉ ✈❡❧✐↔✐♥♦✉ ♣♦❞❧❡ ✈②s❧♦✈❡♥ý❝❤ ❛①✐ó♠➲
✭✈✐③ ❈♦♠♠♦♥ ♥♦t✐♦♥s ♥❛ str✳ ✶✻✺✮✳ ❩❡❥♠é♥❛ ♣❧❛tí✱ ➸❡ s❤♦❞♥é út✈❛r② ♠❛❥í st❡❥♥ý ♦❜s❛❤✳

❑♦♥str✉❦❝❡

■✳✸✺✕✸✽ ❘♦✈♥♦❜➙➸♥í❦②✱ r❡s♣✳ tr♦❥ú❤❡❧♥í❦②✱ s❡ st❡❥♥♦✉ ③á❦❧❛❞♥♦✉ ❛ ✈ý➨❦♦✉ ♠❛❥í st❡❥♥ý ♦❜s❛❤✳

❬ Ú✈♦❞♥í t✈r③❡♥í ③ tét♦ sér✐❡ ❥❡ ♥❛ ♦❜r✳ ✹✳✺✿ ③❞➲✈♦❞♥➙♥í ❥❡ ③❛❧♦➸❡♥♦ ♥❛ s❤♦❞♥♦st✐ tr♦❥ú❤❡❧♥í❦➲
ABE ❛ DCF ✳ ❪

❖❜rá③❡❦ ✹✳✺✿ ❬❊J ❪ ■✳✸✺✿ ❘♦✈♥♦❜➙➸♥í❦② s❡ st❡❥♥♦✉ ③á❦❧❛❞♥♦✉ ❛ ✈ý➨❦♦✉ ♠❛❥í st❡❥♥ý ♦❜s❛❤✳

■✳✹✷ ❑♦♥str✉❦❝❡ r♦✈♥♦❜➙➸♥í❦✉✱ ❥❡♥➸ ♠á st❡❥♥ý ♦❜s❛❤ ❥❛❦♦ ❞❛♥ý tr♦❥ú❤❡❧♥í❦✳

❬ P♦♠♦❝í ♣r♦❞❧♦✉➸❡♥é st➦❡❞♥í ♣➦í↔❦②✱ ✈✐③ ♥❛♣➦✳ ↔ást ♦❜r✳ ✹✳✾✳ ✳ ✳ ❪

■✳✹✸✕✹✺ ❑♦♥str✉❦❝❡ r♦✈♥♦❜➙➸♥í❦✉✱ ❥❡♥➸ ♠á st❡❥♥ý ♦❜s❛❤ ❥❛❦♦ ❞❛♥ý ♠♥♦❤♦ú❤❡❧♥í❦✳

P♦❞r♦❜♥♦st✐✳ ❑❧í↔♦✈ý ❦r♦❦ ❥❡ ✈ ■✳✹✹✱ ✈✐③ ♦❜r✳ ✹✳✻✿ P♦❞❧❡ ■✳✹✷ s❡ s❡str♦❥í r♦✈♥♦❜➙➸♥í❦ FEBG✱
❥❡❤♦➸ ♦❜s❛❤ ❥❡ st❡❥♥ý ❥❛❦♦ ♦❜s❛❤ ❞❛♥é❤♦ tr♦❥ú❤❡❧♥í❦✉❀ r♦✈♥♦❜➙➸♥í❦ FEAH s❡ ❞♦♣❧♥í t❛❦✱
❛❜② AB ❜②❧❛ ❞❛♥á ús❡↔❦❛❀ s♣♦❥í s❡ HB✱ ♦❞t✉❞ K✱ ❞á❧❡ M ❛ L ❥❛❦♦ ♥❛ ♦❜rá③❦✉✳ ❑❛➸❞ý
r♦✈♥♦❜➙➸♥í❦ ❥❡ ú❤❧♦♣➦í↔❦♦✉ r♦③❞➙❧❡♥ ♥❛ ❞✈❛ st❡❥♥é tr♦❥ú❤❡❧♥í❦② ✭■✳✸✹✮✱ ♣r♦t♦ ♠á ❞♦♣❧➡❦♦✈ý
r♦✈♥♦❜➙➸♥í❦ ABML st❡❥♥ý ♦❜s❛❤ ❥❛❦♦ FEBG ✭■✳✹✸✮✳



✶✻ ■■ ❑❧❛s✐❝❦á ❦♦♥str✉❦↔♥í ❣❡♦♠❡tr✐❡

❖❜rá③❡❦ ✹✳✻✿ ❬❆❪ ■✳✹✹✿ ❑♦♥str✉❦❝❡ r♦✈♥♦❜➙➸♥í❦✉✱ ❦t❡rý ♠á ❞á♥✉ ❥❡❞♥✉ str❛♥✉ ❛ st❡❥♥ý
♦❜s❛❤ ❥❛❦♦ ❞❛♥ý tr♦❥ú❤❡❧♥í❦✳

❖st❛t♥í ❥❡ ③➦❡❥♠é✿ ❖❜❡❝♥ý ♠♥♦❤♦ú❤❡❧♥í❦ ❧③❡ ✈➸❞② r♦③❞➙❧✐t ♥❛ tr♦❥ú❤❡❧♥í❦②❀ t②t♦ tr♦❥ú❤❡❧✲
♥í❦② ❧③❡ ♣♦❞❧❡ ■✳✹✹ ♣➦❡♠➙♥✐t ♥❛ r♦✈♥♦❜➙➸♥í❦②✱ ❦t❡ré s❡ s❤♦❞✉❥í ✈ ❥❡❞♥é str❛♥➙ ✭❛ ✈♥✐t➦♥í❝❤
ú❤❧❡❝❤✮❀ ③ t➙❝❤t♦ r♦✈♥♦❜➙➸♥í❦➲ ❧③❡ s❧♦➸✐t ❥❡❞❡♥ r♦✈♥♦❜➙➸♥í❦✱ ❛ t❡♥ ♠á st❡❥♥ý ♦❜s❛❤ ❥❛❦♦
❞❛♥ý ♠♥♦❤♦ú❤❡❧♥í❦✳

■■✳✶✹ ❑♦♥str✉❦❝❡ ↔t✈❡r❝❡✱ ❥❡♥➸ ♠á st❡❥♥ý ♦❜s❛❤ ❥❛❦♦ ❞❛♥ý ♠♥♦❤♦ú❤❡❧♥í❦✳

P♦❞r♦❜♥♦st✐✳ ❙❤r♥✉tí ♣➦❡❞❝❤♦③í❤♦ ✰ ✈❧❛st♥í ❦✈❛❞r❛t✉r❛✿ P♦❞❧❡ ■✳✹✺ s❡ s❡str♦❥í ♣r❛✈♦ú❤❡❧♥í❦
BCDE✱ ❦t❡rý ♠á st❡❥♥ý ♦❜s❛❤ ❥❛❦♦ ❞❛♥ý ♠♥♦❤♦ú❤❡❧♥í❦❀ ❞♦♣❧♥í s❡ F t❛❦✱ ❛❜② EF = ED✱
❞á❧❡ G = st➦❡❞ BF ✱ ❦r✉➸♥✐❝❡ GF ❛ ❜♦❞ H ♥❛ tét♦ ❦r✉➸♥✐❝✐ ❛ ♥❛ ❦♦❧♠✐❝✐ ❦ BE✳ P♦t♦♠✱
♣♦❞❧❡ ■■✳✺ ✭✈✐③ ♦❜r✳ ✹✳✶✵✮ ❛ ■✳✹✼✱ ♣❧❛tí

BE · EF + EG2 = GF 2 = GH2 = EG2 + EH2,

t③♥✳ BE · EF = EH2✱ t✉❞í➸ EH ❥❡ str❛♥♦✉ ❤❧❡❞❛♥é❤♦ ↔t✈❡r❝❡✳

❖❜rá③❡❦ ✹✳✼✿ ❬❆❪ ■■✳✶✹✿ ❑♦♥str✉❦❝❡ str❛♥② ↔t✈❡r❝❡✱ ❦t❡rý ♠á st❡❥♥ý ♦❜s❛❤ ❥❛❦♦ ❞❛♥ý
♠♥♦❤♦ú❤❡❧♥í❦✳

❱➨✐♠♥➙t❡ s✐✱ ➸❡ s❡ ③♥❛❧♦stí ❚❤❛❧❡t♦✈② ✈➙t② ✭❦t❡rá ❥❡ ✈➨❛❦ ❢♦r♠✉❧♦✈❛♥á ❛➸ ✈ ■■■✳✸✶✮ ❧③❡ ús❡↔❦✉
EH ✐♥t❡r♣r❡t♦✈❛t ❥❛❦♦ ✈ý➨❦✉ ✈ ♣r❛✈♦ú❤❧é♠ tr♦❥ú❤❡❧♥í❦✉ BHF ✳ ❱ ❞➲❦❛③❡ ■■✳✶✹ s❡ t❡❞② ✈❧❛st♥➙
③❞➲✈♦❞➡✉❥❡ t③✈✳ ❊✉❦❧❡✐❞♦✈❛ ✈➙t❛ ♦ ✈ý➨❝❡✳✺ ❑❡ ❦✈❛❞r❛t✉➦❡ ♣r❛✈♦ú❤❡❧♥í❦✉ ❧③❡ ✈➨❛❦ st❡❥♥➙ ❞♦❜➦❡
♣♦✉➸ít ❊✉❦❧❡✐❞♦✈✉ ✈➙t✉ ♦ ♦❞✈➙s♥➙ ✭✈✐③ ■✳✹✼✮✱ ❦t❡rá ♣➦✐ rýs♦✈á♥í ✈➸❞②❝❦② ③❛❜írá ♦ ♥➙❝♦ ♠é♥➙ ♠íst❛✳

✺❏✐♥é ③❞➲✈♦❞♥➙♥í ❊✉❦❧❡✐❞♦✈② ✈➙t② ♦ ✈ý➨❝❡ ③❛❧♦➸❡♥é ♥❛ ♣♦❞♦❜♥♦st✐ tr♦❥ú❤❡❧♥í❦➲ ♣❧②♥❡ ③ ❱■✳✽❀ ❦♦♥str✉❦❝❡ ❥❡
s❛♠♦③➦❡❥♠➙ t❛tá➸✱ ✈✐③ ❱■✳✶✸✳



✹ ❩á❦❧❛❞② ✶✼

❙t➦í❤á♥í

❙♣♦✉st❛ ♣➦❡❞❝❤♦③í❝❤ ❛r❣✉♠❡♥t➲ ❜②❧❛ ③❛❧♦➸❡♥❛ ♥❛ s❤♦❞♥♦st❡❝❤ ↔ástí✱ ③ ♥✐❝❤➸ s❡ s❦❧á❞❛❥í ❞❛♥é
út✈❛r② s❡ st❡❥♥ý♠ ♦❜s❛❤❡♠ ✭✈✐③ ♥❛♣➦✳ ■✳✸✺✱ ■✳✹✷✮✳ ❚♦ ③♥❛♠❡♥á✱ ➸❡ st❡❥♥♦♣❧♦❝❤♦st ❧③❡ ✈ t➙❝❤t♦
♣➦í♣❛❞❡❝❤ ♥á③♦r♥➙ ❞❡♠♦♥str♦✈❛t t❛❦✱ ➸❡ s❡ ❥❡❞❡♥ út✈❛r r♦③st➦í❤á ❛ ③❡ ✈③♥✐❦❧ý❝❤ ↔ástí s❡ s❧♦➸í t❡♥
❞r✉❤ý✳

❱❡ ✈ý➨❡ ❞✐s❦✉t♦✈❛♥é ❦✈❛❞r❛t✉➦❡ ♠♥♦❤♦ú❤❡❧♥í❦✉ ♥❡♠✉sí ❜ýt ♥❛ ♣r✈♥í ♣♦❤❧❡❞ ③➦❡❥♠é✱ ❥❛❦ ❜② s❡
♠➙❧② st➦í❤❛t st❡❥♥♦♣❧♦❝❤é ♣r❛✈♦ú❤❡❧♥í❦② t❛❦✱ ❛❜② ③ ❥❡❞♥♦❤♦ ➨❡❧ s❧♦➸✐t ❞r✉❤ý✳ ❚♦ s✐ ♥②♥í ✈②s✈➙t❧í♠❡
♥❛❞ ♦❜r✳ ✹✳✽✿

❱➙t❛✳ ❉✈❛ ♣r❛✈♦ú❤❡❧♥í❦② ♠❛❥í st❡❥♥ý ♦❜s❛❤ ♣rá✈➙ t❡❤❞②✱ ❦❞②➸ ❥❡❞❡♥ ❧③❡ r♦③st➦í❤❛t ♥❛ ↔ást✐✱ ③ ♥✐❝❤➸
❧③❡ s❧♦➸✐t t❡♥ ❞r✉❤ý✳

❖❜rá③❡❦ ✹✳✽✿ ❙t➦í❤á♥í st❡❥♥♦♣❧♦❝❤ý❝❤ ♣r❛✈♦ú❤❡❧♥í❦➲✳

❉➲❦❛③✳ ■♠♣❧✐❦❛❝❡ ③♣r❛✈❛ ❞♦❧❡✈❛ ❥❡ tr✐✈✐á❧♥í✱ ❞♦❦❛③✉❥❡♠❡ ♣♦✉③❡ ♦♣❛↔♥é t✈r③❡♥í✿
Pr❛✈♦ú❤❡❧♥í❦② ADEF ❛ ALMB ♣♦❧♦➸í♠❡ ♣➦❡s s❡❜❡ ❛ ❞♦♣❧♥í♠❡K ❥❛❦♦➸t♦ ♣r➲s❡↔í❦ FE ❛ LM ✳

P♦❞❧❡ ■✳✹✸ ✈í♠❡✱ ➸❡ ADEF ❛ ALMB ♠❛❥í st❡❥♥ý ♦❜s❛❤✱ ♣rá✈➙ ❦❞②➸ ♣r➲s❡↔í❦ R = BM ∩DE ❧❡➸í
♥❛ ú❤❧♦♣➦í↔❝❡ AK ❞♦♣❧♥➙♥é❤♦ ♣r❛✈♦ú❤❡❧♥í❦✉✳ ❚❛t♦ ♣♦❞♠í♥❦❛ ❥❡ s♣❧♥➙♥❛✱ ♣rá✈➙ ❦❞②➸ tr♦❥ú❤❡❧♥í❦②
FBX ❛ Y DL ❥s♦✉ s❤♦❞♥é✱ ❝♦➸ ❥❡ ❡❦✈✐✈❛❧❡♥t♥í s tí♠✱ ➸❡ ❥s♦✉ s❤♦❞♥é tr♦❥ú❤❡❧♥í❦② FEY ❛ XML✳ ✏

P♦❦✉❞ ú❤❧♦♣➦í↔❦❛ FL ♣r♦tí♥á s♣♦❧❡↔♥♦✉ ↔ást ADRB ❥❛❦♦ ♥❛ ♦❜rá③❦✉✱ ♣❛❦ ❧③❡ ♣r❛✈♦ú❤❡❧♥í❦
ADEF r♦③st➦í❤❛t ♣♦❞❧❡ ús❡↔❡❦ FY ❛ BX✱ tr♦❥ú❤❡❧♥í❦ FBX ♣➦❡s✉♥♦✉t ♥❛ Y DL✱ tr♦❥ú❤❡❧♥í❦
FEY ♣➦❡s✉♥♦✉t ♥❛ XML✱ ↔í♠➸ ❞♦st❛♥❡♠❡ ♣r❛✈♦ú❤❡❧♥í❦ ALMB✳ P♦❦✉❞ ú❤❧♦♣➦í↔❦❛ FL ♥❡♣r♦✲
tí♥á s♣♦❧❡↔♥♦✉ ↔ást ADRB✱ ♣❛❦ ❥❡ ♠♦➸♥é ♥á♣❛❞ s❡ st➦í❤á♥í♠ ❛ ♣➦❡s♦✉✈á♥í♠ ③♦♣❛❦♦✈❛t ♥➙❦♦❧✐❦rát
♥❡❜♦ ✈②♠②s❧❡t ♥➙❥❛❦é ❛❧t❡r♥❛t✐✈♥í ➦❡➨❡♥í✱ ✈✐③ ❝✈✐↔❡♥í✳

❖❞t✉❞ ✈✐❞í♠❡✱ ➸❡ ❧✐❜♦✈♦❧♥ý ♠♥♦❤♦ú❤❡❧♥í❦ ❥❡ ♠♦➸♥é ♥❡❥❡♥ ❦✈❛❞r❛t✉r♦✈❛t✱ ❛❧❡ ❞♦❦♦♥❝❡ r♦③st➦í✲
❤❛t t❛❦✱ ❛❜② ③❡ ✈③♥✐❦❧ý❝❤ ↔ástí ❜②❧♦ ♠♦➸♥é s❧♦➸✐t ↔t✈❡r❡❝✳ ❚❛t♦ ♣♦③♦r♦✈á♥í ✈❡❞♦✉ ❦ ♥ás❧❡❞✉❥í❝í♠✉
♦❜❡❝♥➙❥➨í♠✉ ③á✈➙r✉✱ ✈✐③ ♥❛♣➦✳ ❬❍❛✱ ♣♦❞❦❛♣✳ ✷✹❪✿

❱➙t❛ ✭❲❛❧❧❛❝❡♦✈❛✕❇♦❧②❛✐♦✈❛✕●❡r✇✐❡♥♦✈❛✮✳ ❉✈❛ ♠♥♦❤♦ú❤❡❧♥í❦② ♠❛❥í st❡❥♥ý ♦❜s❛❤ ♣rá✈➙ t❡❤❞②✱
❦❞②➸ ❥❡❞❡♥ ❧③❡ r♦③st➦í❤❛t ♥❛ ↔ást✐✱ ③ ♥✐❝❤➸ ❧③❡ s❧♦➸✐t t❡♥ ❞r✉❤ý✳

❑✈❛❞r❛t✉r❛ ♦❜❡❝♥é❤♦ tr♦❥ú❤❡❧♥í❦✉ s♣♦❧❡↔♥➙ s❡ st➦í❤á♥í♠✱ ❥❡➸ ❥❡ ♦❞✈♦③❡♥♦ ③ ♣➦❡❞❝❤♦③í❤♦ r♦③✲
❜♦r✉✱ ❥❡ ♥❛③♥❛↔❡♥❛ ♥❛ ♦❜r✳ ✹✳✾✳



✶✽ ■■ ❑❧❛s✐❝❦á ❦♦♥str✉❦↔♥í ❣❡♦♠❡tr✐❡

❖❜rá③❡❦ ✹✳✾✿ ❬❑✳ ◆❡❞✈➙❞♦✈á✱ ✷✵✵✾❪ ❑✈❛❞r❛t✉r❛ ♦❜❡❝♥é❤♦ tr♦❥ú❤❡❧♥í❦✉ s❡ st➦í❤á♥í♠✳

✹✳✼ ❈✈✐↔❡♥í

✭✶✮ Pr❛✈♦ú❤❡❧♥í❦② KFBM ❛ KEDF ♥❛ ♦❜r✳ ✹✳✽ ♠❛❥í st❡❥♥ý ♦❜s❛❤✳ ❉♦❦❛➸t❡✱ ➸❡ ✉♠ít❡ r♦③st➦í❤❛t
❥❡❞❡♥ t❛❦✱ ❛❜② ③❡ ✈③♥✐❦❧ý❝❤ ↔ástí ➨❡❧ s❧♦➸✐t ❞r✉❤ý✳

✭✷✮ ❉♦❦❛➸t❡✱ ➸❡ ✉♠ít❡ ❦✈❛❞r❛t✉r♦✈❛t ♦❜❡❝♥ý ♠♥♦❤♦ú❤❡❧♥í❦✳✏

✭✸✮ ❯✈➙❞♦♠t❡ s✐✱ ➸❡ ❦✈❛❞r❛t✉r✉ s♣❡❝✐✜❝❦é❤♦ ♠♥♦❤♦ú❤❡❧♥í❦✉ ❧③❡ ↔❛st♦ ♣r♦✈ést s♣❡❝✐✜❝❦ý♠ ❛ ③♣r❛✲
✈✐❞❧❛ ❡❢❡❦t✐✈♥➙❥➨í♠ ③♣➲s♦❜❡♠✳ ✳ ✳

✭✹✮ ❯✈➙❞♦♠t❡ s✐✱ ➸❡ ❦✈❛❞r❛t✉r♦✈❛t ❥✐♥é út✈❛r② ♥❡➸ ♠♥♦❤♦ú❤❡❧♥í❦② ♠➲➸❡ ❜ýt ❞♦❝❡❧❛ ♣r♦❜❧é♠ ✭✈✐③
✶✾✳✶✮✳

✭✺✮ ❙❡str♦❥t❡ s✈➲❥ ✈❧❛st♥í ❞➲❦❛③ P②t❤❛❣♦r♦✈② ✈➙t② ♣♦♠♦❝í r♦③st➦í❤á♥í ❞✈♦✉ ♠❡♥➨í❝❤ ↔t✈❡r❝➲✳

✹✳✽ ●❡♦♠❡tr✐❝❦á ❛❧❣❡❜r❛

❚✈r③❡♥í✱ ❦t❡rá s❡ ➦❛❞í ❞♦ tét♦ s❦✉♣✐♥②✱ ♥➙❥❛❦ s♦✉✈✐sí ✭♥❡❜♦ ♠♦❤♦✉ s♦✉✈✐s❡t✮ s ❛❧❣❡❜r♦✉ ❛ ✈ ❩á✲
❦❧❛❞❡❝❤ ❥s♦✉ ❦♦♥❝❡♥tr♦✈á♥② ③❡❥♠é♥❛ ✈❡ ■■✳ ❦♥✐③❡✳ P❛t➦í s❡♠ t❛❦é ♥❛♣➦✳ t✈r③❡♥í ■✳✹✹ ✭✈✐③ ♦❜r✳ ✹✳✻✮✱
❦t❡ré ❧③❡ ❝❤á♣❛t ❥❛❦♦ ❣❡♦♠❡tr✐❝❦é ➦❡➨❡♥í ❧✐♥❡ár♥í r♦✈♥✐❝❡ S = ax✱ ❦❞❡ S ❥❡ ♦❜s❛❤ ❞❛♥é❤♦ tr♦❥ú✲
❤❡❧♥í❦✉ ❛ a✱ r❡s♣✳ x ❥❡ ✈❡❧✐❦♦st ❞❛♥é✱ r❡s♣✳ ❤❧❡❞❛♥é str❛♥② ♣r❛✈♦ú❤❡❧♥í❦✉ s❡ st❡❥♥ý♠ ♦❜s❛❤❡♠✳

Ú✈♦❞♥í❝❤ ♥➙❦♦❧✐❦ t✈r③❡♥í ③❡ ■■✳ ❦♥✐❤② ❧③❡ ♣♦✈❛➸♦✈❛t ③❛ ③♥á♠é ❛❧❣❡❜r❛✐❝❦é r♦✈♥♦st✐ ✈ ❣❡♦♠❡t✲
r✐❝❦é♠ ♣➦❡✈❧❡❦✉❀ ♥❛ ♥ás❧❡❞✉❥í❝í❝❤ ♦❜rá③❝í❝❤ ❥s♦✉ ❞✈➙ t❛❦♦✈á t✈r③❡♥í ♥❛ ✉❦á③❦✉✳

❖❜rá③❡❦ ✹✳✶✵✿ ❬❆❪ ■■✳✺✿ P♦❦✉❞ ❥❡ C st➦❡❞❡♠ ús❡↔❦② AB ❛ D ❥❡ ❧✐❜♦✈♦❧♥ý ❜♦❞ ♠❡③✐ C ❛ B✱
♣♦t♦♠ ♣❧❛tí AD ·BD + CD2 = CB2✳



✹ ❩á❦❧❛❞② ✶✾

❖❜rá③❡❦ ✹✳✶✶✿ ❬❆❪ ■■✳✻✿ P♦❦✉❞ ❥❡ C st➦❡❞❡♠ ús❡↔❦② AB ❛ D ❥❡ ❧✐❜♦✈♦❧♥ý ❜♦❞ ♥❛ té➸❡
♣➦í♠❝❡ ✈♣r❛✈♦ ♦❞ B✱ ♣♦t♦♠ ♣❧❛tí AD ·BD + CB2 = CD2✳

P♦③♥á♠❦②

❏❡❞♥❛ ③ ♠♦➸♥ý❝❤ ❛❧❣❡❜r❛✐❝❦ý❝❤ ✐♥t❡r♣r❡t❛❝í ✉✈❡❞❡♥ý❝❤ t✈r③❡♥í ❥❡ ♥ás❧❡❞✉❥í❝í✳ P➦✐ ③♥❛↔❡♥í |AB| =:
b ❛ |DB| =: x ❧③❡ t✈r③❡♥í ■■✳✺ ♣sát ❥❛❦♦

(b− x)x+

(

b

2
− x

)2

=

(

b

2

)2

♥❡❜♦❧✐ x2 − bx+

(

b

2

)2

=

(

b

2
− x

)2

.

P➦✐ st❡❥♥é♠ ③♥❛↔❡♥í ❧③❡ t✈r③❡♥í ■■✳✻ ♣sát ❥❛❦♦

(b+ x)x+

(

b

2

)2

=

(

b

2
+ x

)2

♥❡❜♦❧✐ x2 + bx+

(

b

2

)2

=

(

b

2
+ x

)2

.

❯✈❡❞❡♥é ú♣r❛✈② ③♥á♠❡ ❥❛❦♦ t③✈✳ ❞♦♣❧♥➙♥í ❞♦ ↔t✈❡r❝❡✱ ❥❡➸ ❥❡ ✈❡ ✈➙tá❝❤ ■■✳✺✕✻ ♣➦❡❞st❛✈❡♥♦ ♠❛①✐✲
♠á❧♥➙ ♥á③♦r♥ý♠ ③♣➲s♦❜❡♠✳ ❚②t♦ ú♣r❛✈② ❥s♦✉ t❛❦é ♣r✈♥í♠ ❦r♦❦❡♠ ❦ ✈②❥á❞➦❡♥í ❦♦➦❡♥➲ ♦❜❡❝♥é
❦✈❛❞r❛t✐❝❦é r♦✈♥✐❝❡✱ ❦ ↔❡♠✉➸ s❡ ❥❡➨t➙ ✈rátí♠❡ ✈ ♦❞st✳ ✹✳✶✽✳ ❙♣❡❝✐á❧♥í♠ ♣➦í♣❛❞❡♠ ❥❡ ❦♦♥str✉❦❝❡
③❧❛té❤♦ ➦❡③✉✱ ✈✐③ ♥ás❧❡❞✉❥í❝í ♦❞st❛✈❡❝✳

✹✳✾ ❩❧❛tý ➦❡③

❩á❦❧❛❞♥í ❦♦♥str✉❦❝❡✱ ❦t❡r♦✉ ❥❡➨t➙ ♥➙❦♦❧✐❦rát ③✉➸✐t❦✉❥❡♠❡✱ ❥❡ ❦♦♥str✉❦❝❡ ③❧❛té❤♦ ➦❡③✉✳ ❩❧❛tý ➦❡③
❥❡ s♣❡❝✐✜❝❦é ✭❛ ♣♦❞❧❡ ♠♥♦❤ý❝❤ ♥❡❥❤❡③↔í ♠♦➸♥é✮ r♦③❞➙❧❡♥í ús❡↔❦② ♥❛ ❞✈➙ ↔ást✐ ✭❉❡❢✳❱■✳✸✮✿

Ús❡↔❦❛ ❥❡ r♦③❞➙❧❡♥❛ ✈❡ ③❧❛té♠ ➦❡③✉✱ ♣♦❦✉❞ ❥❡ ♣♦♠➙r ❝❡❧é ús❡↔❦② ❦ ✈➙t➨í ↔ást✐ ➦❡③✉ st❡❥♥ý ❥❛❦♦
♣♦♠➙r ✈➙t➨í ↔ást✐ ➦❡③✉ ❦ ♠❡♥➨í✳

❏✐♥ý♠✐ s❧♦✈②✿ ❜♦❞ H ♥❛ ús❡↔❝❡ AB ❧❡➸í ✈❡ ③❧❛té♠ ➦❡③✉✱ ♣♦❦✉❞ ♣❧❛tí

BA : AH = AH : HB ♥❡❜♦ AB : BH = BH : HA. ✭✹✳✶✮

❑♦♥str✉❦❝❡

❑❧❛s✐❝❦á ❦♦♥str✉❦❝❡ ③❧❛té❤♦ ➦❡③✉ ❥❡ ♣➦❡❞st❛✈❡♥❛ ♥❛ ♦❜r✳ ✹✳✶✷✿

❱➙t❛ ✭■■✳✶✶✮✳ ❇♦❞② A,C,E, F ❧❡➸í ♥❛ ❦♦❧♠✐❝✐ ❦ AB✱ ♣➦✐↔❡♠➸ AC = AB✱ E = st➦❡❞ AC ❛ EF =
EB❀ ❜♦❞ H ❥❡ s❡str♦❥❡♥ t❛❦✱ ➸❡ AH = AF ✳ P♦t♦♠ ❜♦❞ H ❥❡ ✈❡ ③❧❛té♠ ➦❡③✉ ús❡↔❦② AB✳



✷✵ ■■ ❑❧❛s✐❝❦á ❦♦♥str✉❦↔♥í ❣❡♦♠❡tr✐❡

❖❜rá③❡❦ ✹✳✶✷✿ ❬❆❪ ■■✳✶✶✿ ❑♦♥str✉❦❝❡ ③❧❛té❤♦ ➦❡③✉ ús❡↔❦② AB✳

❉➲❦❛③✳ ❩❞➲✈♦❞♥➙♥í ✉✈❡❞❡♥é ❦♦♥str✉❦❝❡ ♣❧②♥❡ ③ ■■✳✻ ❛ ③ P②t❤❛❣♦r♦✈② ✈➙t②✿

CF · FA+AE2 = EF 2 = EB2 = AE2 +AB2,

t❥✳ CF ·FA = AB2✱ ❝♦➸ ③♥❛♠❡♥á✱ ➸❡ ♦❜❞é❧♥í❦ CFGK ❛ ↔t✈❡r❡❝ ABDC ♠❛❥í st❡❥♥ý ♦❜s❛❤✳ ❚②t♦
♣r❛✈♦ú❤❡❧♥í❦② ✈➨❛❦ ♠❛❥í s♣♦❧❡↔♥♦✉ ↔ást CAHK✱ t❛❦➸❡ ♣r❛✈♦ú❤❡❧♥í❦② ③✈ýr❛③♥➙♥é ♥❛ ♦❜rá③❦✉
♠❛❥í t❛❦é st❡❥♥ý ♦❜s❛❤✳ ❚③♥✳ AH2 = AB ·BH ♥❡❜♦❧✐ AH : BH = AB : AH✳

P♦③♥á♠❦②

❑♦♥str✉❦❝❡ ■■✳✶✶ ✈ ❩á❦❧❛❞❡❝❤ ✈❡ s❦✉t❡↔♥♦st✐ ♥❡♣♦❥❡❞♥á✈á ♦ ③❧❛té♠ ➦❡③✉ ✖ ♦ t♦♠ ❥❡ ➦❡↔ ♣♦♣r✈é ❛➸
✈ ❱■✳✸✵✳✻ ❩❧❛té♠✉ ➦❡③✉ s❡ ❞á❧❡ ✈➙♥✉❥í t✈r③❡♥í ❳■■■✳✶✕✻ ✈ s♦✉✈✐s❧♦st✐ s ♣➙t✐ú❤❡❧♥í❦❡♠ ❛ ♥ás❧❡❞♥ý♠✐
❦♦♥str✉❦❝❡♠✐ ♣r❛✈✐❞❡❧♥ý❝❤ ♠♥♦❤♦st➙♥➲✱ ✈✐③ ♦❞st✳ ✹✳✶✹ ❛ ✹✳✷✶✳ ❯✈á❞í♠❡ ❥❡❞♥♦ t②♣✐❝❦é ❛ ✉➸✐t❡↔♥é
t✈r③❡♥í✱ ✈✐③ ♦❜r✳ ✹✳✶✸✿

❱➙t❛✳ Pr♦ ↔t②➦✐ ❜♦❞② A,H,B,L ♥❛ ❥❡❞♥é ♣➦í♠❝❡ t❛❦♦✈é✱ ➸❡ AH = BL✱ ♣❧❛tí✿ ús❡↔❦❛ AH ❥❡ ✈➙t➨í
↔ástí ③❧❛té❤♦ ➦❡③✉ ús❡↔❦② AB ♣rá✈➙ t❡❤❞②✱ ❦❞②➸ ús❡↔❦❛ BL ❥❡ ♠❡♥➨í ↔ástí ③❧❛té❤♦ ➦❡③✉ ús❡↔❦② AL✳

❖❜rá③❡❦ ✹✳✶✸✿ P♦❦✉❞ AH = BL✱ ♣♦t♦♠ H ❥❡ ✈❡ ③❧❛té♠ ➦❡③✉ AB ⇐⇒ B ❥❡ ✈❡ ③❧❛té♠
➦❡③✉ AL✳

✻❑❧❛s✐❝❦á t❡r♠✐♥♦❧♦❣✐❡ ❥❡ ✈➨❛❦ ❥✐♥á✿ ♠íst♦ ♦ ③❧❛té♠ ➦❡③✉ s❡ ♠❧✉✈í ♦ ♣♦♠➙r✉ ❦r❛❥♥í♠ ❛ st➦❡❞♥í♠✳



✹ ❩á❦❧❛❞② ✷✶

❉➲❦❛③✳ P♦❞❧❡ ■■✳✶✶ ✈í♠❡✱ ➸❡ AH ❥❡ ✈➙t➨í ↔ástí ③❧❛té❤♦ ➦❡③✉ ús❡↔❦② AB✱ ♣rá✈➙ ❦❞②➸ ♦❜❞é❧♥í❦
CFGK ♠á st❡❥♥ý ♦❜s❛❤ ❥❛❦♦ ↔t✈❡r❡❝ ABDC✳ P♦❞❧❡ té❤♦➸ t✈r③❡♥í ❥❡ BL ♠❡♥➨í ↔ástí ③❧❛té❤♦
➦❡③✉ AL✱ ♣rá✈➙ ❦❞②➸ BMNL ♠á st❡❥♥ý ♦❜s❛❤ ❥❛❦♦ ABDC✱ ♣➦✐↔❡♠➸ NL = AL✳ ❩ ♣➦❡❞♣♦❦❧❛❞✉
✈➙t② ♣❧②♥❡✱ ➸❡ ♦❜❞é❧♥í❦② CFGK ❛ BMNL ❥s♦✉ s❤♦❞♥é✱ t✉❞í➸ ✉✈❡❞❡♥é ✈ýr♦❦② ❥s♦✉ s❦✉t❡↔♥➙
❡❦✈✐✈❛❧❡♥t♥í✳

P♦↔ítá♥í

◆❛ ③á✈➙r ❥❡➨t➙ ♥❛③♥❛↔í♠❡✱ ❥❛❦ ❥❡ ♠♦➸♥é ❦♦♥str✉❦❝✐ ■■✳✶✶ ③❞➲✈♦❞♥✐t ♣♦↔❡t♥➙✳ ❙♠②s❧ t♦❤♦t♦ ♣♦↔í♥á♥í
❜✉❞❡ ♦③➦❡❥♠❡♥ ✈ ♦❞st✳ ✹✳✶✽ ✖ ❦♦♥❦rét♥í ✈②❥á❞➦❡♥í s❡str♦❥♦✈❛♥é ✈❡❧✐↔✐♥② ✈➸❞② ♥❛❜í③í ❥✐stý ♥á✈♦❞
❦ ❥❡❥í ❦♦♥str✉❦❝✐✳

P♦↔❡t♥í ③❞➲✈♦❞♥➙♥í ■■✳✶✶✳ ❖③♥❛↔í♠❡ ❞❛♥♦✉ ✈❡❧✐↔✐♥✉ |AB| =: b✱ ❤❧❡❞❛♥♦✉ ✈❡❧✐↔✐♥✉ |AH| =: x✳
P♦st✉♣♥➙ ✈②❥á❞➦í♠❡ ✈➨❡❝❤♥② ✈❡❧✐↔✐♥② s❡str♦❥❡♥é ♥❛ ♦❜r✳ ✹✳✶✷✿

|AE| = |EC| = 1

2
b, |EB| =

√
5

2
b, |AF | = |AH| = x =

√
5− 1

2
b.

❉❡✜♥✐❝❡ ③❧❛té❤♦ ➦❡③✉ ✈ ♥❛➨❡♠ ③♥❛↔❡♥í ③♥í✿

b : x = x : (b− x),

❝♦➸ ❥❡ ❡❦✈✐✈❛❧❡♥t♥í s b(b− x) = x2 ♥❡❜♦❧✐

x2 + bx− b2 = 0. ✭✹✳✷✮

❙t❛↔í t❡❞② ♦✈➙➦✐t✱ ➸❡ ♣➦❡❞ ❝❤✈í❧í s❡str♦❥❡♥á ✈❡❧✐↔✐♥❛ x =
√
5−1

2
b ❥❡ ❦♦➦❡♥❡♠ tét♦ ❦✈❛❞r❛t✐❝❦é r♦✈♥✐❝❡

✖ ❝♦➸ s❦✉t❡↔♥➙ ❥❡✳

✹✳✶✵ ❈✈✐↔❡♥í

✭✶✮ P➦✐♣♦♠❡➡t❡ s✐ ❦❧❛s✐❝❦♦✉ ❦♦♥str✉❦❝✐ ③❧❛té❤♦ ➦❡③✉ ❛ ✈②♠②s❧❡t❡ ♥➙❥❛❦♦✉ s✈♦❥✐ ✈❧❛st♥í ❦♦♥str✉❦❝✐
✭♥á✈♦❞✿ s❡str♦❥t❡ ♣♦st✉♣♥➙

√
5✱

√
5− 1✱

√
5−1

2
✮✳

✭✷✮ ❘♦✈♥✐❝❡ ✭✹✳✷✮ ♠á ❞✈❛ ❦♦➦❡♥②❀ ✈②♣♦↔ít❡❥t❡ t❛❦é ❞r✉❤ý ❦♦➦❡♥ ❛ ③❦✉st❡ ❥❡❥ ♥➙❥❛❦ ❣❡♦♠❡tr✐❝❦②
✐♥t❡r♣r❡t♦✈❛t✳

✭✸✮ Pr♦ ❞❛♥♦✉ ús❡↔❦✉ DF s❡str♦❥t❡ ❜♦❞ A t❛❦✱ ❛❜② F ❜②❧ ③❧❛tý♠ ➦❡③❡♠ ús❡↔❦② DA✳ ✏

✭✹✮ ❉♦❦❛➸t❡✱ ➸❡ ♣❧❛tí ✭❳■■■✳✹✮✿ Ús❡↔❦❛ AH ❥❡ ✈➙t➨í ↔ástí ③❧❛té❤♦ ➦❡③✉ ús❡↔❦② AB ♣r❛✈➙ t❡❤❞②✱
❦❞②➸

AB2 +BH2 = 3AH2.

✹✳✶✶ ❑♦s✐♥♦✈á ✈➙t❛

❆s✐ ♥❡❥③♥á♠➙❥➨í♠ ③♦❜❡❝♥➙♥í♠ P②t❤❛❣♦r♦✈② ✈➙t② ❥❡ t③✈✳ ❦♦s✐♥♦✈á ✈➙t❛✳ ❱ ❩á❦❧❛❞❡❝❤ s❛♠♦③➦❡❥♠➙
♥❡♥í ♦ ❢✉♥❦❝✐ ❦♦s✐♥✉s ❛♥✐ ③♠í♥❦❛✱ ♥✐❝♠é♥➙ ❣❡♦♠❡tr✐❝❦á ↔ást ❦♦s✐♥♦✈é ✈➙t② ❥❡ ③❞❡ ❝❡❧á✱ ✈✐③ ♦❜r✳ ✹✳✶✹✿

❱➙t❛ ✭■■✳✶✷✕✶✸✮✳ ❱ ♦❜❡❝♥é♠ tr♦❥ú❤❡❧♥í❦✉ ABC ♦③♥❛↔♠❡ D ♣❛t✉ ✈ý➨❦② ③ ✈r❝❤♦❧✉ B✳

✭❛✮ ❏❡✲❧✐ ✈♥✐t➦♥í ú❤❡❧ ✉ ✈r❝❤♦❧✉ A t✉♣ý✱ ♣♦t♦♠ ♣❧❛tí BC2 = BA2 +AC2 + 2DA ·AC.



✷✷ ■■ ❑❧❛s✐❝❦á ❦♦♥str✉❦↔♥í ❣❡♦♠❡tr✐❡

✭❜✮ ❏❡✲❧✐ ✈♥✐t➦♥í ú❤❡❧ ✉ ✈r❝❤♦❧✉ A ♦strý✱ ♣♦t♦♠ ♣❧❛tí BC2 = BA2 +AC2 − 2DA ·AC.

❉➲❦❛③✳ ❉♦❦á➸❡♠❡✱ ➸❡ ♣❧❛tí ✭❛✮✱ ❞r✉❤ý ♣➦í♣❛❞ ❧③❡ ③❞➲✈♦❞♥✐t ❛♥❛❧♦❣✐❝❦②✳ ❱ ♥ás❧❡❞✉❥í❝í♠ ✈ý♣♦↔t✉
♣♦st✉♣♥➙ ♣♦✉➸í✈á♠❡ P②t❤❛❣♦r♦✈✉ ✈➙t✉ ♣r♦ tr♦❥ú❤❡❧♥í❦ BDC✱ ú♣r❛✈✉ ↔t✈❡r❝❡ (DA + AC)2 =
DA2 + AC2 + 2DA · AC ✭❥❡❥í➸ ❣❡♦♠❡tr✐❝❦♦✉ ✐♥t❡r♣r❡t❛❝✐ ❧③❡ ♥❛❥ít ✈ ■■✳✹✮ ❛ ③♥♦✈✉ P②t❤❛❣♦r♦✈✉
✈➙t✉ ♣r♦ tr♦❥ú❤❡❧♥í❦ BDA✿

BC2 = BD2 +DC2 = BD2 + (DA+AC)2 =

= (BD2 +DA2) +AC2 + 2DA ·AC = BA2 +AC2 + 2DA ·AC.

❖❜rá③❡❦ ✹✳✶✹✿ ❬❊J ❪ ■■✳✶✷✕✶✸✿ ❱ ♦❜❡❝♥é♠ tr♦❥ú❤❡❧♥í❦✉ BAC ♦③♥✳ D ♣❛t✉ ✈ý➨❦② ③ ✈r✲
❝❤♦❧✉ B✳ P♦t♦♠ ♣❧❛tí BC2 = BA2 + AC2 ± 2DA · AC ♣♦❞❧❡ t♦❤♦✱ ③❞❛ ❥❡ ✈♥✐t➦♥í ú❤❡❧
✉ ✈r❝❤♦❧✉ A t✉♣ý ♥❡❜♦ ♦strý✳

P♦③♥á♠❦②

P➦✐ ♦❜✈②❦❧é♠ ③♥❛↔❡♥í a := |BC|✱ b := |AC|✱ c := |AB| ❛ α := ∢BAC ♣❧❛tí✱ ➸❡ ✈❡❧✐❦♦st ús❡↔❦②
DA ❥❡ r♦✈♥❛ ❛❜s♦❧✉t♥í ❤♦❞♥♦t➙ c · cosα✳ P➦✐t♦♠ ③♥❛♠é♥❦♦ t♦❤♦t♦ ↔ís❧❛ ❥❡ ❦❧❛❞♥é✱ ♣rá✈➙ ❦❞②➸
α < 90◦✳ ❖❞t✉❞ ♣❧②♥❡✱ ➸❡ ♦❜➙ ↔ást✐ ♣➦❡❞❝❤♦③í ✈➙t② ♠➲➸❡♠❡ ♣sát s♦✉↔❛s♥➙ ❥❛❦♦

a2 = b2 + c2 − 2bc cosα. ✭✹✳✸✮

❱➨✐♠♥➙t❡ s✐✱ ➸❡ ❞♦s❛③❡♥í♠ s♣❡❝✐✜❝❦ý❝❤ ❤♦❞♥♦t ③❛ α ❞♦stá✈á♠❡ ❞➦í✈❡ ❞♦❦á③❛♥á t✈r③❡♥í✱ ❦t❡rá
❜②❧❛ ♣♦✉➸✐t❛ ✈ ❞➲❦❛③✉ ✈➙t②✿

• α = 90◦✿ a2 = b2 + c2 + 0 ✭P②t❤❛❣♦r♦✈❛ ✈➙t❛✮✱

• α = 180◦✿ a2 = (b+ c)2 = b2 + c2 + 2bc ✭■■✳✹✮✱

• α = 0◦✿ a2 = (b− c)2 = b2 + c2 − 2bc ✭■■✳✼✮✳

✹✳✶✷ ❖ ❦r✉➸♥✐❝í❝❤

Ú✈♦❞

❖❜✈②❦❧á ❞❡✜♥✐❝❡ ❦r✉➸♥✐❝❡ ❥❡ ♥ás❧❡❞✉❥í❝í ✭❉❡❢✳■✳✶✺✮✿

❑r✉➸♥✐❝❡ ❥❡ r♦✈✐♥♥ý út✈❛r t✈♦➦❡♥ý ❦♦♥❝♦✈ý♠✐ ❜♦❞② ✈➨❡❝❤ ús❡↔❡❦✱ ❦t❡ré ❥s♦✉ ♥❛✈③á❥❡♠ s❤♦❞♥é
❛ ❥❡❥✐❝❤➸ ♦♣❛↔♥é ❦♦♥❝♦✈é ❜♦❞② s♣❧ý✈❛❥í ✭✈❡ st➦❡❞✉ ❦r✉➸♥✐❝❡✮✳



✹ ❩á❦❧❛❞② ✷✸

◆❛ ú✈♦❞ ③♠✐➡✉❥❡♠❡ ♥➙❦♦❧✐❦ t✈r③❡♥í ✭❛ ❥❡❞♥✉ ❦♦♥str✉❦❝✐✮ ③❡ ■■■✳ ❦♥✐❤② ❩á❦❧❛❞➲✱ ❥❡➸ s❡ tý❦❛❥í
❞♦t②❦✉✳✼ ❏❡❥✐❝❤ ③❞➲✈♦❞♥➙♥í ❥❡ ✈❡s❦r③❡ ❡❧❡♠❡♥tár♥í s ♦❞❦❛③② ♥❛ ③♥á♠é ♥❡r♦✈♥♦st✐ ✈ tr♦❥ú❤❡❧♥í❦✉✱
✈➙t✉ ❙❯❙ ❛♣♦❞✳ ❚②t♦ ♣♦st➦❡❤② ❜✉❞❡♠❡ ✉➸í✈❛t ③❡❥♠é♥❛ ✈ ♣♦❞❦❛♣✳ ✺✳

■■■✳✶✶✕✶✷ ❙♣♦❥♥✐❝❡ st➦❡❞➲ ❞♦tý❦❛❥í❝í❝❤ s❡ ❦r✉➸♥✐❝ ♣r♦❝❤á③í ❞♦t②❦♦✈ý♠ ❜♦❞❡♠✳

■■■✳✶✻✱✶✽✱✶✾ P➦í♠❦❛ ❥❞♦✉❝í ❜♦❞❡♠ ♥❛ ❦r✉➸♥✐❝✐ ❥❡ t❡↔♥♦✉✱ ♣rá✈➙ ❦❞②➸ ❥❡ ❦♦❧♠á ❦ ♣r➲♠➙r✉ ♣r♦❝❤á✲
③❡❥í❝í♠ tí♠t♦ ❜♦❞❡♠✳

■■■✳✶✼ ❑♦♥str✉❦❝❡ t❡↔♥② ③ ❜♦❞✉ ❦❡ ❦r✉➸♥✐❝✐ ✭❜❡③ ❚❤❛❧❡t♦✈② ❦r✉➸♥✐❝❡✮✳

❑✈➲❧✐ s♦✉✈✐s❧♦st❡♠ ♣➦✐♣♦♠í♥á♠❡ ♥➙❦♦❧✐❦ ❞❛❧➨í❝❤ ❞♦❜➦❡ ③♥á♠ý❝❤ t✈r③❡♥í✳ ❚❛t♦ s❦✉♣✐♥❛ ♣♦✲
③♥❛t❦➲ ♠í➦í ❦ ♦❜③✈❧á➨➫ ✉➸✐t❡↔♥é♠✉ ♣♦❥♠✉ ♠♦❝♥♦st✐ ❜♦❞✉ ❦❡ ❦r✉➸♥✐❝✐✱ ♦ ♥➙♠➸ s❡ r♦③♣♦✈í❞á♠❡
✈ s❛♠♦st❛t♥é♠ ♦❞st❛✈❝✐✳

■■■✳✷✵✕✷✶ ❱➙t② ♦ st➦❡❞♦✈ý❝❤ ❛ ♦❜✈♦❞♦✈ý❝❤ ú❤❧❡❝❤✱ ✈✐③ ♦❜r✳ ✹✳✶✺✳

❬ ❚r♦❥ú❤❡❧♥í❦ ABE ❥❡ r♦✈♥♦r❛♠❡♥♥ý✱ ♣r♦t♦ ❥s♦✉ ú❤❧② ✉ ③á❦❧❛❞♥② st❡❥♥é✱ ♦③♥✳ β ✭■✳✺✮❀ ♣r♦
✈♥➙❥➨í ú❤❡❧ ✉ ✈r❝❤♦❧✉ E ♣♦❞❧❡ ■✳✸✷ ♣❧❛tí ε = 2β✳ ❩❡ st❡❥♥ý❝❤ ❞➲✈♦❞➲ ♣❧❛tí t❛❦é η = 2γ✳
❖❞t✉❞ ♣❧②♥❡ µ = 2α ❛ ♣♦❞♦❜♥➙ ❜② s❡ ③❞➲✈♦❞♥✐❧② ✐ ♦st❛t♥í ✈❛r✐❛♥t② ❥❛❦♦ ♥❛♣➦✳ A = D✳ ❪

❖❜rá③❡❦ ✹✳✶✺✿ ❬❆❪ ■■■✳✷✵✕✷✶✿ ❙t➦❡❞♦✈ý ú❤❡❧ ❦ ❞❛♥é ús❡↔✐ ❥❡ ❞✈❛❦rát ✈➙t➨í ♥❡➸ ♦❜✈♦❞♦✈ý
✭µ = 2α✮❀ ♣r♦t♦ ♦❜✈♦❞♦✈é ú❤❧② ♥❛ té➸❡ ús❡↔✐ ❥s♦✉ ✈➨❡❝❤♥② st❡❥♥é✳

■■■✳✷✷ ❱➙t❛ ♦ t➙t✐✈♦✈é♠ ↔t②➦ú❤❡❧♥í❦✉✳

❬ P❧②♥❡ ♣➦í♠♦ ③ ■■■✳✷✵ ❛ ■✳✸✷✳ ❪

■■■✳✸✶ ❚❤❛❧❡t♦✈❛ ✈➙t❛✱ ✈✐③ ♦❜r✳ ✹✳✶✻✳

❬▼♦➸♥♦ ❝❤á♣❛t ❥❛❦♦ s♣❡❝✳ ♣➦í♣❛❞ ■■■✳✷✵ ♥❡❜♦ ❞♦❦á③❛t ♣➦í♠♦ ③ ■✳✸✷✳ ❪

❖❜rá③❡❦ ✹✳✶✻✿ ❬❆❪ ■■■✳✸✶✿ ❖❜✈♦❞♦✈ý ú❤❡❧ ♥❛❞ ♣r➲♠➙r❡♠ ❦r✉➸♥✐❝❡ ❥❡ ♣r❛✈ý ✭α+ β = R✮✳

✼❉✈➙ ❦r✉➸♥✐❝❡✱ r❡s♣✳ ♣➦í♠❦❛ ❛ ❦r✉➸♥✐❝❡ s❡ ❞♦tý❦❛❥í✱ ❦❞②➸ ♠❛❥í s♣♦❧❡↔♥ý ♣rá✈➙ ❥❡❞❡♥ ❜♦❞✳



✷✹ ■■ ❑❧❛s✐❝❦á ❦♦♥str✉❦↔♥í ❣❡♦♠❡tr✐❡

■■■✳✸✷ ❱➙t❛ ♦ ús❡❦♦✈ý❝❤ ú❤❧❡❝❤✱ ✈✐③ ♦❜r✳ ✹✳✶✼✳

❬ P♦❞❧❡ ■■■✳✷✶ ❥❡ ú❤❡❧ ✉ A st❡❥♥ý ❥❛❦♦ ú❤❡❧ ✉ A′✱ ♦③♥✳ α✳ P♦❞❧❡ ■■■✳✸✶ ❥❡ ú❤❡❧ ✉ C ♣r❛✈ý✳
P♦❞❧❡ ■✳✸✷ ❥❡ α+ β = R ❛ ♣♦❞❧❡ ■■■✳✶✽ ❥❡ ϕ+ β = R❀ ♦❞t✉❞ ♣❧②♥❡✱ ➸❡ α = ϕ✳ ❪

❖❜rá③❡❦ ✹✳✶✼✿ ❬❆❪ ■■■✳✸✷✿ Ús❡❦♦✈ý ú❤❡❧ ❥❡ st❡❥♥ý ❥❛❦♦ ♦❞♣♦✈í❞❛❥í❝í ú❤❡❧ ♦❜✈♦❞♦✈ý ✭ϕ = α✮✳

▼♦❝♥♦st ❜♦❞✉ ❦❡ ❦r✉➸♥✐❝✐

▼♦❝♥♦st ❜♦❞✉ ❦❡ ❦r✉➸♥✐❝✐ ❥❡ ✈❡❧✐❝❡ ✉➸✐t❡↔♥ý ✐♥✈❛r✐❛♥t✱ ❦❡ ❦t❡ré♠✉ ❞♦s♣➙❥❡♠❡ ♥❛ ❦♦♥❝✐ ♥ás❧❡❞✉❥í❝í
♣♦s❧♦✉♣♥♦st✐ ú✈❛❤✳

❱➙t❛ ✭■■■✳✸✺✕✸✻✮✳ Pr♦ s❡↔♥✉ ❦r✉➸♥✐❝❡ ❥❞♦✉❝í ❜♦❞❡♠ D ♦③♥✳ A ❛ C ♦❞♣♦✈í❞❛❥í❝í ♣r➲s❡↔í❦②✳ P♦t♦♠
♣❧❛tí✱ ➸❡ s♦✉↔✐♥ DC ·DA ♥❡③á✈✐sí ♥❛ ③✈♦❧❡♥é s❡↔♥➙✳ ❱ ♣➦í♣❛❞➙✱ ➸❡ D ❧❡➸í ✈♥➙ ❦r✉➸♥✐❝❡ ❛ B ③♥❛↔í
❞♦t②❦♦✈ý ❜♦❞ t❡↔♥② ❥❞♦✉❝í ❜♦❞❡♠ D✱ ♣❧❛tí

DC ·DA = DB2. ✭✹✳✹✮

❖❜rá③❡❦ ✹✳✶✽✿ ❬❆❪ ■■■✳✸✻✿ Pr♦ ❧✐❜♦✈♦❧♥♦✉ s❡↔♥✉ ❥❞♦✉❝í ❜♦❞❡♠ D ♣❧❛tí✿ DC ·DA = DB2 =
❦♦♥st✳

❉➲❦❛③✳ ❱ ♣➦í♣❛❞➙✱ ➸❡ ❜♦❞ D ❧❡➸í ✈♥➙ ❦r✉➸♥✐❝❡ ❥❛❦♦ ♥❛ ♦❜r✳ ✹✳✶✽✱ ❧③❡ r♦✈♥♦st ✭✹✳✹✮ ❞♦❦á③❛t ♥➙✲
❦♦❧✐❦❡rý♠ ✉➸✐tí♠ P②t❤❛❣♦r♦✈② ✈➙t② ✭♣r♦ tr♦❥ú❤❡❧♥í❦② DBE✱ DFE✱ CFE✮ ❛ ♣♦♠♦❝í ■■✳✻ ✭♣r♦
↔t✈❡➦✐❝✐ ❜♦❞➲ D,C, F,A✮✿

DB2 = DE2 − EB2 = DE2 − EC2 = (DF 2 + FE2)− (EF 2 + FC2) =

= DF 2 − FC2 = (DF + FC) · (DF − FC) = DA ·DC.

❚♦ ③❡❥♠é♥❛ ③♥❛♠❡♥á✱ ➸❡ s♦✉↔✐♥ DC ·DA ❥❡ ❦♦♥st❛♥t♥í✳



✹ ❩á❦❧❛❞② ✷✺

❱ ♣➦í♣❛❞➙✱ ➸❡ ❜♦❞ D ❧❡➸í ✉✈♥✐t➦ ❦r✉➸♥✐❝❡ s❛♠♦③➦❡❥♠➙ r❡á❧♥á t❡↔♥❛ ♥❡❡①✐st✉❥❡✱ t❛❦➸❡ ❥❡ ♥✉t♥é
✉✈❛➸♦✈❛t ❞✈➙ r➲③♥é s❡↔♥② ♣r♦❝❤á③❡❥í❝í tí♠t♦ ❜♦❞❡♠✳ ◆➙❦♦❧✐❦❡rý♠ ✉➸✐tí♠ P②t❤❛❣♦r♦✈② ✈➙t② ❛ ✈➙t②
■■✳✺ ❧③❡ ♣♦❞♦❜♥➙ ❥❛❦♦ ✈ý➨❡ ③❞➲✈♦❞♥✐t✱ ➸❡ s♦✉↔✐♥ DC ·DA ❥❡ ✐ ✈ t♦♠t♦ ♣➦í♣❛❞➙ ❦♦♥st❛♥t♥í✳ ✳ ✳ ✽

❙♦✉↔✐♥ DC · DA ❥❡ t❡❞② ③❝❡❧❛ ✉r↔❡♥ ❞❛♥♦✉ ❦r✉➸♥✐❝í ❛ ❜♦❞❡♠ D ✭❛ ♥✐❦♦❧✐ ③✈♦❧❡♥♦✉ s❡↔♥♦✉✮✳
❱ ♣➦í♣❛❞➙✱ ➸❡ D ❧❡➸í ✈♥➙ ❦r✉➸♥✐❝❡✱ ♠➲➸❡♠❡ r♦✈♥♦st ✭✹✳✹✮ ♣♦♠♦❝í st➦❡❞✉ E ❛ ♣♦❧♦♠➙r✉ r ❦r✉➸♥✐❝❡
✈②❥á❞➦✐t ❥❛❦♦

|DE|2 − r2 ✭✹✳✺✮

✭♣♦❞❧❡ P②t❤❛❣♦r♦✈② ✈➙t② ♣r♦ tr♦❥ú❤❡❧♥í❦ DBE✮✳ ❱ ♣➦í♣❛❞➙✱ ➸❡ D ❥❡ ✉✈♥✐t➦ ❦r✉➸♥✐❝❡✱ ❥❡ t❡♥t♦
r♦③❞í❧ s✐❝❡ ③á♣♦r♥ý✱ ❛❧❡ ❥❡❤♦ ❛❜s♦❧✉t♥í ❤♦❞♥♦t❛ ❥❡ r♦✈♥❛ s♦✉↔✐♥✉ DC ·DA✳ ✳ ✳

▼♦❝♥♦st ❜♦❞✉ D ❦❡ ❦r✉➸♥✐❝✐ s❡ st➦❡❞❡♠ E ❛ ♣♦❧♦♠➙r❡♠ r ❥❡ r❡á❧♥é ↔ís❧♦ ❞❡✜♥♦✈❛♥é r♦✈✲
♥♦stí ✭✹✳✺✮✳

▼♦❝♥♦st ❥❡ t❡❞② ❦❧❛❞♥á ♣r♦ ❜♦❞② ✈♥➙ ❦r✉➸♥✐❝❡✱ ③á♣♦r♥á ♣r♦ ❜♦❞② ✉✈♥✐t➦ ❦r✉➸♥✐❝❡ ❛ ♥✉❧♦✈á ♣r♦
❜♦❞② ♥❛ ❦r✉➸♥✐❝✐✳

❉❛❧➨í ♣♦❥♠②

❯✈❛➸♠❡ ❞✈➙ ❦r✉➸♥✐❝❡✱ ❦t❡ré s❡ ♣r♦tí♥❛❥í✳ P❛❦ ♣➦í♠❦❛ ✉r↔❡♥á ❥❡❥✐❝❤ s♣♦❧❡↔♥ý♠✐ ❜♦❞② ♠á t✉ ✈❧❛st✲
♥♦st✱ ➸❡ ❦❛➸❞ý ❜♦❞ ♥❛ ♥í ❧❡➸í❝í ♠á st❡❥♥♦✉ ♠♦❝♥♦st ❦ ♦❜➙♠❛ ❦r✉➸♥✐❝í♠✳ ❱ ♣➦í♣❛❞➙✱ ➸❡ s❡ ❞✈➙
❦r✉➸♥✐❝❡ ❞♦tý❦❛❥í✱ ♠á ❥❡❥✐❝❤ s♣♦❧❡↔♥á t❡↔♥❛ ✭❥❞♦✉❝í s♣♦❧❡↔♥ý♠ ❜♦❞❡♠✮ ③r♦✈♥❛ t❛❦♦✈♦✉ ✈❧❛st♥♦st✳
❖❜❡❝♥➙✿

▼♥♦➸✐♥❛ ✈➨❡❝❤ ❜♦❞➲ ✈ r♦✈✐♥➙✱ ❦t❡ré ♠❛❥í st❡❥♥♦✉ ♠♦❝♥♦st ❦❡ ❞✈➙♠❛ ❞❛♥ý♠ ❦r✉➸♥✐❝í♠✱ s❡
♥❛③ý✈á ❝❤♦r❞á❧❛✳

❖❜rá③❡❦ ✹✳✶✾✿ ❈❤♦r❞á❧❛ ❞✈♦✉ ❦r✉➸♥✐❝✳

◆❛ ♣r✈♥í ♣♦❤❧❡❞ ♥❡♠✉sí ❜ýt ③➦❡❥♠é✱ ❥❛❦ ✈②♣❛❞á ❝❤♦r❞á❧❛ ✈ ♣➦í♣❛❞➙✱ ➸❡ s❡ ❞❛♥é ❦r✉➸♥✐❝❡ ♥❡✲
♣r♦tí♥❛❥í✳ P♦❦✉❞ ❦r✉➸♥✐❝❡ ♠❛❥í s♣♦❧❡↔♥ý st➦❡❞✱ ♣♦t♦♠ ➸á❞♥ý ✭✈❧❛st♥í✮ ❜♦❞ ♥❡♠➲➸❡ ♠ít st❡❥♥♦✉
♠♦❝♥♦st ❦ ♦❜➙♠❛ ❦r✉➸♥✐❝í♠✱ t③♥✳ ❝❤♦r❞á❧❛ ♥❡❡①✐st✉❥❡✳ ❱ ♦♣❛↔♥é♠ ♣➦í♣❛❞➙ ❥❡ ♦❞♣♦✈➙↕ ✈ ♥ás❧❡✲
❞✉❥í❝í ✈➙t➙✿

❱➙t❛✳ ❈❤♦r❞á❧❛ ❧✐❜♦✈♦❧♥ý❝❤ ❞✈♦✉ ♥❡s♦✉st➦❡❞♥ý❝❤ ❦r✉➸♥✐❝ ❥❡ ♣➦í♠❦❛✱ ❦t❡rá ❥❡ ❦♦❧♠á ♥❛ s♣♦❥♥✐❝✐
❥❡❥✐❝❤ st➦❡❞➲✳

✽❆❧t❡r♥❛t✐✈♥➙ ✭❛ s♥❛❞ ✐ ♣➦❡❤❧❡❞♥➙❥✐✮ ❧③❡ t✉t♦ ✈➙t✉ ③❞➲✈♦❞♥✐t ♣♦♠♦❝í ♣♦❞♦❜♥♦st✐ tr♦❥ú❤❡❧♥í❦➲✿ ❚r♦❥ú❤❡❧♥í❦②
DCB ❛ DBA ♠❛❥í ú❤❡❧ ✉ ✈r❝❤♦❧✉ D s♣♦❧❡↔♥ý ❛ ♣♦❞❧❡ ■■■✳✸✷ ❥❡ ú❤❡❧ CAB s❤♦❞♥ý s ú❤❧❡♠ DBC✳ ❚②t♦ tr♦❥ú❤❡❧♥í❦②
❥s♦✉ t❡❞② ♣♦❞♦❜♥é ✭✈✐③ ♦❞st✳ ✹✳✶✻✮✳ ❖❞t✉❞ ♠❥✳ ✈②♣❧ý✈á✱ ➸❡ DC : DB = DB : DA ♥❡❜♦❧✐ DC ·DA = DB2✳



✷✻ ■■ ❑❧❛s✐❝❦á ❦♦♥str✉❦↔♥í ❣❡♦♠❡tr✐❡

❖❜rá③❡❦ ✹✳✷✵✿ ❈❤♦r❞á❧❛ ❥❡ ♣➦í♠❦❛ ❦♦❧♠á ♥❛ s♣♦❥♥✐❝✐ st➦❡❞➲✳

❉➲❦❛③✳ P➦✐ ③❞➲✈♦❞♥➙♥í ♣♦✉➸í✈á♠❡ ❞❡✜♥✐❝✐ ❝❤♦r❞á❧② ❛ P②t❤❛❣♦r♦✈✉ ✈➙t✉✱ ✈✐③ ♦❜r✳ ✹✳✷✵✿
❯✈❛➸♠❡ ❧✐❜♦✈♦❧♥ý ❜♦❞ X ♥❛ ❝❤♦r❞á❧❡❀ ♣❛t✉ ❦♦❧♠✐❝❡ ③ ❜♦❞✉ X ♥❛ s♣♦❥♥✐❝✐ st➦❡❞➲ ♦③♥❛↔í♠❡

P ✳ Pr♦t♦➸❡ X ♠á st❡❥♥♦✉ ♠♦❝♥♦st ❦ ♦❜➙♠❛ ❦r✉➸♥✐❝í♠✱ ♣❧❛tí

|XS1|2 − r2
1
= |XS2|2 − r2

2
,

(|XP |2 + |PS1|2)− r2
1
= (|XP |2 + |PS2|2)− r2

2
,

|PS1|2 − r2
1
= |PS2|2 − r2

2
.

❚③♥✳✱ ➸❡ ❜♦❞ P t❛❦② ❧❡➸í ♥❛ ❝❤♦r❞á❧❡✳ Pr♦t♦➸❡ ❝❤♦r❞á❧❛ ♠á s❡ s♣♦❥♥✐❝í st➦❡❞➲ s♣♦❧❡↔♥ý ♣rá✈➙
❥❡❞❡♥ ❜♦❞✱ ❥❡ t♦ ③r♦✈♥❛ P ✳ P❛t❛ ❦♦❧♠✐❝❡ ③ ❦❛➸❞é❤♦ ❜♦❞✉ ♥❛ ❝❤♦r❞á❧❡ t❡❞② ❜✉❞❡ s♣❧ý✈❛t s P ✱ ❝♦➸
③♥❛♠❡♥á✱ ➸❡ ❝❤♦r❞á❧❛ ❥❡ ♣rá✈➙ ❦♦❧♠✐❝❡ ❦❡ s♣♦❥♥✐❝✐ st➦❡❞➲ ❥❞♦✉❝í tí♠t♦ ❜♦❞❡♠✳

❏❡➨t➙ ❥❡❞❡♥ ♣♦❥❡♠ s♦✉✈✐s❡❥í❝í s ♠♦❝♥♦stí ❜♦❞✉ ❦❡ ❦r✉➸♥✐❝✐✿

▼♥♦➸✐♥❛ ❜♦❞➲✱ ❦t❡rá ♠á st❡❥♥♦✉ ♠♦❝♥♦st ❦❡ t➦❡♠ ❞❛♥ý♠ ❦r✉➸♥✐❝í♠ s❡ ♥❛③ý✈á ♣♦t❡♥↔♥í st➦❡❞
t➦í ❦r✉➸♥✐❝✳

❱ ❣❡♥❡r✐❝❦é♠ ♣➦í♣❛❞➙ ❥❡ ♣♦t❡♥↔♥í st➦❡❞ ✉r↔❡♥ ❥❡❞♥♦③♥❛↔♥➙✱ ✈❡ s♣❡❝✐á❧♥í❝❤ ♣➦í♣❛❞❡❝❤ ✈➨❛❦
✈➲❜❡❝ ♥❡♠✉sí ❡①✐st♦✈❛t ✭♣➦í♣✳ ❥❡ ♥❡✈❧❛st♥í✮ ♥❡❜♦ ♥❛♦♣❛❦ ♥❡♠✉sí ❜ýt ✉r↔❡♥ ❥❡❞♥♦③♥❛↔♥➙✳ ✳ ✳

✹✳✶✸ ❈✈✐↔❡♥í

✭✶✮ ❙❡str♦❥t❡ ✭❡✉❦❧❡✐❞♦✈s❦②✦✮ t❡↔♥✉ ❦ ❞❛♥é ❦r✉➸♥✐❝✐ ③ ❞❛♥é❤♦ ❜♦❞✉❀ s✈♦❥✐ ❦♦♥str✉❦❝✐ ③❞➲✈♦❞♥➙t❡
❛ ♣♦r♦✈♥❡❥t❡ s ❦♦♥str✉❦❝í ■■■✳✶✼✳

✭✷✮ ❉♦❦❛➸t❡ ♥➙❦t❡ré ✈ý➨❡ ③♠✐➡♦✈❛♥é ❛ ♥❡❞♦❦❛③♦✈❛♥é t✈r③❡♥í✱ ♥❛♣➦✳ ■■■✳✷✷✳

✭✸✮ ❙❡str♦❥t❡ ❝❤♦r❞á❧✉ ❞✈♦✉ ❦r✉➸♥✐❝✱ ❦t❡ré s❡ ♥❡♣r♦tí♥❛❥í✳

✭✹✮ ❯❞❡❥t❡ ♣➦í❦❧❛❞ t➦í ❦r✉➸♥✐❝✱ ❦t❡ré ♠❛❥í ✈í❝❡ ♣♦t❡♥↔♥í❝❤ st➦❡❞➲✳

✭✺✮ ❙❡str♦❥t❡ ❦r✉➸♥✐❝✐✱ ❦t❡rá ♣r♦❝❤á③í ❞✈➙♠❛ ❞❛♥ý♠✐ ❜♦❞② ❛ ❞♦tý❦á s❡ ❞❛♥é ♣➦í♠❦②✳✏



✹ ❩á❦❧❛❞② ✷✼

✹✳✶✹ Pr❛✈✐❞❡❧♥ý ♣➙t✐ú❤❡❧♥í❦

Pr❛✈✐❞❡❧♥ý ♠♥♦❤♦ú❤❡❧♥í❦ ❥❡ t❛❦♦✈ý ♠♥♦❤♦ú❤❡❧♥í❦✱ ❦t❡rý ♠á ✈➨❡❝❤♥② str❛♥② ❛ ✈➨❡❝❤♥② ✈♥✐t➦♥í
ú❤❧② s❤♦❞♥é✳ Pr❛✈✐❞❡❧♥ý ✭r♦✈♥♦str❛♥♥ý✮ tr♦❥ú❤❡❧♥í❦ ❥❡ ❦♦♥str✉♦✈á♥ ✈ ■✳✶✱ ♣r❛✈✐❞❡❧♥ý ↔t②➦ú❤❡❧♥í❦
✭↔t✈❡r❡❝✮ ❥❡ ❦♦♥str✉♦✈á♥ ✈ ■✳✹✻✱ ❞❛❧➨í ♣r❛✈✐❞❡❧♥é ♠♥♦❤♦ú❤❡❧♥í❦② ♥❛❥❞❡♠❡ ✈ ■❱✳ ❦♥✐③❡ ❛ ❞♦❞❛t❦②
❦ ♣r❛✈✐❞❡❧♥é♠✉ ♣➙t✐ú❤❡❧♥í❦✉ ❥❡➨t➙ ✈❡ ❳■■■✳ ❦♥✐③❡✳ ❱ t♦♠t♦ ♦❞st❛✈❝✐ ❞➲❦❧❛❞♥➙ r♦③❡❜❡r❡♠❡ ♣r❛✈✐✲
❞❡❧♥ý ♣➙t✐ú❤❡❧♥í❦✳

P♦st➦❡❤②

P➦❡❞♣♦❦❧á❞❡❥♠❡ ♥➙❥❛❦ý ❤♦t♦✈ý ♣❡♥t❛❣r❛♠✱ ❦t❡rý tr♦❝❤✉ ♣r♦③❦♦✉♠á♠❡✳ ❚❡♥t♦ ♠á ❥❛❦ str❛♥②✱ t❛❦

❖❜rá③❡❦ ✹✳✷✶✿ ❬❆❪ ❆♥❛❧ý③❛ ♣r❛✈✐❞❡❧♥é❤♦ ♣➙t✐ú❤❡❧♥í❦✉✳

✈♥✐t➦♥í ú❤❧② s❤♦❞♥é✱ ♠á ♣➙t ♦s s②♠❡tr✐í ❛t♣✳ ❖❞t✉❞ ♣♦❞❧❡ ♦❜r✳ ✹✳✷✶ ✈②✈♦③✉❥❡♠❡ ♥➙❦♦❧✐❦ ♣♦st➦❡❤➲✿

✭✶✮ AD‖BC ❛ BE‖CD✱ t❛❦➸❡ BCDF ❥❡ r♦✈♥♦❜➙➸♥í❦✳

✭✷✮ ❖❜✈♦❞♦✈é ú❤❧② BAC✱ CAD✱ DAE ❛t❞✳ ❥s♦✉ ✈➨❡❝❤♥② s❤♦❞♥é✱ t❛❦➸❡ tr♦❥ú❤❡❧♥í❦ ABD ♠á t✉
✈❧❛st♥♦st✱ ➸❡ ❥❡ r♦✈♥♦r❛♠❡♥♥ý ❛ ú❤❧② ✉ ③á❦❧❛❞♥② ❥s♦✉ ❞✈♦❥♥ás♦❜❦② ú❤❧✉ ✉ ✈r❝❤♦❧✉ D✳✾

✭✸✮ ❚r♦❥ú❤❡❧♥í❦② ADE ❛ EAF ❥s♦✉ ♦❜❛ r♦✈♥♦r❛♠❡♥♥é ❛ ♠❛❥í s♣♦❧❡↔♥ý ú❤❡❧✱ t❛❦➸❡ ❥s♦✉ ♣♦✲
❞♦❜♥é✳✶✵

❉➲s❧❡❞❦②

P➦❡❞♣♦❦❧á❞❡❥♠❡✱ ➸❡ ♠á♠❡ ❞á♥✉ str❛♥✉ AB ❛ ❝❤❝❡♠❡ s❡str♦❥✐t ♦st❛t♥í ✈r❝❤♦❧②✳

✭✶✬✮ ❩ ✭✶✮ ♣❧②♥❡ FD = BC = CD = BF ✳ P♦❦✉❞ s✐ ❥❡➨t➙ ✈➨✐♠♥❡♠❡✱ ➸❡ D ❧❡➸í ♥❛ ♦s❡ ús❡↔❦②
AB✱ ♣❛❦ s❡ ♥❛❜í③í r②❝❤❧á ✖ ♥✐❦♦❧✐ ✈➨❛❦ ❡✉❦❧❡✐❞♦✈s❦á ✖ ❦♦♥str✉❦❝❡ ❜♦❞✉ D ❛ ♦❞t✉❞ ❝❡❧é❤♦
♣➙t✐ú❤❡❧♥í❦✉✱ ✈✐③ ♦❜r✳ ✶✾✳✻ ♥❛ str✳ ✶✸✼✳

✭✷✬✮ ❩ ✭✷✮ ♣❧②♥❡✱ ➸❡ ♣♦❦✉❞ s❡ ♥❛✉↔í♠❡ s❡str♦❥✐t ♥➙❥❛❦ý ③❧❛tý tr♦❥ú❤❡❧♥í❦✱ ♣❛❦ ❥✐➸ s♥❛❞♥♦ s❡str♦✲
❥í♠❡ ③❜②❧é ✈r❝❤♦❧② ♣➙t✐ú❤❡❧♥í❦✉✳ ❚♦t♦ ❥❡ ♣rá✈➙ ❝❡st❛✱ ❦t❡r♦✉ ♥❛❥❞❡♠❡ ✈ ■❱✳✶✵ ❛ ❦t❡r♦✉ ③❞❡
♣r♦ s✈♦❥✐ ♥❡③♣♦❝❤②❜♥✐t❡❧♥♦✉ ♣➲s♦❜✐✈♦st ♣➦❡❞st❛✈í♠❡✳ ❙♦✉↔❛s♥➙ s✐ t❛❦ ♣➦✐♣♦♠❡♥❡♠❡ ♥➙❦♦❧✐❦
✈ý③♥❛♠♥ý❝❤ t✈r③❡♥í ③ ♣r✈♥í❝❤ ❦♥✐❤ ❩á❦❧❛❞➲ ❤❡③❦② ♣♦❤r♦♠❛❞➙✿

❱➙t❛ ✭■❱✳✶✵✮✳ ◆❡❝❤➫ ús❡↔❦❛ AK ❥❡ ❞❡❧➨í ↔ástí ③❧❛té❤♦ ➦❡③✉ ús❡↔❦② AB ❛ ❜♦❞ L ❥❡ t❛❦♦✈ý✱
➸❡ AL = AB ❛ BL = AK✳ P♦t♦♠ tr♦❥ú❤❡❧♥í❦ ABL ❥❡ ③❧❛tý✱ t❥✳ r♦✈♥♦r❛♠❡♥♥ý ❛ ú❤❧②
✉ ③á❦❧❛❞♥② ❥s♦✉ ❞✈♦❥♥ás♦❜❦② ú❤❧✉ ③❜ý✈❛❥í❝í❤♦ ✭β = 2α✮✳

✾❚r♦❥ú❤❡❧♥í❦✉ s t➙♠✐t♦ ✈❧❛st♥♦st♠✐ s❡ ➦í❦á ③❧❛tý tr♦❥ú❤❡❧♥í❦✳
✶✵❱✐③ ♦❞st✳ ✹✳✶✻✳



✷✽ ■■ ❑❧❛s✐❝❦á ❦♦♥str✉❦↔♥í ❣❡♦♠❡tr✐❡

❖❜rá③❡❦ ✹✳✷✷✿ ❬❍❛❪ ■❱✳✶✵✿ ❑♦♥str✉❦❝❡ ③❧❛té❤♦ tr♦❥ú❤❡❧♥í❦✉✳

❉➲❦❛③✳ ❱ ♥ás❧❡❞✉❥í❝í♠ ♣♦✉➸í✈á♠❡ ③♥❛↔❡♥í ❥❛❦♦ ♥❛ ♦❜r✳ ✹✳✷✷✿

• ❩ ❦♦♥str✉❦❝❡ tr♦❥ú❤❡❧♥í❦✉ AKL ♣❧②♥❡✱ ➸❡ AB : BL = BL : BK ♥❡❜♦❧✐ BA ·BK = BL2

✭■■✳✶✶✮✳

• ❉♦♣❧♥í♠❡✲❧✐ ♣r♦ ❧❡♣➨í ♣➦❡❞st❛✈✉ ❦r✉➸♥✐❝✐ AKL✱ ♣❛❦ ♣➦❡❞❝❤♦③í ✈❡❧✐↔✐♥✉ ♠➲➸❡♠❡ ✐♥t❡r✲
♣r❡t♦✈❛t ❥❛❦♦ ♠♦❝♥♦st ❜♦❞✉ B ❦❡ ❦r✉➸♥✐❝✐❀ ③❡❥♠é♥❛ BL ❥❡ ❥❡❥í t❡↔♥♦✉ ✭■■■✳✸✻✕✸✼✮✳

• Ús❡❦♦✈ý ú❤❡❧ BLK ❥❡ s❤♦❞♥ý s ♦❜✈♦❞♦✈ý♠ ú❤❧❡♠ LAB ✭■■■✳✸✷✮✱ t✉❞í➸ ú❤❡❧ ALB ❥❡
r♦✈❡♥ α+ δ✳

• P➦✐t♦♠ tr♦❥ú❤❡❧♥í❦ ABL ❥❡ r♦✈♥♦r❛♠❡♥♥ý✱ t❛❦➸❡ ✭■✳✺✮

β = α+ δ.

• Ú❤❡❧ LKB ❥❡ ✈♥➙❥➨í♠ ú❤❧❡♠ ✈ tr♦❥ú❤❡❧♥í❦✉ AKL✱ ♣r♦t♦ ❥❡ t❛❦é r♦✈❡♥ α+ δ ✭■✳✸✷✮✳

• ❖❞t✉❞ ♣❧②♥❡✱ ➸❡ tr♦❥ú❤❡❧♥í❦ BLK ❥❡ r♦✈♥♦r❛♠❡♥♥ý ✭■✳✻✮✱ t✉❞í➸ KL = BL = AK✳

• Pr♦t♦ t❛❦é tr♦❥ú❤❡❧♥í❦ AKL ❥❡ r♦✈♥♦r❛♠❡♥♥ý✱ t③♥✳ ✭③♥♦✈✉ ■✳✺✮

α = δ.

• ❈❡❧❦❡♠ t❡❞② ❞♦stá✈á♠❡ β = 2α✱ ❝♦➸ ❥s♠❡ ♠➙❧✐ ✉❦á③❛t✳

❩ ✉✈❡❞❡♥é❤♦ ③❡❥♠é♥❛ ✈②♣❧ý✈á ♥ás❧❡❞✉❥í❝í ♣♦③♥❛t❡❦✱ ❦t❡rý s✐ ❥❡❞♥♦✉ ♣r♦ ✈➸❞② ✈r②❥❡♠❡ ❞♦
♣❛♠➙t✐✿

❉➲s❧❡❞❡❦✳ Ú❤❧♦♣➦í↔❦② ✈ ♣r❛✈✐❞❡❧♥é♠ ♣➙t✐ú❤❡❧♥í❦✉ s❡ ♥❛✈③á❥❡♠ ❞➙❧í ✈ ♣♦♠➙r❡❝❤ ③❧❛té❤♦

➦❡③✉✱ ❥❡❥✐❝❤➸ ❞❡❧➨í ↔ást✐ ❥s♦✉ s❤♦❞♥é s❡ str❛♥❛♠✐ ♣➙t✐ú❤❡❧♥í❦✉✳

✭✸✬✮ ❩ ♣♦❞♦❜♥♦st✐ tr♦❥ú❤❡❧♥í❦➲ ✈ ✭✸✮ ❧③❡ ♣➦❡❞❝❤♦③í t✈r③❡♥í ✈②✈♦❞✐t ♥ás❧❡❞♦✈♥➙✿

❏✐♥ý ❞➲❦❛③ ❞➲s❧❡❞❦✉✳ ❖❞♣♦✈í❞❛❥í❝í s✐ str❛♥② ✈ ♣♦❞♦❜♥ý❝❤ tr♦❥ú❤❡❧♥í❝í❝❤ ADE ❛ EAF ❥s♦✉
ú♠➙r♥é✱ t❡❞② ♥❛♣➦✳ AD : DE = EA : AF ✳ ❙♦✉↔❛s♥➙ ✈➨❛❦ ♣❧❛tí DE = EA = DF ✱ t✉❞í➸

AD : DF = DF : FA.

❚♦ ③♥❛♠❡♥á✱ ➸❡ ❜♦❞ F ❧❡➸í ✈❡ ③❧❛té♠ ➦❡③✉ ús❡↔❦② AD✳



✹ ❩á❦❧❛❞② ✷✾

P♦③♥á♠❦②

P♦♠♦❝í ③❧❛té❤♦ ➦❡③✉✱ r❡s♣✳ ③❧❛té❤♦ tr♦❥ú❤❡❧♥í❦✉ ❥s♠❡ s❡ ♥❛✉↔✐❧✐ s❡str♦❥✐t ♥➙❦♦❧✐❦ s♣❡❝✐✜❝❦ý❝❤ ú❤❧➲✱
❦t❡ré s❡ ③r♦✈♥❛ ❤♦❞í ❦❡ ❦♦♥str✉❦❝✐ ♣r❛✈✐❞❡❧♥é❤♦ ♣➙t✐ú❤❡❧♥í❦✉✳ ❩ ✈❧❛st♥♦stí ③❧❛té❤♦ tr♦❥ú❤❡❧♥í❦✉
❛ ③ ✈➙t② ♦ s♦✉↔t✉ ✈♥✐t➦♥í❝❤ ú❤❧➲ ♦❜❡❝♥é❤♦ tr♦❥ú❤❡❧♥í❦✉ ✭■✳✸✷✮ ♣❧②♥❡✱ ➸❡ α + 2β = 5α = 180◦✱
t③♥✳ α = 36◦✳ ❱➨❡❝❤♥② ♠♦➸♥é ú❤❧②✱ ❦t❡ré ♠➲➸❡♠❡ ✈ ♣r❛✈✐❞❡❧♥é♠ ♣➙t✐ú❤❡❧♥í❦✉ ♣♦③♦r♦✈❛t✱ ❥s♦✉
❝❡❧♦↔ís❡❧♥ý♠✐ ♥ás♦❜❦② ♣rá✈➙ t♦❤♦t♦ ú❤❧✉✳

❙❡str♦❥❡♥í s♣rá✈♥é❤♦ ú❤❧✉ ❥❡ ❦❧í↔♦✈é ❦ t♦♠✉✱ ❛❜②❝❤♦♠ s❡str♦❥✐❧✐ ♣r❛✈✐❞❡❧♥ý ♣➙t✐ú❤❡❧♥í❦ ❛➫ ✉➸
❥❡ ③❛❞á♥ ❥❛❦❦♦❧✐ ✖ str❛♥♦✉✱ ú❤❧♦♣➦í↔❦♦✉✱ ❦r✉➸♥✐❝í ♦♣s❛♥♦✉ ❛♣♦❞✳ ✭✈✐③ ❝✈✐↔❡♥í✮✳

◆❛ ♦❜r✳ ✹✳✷✸ ❥❡ ♣➦✐♣♦♠❡♥✉t❛ ❦♦♥str✉❦❝❡ ③❧❛té❤♦ ➦❡③✉ K ús❡↔❦② AB ✈↔❡t♥➙ tr♦❥ú❤❡❧♥í❦✉ ABL✱
♦ ❦t❡ré♠ ❜②❧❛ ➦❡↔ ♣➦❡❞ ❝❤✈í❧í✳ ❱❡❧✐❝❡ ✉➸✐t❡↔♥ý ♣♦③♥❛t❡❦ ❥❡ ③❢♦r♠✉❧♦✈á♥ ✈ ♥ás❧❡❞✉❥í❝í ✈➙t➙✿ ♣r✈♥í
↔ást ✈➙t② ♥❛❜í③í ❥✐st♦✉ ③❦r❛t❦✉ ♣➦✐ ❦♦♥str✉♦✈á♥í ♣r❛✈✐❞❡❧♥é❤♦ ♣➙t✐ú❤❡❧♥í❦✉ ✈❡♣s❛♥é❤♦ ❞♦ ❦r✉➸♥✐❝❡✱
♥❛ ❞r✉❤♦✉ ↔ást s❡ ❜✉❞❡♠❡ ♦♣❛❦♦✈❛♥➙ ♦❞❦❛③♦✈❛t ♥❛♣➦✳ ♣➦✐ r♦③❜♦r✉ ♣r❛✈✐❞❡❧♥é❤♦ ❞✈❛❝❡t✐st➙♥✉ ✭✈✐③
♦❞st✳ ✹✳✷✶✮✳

❖❜rá③❡❦ ✹✳✷✸✿ ❬❍❛❪ ❑❡ ❦♦♥str✉❦❝✐ ♣r❛✈✐❞❡❧♥é❤♦ ♣➙t✐ú❤❡❧♥í❦✉✳

❱➙t❛✳ Ús❡↔❦② AB✱ AJ ✱ r❡s♣✳ BJ ♥❛ ♦❜r✳ ✹✳✷✸ ❥s♦✉ s❤♦❞♥é s❡ str❛♥❛♠✐ ♣r❛✈✐❞❡❧♥é❤♦ ➨❡st✐ú❤❡❧♥í❦✉✱
❞❡s❡t✐ú❤❡❧♥í❦✉✱ r❡s♣✳ ♣➙t✐ú❤❡❧♥í❦✉ ✈❡♣s❛♥é❤♦ ❞♦ ♥❛③♥❛↔❡♥é ❦r✉➸♥✐❝❡✳

❩❡❥♠é♥❛ ♣❧❛tí✱ ➸❡ str❛♥❛ ♣r❛✈✐❞❡❧♥é❤♦ ♣➙t✐ú❤❡❧♥í❦✉ ✈❡♣s❛♥é❤♦ ❞♦ ❞❛♥é ❦r✉➸♥✐❝❡ ❥❡ ♣➦❡♣♦♥♦✉
✈ ♣r❛✈♦ú❤❧é♠ tr♦❥ú❤❡❧♥í❦✉✱ ❥❡❤♦➸ ♦❞✈➙s♥❛♠✐ ❥s♦✉ str❛♥❛ ♣r❛✈✐❞❡❧♥é❤♦ ➨❡st✐ú❤❡❧♥í❦✉✱ r❡s♣✳ ❞❡s❡t✐✲
ú❤❡❧♥í❦✉ ✈❡♣s❛♥é❤♦ ❞♦ té➸❡ ❦r✉➸♥✐❝❡✳

❉➲❦❛③✳ ❉r✉❤♦✉ ↔ást t✈r③❡♥í ❧③❡ ♥❛❥ít ✈ ❳■■■✳✶✵ s r②③❡ ❣❡♦♠❡tr✐❝❦ý♠ ③❞➲✈♦❞♥➙♥í♠✳ ❱ ♥❛➨❡♠
♣r♦✈❡❞❡♥í t❛t♦ ↔ást ♣➦í♠♦ ♣❧②♥❡ ③ ❦♦♥str✉❦❝❡✱ t❛❦➸❡ ❞♦❦á➸❡♠❡ ❥❡♥♦♠ ↔ást ♣r✈♥í✱ ❛ t♦ ♣♦↔❡t♥➙✳
❉é❧❦✉ str❛♥② ♣r❛✈✐❞❡❧♥é❤♦ n✲ú❤❡❧♥í❦✉ ✈❡♣s❛♥é❤♦ ❞♦ ❦r✉➸♥✐❝❡ s ♣♦❧♦♠➙r❡♠ r = |AB| ♦③♥❛↔í♠❡
an✳ ❈❤❝❡♠❡ ✉❦á③❛t✱ ➸❡ a6 = |AB|✱ a10 = |AJ | ❛ a5 = |BJ |✿

✭❛✮ ❘♦✈♥♦st a6 = |AB| ❥❡ ③➦❡❥♠á ✭♣r❛✈✐❞❡❧♥ý ➨❡st✐ú❤❡❧♥í❦ ❥❡ s❧♦➸❡♥ ③❡ ➨❡st✐ r♦✈♥♦str❛♥♥ý❝❤
tr♦❥ú❤❡❧♥í❦➲✮✳

✭❜✮ ❙t➦❡❞♦✈ý ú❤❡❧ ♦❞♣♦✈í❞❛❥í❝í str❛♥➙ ✈❡♣s❛♥é❤♦ ❞❡s❡t✐ú❤❡❧♥í❦✉ ❥❡ 36◦✱ ❝♦➸ ❥❡ ♣rá✈➙ ú❤❡❧ ✉ ✈r❝❤♦❧✉
A ✈❡ ③❧❛té♠ tr♦❥ú❤❡❧♥í❦✉ ABL✳ P❧❛tí t❡❞② a10 = |BL|✳ ❩ ❦♦♥str✉❦❝❡ ✈➨❛❦ ✈í♠❡✱ ➸❡ |BL| =
|AK| = |AJ |✱ ♣❧❛tí t❡❞② a10 = |AJ |✳



✸✵ ■■ ❑❧❛s✐❝❦á ❦♦♥str✉❦↔♥í ❣❡♦♠❡tr✐❡

Ús❡↔❦❛ AK ❥❡ ❞❡❧➨í ↔ástí ③❧❛té❤♦ ➦❡③✉ ús❡↔❦② AB✱ ❥❡❥í ✈❡❧✐❦♦st ✉♠í♠❡ ✭♥❛ ③á❦❧❛❞➙ ♣♦↔ítá♥í
✈ ♦❞st✳ ✹✳✾✮ ✈②❥á❞➦✐t t❛❦t♦✿

a10 =
r

2
(
√
5− 1).

✭❝✮ ❙t➦❡❞♦✈ý ú❤❡❧ ♦❞♣♦✈í❞❛❥í❝í str❛♥➙ ✈❡♣s❛♥é❤♦ ♣➙t✐ú❤❡❧♥í❦✉ ❥❡ 72◦✳ ❖❞t✉❞ ♣♦♠♦❝í ❦♦s✐♥♦✈é
✈➙t② ♠➲➸❡♠❡ ✈②❥á❞➦✐t

a5 = r
√
2− 2 cos 72◦.

Ú❤❡❧ 72◦ ❥❡ t❛❦é ✈♥✐t➦♥í♠ ú❤❧❡♠ ✉ ✈r❝❤♦❧✉ B ✈❡ ③❧❛té♠ tr♦❥ú❤❡❧♥í❦✉ ABL✱ ❥❡❤♦➸ ✈➨❡❝❤♥②
str❛♥② ③♥á♠❡✳ P♦♠♦❝í ❦♦s✐♥♦✈é ✈➙t② ✈ t♦♠t♦ tr♦❥ú❤❡❧♥í❦✉ ✉♠í♠❡ ✈②❥á❞➦✐t✏

cos 72◦ =
1

4
(
√
5− 1).

❉♦s❛③❡♥í♠ ❞♦ ♣➦❡❞❝❤♦③í❤♦ ✈②❥á❞➦❡♥í ❛ ♣♦ ❞r♦❜♥é ú♣r❛✈➙ ❞♦stá✈á♠❡

a5 =
r

2

√

10− 2
√
5.

❩ P②t❤❛❣♦r♦✈② ✈➙t② ✈ tr♦❥ú❤❡❧♥í❦✉ ABJ ✭❛ ③ ♣➦❡❞❝❤♦③í❤♦ ✈②❥á❞➦❡♥í |AJ | = a10✮ ✈②❥á❞➦í♠❡
✈❡❧✐❦♦st ♣➦❡♣♦♥② BJ ❛ ③❥✐➨➫✉❥❡♠❡✱ ➸❡ s❦✉t❡↔♥➙ ♣❧❛tí a5 = |BJ |✳

❯✈❡❞❡♥é ♣♦↔ítá♥í ♦♣➙t ♥❡♥í s❛♠♦ú↔❡❧♥é ✖ ❝❤❝❡♠❡ ↔t❡♥á➦❡ ♣➦✐♣r❛✈✐t ♥❛ ❢❡♥♦♠é♥ s❡str♦❥✐✲
t❡❧♥♦st✐ ❣❡♦♠❡tr✐❝❦ý❝❤ ✈❡❧✐↔✐♥✱ ❦❡ ❦t❡ré♠✉ s❡ ✈r❛❝í♠❡ ✈ ♦❞st✳ ✹✳✶✽✳ ❚❡♣r✈❡ s t➙♠✐t♦ ♣♦st➦❡❤②
❥❡ ♠♦➸♥é ❞♦❦á③❛t✱ ➸❡ ♥❡ ✈➨❡❝❤♥② ♣r❛✈✐❞❡❧♥é ♠♥♦❤♦ú❤❡❧♥í❦② ❥s♦✉ s❡str♦❥✐t❡❧♥é ❡✉❦❧❡✐❞♦✈s❦ý♠
♣r❛✈ít❦❡♠ ❛ ❦r✉➸ít❦❡♠✱ ✈✐③ ✈➙t✉ ✶✾✳✶ ♥❛ str✳ ✶✸✻✳

✹✳✶✺ ❈✈✐↔❡♥í

✭✶✮ ❙❡str♦❥t❡ ♣r❛✈✐❞❡❧♥ý ♣➙t✐ú❤❡❧♥í❦✱ ❥❡✲❧✐ ❞á♥❛ ❥❡❤♦ str❛♥❛✱ ♣➦í♣✳ ú❤❧♦♣➦í↔❦❛✱ ❦r✉➸♥✐❝❡ ♦♣s❛♥á✱ ↔✐
✈❡♣s❛♥á✳

✭✷✮ ❯✈➙❞♦♠t❡ s✐✱ ➸❡ ❦❛➸❞♦✉ ③ ♣➦❡❞❝❤♦③í❝❤ ❦♦♥str✉❦❝í ✉♠ít❡ ③r❡❛❧✐③♦✈❛t ♥➙❦♦❧✐❦❛ r➲③♥ý♠✐ ③♣➲s♦❜②✳

✭✸✮ ❉♦❦❛➸t❡ t✈r③❡♥í ❳■■■✳✶✵ ❜❡③ ♣♦↔ítá♥í✳

✭✹✮ ❙❡str♦❥t❡ ♣r❛✈✐❞❡❧♥ý ♣❛t♥á❝t✐ú❤❡❧♥í❦ ❛ ♣♦❦✉st❡ s❡ ♦ ❥✐♥ý ♣r❛✈✐❞❡❧♥ý ♠♥♦❤♦ú❤❡❧♥í❦✳✏

✹✳✶✻ ❚❡♦r✐❡ ♣♦❞♦❜♥♦st✐

◆➙❦♦❧✐❦rát ❥s♠❡ ✈ ♣➦❡❞❝❤♦③í♠ ✈ý❦❧❛❞✉ ♥❛③♥❛↔✐❧✐✱ ❥❛❦ ❡❧❡❣❛♥t♥➙ ✈②✉➸ít ♣♦❞♦❜♥♦st✐ ❥✐stý❝❤ tr♦❥✲
ú❤❡❧♥í❦➲✳✶✶ Pr♦t♦➸❡ ♣♦❞♦❜♥é ♦❜r❛t② ❥s♦✉ ✈❡❧✐❝❡ ❤♦❥♥é ❛ ✉➸✐t❡↔♥é✱ ♣➦✐♣♦♠❡♥❡♠❡ s✐ ③❞❡ ♥➙❦♦❧✐❦
③á❦❧❛❞♥í❝❤ ✈➙❝í✳

❩á❦❧❛❞♥í ❞❡✜♥✐❝❡

❱ ❩á❦❧❛❞❡❝❤ ❥❡ ♣♦❞♦❜♥♦st❡♠ ✈➙♥♦✈á♥❛ ❱■✳ ❦♥✐❤❛✱ ❥❡➸ ③❛↔í♥á t♦✉t♦ ③á❦❧❛❞♥í ❞❡✜♥✐❝í ✭❉❡❢✳❱■✳✶✮✿

✶✶❱✐③ ♥❛♣➦✳ ♣♦③♥á♠❦✉ ❦ ❞➲❦❛③✉ ✈➙t② ■■■✳✸✺✕✸✻ ♥❛ str✳ ✷✹ ♥❡❜♦ r♦③❜♦r ♣r❛✈✐❞❡❧♥é❤♦ ♣➙t✐ú❤❡❧♥í❦✉ ✈ ♦❞st✳ ✹✳✶✹✳



✹ ❩á❦❧❛❞② ✸✶

❚r♦❥ú❤❡❧♥í❦② ✭♦❜❡❝♥➙❥✐✱ ♠♥♦❤♦ú❤❡❧♥í❦②✮ ❥s♦✉ ♣♦❞♦❜♥é✱ ♣♦❦✉❞ ♠❛❥í ♣♦ ❞✈♦✉ s❤♦❞♥é ✈♥✐t➦♥í
ú❤❧② ❛ str❛♥② ✉ s❤♦❞♥ý❝❤ ú❤❧➲ ♠❛❥í ú♠➙r♥é✳

❚ét♦ ❞❡✜♥✐❝✐ s❛♠♦③➦❡❥♠➙ ♣➦❡❞❝❤á③í ✈②♠❡③❡♥í ú♠➙r♥♦st✐✱ t❡❞② r♦✈♥♦st✐ ♣♦♠➙r➲ ✈❡❧✐↔✐♥✳ ❚♦✲
♠✉t♦ té♠❛t✉ s❡ ③❡✈r✉❜♥➙ ✈➙♥✉❥❡ ❝❡❧á ✭♣♦③♦r✉❤♦❞♥á✱ ✐ ❦❞②➸ ❞♥❡s ♣♦♠➙r♥➙ t➙➸❦♦ sr♦③✉♠✐t❡❧♥á✮
❱✳ ❦♥✐❤❛✳ ❖❞t✉❞ ❝✐t✉❥❡♠❡ ❥❡❞♥✉ ③❡ ③á❦❧❛❞♥í❝❤ ❞❡✜♥✐❝í ✭❉❡❢✳❱✳✺✮✿

❱❡❧✐↔✐♥② a, b ❥s♦✉ ✈❡ st❡❥♥é♠ ♣♦♠➙r✉ ❥❛❦♦ ✈❡❧✐↔✐♥② c, d✱

a : b = c : d,

♣♦❦✉❞ ♣r♦ ❦❛➸❞á ↔ís❧❛ m,n ♣❧❛tí

na T mb ⇐⇒ nc T md.

❷ís❧② s❡ s❛♠♦③➦❡❥♠➙ ♠②s❧í ↔ís❧❛ ❝❡❧á✱ ✈❡❧✐↔✐♥② ❥s♦✉ ♣r♦ ♠♦❞❡r♥í❤♦ ↔t❡♥á➦❡ ↔ís❧❛ r❡á❧♥á✳ P➦❡❞❝❤♦③í
❞❡✜♥✐❝✐ ❧③❡ t❡❞② ✐♥t❡r♣r❡t♦✈❛t t❛❦t♦✿

❘❡á❧♥á ↔ís❧❛ r ✭= a
b
✮ ❛ s ✭= c

d
✮ ❥s♦✉ s✐ r♦✈♥❛✱ ♣♦❦✉❞ ♣r♦ ❦❛➸❞é r❛❝✐♦♥á❧♥í ↔ís❧♦ q ✭= m

n
✮ ♣❧❛tí

r T q ⇐⇒ s T q.

◆❡❥♣♦③❞➙❥✐ ♥②♥í ❜② s❡ ♥á♠ ♠➙❧❛ ✈②❜❛✈♦✈❛t ❦♦♥str✉❦❝❡ r❡á❧♥ý❝❤ ↔ís❡❧ ③ r❛❝✐♦♥á❧♥í❝❤ ♣♦♠♦❝í t③✈✳
❉❡❞❡❦✐♥❞♦✈ý❝❤ ➦❡③➲✳ ✳ ✳ ✶✷

❩á❦❧❛❞♥í ✈➙t②

Pr✈♥í ❛ s♥❛❞ ✐ ♥❡❥↔❛st➙❥✐ ❝✐t♦✈❛♥é t✈r③❡♥í ❥❡ ❱■✳✶✳ ❉á❧❡ ✉✈á❞í♠❡ ❝❤❛r❛❦t❡r✐③❛❝✐ ú♠➙r♥♦st✐ ús❡↔❡❦ ♥❛
r❛♠❡♥❡❝❤ ú❤❧✉ ✭❱■✳✷✮ ❛ ♦❞t✉❞ ♣❧②♥♦✉❝í ❡❦✈✐✈❛❧❡♥❝✐ ♠❡③✐ ✉r↔✉❥í❝í♠✐ ✈③t❛❤② ✈ ❞❡✜♥✐❝✐ ♣♦❞♦❜♥ý❝❤
tr♦❥ú❤❡❧♥í❦➲ ✭❱■✳✹✕✺✮✳ ▼❡③✐ ③á❦❧❛❞♥í t✈r③❡♥í ➦❛❞í♠❡ ❥❡➨t➙ ❱■✳✶✾✕✷✵ ✈②❥❛❞➦✉❥í❝í ♣♦♠➙r ♦❜s❛❤➲
♣♦❞♦❜♥ý❝❤ út✈❛r➲ ♣♦♠♦❝í ❦♦❡✜❝✐❡♥t✉ ♣♦❞♦❜♥♦st✐ ❛ ♦❞t✉❞ ♣❧②♥♦✉❝í ③♦❜❡❝♥➙♥í P②t❤❛❣♦r♦✈② ✈➙t②
✭❱■✳✸✶✮✳ ✳ ✳

❱■✳✶ P♦♠➙r ♦❜s❛❤➲ tr♦❥ú❤❡❧♥í❦➲ ✭r❡s♣✳ r♦✈♥♦❜➙➸♥í❦➲✮ s❡ st❡❥♥♦✉ ✈ý➨❦♦✉ ❥❡ st❡❥♥ý ❥❛❦♦ ♣♦♠➙r
❞é❧❡❦ ❥❡❥✐❝❤ ③á❦❧❛❞❡♥✳

❬ ❚✈r③❡♥í ♣➦í♠♦ ✈②♣❧ý✈á ③ ✈➙t② ♦ r♦✈♥♦st✐ ♦❜s❛❤➲ tr♦❥ú❤❡❧♥í❦➲ ✭■✳✸✽✮ ❛ ③ ✈ý➨❡ ✉✈❡❞❡♥é
❞❡✜♥✐❝❡ r♦✈♥♦st✐ ♣♦♠➙r➲✳ ❪ ✏

❱■✳✷ P➦í♠❦❛ ❥❡ r♦✈♥♦❜➙➸♥á s ❥❡❞♥♦✉ str❛♥♦✉ tr♦❥ú❤❡❧♥í❦✉ ♣rá✈➙ t❡❤❞②✱ ❦❞②➸ ♣r♦tí♥á ③❜②❧é ❞✈➙
str❛♥② ú♠➙r♥➙✳

❉➲❦❛③✳ P♦❞❧❡ ✈➙t② ❱■✳✶ ✭s❡ ③♥❛↔❡♥í♠ ❥❛❦♦ ♥❛ ♦❜r✳ ✹✳✷✺✮ ✈í♠❡✱ ➸❡

SD′ : SD = obsahSD′E : obsahSDE,

SE′ : SE = obsahSE′D : obsahSED.

✶✷❘❡á❧♥é ↔ís❧♦ r ❥❛❦♦➸t♦ ❉❡❞❡❦✐♥❞➲✈ ➦❡③ ❥❡ ✉r↔❡♥♦ ♠♥♦➸✐♥♦✉ ✈➨❡❝❤ r❛❝✐♦♥á❧♥í❝❤ ↔ís❡❧✱ ❦t❡ré ❥s♦✉ ≤ r ✭♣➦í♣✳ ≥ r✮✳
❘♦✈♥♦st r❡á❧♥ý❝❤ ↔ís❡❧ ❥❡ t❛❦ ❞❡✜♥♦✈á♥❛ ❥❛❦♦ r♦✈♥♦st ♦❞♣♦✈í❞❛❥í❝í❝❤ ♠♥♦➸✐♥ ↔ís❡❧ r❛❝✐♦♥á❧♥í❝❤✳
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❖❜rá③❡❦ ✹✳✷✹✿ ❬❊J ❪ ❱■✳✶✿ obsahACB : obsahACD = CB : CD✳

P➦✐t♦♠ ❥♠❡♥♦✈❛t❡❧é ♥❛ ♣r❛✈é str❛♥➙ ❥s♦✉ t✐tí➸ ❛ tr♦❥ú❤❡❧♥í❦② SD′E ❛ SE′D ♠❛❥í s♣♦❧❡↔♥ý
♣r➲♥✐❦ SDE✳ ❚②t♦ tr♦❥ú❤❡❧♥í❦② t❡❞② ♠❛❥í st❡❥♥ý ♦❜s❛❤✱ ♣rá✈➙ ❦❞②➸ ♠❛❥í st❡❥♥ý ♦❜s❛❤ tr♦❥✲
ú❤❡❧♥í❦② DED′ ❛ DEE′✳ ❚r♦❥ú❤❡❧♥í❦② DED′ ❛ DEE′ ✈➨❛❦ ♠❛❥í s♣♦❧❡↔♥♦✉ str❛♥✉✱ t✉❞í➸
✭♣♦❞❧❡ ■✳✸✽✕✸✾✮ ♠❛❥í st❡❥♥ý ♦❜s❛❤✱ ♣rá✈➙ ❦❞②➸ ♠❛❥í st❡❥♥♦✉ ✈ý➨❦✉✳ ❈❡❧❦❡♠ t❛❦ ❞♦stá✈á♠❡✱
➸❡ SD′ : SD = SE′ : SE ⇐⇒ D′E′‖DE.

❱■✳✹✕✺ ❚r♦❥ú❤❡❧♥í❦② ♠❛❥í ♣♦ ❞✈♦✉ s❤♦❞♥é ✈♥✐t➦♥í ú❤❧②✱ ♣rá✈➙ ❦❞②➸ str❛♥② ✉ s❤♦❞♥ý❝❤ ú❤❧➲ ❥s♦✉
ú♠➙r♥é✳

❬ ■♠♣❧✐❦❛❝❡ ③❧❡✈❛ ❞♦♣r❛✈❛ ❥❡ ❞➲s❧❡❞❦❡♠ ❱■✳✷✳ Pr♦ ♦♣❛↔♥é t✈r③❡♥í ✉✈❛➸♠❡ ♣♦♠♦❝♥ý tr♦❥ú❤❡❧✲
♥í❦ ABD✱ ❦t❡rý ♠á s❤♦❞♥é ✈♥✐t➦♥í ú❤❧② s tr♦❥ú❤❡❧♥í❦❡♠ A′B′C ′✳ P♦♠♦❝í ♣rá✈➙ ❞♦❦á③❛♥é❤♦
t✈r③❡♥í s❡ s♥❛❞♥♦ ✉❦á➸❡✱ ➸❡ tr♦❥ú❤❡❧♥í❦② ABD ❛ ABC ❥s♦✉ s❤♦❞♥é✳ ✳ ✳ ❪✏

❖❜rá③❡❦ ✹✳✷✺✿ ❬❆❪ ✭❛✮ ❱■✳✷✿ SD′ : SD = SE′ : SE ⇐⇒ D′E′‖DE✳
✭❜✮ ❱■✳✹✕✺✿ α = α′ ❛ β = β′ ❛ γ = γ′ ⇐⇒ b : c = b′ : c′ ❛ c : a = c′ : a′ ❛ a : b = a′ : b′✳

❊❦✈✐✈❛❧❡♥❝❡ ❱■✳✹✕✺ s❡ s✉❣❡st✐✈♥➙❥✐ ③❛♣✐s✉❥❡ ❥❛❦♦

α = α′ ❛ β = β′ ❛ γ = γ′ ⇐⇒ a′ : a = b′ : b = c′ : c.

Pr♦ ♣♦❞♦❜♥é tr♦❥ú❤❡❧♥í❦② ❥❡ t❡❞② ♣♦♠➙r a′ : a = b′ : b = c′ : c ❦♦♥st❛♥t♥í✳ ❚❡♥t♦ ♣♦♠➙r✱ ❥❛❦♦➸t♦
✭❦❧❛❞♥é✮ r❡á❧♥é ↔ís❧♦✱ s❡ ③♦✈❡ ❦♦❡✜❝✐❡♥t ♣♦❞♦❜♥♦st✐✳

❱■✳✶✾✕✷✵ P♦♠➙r ♦❜s❛❤➲ ♣♦❞♦❜♥ý❝❤ tr♦❥ú❤❡❧♥í❦➲ ✭♠♥♦❤♦ú❤❡❧♥í❦➲✮ ❥❡ st❡❥♥ý ❥❛❦♦ ♣♦♠➙r ❞r✉❤ý❝❤
♠♦❝♥✐♥ ♦❞♣♦✈í❞❛❥í❝í❝❤ str❛♥✳✶✸

✶✸❏✐♥❛❦ ➦❡↔❡♥♦✿ ❏❡✲❧✐ ❦♦❡✜❝✐❡♥t ♣♦❞♦❜♥♦st✐ ♣♦❞♦❜♥ý❝❤ ♠♥♦❤♦ú❤❡❧♥í❦➲ r♦✈❡♥ k✱ ♣♦t♦♠ ♣♦♠➙r ❥❡❥✐❝❤ ♦❜s❛❤➲ ❥❡
r♦✈❡♥ k2✳ P♦❦✉❞ ❥❡ ♥á❤♦❞♦✉ ❦♦❡✜❝✐❡♥t r♦✈❡♥ ✶✱ ♣♦t♦♠ ❥s♦✉ tr♦❥ú❤❡❧♥í❦② s❤♦❞♥é✱ ③❡❥♠é♥❛ ♠❛❥í st❡❥♥ý ♦❜s❛❤✳



✹ ❩á❦❧❛❞② ✸✸

❉➲❦❛③✳ P♦♠♦❝♥ý ❜♦❞G ♥❛ ♦❜r✳ ✹✳✷✻ ❥❡ t❛❦♦✈ý✱ ➸❡ EF : BG = BC : EF ✳ P♦❞❧❡ ♣➦❡❞♣♦❦❧❛❞✉
❥❡ AB : DE = BC : EF ✭❂ ❦♦❡✜❝✐❡♥t ♣♦❞♦❜♥♦st✐✱ ❦t❡rý ♦③♥❛↔í♠❡ k✮✳ ❚♦ ③♥❛♠❡♥á✱
➸❡ AB : DE = EF : BG✱ ♦❞❦✉❞ ❧③❡ ✈❡❧♠✐ ♣♦❞♦❜♥ý♠ ③♣➲s♦❜❡♠ ❥❛❦♦ ✈ ❞➲❦❛③❡ ✈➙t② ❱■✳✷
✈②✈♦❞✐t✱ ➸❡ obsahABG = obsahDEF ✳ P♦♠♦❝í tét♦ r♦✈♥♦st✐✱ ✈➙t② ❱■✳✶ ❛ ❥❡❞♥é ❞❛❧➨í ú♣r❛✈② ✏
t❛❦ ❞♦stá✈á♠❡✿

obsahABC : obsahDEF = obsahABC : obsahABG =

= BC : BG = (BC : EF ) · (EF : BG) = k2.

❘♦③➨í➦❡♥í ✈➙t② ♥❛ ♣♦❞♦❜♥é ♠♥♦❤♦ú❤❡❧♥í❦② s❡ ✉❞➙❧á st❛♥❞❛r❞♥➙ ♣♦♠♦❝í tr✐❛♥❣✉❧❛❝❡✳ ✳ ✳

❖❜rá③❡❦ ✹✳✷✻✿ ❬❊J ❪ ❱■✳✶✾✿ Pr♦ ♣♦❞♦❜♥é tr♦❥ú❤❡❧♥í❦② ABC ❛ DEF ♣❧❛tí✱ ➸❡ obsahABC :
obsahDEF = AB2 : DE2 = . . .

❱■✳✸✶ ❩♦❜❡❝♥➙♥í P②t❤❛❣♦r♦✈② ✈➙t②✱ ✈✐③ ♦❜r✳ ✹✳✷✼✳

❬ P❧②♥❡ ③ P②t❤❛❣♦r♦✈② ✈➙t② ❛ ❱■✳✷✵✳ ❪

❖❜rá③❡❦ ✹✳✷✼✿ ❬❊J ❪ ❱■✳✸✶✿ P♦❦✉❞ ❥s♦✉ ♠♥♦❤♦ú❤❡❧♥í❦② ♥❛❞ str❛♥❛♠✐ ♣r❛✈♦ú❤❧é❤♦ tr♦❥ú✲
❤❡❧♥í❦✉ ♣♦❞♦❜♥é✱ ♣♦t♦♠ ♦❜s❛❤ ♠♥♦❤♦ú❤❡❧♥í❦✉ ♥❛❞ ♣➦❡♣♦♥♦✉ ❥❡ r♦✈❡♥ s♦✉↔t✉ ♦❜s❛❤➲ t➙❝❤
♥❛❞ ♦❞✈➙s♥❛♠✐✳

P♦③♥á♠❦②

❉➲s❧❡❞❦❡♠ ✈➙t② ❱■✳✶ ✭♥✐❦♦❧✐ ♥❛♦♣❛❦✦✮ ❥❡ ✈➨❡♦❜❡❝♥➙ ③♥á♠ý ✈③♦r❡↔❡❦ ♣r♦ ✈ý♣♦↔❡t ♦❜s❛❤✉ tr♦❥ú✲
❤❡❧♥í❦✉✿

S =
1

2
a · v,
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❦❞❡ S = ♦❜s❛❤ tr♦❥ú❤❡❧♥í❦✉✱ a = ✈❡❧✐❦♦st ❥❡❞♥é str❛♥② ❛ v = ✈❡❧✐❦♦st ✈ý➨❦② ♥❛ t✉t♦ str❛♥✉✳
❈❡❧á t❡♦r✐❡ ♣♦❞♦❜♥♦st✐ ❥❡ ♦❞ ③❛↔át❦✉ ❞♦ ❦♦♥❝❡ ③á✈✐s❧á ♥❛ ♣♦st✉❧át✉ ✭✈✮ ♦ r♦✈♥♦❜➙➸❦á❝❤

✭♦❞st✳ ✹✳✹✮✳ ❚♦ ❥❡ ♣❛tr♥é ③ ♣➦❡❞❝❤♦③í❝❤ ♦❞❦❛③➲ ♥❛ ✈➙t② ♦ ♦❜s❛③í❝❤ tr♦❥ú❤❡❧♥í❦➲ ✭■✳✸✽✕✸✾✮✱ ❥❡❥✐❝❤➸
③❞➲✈♦❞♥➙♥í s❡ ♥❡♦❜❡❥❞❡ ❜❡③ ✈➙t② ♦ st➦í❞❛✈ý❝❤ ú❤❧❡❝❤ ✭■✳✷✾✮✦

P♦♠♦❝í ♣♦❞♦❜♥♦stí tr♦❥ú❤❡❧♥í❦➲ ❥❡ ♠♦➸♥é ❞♦❦á③❛t ➦❛❞✉ ❞➦í✈❡ ③♠✐➡♦✈❛♥ý❝❤ t✈r③❡♥í ús♣♦r✲
♥➙❥➨í♠✱ ✐ ❦❞②➸ ✈❡ s✈é ♣♦❞st❛t➙ ♠é♥➙ ❡❧❡♠❡♥tár♥í♠ ③♣➲s♦❜❡♠✳ ❚②♣✐❝❦ý♠✐ ♣➦í❦❧❛❞② ❥s♦✉ ♥❛♣➦✳
❊✉❦❧❡✐❞♦✈② ✈➙t② ♦ ♦❞✈➙s♥➙ ❛ ♦ ✈ý➨❝❡ ✭sr✳ s ✈➙t♦✉ ❱■✳✽✮✳

✹✳✶✼ ❈✈✐↔❡♥í

✭✶✮ ❉♦❦❛➸t❡ ✈➙t✉ ❱■✳✸✱ ✈✐③ ♦❜r✳ ✹✳✷✽✳

❖❜rá③❡❦ ✹✳✷✽✿ ❬❊J ❪ ❱■✳✸✿ AD ❥❡ ♦s♦✉ ú❤❧✉ BAC ⇐⇒ DB : DC = AB : AC✳

✭✷✮ P♦♠♦❝í ♣♦❞♦❜♥♦st✐ tr♦❥ú❤❡❧♥í❦➲ ❞♦❦❛➸t❡ ❊✉❦❧❡✐❞♦✈✉ ✈➙t✉ ♦ ♦❞✈➙s♥➙✱ r❡s♣✳ ♦ ✈ý➨❝❡✳✏

✭✸✮ ◆❛❥❞➙t❡ ✈ t❡①t✉ ❞❛❧➨í t✈r③❡♥í✱ ❦ ❥❡❥✐❝❤➸ ③❞➲✈♦❞♥➙♥í ❥❡ ✖ ♥❡❜♦ ♠➲➸❡ ❜ýt ✖ ✉➸✐t♦ ♣♦❞♦❜♥♦st✐✳

✹✳✶✽ ❙❡str♦❥✐t❡❧♥é ✈❡❧✐↔✐♥②

❱ ♣➦❡❞❝❤♦③í♠ t❡①t✉ ❥s♠❡ s❡ ♥➙❦♦❧✐❦rát ❞♦t❦❧✐ ♣r♦❜❧é♠✉ s❡str♦❥✐t❡❧♥♦st✐ r❡á❧♥ý❝❤ ✈❡❧✐↔✐♥✳ ❑♦♥✲
str✉❦❝✐ té ↔✐ ♦♥é ✈❡❧✐↔✐♥② ❝❤á♣❡♠❡ ❥❛❦♦ ❦♦♥str✉❦❝✐ r❡á❧♥é❤♦ ↔ís❧❛✱ ❦t❡ré ♦♥✉ ✈❡❧✐↔✐♥✉ ③❛st✉♣✉❥❡✳
❱③❤❧❡❞❡♠ ❦ t♦♠✉✱ ➸❡ ✈ ❡✉❦❧❡✐❞♦✈s❦é ❣❡♦♠❡tr✐✐ ♥❡❡①✐st✉❥❡ ➸á❞♥á ❦❛♥♦♥✐❝❦á ❥❡❞♥♦t❦❛✱ ♠✉sí ❜ýt
t❛t♦ ♥➙❥❛❦ s♣❡❝✐✜❦♦✈á♥❛ ♣➦❡❞❡♠✳ ❩á❦❧❛❞♥í ú❧♦❤❛✱ ❦t❡ré ❝❤❝❡♠❡ ✈ t♦♠t♦ ♦❞st❛✈❝✐ ♣♦r♦③✉♠➙t✱ ③♥í✿

• ❘♦③❤♦❞♥➙t❡✱ ③❞❛ ❥❡ ❞❛♥é r❡á❧♥é ↔ís❧♦ s❡str♦❥✐t❡❧♥é✳ P♦❦✉❞ ❛♥♦✱ t❛❦ ❥❡❥ ✖ ✈③❤❧❡❞❡♠ ❦ ❞❛♥é
❥❡❞♥♦t❝❡ ✖ s❡str♦❥t❡✳

❏❛❦♦ ♦❜✈②❦❧❡ ♠á♠❡ ♥❛ ♠②s❧✐ ✈ý❤r❛❞♥➙ ❦♦♥str✉❦❝❡ ♣♦♠♦❝í ❡✉❦❧❡✐❞♦✈s❦é❤♦ ♣r❛✈ít❦❛ ❛ ❦r✉➸ít❦❛✳
❘❡á❧♥á ↔ís❧❛ r❡♣r❡③❡♥t✉❥❡♠❡ ús❡↔❦❛♠✐✱ ❥❡❥✐❝❤➸ ✈❡❧✐❦♦st✐ ❥s♦✉ ✈➸❞② ♥❡③á♣♦r♥é✳ P♦❦✉❞ t❡❞② ♣♦✲

t➦❡❜✉❥❡♠❡ ♦♣❡r♦✈❛t s❡ ③á♣♦r♥ý♠✐ ✈❡❧✐↔✐♥❛♠✐✱ ♠✉sí♠❡ ✉ ♦❞♣♦✈í❞❛❥í❝í♠ ús❡↔❡❦ ❥❡❥✐❝❤ ③á♣♦r♥♦✉
❤♦❞♥♦t✉ ♥➙❥❛❦ ♦③♥❛↔✐t✳ ✳ ✳

❖♣❛❦♦✈á♥í

❆❧❣❡❜r❛✐❝❦é ♦♣❡r❛❝❡✱ ❦t❡ré ✉♠í♠❡ s ♣r❛✈ít❦❡♠ ❛ ❦r✉➸ít❦❡♠ r❡♣r♦❞✉❦♦✈❛t✱ ❥s♦✉ ♥ás❧❡❞✉❥í❝í✿

• ❙↔ítá♥í ❛ ♦❞↔ítá♥í r❡á❧♥ý❝❤ ↔ís❡❧ ❥❡ ③ ❦♦♥str✉❦↔♥í❤♦ ❤❧❡❞✐s❦❛ tr✐✈✐á❧♥í ✖ ♦❞♣♦✈í❞á ♣➦✐❦❧á✲
❞á♥í ❛ ♦❞❡❜írá♥í ús❡↔❡❦ ♥❛ ♣➦í♠❝❡ ✭✈✐③ ♥❛♣➦✳ ❞✐s❦✉③✐ ♥❛❞ ♦❜r✳ ✹✳✶✵ ❛ ✹✳✶✶✮✳

• ❑♦♥str✉❦❝✐ s♦✉↔✐♥✉ ❞✈♦✉ r❡á❧♥ý❝❤ ↔ís❡❧ ✉♠í♠❡ ③❞➲✈♦❞♥✐t ♥❡❥♠é♥➙ ❞✈♦❥í♠ ③♣➲s♦❜❡♠ ✖
♥❛ ♦❜r✳ ✹✳✻ ♦③♥❛↔♠❡ |AB| = 1✱ |HA| = a✱ |LK| = b ❛ |HL| = x✿



✹ ❩á❦❧❛❞② ✸✺

✭❛✮ ③❛ ♣➦❡❞♣♦❦❧❛❞✉✱ ➸❡ ♥❛ ♦❜rá③❦✉ ❥s♦✉ s❛♠é ♣r❛✈♦ú❤❡❧♥í❦②✱ ♠➲➸❡♠❡ ❞➲s❧❡❞❡❦ ✈➙t② ■✳✹✸
❢♦r♠✉❧♦✈❛t ❥❛❦♦

a · b = x · 1 ♥❡❜♦❧✐ x = a · b.

✭❜✮ ❜❡③ ♦❤❧❡❞✉ ♥❛ t♦✱ ③❞❛ ❥s♦✉ ♥❛ ♦❜rá③❦✉ ♣r❛✈♦ú❤❡❧♥í❦② ♥❡❜♦ ♣♦✉❤é r♦✈♥♦❜➙➸♥í❦②✱ ③ ♣♦✲
❞♦❜♥♦st✐ tr♦❥ú❤❡❧♥í❦➲ HAB ❛ HLK ♣♦❞❧❡ ✈➙t② ❱■✳✹ ♣❧②♥❡

a : 1 = x : b ♥❡❜♦❧✐ x = a · b.

P♦❞í❧ ❞✈♦✉ r❡á❧♥ý❝❤ ↔ís❡❧ ❧③❡ s❡str♦❥✐t ♦❜❞♦❜♥➙✱ ❛❦♦rát ❜② s❡ ✈ ❦♦♥str✉❦❝í❝❤ ♣r♦❤♦❞✐❧ ✈ý✲
③♥❛♠ ♥➙❦t❡rý❝❤ ✈❡❧✐↔✐♥✱ ♥❛♣➦✳ b ❛ x✳ ❏❡ ③➦❡❥♠é✱ ➸❡ ✈ ♦❜♦✉ ♣➦í♣❛❞❡❝❤ ♠➲➸❡♠❡ ♣♦↔❡t ↔❛r ✈❡
✈❧❛st♥í ❦♦♥str✉❦❝✐ ♣♦❞st❛t♥➙ ❡❧✐♠✐♥♦✈❛t✳

• ❊✉❦❧❡✐❞♦✈❛ ✈➙t❛ ♦ ♦❞✈➙s♥➙✱ r❡s♣✳ ♦ ✈ý➨❝❡ ✭✈❡ s♣❡❝✐✜❝❦ý❝❤ ♣➦í♣❛❞❡❝❤ t❛❦é ✈➙t❛ P②t❤❛❣♦r♦✈❛✮
♣♦s❦②t✉❥❡ ♥á✈♦❞ ❦❡ ❦♦♥str✉❦❝✐ ❞r✉❤é ♦❞♠♦❝♥✐♥② ③ ❧✐❜♦✈♦❧♥é❤♦ r❡á❧♥é❤♦ ↔ís❧❛ ✖ ✈✐③ ♥❛♣➦✳
♦❜r✳ ✹✳✼✿ ♣♦❦✉❞ ❥❡ |BE| = 1✱ |EF | = a ❛ |EH| = x✱ ♣♦t♦♠

1 · a = x2 ♥❡❜♦❧✐ x =
√
a.

❩á✈➙r

❩ ✉✈❡❞❡♥é❤♦ ♦♣❛❦♦✈á♥í ♣❧②♥❡✱ ➸❡ ❥s♦✉✲❧✐ a ❛ b s❡str♦❥✐t❡❧♥á r❡á❧♥á ↔ís❧❛✱ ♣❛❦ t❛❦é

a+ b, a− b, a · b, a : b,
√
a

❥s♦✉ s❡str♦❥✐t❡❧♥á ↔ís❧❛✳ ❖♣❛❦♦✈á♥í♠ t➙❝❤t♦ ♦♣❡r❛❝í ♠➲➸❡♠❡ s❡str♦❥♦✈❛t ❞❛❧➨í ❛ ❞❛❧➨í ↔ís❧❛ ✖ ✈❡
s❦✉t❡↔♥♦st✐ ♣❧❛tí✱ ➸❡ t❛❦t♦ ❧③❡ ✈②↔❡r♣❛t ✈➨❡❝❤♥② ❡✉❦❧❡✐❞♦✈s❦② s❡str♦❥✐t❡❧♥é ✈❡❧✐↔✐♥②✿

❱➙t❛✳ ❘❡á❧♥é ↔ís❧♦ ❥❡ s❡str♦❥✐t❡❧♥é ❡✉❦❧❡✐❞♦✈s❦ý♠ ♣r❛✈ít❦❡♠ ❛ ❦r✉➸ít❦❡♠ ♣rá✈➙ t❡❤❞②✱ ❦❞②➸ ❥❡❥ ❧③❡
✈②❥á❞➦✐t ♣♦♠♦❝í ❦♦♥❡↔♥é❤♦ ♣♦↔t✉ ✶ ❛ ♦♣❡r❛❝í +✱ −✱ ·✱ :✱ √ ✱ ♣➦í♣✳ ③á✈♦r❡❦✳

■❞❡❛ ❞➲❦❛③✉✳ ❏❡❞❡♥ s♠➙r tét♦ ❡❦✈✐✈❛❧❡♥❝❡ ♠á♠❡ r♦③♠②➨❧❡♥ý✱ ③❞➲✈♦❞♥➙♥í ♦♣❛↔♥é❤♦ s♠➙r✉ ❥❡
✈❡s❦r③❡ ❛❧❣❡❜r❛✐❝❦é ❛ ✈②♣❛❞á ③❤r✉❜❛ t❛❦t♦✿✶✹

❩❛↔♥❡♠❡ s ús❡↔❦♦✉ ♣➦❡❞st❛✈✉❥í❝í ❥❡❞♥♦t❦✉ ❛ ♣♦♠♦❝í ♣r❛✈ít❦❛ ❛ ❦r✉➸ít❦❛ s❡str♦❥✉❥❡♠❡ ❞❛❧➨í
❜♦❞②✱ r❡s♣✳ ús❡↔❦②✳ ❏❛❦ý❦♦❧✐ ❡✉❦❧❡✐❞♦✈s❦② s❡str♦❥✐t❡❧♥ý ❜♦❞ ✈ r♦✈✐♥➙ ✈③♥✐❦á ③ ❥✐➸ s❡str♦❥❡♥ý❝❤
❜♦❞➲ ❥❛❦♦ ♣r➲♥✐❦ ❞✈♦✉ ♣➦í♠❡❦✱ ♣r➲♥✐❦ ♣➦í♠❦② s ❦r✉➸♥✐❝í ♥❡❜♦ ♣r➲♥✐❦ ❞✈♦✉ ❦r✉➸♥✐❝✳ ❆❧❣❡❜r❛✐❝❦á
✐♥t❡r♣r❡t❛❝❡ ❦❛➸❞é t❛❦♦✈é ❦♦♥str✉❦❝❡ ✈❡❞❡ ❦ ➦❡➨❡♥í s♦✉st❛✈② ❞✈♦✉ r♦✈♥✐❝ st✉♣♥➙ ♥❡❥✈ý➨❡ ❞✈❛ ✈❡
❞✈♦✉ ♣r♦♠➙♥♥ý❝❤✳ ❊❧✐♠✐♥❛❝í ❥❡❞♥é ♣r♦♠➙♥♥é ❞♦st❛♥❡♠❡ ❦✈❛❞r❛t✐❝❦♦✉ r♦✈♥✐❝✐✱ ❥❡❥í➸ ❦♦❡✜❝✐❡♥t②
❥s♦✉ s❡str♦❥✐t❡❧♥á ↔ís❧❛✦ ❑♦➦❡♥② ❧✐❜♦✈♦❧♥é ❦✈❛❞r❛t✐❝❦é r♦✈♥✐❝❡ ✈➨❛❦ ❧③❡ ✈②❥á❞➦✐t ♣♦♠♦❝í ❥❡❥í❝❤
❦♦❡✜❝✐❡♥t➲ ❛ ✈ý➨❡ ③♠✐➡♦✈❛♥ý❝❤ ❛❧❣❡❜r❛✐❝❦ý❝❤ ♦♣❡r❛❝í✱ ✈✐③ ✭✹✳✻✮✳ ❖❞t✉❞ ♣❧②♥❡✱ ➸❡ s♦✉➦❛❞♥✐❝♦✈é
✈②❥á❞➦❡♥í ❦❛➸❞é❤♦ ♥♦✈é❤♦ ❜♦❞✉✱ ❛ t❡❞② ✐ ✈❡❧✐❦♦st✐ ✈➨❡❝❤ s❡str♦❥❡♥ý❝❤ ús❡↔❡❦✱ ❥s♦✉ ✉✈❡❞❡♥é❤♦
t✈❛r✉✳ ✳ ✳

P♦③♥á♠❦②

❱③❤❧❡❞❡♠ ❦ ❞❛♥é ❥❡❞♥♦t❝❡ ❧③❡ ♣♦♠♦❝í ♦♣❡r❛❝í + ❛ − s❡str♦❥✐t ❧✐❜♦✈♦❧♥é ❝❡❧é ↔ís❧♦✱ ♣♦♠♦❝í ♦♣❡r❛❝í
· ❛ : ❧③❡ s❡str♦❥✐t ❧✐❜♦✈♦❧♥é r❛❝✐♦♥á❧♥í ↔ís❧♦✳ ❙♣♦❧✉ s ♦♣❡r❛❝í √ ❧③❡ s❡str♦❥✐t ♠♥♦❤♦ ✐r❛❝✐♦♥á❧♥í❝❤
↔ís❡❧✱ ♥✐❦♦❧✐ ✈➨❛❦ ✈➨❡❝❤♥❛ ✐r❛❝✐♦♥á❧♥í✱ ♥❛t♦➸ ♣❛❦ tr❛♥s❝❡♥❞❡♥t♥í ↔ís❧❛✳ ❆➫ ❞➙❧á♠❡✱ ❝♦ ❞➙❧á♠❡✱ ❞rt✐✈á
✈➙t➨✐♥❛ r❡á❧♥ý❝❤ ↔ís❡❧ ❡✉❦❧❡✐❞♦✈s❦② s❡str♦❥✐t ♥❡❧③❡✦ ◆❡❥③♥á♠➙❥➨í ❛ ♥❡❥③❛❥í♠❛✈➙❥➨í ❞➲s❧❡❞❦② tét♦
s❦✉t❡↔♥♦st✐ ❦♦♠❡♥t✉❥❡♠❡ ✈ ❞♦❞❛t❦✉ ✶✾✳✶ ♥❛ str✳ ✶✸✹✳

✶✹P➦❡s♥➙❥➨í ❢♦r♠✉❧❛❝❡ ❧③❡ ♥❛❥ít ♥❛♣➦✳ ✈ ❬❍❛✱ ▼❛r2❪ ♥❡❜♦ ❬▲❪✳
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❱ý➨❡ ✉✈❡❞❡♥♦✉ ❝❤❛r❛❦t❡r✐③❛❝✐ s❡str♦❥✐t❡❧♥ý❝❤ ✈❡❧✐↔✐♥ s❛♠♦③➦❡❥♠➙ ✈ ❩á❦❧❛❞❡❝❤ ♥❡♥❛❥❞❡♠❡✳
❙♦✉✈✐s❡❥í❝í ú❧♦❤♦✉✱ ❦t❡rá ✈ ❩á❦❧❛❞❡❝❤ ✈②➦❡➨❡♥á ❥❡✱ ❥❡ ✉r↔❡♥í ❦♦➦❡♥➲ ♦❜❡❝♥é ❦✈❛❞r❛t✐❝❦é r♦✈♥✐❝❡
✭✈✐③ ❱■✳✷✽✕✷✾✮✳ ❆❧❣❡❜r❛✐❝❦é ♦❞✈♦③❡♥í ③❛↔í♥á ❞♦♣❧♥➙♥í♠ ❞♦ ↔t✈❡r❝❡✿

x2 + bx+ c = 0,

x2 + bx+

(

b

2

)2

=

(

b

2

)2

− c,

(

x+
b

2

)2

=

(

b

2

)2

− c.

❝♦➸ ♣♦ ♦❞♠♦❝♥➙♥í ❛ ú♣r❛✈➙ ✈❡❞❡ ❦ ❞♦❜➦❡ ③♥á♠é♠✉ ✈②❥á❞➦❡♥í

x = − b

2
±

√

(

b

2

)2

− c ♥❡❜♦❧✐ x =
−b±

√
b2 − 4c

2
. ✭✹✳✻✮

P♦❦✉❞ ❜② ✈❡❞♦✉❝í ❦♦❡✜❝✐❡♥t ♥❡❜②❧ ✶✱ ♠➲➸❡♠❡ ❥í♠ ❤♥❡❞ ♥❛ ③❛↔át❦✉ ❝❡❧♦✉ r♦✈♥✐❝✐ ❞➙❧✐t ❛ ♣♦t♦♠
❥❡♥ ♣➦❡❞❝❤♦③í ú♣r❛✈② ③r❡♣r♦❞✉❦♦✈❛t✳ ✳ ✳

✹✳✶✾ ❈✈✐↔❡♥í

✭✶✮ ❱③❤❧❡❞❡♠ ❦ ❞❛♥é ❥❡❞♥♦t❝❡ s❡str♦❥t❡ 2
√
6

3
✱
√

10−2
√
5

2
❛♣♦❞✳

✭✷✮ ❙❡str♦❥t❡ ❦♦➦❡♥② ♦❜❡❝♥é ❦✈❛❞r❛t✐❝❦é r♦✈♥✐❝❡✳✏
✭✸✮ ❩❦✉st❡ s✈♦❥❡ ➦❡➨❡♥í ♣➦❡❞❝❤♦③í ú❧♦❤② ♥➙❥❛❦ ♦♣t✐♠❛❧✐③♦✈❛t ✖ ✈✐③ ♥❛♣➦✳ r♦✈♥✐❝✐ ✭✹✳✷✮ ❛ ❥❡❥í ➦❡➨❡♥í

♥❛ ♦❜r✳ ✹✳✶✷✳

✹✳✷✵ ❚r♦❝❤❛ st❡r❡♦♠❡tr✐❡✱ ♦❜❥❡♠② t➙❧❡s ❛ ♦❜s❛❤ ❦r✉❤✉

❙t❡r❡♦♠❡tr✐❡ ③❛↔í♥á ✈ ❩á❦❧❛❞❡❝❤ ❳■✳ ❦♥✐❤♦✉✱ ✈ ❥❡❥í♠➸ ú✈♦❞✉ ❥s♦✉ ❞❡✜♥✐❝❡ ③á❦❧❛❞♥í❝❤ ♣r♦st♦r♦✈ý❝❤
út✈❛r➲✱ ❥❡❥✐❝❤ ✈③t❛❤➲ ❛ ✈③á❥❡♠♥ý❝❤ ♣♦❧♦❤✳ ◆❛➨í ♣♦③♦r♥♦st✐ ❜② ♥❡♠➙❧② ✉♥✐❦♥♦✉t ❞❡✜♥✐❝❡ r♦✈♥♦✲
❜➙➸♥♦st✐ ❛ ❦♦❧♠♦st✐ ♣➦í♠❡❦ ❛ r♦✈✐♥✱ ♣➦í♣✳ ❥❡❥✐❝❤ ♣♦③❞➙❥➨í ❝❤❛r❛❦t❡r✐③❛❝❡✳ ❩❞❡ ❥❡ ♥➙❦♦❧✐❦ ✉❦á③❡❦✱
♥❛ ❦t❡ré s❡ ❜✉❞❡♠❡ ♣➦í❧❡➸✐t♦st♥➙ ♦❞❦❛③♦✈❛t ✭♣r✈♥í ❞✈➙ ❞❡✜♥✐❝❡ ③♥á♠❡ ❥✐➸ ③ ■✳ ❦♥✐❤②✮✿

• P➦í♠❦② ❥s♦✉ r♦✈♥♦❜➙➸♥é✱ ♣♦❦✉❞ ❧❡➸í ✈ té➸❡ r♦✈✐♥➙ ❛ ♥❡♠❛❥í ➸á❞♥ý s♣♦❧❡↔♥ý ❜♦❞✳

• P♦❦✉❞ ❥s♦✉ ✈❡❞❧❡❥➨í ú❤❧② ✈②♠❡③❡♥é ❞✈➙♠❛ ♣r♦tí♥❛❥í❝í♠✐ s❡ ♣➦í♠❦❛♠✐ s❤♦❞♥é✱ ♣❛❦ ❦❛➸❞ý
③ t➙❝❤t♦ ú❤❧➲ s❡ ♥❛③ý✈á ♣r❛✈ý ❛ ♣➦í♠❦② s❡ ♥❛③ý✈❛❥í ❦♦❧♠é✳

• ◆❡♣r♦tí♥❛❥í❝í s❡ ♣➦í♠❦② ❥s♦✉ ❦♦❧♠é✱ ♣♦❦✉❞ r♦✈♥♦❜➙➸❦❛ ❦ ❥❡❞♥é ♣➦í♠❝❡ ♣r♦tí♥❛❥í❝í ♣➦í♠❦✉
❞r✉❤♦✉ ❥❡ ❦ ♥í ❦♦❧♠á✳

• P➦í♠❦❛ ❥❡ ❦♦❧♠á ❦ r♦✈✐♥➙✱ ♣♦❦✉❞ ❥❡ ❦♦❧♠á ❦❡ ✈➨❡♠ ♣➦í♠❦á♠✱ ❦t❡ré ✈ ♥í ❧❡➸í✳

• ❉✈➙ r♦✈✐♥② ❥s♦✉ ❦♦❧♠é✱ ♣♦❦✉❞ ♣➦í♠❦②✱ ❦t❡ré ❧❡➸í ✈ ❥❡❞♥é ③ t➙❝❤t♦ r♦✈✐♥ ❛ ❥s♦✉ ❦♦❧♠é ❦ ♣r➲✲
s❡↔♥✐❝✐ r♦✈✐♥✱ ❥s♦✉ t❛❦é ❦♦❧♠é ❦❡ ❞r✉❤é r♦✈✐♥➙ ✭❡❦✈✐✈❛❧❡♥t♥➙✿ ♣♦❦✉❞ ❥❡❞♥❛ ③ r♦✈✐♥ ♦❜s❛❤✉❥❡
♣➦í♠❦✉✱ ❦t❡rá ❥❡ ❦♦❧♠á ❦❡ ❞r✉❤é r♦✈✐♥➙✮✳

• ❘♦✈✐♥② ❥s♦✉ r♦✈♥♦❜➙➸♥é✱ ♣♦❦✉❞ s❡ ♥❡♣r♦tí♥❛❥í✳

• ❆♣♦❞✳

❑r♦♠➙ t♦❤♦✱ ❥s♦✉ ③❞❡ st❛♥❞❛r❞♥í ❞❡✜♥✐❝❡ ③á❦❧❛❞♥í❝❤ t➙❧❡s✱ ❦t❡ré ♥❡♥í ♥✉t♥é ♦♣❛❦♦✈❛t✳ ❱❡
③❜②t❦✉ t♦❤♦t♦ ♦❞st❛✈❝❡ s❡ str✉↔♥➙ ③♠í♥í♠❡ ♦ ❥❡❥✐❝❤ ♦❜❥❡♠❡❝❤✳ ✳ ✳



✹ ❩á❦❧❛❞② ✸✼

❖❜❥❡♠② ❥❡❞♥♦❞✉➨❡

P♦❞st❛t♥á ↔ást ❳■✳ ❦♥✐❤② s❡ ✈➙♥✉❥❡ r♦✈♥♦❜➙➸♥♦st➙♥➲♠ ❛ ❥❡❥✐❝❤ ♦❜❥❡♠➲♠✳ ❈❡❧á t❡♦r✐❡ ❥❡ ✈❡❧♠✐
♣♦❞♦❜♥á t♦♠✉✱ ❝♦ ③♥á♠❡ ③ ■✳✱ r❡s♣✳ ❱■✳ ❦♥✐❤② ♣r♦ r♦✈♥♦❜➙➸♥í❦②✳✶✺

❳■✳✷✾✕✸✵ ❘♦✈♥♦❜➙➸♥♦st➙♥② s❡ st❡❥♥♦✉ ③á❦❧❛❞♥♦✉ ❛ st❡❥♥♦✉ ✈ý➨❦♦✉ ♠❛❥í st❡❥♥ý ♦❜❥❡♠✳

❬ ❩❞➲✈♦❞♥➙♥í ♣♦♠♦❝í ♣➦❡s♦✉✈á♥í s❤♦❞♥ý❝❤ ↔ástí ✭sr✳ s ✈➙t♦✉ ■✳✸✺ ♥❛ str✳ ✶✺✮✳ ❪

❖❜rá③❡❦ ✹✳✷✾✿ ❬❊J ❪ ❳■✳✷✾✿ objemAH = objemAK✳ ❳■✳✸✵✿ objemAK = objemAR =
objemAH✳

❳■✳✸✷ P♦♠➙r ♦❜❥❡♠➲ r♦✈♥♦❜➙➸♥♦st➙♥➲ s❡ st❡❥♥♦✉ ✈ý➨❦♦✉ ❥❡ st❡❥♥ý ❥❛❦♦ ♣♦♠➙r ♦❜s❛❤➲ ❥❡❥✐❝❤ ③á✲
❦❧❛❞❡♥✳

❬ ❉➲❦❛③ ❥❡ ♥❛♣r♦st♦ ❛♥❛❧♦❣✐❝❦ý t♦♠✉✱ ❝♦ ③♥á♠❡ ③ ❱■✳✶ ✭✈✐③ str✳ ✸✶✮✳ ✳ ✳ ❪

❖❜rá③❡❦ ✹✳✸✵✿ ❬❊J ❪ ❳■✳✸✷✿ objemAU : objemED = obsahAF : obsahEC

❳■✳✸✸ P♦♠➙r ♦❜❥❡♠➲ ♣♦❞♦❜♥ý❝❤ r♦✈♥♦❜➙➸♥♦st➙♥➲ ❥❡ st❡❥♥ý ❥❛❦♦ ♣♦♠➙r t➦❡tí❝❤ ♠♦❝♥✐♥ ♦❞♣♦✈í❞❛✲
❥í❝í❝❤ str❛♥✳

❬ P❧②♥❡ ③ ♣➦❡❞❝❤♦③í❤♦ ❛ ③ ✈➙t② ❱■✳✶ ✭sr✳ s ❱■✳✶✾✕✷✵ ♥❛ str✳ ✸✷✮✳ ❪

✶✺❱ ♥ás❧❡❞✉❥í❝í♠ ③❦r❛❝✉❥❡♠❡ t❛❦t♦✿ ♥❛♣➦✳ AH ③♥❛↔í ♣♦❞❧❡ ❦♦♥t❡①t✉ r♦✈♥♦❜➙➸♥í❦ ♥❡❜♦ r♦✈♥♦❜➙➸♥♦st➙♥ s ú❤❧♦✲
♣➦í↔❦♦✉ AH✳
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P♦③♥á♠❦②✳ ❩ ❞➲❦❛③✉ ✈➙t② ❳■✳✸✵ ✈②♣❧ý✈á ♥ás❧❡❞✉❥í❝í ♣♦③♥❛t❡❦ ✭sr✳ s ✈➙t♦✉ ✹✳✻ ♥❛ str✳ ✶✼✮✿

• ❉✈❛ r♦✈♥♦❜➙➸♥♦st➙♥② ♠❛❥í st❡❥♥ý ♦❜❥❡♠ ♣rá✈➙ t❡❤❞②✱ ❦❞②➸ ❥❡❞❡♥ ❧③❡ r♦③❞➙❧✐t ♥❛ ↔ást✐✱ ③ ♥✐❝❤➸
❧③❡ s❧♦➸✐t t❡♥ ❞r✉❤ý✳

❏❛❦♦ ❞➲s❧❡❞❡❦ ✈➙t② ❳■✳✸✷ ❞♦stá✈á♠❡ ③♥á♠ý ✈③♦r❡↔❡❦ ♣r♦ ✈ý♣♦↔❡t ♦❜❥❡♠✉ r♦✈♥♦❜➙➸♥♦st➙♥✉
✭♦❜❡❝♥➙❥✐ ❤r❛♥♦❧✉✮✿

V = S · v,

❦❞❡ S = ♦❜s❛❤ ♣♦❞st❛✈② ❛ v = ✈❡❧✐❦♦st ♦❞♣♦✈í❞❛❥í❝í ✈ý➨❦②✳ ✳ ✳

❖❜❥❡♠② ♣♦♠♦❝í ❊✉❞♦①♦✈② ♠❡t♦❞②

▼➲➸❡ t♦ ✈②♣❛❞❛t ♣➦❡❦✈❛♣✐✈➙✱ ❛❧❡ ❞✐s❦✉③❡ ❥❡ ♠♥♦❤❡♠ ❦♦♠♣❧✐❦♦✈❛♥➙❥➨í✱ ✉➸ ❦❞②➸ s❡ ③❛↔♥♦✉ st✉❞♦✈❛t
❥❡❤❧❛♥②✳ ❩á❦❧❛❞♥í t✈r③❡♥í✱ ❦t❡ré s❡ tý❦á ♦❜❥❡♠➲ ❥❡❤❧❛♥➲✱ ❥❡ ♦❜s❛➸❡♥♦ ✈ ❳■■✳✺✕✻✳ ❏❡❞♥á s❡ ♦ tr♦❥✲
r♦③♠➙r♥♦✉ ✈❡r③✐ té ↔ást✐ ✈➙t② ❱■✳✶✱ ❦t❡rá ♣♦❥❡❞♥á✈á ♦ tr♦❥ú❤❡❧♥í❝í❝❤✳ ❚❛t♦ ✈➙t❛ ❥❡ ✈➨❛❦ ❞♦❦á③á♥❛
♣♦♠♦❝í ❊✉❞♦①♦✈② ❡①❤❛✉st✐✈♥í ♠❡t♦❞②✱ ❝♦➸ ❥❡ st❛r♦✈➙❦á ♣➦❡❞❝❤➲❞❦②♥➙ ✐♥✜♥✐t❡③✐♠á❧♥í❝❤ ú✈❛❤✱ ❥❛❦
❥❡ ③♥á♠❡ ③ ♠❛t❡♠❛t✐❝❦é ❛♥❛❧ý③②✳

❳■■✳✺✕✻ P♦♠➙r ♦❜❥❡♠➲ ❥❡❤❧❛♥➲ s❡ st❡❥♥♦✉ ✈ý➨❦♦✉ ❥❡ st❡❥♥ý ❥❛❦♦ ♣♦♠➙r ♦❜s❛❤➲ ❥❡❥✐❝❤ ③á❦❧❛❞❡♥✳

❬ ❉➲❦❛③ ❥❡ ③❛❧♦➸❡♥ ♥❛ ❞➙❧❡♥í ❥❡❤❧❛♥✉ ♥❛ ❞✈❛ tr♦❥❜♦❦é ❤r❛♥♦❧② s❡ st❡❥♥ý♠ ♦❜❥❡♠❡♠ ❛ ❞✈❛
s❤♦❞♥é ❥❡❤❧❛♥② ❥❛❦♦ ♥❛ ♦❜r✳ ✹✳✸✶✳ ✳ ✳ ❪

❖❜rá③❡❦ ✹✳✸✶✿ ❬❊J ❪ ❳■■✳✺✿ Pr♦ ❥❡❤❧❛♥② s❡ st❡❥♥♦✉ ✈ý➨❦♦✉ ♣❧❛tí✱ ➸❡ objemABCG :
objemDEFH = obsahABC : obsahDEF ✳

❳■■✳✼ ❖❜❥❡♠ tr♦❥❜♦❦é❤♦ ❥❡❤❧❛♥✉ ❥❡ r♦✈❡♥ t➦❡t✐♥➙ ♦❜❥❡♠✉ ❤r❛♥♦❧✉ s❡ st❡❥♥♦✉ ③á❦❧❛❞♥♦✉ ❛ st❡❥♥♦✉
✈ý➨❦♦✉✳

❬ ❉➲s❧❡❞❡❦ ❳■■✳✺✳ ❪

❳■■✳✽ P♦♠➙r ♦❜❥❡♠➲ ♣♦❞♦❜♥ý❝❤ ❥❡❤❧❛♥➲ ✭♠♥♦❤♦st➙♥➲✮ ❥❡ st❡❥♥ý ❥❛❦♦ ♣♦♠➙r t➦❡tí❝❤ ♠♦❝♥✐♥ ♦❞✲
♣♦✈í❞❛❥í❝í❝❤ str❛♥✳

❬ ❚r♦❥r♦③♠➙r♥á ✈❡r③❡ ❱■✳✶✾✕✷✵ ✭str✳ ✸✷✮❀ ♣❧②♥❡ ③ ♣➦❡❞❝❤♦③í❤♦ ❛ ③ ✈➙t② ❳■✳✸✸✳ ❪

❖❞t✉❞ ❥s♦✉ ♦♣➙t ♣♦♠♦❝í ❊✉❞♦①♦✈② ♠❡t♦❞② ♦❞✈♦③❡♥❛ ♦❜❞♦❜♥á t✈r③❡♥í ♣r♦ ❦✉➸❡❧② ❛ ✈á❧❝❡✱
❦t❡rá ♣➦❡s❦❛❦✉❥❡♠❡ ✭✈✐③ ❳■■✳✶✵✕✶✻✮✳ ❖ ❦♦✉❧í❝❤ s❡ ③♠í♥í♠❡ ③❛ ❝❤✈í❧✐✳ ✳ ✳



✹ ❩á❦❧❛❞② ✸✾

❖❜rá③❡❦ ✹✳✸✷✿ ❬❊J ❪ ❳■■✳✼✿ objemABCD = objemBCDE = objemCDEF =
1

3
objemABCDEF ✳

P♦③♥á♠❦②✳ ◆❛❞ ❞➲❦❛③❡♠ ✈➙t② ❳■■✳✺ s❡ ♦❜❥❡✈✉❥❡ ♣➦✐r♦③❡♥á ♦tá③❦❛✱ ③❞❛ t♦t♦ t✈r③❡♥í ♥❡❧③❡ ③❞➲✲
✈♦❞♥✐t ❡❧❡♠❡♥tár♥➙❥✐ ♣♦♠♦❝í st➦í❤á♥í ❛ s❦❧á❞á♥í ❥❛❦♦ ✈ý➨❡✳ ❩ tét♦ ♦tá③❦② s❡ ♣♦st✉♣♥➙ st❛❧ ✈❡❧✐❝❡
③❛❥í♠❛✈ý ♣r♦❜❧é♠✱ ❦t❡rý ❜②❧ ú♣❧♥➙ ✈②➦❡➨❡♥ ❛➸ ✈ r♦❝❡ ✶✾✵✵ ▼✳ ❉❡❤♥❡♠✿✶✻

❱➙t❛ ✭❉❡❤♥♦✈❛✮✳ Pr♦ ❞✈❛ ♠♥♦❤♦st➙♥② s❡ st❡❥♥ý♠ ♦❜❥❡♠❡♠ ♣❧❛tí✱ ➸❡ ❥❡❞❡♥ ❧③❡ r♦③❞➙❧✐t ♥❛ ↔ást✐✱
③ ♥✐❝❤➸ ❧③❡ s❧♦➸✐t t❡♥ ❞r✉❤ý✱ ♣rá✈➙ ❦❞②➸ t②t♦ ♠♥♦❤♦st➙♥② ♠❛❥í st❡❥♥ý t③✈✳ ❉❡❤♥➲✈ ✐♥✈❛r✐❛♥t✳

❚♦ ③❡❥♠é♥❛ ③♥❛♠❡♥á✱ ➸❡ tr♦❥r♦③♠➙r♥á ❛♥❛❧♦❣✐❡ ❲❛❧❧❛❝❡♦✈②✕❇♦❧②❛✐♦✈②✕●❡r✇✐❡♥♦✈② ✈➙t② ✭str✳ ✶✼✮
♦❜❡❝♥➙ ♥❡♣❧❛tí✦

❉➲s❧❡❞❦❡♠ ❳■■✳✺✕✻ ❥❡✱ ➸❡ ❥❡❤❧❛♥② s❡ st❡❥♥♦✉ ③á❦❧❛❞♥♦✉ ❛ st❡❥♥♦✉ ✈ý➨❦♦✉ ♠❛❥í st❡❥♥ý ♦❜❥❡♠✳
❩ ❳■■✳✼ ♣♦té ✈②♣❧ý✈á✱ ➸❡ ♦❜❥❡♠ ♦❜❡❝♥é❤♦ ❥❡❤❧❛♥✉ ❥❡ t➦❡t✐♥♦✈ý ✈③❤❧❡❞❡♠ ❦ ♦❜❥❡♠✉ ❤r❛♥♦❧✉ s❡
st❡❥♥♦✉ ③á❦❧❛❞♥♦✉ ❛ st❡❥♥♦✉ ✈ý➨❦♦✉✿

V =
1

3
S · v,

❦❞❡ V = ♦❜❥❡♠ ❥❡❤❧❛♥✉✱ S = ♦❜s❛❤ ♣♦❞st❛✈② ❛ v = ✈❡❧✐❦♦st ♦❞♣♦✈í❞❛❥í❝í ✈ý➨❦②✳ ❖❜❞♦❜♥é ✈③t❛❤②
♣❧❛tí t❛❦é ♣r♦ ❦✉➸❡❧② ❛ ✈á❧❝❡✳

❖ ❦r✉❤✉ ❛ ❦♦✉❧✐

❳■■✳ ❦♥✐❤❛ ③❛↔í♥á✱ r❡s♣✳ ❦♦♥↔í st✉❞✐❡♠ ♦❜s❛❤✉ ❦r✉❤✉✱ r❡s♣✳ ♦❜❥❡♠✉ ❦♦✉❧❡✿

❳■■✳✷ P♦♠➙r ♦❜s❛❤➲ ❦r✉❤➲ ❥❡ st❡❥♥ý ❥❛❦♦ ♣♦♠➙r ❞r✉❤ý❝❤ ♠♦❝♥✐♥ ❥❡❥✐❝❤ ♣r➲♠➙r➲✳

❳■■✳✶✽ P♦♠➙r ♦❜❥❡♠➲ ❦♦✉❧í ❥❡ st❡❥♥ý ❥❛❦♦ ♣♦♠➙r t➦❡tí❝❤ ♠♦❝♥✐♥ ❥❡❥✐❝❤ ♣r➲♠➙r➲✳

❖❜➙ t❛t♦ t✈r③❡♥í ❥s♦✉ t❛❦té➸ ❞♦❦á③á♥❛ ❊✉❞♦①♦✈♦✉ ♠❡t♦❞♦✉✿
❑r✉❤② ✭r❡s♣✳ ❦♦✉❧❡✮ ❥s♦✉ ✈②↔❡r♣á✈á♥② ♠♥♦❤♦ú❤❡❧♥í❦② ✭♠♥♦❤♦st➙♥②✮✱ ✉ ♥✐❝❤➸ ♣➦ís❧✉➨♥é ♣r♦✲

♣♦r❝❡ ③♥á♠❡✳ Pr♦t♦➸❡ ❦❛➸❞é ❞✈❛ ❦r✉❤② ✭❦♦✉❧❡✮ ❥s♦✉ ♣♦❞♦❜♥é ❛ t②t♦ s❡ ✈②↔❡r♣á✈❛❥í ❛♥❛❧♦❣✐❝❦②✱ ❥s♦✉
♦❞♣♦✈í❞❛❥í❝í ♠♥♦❤♦ú❤❡❧♥í❦② ✭♠♥♦❤♦st➙♥②✮ t❛❦é ♣♦❞♦❜♥é✳ ❩á❦❧❛❞♥í♠ t✈r③❡♥í♠ ✈ ❝❡❧é ❛♥❛❜á③✐ ❥❡
♣r♦t♦ ✈➙t❛ ❱■✳✷✵✱ ❦t❡r♦✉ ❥s♠❡ ❝✐t♦✈❛❧✐ ♥❛ str✳ ✸✷ ✭r❡s♣✳ ❥❡❥í tr♦❥r♦③♠➙r♥á ✈❡r③❡ ❳■■✳✽✱ ❦t❡r♦✉ ❥s♠❡
❝✐t♦✈❛❧✐ ♣➦❡❞ ❝❤✈í❧í✮✳ ✳ ✳

P♦③♥á♠❦②✳ P➦✐ ♦❜✈②❦❧é♠ ③♥❛↔❡♥í ♠➲➸❡♠❡ ♦❜s❛❤ t✈r③❡♥í ❳■■✳✷ ♣sát ❥❛❦♦

S1 : S2 = r2
1
: r2

2
♥❡❜♦❧✐ S1 : r2

1
= S2 : r2

2
= ❦♦♥st✳ ✭✹✳✼✮

✶✻P♦❞r♦❜♥♦st✐ ❧③❡ ♥❛❥ít ♥❛♣➦✳ ✈ ❬❍❛✱ ♣♦❞❦❛♣✳ ✷✼❪✳



✹✵ ■■ ❑❧❛s✐❝❦á ❦♦♥str✉❦↔♥í ❣❡♦♠❡tr✐❡

❖❜rá③❡❦ ✹✳✸✸✿ ❬❊J ❪ ❳■■✳✷✿ ❖❜s❛❤ ❦r✉❤✉ BD : ♦❜s❛❤ ❦r✉❤✉ FH = BD2 : FH2✳

❛ t✈r③❡♥í ❳■■✳✶✽ ❥❛❦♦

V1 : V2 = r3
1
: r3

2
♥❡❜♦❧✐ V1 : r3

1
= V2 : r3

2
= ❦♦♥st✳

❖❜➙ t❛t♦ t✈r③❡♥í ♣♦❞st❛t♥ý♠ ③♣➲s♦❜❡♠ ❞♦♣❧♥✐❧ ❆r❝❤✐♠é❞és✿

❱➙t❛ ✭❆r❝❤✐♠é❞♦✈❛✮✳

• ❖❜s❛❤ ❦r✉❤✉ ❥❡ r♦✈❡♥ ♦❜s❛❤✉ ♣r❛✈♦ú❤❧é❤♦ tr♦❥ú❤❡❧♥í❦✉✱ ❥❡❤♦➸ ❥❡❞♥❛ ♦❞✈➙s♥❛ ❥❡ s❤♦❞♥á s ♣♦✲
❧♦♠➙r❡♠✱ ❞r✉❤á s ♦❜✈♦❞❡♠ ❦r✉❤✉✳

• ❖❜❥❡♠ ❦♦✉❧❡ ❥❡ r♦✈❡♥ ❞✈➙♠❛ t➦❡t✐♥á♠ ♦❜❥❡♠✉ ♦♣s❛♥é❤♦ ✈á❧❝❡✳

Pr✈♥í ↔ást ✈➙t② ➦í❦á✱ ➸❡ S = 1

2
r ·o✱ ❦❞❡ r = ♣♦❧♦♠➙r ❦r✉➸♥✐❝❡ ❛ o = ❥❡❥í ♦❜✈♦❞✳ ❚♦ s♣♦❧✉ s r♦✈♥♦stí

✭✹✳✼✮ ❞á✈á

S =
1

2
r · o = ❦♦♥st · r2.

❚♦ ③♥❛♠❡♥á✱ ➸❡ st❡❥♥á ❦♦♥st❛♥t❛ ✈②st✉♣✉❥❡ ✈❡ ✈②❥á❞➦❡♥í ❥❛❦ ♦❜s❛❤✉✱ t❛❦ ♦❜✈♦❞✉ ❦r✉❤✉ ✈ ③á✈✐s❧♦st✐
♥❛ ❥❡❤♦ ♣♦❧♦♠➙r✉✳ ❚r❛❞✐↔♥➙ s❡ t❛t♦ ❦♦♥st❛♥t❛ ③♥❛↔í π✱ t✉❞í➸

S = π · r2 ❛ o = 2π · r.

❩ ❞r✉❤é ↔ást✐ ✈➙t② ♣❧②♥❡✱ ➸❡ t❛tá➸ ❦♦♥st❛♥t❛ π ✜❣✉r✉❥❡ t❛❦é ✭♠♦➸♥á ♣➦❡❦✈❛♣✐✈➙✮ ✈❡ ✈②❥á❞➦❡♥í
♦❜❥❡♠✉ ❦♦✉❧❡ ✈ ③á✈✐s❧♦st✐ ♥❛ ❥❡❤♦ ♣♦❧♦♠➙r✉✿

V =
2

3
(S · 2r) = 2

3
(πr2 · 2r) = 4

3
πr3.

✹✳✷✶ P❧❛tó♥s❦á t➙❧❡s❛

❈❡❧é ❩á❦❧❛❞② ✈r❝❤♦❧í ♣♦♣✐s❡♠ ❦♦♥str✉❦❝í ♣r❛✈✐❞❡❧♥ý❝❤ ❦♦♥✈❡①♥í❝❤ ♠♥♦❤♦st➙♥➲✱ ❥❡❥✐❝❤ ❦❧❛s✐✜❦❛❝í
❛ ❞✐s❦✉③í ♣♦♠➙r➲ ❥❡❥✐❝❤ str❛♥ ✈③❤❧❡❞❡♠ ❦ ♣♦❧♦♠➙r✉ ♦♣s❛♥é s❢ér② ✭❳■■■✳✶✸✕✶✽✮✳

Pr❛✈✐❞❡❧♥ý ❦♦♥✈❡①♥í ♠♥♦❤♦st➙♥ ❥❡ ❦♦♥✈❡①♥í ♠♥♦❤♦st➙♥✱ ❦t❡rý ♠á st❡❥♥ý ♣♦↔❡t st➙♥ ❦♦❧❡♠
❦❛➸❞é❤♦ ✈r❝❤♦❧✉ ❛ ❥❡❤♦➸ st➙♥② ❥s♦✉ ♥❛✈③á❥❡♠ s❤♦❞♥é ♣r❛✈✐❞❡❧♥é ♠♥♦❤♦ú❤❡❧♥í❦②✳

Pr❛✈✐❞❡❧♥é ❦♦♥✈❡①♥í ♠♥♦❤♦st➙♥② ♠❛❥í ➦❛❞✉ ❞❛❧➨í❝❤ ✈❧❛st♥♦stí✱ ❦t❡ré ✈ ❞❡✜♥✐❝✐ ✉✈❡❞❡♥② ♥❡❥s♦✉✱
❛❧❡ ❦t❡ré ③ ♥í ♣❧②♥♦✉ ✖ ♠❛❥í ✈➨❡❝❤♥② st➙♥♦✈é ú❤❧② s❤♦❞♥é✱ ❧③❡ ❥❡ ✈❡♣s❛t ❞♦ ❦♦✉❧❡ ❛t❞✳✱ ✈✐③



✹ ❩á❦❧❛❞② ✹✶

❬❍❛✱ ♣♦❞❦❛♣✳ ✹✹❪✳ Pr❛✈✐❞❡❧♥é ❦♦♥✈❡①♥í ♠♥♦❤♦st➙♥② ❥s♦✉ ③♥á♠② t❛❦é ❥❛❦♦ P❧❛tó♥s❦á t➙❧❡s❛✱✶✼ ✈✐③
♦❜r✳ ✹✳✸✹✳

❖❜rá③❡❦ ✹✳✸✹✿ ❬❑♦❪ Pr❛✈✐❞❡❧♥é ❦♦♥✈❡①♥í ♠♥♦❤♦st➙♥②✳

❘♦③❜♦r ↔t②➦st➙♥✉✱ ❦r②❝❤❧❡ ❛ ♦s♠✐st➙♥✉ ❥❡ ✈❡❧♠✐ s♥❛❞♥ý✱ ♣r♦↔❡➸ ❥❡ ♣♦♥❡❝❤á♥ ❥❛❦♦ ❝✈✐↔❡♥í
✭✈✐③ ❳■■■✳✶✸✕✶✺✮✳ ❱❡ ③❜②t❦✉ t♦❤♦t♦ ♦❞st❛✈❝❡ s✐ r♦③❡❜❡r❡♠❡ ❦♦♥str✉❦❝✐ ♣r❛✈✐❞❡❧♥é❤♦ ❞✈❛❝❡t✐s✲
t➙♥✉ ✭❳■■■✳✶✻✮ ❛ ❞✈❛♥á❝t✐st➙♥✉ ✭❳■■■✳✶✼✮✳ ❖♣❛❦♦✈❛♥➙ s❡ ❜✉❞❡♠❡ ♦❞❦❛③♦✈❛t ♥❛ ♣♦♠♦❝♥á t✈r③❡♥í
❳■■■✳✹ ✭✈✐③ ❝✈✐↔❡♥í ✹✳✶✵✭✹✮✮ ❛ ❳■■■✳✶✵✱ ❦t❡ré ❥s♠❡ ♣❛r❛❢rá③♦✈❛❧✐ ❥❛❦♦ ↔ást ✈➙t② ✹✳✶✹ ♥❛ str✳ ✷✾✿

❳■■■✳✶✵ ❩❡ str❛♥ ♣r❛✈✐❞❡❧♥é❤♦ ♣➙t✐ú❤❡❧♥í❦✉✱ ➨❡st✐ú❤❡❧♥í❦✉ ❛ ❞❡s❡t✐ú❤❡❧♥í❦✉✱ ❥❡♥➸ ❥s♦✉ ✈❡♣sá♥② ❞♦
té➸❡ ❦r✉➸♥✐❝❡✱ ❧③❡ ✈②t✈♦➦✐t ♣r❛✈♦ú❤❧ý tr♦❥ú❤❡❧♥í❦✱ ❥❡❤♦➸ ♣➦❡♣♦♥♦✉ ❥❡ str❛♥❛ ♣➙t✐ú❤❡❧♥í❦✉✳

❚❡♥t♦ s❡③♥❛♠ P❧❛tó♥s❦ý❝❤ t➙❧❡s ❥❡ ❦♦♠♣❧❡t♥í✿

❳■■■✳✶✽ ❊①✐st✉❥❡ ♣rá✈➙ ♣➙t ✈ý➨❡ ✉✈❡❞❡♥ý❝❤ ❞r✉❤➲ ♣r❛✈✐❞❡❧♥ý❝❤ ❦♦♥✈❡①♥í❝❤ ♠♥♦❤♦st➙♥➲✳

❉➲❦❛③✳ ❆❜② ➨❡❧ ③ r♦③✈✐♥✉té sít➙ s❧♦➸✐t ❦♦♥✈❡①♥í ♠♥♦❤♦st➙♥✱ ♠✉sí ❜ýt s♦✉↔❡t ú❤❧➲ ❦♦❧❡♠
❦❛➸❞é❤♦ ✈r❝❤♦❧✉ ♦st➦❡ ♠❡♥➨í ♥❡➸ ♣❧♥ý ú❤❡❧✳ Pr❛✈✐❞❡❧♥é ❦♦♥✈❡①♥í ♠♥♦❤♦st➙♥② ❥s♦✉ s❧♦➸❡♥②
③ ♣r❛✈✐❞❡❧♥ý❝❤ ♠♥♦❤♦ú❤❡❧♥í❦➲✱ ❥❡❥✐❝❤➸ ✈♥✐t➦♥í ú❤❧② ✉♠í♠❡ s♥❛❞♥♦ ✈②♣♦↔ít❛t✳ ❖❞t✉❞ ✈✐❞í♠❡✱
➸❡ P❧❛tó♥s❦á t➙❧❡s❛ ♠♦❤♦✉ ❜ýt s❧♦➸❡♥❛ ❥❡❞✐♥➙ ③ tr♦❥ú❤❡❧♥í❦➲✱ ↔t✈❡r❝➲ ♥❡❜♦ ♣➙t✐ú❤❡❧♥í❦➲✳
❘♦③❜♦r❡♠ ❥❡❞♥♦t❧✐✈ý❝❤ ♠♦➸♥♦stí ✈②↔❡r♣á♠❡ ♣rá✈➙ ✉✈❡❞❡♥á t➙❧❡s❛✳ ✳ ✳ ✏

Pr❛✈✐❞❡❧♥ý ❞✈❛❝❡t✐st➙♥

Pr❛✈✐❞❡❧♥ý ❞✈❛❝❡t✐st➙♥ ♠➲➸❡♠❡ s❡str♦❥✐t t❛❦✱ ➸❡ ❦ ❜✉❜í♥❦♦✈é♠✉ ③á❦❧❛❞✉ ♣➦✐❞á♠❡ ❞✈➙ ↔❡♣✐↔❦②✱
✈✐③ ♥ás❧❡❞✉❥í❝í ♦❜rá③❦②✳ ❇✉❜í♥❦♦✈ý ③á❦❧❛❞ ❥❡ s❧♦➸❡♥ ③ ✶✵ tr♦❥ú❤❡❧♥í❦➲✱ ❥❡❥✐❝❤➸ ✈r❝❤♦❧② t✈♦➦í ❞✈❛
♣♦♦t♦↔❡♥é ♣r❛✈✐❞❡❧♥é ♣➙t✐ú❤❡❧♥í❦②✱ ❦❛➸❞á ③ ↔❡♣✐↔❡❦ s❡stá✈á ③ ✺ tr♦❥ú❤❡❧♥í❦➲✳ ❆❜② ❜②❧♦ ❥❛s♥é✱
❥❛❦ t②t♦ ↔ást✐ s♣rá✈♥➙ s❡str♦❥✐t✱ ♠✉sí♠❡ ③♥át ❥❡❥í❝❤ ✈ý➨❦②✱ r❡s♣✳ ♣♦♠➙r② t➙❝❤t♦ ✈ý➨❡❦ ✈③❤❧❡❞❡♠
❦ ♥➙❥❛❦é ✉r↔✉❥í❝í ✈❡❧✐↔✐♥➙✳

✶✼P♦❧♦♣r❛✈✐❞❡❧♥é ❦♦♥✈❡①♥í ♠♥♦❤♦st➙♥② ❥s♦✉ ③♥á♠② ❥❛❦♦ ❆r❝❤✐♠é❞♦✈s❦á t➙❧❡s❛✱ ♣r❛✈✐❞❡❧♥é ♥❡❦♦♥✈❡①♥í ♠♥♦✲
❤♦st➙♥② ❥❛❦♦ ❑❡♣❧❡r♦✈❛ t➙❧❡s❛✱ ✈✐③ ♣➦í❧♦❤②✳



✹✷ ■■ ❑❧❛s✐❝❦á ❦♦♥str✉❦↔♥í ❣❡♦♠❡tr✐❡

❩❛↔♥➙♠❡ s ❦r✉➸♥✐❝í s❡ st➦❡❞❡♠ V ✱ ♥❛ ♥í➸ s❡str♦❥í♠❡ ❜♦❞② L,F,M,G,N, . . . ❥❛❦♦➸t♦ ✈r❝❤♦❧②
♣r❛✈✐❞❡❧♥é❤♦ ❞❡s❡t✐ú❤❡❧♥í❦✉ ✖ ✈r❝❤♦❧② L,M,N,O, P ❥s♦✉ ✈r❝❤♦❧② ❞♦❧♥í❤♦ ♣➙t✐ú❤❡❧♥í❦✉✱ ✈r❝❤♦❧②
E,F,G, . . . ♣➦❡❞st❛✈✉❥í ❦♦❧♠é ♣r➲♠➙t② ❤♦r♥í❤♦ ♣➙t✐ú❤❡❧♥í❦✉ QRSTU ✳ ❑ s❡str♦❥❡♥í ❞✈❛❝❡t✐st➙♥✉
♣♦t➦❡❜✉❥❡♠❡ ③❥✐st✐t ✈ý➨❦✉ ❜✉❜í♥❦✉ EQ = VW ❛ ✈ý➨❦✉ ↔❡♣✐↔❦② WZ✳ ❚✈r❞í♠❡✱ ➸❡ ♣❧❛tí

EQ = V E (= ♣♦❧♦♠➙r ❦r✉➸♥✐❝❡),

WZ = LE (= ❞❡❧➨í ↔ást ③❧❛té❤♦ ➦❡③✉ ús❡↔❦② V E).

❩❞➲✈♦❞♥➙♥í ❥❡ ♥ás❧❡❞✉❥í❝í✿

✭✶✮ ❱➨❡❝❤♥② ✈②③♥❛↔❡♥é tr♦❥ú❤❡❧♥í❦② ❥s♦✉ ♣♦❞❧❡ ♣➦❡❞♣♦❦❧❛❞✉ r♦✈♥♦str❛♥♥é✱ ③❡❥♠é♥❛ QL = str❛♥❛
♣r❛✈✐❞❡❧♥é❤♦ ♣➙t✐ú❤❡❧♥í❦✉ ✈❡♣s❛♥é❤♦ ❞♦ ❞❛♥é ❦r✉➸♥✐❝❡✳ ◆❛✈í❝ LE = str❛♥❛ ♣r❛✈✐❞❡❧♥é❤♦
❞❡s❡t✐ú❤❡❧♥í❦✉ ✈❡♣s❛♥é❤♦ ❞♦ té➸❡ ❦r✉➸♥✐❝❡ ❛ tr♦❥ú❤❡❧♥í❦ LEQ ❥❡ ♣r❛✈♦ú❤❧ý✳ ❩ t✈r③❡♥í ❳■■■✳✶✵
♣❧②♥❡✱ ➸❡ EQ = str❛♥❛ ♣r❛✈✐❞❡❧♥é❤♦ ➨❡st✐ú❤❡❧♥í❦✉ ✈❡♣s❛♥é❤♦ ❞♦ st❡❥♥é ❦r✉➸♥✐❝❡✱ t❥✳ ♣rá✈➙
❥❡❥í ♣♦❧♦♠➙r✳

❖❜rá③❡❦ ✹✳✸✺✿ ❬❆❪ Pr❛✈✐❞❡❧♥ý ❞✈❛❝❡t✐st➙♥ ♣♦♣r✈é✿ EVWQ ❥❡ ↔t✈❡r❡❝✳

✭✷✮ ❚r♦❥ú❤❡❧♥í❦ QWZ ❥❡ ♣r❛✈♦ú❤❧ý✱ QZ = str❛♥❛ ♣r❛✈✐❞❡❧♥é❤♦ ♣➙t✐ú❤❡❧♥í❦✉ ❛ QW = str❛♥❛
♣r❛✈✐❞❡❧♥é❤♦ ➨❡st✐ú❤❡❧♥í❦✉ ✈❡♣s❛♥é❤♦ ❞♦ st❡❥♥é ❦r✉➸♥✐❝❡✳ ❩♥♦✈✉ ♣♦❞❧❡ ❳■■■✳✶✵ ③❥✐➨➫✉❥❡♠❡✱ ➸❡
WZ = str❛♥❛ ✈❡♣s❛♥é❤♦ ❞❡s❡t✐ú❤❡❧♥í❦✉✱ ❛ t✉ ❥✐➸ ♠á♠❡ s❡str♦❥❡♥♦✉✳

❖❜rá③❡❦ ✹✳✸✻✿ ❬❆❪ Pr❛✈✐❞❡❧♥ý ❞✈❛❝❡t✐st➙♥ ♣♦❞r✉❤é✿ WZ = ③❧❛tý ➦❡③ ús❡↔❦② WQ✳



✹ ❩á❦❧❛❞② ✹✸

✭✸✮ Pr♦ ❦♦♥tr♦❧✉ ✉❦á➸❡♠❡✱ ➸❡ t❛❦t♦ s❡str♦❥❡♥ý ❞✈❛❝❡t✐st➙♥ ❥❡ ✈❡♣sá♥ ❞♦ ❦♦✉❧❡✿

◆❛ ♦❜r✳ ✹✳✷✸ ♥❛ str✳ ✷✾ ❥❡ ♥❛③♥❛↔❡♥♦✱ ❥❛❦ ❥s♦✉ s❡str♦❥❡♥② str❛♥② ♣r❛✈✐❞❡❧♥é❤♦ ♣➙t✐ú❤❡❧♥í❦✉
❛ ❞❡s❡t✐ú❤❡❧♥í❦✉ ✈❡♣s❛♥é❤♦ ❞♦ st❡❥♥é ❦r✉➸♥✐❝❡✳ ❚❛t♦ ❦♦♥str✉❦❝❡ ❜②❧❛ ♦❞✈♦③❡♥❛ ③ ❦♦♥str✉❦❝❡
③❧❛té❤♦ ➦❡③✉ ♣♦❞❧❡ ■■✳✶✶✳ P♦r♦✈♥á♥í♠ s ➦❡③❡♠ ❞✈❛❝❡t✐st➙♥✉ ✈✐❞í♠❡✱ ➸❡ ❜♦❞② Z,Q,E,X ❧❡➸í
♥❛ ❦r✉➸♥✐❝✐✳ ❘♦t❛❝í tét♦ ❦r✉➸♥✐❝❡ ❦♦❧❡♠ ♦s② ZX ❞♦st❛♥❡♠❡ s❢ér✉ ♣r♦❝❤á③❡❥í❝í ✈➨❡♠✐ ✈r❝❤♦❧②
❞✈❛❝❡t✐st➙♥✉✳

❖❜rá③❡❦ ✹✳✸✼✿ ❬❆❪ Pr❛✈✐❞❡❧♥ý ❞✈❛❝❡t✐st➙♥ ♣♦t➦❡tí✿ ➦❡③ ❞✈❛❝❡t✐st➙♥❡♠ ❛ ➦❡③ ③❧❛tý✳

Pr❛✈✐❞❡❧♥ý ❞✈❛♥á❝t✐st➙♥

Pr❛✈✐❞❡❧♥ý ❞✈❛♥á❝t✐st➙♥ ♠➲➸❡ ❜ýt s❡str♦❥❡♥ t❛❦✱ ➸❡ s❡ ♥❛❞ ❦r②❝❤❧í ✈❤♦❞♥➙ ♣♦st❛✈í ♣➙t✐ú❤❡❧♥í❦♦✈é
st➦❡❝❤②✱ ✈✐③ ♦❜r✳ ✹✳✸✽✳ ❙tr❛♥❛ ❦r②❝❤❧❡ ❥❡ ú❤❧♦♣➦í↔❦♦✉ ♣r❛✈✐❞❡❧♥é❤♦ ♣➙t✐ú❤❡❧♥í❦✉✱ ❦t❡rý t✈♦➦í st➙♥②
❞✈❛♥á❝t✐st➙♥✉✳ ❚♦ ③♥❛♠❡♥á✱ ➸❡ str❛♥✉ ❞✈❛♥á❝t✐st➙♥✉ s♥❛❞♥♦ s❡str♦❥í♠❡ ❥❛❦♦ ❞❡❧➨í ↔ást ③❧❛té❤♦
➦❡③✉ str❛♥② ❦r②❝❤❧❡✳ ❏❡❞✐♥é✱ ❝♦ ♣♦t➦❡❜✉❥❡♠❡ ❥❡➨t➙ ③♥át ❦❡ ❦♦♥str✉❦❝✐ ❞✈❛♥á❝t✐st➙♥✉✱ ❥❡ ✈ý➨❦❛
❤➦❡❜❡♥❡ st➦❡❝❤② ♥❛❞ st➙♥♦✉ ❦r②❝❤❧❡✳ ❱ ♥ás❧❡❞✉❥í❝í♠ ✉❦á➸❡♠❡✱ ➸❡ t❛t♦ ✈ý➨❦❛ ❥❡ ♣rá✈➙ ♣♦❧♦✈✐♥♦✉
str❛♥② ❞✈❛♥á❝t✐st➙♥✉✳

❩❛↔♥❡♠❡ s ❦r②❝❤❧í✱ ❥❡❥í➸ st➙♥✉ BCFE r♦③♣➲❧í♠❡ ús❡↔❦♦✉ NO✳ ❇♦❞ P ❥❡ st➦❡❞❡♠ NO ❛ ❜♦❞ R

❥❡ s❡str♦❥❡♥ ❥❛❦♦ ③❧❛tý ➦❡③ ús❡↔❦② PN ✳ ❍➦❡❜❡♥ UV ❥❡ ❦♦❧♠♦ ♥❛❞ ús❡↔❦♦✉ RS✳ ❚✈r❞í♠❡✱ ➸❡ ♣♦❦✉❞
s❡str♦❥í♠❡ U ❛ V t❛❦✱ ❛❜②

SV = RU = RP (= ❞❡❧➨í ↔ást ③❧❛té❤♦ ➦❡③✉ ús❡↔❦② PN),

❛ ➸❡ ♣♦❦✉❞ ③♦♣❛❦✉❥❡♠❡ st❡❥♥♦✉ ❦♦♥str✉❦❝✐ ♥❛❞ ❦❛➸❞♦✉ st➙♥♦✉ ❦r②❝❤❧❡✱ ❞♦st❛♥❡♠❡ ♣r❛✈✐❞❡❧♥ý
❞✈❛♥á❝t✐st➙♥✳



✹✹ ■■ ❑❧❛s✐❝❦á ❦♦♥str✉❦↔♥í ❣❡♦♠❡tr✐❡

❖❜rá③❡❦ ✹✳✸✽✿ ❬❆❪ Pr❛✈✐❞❡❧♥ý ❞✈❛♥á❝t✐st➙♥✿ RU = RP = ③❧❛tý ➦❡③ PN ✳

❩❞➲✈♦❞♥➙♥í ❥❡ ♥ás❧❡❞✉❥í❝í✿

✭✶✮ ❯❦á➸❡♠❡✱ ➸❡ ❜♦❞② UBCWV ❧❡➸í ✈ ❥❡❞♥é r♦✈✐♥➙✿

Pr♦t♦➸❡ ús❡↔❦② UV ❛ BC ❥s♦✉ r♦✈♥♦❜➙➸♥é✱ st❛↔í✱ ❦❞②➸ ✉❦á➸❡♠❡✱ ➸❡ st➦❡❞ X ús❡↔❦② UV ✱ st➦❡❞
H ús❡↔❦② BC ❛ ❜♦❞ W ❧❡➸í ♥❛ ❥❡❞♥é ♣➦í♠❝❡✳ ❩ t♦❤♦t♦ ❞➲✈♦❞✉ ♥②♥í ③❛♦st➦í♠❡ ♥❛➨✐ ♣♦③♦r♥♦st
♥❛ tr♦❥ú❤❡❧♥í❦②HPX ❛WTH✳ ❩ ❦♦♥str✉❦❝❡ ♣❧②♥❡✱ ➸❡ ♦❜❛ tr♦❥ú❤❡❧♥í❦② ❥s♦✉ ♣r❛✈♦ú❤❧é ❛ ♣❧❛tí

PH : PX = PN : PR = PR : RN = TW : TH

✭♣r✈♥í ❛ t➦❡tí r♦✈♥♦st ♦❞❦❛③✉❥❡ ♥❛ r♦✈♥♦st ús❡↔❡❦✱ ❞r✉❤á r♦✈♥♦st ❥❡ ③ ❞❡✜♥✐❝❡ ③❧❛té❤♦ ➦❡③✉✮✳
❚♦ ③♥❛♠❡♥á✱ ➸❡ t②t♦ tr♦❥ú❤❡❧♥í❦② ❥s♦✉ ♣♦❞♦❜♥é✳ Pr♦t♦➸❡ str❛♥② PX ❛ TH ❥s♦✉ r♦✈♥♦❜➙➸♥é✱
❥s♦✉ t❛❦é ♦st❛t♥í ❞✈♦❥✐❝❡ ♦❞♣♦✈í❞❛❥í❝í❝❤ s✐ str❛♥ r♦✈♥♦❜➙➸♥é✱ ❛ ♣r♦t♦➸❡ str❛♥② XH ❛ HW

♠❛❥í s♣♦❧❡↔♥ý ❜♦❞✱ ❧❡➸í ❜♦❞② X,H,W ♥❛ ❥❡❞♥é ♣➦í♠❝❡✳

✭✷✮ ❯❦á➸❡♠❡✱ ➸❡ ♣➙t✐ú❤❡❧♥í❦ UBCWV ❥❡ ♣r❛✈✐❞❡❧♥ý✿

◆❡❥♣r✈❡ ✉❦á➸❡♠❡✱ ➸❡ ♣❧❛tí r♦✈♥♦st BU = UV ✳ ❩ ❦♦♥str✉❦❝❡ ✈í♠❡✱ ➸❡ RP = RU ❥❡ ❞❡❧➨í ↔ástí
③❧❛té❤♦ ➦❡③✉ ús❡↔❦② PN = BN ✳ ❱ ♥ás❧❡❞✉❥í❝í ♣♦s❧♦✉♣♥♦st✐ ú♣r❛✈ s❡ ♣♦st✉♣♥➙ ♦❞❦❛③✉❥❡♠❡
♥❛ P②t❤❛❣♦r♦✈✉ ✈➙t✉ ✈ tr♦❥ú❤❡❧♥í❦✉ BRU ✱ P②t❤❛❣♦r♦✈✉ ✈➙t✉ ✈ tr♦❥ú❤❡❧♥í❦✉ BNR✱ r♦✈♥♦st
BN = PN ✱ ✈➙t✉ ❳■■■✳✹ ❛ r♦✈♥♦st RU = RP ✿

BU2 = BR2 +RU2 = BN2 +NR2 +RU2 =

= (PN2 +NR2) +RU2 = 3PR2 +RU2 = 4PR2.

❖❞t✉❞ ♣❧②♥❡✱ ➸❡ BU = 2PR = UV ✳ ❙t❡❥♥ý♠ ③♣➲s♦❜❡♠ s❡ ③❞➲✈♦❞♥í✱ ➸❡ ♦st❛t♥í str❛♥②
♣➙t✐ú❤❡❧♥í❦✉ ❥s♦✉ st❡❥♥é✳

P♦❞♦❜♥ý♠✐ ú♣r❛✈❛♠✐ ❥❛❦♦ ♣➦❡❞ ❝❤✈í❧í ❧③❡ ③❞➲✈♦❞♥✐t✱ ➸❡ BV = BC✳ ❖❞t✉❞ ♣♦❞❧❡ ✈➙t② ❙❙❙
♣❧②♥❡✱ ➸❡ tr♦❥ú❤❡❧♥í❦② BUV ❛ BWC ❥s♦✉ s❤♦❞♥é✱ t✉❞í➸ ✈♥✐t➦♥í ú❤❧② ✉ ✈r❝❤♦❧➲ U ❛ W ❥s♦✉
s❤♦❞♥é✳ ❙t❡❥♥ý♠ ③♣➲s♦❜❡♠ ❧③❡ ③❞➲✈♦❞♥✐t✱ ➸❡ ♦st❛t♥í ✈♥✐t➦♥í ú❤❧② ♣➙t✐ú❤❡❧♥í❦✉ ❥s♦✉ st❡❥♥é ✖
♣➙t✐ú❤❡❧♥í❦ ❥❡ t❡❞② ♣r❛✈✐❞❡❧♥ý✳

✭✸✮ Pr♦ ❦♦♥tr♦❧✉✱ ➸❡ s❡str♦❥❡♥ý ❞✈❛♥á❝t✐st➙♥ ❥❡ ✈❡♣sá♥ ❞♦ ❦♦✉❧❡✱ st❛↔í ✉❦á③❛t✱ ➸❡ ✈③❞á❧❡♥♦st st➦❡❞✉
❦r②❝❤❧❡ ❥❡ st❡❥♥á ♦❞ ✈➨❡❝❤ ✈r❝❤♦❧➲ ❞✈❛♥á❝t✐st➙♥✉✳ ❖♣➙t♦✈♥ý♠ ✉➸✐tí♠ P②t❤❛❣♦r♦✈② ✈➙t② ❛ ✈➙t②
❳■■■✳✹ ❧③❡ s❦✉t❡↔♥➙ ✉❦á③❛t✱ ➸❡

ZB2 = ZU2 = 3BN2. ✭✹✳✽✮



✺ Ú❧♦❤❛ ❆♣♦❧❧ó♥✐♦✈❛ ❛ ú❧♦❤② ♣➦í❜✉③♥é ✹✺

✹✳✷✷ ❈✈✐↔❡♥í

✭✶✮ ❉♦❦❛➸t❡✱ ➸❡ ♣❧❛tí ✭✹✳✽✮✳

✭✷✮ ❖❞✈♦↕t❡ ✈③t❛❤ ♠❡③✐ str❛♥♦✉ ♣r❛✈✐❞❡❧♥é❤♦ ❞✈❛❝❡t✐st➙♥✉ ❛ ♣♦❧♦♠➙r❡♠ ♦♣s❛♥é s❢ér②✳

✭✸✮ ➄❡➨t❡ t✉té➸ ú❧♦❤✉ ♣r♦ ♦st❛t♥í P❧❛tó♥s❦á t➙❧❡s❛ ❛ ♣♦r♦✈♥❡❥t❡ s ✈②❥á❞➦❡♥í♠ ✈ ❳■■■✳✶✽✳

✭✹✮ P♦♣✐➨t❡ ♠♦➸♥é ❦♦♥str✉❦❝❡ ♦st❛t♥í❝❤ P❧❛tó♥s❦ý❝❤ t➙❧❡s✳ ✏

✺ Ú❧♦❤❛ ❆♣♦❧❧ó♥✐♦✈❛ ❛ ú❧♦❤② ♣➦í❜✉③♥é

Ú❦♦❧❡♠ ♦❜❡❝♥é ❆♣♦❧❧ó♥✐♦✈② ú❧♦❤② ❥❡ s❡str♦❥✐t ❦r✉➸♥✐❝✐✱ ❦t❡rá s❡ ❞♦tý❦á t➦í ❞❛♥ý❝❤ ❦r✉➸♥✐❝✳ ❙❡✲
str♦❥✐t ❥❛❦♦ ♦❜✈②❦❧❡ ③♥❛♠❡♥á s❡str♦❥✐t ❡✉❦❧❡✐❞♦✈s❦ý♠ ♣r❛✈ít❦❡♠ ❛ ❦r✉➸ít❦❡♠✳ ❚♦ ③♥❛♠❡♥á✱ ➸❡ s❡
♣í❞í♠❡ ❤❧❛✈♥➙ ♣♦ ❞♦t②❦♦✈ý❝❤ ❜♦❞❡❝❤✱ t❡♣r✈❡ ♣♦té ❦r❡s❧í♠❡ ✈ýs❧❡❞♥♦✉ ❦r✉➸♥✐❝✐✳ ❏❛❦♦ ❧✐♠✐t♥í ♣➦í✲
♣❛❞② ✉✈❛➸✉❥❡♠❡ ♠íst♦ ❞❛♥ý❝❤ ❦r✉➸♥✐❝ t❛❦é ❜♦❞② ❛ ♣➦í♠❦② ✈ r➲③♥ý❝❤ ❦♦♠❜✐♥❛❝í❝❤✳ ❱ ③á✈✐s❧♦st✐ ♥❛
✈③á❥❡♠♥ý❝❤ ♣♦❧♦❤á❝❤ t➦í ❞❛♥ý❝❤ ♦❜❥❡❦t➲✱ ♠➲➸❡ ♠ít ú❧♦❤❛ r➲③♥é ♣♦↔t② ➦❡➨❡♥í ✖ ✈ ♥❡❥♦❜❡❝♥➙❥➨í♠
♣➦í♣❛❞➙ ♦s♠✳

P➲✈♦❞♥í ❆♣♦❧❧ó♥✐♦✈♦ ✭❦♦❧❡♠ ✷✺✵ ♣➦✳❑✳✮ ➦❡➨❡♥í s❡ ♥❡③❛❝❤♦✈❛❧♦✱ ♥➙❦♦❧✐❦ ♣♦③♥á♠❡❦ ❥❡ ③♥á♠♦
❞í❦② P❛♣♣♦✈✐ ③ ❆❧❡①❛♥❞r✐❡ ✭❦♦❧❡♠ ✹✵✵✮✳ ◆ás❧❡❞✉❥í❝í ✈ý❦❧❛❞ ↔ást❡↔♥➙ s❧❡❞✉❥❡ r❡❦♦♥str✉❦❝✐ ♣♦❞❧❡
❋✳ ❱✐èt❛ ✭❦♦❧❡♠ ✶✻✵✵✮✱ ❦❞❡ s❡ ③❡❥♠é♥❛ ✉➸í✈á ❞✐❧❛t❛❝❡ ❦ r❡❞✉❦❝✐ s❧♦➸✐t♦st✐ ♦❜❡❝♥➙❥➨í❝❤ ♣➦í♣❛❞➲✳
❱ t♦♠t♦ ❞✉❝❤✉ s❡ ♣r♦♣r❛❝✉❥❡♠❡ ♦❞ ♥❡❥❥❡❞♥♦❞✉➨➨í❝❤ ú❧♦❤ t♦❤♦t♦ t②♣✉ ❛➸ ❦ ✭té♠➙➦✮ ♦❜❡❝♥é ❆♣♦❧❧ó✲
♥✐♦✈➙ ú❧♦③❡✳ ❑r♦♠➙ ❞✐❧❛t❛❝❡ ❜✉❞❡♠❡ ❥❡➨t➙ ♦❞❦❛③♦✈❛t ♥❛ st❡❥♥♦❧❡❤❧♦st✱ r➲③♥é s♦✉♠➙r♥♦st✐ ❛ ♠♦❝✲
♥♦st ❜♦❞✉ ❦❡ ❦r✉➸♥✐❝✐✳ ❱ ♦❞st✳ ✼✳✻ s❡ ♥❛✉↔í♠❡ ♥➙❝♦ ♦ ❦r✉❤♦✈é ✐♥✈❡r③✐✱ ❦t❡rá ♥❛❜í③í ❛❧t❡r♥❛t✐✈♥í
❛ ↔❛st♦ ✈❡❧♠✐ ❡❧❡❣❛♥t♥í ❦♦♥str✉❦❝❡✳ ❚❡♥t♦ ♣➦íst✉♣ ❥❡ s♣♦❥♦✈á♥ s❡ ❥♠é♥❡♠ ❏✳ P❡t❡rs❡♥❛ ✭✶✽✼✾✮✳
▼❡t♦❞ ➦❡➨❡♥í ❆♣♦❧❧ó♥✐♦✈② ú❧♦❤② ❡①✐st✉❥❡ ✈s❦✉t❦✉ ♠♥♦❤♦✱ ♦ ♥➙❦t❡rý❝❤ ❞❛❧➨í❝❤ s❡ ③♠✐➡✉❥❡♠❡ ❥❡➨t➙
✈ ❞♦❞❛t❦✉ ✷✵✳

✺✳✶ P♦♠♦❝♥é ❦♦♥str✉❦❝❡ ❛ ♣♦st➦❡❤②

❯ ❞♦t②❦♦✈ý❝❤ ✖ t❡❞② ✐ ❆♣♦❧❧ó♥✐♦✈ý❝❤ ✖ ú❧♦❤ ❥❡ ✈❡❧♠✐ ↔❛st♦ ✈ý❤♦❞♥é ✉✈❛➸♦✈❛t ♠íst♦ ♦❜②↔❡❥✲
♥é❤♦ ❞♦t②❦✉ ❞♦t②❦ ♦r✐❡♥t♦✈❛♥ý✳ ❚í♠ s❡ ③♣r❛✈✐❞❧❛ ③♣➦❡❤❧❡❞♥í ➦❡➨❡♥í ú❧♦❤②✱ ♣➦✐↔❡♠➸ ✈➨❡❝❤♥❛ ✭♥❡✲
♦r✐❛♥t♦✈❛♥á✮ ➦❡➨❡♥í ❧③❡ ✈➸❞② ✈②↔❡r♣❛t ❦♦♠❜✐♥♦✈á♥í♠ ✈➨❡❝❤ ♠♦➸♥ý❝❤ ♦r✐❡♥t❛❝í ❞❛♥ý❝❤ ♦❜❥❡❦t➲✳
❱ t❛❦♦✈ý❝❤ ♣➦í♣❛❞❡❝❤ ❜✉❞❡♠❡ ♠íst♦ ♦ ❦r✉➸♥✐❝í❝❤ ❛ ♣➦í♠❦á❝❤ ♠❧✉✈✐t ♦ ❝②❦❧❡❝❤ ❛ ♣❛♣rs❝í❝❤✿

❈②❦❧✉s ❂ ♦r✐❡♥t♦✈❛♥á ❦r✉➸♥✐❝❡✱ ♣❛♣rs❡❦ ❂ ♦r✐❡♥t♦✈❛♥á ♣➦í♠❦❛✳

❩á❦❧❛❞♥í ♣♦♠♦❝♥é ú❧♦❤②✱ ❦t❡ré ✈ s♦✉✈✐s❧♦st✐ s ❆♣♦❧❧ó♥✐♦✈ý♠✐ ú❧♦❤❛♠✐ ❜✉❞❡♠❡ ♣♦t➦❡❜♦✈❛t✱ s❡
tý❦❛❥í ❦♦♥str✉❦❝í t❡↔❡♥ ❦❡ ❦r✉➸♥✐❝í♠ ✭♣➦í♣✳ ♣❛♣rs❦➲ ❦ ❝②❦❧➲♠✮✳

❚❡↔♥❛ ③ ❜♦❞✉ ❦❡ ❦r✉➸♥✐❝✐

❱ ③á✈✐s❧♦st✐ ♥❛ ✈③á❥❡♠♥é ♣♦❧♦③❡ ❜♦❞✉ ❛ ❦r✉➸♥✐❝❡ ♠➲➸❡ ♠ít ú❧♦❤❛ ✵✱ ✶✱ r❡s♣✳ ✷ ➦❡➨❡♥í✱ ❛ t♦ ♣rá✈➙
❦❞②➸ ❞❛♥ý ❜♦❞ ❧❡➸í ✉✈♥✐t➦✱ ♥❛✱ r❡s♣✳ ✈♥➙ ❦r✉➸♥✐❝❡✳ ❏❡❞✐♥ý♠ ♥❡tr✐✈✐á❧♥í♠ ♣➦í♣❛❞❡♠ ❥❡ t❡♥ ♣♦s❧❡❞♥➙
❥♠❡♥♦✈❛♥ý✱ ❥❡❤♦➸ ❦♦♥str✉❦↔♥í ➦❡➨❡♥í ❥s♠❡ ③♠✐➡♦✈❛❧✐ ❥✐➸ ✈❡ ❝✈✐↔❡♥í ✹✳✶✸✳ ❚✉t♦ ú❧♦❤✉ ✉♠í♠❡ ➦❡➨✐t
❞✈♦❥í♠ ③♣➲s♦❜❡♠✱ ✈✐③ ♦❜r✳ ✺✳✸✾✿

✭❛✮ ♣♦♠♦❝í ❚❤❛❧❡t♦✈② ❦r✉➸♥✐❝❡ ✭■■■✳✸✶✮✱

✭❜✮ ♣♦♠♦❝í ❥✐sté s♦✉♠➙r♥♦st✐ ✭■■■✳✶✼✮✳



✹✻ ■■ ❑❧❛s✐❝❦á ❦♦♥str✉❦↔♥í ❣❡♦♠❡tr✐❡

❖❜rá③❡❦ ✺✳✸✾✿ ❚❡↔♥❛ ③ ❜♦❞✉ B ❦❡ ❦r✉➸♥✐❝✐ k✿ ✭❛✮ ♣♦♠♦❝í ❚❤❛❧❡t♦✈② ❦r✉➸♥✐❝❡❀ ✭❜✮ ♣♦♠♦❝í
s♦✉♠➙r♥♦st✐✳

❙♣♦❧❡↔♥é t❡↔♥② ❞✈♦✉ ❦r✉➸♥✐❝

❑♦♥str✉❦❝✐ s♣♦❧❡↔♥ý❝❤ t❡↔❡♥ ❦❡ ❞✈➙♠❛ ❞❛♥ý♠ ❦r✉➸♥✐❝í♠ ❧③❡ r❡❞✉❦♦✈❛t ♥❛ ♣➦❡❞❝❤♦③í ❦♦♥str✉❦❝✐✱
❛ t♦ ♥➙❦♦❧✐❦❡rý♠ ③♣➲s♦❜❡♠✿

✭❛✮ ♣♦♠♦❝í st❡❥♥♦❧❡❤❧♦st✐✱

✭❜✮ ♣♦♠♦❝í ❞✐❧❛t❛❝❡✳

❖❜➙ t②t♦ tr❛♥s❢♦r♠❛❝❡ ❜✉❞♦✉ ❤rát ✈ý③♥❛♠♥♦✉ r♦❧✐ ♣➦✐ ➦❡➨❡♥í ❆♣♦❧❧ó♥✐♦✈ý❝❤ ú❧♦❤✳ ❑❛➸❞é ③ ♥✐❝❤
s❡ s✐❝❡ ✈➙♥✉❥❡♠❡ ❛➸ ✈ ♦❞st❛✈❝í❝❤ ✼✳✹ ❛ ✼✳✶✱ ❛❧❡ ✉➸ ♥②♥í ❥❡ ❜✉❞❡♠❡ ✈♦❧♥➙ ♣♦✉➸í✈❛t✳ ❱ s♦✉✈✐s❧♦st✐ s❡
st❡❥♥♦❧❡❤❧♦stí ♦❞❦❛③✉❥❡♠❡ ♣♦✉③❡ ♥❛ ❢❛❦t✱ ➸❡ ❦❛➸❞é ❞✈➙ ❦r✉➸♥✐❝❡ ❥s♦✉ st❡❥♥♦❧❡❤❧é ✭❞✈♦❥í♠ ③♣➲s♦✲
❜❡♠✮ ❛ ➸❡ ♦❜r❛③❡♠ ❦❛➸❞é ♣➦í♠❦② ❥❡ ♣➦í♠❦❛ s ♥í r♦✈♥♦❜➙➸♥á ✭♥❡❜♦ s♣❧ý✈❛❥í❝í✮✳ ❯ ❞✐❧❛t❛❝í ♠✉sí♠❡
❞➲s❧❡❞♥➙ ✉✈❛➸♦✈❛t ♦r✐❡♥t♦✈❛♥é ❦r✉➸♥✐❝❡ ♥❡❜♦❧✐ ❝②❦❧②✳ ❉✐❧❛t❛❝í ❝②❦❧✉ ♦ ♥➙❥❛❦♦✉ ❤♦❞♥♦t✉ ρ ✈③♥✐❦♥❡
❝②❦❧✉s✱ ❦t❡rý ❥❡ s ❞❛♥ý♠ ❝②❦❧❡♠ s♦✉st➦❡❞♥ý ❛ ❥❡❤♦➸ ♣♦❧♦♠➙r ❥❡ ♦ ρ ✈➙t➨í✱ ♣➦í♣✳ ♠❡♥➨í ✈ ③á✈✐s❧♦st✐
♥❛ ③♥❛♠é♥❦✉ ρ ❛ ♦r✐❡♥t❛❝✐✳

❱ ③á✈✐s❧♦st✐ ♥❛ ✈③á❥❡♠♥é ♣♦❧♦③❡ ❦r✉➸♥✐❝ ♠➲➸❡ ♠ít ú❧♦❤❛ ♦❞ ✵ ❞♦ ✹ ➦❡➨❡♥í✳ P♦❦✉❞ ❤❧❡❞♥á♠❡
t❡↔♥é ♣❛♣rs❦② ❦❡ ❞✈➙♠❛ ❝②❦❧➲♠✱ ♠á ú❧♦❤❛ ♥❡❥✈ý➨❡ ✷ ➦❡➨❡♥í❀ ➦❡➨❡♥í ❥❡❞♥é t❛❦♦✈é ú❧♦❤② ❥❡ ♥❛
♦❜r✳ ✺✳✹✵✳

❖❜rá③❡❦ ✺✳✹✵✿ ❙♣♦❧❡↔♥é ♦r✐❡♥t♦✈❛♥é t❡↔♥② ❦❡ ❞✈➙♠❛ ❝②❦❧➲♠ k, l✿ ✭❛✮ ♣♦♠♦❝í st❡❥♥♦❧❡❤✲
❧♦st✐❀ ✭❜✮ ♣♦♠♦❝í ❞✐❧❛t❛❝❡✳

✺✳✷ ◆❡❥❥❡❞♥♦❞✉➨➨í ♣➦í♣❛❞②

❱ ♣r✈♥í❝❤ ↔t②➦❡❝❤ ú❧♦❤á❝❤ ❥s♦✉ ✈ ③❛❞á♥í ♣♦✉③❡ ❜♦❞② ✭❇✮ ♥❡❜♦ ♣➦í♠❦② ✭P✮✳



✺ Ú❧♦❤❛ ❆♣♦❧❧ó♥✐♦✈❛ ❛ ú❧♦❤② ♣➦í❜✉③♥é ✹✼

❇❇❇

❑r✉➸♥✐❝❡ ♣r♦❝❤á③❡❥í❝í t➦❡♠✐ ❞❛♥ý♠✐ ❜♦❞② ✭✈ ♦❜❡❝♥é ♣♦❧♦③❡✮ ❥❡ ♣rá✈➙ ❦r✉➸♥✐❝❡ ♦♣s❛♥á tr♦❥ú❤❡❧✲
♥í❦✉✱ ✈✐③ ♦❜r✳ ✺✳✹✶✳ ❙❡str♦❥✐t st➦❡❞ ❤❧❡❞❛♥é ❦r✉➸♥✐❝❡ ③♥❛♠❡♥á s❡str♦❥✐t ✷✕✸ ♦s② ús❡↔❡❦✳ Pr♦ r➲③♥é
♥❡❦♦❧✐♥❡ár♥í ❜♦❞② ♠á ú❧♦❤❛ ❥❡❞✐♥é ➦❡➨❡♥í✳

❖❜rá③❡❦ ✺✳✹✶✿ ❬❊J ❪ ■❱✳✺✿ ❑r✉➸♥✐❝❡ ♦♣s❛♥á tr♦❥ú❤❡❧♥í❦✉✳

PPP

❏❡❞♥❛ ③ ❦r✉➸♥✐❝✱ ❦t❡rá s❡ ❞♦tý❦á t➦í ❞❛♥ý❝❤ ♣➦í♠❡❦ ✭✈ ♦❜❡❝♥é ♣♦❧♦③❡✮✱ ❥❡ ❦r✉➸♥✐❝❡ ✈❡♣s❛♥á
tr♦❥ú❤❡❧♥í❦✉✱ ✈✐③ ♦❜r✳ ✺✳✹✷✳ ❙❡str♦❥✐t ➦❡➨❡♥í ③♥❛♠❡♥á s❡str♦❥✐t ♥➙❦♦❧✐❦ ♦s ú❤❧➲✳ Ú❧♦❤❛ ♠á ♥❡❥✈ý➨❡
✹ ➦❡➨❡♥í✳

❖❜rá③❡❦ ✺✳✹✷✿ ❬❊J ❪ ■❱✳✹✿ ❑r✉➸♥✐❝❡ ✈❡♣s❛♥á ♠❡③✐ t➦✐ ♣➦í♠❦②✳

❇❇P

❚❛t♦ ú❧♦❤❛ ♠á ♥❡❥✈ý➨❡ ✷ ➦❡➨❡♥í✳ ❖❜❡❝♥ý ♣➦í♣❛❞ ❥s♠❡ ➦❡➨✐❧✐ ❥❛❦♦ ❝✈✐↔❡♥í ✹✳✶✸✭✻✮ ♣♦♠♦❝í ♣♦st➦❡❤➲
③❛❧♦➸❡♥ý❝❤ ♥❛ ♠♦❝♥♦st✐ ❜♦❞✉ ❦❡ ❦r✉➸♥✐❝✐✿

❑❛➸❞ý ❜♦❞ ♥❛ ♣➦í♠❝❡ AB ♠á st❡❥♥♦✉ ♠♦❝♥♦st ❦❡ ✈➨❡♠ ❦r✉➸♥✐❝í♠ ♣r♦❝❤á③❡❥í❝í♠ ❜♦❞② A,B✳
➄❡➨❡♥í k s❡ ♥❛✈í❝ ❞♦tý❦á ♣➦í♠❦② c✱ ♣r♦ ❜♦❞ P = AB ∩ c t❡❞② ♣❧❛tí

PA · PB = PC2.

❙t❛↔í s❡str♦❥✐t ✈❡❧✐❦♦st ús❡↔❦② PC✱ ❦t❡r♦✉ ♥❛♥❡s❡♠❡ ♥❛ ♣➦í♠❦✉ c✳



✹✽ ■■ ❑❧❛s✐❝❦á ❦♦♥str✉❦↔♥í ❣❡♦♠❡tr✐❡

❖❜rá③❡❦ ✺✳✹✸✿ ➄❡➨❡♥í ❇❇P ✭A,B, c✮ ♣♦♠♦❝í ♠♦❝♥♦st✐✿
✭✶✮ P ❥❡ ♣r➲s❡↔í❦ ♣➦í♠❡❦ AB ❛ c✱
✭✷✮ C ❥❡ s❡str♦❥❡♥ ♥❛ ♣➦í♠❝❡ c t❛❦✱ ❛❜② ♣❧❛t✐❧♦ |PC| =

√

|PA| · |PB|✱
✭✸✮ ❦r✉➸♥✐❝❡ k ❥❡ ✉r↔❡♥❛ ❜♦❞② A,B,C✳

❇PP

❚❛❞② ♥ás ♥❛♣❛❞❛❥í ❤♥❡❞ ❞✈❛ ❡❧❡♠❡♥tár♥í ③♣➲s♦❜② ➦❡➨❡♥í✳ Ú❧♦❤❛ ♠á ♥❡❥✈ý➨❡ ✷ ➦❡➨❡♥í✳

✭❛✮ ❑❛➸❞é ➦❡➨❡♥í ❥❡ s❛♠♦ ❦ s♦❜➙ s②♠❡tr✐❝❦é ♣♦❞❧❡ ♥❛③♥❛↔❡♥é ♦s② ú❤❧✉✳ ❑ ❞❛♥é♠✉ ❜♦❞✉ A

st❛↔í s❡str♦❥✐t s②♠❡tr✐❝❦ý ❜♦❞ A′✱ ③❛♣♦♠❡♥♦✉t ♥❛ ❥❡❞♥✉ ♣➦í♠❦✉ ❛ ➦❡➨✐t ú❧♦❤✉ ❇❇P✱ ❦t❡r♦✉
❥✐➸ ✉♠í♠❡✳

❖❜rá③❡❦ ✺✳✹✹✿ ➄❡➨❡♥í ❇PP ✭A, b, c✮ ♣♦♠♦❝í ♦s♦✈é s♦✉♠➙r♥♦st✐✿
✭✶✮ A′ ❥❡ s②♠❡tr✐❝❦ý ❦ A ♣♦❞❧❡ ♦s②✱
✭✷✮ k ❥❡ ❦r✉➸♥✐❝❡✱ ❦t❡rá ♣r♦❝❤á③í ❜♦❞② A,A′ ❛ ❞♦tý❦á s❡ b ✭ú❧♦❤❛ ❇❇P✮✱
✭✸✮ ♣♦③♥✳✿ ❜♦❞② ❞♦t②❦✉ k s ♣➦í♠❦❛♠✐ b ❛ c ❥s♦✉ s②♠❡tr✐❝❦é ♣♦❞❧❡ ♦s②✳

✭❜✮ ❉✈➙ ❦r✉➸♥✐❝❡ ➦❡➨❡♥í ❥s♦✉ st❡❥♥♦❧❡❤❧é s❡ st➦❡❞❡♠ st❡❥♥♦❧❡❤❧♦st✐ ✈ ♣r➲s❡↔í❦✉ ❞❛♥ý❝❤ ♣➦í♠❡❦✳
❖❜❡❝♥➙❥✐✱ k ❥❡ st❡❥♥♦❧❡❤❧á ✭s tý♠➸ st➦❡❞❡♠✮ s ❧✐❜♦✈♦❧♥♦✉ ❦r✉➸♥✐❝í k′✱ ❦t❡rá s❡ ❞♦tý❦á b ❛ c

✭❛ ❧❡➸í ✈❡ s♣rá✈♥é♠ ❦✈❛❞r❛♥t✉✮✳ ❙t➦❡❞② t➙❝❤t♦ ❞✈♦✉ ❦r✉➸♥✐❝ ❛ ❞♦t②❦♦✈é ❜♦❞② s ♣➦í♠❦❛♠✐ b
❛ c s✐ ♦❞♣♦✈í❞❛❥í ✈ ♦♥é st❡❥♥♦❧❡❤❧♦st✐✱ ♦❞♣♦✈í❞❛❥í❝í s✐ ♣➦í♠❦② ❥s♦✉ t✉❞í➸ r♦✈♥♦❜➙➸♥é✳ ✳ ✳
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❖❜rá③❡❦ ✺✳✹✺✿ ➄❡➨❡♥í ❇PP ✭A, b, c✮ ♣♦♠♦❝í st❡❥♥♦❧❡❤❧♦st✐✿
✭✶✮ k′ ❥❡ ❧✐❜♦✈♦❧♥á ❦r✉➸♥✐❝❡✱ ❦t❡rá s❡ ❞♦tý❦á b ❛ c✱
✭✷✮ A′ ❥❡ ♣r➲s❡↔í❦ ♣♦❧♦♣➦í♠❦② SA s ❦r✉➸♥✐❝í k′✱
✭✸✮ st➦❡❞ O ❛ ❞♦t②❦♦✈é ❜♦❞② B ❛ C ❥s♦✉ ✈②♠❡③❡♥② ♣♦♠♦❝í r♦✈♥♦❜➙➸❡❦✳

✺✳✸ ▼ír♥á ③♦❜❡❝♥➙♥í

❯✈á❞í♠❡ ♣r✈♥í ❞✈➙ ú❧♦❤②✱ ✉ ❦t❡rý❝❤ s❡ ✈ ③❛❞á♥í ♦❜❥❡✈✉❥❡ ❦r✉➸♥✐❝❡ ✭❑✮✳

❇❇❑

❚❛t♦ ú❧♦❤❛ ♠á ♥❡❥✈ý➨❡ ✷ ➦❡➨❡♥í✱ ❦t❡rá ♠➲➸❡♠❡ ♥❛❥ít ♣♦❞♦❜♥➙ ❥❛❦♦ ✉ ❇❇P✿

❑❛➸❞ý ❜♦❞ ♥❛ ♣➦í♠❝❡ AB ♠á st❡❥♥♦✉♠♦❝♥♦st ❦❡ ✈➨❡♠ ❦r✉➸♥✐❝í♠ ♣r♦❝❤á③❡❥í❝í♠ ❜♦❞② A,B✳
➄❡➨❡♥í k s❡ ♥❛✈í❝ ❞♦tý❦á ❦r✉➸♥✐❝❡ c✱ ♥❛ ♣➦í♠❝❡ AB t❡❞② ❡①✐st✉❥❡ ❜♦❞ ✭P ✮✱ ❦t❡rý ♠á t✉té➸ ♠♦❝♥♦st
t❛❦é ❦❡ ❦r✉➸♥✐❝✐ c✳ ❩❡❥♠é♥❛ t❡❞② s♣♦❧❡↔♥á t❡↔♥❛ ❦❡ ❦r✉➸♥✐❝í♠ c ❛ k ✈❡ s♣♦❧❡↔♥é♠ ❞♦t②❦♦✈é♠ ❜♦❞➙
♣r♦❝❤á③í ❜♦❞❡♠ P ✳ ❙t❛↔í t❡❞② s❡str♦❥✐t ❜♦❞ P ✭♣♦♠♦❝í ❧✐❜♦✈♦❧♥é ♣♦♠♦❝♥é ❦r✉➸♥✐❝❡ ♣r♦❝❤á③❡❥í❝í
❜♦❞② A,B✮ ❛ ♦❞t✉❞ t❡↔♥✉ ❦❡ ❦r✉➸♥✐❝✐ c✳ ✳ ✳
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❖❜rá③❡❦ ✺✳✹✻✿ ➄❡➨❡♥í ❇❇❑ ✭A, b, c✮ ♣♦♠♦❝í ♠♦❝♥♦st✐✿
✭✶✮ l ❥❡ ❧✐❜♦✈♦❧♥á ❦r✉➸♥✐❝❡ ♣r♦❝❤á③❡❥í❝í A,B✱
✭✷✮ ch ❥❡ ❝❤♦r❞á❧❛ ❦r✉➸♥✐❝ l ❛ c✱
✭✸✮ P ❥❡ ♣r➲s❡↔í❦❡♠ ❝❤♦r❞á❧② ❛ ♣➦í♠❦② AB✱
✭✹✮ C ❥❡ ❞♦t②❦♦✈ý ❜♦❞ t❡↔♥② ③ ❜♦❞✉ P ❦❡ ❦r✉➸♥✐❝✐ c✱
✭✺✮ ❦r✉➸♥✐❝❡ k ❥❡ ✉r↔❡♥❛ ❜♦❞② A,B,C✳

PP❑

❚❡♥t♦ t②♣ ú❧♦❤② ♠á ♥❡❥✈ý➨❡ ✽ ➦❡➨❡♥í✳ ❙ ❞♦s❛✈❛❞♥í♠✐ ❞♦✈❡❞♥♦st♠✐ ❥✐ ✉♠í♠❡ ➦❡➨✐t ❛❧❡s♣♦➡ ❞✈➙♠❛
③♣➲s♦❜②✳

✭❛✮ ❩♦❜❡❝♥➙♥í ➦❡➨❡♥í ❇PP✭❜✮✿

❑❛➸❞é ❞✈➙ ❦r✉➸♥✐❝❡ ❥s♦✉ st❡❥♥♦❧❡❤❧é✳ ◆②♥í s❡ ❞í✈á♠❡ ♥❛ ❞❛♥♦✉ ❦r✉➸♥✐❝✐ a ❛ ❦r✉➸♥✐❝✐ ➦❡➨❡♥í k
✖ ❥❡❥✐❝❤ ❞♦t②❦♦✈ý ❜♦❞ ❥❡ ❥❡❞♥í♠ ③❡ st➦❡❞➲ st❡❥♥♦❧❡❤❧♦st✐✳ P➦✐ tét♦ st❡❥♥♦❧❡❤❧♦st✐ s❡ ♣➦í♠❦② b ❛ c
③♦❜r❛③í ❞♦ r♦✈♥♦❜➙➸❡❦ b′‖b ❛ c′‖c✱ ❦t❡ré s❡ ❞♦tý❦❛❥í ❦r✉➸♥✐❝❡ a✳ Pr➲s❡↔í❦ t➙❝❤t♦ ♣➦í♠❡❦ P ′ =
b′ ∩ c′ ❥❡ ♦❜r❛③❡♠ ♣r➲s❡↔í❦✉ P = b ∩ c✱ ♣➦í♠❦❛ PP ′ t✉❞í➸ ♣r♦❝❤á③í st➦❡❞❡♠ st❡❥♥♦❧❡❤❧♦st✐✳ ✳ ✳
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❖❜rá③❡❦ ✺✳✹✼✿ ➄❡➨❡♥í PP❑ ✭b, c, a✮ ♣♦♠♦❝í st❡❥♥♦❧❡❤❧♦st✐✿
✭✶✮ b′ ❛ c′ ❥s♦✉ ♣➦í♠❦② r♦✈♥♦❜➙➸♥é s b ❛ c ❞♦tý❦❛❥í s❡ ❦r✉➸♥✐❝❡ a✱
✭✷✮ P ′ ❥❡ ♣r➲s❡↔í❦❡♠ b′ ❛ c′✱
✭✸✮ ✭st➦❡❞ st❡❥♥♦❧❡❤❧♦st✐✮ A = A′ ❥❡ ♣r➲s❡↔í❦❡♠ ♣➦í♠❦② PP ′ s ❦r✉➸♥✐❝í a✱
✭✹✮ st➦❡❞ O ❛ ❞♦t②❦♦✈é ❜♦❞② B ❛ C ❥s♦✉ ✈②♠❡③❡♥② ♣♦♠♦❝í r♦✈♥♦❜➙➸❡❦✱ r❡s♣✳ st➦❡❞✉ st❡❥♥♦❧❡❤❧st✐✳

✭❜✮ P♦♠♦❝í ✈❤♦❞♥é ❞✐❧❛t❛❝❡ ❧③❡ t❡♥t♦ t②♣ ú❧♦❤② r❡❞✉❦♦✈❛t ♥❛ ✈ý➨❡ ❞✐s❦✉t♦✈❛♥ý ♣➦í♣❛❞ ❇PP✿

Pr♦ ③✈♦❧❡♥é ♦r✐❡♥t❛❝❡ ❞✐❧❛t✉❥❡♠❡ t❛❦✱ ❛❜② ❦r✉➸♥✐❝❡ a ❞❡❣❡♥❡r♦✈❛❧❛ ❞♦ ❜♦❞✉✳ P➦í♠❦② b ❛ c s❡
♣➦✐ tét♦ ❞✐❧❛t❛❝✐ ♣♦s✉♥♦✉ ♦ ♣♦❧♦♠➙r ❦r✉➸♥✐❝❡ a ✭♥❛ s♣rá✈♥♦✉ str❛♥✉ ✈ ③á✈✐s❧♦st✐ ♥❛ ♦r✐❡♥t❛❝✐✮✳
❚í♠ ❥❡ ♣r♦❜❧é♠ r❡❞✉❦♦✈á♥ ♥❛ ♣➦í♣❛❞ ❇PP✱ ❦t❡rý ❥✐➸ ✉♠í♠❡✳ ✳ ✳

❖❜rá③❡❦ ✺✳✹✽✿ ➄❡➨❡♥í PP❑ ✭b, c, a✮ ♣♦♠♦❝í ❞✐❧❛t❛❝❡✿
✭✶✮ b′ ❛ c′ ❥s♦✉ ♣➦í♠❦② r♦✈♥♦❜➙➸♥é s b ❛ c✱ ❦t❡ré ❥s♦✉ ♣♦s✉♥✉té ♦ ♣♦❧♦♠➙r ❦r✉➸♥✐❝❡ a✱
✭✷✮ k′ ❥❡ ❦r✉➸♥✐❝❡✱ ❦t❡rá ♣r♦❝❤á③í ❜♦❞❡♠ a′

= A′ ❛ ❞♦tý❦á s❡ ♣➦í♠❡❦ b′, c′ ✭ú❧♦❤❛ ❇PP✮✱
✭✸✮ ❞♦t②❦♦✈é ❜♦❞② ❦r✉➸♥✐❝❡ k ❧❡➸í ♥❛ s♣♦❥♥✐❝í❝❤ s❡ st➦❡❞❡♠ O✳
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✺✳✹ ❉❛❧➨í ③♦❜❡❝♥➙♥í ❛ ✈ý❤❧❡❞

P♦♠♦❝í ♥á♣❛❞➲✱ ❦t❡ré ❥s♠❡ ③♠✐➡♦✈❛❧✐ ✈ tét♦ ♣♦❞❦❛♣✐t♦❧❡✱ ❧③❡ ➦❡➨✐t ➦❛❞✉ ❞❛❧➨í❝❤ ♣➦í♣❛❞➲✱ ✈✐③
❝✈✐↔❡♥í✳ ◆❛✈í❝ ✈❡ s♣❡❝✐✜❝❦ý❝❤ ♣➦í♣❛❞❡❝❤ ❜ý✈á ➦❡➨❡♥í ♣♦❞st❛t♥➙ ❥❡❞♥♦❞✉➨➨í✳ ▼❡③✐ t❛❦♦✈é ♣➦í♣❛❞②
♣❛t➦í ♥❛♣➦✳ ③❛❞á♥í✱ ✈ ♥➙♠➸ s❡ ♥➙❦t❡ré ③ ❞❛♥ý❝❤ ♦❜❥❡❦t➲ ❞♦tý❦❛❥í✱ ♣➦í♣✳ ❥❡ ✈ ③❛❞á♥í ❜♦❞✱ ❦t❡rý
❧❡➸í ♥❛ ♥➙❦t❡ré♠ ③❡ ③❜②❧ý❝❤ ♦❜❥❡❦t➲✳✶✽ ❏✐♥ý♠ s♣❡❝✐✜❝❦ý♠ ♣➦í♣❛❞❡♠ ♠➲➸❡ ❜ýt s✐t✉❛❝❡✱ ❦❞② ❞✈➙
③ ❞❛♥ý❝❤ ❦r✉➸♥✐❝ ♠❛❥í st❡❥♥ý ♣♦❧♦♠➙r ✖ ♣➦✐ s❤♦❞♥é ♦r✐❡♥t❛❝✐ ♠➲➸❡♠❡ ♦❜➙ ❦r✉➸♥✐❝❡ s♦✉↔❛s♥➙
❞✐❧❛t♦✈❛t ❞♦ ❜♦❞✉ ❛ ❞♦➦❡➨❡♥í t❛❦♦✈é ú❧♦❤② ❥❡ ✈➸❞② s♥❛❞♥é ✈✐③ ♥❛♣➦✳ ♦❜r✳ ✻✳✺✹ ♥❛ str✳ ✺✻✳

❖❜❡❝♥♦✉ ❆♣♦❧❧ó♥✐♦✈✉ ú❧♦❤✉ ♠➲➸❡♠❡ ✈➸❞② ♣♦♠♦❝í ❞✐❧❛t❛❝❡ r❡❞✉❦♦✈❛t ♥❛ ♣➦í♣❛❞✱ ❦❞② ❛s♣♦➡
❥❡❞♥❛ ③ ❞❛♥ý❝❤ ❦r✉➸♥✐❝ ❥❡ ♥❛❤r❛③❡♥❛ ❜♦❞❡♠✳ P♦♠♦❝í ❦r✉❤♦✈é ✐♥✈❡r③❡ ❧③❡ ❞á❧❡ ♣r♦❜❧é♠ tr❛♥s❢♦r♠♦✲
✈❛t t❛❦✱ ➸❡ ❤❧❡❞á♠❡ ♥❛♥❡❥✈ý➨ s♣♦❧❡↔♥é t❡↔♥② ❦❡ ❞✈➙♠❛ ❦r✉➸♥✐❝í♠✱ ✈✐③ ❞♦❞❛t❡❦ ✷✵✳✶ ♥❛ str✳ ✶✸✽✳
❑r✉❤♦✈á ✐♥✈❡r③❡ ♠➲➸❡ ❜ýt ✈❡❧♠✐ ✉➸✐t❡↔♥á ❛ s♦✉↔❛s♥➙ ❡❧❡❣❛♥t♥í ✐ ❥✐♥❛❦✱ ✈✐③ ♥❛♣➦✳ ♦❜r✳ ✾✳✷✽ ♥❛
str✳ ✽✾✳

❑r♦♠➙ ❦r✉❤♦✈é ✐♥✈❡r③❡ ✈➨❛❦ ❡①✐st✉❥í ❡❧❡♠❡♥tár♥➙❥➨í ✭❝♦➸ ♥❡♠✉sí ♥✉t♥➙ ③♥❛♠❡♥❛t ❦♦♥str✉❦↔♥➙
❥❡❞♥♦❞✉➨➨í✮ ➦❡➨❡♥í✳ ❏❡❞♥♦✉ t❛❦♦✈♦✉ ✉❦á③❦♦✉ t♦t♦ té♠❛ ♣r♦③❛tí♠ ✉③❛✈➦❡♠❡✳

❇❑❑

❚❡♥t♦ t②♣ ú❧♦❤② ♠á ♥❡❥✈ý➨❡ ✹ ➦❡➨❡♥í✳ ❯❦á➸❡♠❡✱ ❥❛❦ ❧③❡ t❡♥t♦ ♣➦í♣❛❞ r❡❞✉❦♦✈❛t ♥❛ ❥❡❞♥♦❞✉➨➨í
♣➦í♣❛❞ ❇❇❑✳

❯✈❛➸✉❥♠❡ ❜♦❞ A✱ ❦r✉➸♥✐❝❡ b✱ c ❛ ❥❡❞♥♦ ➦❡➨❡♥í k s ❞♦t②❦♦✈ý♠✐ ❜♦❞② B ❛ C ❥❛❦♦ ♥❛ ♦❜r✳ ✺✳✹✾✳
❇♦❞ S ❥❡ ✭✈♥➙❥➨í♠✮ st➦❡❞❡♠ st❡❥♥♦❧❡❤❧♦st✐ ❦r✉➸♥✐❝ b ❛ c✳ ❇♦❞ R✱ r❡s♣✳ B′ ❥❡ ❞❛❧➨í ♣r➲s❡↔í❦
♣➦í♠❦② BC s ❦r✉➸♥✐❝í b✱ r❡s♣✳ c✳ ❱❡❧♠✐ s♥❛❞♥♦ ❧③❡ ③❞➲✈♦❞♥✐t✱ ➸❡ ♣➦í♠❦② ROb ❛ COc✱ r❡s♣✳ BOb

❛ B′Oc ❥s♦✉ r♦✈♥♦❜➙➸♥é✱ t✉❞í➸ ❞✈♦❥✐❝❡ ❜♦❞➲ R,C✱ r❡s♣✳ B,B′ s✐ ♦❞♣♦✈í❞❛❥í ✈③❤❧❡❞❡♠ ❦ ♦♥é✏
st❡❥♥♦❧❡❤❧♦st✐✳ ❩❡❥♠é♥❛ t❡❞② ♣➦í♠❦❛ BC ♣r♦❝❤á③í ❜♦❞❡♠ S✳ ❉❛❧➨í ❞✈➙ ❞✈♦❥✐❝❡ ♦❞♣♦✈í❞❛❥í❝í❝❤ s✐
❜♦❞➲ ❥s♦✉ ♦③♥❛↔❡♥② P, P ′ ❛ Q,Q′✳ ❩ ✉✈❡❞❡♥é❤♦ ✈②♣❧ý✈á✱ ➸❡

SC : SR = SB′ : SB = SP ′ : SP = SQ′ : SQ (= ❦♦❡✜❝✐❡♥t st❡❥♥♦❧❡❤❧♦st✐).

❖❞t✉❞ ❧③❡ ✈②✈♦❞✐t r➲③♥é ❞➲s❧❡❞❦②✱ ♥❛♣➦✳ SB · SC = SP · SQ′✳

❚❡♥t♦ s♦✉↔✐♥ ❥❡ ✈➨❛❦ ♣rá✈➙ ♠♦❝♥♦st ❜♦❞✉ S ❦❡ ❦r✉➸♥✐❝✐ k✱ ❝♦➸ ❥❡ t♦té➸ ❥❛❦♦ SK ·SA✱ ❦❞❡ K
❥❡ ♣r➲s❡↔í❦ ♣➦í♠❦② SC s ❦r✉➸♥✐❝í k✳ ❈❡❧❦❡♠ t❡❞② ✈✐❞í♠❡✱ ➸❡ ♣❧❛tí

SK · SA = SP · SQ′.

❙t❛↔í t❡❞② s❡str♦❥✐t ✈❡❧✐❦♦st ús❡↔❦② SK✱ ❦t❡r♦✉ ♥❛♥❡s❡♠❡ ♥❛ ♣➦í♠❦✉ SA ✖ ❤❧❡❞❛♥♦✉ ❦r✉➸♥✐❝✐ k
♣❛❦ ♠➲➸❡♠❡ s❡str♦❥✐t ❥❛❦♦ ❦r✉➸♥✐❝✐✱ ❦t❡rá ♣r♦❝❤á③í ❜♦❞② A✱ K ❛ ❞♦tý❦á s❡ b ✭♣➦í♣✳ c✮✳

✶✽Ú❧♦❤② t♦❤♦t♦ t②♣✉ s❡ ♦❜↔❛s ♥❛③ý✈❛❥í P❛♣♣♦✈② ú❧♦❤②✳



✻ ❚②♣✐❝❦é ú❧♦❤② ✺✸

❖❜rá③❡❦ ✺✳✹✾✿ ➄❡➨❡♥í ❇❑❑ ✭A, b, c✮ ♣♦♠♦❝í st❡❥♥♦❧❡❤❧♦st✐ ❛ ♠♦❝♥♦st✐✿
✭✶✮ S ❥❡ st➦❡❞ st❡❥♥♦❧❡❤❧♦st✐ ❦r✉➸♥✐❝ b, c✱
✭✷✮ P,Q, P ′, Q′ ❥s♦✉ ♣r➲s❡↔í❦② t➙❝❤t♦ ❦r✉➸♥✐❝ s ❧✐❜♦✈♦❧♥♦✉ ♣➦í♠❦♦✉ ❥❞♦✉❝í ❜♦❞❡♠ S✱
✭✸✮ K ❥❡ s❡str♦❥❡♥ ♥❛ ♣➦í♠❝❡ SC t❛❦✱ ❛❜② ♣❧❛t✐❧♦ |SK| = |SP | · |SQ′| : |SA|✱
✭✹✮ k ❥❡ ❦r✉➸♥✐❝❡✱ ❦t❡rá ♣r♦❝❤á③í ❜♦❞② A✱ K ❛ ❞♦tý❦á s❡ b ✭ú❧♦❤❛ ❇❇❑✮✱
✭✺✮ ♣♦③♥✳✿ ❞♦t②❦♦✈é ❜♦❞② B ❛ C ❥s♦✉ ❦♦❧✐♥❡ár♥í s S✳

✺✳✺ ❈✈✐↔❡♥í

✭✶✮ ➄❡➨t❡ ♣➦í♣❛❞ ❇P❑ ✈ t❛❦♦✈é ♣♦❧♦③❡✱ ➸❡ ❞❛♥ý ❜♦❞ ❧❡➸í ♥❛ ❞❛♥é ♣➦í♠❝❡✳

✭✷✮ ➄❡➨t❡ ♣➦í♣❛❞ ❑❑❑ ③❛ ♣➦❡❞♣♦❦❧❛❞✉✱ ➸❡ ❞✈➙ ③ ❞❛♥ý❝❤ ❦r✉➸♥✐❝ ♠❛❥í st❡❥♥ý ♣r➲♠➙r✳

✭✸✮ ➄❡➨t❡ ♣♦❞♦❜♥é ú❧♦❤② ✈ ♣♦❞♦❜♥➙ s♣❡❝✐✜❝❦ý❝❤ ♣➦í♣❛❞❡❝❤✳ ✏

✭✹✮ ➄❡➨t❡ ♦❜❡❝♥♦✉ ❆♣♦❧❧ó♥✐♦✈✉ ú❧♦❤✉ s❡ t➦❡♠✐ ❦r✉➸♥✐❝❡♠✐✳

✻ ❚②♣✐❝❦é ú❧♦❤②

✻✳✶ ❑✈❛❞r❛t✉r❛ ♠♥♦❤♦ú❤❡❧♥í❦✉

❱ ♦❞st✳ ✹✳✻ ❥s♠❡ s❡ ♥❛✉↔✐❧✐✱ ❥❛❦ ♣r♦ ♦❜❡❝♥ý ♠♥♦❤♦ú❤❡❧♥í❦ s❡str♦❥✐t ↔t✈❡r❡❝ s❡ st❡❥♥ý♠ ♦❜s❛❤❡♠✳
P➦❡❞st❛✈✐❧✐ ❥s♠❡ ❥❡❞❡♥ ③ ♠♦➸♥ý❝❤ ③♣➲s♦❜➲ ♣♦❞❧❡ ❬❊❪✳ ◆❛✈í❝ ❥s♠❡ s✐ ✉✈➙❞♦♠✐❧✐✱ ➸❡ t❛t♦ st❡❥♥♦♣❧♦✲
❝❤♦st ❧③❡ ✈➸❞② r❡❛❧✐③♦✈❛t ♥❡❥♥á③♦r♥➙❥➨í♠ ♠♦➸♥ý♠ ③♣➲s♦❜❡♠✱ ❛ t♦ r♦③st➦í❤á♥í♠ ❛ ♣➦❡s❦❧á❞á♥í♠ ❞❛✲
♥é❤♦ út✈❛r✉✳ Pr♦ ❦❛➸❞é ❦♦♥❦rét♥í ③❛❞á♥í ❥❡ ✈➸❞② ✈❤♦❞♥é ③❛♠ý➨❧❡t s❡ ♥❛❞ ❛❧t❡r♥❛t✐✈❛♠✐✳ ❩❡❥♠é♥❛
♣r♦ s♣❡❝✐✜❝❦é ♠♥♦❤♦ú❤❡❧♥í❦② ❧③❡ ✈②♠②s❧❡t s♣❡❝✐✜❝❦á ➦❡➨❡♥í✱ ✈✐③ ♥❛♣➦✳ ♥ás❧❡❞✉❥í❝í ♦❜rá③❡❦✿

❖❜rá③❡❦ ✻✳✺✵✿ ❬❑✉3❪ ❑✈❛❞r❛t✉r❛ ❞✈♦✉ ↔t✈❡r❝➲✳



✺✹ ■■ ❑❧❛s✐❝❦á ❦♦♥str✉❦↔♥í ❣❡♦♠❡tr✐❡

Pr♦t♦➸❡ s❡ ③❞❡ s❡str♦❥✉❥❡ ↔t✈❡r❡❝✱ ❦t❡rý ♠á st❡❥♥ý ♦❜s❛❤ ❥❛❦♦ ❞✈❛ ❞❛♥é ↔t✈❡r❝❡✱ ❧③❡ t✉t♦ ❦♦♥✲
str✉❦❝✐ ✐♥t❡r♣r❡t♦✈❛t ❥❛❦♦ ❞➲❦❛③ P②t❤❛❣♦r♦✈② ✈➙t② ✭sr✳ s ■✳✹✼ ♥❛ str✳ ✶✹✮✳ P♦❦✉❞ ❜②st❡ ❦✈❛❞r❛t✉r✉
t❛❦♦✈é❤♦ ♠♥♦❤♦ú❤❡❧♥í❦✉ ♣r♦✈❡❞❧✐ ♥➙❥❛❦ý♠ ❥✐♥ý♠ ③♣➲s♦❜❡♠✱ ✈②t✈♦➦ít❡ s✈➲❥ ✈❧❛st♥í ❞➲❦❛③ tét♦
③á❦❧❛❞♥í ❣❡♦♠❡tr✐❝❦é ✈➙t②✳ ✳ ✳✏

✻✳✷ ❙❡str♦❥✐t❡❧♥é ✈❡❧✐↔✐♥②

❱ ♦❞st✳ ✹✳✶✽ ❥s♠❡ ❝❤❛r❛❦t❡r✐③♦✈❛❧✐ ❡✉❦❧❡✐❞♦✈s❦② s❡str♦❥✐t❡❧♥é ✈❡❧✐↔✐♥② ❛ ✉✈➙❞♦♠✐❧✐ ❥s♠❡ s✐ ✈③t❛❤
♠❡③✐ ❥❡❥✐❝❤ ♣♦↔❡t♥í♠ ✈②❥á❞➦❡♥í♠ ❛ ❦♦♥str✉❦❝í✳ ❙♦✉↔❛s♥➙ ❥s♠❡ s✐ ♥❛ ♣➦í❦❧❛❞✉ ✉✈➙❞♦♠✐❧✐✱ ➸❡ ❞♦✲
s❧♦✈♥á ❦♦♥str✉❦❝❡ ♦❞✈♦③❡♥á ③❡ ③á♣✐s✉ ♦❜✈②❦❧❡ ♥❡❜ý✈á t❛ ♦♣t✐♠á❧♥í✳ ❏✐♥♦✉ ✉❦á③❦✉ t♦❤♦t♦ ❢❡♥♦✲
♠é♥✉ ❧③❡ ♥❛❥ít ✈ ♥ás❧❡❞✉❥í❝í♠ ♣➦í❦❧❛❞✉ ✭✈✐③ ❝✈✐↔❡♥í ✹✳✷✷✮✿

P♦❦✉❞ s ③♥❛↔í ✈❡❧✐❦♦st str❛♥② ♣r❛✈✐❞❡❧♥é❤♦ ❦♦♥✈❡①♥í❤♦ ♠♥♦❤♦st➙♥✉ ❛ d ♣r➲♠➙r ❥❡♠✉ ♦♣s❛♥é
s❢ér②✱ ♣♦t♦♠

• ♣r♦ ↔t②➦st➙♥ ♣❧❛tí d2 : s2 = 3 : 2✱

• ♣r♦ ♦s♠✐st➙♥ ♣❧❛tí d2 : s2 = 2✱

• ♣r♦ ❦r②❝❤❧✐ ♣❧❛tí d2 : s2 = 3✱

• ♣r♦ ❞✈❛♥á❝t✐st➙♥ ♣❧❛tí d2 : s2 = (3−
√
5) : 6✱

• ♣r♦ ❞✈❛❝❡t✐st➙♥ ♣❧❛tí d2 : s2 = 2
√
5 : (

√
5− 1)✳

Pr♦ ❞❛♥é d ❥❡ ♦❞♣♦✈í❞❛❥í❝í s ❥❡❞♥♦③♥❛↔♥➙ ✉r↔❡♥♦ ❛ ③ ✉✈❡❞❡♥ý❝❤ ✈②❥á❞➦❡♥í ❜②❝❤♦♠ ♠➙❧✐ t✉t♦
✈❡❧✐↔✐♥✉ ✉♠➙t s❡str♦❥✐t✳ ❱②♠②s❧❡t❡ ♥➙❥❛❦♦✉ s✈♦❥✐ ❦♦♥str✉❦❝✐✱ ♣♦té ♥❛❥❞➙t❡ s❡str♦❥❡♥♦✉ ✈❡❧✐↔✐♥✉ ♥❛✏
♥ás❧❡❞✉❥í❝í♠ ♦❜rá③❦✉ ✭❦❞❡ d = |AB|✱ C ❥❡ ✈ ♣♦❧♦✈✐♥➙✱ K,L ❥s♦✉ ✈❡ ↔t✈rt✐♥á❝❤ ❛ D ❥❡ ✈❡ t➦❡t✐♥➙
ús❡↔❦② AB✮✳

❖❜rá③❡❦ ✻✳✺✶✿ ❬❊J ❪ ❙tr❛♥② ♣r❛✈✐❞❡❧♥ý❝❤ ♠♥♦❤♦st➙♥➲ ✈❡♣s❛♥ý❝❤ ❞♦ s❢ér②✳ ✳ ✳

✻✳✸ P♦❞♦❜♥♦st✐

❩á❦❧❛❞♥í ✈➙t② t❡♦r✐❡ ♣♦❞♦❜♥♦st✐ ❥s♠❡ ♣➦❡❞st❛✈✐❧✐ ✈ ♦❞st✳ ✹✳✶✻✳ ❆♣❧✐❦❛❝í t➙❝❤t♦ t✈r③❡♥í ❥❡ ❝❡❧á ➦❛❞❛✱
♦❜❧í❜❡♥é ❥s♦✉ ♥❛♣➦✳ ú❧♦❤② s ♠➙➦❡♥í♠ ✈③❞á❧❡♥♦stí✱ r❡s♣✳ ✈❡❧✐❦♦stí r♦③❧✐↔♥ý❝❤ ✭↔❛st♦ ♥❡❞♦st✉♣♥ý❝❤✮
♦❜❥❡❦t➲✳ ◆❛ ♥ás❧❡❞✉❥í❝í♠ ♦❜rá③❦✉ ❥❡ ③❛❞á♥í ❥❡❞♥é t❛❦♦✈é ú❧♦❤②✿✏



✻ ❚②♣✐❝❦é ú❧♦❤② ✺✺

❖❜rá③❡❦ ✻✳✺✷✿ ❬●✾❪ ❖❜r❛③ ♣➦❡❞♠➙t✉ s❡ ♥❛❝❤á③í ✶✹ ❝♠ ♦❞ ↔♦↔❦② ❛ ❥❡ ✈②s♦❦ý ✸✱✷ ❝♠✱ ↔♦↔❦❛
♠á ♦❤♥✐s❦♦✈♦✉ ✈③❞á❧❡♥♦st ✶✵ ❝♠✳ ❯r↔❡t❡ s❦✉t❡↔♥♦✉ ✈ý➨❦✉ ♣➦❡❞♠➙t✉ ❛ ❥❡❤♦ ✈③❞á❧❡♥♦st
♦❞ ↔♦↔❦②✳

❱ ♥ás❧❡❞✉❥í❝í❝❤ ú❧♦❤á❝❤ s❡ ♥❛ ♣♦❞♦❜♥♦st út✈❛r➲ ♦❞❦❛③✉❥❡♠❡ ❥❡➨t➙ ♣➦✐ ➦❡➨❡♥í ♣r♦❜❧é♠➲ ♥❛
♦❜r✳ ✻✳✺✹ ❛ ✻✳✺✻✳

✻✳✹ ❖ ❦r✉➸♥✐❝í❝❤

❙t➦❡❞♦✈é ❛ ♦❜✈♦❞♦✈é ú❤❧②

❑❞②➸ s❡ ❦r✉➸♥✐❝❡ ❦✉tá❧í ♣♦ ♣➦í♠❝❡ ♥❡❜♦ ❥✐♥é ❦r✉➸♥✐❝✐✱ ♦♣✐s✉❥❡ ❦❛➸❞ý ❥❡❥í ❜♦❞ ❦➦✐✈❦✉ ✖ ✈ ♦❜❡❝♥é♠
♣➦í♣❛❞➙ ❝②❦❧♦✐❞✉✳ ❱❡ s♣❡❝✐✜❝❦ý❝❤ ♣➦í♣❛❞❡❝❤ s❡ ♠➲➸❡ stát✱ ➸❡ t❛t♦ ❦➦✐✈❦❛ ❥❡ ♣♦❞st❛t♥➙ ❥❡❞♥♦❞✉➨➨í✳

P♦❦✉❞ ♥❛♣➦✳ ✉✈❛➸✉❥❡♠❡ ❦r✉➸♥✐❝✐✱ ❦t❡rá s❡ ♦❞✈❛❧✉❥❡ ✉✈♥✐t➦ ❦r✉➸♥✐❝❡ s ❞✈♦❥♥ás♦❜♥ý♠ ♣♦❧♦♠➙✲
r❡♠✱ ♣♦t♦♠ ❧③❡ s ♦❞❦❛③❡♠ ♥❛ ✈➙t✉ ♦ st➦❡❞♦✈ý❝❤ ❛ ♦❜✈♦❞♦✈ý❝❤ ú❤❧❡❝❤ ✭✈✐③ ♦❞st✳ ✹✳✶✷✮ ❥❡❞♥♦❞✉➨❡
③❞➲✈♦❞♥✐t✱ ➸❡ ❦❛➸❞ý ❥❡❥í ❜♦❞ s❡ ♣♦❤②❜✉❥❡ ♣♦ ús❡↔❝❡✱ ❦t❡rá ❥❡ ♣r➲♠➙r❡♠ ✈❡❧❦é ❦r✉➸♥✐❝❡✳ ◆❛ ♥á✲ ✏
s❧❡❞✉❥í❝í♠ ♦❜rá③❦✉ ❥❡ ♥á↔rt❡❦ ❦ ❞➲❦❛③✉ ❛ s♦✉↔❛s♥➙ ❥❡❞♥❛ ③ ♠♥♦❤❛ ♣r❛❦t✐❝❦ý❝❤ ❛♣❧✐❦❛❝í t♦❤♦t♦
t✈r③❡♥í✳

❖❜rá③❡❦ ✻✳✺✸✿ ❬P❡❪ ❑♦t♦✉❧❡♥í ❦r✉➸♥✐❝❡ ✉✈♥✐t➦ ❦r✉➸♥✐❝❡ s ❞✈♦❥♥ás♦❜♥ý♠ ♣♦❧♦♠➙r❡♠✳

❙♣❡❝✐✜❝❦á ú❧♦❤❛ ❆♣♦❧❧ó♥✐♦✈❛

❱ ♣♦❞❦❛♣✳ ✺ ❥s♠❡ s❡ s❡③♥á♠✐❧✐ s ♥➙❦♦❧✐❦❛ ♠❡t♦❞❛♠✐ ➦❡➨❡♥í ♥➙❦♦❧✐❦❛ ú❧♦❤ ❆♣♦❧❧ó♥✐♦✈❛ t②♣✉✳ ❖❜❡❝✲
♥♦✉ ú❧♦❤✉ s❡ t➦❡♠✐ ❦r✉➸♥✐❝❡♠✐ ③❛tí♠ ➦❡➨✐t ♥❡✉♠í♠❡✱ ❛❧❡ s♣❡❝✐✜❝❦é ③❛❞á♥í ♥❛ ♦❜r✳ ✻✳✺✹ ③❛❥✐sté
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❛♥♦✳

❖❜rá③❡❦ ✻✳✺✹✿ ❬❑✉3❪ ❑r✉➸♥✐❝❡ k,m, n s❡ ♥❛✈③á❥❡♠ ❞♦tý❦❛❥í✱ ♣➦✐↔❡♠➸ st➦❡❞② ✈➨❡❝❤ t➦í
❦r✉➸♥✐❝ ❥s♦✉ ❦♦❧✐♥❡ár♥í ❛ ❦r✉➸♥✐❝❡ m,n ♠❛❥í st❡❥♥ý ♣r➲♠➙r✳ ❙❡str♦❥t❡ ❦r✉➸♥✐❝✐✱ ❦t❡rá s❡
t➙❝❤t♦ t➦í ❦r✉➸♥✐❝ ❞♦tý❦á✳

❚✉t♦ ú❧♦❤✉ ✉♠í♠❡ ➦❡➨✐t ♥➙❦♦❧✐❦❛ r➲③♥ý♠✐ ③♣➲s♦❜②✱ ❛ t♦ ♣♦♠♦❝í

✭❛✮ ♣♦❥♠✉ ♠♦❝♥♦st✐ ❜♦❞✉ ❦❡ ❦r✉➸♥✐❝✐✱

✭❜✮ ✈❤♦❞♥é st❡❥♥♦❧❡❤❧♦st✐✱

✭❝✮ ❞✐❧❛t❛❝❡✳

❑r♦♠➙ t♦❤♦ ❧③❡ ♣♦✉➸ít

✭❞✮ ❥✐st♦✉ s♦✉♠➙r♥♦st ✭tr✐❦✮✱

♣➦í♣✳ ♠➲➸❡♠❡ ♣♦❧♦❤✉ st➦❡❞✉ ❤❧❡❞❛♥é ❦r✉➸♥✐❝❡

✭❡✮ ✈②♣♦↔ít❛t ❛ ♥ás❧❡❞♥➙ t❡♥t♦ ❜♦❞ s❡str♦❥✐t✳

P♦ ♣➦❡↔t❡♥í ♦❞st✳ ✼✳✻ ♠➲➸❡♠❡ ❥❡➨t➙ ❞♦♣❧♥✐t ➦❡➨❡♥í ♣♦♠♦❝í

✭❢✮ ❦r✉❤♦✈é ✐♥✈❡r③❡✳

❉♦♣❧➡t❡ ♥➙❥❛❦é ❞❛❧➨í ➦❡➨❡♥í ❛ r♦③❤♦❞♥➙t❡✱ ❦t❡rý ③ ✉✈❡❞❡♥ý❝❤ ♣♦st✉♣➲ ❧③❡ ❛♣❧✐❦♦✈❛t ✈ ♦❜❡❝♥➙❥✲
➨í♠ ♣➦í♣❛❞➙✱ ❦❞② ❦r✉➸♥✐❝❡ m,n ♠❛❥í r➲③♥é ♣r➲♠➙r②✳ ✭❱✐③ té➸ ♣♦❞♦❜♥♦✉ ú❧♦❤✉ ♥❛ ♦❜r✳ ✻✳✺✻✳✮✏

❉✈➙ ú❧♦❤② ❆r❝❤✐♠é❞♦✈②

◆ás❧❡❞✉❥í❝í ú❧♦❤❛ s❡ ✈r❛❝í ❦ ♦❜s❛❤✉ ♣❧♦❝❤② ♦♠❡③❡♥é ❦r✉➸♥✐❝❡♠✐✿
Ús❡↔❦❛ AB ❥❡ ♣r➲♠➙r❡♠ ✈❡❧❦é ❦r✉➸♥✐❝❡✱ ❜♦❞ N ❥❡ ❧✐❜♦✈♦❧♥ý ❜♦❞ ♥❛ AB✱ ❜♦❞ P ❧❡➸í ♥❛

♣➲❧❦r✉➸♥✐❝✐ t❛❦✱ ➸❡ PN ⊥ AB✱ ❛ ús❡↔❦② AN,NB ❥s♦✉ ♣r➲♠➙r② ❞✈♦✉ ♠❡♥➨í❝❤ ❦r✉➸♥✐❝✳ ❉♦❦❛➸t❡✱
➸❡ ✖ ♥❡③á✈✐s❧❡ ♥❛ ♣♦❧♦③❡ ❜♦❞✉ N ✖ ❥❡ ♦❜s❛❤ ♦❜❧❛st✐ ♦♠❡③❡♥é t➦❡♠✐ ♣➲❧❦r✉➸♥✐❝❡♠✐ st❡❥♥ý ❥❛❦♦
♦❜s❛❤ ❦r✉❤✉ s ♣r➲♠➙r❡♠ PN ✳✶✾✏

✶✾◆á♣♦✈➙❞❛✿ ✈➙t❛ ♦ ♦❜s❛❤✉ ❦r✉❤✉ ❛ ❊✉❦❧❡✐❞♦✈❛ ✈➙t❛ ♦ ✈ý➨❝❡✳



✻ ❚②♣✐❝❦é ú❧♦❤② ✺✼

❖❜rá③❡❦ ✻✳✺✺✿ ❬❍❚❉❪ ❖❜s❛❤ ♦❜❧❛st✐ ♦♠❡③❡♥é ♣➲❧❦r✉➸♥✐❝❡♠✐ AB✱ AN ❛ NB ❥❡ st❡❥♥ý
❥❛❦♦ ♦❜s❛❤ ❦r✉❤✉ PN ✳

◆❛ ♥ás❧❡❞✉❥í❝í♠ ♦❜rá③❦✉ ❥s♦✉ ♦♣➙t t➦✐ ♥❛✈③á❥❡♠ s❡ ❞♦tý❦❛❥í❝í ♣➲❧❦r✉➸♥✐❝❡ AB,AC,CB✱ ❦♦❧✲
♠✐❝❡ ③ ❥❡❥✐❝❤ s♣♦❧❡↔♥é❤♦ ❜♦❞✉ C ❛ ❞✈➙ ❞❛❧➨í ❦r✉➸♥✐❝❡✱ ③ ♥✐❝❤➸ ❦❛➸❞á s❡ ❞♦tý❦á ❞✈♦✉ ♣➲❧❦r✉➸♥✐❝
❛ ❦♦❧♠✐❝❡ CD✳ ❙❡str♦❥✐t t②t♦ ❞✈➙ ❦r✉➸♥✐❝❡ ♥❡❥s♣í➨ ❥❡➨t➙ ♥❡✉♠í♠❡✱ ❛✈➨❛❦ ♣♦♠♦❝í ③á❦❧❛❞♥í t❡♦r✐❡
♣♦❞♦❜♥♦st✐ ❧③❡ ❞♦❦á③❛t✱ ➸❡ ♦❜➙ t②t♦ ❦r✉➸♥✐❝❡ ❥s♦✉ s❤♦❞♥é ✖ ❛ t♦ ♥❡③á✈✐s❧❡ ♥❛ ♣♦❧♦③❡ ❜♦❞✉ C✳✷✵ ✏

❖❜rá③❡❦ ✻✳✺✻✿ ❬❍❚❉❪ ❑r✉➸♥✐❝❡ ❞♦tý❦❛❥í❝í s❡ ❦♦❧♠✐❝❡ CD ❛ ♣➲❧❦r✉➸♥✐❝ AB,AC✱ ❥❡ s❤♦❞♥á
s ❦r✉➸♥✐❝í ❞♦tý❦❛❥í❝í s❡ ❦♦❧♠✐❝❡ CD ❛ ♣➲❧❦r✉➸♥✐❝ AB,CB✳

✷✵◆á♣♦✈➙❞❛✿ HE‖AB✱ CH‖BD ❛ ❞✈❛❦rát ✈➙t❛ ❱■✳✷ =⇒ AC · CB = AB ·HE✳
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●❡♦♠❡tr✐❝❦á ③♦❜r❛③❡♥í

❱ tét♦ ❦❛♣✐t♦❧❡ s❡ ✈➙♥✉❥❡♠❡ ✉➸✐t❡↔♥ý♠ ❣❡♦♠❡tr✐❝❦ý♠ ③♦❜r❛③❡♥í♠✳ ◆➙❦t❡rá ③♥á♠❡ ③ ❞➦í✈➙❥➨❦❛✱
♥➙❦♦❧✐❦ ❞❛❧➨í❝❤ ♣➦í❦❧❛❞➲ ❞♦♣❧♥í♠❡✱ ❤❧❛✈♥➙ ✈➨❛❦ ♣♦♣í➨❡♠❡ ❥❡❥✐❝❤ ♦❜❡❝♥é ✈❧❛st♥♦st✐ ❛ ③❛➦❛❞í♠❡
❞♦ ➨✐r➨í❤♦ ❦♦♥t❡①t✉✳ ❍❧❛✈♥í ♣át❡➦ t✈♦➦í s❤♦❞♥á✖♣♦❞♦❜♥á✖❛✜♥♥í✖♣r♦❥❡❦t✐✈♥í ③♦❜r❛③❡♥í✱ ❥✐♠➸
❜②❝❤♦♠ ♠➙❧✐ r♦③✉♠➙t ♥❡❥❧é♣❡✳ ❑r♦♠➙ t♦❤♦ s❡ ③♠í♥í♠❡ ♦ ❦r✉❤♦✈é ✐♥✈❡r③✐ ✭❥❛❦♦➸t♦ ③á❦❧❛❞♥í♠
❦♦♥❢♦r♠♥í♠ ③♦❜r❛③❡♥í✮ ❛ ❞✐❧❛t❛❝✐ ✭❥❛❦♦➸t♦ ③ást✉♣❝✐ ↔❡❧❡❞✐ ❦♦♥t❛❦t♥í❝❤ ③♦❜r❛③❡♥í✮✳

❱❡ ✈ý❦❧❛❞✉ ③♣r❛✈✐❞❧❛ ③❛↔í♥á♠❡ s❡ ③♦❜r❛③❡♥í♠✐ ❡✉❦❧❡✐❞♦✈s❦é r♦✈✐♥② ❞♦ s❡❜❡✱ ♥➙❦t❡ré ✈➙t② ❛ ❞❡✲
✜♥✐❝❡ ❥s♦✉ ✈➨❛❦ ❢♦r♠✉❧♦✈á♥② ♦❜❡❝♥➙✳ ❱ t➙❝❤t♦ ❢♦r♠✉❧❛❝í❝❤ ♠❧✉✈í♠❡ ♦ ❡✉❦❧❡✐❞♦✈s❦ý❝❤ ♣r♦st♦r❡❝❤✱
↔í♠➸ ♠②s❧í♠❡ ♣➦í♠❦✉ ✭dim = 1✮✱ r♦✈✐♥✉ ✭dim = 2✮ ❛ ♣r♦st♦r ✭dim = 3✮✳✶ ◆❡❥♣♦③❞➙❥✐ ♣➦❡❞ ❞❡✜♥✐❝í
♣r♦❥❡❦t✐✈♥í❝❤ ③♦❜r❛③❡♥í ❜✉❞❡♠❡ ❞♦♥✉❝❡♥✐ ❡✉❦❧❡✐❞♦✈s❦ý ♣r♦st♦r r♦③➨í➦✐t ♦ ❜♦❞② ✈ ♥❡❦♦♥❡↔♥✉ ✖
t♦ ❥❡ t③✈✳ ♣r♦❥❡❦t✐✈♥í r♦③➨í➦❡♥í ❡✉❦❧❡✐❞♦✈s❦é❤♦ ♣r♦st♦r✉✳✷

P♦st➦❡❤② ❛ ③á✈➙r② ③ ♣♦❞❦❛♣✐t♦❧② ✼ ❥❡➨t➙ s❤r♥❡♠❡ ❛ ③♦r❣❛♥✐③✉❥❡♠❡ ✈ ♣♦❞❦❛♣✐t♦❧❡ ✽✳ ❩❡❥♠é♥❛
s✐ ❞á✈á♠❡ ③á❧❡➸❡t✱ ❛❜②❝❤♦♠ ✈ ❦❛➸❞é s❦✉♣✐♥➙ ③♦❜r❛③❡♥í r♦③✉♠➙❧✐ t③✈✳ ③á❦❧❛❞♥í♠ ③♦❜r❛③❡♥í♠✳

✼ P❛♥♦♣t✐❦✉♠ ❣❡♦♠❡tr✐❝❦ý❝❤ ③♦❜r❛③❡♥í

❱ ♣➦❡❞❝❤♦③í♠ ✈ý❦❧❛❞✉ ❥s♠❡ ♥❛r❛③✐❧✐ ♥❛ ♥➙❦♦❧✐❦ ❣❡♦♠❡tr✐❝❦ý❝❤ ③♦❜r❛③❡♥í ✈ ♣♦❞❦❛♣✳ ✺✳ ❱➨❡❝❤♥②
③♠✐➡♦✈❛♥é ♣➦í❦❧❛❞② ❥s♦✉ ♣➦✐♣♦♠❡♥✉t② ❛ ❞♦♣❧♥➙♥② ✈ ♣r✈♥í❝❤ ↔t②➦❡❝❤ ♦❞st❛✈❝í❝❤✳ ◆❛ ❦♦♥❝✐ ♦❞st✳ ✼✳✻
s❡ ♣r♦t♦ ♠➲➸❡♠❡ ③♥♦✈❛ ♦❤❧é❞♥♦✉t ③❛ ♦❜❡❝♥♦✉ ❆♣♦❧❧ó♥✐♦✈♦✉ ú❧♦❤♦✉ ❛ ③❛♠②s❧❡t s❡ ♥❛❞ ❛❧t❡r♥❛✲
t✐✈♥í♠✐ ➦❡➨❡♥í♠✐✳

❩❜②❧é ❞✈❛ ♦❞st❛✈❝❡ ❜✉❞♦✉ ♥❛♦♣❛❦ ③ás❛❞♥í ✈ ❦❛♣✐t♦❧❡ ■❱✱ t③♥✳ ♣➦✐ st✉❞✐✉ ③♦❜r❛③♦✈❛❝í❝❤ ♠❡t♦❞
tr♦❥r♦③♠➙r♥é❤♦ ♣r♦st♦r✉ ❞♦ r♦✈✐♥②✳

✼✳✶ ❉✐❧❛t❛❝❡ ❛ ❦♦♥t❛❦t♥í ③♦❜r❛③❡♥í

❖ ❞✐❧❛t❛❝✐ ❥s♠❡ ♥➙❦♦❧✐❦rát ♠❧✉✈✐❧✐ ✈ ♣♦❞❦❛♣✳ ✺✱ ❦❞❡ ❥s♠❡ ✈➨❛❦ ✉✈❛➸♦✈❛❧✐ ✈ý❤r❛❞♥➙ ❞✐❧❛t❛❝❡ ❝②❦❧➲
❛ ♣❛♣rs❦➲✱ t❥✳ ♦r✐❡♥t♦✈❛♥ý❝❤ ❦r✉➸♥✐❝ ❛ ♣➦í♠❡❦✳ ❱ t♦♠t♦ ♦❞st❛✈❝✐ ❝❤❝❡♠❡ ♣♦r♦③✉♠➙t ❞✐❧❛t❛❝✐ ❥❛❦♦

✶❚r✐✈✐á❧♥í♠ ♣➦í♣❛❞❡♠ ❥❡ t❛❦é ❜♦❞ ✭dim = 0✮✱ ❦t❡rý ③♣r❛✈✐❞❧❛ ③ ♥❛➨✐❝❤ ú✈❛❤ ✈②❧✉↔✉❥❡♠❡✳
✷❑r✉❤♦✈á ✐♥✈❡r③❡ ♠á ❥❛❦♦ ❞❡✜♥✐↔♥í ♦❜♦r ❡✉❦❧❡✐❞♦✈s❦♦✉ r♦✈✐♥✉ ❜❡③ ❥❡❞♥♦❤♦ ❜♦❞✉✱ ✉ ❞✐❧❛t❛❝❡ ❥❡ ✈➨❡❝❤♥♦ ú♣❧♥➙

❥✐♥❛❦✳ ✳ ✳



✻✵ ■■■ ●❡♦♠❡tr✐❝❦á ③♦❜r❛③❡♥í

t❛❦♦✈é✳
◆❛ r♦③❞í❧ ♦❞ ✈➨❡❝❤ ♦st❛t♥í❝❤ ③♦❜r❛③❡♥í ✈ t♦♠t♦ t❡①t✉ ✖ ❞✐❧❛t❛❝❡ ♥❡♥í ❜♦❞♦✈é ③♦❜r❛③❡♥í✦

❚♦ ③♥❛♠❡♥á✱ ➸❡ ♥❡♠á s♠②s❧ ♠❧✉✈✐t ♦ ♦❜r❛③✉ ❜♦❞✉ X✱ ♣r♦t♦➸❡ t❡♥ ♠➲➸❡ ❜ýt ♣➦✐ ❥❡❞♥é ❛ té➸❡
❞✐❧❛t❛❝✐ ③♦❜r❛③❡♥ ❞♦ r➲③♥ý❝❤ ❜♦❞➲✱ ❛ t♦ ✈ ③á✈✐s❧♦st✐ ♥❛ t♦♠✱ ♥❛ ❦t❡ré♠ ❝②❦❧✉✱ r❡s♣✳ ♣❛♣rs❦✉
t❡♥t♦ ❜♦❞ ❝❤á♣❡♠❡✳ P♦❦✉❞ ❥❡ ✈➨❛❦ X ❜♦❞❡♠ ❞♦t②❦✉ ❞✈♦✉ ❝②❦❧➲✱ r❡s♣✳ ❝②❦❧✉ ❛ ♣❛♣rs❦✉✱ ♣♦t♦♠
s❡ ♣➦✐ ❞✐❧❛t❛❝✐ t❡♥t♦ ❞♦t②❦ ③❛❝❤♦✈á✈á✳✸ ❉✐❧❛t❛❝❡ t❡❞② ♥❡♥í ③♦❜r❛③❡♥í ♥❛ ♠♥♦➸✐♥➙ ❜♦❞➲✱ ❥❡ t♦
✈➨❛❦ ③♦❜r❛③❡♥í ♥❛ ♠♥♦➸✐♥➙ t③✈✳ ♦r✐❡♥t♦✈❛♥ý❝❤ ❞♦t②❦♦✈ý❝❤ ✭❦♦♥t❛❦t♥í❝❤✱ ♣➦í♣✳ t❡↔♥ý❝❤✮ ❡❧❡♠❡♥t➲✿
♦r✐❡♥t♦✈❛♥ý ❞♦t②❦♦✈ý ❡❧❡♠❡♥t ❥❡ ✉r↔❡♥ ❜♦❞❡♠ ❛ s♠➙r❡♠ ✭❡❦✈✐✈❛❧❡♥t♥➙ ❥❡❥ ♠➲➸❡♠❡ r❡♣r❡③❡♥t♦✈❛t
♣♦❧♦♣➦í♠❦♦✉✱ ✈❡❦t♦r❡♠ ✈á③❛♥ý♠ ✈ ❜♦❞➙ ❛♣♦❞✳✮✳

❖❜❡❝♥➙❥✐✱ ❦❛➸❞é ③♦❜r❛③❡♥í ❞❡✜♥♦✈❛♥é ♥❛ ♠♥♦➸✐♥➙ ♦r✐❡♥t♦✈❛♥ý❝❤ ❞♦t②❦♦✈ý❝❤ ❡❧❡♠❡♥t➲ s❡ ♥❛✲
③ý✈á ❦♦♥t❛❦t♥í ③♦❜r❛③❡♥í✳ ❑❛➸❞é ❜♦❞♦✈é ③♦❜r❛③❡♥í ❥❡ ❦♦♥t❛❦t♥í ✭♣➦❡s♥➙❥✐✿ ✉r↔✉❥❡ ❥❡❞♥♦③♥❛↔♥➙
❦♦♥t❛❦t♥í ③♦❜r❛③❡♥í✮✱ ❛✈➨❛❦ ♦♣❛↔♥é t✈r③❡♥í ♥❡♣❧❛tí✳ Prá✈➙ ❞✐❧❛t❛❝❡ ❥❡ ✈ý③♥❛↔♥ý♠ ❛ ✈ t♦♠t♦ ❦✉r③✉
❥❡❞✐♥ý♠ ♣➦❡❞st❛✈✐t❡❧❡♠ tét♦ s❦✉♣✐♥② ❣❡♦♠❡tr✐❝❦ý❝❤ ③♦❜r❛③❡♥í✳

❉✐❧❛t❛❝❡ ❥❡ ❦♦♥t❛❦t♥í ③♦❜r❛③❡♥í ✉r↔❡♥é r❡á❧♥ý♠ ↔ís❧❡♠ ρ 6= 0 t❛❦✱ ➸❡ ♦❜r❛③ ♦r✐❡♥t♦✈❛♥é❤♦
❦♦♥t❛❦t♥í❤♦ ❡❧❡♠❡♥t✉ ③❛st♦✉♣❡♥é❤♦ ✈❡❦t♦r❡♠

−−→
XY ❥❡ r❡♣r❡③❡♥t♦✈á♥ ✈❡❦t♦r❡♠

−−−→
X ′Y ′✱ ❦t❡rý

❥❡ ♣♦s✉♥✉t ♦ ✈③❞á❧❡♥♦st ρ ❦♦❧♠♦ ❦
−−→
XY ✱ ❛ t♦ ♥❛ s♣rá✈♥♦✉ str❛♥✉ ✈ ③á✈✐s❧♦st✐ ♥❛ ♦r✐❡♥t❛❝✐✿

❑♦♥✈❡♥❝❡ ❥❡ t❛❦♦✈á✱ ❛❜② s♠➙r♦✈ý ✈❡❦t♦r
−−→
XY ❛ ✈❡❦t♦r ♣♦s✉♥✉tí

−−→
XX ′ ✭✈ t♦♠t♦ ♣♦➦❛❞í✮

t✈♦➦✐❧② ❦❧❛❞♥♦✉ ❜á③✐✱ ❦❞②➸ ρ ❥❡ ❦❧❛❞♥é✱ ❛ ③á♣♦r♥♦✉ ❜á③✐✱ ❦❞②➸ ρ ❥❡ ③á♣♦r♥é✳

❖❜rá③❡❦ ✼✳✶✿ ❱❧❡✈♦ ❥❡ ♥❛③♥❛↔❡♥ ♦❜r❛③ ❞♦t②❦♦✈é❤♦ ❡❧❡♠❡♥t✉ ✭XY ✮ ✈ ③á✈✐s❧♦st✐ ♥❛ ③♥❛✲
♠é♥❦✉ ρ✳ ❉❛❧➨í ❞✈❛ ♦❜rá③❦② ✐❧✉str✉❥í ♦❜r❛③ ♣❛♣rs❦✉✱ r❡s♣✳ ❝②❦❧✉ ❥❛❦♦➸t♦ ♦❜á❧❦② ❥❡❥í❝❤
❞♦t②❦♦✈ý❝❤ ❡❧❡♠❡♥t➲ ♣r♦ ρ > 0✳

P♦③♥á♠❦②

P♦❦✉❞ ➦í❦á♠❡✱ ➸❡ ✒❞✐❧❛t✉❥❡♠❡ ❦➦✐✈❦✉✏ ♦ ♥➙❥❛❦♦✉ ❤♦❞♥♦t✉ ρ✱ r♦③❤♦❞♥➙ ♠✉sí ❜ýt t❛t♦ ❦➦✐✈❦❛ ♥➙❥❛❦
♦r✐❡♥t♦✈❛♥á✦ P➦❡s♥➙❥✐ ✒❞✐❧❛t❛❝❡ ♦r✐❡♥t♦✈❛♥é ❦➦✐✈❦②✏ ♣r♦❜í❤á t❛❦✱ ➸❡ s✐ ✈ ❦❛➸❞é♠ ❥❡❥í♠ ❜♦❞➙
♣➦❡❞st❛✈í♠❡ ♦❞♣♦✈í❞❛❥í❝í t❡↔♥ý ♣❛♣rs❡❦✱ t❡♥ ♣♦s✉♥❡♠❡ ♦ ❞❛♥♦✉ ✈③❞á❧❡♥♦st ρ ✈❡ s♣rá✈♥é♠ s♠➙r✉
❛ ✈ýs❧❡❞♥á ❦➦✐✈❦❛ ❥❡ ♦❜á❧❦♦✉ t➙❝❤t♦ ♣♦s✉♥✉tý❝❤ ♣❛♣rs❦➲✳

P♦③♦r✱ ❦❧✐❞♥➙ s❡ ♠➲➸❡ stát✱ ➸❡ s♣♦❥✐tá ❦➦✐✈❦❛ ❞✐❧❛t✉❥❡ ♥❛ ❦➦✐✈❦✉ ♥❡s♣♦❥✐t♦✉✦ ❚♦ s❡ ♠➲➸❡ stát
♥❛♣➦✳ ✈ ❜♦❞❡❝❤ ✈r❛t✉✱ ✈✐③ ♦❜r✳ ✼✳✷✳ ❏❛❦♦ ✉➸✐t❡↔♥é ❝✈✐↔❡♥í ❞♦♣♦r✉↔✉❥❡♠❡ ❞✐❧❛t♦✈❛t ♥➙❦♦❧✐❦ ❞❛❧➨í❝❤
♣ís♠❡♥ ♠❛❧é ♣s❛❝í ❛❜❡❝❡❞② ✭♦r✐❡♥t♦✈❛♥ý❝❤ ♣♦❞❧❡ t♦❤♦✱ ❥❛❦ ❜②❧❛ ♥❛♣sá♥❛✮✱ ❛ t♦ ❥❛❦ ✈ ❦❧❛❞♥é♠✱
t❛❦ ③á♣♦r♥é♠ s♠②s❧✉✳ ✳ ✳✏

✸P♦❦✉❞ ❥❡ X ❜♦❞❡♠ ❞♦t②❦✉ ❞✈♦✉ ❦r✉➸♥✐❝ s ♦♣❛↔♥ý♠✐ ♦r✐❡♥t❛❝❡♠✐✱ ♣♦t♦♠ s❡ ♣➦✐ ❞✐❧❛t❛❝✐ t❡♥t♦ ❞♦t②❦ ♥❡③❛❝❤♦✲
✈á✈á✦



✼ P❛♥♦♣t✐❦✉♠ ❣❡♦♠❡tr✐❝❦ý❝❤ ③♦❜r❛③❡♥í ✻✶

❖❜rá③❡❦ ✼✳✷✿ ❉✐❧❛t❛❝❡ s♣♦❥✐té ❦➦✐✈❦② ♦r✐❡♥t♦✈❛♥é ♣♦❞❧❡ t♦❤♦✱ ❥❛❦ ❜②❧❛ ♥❛❦r❡s❧❡♥❛ ✭♣r♦
ρ < 0✮✳

✼✳✷ ❖s♦✈á s♦✉♠➙r♥♦st ❛ s❤♦❞♥á ③♦❜r❛③❡♥í

❉✈❛ tr♦❥ú❤❡❧♥í❦② ❥s♦✉ s❤♦❞♥é✱ ❦❞②➸ ♠❛❥í ♣♦ ❞✈♦✉ s❤♦❞♥é str❛♥② ❛ ✈♥✐t➦♥í ú❤❧②✳ ❈❤❛r❛❦t❡r✐③❛❝❡
s❤♦❞♥♦st✐ tr♦❥ú❤❡❧♥í❦➲ ♣♦s❦②t✉❥í ✈➙t② ❙❯❙✱ ❙❙❙ ❛♣♦❞✳

❉✈❛ s❤♦❞♥é ♦❜❡❝♥é tr♦❥ú❤❡❧♥í❦② ❥❡❞♥♦③♥❛↔♥➙ ✉r↔✉❥í s❤♦❞♥é ③♦❜r❛③❡♥í r♦✈✐♥② ❞♦ s❡❜❡ t❛❦♦✈é✱
➸❡ ❥❡❞❡♥ tr♦❥ú❤❡❧♥í❦ ❥❡ ♦❜r❛③❡♠ t♦❤♦ ❞r✉❤é❤♦✳✹ ❚♦ ③♥❛♠❡♥á✱ ➸❡ ♣r♦ ❧✐❜♦✈♦❧♥ý ❞❛❧➨í ❜♦❞ ✈ r♦✈✐♥➙
❥s♠❡ s❝❤♦♣♥✐ s❡str♦❥✐t ❥❡❤♦ ♦❜r❛③✱ ❛ t♦ ❞♦❦♦♥❝❡ ♥➙❦♦❧✐❦❡rý♠ ③♣➲s♦❜❡♠✱ ✈✐③ ❝✈✐↔❡♥í✳ P➦✐ t➙❝❤t♦ ❦♦♥✲
str✉❦❝í❝❤ s✐ ✉✈➙❞♦♠✉❥❡♠❡ ✈❧❛st♥♦st✐ ♦❜❡❝♥ý❝❤ s❤♦❞♥ý❝❤ ③♦❜r❛③❡♥í✱ ❦t❡ré ♣➦✐♣♦♠í♥á♠❡ ✈ ③á✈➙r✉
t♦❤♦t♦ ♦❞st❛✈❝❡✳

❙❤♦❞♥♦st✐ ✈ r♦✈✐♥➙

❙❤♦❞♥♦stí ✈ r♦✈✐♥➙ ❥❡ ♣♦✉③❡ ♥➙❦♦❧✐❦ ♠á❧♦ ❞r✉❤➲✱ ③ ♥✐❝❤➸ ✈➙t➨✐♥✉ ③♥á♠❡ ♦❞ ♥❡❥út❧❡❥➨í❤♦ ✈➙❦✉ ✖
♠➙❧② ❜② t♦ ❜ýt s❤♦❞♥♦st✐ ✭❛✮✕✭❞✮ ③ ♥í➸❡ ✉✈❡❞❡♥é❤♦ s❡③♥❛♠✉✳ ❯ ❦❛➸❞é ③ t➙❝❤t♦ s❤♦❞♥♦stí ♣➦❡s♥➙
✈í♠❡✱ ❥❛❦ ❥❡ ❞❡✜♥♦✈á♥❛✱ ❝♦ ❥s♦✉ ❥❡❥í ✉r↔✉❥í❝í ♣r✈❦② ❛ ❥❛❦ s❡str♦❥✐t ♦❜r❛③ ♦❜❡❝♥é❤♦ ❜♦❞✉✳ ❩á❦❧❛❞♥í
s❤♦❞♥♦stí ✈ r♦✈✐♥➙ ❥❡ ♦s♦✈á s♦✉♠➙r♥♦st✱ ❛ t♦ ③ ♥ás❧❡❞✉❥í❝í❤♦ ❞➲✈♦❞✉✿

❱➙t❛ ✭♦ s❦❧á❞á♥í ♦s♦✈ý❝❤ s♦✉♠➙r♥♦stí✮✳ ❑❛➸❞♦✉ s❤♦❞♥♦st ✈ r♦✈✐♥➙ ❧③❡ r❡❛❧✐③♦✈❛t ❥❛❦♦ s❧♦➸❡♥í
♥❡❥✈ý➨❡ t➦í ♦s♦✈ý❝❤ s♦✉♠➙r♥♦stí✳

❉➲❦❛③✳ ❩❞➲✈♦❞♥➙♥í ✈➙t② ✈ ♥❡❥♦❜❡❝♥➙❥➨í♠ ♠♦➸♥é♠ ♣➦í♣❛❞➙ ❥❡ ♥❛③♥❛↔❡♥♦ ♥❛ ♦❜r✳ ✼✳✸ ✖ s❤♦❞♥♦st
❥❡ ✉r↔❡♥❛ ♦❜r❛③❡♠ A′B′C ′ ♦❜❡❝♥é❤♦ tr♦❥ú❤❡❧♥í❦✉ ABC✿

• ❖③♥❛↔♠❡ o1 ♦s✉ ús❡↔❦② AA′ ❛ s❡str♦❥♠❡ ♦s♦✈➙ s♦✉♠➙r♥ý ♦❜r❛③ A1B1C1 tr♦❥ú❤❡❧♥í❦✉ ABC

♣♦❞❧❡ tét♦ ♦s②❀ ③ ✈♦❧❜② o1 ♣❧②♥❡✱ ➸❡ A1B1C1 = A′B1C1✳

• ❖③♥❛↔♠❡ o2 ♦s✉ ús❡↔❦② B1B
′ ❛ s❡str♦❥♠❡ ♦s♦✈➙ s♦✉♠➙r♥ý ♦❜r❛③ A2B2C2 tr♦❥ú❤❡❧♥í❦✉

A′B1C1 ♣♦❞❧❡ tét♦ ♦s②❀ ③❡ s❤♦❞♥♦stí AB = A1B1 = A′B′ ♣❧②♥❡✱ ➸❡ o2 ♣r♦❝❤á③í ❜♦❞❡♠
A′ = A1✱ t✉❞í➸ A2B2C2 = A′B′C2✳

• ❖③♥❛↔♠❡ o3 ♦s✉ ús❡↔❦② C2C
′ ❛ s❡str♦❥♠❡ ♦s♦✈➙ s♦✉♠➙r♥ý ♦❜r❛③ A3B3C3 tr♦❥ú❤❡❧♥í❦✉

A′B′C2 ♣♦❞❧❡ tét♦ ♦s②❀ ③ ♣➦❡❞❝❤♦③í❤♦ ❛ ③❡ s❤♦❞♥♦stí ✈➨❡❝❤ tr♦❥ú❤❡❧♥í❦➲ ♣❧②♥❡✱ ➸❡ o3 = A′B′✱
t✉❞í➸ A3B3C3 = A′B′C ′✳

P♦❦✉❞ ❜② ✈ ③❛❞á♥í ♥❡❜♦ ✈ ❦t❡ré♠❦♦❧✐ ❦r♦❦✉ ♣➦❡❞❝❤♦③í ❦♦♥str✉❦❝❡ s♣❧ý✈❛❧♦ ✈í❝❡ ❜♦❞➲ ♥❡❥❡❞♥♦✉
s❡ ③❛❞❛♥ý♠✐ ♦❜r❛③②✱ ❦♦♥str✉❦❝❡ ❜② ❜②❧❛ ❦r❛t➨í ❛ ✈ýs❧❡❞♥á s❤♦❞♥♦st s♣❡❝✐✜↔t➙❥➨í✳ ❚❛❦t♦ ❥s♠❡
s❝❤♦♣♥✐ ❦❧❛s✐✜❦♦✈❛t ✈➨❡❝❤♥② ❞r✉❤② s❤♦❞♥♦stí✱ ❦t❡ré ✈ r♦✈✐♥➙ ♠➲➸❡♠❡ ♣♦t❦❛t✿

✹ ❯✈➙❞♦♠t❡ s✐✱ ➸❡ ♥❛♣➦✳ ❞✈❛ s❤♦❞♥é r♦✈♥♦str❛♥♥é tr♦❥ú❤❡❧♥í❦② ♥❡✉r↔✉❥í s❤♦❞♥é ③♦❜r❛③❡♥í ❥❡❞♥♦③♥❛↔♥➙✱ ❛ t♦
❞í❦② s②♠❡tr✐í♠ tr♦❥ú❤❡❧♥í❦❛ ❥❛❦♦ t❛❦♦✈é❤♦✳



✻✷ ■■■ ●❡♦♠❡tr✐❝❦á ③♦❜r❛③❡♥í

❖❜rá③❡❦ ✼✳✸✿ ❬❙❡❦❪ ❑❛➸❞á s❤♦❞♥♦st ✈ r♦✈✐♥➙ ❥❡ s❧♦➸❡♥í♠ ♥❡❥✈ý➨❡ t➦í ♦s♦✈ý❝❤ s♦✉♠➙r♥♦stí✳

✭❛✮ ✐❞❡♥t✐t❛ ❂ s❧♦➸❡♥í ❞✈♦✉ ♦s♦✈ý❝❤ s♦✉♠➙r♥♦stí t❛❦♦✈ý❝❤✱ ➸❡ o1 = o2✱

✭❜✮ ♣♦s✉♥✉tí ❂ s❧♦➸❡♥í ❞✈♦✉ ♦s♦✈ý❝❤ s♦✉♠➙r♥♦stí t❛❦♦✈ý❝❤✱ ➸❡ o1‖o2✱

✭❝✮ ♦tá↔❡♥í ❂ s❧♦➸❡♥í ❞✈♦✉ ♦s♦✈ý❝❤ s♦✉♠➙r♥♦stí t❛❦♦✈ý❝❤✱ ➸❡ o1 ❛ o2 ❥s♦✉ r➲③♥♦❜➙➸♥é✱

✭❝✬✮ st➦❡❞♦✈á s♦✉♠➙r♥♦st ❂ s❧♦➸❡♥í ❞✈♦✉ ♦s♦✈ý❝❤ s♦✉♠➙r♥♦stí t❛❦♦✈ý❝❤✱ ➸❡ o1 ❛ o2 ❥s♦✉
❦♦❧♠é✱

✭❞✮ ♦s♦✈á s♦✉♠➙r♥♦st ❂ ♦s♦✈á s♦✉♠➙r♥♦st✱

✭❡✮ ♣♦s✉♥✉tá s♦✉♠➙r♥♦st ❂ s❧♦➸❡♥í t➦í ♦❜❡❝♥ý❝❤ ♦s♦✈ý❝❤ s♦✉♠➙r♥♦stí ❥❛❦♦ ✈ý➨❡✳

❙t➦❡❞♦✈á s♦✉♠➙r♥♦st ❥❡ ♦tá↔❡♥í ♦ ♣➦í♠ý ú❤❡❧✱ ♣r♦t♦ ❥✐ ♣♦❞➦❛③✉❥❡♠❡ ♦❜❡❝♥é♠✉ ♦tá↔❡♥í✳ Pr✈♥í t➦✐
tr❛♥s❢♦r♠❛❝❡ ❥s♦✉ ♣➦í♠é ✭③❛❝❤♦✈á✈❛❥í ♦r✐❡♥t❛❝✐✮✱ ♣♦s❧❡❞♥í ❞✈➙ ♥❡♣➦í♠é ✭♠➙♥í ♦r✐❡♥t❛❝✐✮✳ P♦❥♠❡✲
♥♦✈á♥í ♣♦s❧❡❞♥í❤♦ ✭❣❡♥❡r✐❝❦é❤♦✮ ❞r✉❤✉ ❥❡ ♦❞✈♦③❡♥♦ ③ t♦❤♦✱ ➸❡ ❦❛➸❞♦✉ ♣♦s✉♥✉t♦✉ s♦✉♠➙r♥♦st ❧③❡
r❡❛❧✐③♦✈❛t ❥❛❦♦ s❧♦➸❡♥í ♦s♦✈é s♦✉♠➙r♥♦st✐ ❛ ♣♦s✉♥✉tí✳ ◆❛ ♦❜r✳ ✼✳✸ t❡♥t♦ r♦③❦❧❛❞ ♥❡♠✉sí ❜ýt ♥❛
♣r✈♥í ♣♦❤❧❡❞ ♣❛tr♥ý✱ ♥❛ ♦❜r✳ ✼✳✹ ✈➨❛❦ ✉r↔✐t➙ ❛♥♦✦

❖❜rá③❡❦ ✼✳✹✿ ❬▼❛r❪ P♦s✉♥✉tá s♦✉♠➙r♥♦st✳

❙❤♦❞♥♦st✐ ♦❜❡❝♥➙

❩♦❜r❛③❡♥í ♠❡③✐ ❡✉❦❧❡✐❞♦✈s❦ý♠✐ ♣r♦st♦r② ❥❡ s❤♦❞♥é✱ ❦❞②➸ ③❛❝❤♦✈á✈á ✈③❞á❧❡♥♦st✐ ❜♦❞➲✱ t❥✳ ♣r♦
❧✐❜♦✈♦❧♥é ❜♦❞② A,B ❛ ❥❡❥✐❝❤ ♦❜r❛③② A′, B′ ♣❧❛tí✿

|A′B′| = |AB|. ✭✼✳✶✮

❙❤♦❞♥á ③♦❜r❛③❡♥í ♠❛❥í s❛♠♦③➦❡❥♠➙ ❞❛❧➨í ✈❧❛st♥♦st✐✱ ❦t❡ré ✈ ❞❡✜♥✐❝✐ ♥❡✉✈á❞í♠❡ ✖ ✉✈➙❞♦♠t❡ s✐✱
➸❡ ③ ❞❡✜♥✐❝❡ ✈②♣❧ý✈á✱ ➸❡ s❤♦❞♥á ③♦❜r❛③❡♥í ✭♠❡③✐ ♣r♦st♦r② ❞✐♠❡♥③❡ ❛s♣♦➡ ❞✈❛✮✏



✼ P❛♥♦♣t✐❦✉♠ ❣❡♦♠❡tr✐❝❦ý❝❤ ③♦❜r❛③❡♥í ✻✸

• ③♦❜r❛③✉❥í ♣➦í♠❦② ♥❛ ♣➦í♠❦②✱✺

• ③❛❝❤♦✈á✈❛❥í ♦❞❝❤②❧❦② ♣➦í♠❡❦✱

• ③❛❝❤♦✈á✈❛❥í ♦❜s❛❤②✱ r❡s♣✳ ♦❜❥❡♠②✳

P➦í♠♦ ③ ❞❡✜♥✐❝❡ t❛❦é ♣❧②♥❡✱ ➸❡ ❦❛➸❞é s❤♦❞♥é ③♦❜r❛③❡♥í ❥❡ ♣r♦sté✳ ❑❛➸❞á s❤♦❞♥á tr❛♥s❢♦r♠❛❝❡✱
t❡❞② s❤♦❞♥é ③♦❜r❛③❡♥í ❡✉❦❧❡✐❞♦✈s❦é❤♦ ♣r♦st♦r✉ ❞♦ s❡❜❡✱ ❥❡ ♣r♦t♦ ♥✉t♥➙ ❜✐❥❡❦t✐✈♥í✳ ❇✐❥❡❦t✐✈♥í
s❤♦❞♥é ③♦❜r❛③❡♥í s❡ str✉↔♥➙ ♥❛③ý✈á s❤♦❞♥♦st✳

◆❛ ♣➦í♠❝❡ ♠á♠❡ ♣♦✉③❡ ❞✈➙ s❤♦❞♥♦st✐✿ ♣♦s✉♥✉tí ✭♣➦í♠á✮ ❛ st➦❡❞♦✈♦✉ s♦✉♠➙r♥♦st ✭♥❡♣➦í♠á✮✳
❑❧❛s✐✜❦❛❝❡ s❤♦❞♥♦stí ✈ ♣r♦st♦r✉ ❥❡ ♦ ♥➙❝♦ ❜♦❤❛t➙❥➨í ♥❡➸ ✈ r♦✈✐♥➙✱ ✈➙t➨✐♥✉ ❞r✉❤➲ ✈➨❛❦ ③❛s❡ ③♥á
❦❛➸❞ý✳ ◆❛ r♦③❞í❧ ♦❞ tr❛♥s❢♦r♠❛❝í ✈ r♦✈✐♥➙ ❥❡ st➦❡❞♦✈á s♦✉♠➙r♥♦st ✈ ♣r♦st♦r✉ ♥❡♣➦í♠á ❛ ♦s♦✈á
s♦✉♠➙r♥♦st ✭♦tá↔❡♥í ❦♦❧❡♠ ♣➦í♠❦② ♦ ♣➦í♠ý ú❤❡❧✮ ❥❡ ♣➦í♠á✳ ❩á❦❧❛❞♥í s❤♦❞♥♦stí ✈ ♣r♦st♦r✉ ❥❡
s♦✉♠➙r♥♦st ♣♦❞❧❡ r♦✈✐♥② ✭③r❝❛❞❧❡♥í✮✳ ❩á❥❡♠❝✐ ♠♦❤♦✉ ♣➦❡♠ý➨❧❡t ♥❛❞ ③♦❜❡❝♥➙♥í♠ ✈➙t② ♥❛ str✳ ✻✶✳ ✳ ✳

❙❤♦❞♥♦stí s❡ s ús♣➙❝❤❡♠ ✉➸í✈á ♣➦✐ ➦❡➨❡♥í ♠♥♦❤❛ ❦♦♥str✉❦↔♥í❝❤ ú❧♦❤✱ ✈✐③ ♥❛♣➦✳ ♣➦í❦❧❛❞ ♥❛
♦❜r✳ ✺✳✹✹✳

✼✳✸ ❈✈✐↔❡♥í

✭✶✮ P➦✐♣♦♠❡➡t❡ s✐ ❞❡✜♥✐❝❡ ✈➨❡❝❤ ✈ý➨❡ ❥♠❡♥♦✈❛♥ý❝❤ s❤♦❞♥♦stí✱ ③❡❥♠é♥❛ ♣♦♣✐➨t❡ ❥❡❥✐❝❤ ✉r↔✉❥í❝í
♣r✈❦②✳

✭✷✮ Pr♦ ❞✈❛ ❞❛♥é s❤♦❞♥é tr♦❥ú❤❡❧♥í❦② r♦③❤♦❞♥➙t❡✱ ③❞❛ ❥s♦✉ ♦s♦✈➙ s♦✉♠➙r♥é ✭③❢♦r♠✉❧✉❥t❡ ♥➙❥❛❦é ✏
♣➦✐r♦③❡♥é ❦r✐tér✐✉♠✮✳

✭✸✮ P♦❦✉❞ ❥❡ ♦❞♣♦✈➙↕ ✈ ♣➦❡❞❝❤♦③í ú❧♦③❡ ③á♣♦r♥á✱ ♣❛❦✿

• ♣♦❥♠❡♥✉❥t❡ ♦❞♣♦✈í❞❛❥í❝í s❤♦❞♥♦st ❛ ♣♦♣✐➨t❡ ❥❡❥í ✉r↔✉❥í❝í ♣r✈❦②✱

• ✈②❥á❞➦❡t❡ t✉t♦ s❤♦❞♥♦st ❥❛❦♦ s❧♦➸❡♥í ♦s♦✈ý❝❤ s♦✉♠➙r♥♦stí✱

• ❛❧❡s♣♦➡ ❞✈♦❥í♠ ③♣➲s♦❜❡♠ s❡str♦❥t❡ ♦❜r❛③ ❧✐❜♦✈♦❧♥é❤♦ ❞❛❧➨í❤♦ ❜♦❞✉✳

✼✳✹ ❙t❡❥♥♦❧❡❤❧♦st ❛ ♣♦❞♦❜♥á ③♦❜r❛③❡♥í

❉✈❛ tr♦❥ú❤❡❧♥í❦② ❥s♦✉ ♣♦❞♦❜♥é✱ ❦❞②➸ ♠❛❥í ♣♦ ❞✈♦✉ s❤♦❞♥é ✈♥✐t➦♥í ú❤❧② ❛ str❛♥② ✉ s❤♦❞♥ý❝❤ ú❤❧➲
♠❛❥í ú♠➙r♥é✳ Ú✈♦❞ ❞♦ t❡♦r✐❡ ♣♦❞♦❜♥♦st✐ s♣♦❧✉ s ❝❤❛r❛❦t❡r✐③❛❝í ♣♦❞♦❜♥ý❝❤ tr♦❥ú❤❡❧♥í❦➲ ♠á♠❡
✈ ♦❞st✳ ✹✳✶✻✳

❉✈❛ ♣♦❞♦❜♥é ✭♦❜❡❝♥é✮ tr♦❥ú❤❡❧♥í❦② ❥❡❞♥♦③♥❛↔♥➙ ✉r↔✉❥í ♣♦❞♦❜♥é ③♦❜r❛③❡♥í r♦✈✐♥② ❞♦ s❡❜❡
t❛❦♦✈é✱ ➸❡ ❥❡❞❡♥ tr♦❥ú❤❡❧♥í❦ ❥❡ ♦❜r❛③❡♠ t♦❤♦ ❞r✉❤é❤♦✳ ❚♦ ③♥❛♠❡♥á✱ ➸❡ ♣r♦ ❧✐❜♦✈♦❧♥ý ❞❛❧➨í ❜♦❞
✈ r♦✈✐♥➙ ❥s♠❡ s❝❤♦♣♥✐ s❡str♦❥✐t ❥❡❤♦ ♦❜r❛③✱ ❛ t♦ ❞♦❦♦♥❝❡ ♥➙❦♦❧✐❦❡rý♠ ③♣➲s♦❜❡♠✱ ✈✐③ ❝✈✐↔❡♥í✳ P➦✐
t➙❝❤t♦ ❦♦♥str✉❦❝í❝❤ s✐ ✉✈➙❞♦♠✉❥❡♠❡ ✈❧❛st♥♦st✐ ♦❜❡❝♥ý❝❤ ♣♦❞♦❜♥ý❝❤ ③♦❜r❛③❡♥í✱ ❦t❡ré ♣➦✐♣♦♠í✲
♥á♠❡ ✈ ③á✈➙r✉ t♦❤♦t♦ ♦❞st❛✈❝❡✳

❙t❡❥♥♦❧❡❤❧♦st ✭➨❦á❧♦✈á♥í✱ ❤♦♠♦t❡t✐❡✮

❙t❡❥♥♦❧❡❤❧♦st ❥❡ ③á❦❧❛❞♥í ♣♦❞♦❜♥♦st✱ ❦t❡rá ❥❡ ♦❜❡❝♥➙ ❞❡✜♥♦✈á♥❛ t❛❦t♦✿

✺◆á♣♦✈➙❞❛✿ ❝❤❛r❛❦t❡r✐③✉❥t❡ ❜♦❞② ♥❛ ♣➦í♠❝❡ AB ♣♦♠♦❝í ✈③❞á❧❡♥♦stí ♦❞ A ❛ ♦❞ B✳



✻✹ ■■■ ●❡♦♠❡tr✐❝❦á ③♦❜r❛③❡♥í

❙t❡❥♥♦❧❡❤❧♦st ❥❡ tr❛♥s❢♦r♠❛❝❡ ❡✉❦❧❡✐❞♦✈s❦é❤♦ ♣r♦st♦r✉ ✭❧✐❜♦✈♦❧♥é ❞✐♠❡♥③❡✮✱ ❦t❡rá ❥❡ ✉r↔❡♥á
st➦❡❞❡♠ S ❛ ❦♦❡✜❝✐❡♥t❡♠ k ∈ R✱ ❛ t♦ t❛❦✱ ➸❡ ♦❜r❛③ X ′ ❧✐❜♦✈♦❧♥é❤♦ ❜♦❞✉ X ❧❡➸í ♥❛ ♣➦í♠❝❡
SX ❛ ♣❧❛tí✿ −−→

SX ′ = k · −−→SX ♥❡❜♦❧✐ X ′ = S + k · −−→SX. ✭✼✳✷✮

❙♣❡❝✐á❧♥í✱ r❡s♣✳ ❞❡❣❡♥❡r♦✈❛♥é ♣➦í♣❛❞② ✖ ❦t❡ré ③♣r❛✈✐❞❧❛ ③❛ st❡❥♥♦❧❡❤❧♦st✐ ♥❡✈②❞á✈á♠❡ ✖
♦❞♣♦✈í❞❛❥í ❤♦❞♥♦tá♠ k = 1,−1✱ r❡s♣✳ ✵ ❛ ❥s♦✉ t♦ ✐❞❡♥t✐t❛✱ st➦❡❞♦✈á s♦✉♠➙r♥♦st✱ r❡s♣✳ ♥✉❧♦✈é
③♦❜r❛③❡♥í ✭✈➨❡❝❤♥♦ s❡ ③♦❜r❛③✉❥❡ ❞♦ ❥❡❞✐♥é❤♦ ❜♦❞✉✮✳

◆❡③á✈✐s❧❡ ♥❛ ③♥❛♠é♥❦✉ ❦♦❡✜❝✐❡♥t✉ k ❥❡ st❡❥♥♦❧❡❤❧♦st ✈ r♦✈✐♥➙ ✈➸❞② ♣➦í♠ý♠ ③♦❜r❛③❡♥í♠✳
❱ tr♦❥r♦③♠➙r♥é♠ ♣r♦st♦r✉ ✭❛ t❛❦② ♥❛ ♣➦í♠❝❡✮ ❥❡ t♦♠✉ ❥✐♥❛❦ ✖ ✈ t❛❦♦✈é♠ ♣➦í♣❛❞➙ ❥❡ st❡❥♥♦✲
❧❡❤❧♦st ♣➦í♠á✱ ♣rá✈➙ ❦❞②➸ k > 0✳

❖❜rá③❡❦ ✼✳✺✿ ❬❇❡❪ ❙t❡❥♥♦❧❡❤❧♦st ✈ r♦✈✐♥➙ ❥❡ ✈➸❞② ♣➦í♠á✳

❙t➦❡❞ st❡❥♥♦❧❡❤❧♦st✐ ❥❡ ❥❡❥í♠ ❥❡❞✐♥ý♠ s❛♠♦❞r✉➸♥ý♠ ✭♣❡✈♥ý♠✮ ❜♦❞❡♠ ❛ ✈➨❡❝❤♥② ♣➦í♠❦② ♣r♦✲
❝❤á③❡❥í❝í tí♠t♦ ❜♦❞❡♠ s❡ ③♦❜r❛③✉❥í s❛♠② ❞♦ s❡❜❡✳ ❙ ♦❞❦❛③❡♠ ♥❛ ✈➙t✉ ❱■✳✷ ✭str✳ ✸✶✮ s✐ ✉✈➙❞♦✲
♠✉❥❡♠❡✱ ➸❡ ❧✐❜♦✈♦❧♥á ♣➦í♠❦❛ s❡ ③♦❜r❛③✉❥❡ ♥❛ ♣➦í♠❦✉✱ ❦t❡rá ❥❡ s ♥í r♦✈♥♦❜➙➸♥á✳ ❖❞t✉❞ ③❡❥♠é♥❛
✈②♣❧ý✈á ♠♦➸♥ý ♥á✈♦❞ ❦❡ ❦♦♥str✉❦❝✐ ♦❜r❛③✉ ♦❜❡❝♥é❤♦ ❜♦❞✉ ✈③❤❧❡❞❡♠ ❦ ❞❛♥é st❡❥♥♦❧❡❤❧♦st✐✳

❚✉t♦ ✈❧❛st♥♦st ✭❦❛➸❞á ♣➦í♠❦❛ s❡ ③♦❜r❛③✉❥❡ ♥❛ ♣➦í♠❦✉ s ♥í r♦✈♥♦❜➙➸♥♦✉✮ ♠á ♣♦✉③❡ ♥➙❦♦❧✐❦ ❞❛❧✲
➨í❝❤ tr❛♥s❢♦r♠❛❝í✱ ❥♠❡♥♦✈✐t➙ ✐❞❡♥t✐t❛ ❛ ♣♦s✉♥✉tí✳ ❖❞t✉❞ ♣❧②♥❡✱ ➸❡ s❦❧á❞á♥í♠ st❡❥♥♦❧❡❤❧♦stí ♥❡❧③❡
♦❜❞r➸❡t ♥✐❝ ❥✐♥é❤♦ ♥❡➸ ✐❞❡♥t✐t✉✱ ♣♦s✉♥✉tí ♥❡❜♦ ♦❜❡❝♥♦✉ st❡❥♥♦❧❡❤❧♦st✳ ❯♣➦❡s♥➙♥í ❥❡ ✈ ♥ás❧❡❞✉❥í❝í
✈➙t➙✱ ❥❡❥í➸ ③❞➲✈♦❞♥➙♥í ♣❧②♥❡ ♦♣➙t ❤❧❛✈♥➙ ③ ✈➙t② ❱■✳✷✿✏

❱➙t❛ ✭♦ s❦❧á❞á♥í st❡❥♥♦❧❡❤❧♦stí✮✳ ❙❧♦➸❡♥í ❞✈♦✉ st❡❥♥♦❧❡❤❧♦stí s❡ st➦❡❞② S1, S2 ❛ ❦♦❡✜❝✐❡♥t② k1, k2 ❥❡✿

✭❛✮ ✐❞❡♥t✐t❛✱ ♣rá✈➙ ❦❞②➸ k1k2 = 1 ❛ S1 = S2✱

✭❜✮ ♣♦s✉♥✉tí✱ ♣rá✈➙ ❦❞②➸ k1k2 = 1 ❛ S1 6= S2✱

✭❝✮ ♦❜❡❝♥á st❡❥♥♦❧❡❤❧♦st✱ ♣rá✈➙ ❦❞②➸ k1k2 6= 1✳

◆❛✈í❝ ♣❧❛tí✱ ➸❡ ✈ ♣➦í♣❛❞➙ ✭❜✮ ❥❡ ✈❡❦t♦r ♣♦s✉♥✉tí ♥ás♦❜❦❡♠ ✈❡❦t♦r✉
−−−→
S1S2 ❛ ✈ ♣➦í♣❛❞➙ ✭❝✮ ❧❡➸í st➦❡❞

✈ýs❧❡❞♥é st❡❥♥♦❧❡❤❧♦st✐ ♥❛ ♣➦í♠❝❡ S1S2 ✭♣♦❦✉❞ S1 6= S2✮✳



✼ P❛♥♦♣t✐❦✉♠ ❣❡♦♠❡tr✐❝❦ý❝❤ ③♦❜r❛③❡♥í ✻✺

❙t❡❥♥♦❧❡❤❧ý ♦❜r❛③ ❦r✉➸♥✐❝❡ ❛ ▼♦♥❣❡♦✈❛ ✈➙t❛

❱ s♦✉✈✐s❧♦st✐ s ✈ý➨❡ ❞✐s❦✉t♦✈❛♥ý♠✐ ú❧♦❤❛♠✐ ♦ ❦r✉➸♥✐❝í❝❤ ❞♦♣❧➡✉❥❡♠❡ ♥ás❧❡❞✉❥í❝í ❥❡❞♥♦❞✉❝❤é t✈r✲
③❡♥í✿

❱➙t❛✳ ❙t❡❥♥♦❧❡❤❧ý♠ ♦❜r❛③❡♠ ❦r✉➸♥✐❝❡ ❥❡ ❦r✉➸♥✐❝❡✳
◆❛✈í❝✱ ❦❛➸❞é ❞✈➙ ♥❡s❤♦❞♥é ❦r✉➸♥✐❝❡ ✈ r♦✈✐♥➙ ❥s♦✉ st❡❥♥♦❧❡❤❧é✱ ❛ t♦ ❞✈♦❥í♠ ③♣➲s♦❜❡♠✳

❉➲❦❛③✳ ❩❞➲✈♦❞♥➙♥í ♣❧②♥❡ ③ ✈❧❛st♥♦stí st❡❥♥♦❧❡❤❧♦st✐✱ ❚❤❛❧❡t♦✈② ✈➙t②✱ r❡s♣✳ ✈➙t② ♦♣❛↔♥é✱ ✈✐③
♦❜r✳ ✼✳✻✿

Pr♦ ❧✐❜♦✈♦❧♥ý ❜♦❞ X ∈ k ♣♦❞❧❡ ❚❤❛❧❡t♦✈② ✈➙t② ♣❧❛tí✱ ➸❡ ú❤❡❧ AXB ❥❡ ♣r❛✈ý✳ Pr♦ ♦❜r❛③② ❜♦❞➲
A,X,B ✈③❤❧❡❞❡♠ ❦ ❧✐❜♦✈♦❧♥é st❡❥♥♦❧❡❤❧♦st✐ ♣❧❛tí✱ ➸❡ A′X ′‖AX ❛ B′X ′‖BX✱ t✉❞í➸ ú❤❡❧ A′X ′B′

❥❡ t❛❦é ♣r❛✈ý✳ ❚♦ ③♥❛♠❡♥á✱ ➸❡ ❜♦❞ X ′ ❧❡➸í ♥❛ ❦r✉➸♥✐❝✐ s ♣r➲♠➙r❡♠ A′B′✳
❑♦♥str✉❦❝❡ st➦❡❞➲ st❡❥♥♦❧❡❤❧♦stí ❞✈♦✉ ❞❛♥ý❝❤ ❦r✉➸♥✐❝ ♣♦♠♦❝í r♦✈♥♦❜➙➸♥ý❝❤ ♣r➲♠➙r➲ ❥❡ ♥❛

♦❜r✳ ✼✳✼ ✭✈✐③ té➸ ♦❜r✳ ✺✳✹✵✮✳ ❚♦✱ ➸❡ s✐ ✈ t➙❝❤t♦ st❡❥♥♦❧❡❤❧♦st❡❝❤ ♦❞♣♦✈í❞❛❥í t❛❦é ✈➨❡❝❤♥② ♦st❛t♥í
❜♦❞② ❦r✉➸♥✐❝✱ ♣❧②♥❡ ③ ♣rá✈➙ ❞♦❦á③❛♥é❤♦ t✈r③❡♥í✳

❖❜rá③❡❦ ✼✳✻✿ ❙t❡❥♥♦❧❡❤❧ý♠ ♦❜r❛③❡♠ ❦r✉➸♥✐❝❡ ❥❡ ❦r✉➸♥✐❝❡✳

Pr♦ ❞✈➙ ❞❛♥é ♥❡s❤♦❞♥é ❦r✉➸♥✐❝❡ s❡ ❦♦❡✜❝✐❡♥t② ♦❞♣♦✈í❞❛❥í❝í❝❤ st❡❥♥♦❧❡❤❧♦stí ❧✐➨í ♣♦✉③❡ ③♥❛✲
♠é♥❦❡♠ ✭❛❜s♦❧✉t♥í ❤♦❞♥♦t❛ ❥❡ r♦✈♥❛ ♣♦♠➙r✉ ♣♦❧♦♠➙r➲ ❞❛♥ý❝❤ ❦r✉➸♥✐❝✮✳ ❙t➦❡❞✱ ❦t❡rý ♦❞♣♦✈í❞á
st❡❥♥♦❧❡❤❧♦st✐ s ❦❧❛❞♥ý♠ ③♥❛♠é♥❦❡♠✱ ♥❛③ý✈á♠❡ ✈♥➙❥➨í✱ t❡♥ ❞r✉❤ý ♥❛③ý✈á♠❡ ✈♥✐t➦♥í✳ ❚②t♦ ❞✈❛
st➦❡❞② s♣❧ý✈❛❥í✱ ♣rá✈➙ ❦❞②➸ ❞❛♥é ❦r✉➸♥✐❝❡ ❥s♦✉ s♦✉st➦❡❞♥é✳ P♦❦✉❞ s❡ ❦r✉➸♥✐❝❡ ❞♦tý❦❛❥í ③✈❡♥❦✉✱
r❡s♣✳ ③❡✈♥✐t➦✱ ♣♦t♦♠ ✈♥➙❥➨í✱ r❡s♣✳ ✈♥✐t➦♥í st➦❡❞ st❡❥♥♦❧❡❤❧♦st✐ s♣❧ý✈á s ❜♦❞❡♠ ❞♦t②❦✉✳ ❉✈➙ s❤♦❞♥é
❦r✉➸♥✐❝❡ ♠❛❥í ♣♦✉③❡ ✈♥✐t➦♥í st➦❡❞ st❡❥♥♦❧❡❤❧♦st✐ ✭♣➦í♣✳ ♠➲➸❡♠❡ ➦í❝t✱ ➸❡ t❡♥ ✈♥➙❥➨í ❥❡ ✈ ♥❡❦♦♥❡↔♥✉✮✳

❖❜rá③❡❦ ✼✳✼✿ ❬❑✉❪ ❑❛➸❞é ❞✈➙ ❦r✉➸♥✐❝❡ ❥s♦✉ st❡❥♥♦❧❡❤❧é✱ ❛ t♦ ❞✈♦❥í♠ ③♣➲s♦❜❡♠✳

❇❡③♣r♦st➦❡❞♥í♠ ❞➲s❧❡❞❦❡♠ ♣➦❡❞❝❤♦③í❝❤ ❞✈♦✉ t✈r③❡♥í ❥❡ ♥ás❧❡❞✉❥í❝í ✈➙t❛✿



✻✻ ■■■ ●❡♦♠❡tr✐❝❦á ③♦❜r❛③❡♥í

❱➙t❛ ✭▼♦♥❣❡♦✈❛✮✳ Pr♦ t➦✐ ❦r✉➸♥✐❝❡ ✈ r♦✈✐♥➙ ♣❧❛tí✱ ➸❡ ✈♥➙❥➨í st➦❡❞② st❡❥♥♦❧❡❤❧♦stí ❥s♦✉ ❦♦❧✐♥❡ár♥í✱
st❡❥♥➙ t❛❦ ❦❛➸❞é ❞✈❛ ✈♥✐t➦♥í st➦❡❞② st❡❥♥♦❧❡❤❧♦stí ❛ ❥❡❞❡♥ ✈♥➙❥➨í ❥s♦✉ ❦♦❧✐♥❡ár♥í✳

❉➲❦❛③✳ ❯✈❛➸♠❡ ♦❜❡❝♥♦✉ s✐t✉❛❝✐ ❥❛❦♦ ♥❛ ♦❜r✳ ✼✳✽ ✭✈❡ s♣❡❝✐á❧♥í❝❤ ♣➦í♣❛❞❡❝❤ ♠♦❤♦✉ ♥➙❦t❡ré st➦❡❞②
st❡❥♥♦❧❡❤❧♦stí s♣❧ý✈❛t ♥❡❜♦ s❡ ♦❜❥❡✈✐t ✈ ♥❡❦♦♥❡↔♥✉✮✳ ❯❦á➸❡♠❡✱ ➸❡ tr♦❥✐❝❡ st➦❡❞➲ N,R,Q ❧❡➸í ♥❛
♣➦í♠❝❡❀ ♦st❛t♥í t➦✐ ♣➦í♣❛❞② ❥s♦✉ ❛♥❛❧♦❣✐❝❦é✿

❇♦❞ N ❥❡ ✈♥➙❥➨í♠ st➦❡❞❡♠ st❡❥♥♦❧❡❤❧♦st✐ ❦r✉➸♥✐❝ a, b✱ ❜♦❞ R ❥❡ ✈♥✐t➦♥í♠ st➦❡❞❡♠ st❡❥♥♦❧❡❤❧♦st✐
❦r✉➸♥✐❝ b, c ❛ ❜♦❞ Q ❥❡ ✈♥✐t➦♥í♠ st➦❡❞❡♠ st❡❥♥♦❧❡❤❧♦st✐ ❦r✉➸♥✐❝ a, c✳ ❙❧♦➸❡♥í♠ ♣r✈♥í❝❤ ❞✈♦✉
st❡❥♥♦❧❡❤❧♦stí ❞♦stá✈á♠❡ st❡❥♥♦❧❡❤❧♦st✱ ❦t❡rá ③♦❜r❛③✉❥❡ ❦r✉➸♥✐❝✐ a ♥❛ ❦r✉➸♥✐❝✐ c✱ ❛ t♦ t❛❦✱ ➸❡ ❜♦❞✉
X ∈ a ♦❞♣♦✈í❞á ❜♦❞ X ′′ ∈ c✳ ❚♦ ③♥❛♠❡♥á✱ ➸❡ st➦❡❞❡♠ tét♦ st❡❥♥♦❧❡❤❧♦st✐ ❥❡ ♣rá✈➙ ❜♦❞ Q✳ ❩ t➦❡tí
↔ást✐ ✈➙t② ♦ s❦❧á❞á♥í st❡❥♥♦❧❡❤❧♦stí ♣❧②♥❡✱ ➸❡ ❜♦❞ Q ❧❡➸í ♥❛ ♣➦í♠❝❡ NR✳

❖❜rá③❡❦ ✼✳✽✿ ▼♦♥❣❡♦✈❛ ✈➙t❛✿ ➆❡st st➦❡❞➲ st❡❥♥♦❧❡❤❧♦stí t➦í ❦r✉➸♥✐❝ t✈♦➦í ✈r❝❤♦❧② t③✈✳
ú♣❧♥é❤♦ ↔t②➦r♦❤✉✳

❙t❡❥♥♦❧❡❤❧♦st ❜②❧❛ ♥➙❦♦❧✐❦rát ♣♦✉➸✐t❛ ♣➦✐ ➦❡➨❡♥í ♥➙❦♦❧✐❦❛ s♣❡❝✐á❧♥í❝❤ ❆♣♦❧❧ó♥✐♦✈ý❝❤ ú❧♦❤ ✈ ♣♦❞✲
❦❛♣✳ ✺✳ ▼♦♥❣❡♦✈❛ ✈➙t❛ t✈♦➦í ❥❡❞♥✉ ③❡ t➦í ❦♦♠♣♦♥❡♥t✱ ③ ♥✐❝❤➸ s❡ s❦❧á❞á ③❞➲✈♦❞♥➙♥í ●❡r❣♦♥♥♦✈❛
➦❡➨❡♥í ♦❜❡❝♥é ❆♣♦❧❧ó♥✐♦✈② ú❧♦❤②✱ ✈✐③ ❞♦❞❛t❡❦ ✷✵✳✷✳

❖❜❡❝♥á ♣♦❞♦❜♥♦st

❩♦❜r❛③❡♥í ♠❡③✐ ❡✉❦❧❡✐❞♦✈s❦ý♠✐ ♣r♦st♦r② ❥❡ ♣♦❞♦❜♥é✱ ❦❞②➸ ♣r♦ ❧✐❜♦✈♦❧♥é ❜♦❞② A,B ❛ ❥❡❥✐❝❤
♦❜r❛③② A′, B′ ♣❧❛tí✿

|A′B′| = k · |AB|, ✭✼✳✸✮

❦❞❡ k ❥❡ ❦❧❛❞♥á r❡á❧♥á ❦♦♥st❛♥t❛✱ t③✈✳ ❦♦❡✜❝✐❡♥t ♣♦❞♦❜♥♦st✐✳

P♦❞♦❜♥á ③♦❜r❛③❡♥í s ❦♦❡✜❝✐❡♥t❡♠ k = 1 ❥s♦✉ s❤♦❞♥á✳ P♦❞♦❜♥á ③♦❜r❛③❡♥í ♠❛❥í ❞❛❧➨í ✖ ♦❞✈♦③❡♥é
✖ ✈❧❛st♥♦st✐✱ ❦t❡ré ✈ ❞❡✜♥✐❝✐ ♥❡♠✉sí♠❡ ✉✈á❞➙t✳ ❩ ❞❡✜♥✐❝❡ ♣❧②♥❡✱ ➸❡ ♣♦❞♦❜♥á ③♦❜r❛③❡♥í ✭♠❡③✐
♣r♦st♦r② ❞✐♠❡♥③❡ ❛s♣♦➡ ❞✈❛✮

• ③♦❜r❛③✉❥í ♣➦í♠❦② ♥❛ ♣➦í♠❦②✱



✼ P❛♥♦♣t✐❦✉♠ ❣❡♦♠❡tr✐❝❦ý❝❤ ③♦❜r❛③❡♥í ✻✼

• ③❛❝❤♦✈á✈❛❥í ♦❞❝❤②❧❦② ♣➦í♠❡❦✱

• ♦❜s❛❤②✱ r❡s♣✳ ♦❜❥❡♠② s ♠➙♥í k2✲✱ r❡s♣✳ k3✲❦rát✳

❩❞➲✈♦❞♥➙♥í ❥❡ ♦❜s❛➸❡♥♦ ✈ ✭♥❡❜♦ ♣❧②♥❡ ③✮ ♦❞st✳ ✹✳✶✻✳ ❩ ❞❡✜♥✐❝❡ t❛❦é ♣➦í♠♦ ♣❧②♥❡✱ ➸❡ ❦❛➸❞é ✏
♣♦❞♦❜♥é ③♦❜r❛③❡♥í ❥❡ ♣r♦sté✳ ❑❛➸❞á ♣♦❞♦❜♥á tr❛♥s❢♦r♠❛❝❡✱ t❡❞② ♣♦❞♦❜♥é ③♦❜r❛③❡♥í ❡✉❦❧❡✐❞♦✈✲
s❦é❤♦ ♣r♦st♦r✉ ❞♦ s❡❜❡✱ ❥❡ ♣r♦t♦ ♥✉t♥➙ ❜✐❥❡❦t✐✈♥í✳ ❇✐❥❡❦t✐✈♥í ♣♦❞♦❜♥é ③♦❜r❛③❡♥í s❡ str✉↔♥➙ ③♦✈❡
♣♦❞♦❜♥♦st✳

P♦❦✉❞ ♦❜❡❝♥♦✉ ♣♦❞♦❜♥♦st s ❦♦❡✜❝✐❡♥t❡♠ k s❧♦➸í♠❡ s ♥➙❥❛❦♦✉ st❡❥♥♦❧❡❤❧♦stí s ❦♦❡✜❝✐❡♥t❡♠ 1

k
✱

♣❛❦ ✈ýs❧❡❞♥é ③♦❜r❛③❡♥í ❥❡ s❤♦❞♥♦st✳ ❖❞t✉❞ ♠➲➸❡♠❡ ✈②❞❡❞✉❦♦✈❛t ♥ás❧❡❞✉❥í❝í t✈r③❡♥í✿

❱➙t❛✳ ❑❛➸❞♦✉ ♣♦❞♦❜♥♦st ❧③❡ r❡❛❧✐③♦✈❛t ❥❛❦♦ s❧♦➸❡♥í s❤♦❞♥♦st✐ ❛ st❡❥♥♦❧❡❤❧♦st✐ ✭❛ t♦ ♠♥♦❤❛ r➲③✲
♥ý♠✐ ③♣➲s♦❜②✮✳

❙♣♦❧✉ s ✈➙t♦✉ ♥❛ str✳ ✻✶ ♠➲➸❡♠❡ ♣➦❡❞❝❤♦③í t✈r③❡♥í ❢♦r♠✉❧♦✈❛t t❛❦é t❛❦✱ ➸❡ ❦❛➸❞♦✉ ♣♦❞♦❜♥♦st
✈ r♦✈✐♥➙ ❧③❡ r❡❛❧✐③♦✈❛t ❥❛❦♦ s❧♦➸❡♥í st❡❥♥♦❧❡❤❧♦st✐ ❛ ♥❡❥✈ý➨❡ t➦í ♦s♦✈ý❝❤ s♦✉♠➙r♥♦stí✳ ✳ ✳

✼✳✺ ❈✈✐↔❡♥í

✭✶✮ ❉♦♣❧➡t❡ ♣♦❞r♦❜♥♦st✐ ✈❡ ✈➙t➙ ♦ s❦❧á❞á♥í st❡❥♥♦❧❡❤❧♦stí❀ ❞♦❦❛➸t❡✱ ➸❡ ✈❡❦t♦r ♣♦s✉♥✉tí ✈ ♣➦í♣❛❞➙
✭❜✮ ❥❡ v = (1− k2)

−−−→
S1S2 ❛ st➦❡❞ st❡❥♥♦❧❡❤❧♦st✐ ✈ ♣➦í♣❛❞➙ ✭❝✮ ❥❡ S = S1 +

1−k2

1−k1k2

−−−→
S1S2✳

✭✷✮ Pr♦ ❞✈❛ ❞❛♥é ♣♦❞♦❜♥é tr♦❥ú❤❡❧♥í❦② r♦③❤♦❞♥➙t❡✱ ③❞❛ ❥s♦✉ st❡❥♥♦❧❡❤❧é ✭③❢♦r♠✉❧✉❥t❡ ♥➙❥❛❦é ✏
♣➦✐r♦③❡♥é ❦r✐tér✐✉♠✮✳

✭✸✮ P♦❦✉❞ ❥❡ ♦❞♣♦✈➙↕ ✈ ♣➦❡❞❝❤♦③í ú❧♦③❡ ③á♣♦r♥á✱ ♣❛❦✿

• ✈②❥á❞➦❡t❡ ♦❞♣♦✈í❞❛❥í❝í ♣♦❞♦❜♥♦st ❥❛❦♦ s❧♦➸❡♥í st❡❥♥♦❧❡❤❧♦st✐ ❛ s❤♦❞♥♦st✐✱

• ❛❧❡s♣♦➡ ❞✈♦❥í♠ ③♣➲s♦❜❡♠ s❡str♦❥t❡ ♦❜r❛③ ❧✐❜♦✈♦❧♥é❤♦ ❞❛❧➨í❤♦ ❜♦❞✉✱

• ♣♦❦✉st❡ s❡ ✉r↔✐t s❛♠♦❞r✉➸♥ý ❜♦❞ tét♦ ♣♦❞♦❜♥♦st✐✳

✭✹✮ ❙❡str♦❥t❡ ♣➦í♠❦✉ s♣♦❥✉❥í❝í ❞❛♥ý ❜♦❞ s ♣r➲s❡↔í❦❡♠ ❞✈♦✉ r➲③♥♦❜➙➸♥ý❝❤ ♣➦í♠❡❦✱ ❦t❡rý ❥❡ ♠✐♠♦
rýs♦✈❛❝í ♣❧♦❝❤✉✳

✼✳✻ ❑r✉❤♦✈á ✐♥✈❡r③❡ ❛ ❦♦♥❢♦r♠♥í ③♦❜r❛③❡♥í

❱ tét♦ ♣♦❞❦❛♣✐t♦❧❡ ♣➦❡❞st❛✈í♠❡ ③á❦❧❛❞♥í ❦♦♥❢♦r♠♥í ③♦❜r❛③❡♥í ✈ r♦✈✐♥➙ ✖ ❦r✉❤♦✈♦✉ ✐♥✈❡r③✐✳

❉❡✜♥✐❝❡ ❛ ③➦❡❥♠é ✈❧❛st♥♦st✐

❑r✉❤♦✈á ✐♥✈❡r③❡ ❥❡ tr❛♥s❢♦r♠❛❝❡ ❡✉❦❧❡✐❞♦✈s❦é r♦✈✐♥② ❜❡③ ❥❡❞♥♦❤♦ ❜♦❞✉ O✱ ❦t❡rá ❥❡ ✉r↔❡♥á
❦r✉➸♥✐❝í s❡ st➦❡❞❡♠ O ❛ ♣♦❧♦♠➙r❡♠ r✱ ❛ t♦ t❛❦✱ ➸❡ ♦❜r❛③ X ′ ❧✐❜♦✈♦❧♥é❤♦ ❜♦❞✉ X 6= O ❧❡➸í
♥❛ ♣♦❧♦♣➦í♠❝❡ OX ❛ ♣❧❛tí✿

|OX| · |OX ′| = r2.

❯r↔✉❥í❝í ❦r✉➸♥✐❝✐ ❜✉❞❡♠❡ ③♣r❛✈✐❞❧❛ ♥❛③ý✈❛t ➦í❞í❝í ❛ ③♥❛↔✐t Γ✳ P➦í♠♦ ③ ❞❡✜♥✐❝❡ ❛ ❊✉❦❧❡✐❞♦✈② ✈➙t②
♦ ♦❞✈➙s♥➙ ♣❧②♥❡ ♠♦➸♥ý ♥á✈♦❞ ❦❡ ❦♦♥str✉❦❝✐ ♦❜r❛③✉ ❞❛♥é❤♦ ❜♦❞✉✱ ✈✐③ ♦❜r✳ ✼✳✾✿

PA′ ❥❡ t❡↔♥❛ ❦❡ ❦r✉➸♥✐❝✐ Γ✱ tr♦❥ú❤❡❧♥í❦ OPA′ ❥❡ t❡❞② ♣r❛✈♦ú❤❧ý❀ A ❥❡ ♣❛t❛ ✈ý➨❦② ③ ✈r❝❤♦❧✉ P ❀
♣♦❞❧❡ ❊✉❦❧❡✐❞♦✈② ✈➙t② ♦ ♦❞✈➙s♥➙ t❡❞② ♣❧❛tí OA ·OA′ = OP 2 = r2✳ ❖❞t✉❞ ❥❡ ❦♦♥str✉❦❝❡ ③➦❡❥♠á
❜❡③ ♦❤❧❡❞✉ ♥❛ t♦✱ ③❞❛ ❜♦❞ A ❥❡ ✉✈♥✐t➦ ♥❡❜♦ ✈♥➙ ➦í❞í❝í ❦r✉➸♥✐❝❡✳ ✳ ✳



✻✽ ■■■ ●❡♦♠❡tr✐❝❦á ③♦❜r❛③❡♥í

❖❜rá③❡❦ ✼✳✾✿ ❬❍❛❪ ❖❜r❛③ ❜♦❞✉ ♣➦✐ ❦r✉❤♦✈é ✐♥✈❡r③✐ ✉r↔❡♥é ❦r✉➸♥✐❝í Γ✳

❩ ❞❡✜♥✐❝❡ ❞á❧❡ ♣❧②♥♦✉ ♥ás❧❡❞✉❥í❝í ③➦❡❥♠á t✈r③❡♥í✿✏

❱➙t❛✳ ✭❛✮ ❑r✉❤♦✈á ✐♥✈❡r③❡ ❥❡ ✐♥✈♦❧✉t✐✈♥í tr❛♥s❢♦r♠❛❝❡✱ t③♥✳ s❧♦➸❡♥í ❞✈♦✉ ❦r✉❤♦✈ý❝❤ ✐♥✈❡r③í
s t♦✉té➸ ➦í❞í❝í ❦r✉➸♥✐❝í ❥❡ ✐❞❡♥t✐t❛✳

✭❜✮ ❱➨❡❝❤♥② ❜♦❞② ♥❛ ➦í❞í❝í ❦r✉➸♥✐❝✐ ❥s♦✉ s❛♠♦❞r✉➸♥é✱ t③♥✳ ③♦❜r❛③✉❥í s❡ s❛♠② ♥❛ s❡❜❡✳

✭❝✮ ❱➨❡❝❤♥♦✱ ❝♦ ❥❡ ✈♥➙ ➦í❞í❝í ❦r✉➸♥✐❝❡✱ s❡ ③♦❜r❛③✉❥❡ ❞♦✈♥✐t➦✱ ❛ ♥❛♦♣❛❦✳

✭❞✮ ❑❛➸❞á ♣➦í♠❦❛ ♣r♦❝❤á③❡❥í❝í st➦❡❞❡♠ ✐♥✈❡r③❡ s❡ ③♦❜r❛③✉❥❡ s❛♠❛ ❞♦ s❡❜❡❀ ♣➦✐t♦♠ ❥❡❞✐♥é s❛♠♦❞✲
r✉➸♥é ❜♦❞② ❥s♦✉ ♣r➲s❡↔í❦② s ➦í❞í❝í ❦r✉➸♥✐❝í ❛ lim

X→∞
X ′ = O✳

❩ ♣♦s❧❡❞♥➙ ❥♠❡♥♦✈❛♥é ✈❧❛st♥♦st✐ ❥❡ ♣❛tr♥é✱ ♣r♦↔ ✈ ❞❡✜♥✐❝✐ ✈②❧✉↔✉❥❡♠❡ ♣➦í♣❛❞ X = O✿ ❱➨❡❝❤♥②
❜♦❞② ✈ ♥❡❦♦♥❡↔♥✉ s❡ ③♦❜r❛③✉❥í ❞♦ st➦❡❞✉ O ❛ ♥❛♦♣❛❦✱ ♦❜r❛③❡♠ st➦❡❞✉ O ❜② ♠♦❤❧ ❜ýt ❧✐❜♦✈♦❧♥ý
❜♦❞ ✈ ♥❡❦♦♥❡↔♥✉✳ ■ ❦❞②❜②❝❤♦♠ ❡✉❦❧❡✐❞♦✈s❦♦✉ r♦✈✐♥✉ ♦ t②t♦ ❜♦❞② r♦③➨í➦✐❧✐ ✭❝♦➸ t❛❦ ❥❛❦♦ t❛❦
③❛ ❝❤✈í❧✐ ✉❞➙❧á♠❡✮✱ ♦❜r❛③ st➦❡❞✉ O ❜② ♥❡❜②❧ ✉r↔❡♥ ❥❡❞♥♦③♥❛↔♥➙✳ Prá✈➙ t✉t♦ ✈❧❛st♥♦st ❜✉❞❡♠❡
✈ ❞❛❧➨í♠ s ♦❜❧✐❜♦✉ ✈②✉➸í✈❛t✦

❉❛❧➨í ✈❧❛st♥♦st✐

❑r✉❤♦✈á ✐♥✈❡r③❡ ♠á ♠♥♦❤♦ ❞❛❧➨í❝❤ ♥❡s❛♠♦③➦❡❥♠ý❝❤✱ ❛❧❡ ✈❡❧♠✐ ✉➸✐t❡↔♥ý❝❤ ✈❧❛st♥♦stí✱ ❦t❡ré s✐
♥②♥í ♣♦st✉♣♥➙ ♣➦❡❞st❛✈í♠❡✳

❱➙t❛✳ P➦✐ ❦r✉❤♦✈é ✐♥✈❡r③✐ s ➦í❞í❝í ❦r✉➸♥✐❝í Γ ❛ st➦❡❞❡♠ O ♣❧❛tí✿

✭❡✮ P➦í♠❦❛ ♥❡♣r♦❝❤á③❡❥í❝í st➦❡❞❡♠ O s❡ ③♦❜r❛③✉❥❡ ♥❛ ❦r✉➸♥✐❝✐ ♣r♦❝❤á③❡❥í❝í st➦❡❞❡♠ O✱ ❛ ♥❛♦♣❛❦✳

✭❢✮ ❑r✉➸♥✐❝❡ ❦♦❧♠á ❦❡ Γ s❡ ③♦❜r❛③✉❥❡ s❛♠❛ ❞♦ s❡❜❡✳ ◆❛♦♣❛❦✱ ❦❛➸❞á ❦r✉➸♥✐❝❡ ♣r♦❝❤á③❡❥í❝í ❞✈♦❥✐❝í
✐♥✈❡r③♥í❝❤ ❜♦❞➲ ❥❡ ❦♦❧♠á ❦❡ Γ✳

✭❣✮ ❖❜❡❝♥á ❦r✉➸♥✐❝❡ ♥❡♣r♦❝❤á③❡❥í❝í st➦❡❞❡♠ O s❡ ③♦❜r❛③✉❥❡ ❞♦ ❥✐♥é ❦r✉➸♥✐❝❡ ♥❡♣r♦❝❤á③❡❥í❝í O✳

❉➲❦❛③②✳ ✭❡✮ ◆❛ ♦❜r✳ ✼✳✶✵ ✉✈❛➸✉❥❡♠❡ ♣➦í♠❦✉ l✱ ♣❛t✉ A ❦♦❧♠✐❝❡ ③❡ st➦❡❞✉ O ♥❛ ♣➦í♠❦✉ l✱ ♦❜r❛③
A′ ❜♦❞✉ ✈③❤❧❡❞❡♠ ❦❡ ❦r✉❤♦✈é ✐♥✈❡r③✐ ✉r↔❡♥é ❦r✉➸♥✐❝í Γ ❛ ❦r✉➸♥✐❝✐ γ s ♣r➲♠➙r❡♠ OA′✳ ❯❦á➸❡♠❡✱
➸❡ ❦r✉➸♥✐❝❡ γ ❥❡ ♦❜r❛③❡♠ ♣➦í♠❦② l✱ ❛ ♥❛♦♣❛❦✳

Pr♦ ❧✐❜♦✈♦❧♥ý ❜♦❞ B ∈ l ♦③♥✳ B′ ♣r➲s❡↔í❦ OB∩γ✳ P♦❞❧❡ ❚❤❛❧❡t♦✈② ✈➙t② ❥❡ ú❤❡❧ OB′A′ ♣r❛✈ý✳
❚r♦❥ú❤❡❧♥í❦② OAB ❛ OA′B′ ❥s♦✉ ♦❜❛ ♣r❛✈♦ú❤❧é ❛ ♠❛❥í s♣♦❧❡↔♥ý ú❤❡❧ ✉ ✈r❝❤♦❧✉ O✳ ❚♦ ③♥❛♠❡♥á✱
➸❡ s❡ s❤♦❞✉❥í ✈❡ ✈➨❡❝❤ ✈♥✐t➦♥í❝❤ ú❤❧❡❝❤ ❛ ❥s♦✉ t✉❞í➸ ♣♦❞♦❜♥é✳ ❖❞t✉❞ ♣❧②♥❡✱ ➸❡

OB′ : OA = OA′ : OB ♥❡❜♦❧✐ OB′ ·OB = OA′ ·OA.

❇♦❞② A,A′ s✐ ✈➨❛❦ ♦❞♣♦✈í❞❛❥í ✈③❤❧❡❞❡♠ ❦❡ ❦r✉❤♦✈é ✐♥✈❡r③✐ Γ✱ t✉❞í➸ OB′ ·OB = OA′ ·OA = r2✳
❖❞t✉❞ ♣❧②♥❡✱ ➸❡ ❧✐❜♦✈♦❧♥ý ❜♦❞ ♥❛ ♣➦í♠❝❡ l s❡ ③♦❜r❛③✉❥❡ ❞♦ ❜♦❞✉ ♥❛ ❦r✉➸♥✐❝✐ γ✱ ❛ ♥❛♦♣❛❦✳



✼ P❛♥♦♣t✐❦✉♠ ❣❡♦♠❡tr✐❝❦ý❝❤ ③♦❜r❛③❡♥í ✻✾

❖❜rá③❡❦ ✼✳✶✵✿ ❬❍❛❪ ❖❜r❛③❡♠ ♣➦í♠❦② ♣➦✐ ❦r✉❤♦✈é ✐♥✈❡r③✐ ❥❡ ❦r✉➸♥✐❝❡ ♣r♦❝❤á③❡❥í❝í st➦❡❞❡♠✱
❛ ♥❛♦♣❛❦✳

✭❢✮ P➦❡❞♣♦❦❧á❞❡❥♠❡✱ ➸❡ ❦r✉➸♥✐❝❡ γ ♣r♦tí♥á ➦í❞í❝í ❦r✉➸♥✐❝✐ Γ ❦♦❧♠♦✱ t③♥✳✱ ➸❡ t❡↔♥② ✈❡ s♣♦❧❡↔♥é♠
❜♦❞➙ P ❥s♦✉ ❦♦❧♠é✱ ✈✐③ ♦❜r✳ ✼✳✶✶ ✈❧❡✈♦✳ ❖❞t✉❞ ♣❧②♥❡✱ ➸❡ ♣♦❧♦♠➙r OP ❥❡ t❡↔♥♦✉ ❦❡ ❦r✉➸♥✐❝✐ γ✳ Pr♦
❧✐❜♦✈♦❧♥♦✉ s❡↔♥✉ ❥❞♦✉❝í ❜♦❞❡♠ O ♦③♥✳ A,A′ ♣r➲s❡↔í❦② s ❦r✉➸♥✐❝í γ✳ P♦❞❧❡ ✈➙t② ■■■✳✸✻ ✭str✳ ✷✹✮
✈í♠❡✱ ➸❡

OA ·OA′ = OP 2 = r2,

❝♦➸ ③♥❛♠❡♥á✱ ➸❡ ❜♦❞② A,A′ s✐ ♦❞♣♦✈í❞❛❥í ✈③❤❧❡❞❡♠ ❦❡ ❦r✉❤♦✈é ✐♥✈❡r③✐ Γ✳
❖♣❛↔♥é t✈r③❡♥í ✈②♣❧ý✈á ③ ♣➦❡❞❝❤♦③í❤♦ ❛ ③ ✈➙t② ■■■✳✸✼✱ ❝♦➸ ❥❡ ✈➙t❛ ♦♣❛↔♥á ❦ ■■■✳✸✻✳ ✳ ✳

❖❜rá③❡❦ ✼✳✶✶✿ ❬❍❛❪ ❖❜r❛③❡♠ ❦r✉➸♥✐❝❡ ♥❡♣r♦❝❤á③❡❥í❝í st➦❡❞❡♠ ❥❡ ♦♣➙t ❦r✉➸♥✐❝❡❀ ❦r✉➸♥✐❝❡
s❡ ③♦❜r❛③✉❥❡ s❛♠❛ ❞♦ s❡❜❡ ♣rá✈➙ t❡❤❞②✱ ❦❞②➸ ♣r♦tí♥á ➦í❞í❝í ❦r✉➸♥✐❝✐ ❦♦❧♠♦✳

✭❣✮ ▼íst♦ t♦❤♦✱ ❛❜②❝❤♦♠ t♦t♦ t✈r③❡♥í ❞♦❦❛③♦✈❛❧✐ ♣➦í♠♦ ✭❝♦➸ ❥❡ s✐❝❡ ♠♦➸♥é✱ ❛❧❡ ♣♦♥➙❦✉❞
♣r❛❝♥é✮✱ ♣♦✉➸✐❥❡♠❡ ♥ás❧❡❞✉❥í❝í❤♦ tr✐❦✉✱ ✈✐③ ♦❜r✳ ✼✳✶✶ ✈♣r❛✈♦✿

❯✈❛➸♠❡ ❦r✉➸♥✐❝✐ Γ̄✱ ❦t❡rá ❥❡ s♦✉st➦❡❞♥á s Γ ❛ ♣r♦tí♥á ❦r✉➸♥✐❝✐ γ ❦♦❧♠♦✳ ❯❦á➸❡♠❡✱ ➸❡ s❧♦➸❡♥í
❦r✉❤♦✈ý❝❤ ✐♥✈❡r③í Γ̄ ❛ Γ ❥❡ st❡❥♥♦❧❡❤❧♦st✳ ❖❜r❛③❡♠ ❦r✉➸♥✐❝❡ γ ✈③❤❧❡❞❡♠ ❦ tét♦ st❡❥♥♦❧❡❤❧♦st✐ ❥❡
♦♣➙t ❦r✉➸♥✐❝❡✱ ❦t❡r♦✉ ♦③♥❛↔í♠❡ γ′✳ ❱③❤❧❡❞❡♠ ❦ t♦♠✉✱ ➸❡ ♣➦✐ ❦r✉❤♦✈é ✐♥✈❡r③✐ Γ̄ s❡ ❦r✉➸♥✐❝❡ γ

③♦❜r❛③í s❛♠❛ ❞♦ s❡❜❡ ✭❢✮✱ ♠✉sí ❜ýt ♦❜r❛③❡♠ ❦r✉➸♥✐❝❡ γ ✈③❤❧❡❞❡♠ ❦❡ ❦r✉❤♦✈é ✐♥✈❡r③✐ Γ ♣rá✈➙
❦r✉➸♥✐❝❡ γ′✳

Pr♦ ❧✐❜♦✈♦❧♥ý ❜♦❞ A ∈ γ ♦③♥❛↔í♠❡ Ā ∈ γ ❥❡❤♦ ♦❜r❛③ ✈ ❦r✉❤♦✈é ✐♥✈❡r③✐ Γ̄ ❛ ♦❜r❛③ Ā ✈ ❦r✉❤♦✈é
✐♥✈❡r③✐ Γ ♦③♥❛↔í♠❡ Ā′✳ ❩ ❞❡✜♥✐❝❡ ❦r✉❤♦✈é ✐♥✈❡r③❡ ♣❧②♥❡✱ ➸❡

OA ·OĀ = r̄2 ❛ OĀ ·OĀ′ = r2



✼✵ ■■■ ●❡♦♠❡tr✐❝❦á ③♦❜r❛③❡♥í

✭❦❞❡ r✱ r❡s♣✳ r̄ ③♥❛↔í ♣♦❧♦♠➙r ❦r✉➸♥✐❝❡ Γ✱ r❡s♣✳ Γ̄✮✳ Ú♣r❛✈♦✉ t➙❝❤t♦ ❞✈♦✉ r♦✈♥✐❝ ❞♦stá✈á♠❡

OĀ′ = k ·OA,

❦❞❡ k = r2

r̄2
✭❦♦♥st❛♥t❛✦✮✳ ❖❞t✉❞ ♣❧②♥❡✱ ➸❡ ❜♦❞② A ❛ Ā′ s✐ ♦❞♣♦✈í❞❛❥í ❥❛❦♦ ✈③♦r ❛ ♦❜r❛③ ✈③❤❧❡❞❡♠

❦❡ st❡❥♥♦❧❡❤❧♦st✐ s❡ st➦❡❞❡♠ O ❛ ❦♦❡✜❝✐❡♥t❡♠ k✳

P♦③♦r✱ ✉✈❛➸✉❥❡♠❡✲❧✐ ❦r✉➸♥✐❝✐ ♥❡♣r♦❝❤á③❡❥í❝í st➦❡❞❡♠ ❦r✉❤♦✈é ✐♥✈❡r③❡ ❛ ❥❡❥í ♦❜r❛③✱ ♣♦t♦♠
st➦❡❞② t➙❝❤t♦ ❦r✉➸♥✐❝ s✐ ♥❡♦❞♣♦✈í❞❛❥í ❥❛❦♦➸t♦ ✈③♦r ❛ ♦❜r❛③ ✈ ❦r✉❤♦✈é ✐♥✈❡r③✐✦ ❚♦❤♦ s✐ ❧③❡ ✈➨✐♠✲
♥♦✉t ♥❛♣➦✳ ✉ ❧✐❜♦✈♦❧♥é ❦r✉➸♥✐❝❡✱ ❦t❡rá ♣r♦tí♥á ➦í❞í❝í ❦r✉➸♥✐❝✐ ❦♦❧♠♦✳ ❖❜❡❝♥➙❥✐✱ ❦r✉❤♦✈á ✐♥✈❡r③❡
r♦③❤♦❞♥➙ ♥❡③❛❝❤♦✈á✈á ✈③❞á❧❡♥♦st✐ ❜♦❞➲✱ ❛♥✐ ❥❡❥✐❝❤ ♣♦♠➙r②✳

❑r✉❤♦✈á ✐♥✈❡r③❡ ✈➨❛❦ ③❛❝❤♦✈á✈á ♦❞❝❤②❧❦② ❥❛❦ý❝❤❦♦❧✐ ♣r♦tí♥❛❥í❝í❝❤ s❡ ❦➦✐✈❡❦ ✭♥❡♠➲➸❡♠❡ ➦í❝t
♦❞❝❤②❧❦② ♣➦í♠❡❦✱ ♣r♦t♦➸❡ ♣➦í♠❦② s❡ ✈➙t➨✐♥♦✉ ③♦❜r❛③✉❥í ♥❛ ❦r✉➸♥✐❝❡✮✿

❱➙t❛✳ ✭❤✮ ❑r✉❤♦✈á ✐♥✈❡r③❡ ❥❡ ❦♦♥❢♦r♠♥í ③♦❜r❛③❡♥í✱ t③♥✳ ③❛❝❤♦✈á✈á ♦❞❝❤②❧❦② ♣r♦tí♥❛❥í❝í❝❤ s❡
❦➦✐✈❡❦✳

❉➲❦❛③✳ ❖❞❦❛③✉❥❡♠❡ ♥❛ ♦❜r✳ ✼✳✶✷✿ ❖❞❝❤②❧❦✉ ❥❛❦ý❝❤❦♦❧✐ ❞✈♦✉ ❦➦✐✈❡❦ ✈ ❥❡❥✐❝❤ s♣♦❧❡↔♥é♠ ❜♦❞➙ P

r❡♣r❡③❡♥t✉❥❡♠❡ ♣♦♠♦❝í ❥❡❥✐❝❤ t❡↔❡♥ m ❛ l✳ ❚✉té➸ ♦❞❝❤②❧❦✉ ✈➨❛❦ ♠➲➸❡♠❡ st❡❥♥➙ ❞♦❜➦❡ r❡♣r❡③❡♥t♦✲
✈❛t ♣♦♠♦❝í ❞✈♦❥✐❝❡ ❦r✉➸♥✐❝✱ ❦t❡ré ♣r♦❝❤á③í ❜♦❞❡♠ P ❛ ♠❛❥í ♣➦í♠❦② m ❛ l ❥❛❦♦ t❡↔♥②✳ ❚❛❦♦✈ý❝❤
❞✈♦❥✐❝ ❥❡ s❛♠♦③➦❡❥♠➙ ♥❡❦♦♥❡↔♥➙ ♠♥♦❤♦ ✖ ♠② s✐ ✈②❜írá♠❡ ♣rá✈➙ ❦r✉➸♥✐❝❡ γ1 ❛ γ2✱ ❦t❡ré ❥s♦✉
❦♦❧♠é ❦ ➦í❞í❝í ❦r✉➸♥✐❝✐ Γ✦ ❚②t♦ ❦r✉➸♥✐❝❡ s❡ ③♦❜r❛③✉❥í s❛♠② ❞♦ s❡❜❡ ✭❢✮✱ ♦❜r❛③❡♠ ❜♦❞✉ P ❥❡ ❞r✉❤ý
s♣♦❧❡↔♥ý ❜♦❞ P ′ ❦r✉➸♥✐❝ ❛ ♦❞❝❤②❧❦❛ m ❛ l s❡ tr❛♥s❢♦r♠✉❥❡ ♥❛ ♦❞❝❤②❧❦✉ ❦r✉➸♥✐❝ ✈ ❜♦❞➙ P ′✳✻

◆✐❝♠é♥➙ t❛t♦ ♦❞❝❤②❧❦❛ ❥❡ tá➸ ❥❛❦♦ ✈ ❜♦❞➙ P ✱ ❝♦➸ ❥s♠❡ ❝❤t➙❧✐ ❞♦❦á③❛t✳

❖❜rá③❡❦ ✼✳✶✷✿ ❬❍❛❪ ❑r✉❤♦✈á ✐♥✈❡r③❡ ❥❡ ❦♦♥❢♦r♠♥í ③♦❜r❛③❡♥í✳

P♦③♥á♠❦②

◆❛ ③á✈➙r s✐ ❥❡➨t➙ ✉✈➙❞♦♠t❡✱ ➸❡ ❦r✉❤♦✈á ✐♥✈❡r③❡ ❥❡ ♥❡♣➦í♠á tr❛♥s❢♦r♠❛❝❡ ❛ ➸❡ ♠❡③♥í♠ ♣➦í♣❛❞❡♠
❦r✉❤♦✈é ✐♥✈❡r③❡ ✭♣r♦ r → ∞✮ ❥❡ ♦s♦✈á s♦✉♠➙r♥♦st✳

❑r✉❤♦✈♦✉ ✐♥✈❡r③✐ ③♠✐➡✉❥❡♠❡ ③❡❥♠é♥❛ ✈ s♦✉✈✐s❧♦st✐ s ❆♣♦❧❧ó♥✐♦✈ý♠✐ ú❧♦❤❛♠✐ ✖ ❞í❦② ✈ý➨❡
♦❞✈♦③❡♥ý♠ ✈❧❛st♥♦st❡♠ ❦r✉❤♦✈é ✐♥✈❡r③❡ ♠➲➸❡♠❡ s❧♦➸✐t♦st t➙❝❤t♦ ú❧♦❤ ❝❡❧❦❡♠ ③❛❥í♠❛✈➙ r❡❞✉❦♦✈❛t✱
✈✐③ ♥ás❧❡❞✉❥í❝í ❝✈✐↔❡♥í ❛ ❞♦❞❛t❡❦ ✷✵✳✶✳

❱➨❡❝❤♥② ❦♦♥❢♦r♠♥í tr❛♥s❢♦r♠❛❝❡ ✈ r♦✈✐♥➙ ❧③❡ ✈②↔❡r♣❛t s❦❧á❞á♥í♠ ♣♦❞♦❜♥ý❝❤ ③♦❜r❛③❡♥í ❛ ❦r✉✲
❤♦✈ý❝❤ ✐♥✈❡r③í✳

✻P♦③♦r✱ t❡↔♥② ♥❛ ♦❜r✳ ✼✳✶✷ ✈ ❜♦❞➙ P ′ ❥s♦✉ ♥❛❦r❡s❧❡♥② ❦✈➲❧✐ ✈②③♥❛↔❡♥í ♦❞❝❤②❧❦②✱ ♥✐❦♦❧✐ ❥❛❦♦ ♦❜r❛③② t❡↔❡♥ m ❛ l

✈③❤❧❡❞❡♠ ❦❡ Γ✳



✼ P❛♥♦♣t✐❦✉♠ ❣❡♦♠❡tr✐❝❦ý❝❤ ③♦❜r❛③❡♥í ✼✶

◆❛ ③á✈➙r ✉✈á❞í♠❡ ❥❡❞❡♥ ❞❛❧➨í ❞♦❜➦❡ ③♥á♠ý ♣➦í❦❧❛❞ ❦♦♥❢♦r♠♥í❤♦ ③♦❜r❛③❡♥í ✖ st❡r❡♦❣r❛✜❝❦♦✉
♣r♦❥❡❦❝✐✱ ✈✐③ ♦❜r✳ ✼✳✶✸✳ ❑r✉❤♦✈♦✉ ✐♥✈❡r③✐ ✈ r♦✈✐♥➙ ❧③❡ ❞❡✜♥♦✈❛t ♣♦♠♦❝í st❡r❡♦❣r❛✜❝❦é ♣r♦❥❡❦❝❡
❛ ♥❛♦♣❛❦ ✖ ③á❥❡♠❝✐ ♠♦❤♦✉ ♣➦❡♠ý➨❧❡t ❥❛❦❄✼ ✏

❖❜rá③❡❦ ✼✳✶✸✿ ❬❑✉t❪ ❙t❡r❡❣r❛✜❝❦á ♣r♦❥❡❦❝❡ ❥❡ ❦♦♥❢♦r♠♥í ❜✐❥❡❦t✐✈♥í ③♦❜r❛③❡♥í ③❡ s❢ér② ❜❡③
❥❡❞♥♦❤♦ ❜♦❞✉ ✭P ✮ ❞♦ r♦✈✐♥② ✭❦t❡rá ❥❡ ❦♦❧♠á ❦ ♣r➲♠➙r✉ PO✮✳

✼✳✼ ❈✈✐↔❡♥í

✭✶✮ ❱②❥á❞➦❡t❡ st❡❥♥♦❧❡❤❧♦st s ❞❛♥ý♠ st➦❡❞❡♠ ❛ ❦♦❡✜❝✐❡♥t❡♠ ❥❛❦♦ s❧♦➸❡♥í ❦r✉❤♦✈ý❝❤ ✐♥✈❡r③í✳

✭✷✮ P♦♠♦❝í ❦r✉❤♦✈é ✐♥✈❡r③❡ ➦❡➨t❡ ③♥♦✈✉ ✈➨❡❝❤♥② ú❧♦❤② ③♠✐➡♦✈❛♥é ✈ ♣♦❞❦❛♣✳ ✺✳

✭✸✮ ❉♦❦❛➸t❡✱ ➸❡ ♣♦♠♦❝í ❞✐❧❛t❛❝❡ ❛ ❦r✉❤♦✈é ✐♥✈❡r③❡ ✉♠ít❡ ✈②➦❡➨✐t ♦❜❡❝♥♦✉ ❆♣♦❧❧ó♥✐♦✈✉ ú❧♦❤✉✳ ✏

✼✳✽ ❖s♦✈á ❛✜♥✐t❛ ❛ ❛✜♥♥í ③♦❜r❛③❡♥í

◆❡➸ s❡ ♣r♦♣r❛❝✉❥❡♠❡ ❦ ♣♦❥♠✉ ♦❜❡❝♥é❤♦ ❛✜♥♥í❤♦ ③♦❜r❛③❡♥í✱ ✉✈á❞í♠❡ ♥➙❦♦❧✐❦ ❞♦❜➦❡ ③♥á♠ý❝❤
♣➦í❦❧❛❞➲✱ ❦t❡ré ♠❛❥í ♥➙❝♦ s♣♦❧❡↔♥é❤♦✳ ✳ ✳

❷❛st♦ s❦❧♦➡♦✈❛♥ý♠ s❧♦✈♥í♠ s♣♦❥❡♥í♠ ✈ tét♦ ♣♦❞❦❛♣✐t♦❧❡ ❥❡ ❞➙❧✐❝í ♣♦♠➙r tr♦❥✐❝❡ ❜♦❞➲ ♥❛
♣➦í♠❝❡✱ ♣r♦t♦ s ♥í♠ ❦✈➲❧✐ ❧❡♣➨í ♣➦❡❤❧❡❞♥♦st✐ ③❛↔♥❡♠❡✳

❉➙❧✐❝í ♣♦♠➙r

❖ ♣♦♠➙r❡❝❤ ✈③❞á❧❡♥♦stí t➦í ❜♦❞➲ ♥❛ ♣➦í♠❝❡ ❥s♠❡ ♠❧✉✈✐❧✐ ♠♥♦❤♦❦rát✳ Pr♦ ♣♦③❞➙❥➨í ú↔❡❧② s❡ ✈②♣❧❛tí
t❡♥t♦ ♣♦❥❡♠ ♥➙❥❛❦ ③❛✜①♦✈❛t✿

❉➙❧✐❝í ♣♦♠➙r tr♦❥✐❝❡ ❦♦❧✐♥❡ár♥í❝❤ ❜♦❞➲ (A,B,C) ❥❡ r❡á❧♥é ↔ís❧♦ d t❛❦♦✈é✱ ➸❡ ♣❧❛tí
−→
AC = d·−−→BC❀

③♥❛↔í♠❡ ❛ s②♠❜♦❧✐❝❦② ③❛♣✐s✉❥❡♠❡ t❛❦t♦✿

d = (ABC) =

−→
AC
−−→
BC

. ✭✼✳✹✮

✼◆á♣♦✈➙❞❛✿ ✉✈❛➸t❡ ♦❜r❛③ ✒r♦✈♥í❦✉✏ ❥❛❦♦➸t♦ ➦í❞í❝í ❦r✉➸♥✐❝✐✳
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❇❡③ ✈❡❦t♦r➲ ❧③❡ ❞➙❧✐❝í ♣♦♠➙r ❞❡✜♥♦✈❛t t❛❦t♦✿

(ABC) =







− |AC|
|BC| , ♣♦❦✉❞ C ❧❡➸í ♠❡③✐ ❜♦❞② A,B,

+ |AC|
|BC| , ♣♦❦✉❞ C ♥❡❧❡➸í ♠❡③✐ ❜♦❞② A,B.

❱ ♠❡③♥í❝❤ ♣➦í♣❛❞❡❝❤ ✈②❝❤á③í ❞➙❧✐❝í ♣♦♠➙r ♥ás❧❡❞♦✈♥➙✿

lim
C→A

(ABC) = 0, lim
C→B

(ABC) = ±∞, lim
C→∞

(ABC) = 1.

Pr♦ ❞✈❛ r➲③♥é ❜♦❞② ❥❡ ♣♦❧♦❤❛ t➦❡tí❤♦ ❜♦❞✉ ♥❛ ♦❞♣♦✈í❞❛❥í❝í ♣➦í♠❝❡ ❥❡❞♥♦③♥❛↔♥➙ ✉r↔❡♥❛ ❞➙❧✐❝í♠
♣♦♠➙r❡♠✱ ✈✐③ ♦❜r✳ ✼✳✶✹✳ ❉❡✜♥✐❝❡ s❛♠♦③➦❡❥♠➙ ③á✈✐sí ♥❛ ♣♦➦❛❞í ❜♦❞➲ ✈❡ tr♦❥✐❝✐ ✖ ♥❛♣➦✳ ❜♦❞ C ❥❡
st➦❡❞❡♠ ús❡↔❦② AB ♣rá✈➙ t❡❤❞②✱ ❦❞②➸✏

(ABC) = (BAC) = −1 ⇐⇒ (AC B) = (BC A) = 2 ⇐⇒ (CAB) = (CBA) =
1

2
.

❖❜rá③❡❦ ✼✳✶✹✿ ❑ ❞➙❧✐❝í♠✉ ♣♦♠➙r✉ tr♦❥✐❝❡ ❦♦❧✐♥❡ár♥í❝❤ ❜♦❞➲✿ ✉ ♥➙❦♦❧✐❦❛ ❜♦❞➲ X ♥❛
♣➦í♠❝❡ ❥❡ ✈②③♥❛↔❡♥❛ ❤♦❞♥♦t❛ (ABX)✳

❘♦✈♥♦❜➙➸♥é ♣r♦♠ítá♥í

❘♦✈♥♦❜➙➸♥é ♣r♦♠ítá♥í ❥❡ ③♦❜r❛③❡♥í ③ ♣r♦st♦r✉ ❞♦ r♦✈✐♥②✱ ♠❡③✐ ❞✈➙♠❛ r♦✈✐♥❛♠✐✱ ③ r♦✈✐♥② ❞♦
♣➦í♠❦② ❛♣♦❞✳ t❛❦♦✈é✱ ➸❡ ✈➨❡❝❤♥② ♣r♦♠ít❛❝í ♣❛♣rs❦② ❥s♦✉ r♦✈♥♦❜➙➸♥é✳ Pr➲♠➙t ❧✐❜♦✈♦❧♥é❤♦ ❜♦❞✉
❥❡ ✉r↔❡♥ ❥❛❦♦ ♣r➲s❡↔í❦ ♣r♦♠ít❛❝í❤♦ ♣❛♣rs❦✉ s ❝í❧♦✈ý♠ ♦❜❥❡❦t❡♠✳ Pr➲♠➙t❡♠ ♣➦í♠❦② ♠➲➸❡ ❜ýt
❜✉↕ ♣➦í♠❦❛✱ ♥❡❜♦ ❜♦❞✳

❘♦✈♥♦❜➙➸♥é ♣r♦♠ítá♥í ♦❜❡❝♥➙ ♥❡③❛❝❤♦✈á✈á ✈❡❧✐❦♦st✐ ús❡↔❡❦✱ ❛✈➨❛❦ ③❛❝❤♦✈á✈á ❞➙❧✐❝í ♣♦♠➙r t➦í
❜♦❞➲ ♥❛ ♣➦í♠❝❡✿

❱➙t❛✳ P♦❦✉❞ s❡ ♣➦✐ r♦✈♥♦❜➙➸♥é♠ ♣r♦♠ítá♥í ③♦❜r❛③í r➲③♥é ❦♦❧✐♥❡ár♥í ❜♦❞② ♥❛ r➲③♥é ❜♦❞②✱ ♣♦t♦♠
s❡ ❥❡❥✐❝❤ ❞➙❧✐❝í ♣♦♠➙r② ③❛❝❤♦✈á✈❛❥í✳

❉➲❦❛③✳ P➦❡❞♣♦❦❧á❞❡❥♠❡✱ ➸❡ ♦❜r❛③❡♠ ♣➦í♠❦② ♥❡♥í ❜♦❞✳ ❙♠➙r ♣r♦♠ítá♥í s✱ ❞❛♥á ♣➦í♠❦❛ p ❛ ❥❡❥í
♦❜r❛③ p′ ❧❡➸í ✈ ❥❡❞♥é r♦✈✐♥➙✳ P♦❦✉❞ ❜② ♥á❤♦❞♦✉ ❜②❧② ♣➦í♠❦② p ❛ p′ r♦✈♥♦❜➙➸♥é✱ ♣♦t♦♠ s❡ ③❛❝❤♦✈á✲
✈❛❥í ❞♦❦♦♥❝❡ ✈③❞á❧❡♥♦st✐✱ t✉❞í➸ ✐ ❞➙❧✐❝í ♣♦♠➙r②✳ P➦❡❞♣♦❦❧á❞❡❥♠❡ t❡❞②✱ ➸❡ p ❛ p′ ❥s♦✉ r➲③♥♦❜➙➸♥é✳
❚✈r③❡♥í ✈➙t② ③❞➲✈♦❞♥í♠❡ ♥❡❥♣r✈❡ ✈❡ s♣❡❝✐á❧♥í♠ ♣➦í♣❛❞➙✱ ♣♦té ♦❜❡❝♥➙✱ ✈✐③ ♦❜r✳ ✼✳✶✺✿

✭❛✮ ❱ t♦♠t♦ ♣➦í♣❛❞➙ ✭C ′ = C✮ ❥❡ t✈r③❡♥í ♦❜s❛❤❡♠ ✈➙t② ❱■✳✷✱ ❦t❡r♦✉ ❥s❡♠ ❞♦❦á③❛❧✐ ♥❛ str✳ ✸✶✳ P➦✐
③♥❛↔❡♥í ③ ♣➦❡❞❝❤♦③í❤♦ ♣♦❞♦❞st❛✈❝❡ ♠➲➸❡♠❡ ❧❡❞❛ ♣sát

(ABC) = (A′B′ C).

✭❜✮ ❯✈❛➸✉❥♠❡ ❞✈➙ ♦❜❡❝♥é ♣➦í♠❦② s r♦✈♥♦❜➙➸♥ý♠✐ ♣r➲♠➙t② ❧✐❜♦✈♦❧♥ý❝❤ t➦í ❜♦❞➲✳ ❱❡❞❡♠❡ ♣♦✲
♠♦❝♥♦✉ r♦✈♥♦❜➙➸❦✉ s p ❥❞♦✉❝í ❜♦❞❡♠ C ′✿ Pr♦ r♦✈♥♦❜➙➸♥é ♣r➲♠➙t② A1, B1, C

′ ❜♦❞➲ A,B,C

♣❧❛tí✱ ➸❡ ♠❛❥í st❡❥♥é ✈③❞á❧❡♥♦st✐✱ t✉❞í➸ (A1B1 C
′) = (ABC)✳ ◆❛✈í❝ ♣♦❞❧❡ ✭❛✮ ♣❧❛tí✱ ➸❡

(A1B1 C
′) = (A′B′ C ′)✱ t❛❦➸❡ ❝❡❧❦❡♠ ❞♦stá✈á♠❡

(ABC) = (A′B′ C ′).



✼ P❛♥♦♣t✐❦✉♠ ❣❡♦♠❡tr✐❝❦ý❝❤ ③♦❜r❛③❡♥í ✼✸

❖❜rá③❡❦ ✼✳✶✺✿ ❉➙❧✐❝í ♣♦♠➙r ❥❡ ♣➦✐ r♦✈♥♦❜➙➸♥é♠ ♣r♦♠ítá♥í ✐♥✈❛r✐❛♥t♥í✦

❊❧❛❝❡ ✭♥❛❦❧♦♥➙♥í✱ ③❦♦s❡♥í✮

❘♦✈♥♦❜➙➸♥í❦ BCFE ♥❛ ♦❜rá③❦✉ ♠➲➸❡♠❡ ❝❤á♣❛t ❥❛❦♦ ♦❜r❛③ r♦✈♥♦❜➙➸♥í❦✉ BCDA ♣➦✐ ♥➙❥❛❦é
tr❛♥s❢♦r♠❛❝✐ ❡✉❦❧❡✐❞♦✈s❦é r♦✈✐♥② ✖ t✉t♦ tr❛♥s❢♦r♠❛❝✐ ❜✉❞❡♠❡ ♦❞❜♦r♥➙ ♥❛③ý✈❛t ❡❧❛❝í✳

❖❜rá③❡❦ ✼✳✶✻✿ ❬❊J ❪ ❊❧❛❝❡ ♥❡❜♦❧✐ ♥❛❦❧♦♥➙♥í✳

❊❧❛❝❡ ♠á ♣➦í♠❦✉ s❛♠♦❞r✉➸♥ý❝❤ ❜♦❞➲ ✭✈ t♦♠t♦ ♣➦í❦❧❛❞✉ BC✮✱ ❦t❡r♦✉ ♥❛③ý✈á♠❡ ♦s♦✉✳ ❊❧❛❝❡
❥❡ ③❝❡❧❛ ✉r↔❡♥❛ ♦s♦✉ o ❛ ❞✈♦❥✐❝í ❜♦❞➲ A 7→ A′ ✭✈ t♦♠t♦ ♣➦í❦❧❛❞✉ A′ = E✮ t❛❦♦✈♦✉✱ ➸❡

AA′‖o.

❚♦ ③♥❛♠❡♥á✱ ➸❡ ♦❜r❛③ ❧✐❜♦✈♦❧♥é❤♦ ❜♦❞✉ ✈ r♦✈✐♥➙ ❥❡ tí♠t♦ ③❛❞á♥í♠ ❥❡❞♥♦③♥❛↔♥➙ ✈②♠❡③❡♥ ❛ ♥❛✈í❝
❥❡ s♥❛❞♥é ❥❡❥ s❡str♦❥✐t ✖ ♣♦❦✉❞ ♣r♦③❛tí♠ ♥❡♥í ❥❛s♥é ❥❛❦✱ ↔t➙t❡ ❞á❧✦

❊❧❛❝❡ ❥❡ ♣➦í♠á tr❛♥s❢♦r♠❛❝❡✱ ♥❡♥í t♦ ✈➨❛❦ s❤♦❞♥♦st ❛♥✐ ♣♦❞♦❜♥♦st✳ ❊❧❛❝❡ ❥❡ ♥❛✈í❝ ③❛❥í♠❛✈á
tí♠✱ ➸❡ ✭♣♦❞❧❡ ✈➙t② ■✳✸✺✮ ③❛❝❤♦✈á✈á ♦❜s❛❤②✳

❖s♦✈á ❛✜♥✐t❛ ✭➨❦á❧♦✈á♥í ✈ ❥❡❞♥♦♠ s♠➙r✉✮

❊❧❛❝❡ ❥❡ ♠❡③♥í♠ ♣➦í♣❛❞❡♠ tr❛♥s❢♦r♠❛❝❡✱ ❦t❡ré s❡ ➦í❦á ♦s♦✈á ❛✜♥✐t❛✳ ❚②♣✐❝❦ý♠ ♣➦í❦❧❛❞❡♠ ♦s♦✈é
❛✜♥✐t② ❥❡ tr❛♥s❢♦r♠❛❝❡ ♥❛ ♦❜r✳ ✼✳✶✼✳ ❚❛t♦ ♦s♦✈á ❛✜♥✐t❛ ♠á ✈♦❞♦r♦✈♥♦✉ ♦s✉ ✭❂ ♣➦í♠❦✉ s❛♠♦❞r✉➸✲
♥ý❝❤ ❜♦❞➲✮ ❛ ✈ t♦♠t♦ s♠➙r✉ s❡ ✒♥✐❝ ♥❡❞➙❥❡✏ ✳ ❱❡ s✈✐s❧é♠ s♠➙r✉ s❡ ✈➨❡❝❤♥♦ ③❦r❛❝✉❥❡ ❛ ♣♦❞st❛t♥é
❥❡✱ ➸❡ ✒✈➨✉❞❡ st❡❥♥➙✏ ✦ ❖❞❜♦r♥➙❥✐ ♠➲➸❡♠❡ ➦í❝t✱ ➸❡ ✈❡ s✈✐s❧é♠ s♠➙r✉ ❥❡ ♣r♦ ❦❛➸❞♦✉ tr♦❥✐❝✐ ❜♦❞➲ X✱
X ′ ❛ X0✱ ❦t❡ré s✐ ♦❞♣♦✈í❞❛❥í ❥❛❦♦ ♥❛ ♦❜r✳ ✼✳✶✼✱ ❥❡❥✐❝❤ ❞➙❧✐❝í ♣♦♠➙r ❦♦♥st❛♥t♥í✳

❉❡✜♥✐❝❡ ♦❜❡❝♥é ♦s♦✈é ❛✜♥✐t② ❥❡ ♥ás❧❡❞✉❥í❝í✿
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❖❜rá③❡❦ ✼✳✶✼✿ ❬❑✉❪ ❚②♣✐❝❦á ♦s♦✈á ❛✜♥✐t❛✿ ➨❦á❧♦✈á♥í ✈ ❥❡❞♥♦♠ s♠➙r✉✳

❖s♦✈á ❛✜♥✐t❛ ❥❡ tr❛♥s❢♦r♠❛❝❡ ❡✉❦❧❡✐❞♦✈s❦é r♦✈✐♥②✱ ❦t❡rá ❥❡ ✉r↔❡♥á ♦s♦✉ o ❛ ❞✈♦❥✐❝í ❜♦❞➲
A 7→ A′✱ ❛ t♦ ♥ás❧❡❞✉❥í❝í♠ ③♣➲s♦❜❡♠✿ ❜♦❞② ♥❛ ♦s❡ o ❥s♦✉ s❛♠♦❞r✉➸♥é ❛ ♣r♦ ♦❜r❛③ X ′

❧✐❜♦✈♦❧♥é❤♦ ❜♦❞✉ X 6∋ o ♣❧❛tí

XX ′‖AA′ ❛ (X ′XX0) = (A′AA0) = ❦♦♥st✳, ✭✼✳✺✮

❦❞❡ X0✱ r❡s♣ A0✱ ③♥❛↔í ♣r➲s❡↔í❦ ♣➦í♠❦② XX ′✱ r❡s♣✳ AA′✱ s ♦s♦✉ o✳

❙♠➙r✉ ♣➦í♠❦② AA′ s❡ ➦í❦á s♠➙r ♦s♦✈é ❛✜♥✐t②✱ ❦♦♥st❛♥t➙ (A′AA0) s❡ ➦í❦á ♠♦❞✉❧ ✭♥❡❜♦ t❛❦②
❝❤❛r❛❦t❡r✐st✐❦❛✮✳ P♦➦❛❞í ❜♦❞➲ ✈ ❞❡✜♥✐❝✐ ♠♦❞✉❧✉ ♥❡♥í ♥á❤♦❞♥é✱ ❛❧❡ ❥❡ ✈♦❧❡♥♦ t❛❦✱ ❛❜② t♦t♦ ↔ís❧♦
♠➙❧♦ ❞♦❜rý ❣❡♦♠❡tr✐❝❦ý ✈ý③♥❛♠✿

• ♠♦❞✉❧ ❥❡ ♣rá✈➙ ➨❦á❧♦✈❛❝í ♣♦♠➙r ✈ ❞❛♥é♠ s♠➙r✉✱

• ❛❜s♦❧✉t♥í ❤♦❞♥♦t❛ ♠♦❞✉❧✉ ♥á♠ ➦í❦á✱ ❥❛❦ s❡ ♠➙♥í ♦❜s❛❤②✱

• ♦s♦✈á ❛✜♥✐t❛ ❥❡ ♣➦í♠á✴♥❡♣➦í♠á tr❛♥s❢♦r♠❛❝❡✱ ♣rá✈➙ ❦❞②➸ ♠♦❞✉❧ ❥❡ ❦❧❛❞♥ý✴③á♣♦r♥ý✳

❙♣❡❝✐á❧♥í♠✐✱ r❡s♣✳ ♠❡③♥í♠✐ ♣➦í♣❛❞② ♦s♦✈é ❛✜♥✐t② ❥s♦✉✿

• ♦s♦✈á s♦✉♠➙r♥♦st✱ ♣♦❦✉❞ ♠♦❞✉❧ = −1 ❛ s♠➙r ⊥ o✱

• ➨✐❦♠á s♦✉♠➙r♥♦st✱ ♣♦❦✉❞ ♠♦❞✉❧ = −1 ❛ s♠➙r 6⊥ o✱

• ❡❧❛❝❡✱ ♣♦❦✉❞ s♠➙r‖o ✭=⇒ ♠♦❞✉❧ = 1✮✱

• r♦✈♥♦❜➙➸♥é ♣r♦♠ítá♥í ❞♦ ♣➦í♠❦② o✱ ♣♦❦✉❞ ♠♦❞✉❧ = 0✳

Pr♦ ❦♦♥tr♦❧✉✿ ❱ ♣➦í♣❛❞➙ ❡❧❛❝❡ ♥❡♥í ❜♦❞ A0 ✈➲❜❡❝ ❞❡✜♥♦✈á♥✱ r❡s♣✳ ❧❡➸í ✈ ♥❡❦♦♥❡↔♥✉❀ ③ ❞❡✜♥✐❝í
✈➨❛❦ ♣❧②♥❡✱ ➸❡ ♠♦❞✉❧ = lim

A0→∞
(A′AA0) = 1✳ ❱ ♣➦í♣❛❞➙ ♣r♦♠ítá♥í ❞♦ ♣➦í♠❦② ❥❡ A′ = A0✱ ❝♦➸

s❦✉t❡↔♥➙ ③♥❛♠❡♥á✱ ➸❡ ♠♦❞✉❧ = (A′AA′) = 0✳
❯✈➙❞♦♠t❡ s✐✱ ➸❡ ♣➦í♠♦ ③ ❞❡✜♥✐❝❡ ♦s♦✈é ❛✜♥✐t② ✭❛ ✈➙t ♦ ♣♦❞♦❜♥ý❝❤ tr♦❥ú❤❡❧♥í❝í❝❤✮ ♣❧②♥❡ ♥á✈♦❞

❦❡ ❦♦♥str✉❦❝✐ ♦❜r❛③✉ ❧✐❜♦✈♦❧♥é❤♦ ❜♦❞✉ X✱ ✈✐③ ♦❜r✳ ✼✳✶✽✳ ❩ ❞❡✜♥✐❝❡ ❞á❧❡ ♣❧②♥❡✱ ➸❡ ♦s♦✈á ❛✜♥✐t❛
③❛❝❤♦✈á✈á ❞➙❧✐❝í ♣♦♠➙r ❜♦❞➲ ♥❛ ❥❛❦é❦♦❧✐ ♣➦í♠❝❡ ✭t❡❞② ♥❡ ❥❡♥ ♥❛ ♦s❡ ♥❡❜♦ ✈❡ s♠➙r✉ AA′✮✦✏



✼ P❛♥♦♣t✐❦✉♠ ❣❡♦♠❡tr✐❝❦ý❝❤ ③♦❜r❛③❡♥í ✼✺

❖❜rá③❡❦ ✼✳✶✽✿ ❖❜r❛③ ❜♦❞✉ X ✈ ♦s♦✈é ❛✜♥✐t➙ ✉r↔❡♥é ♦s♦✉ ❛ ❞✈♦❥✐❝í ❜♦❞➲ A 7→ A′✿
✭✶✮ ♦❜r❛③ X ′ ❧❡➸í ♥❛ r♦✈♥♦❜➙➸❝❡ s AA′ ❥❞♦✉❝í ❜♦❞❡♠ X✱
✭✷✮ ♣r➲s❡↔í❦ ♣➦í♠❦② AX s ♦s♦✉ ❥❡ s❛♠♦❞r✉➸♥ý✱
✭✸✮ ♦❜r❛③ X ′ ❧❡➸í ♥❛ ♣➦í♠❝❡ s♣♦❥✉❥í❝í A′ s ♣♦♠♦❝♥ý♠ ❜♦❞❡♠ ✭✷✮✳

❖❜❡❝♥é ❛✜♥♥í ③♦❜r❛③❡♥í

❖s♦✈á ❛✜♥✐t❛ ❛ r♦✈♥♦❜➙➸♥é ♣r♦♠ítá♥í ❞♦ ♣➦í♠❦② ❥s♦✉ ③á❦❧❛❞♥í ❛✜♥♥í ③♦❜r❛③❡♥í ✈ ❡✉❦❧❡✐❞♦✈s❦é
r♦✈✐♥➙✳ ❉❡✜♥✐❝❡ ♦❜❡❝♥é❤♦ ❛✜♥♥í❤♦ ③♦❜r❛③❡♥í ✭♠❡③✐ ♣r♦st♦r② ❧✐❜♦✈♦❧♥é ❞✐♠❡♥③❡✮ ❥❡ ♥ás❧❡❞✉❥í❝í✿

❩♦❜r❛③❡♥í ♠❡③✐ ❡✉❦❧❡✐❞♦✈s❦ý♠✐ ♣r♦st♦r② ❥❡ ❛✜♥♥í✱ ❦❞②➸

✭❛✮ ③♦❜r❛③✉❥❡ ❦♦❧✐♥❡ár♥í ❜♦❞② ♥❛ ❦♦❧✐♥❡ár♥í ❜♦❞②✱

✭❜✮ ③❛❝❤♦✈á✈á ❞➙❧✐❝í ♣♦♠➙r② ❜♦❞➲ ✭✯✮✱

✭❝✮ ③❛❝❤♦✈á✈á r♦✈♥♦❜➙➸♥♦st ♣➦í♠❡❦ ✭✯✮✳

✭✯✮ ❑♦❧✐♥❡ár♥í ❜♦❞② ❥s♦✉ ❜♦❞②✱ ❦t❡ré ❧❡➸í ♥❛ ❥❡❞♥é ♣➦í♠❝❡✱ t❡❞② t❛❦é ❜♦❞② s♣❧ý✈❛❥í❝í✳ P♦❞♠í♥❦❛
✭❜✮✱ r❡s♣✳ ✭❝✮ t❡❞② ♠á s♠②s❧ ♣♦✉③❡ ✈ ♣➦í♣❛❞➙✱ ❦❞② s❡ r➲③♥é ❦♦❧✐♥❡ár♥í ❜♦❞② ③♦❜r❛③í ♥❛ r➲③♥é
❦♦❧✐♥❡ár♥í ❜♦❞② ✭t❡❞② ♥✐❦♦❧✐ ❞♦ ❥❡❞♥♦❤♦ ❜♦❞✉✮✳

❩ ✭❛✮ ❛ ✭❜✮ ♣❧②♥❡✱ ➸❡ ♣r♦sté ❛✜♥♥í ③♦❜r❛③❡♥í ③♦❜r❛③✉❥❡ ♣➦í♠❦② ♥❛ ♣➦í♠❦②✱ ♣➦í♣✳ ús❡↔❦② ♥❛
ús❡↔❦② ✭t❡❞② ♥✐❦♦❧✐ ♥❛ ♥➙❥❛❦é ❞✐✈♥é ↔ást✐ ♣➦í♠❡❦✮✳

❇✐❥❡❦t✐✈♥í ❛✜♥♥í ③♦❜r❛③❡♥í s❡ ♥❛③ý✈á ❛✜♥✐t❛✳ ❱ý➨❡ ③♠✐➡♦✈❛♥é r♦✈♥♦❜➙➸♥é ♣r♦♠ítá♥í ❞♦ ♣➦í♠❦②
♥❡♥í ♣r♦sté ✭✐♥❥❡❦t✐✈♥í✮✱ t❛❦➸❡ t♦ ♥❡♥í ❛✜♥✐t❛✳ ▼íst♦ ♣r♦sté✴♥❡♣r♦sté s❡ ↔❛st♦ ✉➸í✈❛❥í ♣➦í✈❧❛st❦②
r❡❣✉❧ár♥í✴s✐♥❣✉❧ár♥í✳

❉❡✜♥✐❝❡ ❛✜♥♥í❤♦ ③♦❜r❛③❡♥í ❥❡ ♠♦t✐✈♦✈á♥❛ ♥➙❦♦❧✐❦❛ ③♦❜r❛③❡♥í♠✐ ✈ r♦✈✐♥➙✱ ❛✈➨❛❦ ❥❡ ✈②s❧♦✈❡♥❛
♦❜❡❝♥➙✱ t③♥✳ ♣r♦ ❡✉❦❧❡✐❞♦✈s❦é ♣r♦st♦r② ❧✐❜♦✈♦❧♥é ❞✐♠❡♥③❡✿ P➦✐ ③♦❜r❛③❡♥í ♣➦í♠❦② ❥s♦✉ ♣♦❞♠í♥❦② ✭❛✮
❛ ✭❝✮ s♣❧♥➙♥② tr✐✈✐á❧♥➙✱ t❛❦➸❡ ✭♣r♦sté✮ ❛✜♥♥í ③♦❜r❛③❡♥í ❥❡ ✈ t❛❦♦✈é♠ ♣➦í♣❛❞➙ ③❝❡❧❛ ❝❤❛r❛❦t❡r✐③♦✈á♥♦
♣♦❞♠í♥❦♦✉ ✭❜✮✳ P➦✐ ③♦❜r❛③❡♥í ♣r♦st♦r✉ ❞✐♠❡♥③❡ ❛❧❡s♣♦➡ ❞✈❛ s✐ ♠➲➸❡♠❡ ✈➨✐♠♥♦✉t✱ ➸❡ ❞❡✜♥✉❥í❝í
♣♦❞♠í♥❦② ♥❡❥s♦✉ ú♣❧♥➙ ♥❡③á✈✐s❧é ✖ ③❛ ♣➦❡❞♣♦❦❧❛❞✉ ✭❛✮ ❥s♦✉ ✈❧❛st♥♦st✐ ✭❜✮ ❛ ✭❝✮ ❡❦✈✐✈❛❧❡♥t♥í✱ ✈✐③
♦❜r✳ ✼✳✶✾✿

❩❞➲✈♦❞♥➙♥í ✭❜✮ ⇐⇒ ✭❝✮✳ P➦❡❞♣♦❦❧á❞❡❥♠❡✱ ➸❡ ♣❧❛tí ✭❛✮ ❛ ✭❜✮✳ ❯✈❛➸♠❡ ❧✐❜♦✈♦❧♥ý r♦✈♥♦❜➙➸♥í❦
ABCD ❛ ❥❡❤♦ ♦❜r❛③ A′B′C ′D′❀ ♣r➲s❡↔í❦ ú❤❧♦♣➦í↔❡❦ S s❡ ③♦❜r❛③✉❥❡ ♥❛ ♣r➲s❡↔í❦ ú❤❧♦♣➦í↔❡❦ S′✳
Pr♦t♦➸❡ ABCD ❥❡ r♦✈♥♦❜➙➸♥í❦✱ ❥❡ ❜♦❞ S st➦❡❞❡♠ ♦❜♦✉ ú❤❧♦♣➦í↔❡❦✳ Pr♦t♦➸❡ ♣❧❛tí ✭❜✮✱ ❥❡ S′ st➦❡✲
❞❡♠ ♦❜♦✉ ú❤❧♦♣➦í↔❡❦ ↔t②➦ú❤❡❧♥í❦✉ A′B′C ′D′✳ ❚♦ ✈➨❛❦ ③♥❛♠❡♥á✱ ➸❡ A′B′C ′D′ ❥❡ r♦✈♥♦❜➙➸♥í❦✱
❛ t❡❞② ♣❧❛tí ✭❝✮✳



✼✻ ■■■ ●❡♦♠❡tr✐❝❦á ③♦❜r❛③❡♥í

❖❜rá③❡❦ ✼✳✶✾✿ ❷t②➦ú❤❡❧♥í❦ ❥❡ r♦✈♥♦❜➙➸♥í❦✱ ♣rá✈➙ ❦❞②➸ ♣r➲s❡↔í❦ ú❤❧♦♣➦í↔❡❦ ❥❡ ❥❡❥✐❝❤ st➦❡✲
❞❡♠

❉➲❦❛③ ♦♣❛↔♥é ✐♠♣❧✐❦❛❝❡ ♥❡♥í t❛❦ s❛♠♦③➦❡❥♠ý✱ ❞á s❡ ✈➨❛❦ s♥❛❞♥♦ ③❞➲✈♦❞♥✐t ❛❧❣❡❜r❛✐❝❦② ✭✈✐③
♣➦í➨tí s❡♠❡str✮✳ ❯✈➙❞♦♠t❡ s✐ ❛s♣♦➡✱ ➸❡ ③❛ ♣➦❡❞♣♦❦❧❛❞✉ ✭❛✮ ❛ ✭❝✮ ③ ♣➦❡❞❝❤♦③í❤♦ r♦③✈❛➸♦✈á♥í ♣❧②♥❡✱
➸❡ st➦❡❞ ❧✐❜♦✈♦❧♥é ús❡↔❦② s❡ ③♦❜r❛③í ♥❛ st➦❡❞ ♦❜r❛③✉ tét♦ ús❡↔❦②✱ ✳ ✳ ✳✏

❆✜♥♥í ③♦❜r❛③❡♥í ♠❡③✐ ♣➦í♠❦❛♠✐ ❥❡ ③❝❡❧❛ ✉r↔❡♥♦ ♣♦❞♠í♥❦♦✉ ✭❜✮ ③❛ ♣➦❡❞♣♦❦❧❛❞✉✱ ➸❡ s❡ r➲③♥é
❜♦❞② ③♦❜r❛③✉❥í ❞♦ r➲③♥ý❝❤ ❜♦❞➲✳ ❚♦ ❥✐♥ý♠✐ s❧♦✈② ③♥❛♠❡♥á✱ ➸❡ ♣r♦sté ❛✜♥♥í ③♦❜r❛③❡♥í ♣➦í♠❦②
✭❦❛♠❦♦❧✐✮ ❥❡ ③❝❡❧❛ ✉r↔❡♥♦ ♦❜r❛③② ❞✈♦✉ r➲③♥ý❝❤ ❜♦❞➲✳ ❚②t♦ ❜♦❞② ♠➲➸❡♠❡ ❝❤á♣❛t ❥❛❦♦ ✒♣♦↔át❡❦✏
❛ ✒❥❡❞♥♦t❦✉✏ ❀ ♣r♦ ♦❜❡❝♥ý ❜♦❞ ♥❛ ♣➦í♠❝❡ ♣❛❦ ♦❞♣♦✈í❞❛❥í❝í ❞➙❧✐❝í ♣♦♠➙r ✐♥t❡r♣r❡t✉❥❡♠❡ ❥❛❦♦ ❥❡❤♦
✒s♦✉➦❛❞♥✐❝✐✏ ✈③❤❧❡❞❡♠ ❦ tét♦ ♣♦♠♦❝♥é s♦✉➦❛❞♥é s♦✉st❛✈➙✳ ❖❜❞♦❜♥➙ ♠➲➸❡♠❡ ✉✈❛➸♦✈❛t ♦ ❛✜♥♥í❝❤
③♦❜r❛③❡♥í❝❤ ✈ r♦✈✐♥➙✱ ♣➦í♣✳ ③ r♦✈✐♥② ❦❛♠❦♦❧✐✿

✭✐✮ ❯✈❛➸♠❡ t➦✐ ❜♦❞② ✈ ♦❜❡❝♥é ♣♦❧♦③❡✱ ❦t❡ré ❝❤á♣❡♠❡ ❥❛❦♦ ♣♦↔át❡❦ ❛ ❥❡❞♥♦t❦② ♣♦♠♦❝♥é s♦✉➦❛❞♥é
s♦✉st❛✈②✱ ❛ ❥❡❥✐❝❤ ♦❜r❛③②✳

✭✐✐✮ ❑❛➸❞ý ❜♦❞ ✈ r♦✈✐♥➙ ❥❡ ❥❡❞♥♦③♥❛↔♥➙ ✉r↔❡♥ ❞✈➙♠❛ ✒s♦✉➦❛❞♥✐❝❡♠✐✏ ✈③❤❧❡❞❡♠ tét♦ s♦✉st❛✈➙
✖ t②t♦ ❥s♦✉ ✉r↔❡♥② r♦✈♥♦❜➙➸❦❛♠✐ s❡ s♦✉➦❛❞♥ý♠✐ ♦s❛♠✐✳

✭✐✐✐✮ ❉✈♦❥í♠ ♣➦❡♥❡s❡♥í♠ ❞➙❧✐❝í❤♦ ♣♦♠➙r✉ ✭❜✮ ✉♠í♠❡ ✉r↔✐t ✒s♦✉➦❛❞♥✐❝❡✏ ♦❜r❛③✉ ❞❛♥é❤♦ ❜♦❞✉✳

✭✐✈✮ P♦❦✉❞ ♦❜r❛③ ♣♦↔át❦✉ ❛ ♣rá✈➙ s❡str♦❥❡♥é ✒s♦✉➦❛❞♥✐❝❡✏ ❥s♦✉ ✈ ♦❜❡❝♥é ♣♦❧♦③❡✱ ♣♦t♦♠ ❞♦♣❧♥➙✲
♥í♠ ❞♦ r♦✈♥♦❜➙➸♥í❦✉ ✭❝✮ ✉♠í♠❡ ✉r↔✐t ♦❜r❛③ ❞❛♥é❤♦ ❜♦❞✉✳

❖❞t✉❞ ✈✐❞í♠❡✱ ➸❡ ♣r♦sté ❛✜♥♥í ③♦❜r❛③❡♥í r♦✈✐♥② ✭❦❛♠❦♦❧✐✮ ❥❡ ③❝❡❧❛ ✉r↔❡♥♦ ♦❜r❛③② t➦í ❜♦❞➲ ✈ ♦❜❡❝♥é
♣♦❧♦③❡✳ ❩♦❜❡❝♥➙♥í t➙❝❤t♦ ú✈❛❤ ♣r♦ ❛✜♥♥í ③♦❜r❛③❡♥í ♣r♦st♦r✉ ✭❦❛♠❦♦❧✐✮ ❥❡ ③➦❡❥♠é✳ ❈❡❧❦❡♠ ♠➲➸❡♠❡
t❛t♦ ♣♦③♦r♦✈á♥í s❤r♥♦✉t ♥ás❧❡❞♦✈♥➙✿

❱➙t❛ ✭♦ ✉r↔❡♥♦st✐ ❛✜♥♥í❤♦ ③♦❜r❛③❡♥í✮✳ Pr♦sté ❛✜♥♥í ③♦❜r❛③❡♥í ♣r♦st♦r✉ ❞✐♠❡♥③❡ n ✭n = 1, 2, 3✮
❥❡ ❥❡❞♥♦③♥❛↔♥➙ ✉r↔❡♥♦ ♦❜r❛③② n+ 1 ❜♦❞➲ ✈ ♦❜❡❝♥é ♣♦❧♦③❡✳

P♦③♥á♠❦② ❛ ✈②❤❧í❞❦②

❱➨❡❝❤♥② ✈ý➨❡ ③♠✐➡♦✈❛♥é ♣➦í❦❧❛❞② ❛✜♥♥í❝❤ tr❛♥s❢♦r♠❛❝í ❜②❧② ✈ ❥✐sté♠ s♠②s❧✉ ③á❦❧❛❞♥í✿ ③á❦❧❛❞♥í
r❡❣✉❧ár♥í ❛✜♥♥í tr❛♥s❢♦r♠❛❝í ❥❡ ♦s♦✈á ❛✜♥✐t❛✱ ③á❦❧❛❞♥í s✐♥❣✉❧ár♥í ❛✜♥♥í tr❛♥s❢♦r♠❛❝í ❥❡ r♦✈♥♦✲
❜➙➸♥é ♣r♦♠ítá♥í ❞♦ ♣➦í♠❦②✳ ❙♣♦❧❡↔♥ý♠ r②s❡♠ ✈➨❡❝❤ ③á❦❧❛❞♥í❝❤ tr❛♥s❢♦r♠❛❝í ✈ r♦✈✐♥➙ ❥❡✱ ➸❡ ♠❛❥í
♣➦í♠❦✉ s❛♠♦❞r✉➸♥ý❝❤ ❜♦❞➲✳ ❩♦❜❡❝♥➙♥í ♥➙❦t❡rý❝❤ ③á❦❧❛❞♥í❝❤ t✈r③❡♥í ③ ♦❞st❛✈❝➲ ♦ s❤♦❞♥♦st❡❝❤
❛ ♣♦❞♦❜♥♦st❡❝❤ ❥❡ ♥ás❧❡❞✉❥í❝í✿

❱➙t❛ ✭♦ s❦❧á❞á♥í ✳ ✳ ✳ ✮✳ ❑❛➸❞♦✉ ❛✜♥♥í tr❛♥s❢♦r♠❛❝✐ ✈ r♦✈✐♥➙ ❧③❡ r❡❛❧✐③♦✈❛t ❥❛❦♦ s❧♦➸❡♥í ♥❡❥✈ý➨❡
t➦í ③á❦❧❛❞♥í❝❤ ❛✜♥♥í❝❤ tr❛♥s❢♦r♠❛❝í✳



✼ P❛♥♦♣t✐❦✉♠ ❣❡♦♠❡tr✐❝❦ý❝❤ ③♦❜r❛③❡♥í ✼✼

❚♦t♦ t✈r③❡♥í ❧③❡ ③❞➲✈♦❞♥✐t ✈❡❧♠✐ ♣♦❞♦❜♥ý♠ ③♣➲s♦❜❡♠ ❥❛❦♦ ✈➙t✉ ✼✳✷ ♦ s❦❧á❞á♥í ♦s♦✈ý❝❤ s♦✉♠➙r✲
♥♦stí✳ ❏❡❞✐♥ý r♦③❞í❧ ❥❡ ✈ t♦♠✱ ➸❡ ♥②♥í ♠á♠❡ ❞❛❧❡❦♦ ✈í❝❡ ✈♦❧♥♦st✐✦ ✏

❩á❦❧❛❞♥í ❛✜♥♥í tr❛♥s❢♦r♠❛❝❡ ✈ ♣r♦st♦r✉ ❥s♦✉ tr❛♥s❢♦r♠❛❝❡✱ ❦t❡ré ♠❛❥í r♦✈✐♥✉ s❛♠♦❞r✉➸♥ý❝❤
❜♦❞➲✳ ❩á❥❡♠❝✐ ♠♦❤♦✉ ♣➦❡♠ý➨❧❡t ♥❛❞ ③♦❜❡❝♥➙♥í♠ ♣➦❡❞❝❤♦③í ✈➙t② ♣r♦ ❛✜♥♥í tr❛♥s❢♦r♠❛❝❡ ✈ ♣r♦✲
st♦r✉✳ ✳ ✳

❱ ♥ás❧❡❞✉❥í❝í ❦❛♣✐t♦❧❡ ❜✉❞❡♠❡ ❞➲❦❧❛❞♥➙ st✉❞♦✈❛t r♦✈♥♦❜➙➸♥á ♣r♦♠ítá♥í ♣r♦st♦r✉ ❞♦ r♦✈✐♥②✱
t❡❞② ③á❦❧❛❞♥í s✐♥❣✉❧ár♥í ❛✜♥♥í ③♦❜r❛③❡♥í ✈ ♣r♦st♦r✉✳ ❱❡❧✐❝❡ ♣➦✐r♦③❡♥♦✉ ❛ s♦✉↔❛s♥➙ ❞➲❧❡➸✐t♦✉
♦tá③❦♦✉ ❥❡✿

• ❏❛❦é ❥❡ ③♦❜❡❝♥➙♥í ✈➙t② ♦ ✉r↔❡♥♦st✐ ❛✜♥♥í❝❤ ③♦❜r❛③❡♥í ♣r♦ s✐♥❣✉❧ár♥í ♣➦í♣❛❞②❄

❱ ♥ás❧❡❞✉❥í❝í♠ s❡♠❡str✉ ❜✉❞❡♠❡ ✉♠➙t ✭❛❧❣❡❜r❛✐❝❦②✮ ✉❦á③❛t✱ ➸❡ t❛t♦ ✈➙t❛ ♣❧❛tí ♣r♦ ❥❛❦á❦♦❧✐ ❛✜♥♥í
③♦❜r❛③❡♥í ✭❛ ❥❛❦é❦♦❧✐ ❞✐♠❡♥③❡✮✳ ❩ ❦♦♥str✉❦↔♥í❤♦ r♦③❜♦r✉✱ ❦t❡rý ♦♥é ✈➙t➙ ♣➦❡❞❝❤á③❡❧✱ ③❛tí♠ ✉♠í♠❡
✈②✈♦❞✐t ❥❡♥♦♠ t♦✱ ➸❡ ♣➦❡❞♣♦❦❧❛❞ ✐♥❥❡❦t✐✈♥♦st✐ ♠➲➸❡ ❜ýt ③❡s❧❛❜❡♥✱ ❛❧❡ ♥❡ ♣➦í❧✐➨✿ P♦❦✉❞ ❜② ✭♣r♦ n =
2, 3✮ ✈ ♦❜r❛③✉ ✒♦s♦✈é❤♦ ❦➦í➸❡✏ ♥➙❦t❡ré ❞✈➙ ♦s② s♣❧ý✈❛❧②✱ ♠á♠❡ ♣r♦❜❧é♠ s ❞♦♣❧♥➙♥í♠ r♦✈♥♦❜➙➸♥í❦✉
✈ ❦r♦❦✉ ✭✐✈✮✳ ❩á✈➙r ♣r♦t♦ ❢♦r♠✉❧✉❥❡♠❡ ♣♦♥➙❦✉❞ ♦♣❛tr♥➙ t❛❦t♦✿

• ✒◆❡ ♣➦í❧✐➨ s✐♥❣✉❧ár♥í✏ ❛✜♥♥í ③♦❜r❛③❡♥í ❥s♦✉ ✉r↔❡♥❛ st❡❥♥➙ ❥❛❦♦ ✈❡ ✈➙t➙ ♥❛ str✳ ✼✻✳

❑ t♦♠✉t♦ té♠❛t✉ s❡ ③♥♦✈✉ ✈r❛❝í♠❡ ✈ ♣♦❞❦❛♣✐t♦❧❡ ✶✶ ❛ ♥ás❧❡❞✉❥í❝í❝❤✳ Pr♦③❛tí♠ ❥❡♥♦♠ ♦♣❛❦✉✲
❥❡♠❡✱ ➸❡ ✈ ❦♦♥str✉❦↔♥í♠ ③❞➲✈♦❞♥➙♥í t♦❤♦t♦ t✈r③❡♥í ♦❞❦❛③✉❥❡♠❡ ✈ý❤r❛❞♥➙ ♥❛ ✈❧❛st♥♦st✐ ✭❛✮✕✭❝✮
③ ❞❡✜♥✐❝❡ ❛✜♥♥í❤♦ ③♦❜r❛③❡♥í✳ ❚♦ ③♥❛♠❡♥á✱ ➸❡ ③á❦❧❛❞♥í♠✐ ❦♦♥str✉❦↔♥í♠✐ ♥ástr♦❥✐ ❥s♦✉ ♣♦✉③❡

• ♣➦❡♥á➨❡♥í ❞➙❧✐❝í❝❤ ♣♦♠➙r➲✱

• ❦♦♥str✉❦❝❡ r♦✈♥♦❜➙➸❡❦✳

✼✳✾ ❈✈✐↔❡♥í

✭✶✮ Pr♦ ❞❛♥é t➦✐ ❦♦❧✐♥❡ár♥í ❜♦❞② A,B,C ❛ ❞✈❛ ❞❛❧➨í ❜♦❞② K,L s❡str♦❥t❡ ❜♦❞ M t❛❦✱ ❛❜② ❜②❧
③❛❝❤♦✈á♥ ❞➙❧✐❝í ♣♦♠➙r✿ (KLM) = (ABC)✳ ❯✈❛➸✉❥t❡ t❛❦é ❥✐♥é ♣❡r♠✉t❛❝❡ ❜♦❞➲ ✈❡ tr♦❥✐❝✐✳ ✏

✭✷✮ ❉♦❦❛➸t❡✱ ➸❡ ♦s♦✈á ❛✜♥✐t❛ ❥❡ ✐♥✈♦❧✉t✐✈♥í ♣rá✈➙ t❡❤❞②✱ ❦❞②➸ ♠♦❞✉❧ = −1✳

✭✸✮ Pr♦ ❞✈❛ ❞❛♥é tr♦❥ú❤❡❧♥í❦② r♦③❤♦❞♥➙t❡✱ ③❞❛ ❥❡ ❥❡❞❡♥ ♦❜r❛③❡♠ ❞r✉❤é❤♦ ✈③❤❧❡❞❡♠ ❦ ♥➙❥❛❦é
♦s♦✈é ❛✜♥✐t➙ ✭③❢♦r♠✉❧✉❥t❡ ♥➙❥❛❦é ♣➦✐r♦③❡♥é ❦r✐tér✐✉♠✮✳ ✏

✭✹✮ P♦❦✉❞ ❥❡ ♦❞♣♦✈➙↕ ✈ ♣➦❡❞❝❤♦③í ú❧♦③❡ ③á♣♦r♥á✱ ♣❛❦✿

• ✈②❥á❞➦❡t❡ ♦❞♣♦✈í❞❛❥í❝í ❛✜♥✐t✉ ❥❛❦♦ s❧♦➸❡♥í ♦s♦✈ý❝❤ ❛✜♥✐t✱

• s❡str♦❥t❡ ♦❜r❛③ ❧✐❜♦✈♦❧♥é❤♦ ❞❛❧➨í❤♦ ❜♦❞✉ ✈ r♦✈✐♥➙✳ ✏

✭✺✮ ❱②❥á❞➦❡t❡ st❡❥♥♦❧❡❤❧♦st s ❞❛♥ý♠ st➦❡❞❡♠ ❛ ❦♦❡✜❝✐❡♥t❡♠ ❥❛❦♦ s❧♦➸❡♥í ♦s♦✈ý❝❤ ❛✜♥✐t✳

✭✻✮ P➦❡❞♣♦❦❧á❞❡❥♠❡✱ ➸❡ t➦✐ ❞❛♥é ❜♦❞② ❥s♦✉ ♦❜r❛③② s♦✉s❡❞♥í❝❤ ✈r❝❤♦❧➲ ♣r❛✈✐❞❡❧♥é❤♦ n✲ú❤❡❧♥í❦✉
✭n = 4, 5, 6, 8, 10, . . . ✮❀ s❡str♦❥t❡ ♦❜r❛③② ♦st❛t♥í❝❤ ✈r❝❤♦❧➲✳

✭✼✮ ❙❡str♦❥t❡ ❛✜♥♥í ♦❜r❛③ ♣r❛✈✐❞❡❧♥é❤♦ n✲❜♦❦é❤♦ ❤r❛♥♦❧✉ ✭n = 4, 5, 6, 8, 10, . . . ✮✳



✼✽ ■■■ ●❡♦♠❡tr✐❝❦á ③♦❜r❛③❡♥í

✼✳✶✵ ❖s♦✈á ❦♦❧✐♥❡❛❝❡ ❛ ♣r♦❥❡❦t✐✈♥í ③♦❜r❛③❡♥í

◆❡➸ s❡ ♣r♦♣r❛❝✉❥❡♠❡ ❦ ♣♦❥♠✉ ♦❜❡❝♥é❤♦ ♣r♦❥❡❦t✐✈♥í❤♦ ③♦❜r❛③❡♥í✱ ③♦❜❡❝♥í♠❡ ③á❦❧❛❞♥í ❛✜♥♥í ③♦❜✲
r❛③❡♥í ✖ ♦❞ r♦✈♥♦❜➙➸♥é❤♦ ♣r♦♠ítá♥í ❦❡ st➦❡❞♦✈é♠✉✱ ♦❞ ♦s♦✈é ❛✜♥✐t② ❦ ♦s♦✈é ❦♦❧✐♥❡❛❝✐✳ ❱ tét♦
s♦✉✈✐s❧♦st✐ s✐ ③á❤② ✉✈➙❞♦♠í♠❡✱ ➸❡ ❥❡ ♥✉t♥é ③❛↔ít ❜rát ✈á➸♥➙ t❛❦é ❜♦❞② ✈ ♥❡❦♦♥❡↔♥✉✳ ❖❞t✉❞ ♣♦❥❡♠
♣r♦❥❡❦t✐✈♥í❤♦ r♦③➨í➦❡♥í ❡✉❦❧❡✐❞♦✈s❦é ♣➦í♠❦②✱ r♦✈✐♥② ❛t❞✳

❷❛st♦ s❦❧♦➡♦✈❛♥ý♠ ♣♦❥♠❡♠ ✈ tét♦ ♣♦❞❦❛♣✐t♦❧❡ ❥❡ ❞✈♦❥♣♦♠➙r ↔t✈❡➦✐❝❡ ❜♦❞➲ ♥❛ ♣➦í♠❝❡✱ ♣r♦t♦
s ♥í♠ r♦✈♥♦✉ ③❛↔♥❡♠❡✳

❉✈♦❥♣♦♠➙r

❉✈♦❥♣♦♠➙r ↔t✈❡➦✐❝❡ ❦♦❧✐♥❡ár♥í❝❤ ❜♦❞➲ (A,B,C,D) ❥❡ r❡á❧♥é ↔ís❧♦ ❞❡✜♥♦✈❛♥é ❥❛❦♦ ♣♦♠➙r
❞➙❧✐❝í❝❤ ♣♦♠➙r➲ (ABC) : (ABD)❀ ✈③❤❧❡❞❡♠ ❦ ✭✼✳✹✮ ♣í➨❡♠❡ ♥ás❧❡❞♦✈♥➙✿

(ABCD) =

−→
AC
−−→
BC

:

−−→
AD
−−→
BD

. ✭✼✳✻✮

❱③❤❧❡❞❡♠ ❦ t♦♠✉✱ ➸❡ lim
D→∞

(ABD) = 1✱ ♣❧❛tí lim
D→∞

(ABCD) = (ABC)✱ ❝♦➸ ③❛♣✐s✉❥❡♠❡ ❥❛❦♦

(ABCD∞) = (ABC).

❱ ♥➙❦t❡rý❝❤ ❞❛❧➨í❝❤ ♠❡③♥í❝❤ ♣➦í♣❛❞❡❝❤ ✈②❝❤á③í ❞✈♦❥♣♦♠➙r ♥ás❧❡❞♦✈♥➙✿

lim
C→A

(ABCD) = 0, lim
C→B

(ABCD) = ±∞, lim
C→D

(ABCD) = 1

❛♣♦❞✳ P♦❦✉❞ ❥❡ ♥á❤♦❞♦✉
(ABCD) = −1,

➦í❦á♠❡ ♦ ↔t✈❡➦✐❝✐ ❜♦❞➲✱ ➸❡ ❥❡ ✈ t③✈✳ ❤❛r♠♦♥✐❝❦é♠ ♣♦♠➙r✉✳ ❚❛❦♦✈♦✉ ↔t✈❡➦✐❝✐ t✈♦➦í ♥❛♣➦✳ (ABCD∞)✱
❦❞❡ C ❥❡ st➦❡❞❡♠ ús❡↔❦② AB✳ ❖❜❡❝♥➙❥✐✱ ✈ ❤❛r♠♦♥✐❝❦é♠ ♣♦♠➙r✉ ❥❡ ♠♥♦❤♦ r➲③♥ý❝❤ ↔t✈❡➦✐❝ ❜♦❞➲
✈ ú♣❧♥é♠ ↔t②➦r♦❤✉ ✭✈✐③ ❝✈✐↔❡♥í ✼✳✶✶✭✹✮✮✳

Pr♦ ❞❛♥é t➦✐ r➲③♥é ❦♦❧✐♥❡ár♥í ❜♦❞② ❥❡ ♣♦❧♦❤❛ ↔t✈rté❤♦ ❜♦❞✉ ♥❛ té➸❡ ♣➦í♠❝❡ ❥❡❞♥♦③♥❛↔♥➙ ✉r↔❡♥❛
❞✈♦❥♣♦♠➙r❡♠✳ ❉❡✜♥✐❝❡ ❞✈♦❥♣♦♠➙r✉ s❛♠♦③➦❡❥♠➙ ③á✈✐sí ♥❛ ♣♦➦❛❞í ❜♦❞➲ ✈❡ ↔t✈❡➦✐❝✐✳ P♦❞♦❜♥➙ ❥❛❦♦
✉ ❞➙❧✐❝í❤♦ ♣♦♠➙r✉ ✈➨❛❦ ♠➲➸❡♠❡ ♣♦③♦r♦✈❛t ❥✐sté s②♠❡tr✐❡ ✖ ♦❜❡❝♥➙ ♥❛♣➦✳ ♣❧❛tí✏

(ABCD) = (BADC) = (CDAB) = (DC BA).

Pr♦❥❡❦t✐✈♥í r♦③➨í➦❡♥í

◆➙❦♦❧✐❦rát ❥s♠❡ s✐ ♠♦❤❧✐ ✈➨✐♠♥♦✉t✱ ➸❡ ♦❜↔❛s ❥❡ ✈ý❤♦❞♥é ♣r❛❝♦✈❛t s ♥❡✈❧❛st♥í ❜♦❞②✱ t❥✳ ❜♦❞②
✈ ♥❡❦♦♥❡↔♥✉✳ P♦❦✉❞ ♥❛♣➦✳ ✉✈❛➸✉❥❡♠❡ st➦❡❞♦✈é ♣r♦♠ítá♥í ♠❡③✐ ❞✈➙♠❛ ✭r➲③♥♦❜➙➸♥ý♠✐✮ ♣➦í♠❦❛♠✐
p ❛ p′✱ ♣♦t♦♠ ♥❛ p ❡①✐st✉❥❡ ❜♦❞ U ✱ ❦t❡rý s❡ ③♦❜r❛③✉❥❡ ❞♦ ♥❡✈❧❛st♥í❤♦ ❜♦❞✉ ♣➦í♠❦② p′✱ ❛ ♥❛ p′

♠á♠❡ ❜♦❞ V ′✱ ❥❡❤♦➸ ✈③♦r ❥❡ ♥❡✈❧❛st♥í ❜♦❞ ♣➦í♠❦② p✳ ❚❛❦♦✈ý♠ ❜♦❞➲♠ ➦í❦á♠❡ ú❜➙➸♥í❦② ❛ ↔❛s❡♠
③❥✐stí♠❡✱ ❥❛❦ ❥s♦✉ ♣➦✐ ❦♦♥str✉❦❝í❝❤ ✉➸✐t❡↔♥é✳

P♦❦✉❞ s❡ ❝❤❝❡♠❡ ✈②❥❛❞➦♦✈❛t ♣➦❡s♥➙✱ ♣♦t♦♠ ♥❡♠➲➸❡♠❡ ➦í❦❛t✱ ➸❡ s❡ ♣➦✐ st➦❡❞♦✈é♠ ♣r♦♠ítá♥í
♣➦í♠❦❛ p ③♦❜r❛③✉❥❡ ♥❛ ♣➦í♠❦✉ p′✳ ❙♣rá✈♥➙ ❜② ❜②❧♦✿ ♣➦í♠❦❛ p ❜❡③ ❜♦❞✉ U s❡ ③♦❜r❛③✉❥❡ ♥❛ ♣➦í♠❦✉
p′ ❜❡③ ❜♦❞✉ V ′✳ ❚➙♠t♦ ♥❡➨✐❦♦✈♥♦st❡♠ s❡ ❧③❡ ❥❡❞♥♦❞✉➨❡ ✈②❤♥♦✉t tí♠✱ ➸❡ ✈➨❡❝❤♥② ③á❦❧❛❞♥í ♦❜❥❡❦t②
r♦③➨í➦í♠❡ ♦ ❥❡❥✐❝❤ ♥❡✈❧❛st♥í ❜♦❞②✿



✼ P❛♥♦♣t✐❦✉♠ ❣❡♦♠❡tr✐❝❦ý❝❤ ③♦❜r❛③❡♥í ✼✾

❖❜rá③❡❦ ✼✳✷✵✿ ❙t➦❡❞♦✈é ♣r♦♠ítá♥í ♥❡③♦❜r❛③✉❥❡ ❡✉❦❧❡✐❞♦✈s❦♦✉ ♣➦í♠❦✉ ♥❛ ❡✉❦❧❡✐❞♦✈s❦♦✉
♣➦í♠❦✉✱ ❛✈➨❛❦ ③♦❜r❛③✉❥❡ ♣r♦❥❡❦t✐✈♥í ♣➦í♠❦✉ ♥❛ ♣r♦❥❡❦t✐✈♥í ♣➦í♠❦✉✳

Pr♦❥❡❦t✐✈♥í r♦③➨í➦❡♥í ♣➦í♠❦②✱ r♦✈✐♥②✱ r❡s♣✳ ♣r♦st♦r✉ ❥❡ ❡✉❦❧❡✐❞♦✈s❦á ♣➦í♠❦❛✱ r♦✈✐♥❛✱ r❡s♣✳
♣r♦st♦r r♦③➨í➦❡♥á✱ r❡s♣✳ ✲♥ý ♦ ❥❡❥✐❝❤ ❜♦❞② ✈ ♥❡❦♦♥❡↔♥✉✳

❇♦❞② ✈ ♥❡❦♦♥❡↔♥✉ ❥♠❡♥✉❥❡♠❡ ♥❡✈❧❛st♥í✱ ♦st❛t♥í ♣❛❦ ✈❧❛st♥í✳

❚❛t♦ ❞❡✜♥✐❝❡ ❥❡ ❞♦st ♥❡❢♦r♠á❧♥í ✖ ❦r✐t✐❝❦ý ↔t❡♥á➦ ❜② s❡ ♠➙❧ ♣tát✱ ❝♦ ❥s♦✉ t② ❜♦❞② ✈ ♥❡❦♦♥❡↔♥✉
❛ ❦♦❧✐❦ ❥✐❝❤ ✈❧❛st♥➙ ❥❡✱ ♣➦í♣✳ ❥❛❦ ❥❡ r❡♣r❡③❡♥t♦✈❛t ♣♦♠♦❝í ✈❧❛st♥í❝❤ ♦❜❥❡❦t➲❄✦ ◆❡❥♣r✈❡ s✐ ✉✈➙❞♦✲
♠í♠❡✱ ➸❡ ❦❛➸❞á ♣➦í♠❦❛ ✈ ❡✉❦❧❡✐❞♦✈s❦é r♦✈✐♥➙ ♠á ❥❡♥♦♠ ❥❡❞❡♥ ♥❡✈❧❛st♥í ❜♦❞ ✭❛ ♥✐❦♦❧✐ ❞✈❛✮✳✽

❚❡♥t♦ ❢❛❦t ✈②♣❧ý✈á ③ ❥❡❞♥♦❤♦ ③❡ ③á❦❧❛❞♥í❝❤ ♣♦st✉❧át➲ ❡✉❦❧❡✐❞♦✈s❦é ❣❡♦♠❡tr✐❡✱ t♦t✐➸ ③ ♣♦st✉❧át✉
♦ r♦✈♥♦❜➙➸❦á❝❤ ✭✈✐③ ♦❞st✳ ✹✳✹✮✿

❱➙t❛✳ Pr♦❥❡❦t✐✈♥í r♦③➨í➦❡♥í ♣➦í♠❦② ♠á ♣rá✈➙ ❥❡❞❡♥ ♥❡✈❧❛st♥í ❜♦❞✳

❖❜rá③❡❦ ✼✳✷✶✿ ❊✉❦❧❡✐❞♦✈s❦á ♣➦í♠❦❛ ♠á ❥❡♥ ❥❡❞❡♥ ♥❡✈❧❛st♥í ❜♦❞✳

❉➲❦❛③✳ ❩á❦❧❛❞♥í ✒♣r♦❥❡❦t✐✈♥í tr✐❦✏ ❥❡✱ ➸❡ s❡ ♥❛ ❞❛♥ý ♦❜❥❡❦t ♣♦❞í✈á♠❡ ③✈♥➙❥➨❦✉✱ ✈ t♦♠t♦ ♣➦í♣❛❞➙
③ ♥➙❥❛❦é❤♦ ❜♦❞✉ S✱ ❦t❡rý ♥❛ ❞❛♥é ♣➦í♠❝❡ p ♥❡❧❡➸í✿

❇♦❞② ♥❛ ♣➦í♠❝❡ Ai ∈ p ❥s♦✉ ✈❡ ✈③á❥❡♠♥➙ ❥❡❞♥♦③♥❛↔♥é ❦♦r❡s♣♦♥❞❡♥❝✐ s ♣r♦♠ít❛❝í♠✐ ♣❛♣rs❦②
ai = SAi✳ ❑❞②➸ s❡ ❜♦❞ Ai ✈③❞❛❧✉❥❡ ❞♦ ♥❡❦♦♥❡↔♥❛✱ ♣➦í♠❦❛ ai ❦♦♥✈❡r❣✉❥❡ ❦ ♣➦í♠❝❡✱ ❦t❡rá ❧❡➸í
✈ r♦✈✐♥➙ ✉r↔❡♥é p ❛ S ❛ ♣➦í♠❦✉ p ♥❡♣r♦tí♥á✱ t❡❞② ❦ ♣➦í♠❝❡✱ ❦t❡rá ❥❡ s p r♦✈♥♦❜➙➸♥á✳ Pr♦t♦➸❡
r♦✈♥♦❜➙➸❦❛ ❦ ❞❛♥é ♣➦í♠❝❡ ❞❛♥ý♠ ❜♦❞❡♠ ❥❡ ❥❡❞✐♥á✱ ♠á ❦❛➸❞á ♣➦í♠❦❛ ✈ ❡✉❦❧❡✐❞♦✈s❦é r♦✈✐♥➙ ❥❡❞✐♥ý
♥❡✈❧❛st♥í ❜♦❞✳

❚♦t♦ ♣♦③♦r♦✈á♥í ♠á ♥➙❦♦❧✐❦ ③❛❥í♠❛✈ý❝❤ ❞➲s❧❡❞❦➲✿
✽Pr♦❥❡❦t✐✈♥í r♦③➨í➦❡♥í ♣➦í♠❦② ❥❡ t❡❞② ♥➙❝♦ ❥✐♥é❤♦✱ ♥❡➸ r♦③➨í➦❡♥á r❡á❧♥á ♦s❛✱ ❥❛❦ ❥✐ ③♥á♠❡ ③ ❛♥❛❧ý③②✿ ♦③♥❛↔❡♥í

±∞ ♠➲➸❡♠❡ ✐♥t❡r♣r❡t♦✈❛t ❥❡❞✐♥➙ t❛❦✱ ➸❡ s❡ ❦ ♥❡✈❧❛st♥í♠✉ ❜♦❞✉ ❜❧í➸í♠❡ ③♣r❛✈❛✴③❧❡✈❛✳



✽✵ ■■■ ●❡♦♠❡tr✐❝❦á ③♦❜r❛③❡♥í

• Pr♦❥❡❦t✐✈♥í ♣➦í♠❦❛ ❥❡ ✉③❛✈➦❡♥á✳

• ◆❡♠á s♠②s❧ ✉✈❛➸♦✈❛t ✉s♣♦➦á❞á♥í ❜♦❞➲ ♥❛ ♣r♦❥❡❦t✐✈♥í ♣➦í♠❝❡✳

• Pr♦❥❡❦t✐✈♥í ♣➦í♠❦❛ ♥❡r♦③❞➙❧✉❥❡ ♣r♦❥❡❦t✐✈♥í r♦✈✐♥✉ ♥❛ ❞✈➙ ♥❡s♦✉✈✐s❧é ↔ást✐✳

• ❑❛➸❞é ❞✈➙ ♣r♦❥❡❦t✐✈♥í ♣➦í♠❦② ✈ ♣r♦❥❡❦t✐✈♥í r♦✈✐♥➙ s❡ ♣r♦tí♥❛❥í✳

❘♦✈♥♦❜➙➸♥♦st ♣➦í♠❡❦ ✈ r♦③➨í➦❡♥é ❡✉❦❧❡✐❞♦✈s❦é r♦✈✐♥➙ t❡❞② ❝❤á♣❡♠❡ ❥❛❦♦ s♣❡❝✐á❧♥í ♣➦í♣❛❞ r➲③♥♦✲
❜➙➸♥♦st✐✱ ❦❞② ♣r➲s❡↔í❦❡♠ ❥❡ ♥❡✈❧❛st♥í ❜♦❞✳

❖❜rá③❡❦ ✼✳✷✷✿ ◆❛ ❡✉❦❧❡✐❞♦✈s❦é ♣➦í♠❝❡ ❥❡ ❜♦❞ E ♠❡③✐ ❜♦❞② C ❛ D✳ ◆❛ ♣r♦❥❡❦t✐✈♥í ♣➦í♠❝❡
♥❡♠á r❡❧❛❝❡ ✒♠❡③✐✏ ✈❛❧♥é❤♦ s♠②s❧✉✳

❏✐♥ý ③á❦❧❛❞♥í ❛①✐ó♠ ❡✉❦❧❡✐❞♦✈s❦é ❣❡♦♠❡tr✐❡ ➦í❦á✱ ➸❡ ❞✈❛ ❜♦❞② ❥❡❞♥♦③♥❛↔♥➙ ✉r↔✉❥í ♣➦í♠❦✉✳✾

P♦❦✉❞ ✉✈❛➸✉❥❡♠❡ ❞✈❛ r➲③♥é ♥❡✈❧❛st♥í ❜♦❞②✱ ♣❛❦ ❥✐♠✐ ✉r↔❡♥á ♣➦í♠❦❛ ♠✉sí ❜ýt ❝❡❧á ♥❡✈❧❛st♥í✱
❥✐♥❛❦ ❜②❝❤♦♠ ❜②❧✐ ✈❡ s♣♦r✉ s ♣➦❡❞❝❤♦③í♠ t✈r③❡♥í♠✳ ❖❞t✉❞ ♣❧②♥❡✱ ➸❡✿✏

❱➙t❛✳ Pr♦❥❡❦t✐✈♥í r♦③➨í➦❡♥í r♦✈✐♥②✱ r❡s♣✳ ♣r♦st♦r✉ ♠á ♣r♦❥❡❦t✐✈♥í ♣➦í♠❦✉✱ r❡s♣✳ r♦✈✐♥✉ ♥❡✈❧❛st♥í❝❤
❜♦❞➲✳

P➦❡❞ ❝❤✈í❧í ❥s♠❡ ♠❧✉✈✐❧✐ ♦ ✈③á❥❡♠♥ý❝❤ ♣♦❧♦❤á❝❤ ♣➦í♠❡❦ ✈ r♦③➨í➦❡♥é r♦✈✐♥➙✳ ❖❜❞♦❜♥á ❞✐s❦✉③❡
✈ ♣r♦❥❡❦t✐✈♥í♠ r♦③➨í➦❡♥í ♣r♦st♦r✉ ✈②♣❛❞á ♥ás❧❡❞♦✈♥➙ ✖ ❞✈➙ ♣r♦❥❡❦t✐✈♥í ♣➦í♠❦② ♠♦❤♦✉ ❜ýt✿

• ♠✐♠♦❜➙➸♥é✱ ♣♦❦✉❞ ♥❡♠❛❥í s♣♦❧❡↔♥ý ❜♦❞✱

• r➲③♥♦❜➙➸♥é✱ ♣♦❦✉❞ ♠❛❥í s♣♦❧❡↔♥ý ♣rá✈➙ ❥❡❞❡♥ ✈❧❛st♥í ❜♦❞✱

• r♦✈♥♦❜➙➸♥é✱ ♣♦❦✉❞ ♠❛❥í s♣♦❧❡↔♥ý ♣rá✈➙ ❥❡❞❡♥ ♥❡✈❧❛st♥í ❜♦❞✱

• t♦t♦➸♥é✱ ♣♦❦✉❞ ♠❛❥í s♣♦❧❡↔♥é ❛s♣♦➡ ❞✈❛ ❜♦❞②✳

❉♦♣❧➡t❡ s✐ ❞✐s❦✉③✐ ✈③á❥❡♠♥ý❝❤ ♣♦❧♦❤ ♣➦í♠❦② ❛ r♦✈✐♥②✱ ♣➦í♣✳ ❞✈♦✉ r♦✈✐♥✳ ✳ ✳✏

❙t➦❡❞♦✈é ♣r♦♠ítá♥í

❙t➦❡❞♦✈é ♣r♦♠ítá♥í ❥❡ ❥❡❞♥♦ ③❡ ③á❦❧❛❞♥í❝❤ ♣r♦❥❡❦t✐✈♥í❝❤ ③♦❜r❛③❡♥í✱ ❦t❡ré ❞♦❦♦♥❝❡ ❞❛❧♦ ❝❡❧é tét♦
s❦✉♣✐♥➙ ③♦❜r❛③❡♥í ❥♠é♥♦✳ ▼á♠❡ ♥❛ ♠②s❧✐ ♣r♦♠ítá♥í ③ ♣r♦st♦r✉ ❞♦ r♦✈✐♥②✱ ♠❡③✐ ❞✈➙♠❛ r♦✈✐♥❛♠✐✱
③ r♦✈✐♥② ❞♦ ♣➦í♠❦② ❛♣♦❞✳ Pr➲♠➙t ❧✐❜♦✈♦❧♥é❤♦ ❜♦❞✉ ❥❡ ✉r↔❡♥ ❥❛❦♦ ♣r➲s❡↔í❦ ♣r♦♠ít❛❝í❤♦ ♣❛♣rs❦✉
s ❝í❧♦✈ý♠ ♦❜❥❡❦t❡♠✳ Pr➲♠➙t❡♠ ♣➦í♠❦② ♠➲➸❡ ❜ýt ❜✉↕ ♣➦í♠❦❛✱ ♥❡❜♦ ❜♦❞✳

❙t➦❡❞♦✈é ♣r♦♠ítá♥í ♦❜❡❝♥➙ ♥❡③❛❝❤♦✈á✈á ✈③❞á❧❡♥♦st✐ ❛♥✐ ❞➙❧✐❝í ♣♦♠➙r② tr♦❥✐❝ ❜♦❞➲✱ ❛✈➨❛❦
③❛❝❤♦✈á✈á ❞✈♦❥♣♦♠➙r② ↔t✈❡➦✐❝ ❜♦❞➲ ♥❛ ♣➦í♠❝❡✿

✾❚❡♥t♦ ❛①✐ó♠ ♣❛t➦í ✈ ❍✐❧❜❡rt♦✈➙ s②sté♠✉ ❞♦ s❦✉♣✐♥② ❛①✐ó♠➲ ✐♥❝✐❞❡♥❝❡✱ ❦t❡ré ❥s♦✉ ♣❧❛t♥é ✈ ♦❜❡❝♥é♠ ♣r♦❥❡❦✲
t✐✈♥í♠ ♣r♦st♦r✉✳



✼ P❛♥♦♣t✐❦✉♠ ❣❡♦♠❡tr✐❝❦ý❝❤ ③♦❜r❛③❡♥í ✽✶

❱➙t❛ ✭P❛♣♣♦✈❛✮✳ P♦❦✉❞ s❡ ♣➦✐ st➦❡❞♦✈é♠ ♣r♦♠ítá♥í ③♦❜r❛③í r➲③♥é ❦♦❧✐♥❡ár♥í ❜♦❞② ♥❛ r➲③♥é ❜♦❞②✱
♣♦t♦♠ s❡ ❥❡❥✐❝❤ ❞✈♦❥♣♦♠➙r② ③❛❝❤♦✈á✈❛❥í✳

❉➲❦❛③✳ P➦❡❞♣♦❦❧á❞❡❥♠❡✱ ➸❡ ♦❜r❛③❡♠ ♣➦í♠❦② ♥❡♥í ❜♦❞✳ ❙t➦❡❞ ♣r♦♠ítá♥í S✱ ❞❛♥á ♣➦í♠❦❛ p ❛ ❥❡❥í
♦❜r❛③ p′ ❧❡➸í ✈ ❥❡❞♥é r♦✈✐♥➙✳ P♦❦✉❞ ❜② ♥á❤♦❞♦✉ ❜②❧② ♣➦í♠❦② p ❛ p′ r♦✈♥♦❜➙➸♥é✱ ♣♦t♦♠ s❡ ③❛❝❤♦✲
✈á✈❛❥í ❞♦❦♦♥❝❡ ❞➙❧✐❝í ♣♦♠➙r②✱ t✉❞í➸ ✐ ❞✈♦❥♣♦♠➙r②✳

P➦❡❞♣♦❦❧á❞❡❥♠❡ t❡❞②✱ ➸❡ p ❛ p′ ❥s♦✉ r➲③♥♦❜➙➸♥é✳ ❚✈r③❡♥í ✈➙t② ③❞➲✈♦❞♥í♠❡ ♥❡❥♣r✈❡ ✈❡ s♣❡❝✐✲
á❧♥í♠ ♣➦í♣❛❞➙ ✭C ′ = C ❛ D ✈ ♥❡❦♦♥❡↔♥✉✮✱ ♣♦té ♦❜❡❝♥➙✱ ✈✐③ ♦❜r✳ ✼✳✷✸✳ ❖❞❦❛③✉❥❡♠❡ ✈ý❤r❛❞♥➙ ♥❛
③á❦❧❛❞♥í t✈r③❡♥í ♦ ♣♦❞♦❜♥ý❝❤ tr♦❥ú❤❡❧♥í❝í❝❤✿

❖❜rá③❡❦ ✼✳✷✸✿ ❉✈♦❥♣♦♠➙r ❥❡ ♣➦✐ st➦❡❞♦✈é♠ ♣r♦♠ítá♥í ✐♥✈❛r✐❛♥t♥í✦

✭❛✮ ❚r♦❥ú❤❡❧♥í❦② A′AC ′ ❛ A′SD′ ❥s♦✉ ♣♦❞♦❜♥é ❛ C ′ = C✱ t✉❞í➸
−−−→
A′C′

−−−→
A′D′

=
−→
AC−−→
SD′

✳ ❚r♦❥ú❤❡❧♥í❦② B′BC ′

❛ B′SD′ ❥s♦✉ t❛❦② ♣♦❞♦❜♥é✱ t✉❞í➸
−−−→
B′C′

−−−→
B′D′

=
−−→
BC−−→
SD′

✳ ❖❞t✉❞ ❞➙❧❡♥í♠ ♦❜♦✉ r♦✈♥✐❝ ❞♦stá✈á♠❡

−→
AC
−−→
BC

=

−−→
A′C ′
−−−→
A′D′

:

−−−→
B′C ′
−−−→
B′D′

=

−−→
A′C ′
−−−→
B′C ′

:

−−−→
A′D′
−−−→
B′D′

.

❱ýr❛③ ♥❛❧❡✈♦ ❥❡ ♣rá✈➙ (ABC) = (ABCD∞)✱ ♥❛♣r❛✈♦ ❥❡ (A′B′ C ′D′)✱ t❛❦➸❡ ✈ t♦♠t♦ s♣❡❝✐✲
✜❝❦é♠ ♣➦í♣❛❞➙ s❦✉t❡↔♥➙ ♣❧❛tí

(ABCD∞) = (A′B′ C ′D′).

✭❜✮ ❯✈❛➸✉❥♠❡ ❞✈➙ ♦❜❡❝♥é ♣➦í♠❦② s❡ st➦❡❞♦✈ý♠✐ ♣r➲♠➙t② ❧✐❜♦✈♦❧♥é ↔t✈❡➦✐❝❡ ❜♦❞➲✳ ❱❡❞❡♠❡ ♣♦✲
♠♦❝♥é r♦✈♥♦❜➙➸❦② ❥❞♦✉❝í ❜♦❞② C ❛ C ′✿ P♦❞❧❡ ✭❛✮ ♣❧❛tí✱ ➸❡ (A1B1 C) = (ABCD) ❛ s♦✉✲
↔❛s♥➙ (A2B2 C

′) = (A′B′ C ′D′)✳ ◆❛✈í❝ ❛❧❡ ③ ♣♦❞♦❜♥♦st✐ ♣♦♠♦❝♥ý❝❤ tr♦❥ú❤❡❧♥í❦➲ ♣❧②♥❡
(A1B1 C) = (A2B2 C

′)✱ t❛❦➸❡ ✐ ✈ t♦♠t♦ ♦❜❡❝♥é♠ ♣➦í♣❛❞➙ ♣❧❛tí

(ABCD) = (A′B′ C ′D′).

❖s♦✈á ❦♦❧✐♥❡❛❝❡

❉í❦② ♣r♦❥❡❦t✐✈♥í♠✉ r♦③➨í➦❡♥í ❡✉❦❧❡✐❞♦✈s❦é r♦✈✐♥② ✭♣r♦st♦r✉✮ ❧③❡ ✈➨❡❝❤♥② ✈ý➨❡ ③♠✐➡♦✈❛♥é ❛✜♥♥í
③♦❜r❛③❡♥í ❝❤á♣❛t ❥❛❦♦ s♣❡❝✐á❧♥í ♣➦í♣❛❞② t③✈✳ ♣r♦❥❡❦t✐✈♥í❝❤ ③♦❜r❛③❡♥í✱ ❦ ❥❡❥✐❝❤➸ ♦❜❡❝♥é ❞❡✜♥✐❝✐



✽✷ ■■■ ●❡♦♠❡tr✐❝❦á ③♦❜r❛③❡♥í

♥❡③❛❞r➸✐t❡❧♥➙ s♠➙➦✉❥❡♠❡✳ ❏❡❞♥í♠ ♣➦í❦❧❛❞❡♠✱ ❥❡♠✉➸ r♦③✉♠í♠❡ ✉➸ ♥②♥í✱ ❥❡ r♦✈♥♦❜➙➸♥é ♣r♦♠ítá♥í✱
❦t❡ré ❝❤á♣❡♠❡ ❥❛❦♦ st➦❡❞♦✈é ♣r♦♠ítá♥í ③ ♥❡✈❧❛st♥í❤♦ st➦❡❞✉✳ P♦❞♦❜♥➙ ❧③❡ ❝❤á♣❛t ♦s♦✈♦✉ ❛✜♥✐t✉
❥❛❦♦ s♣❡❝✐á❧♥í ♣➦í♣❛❞ ♦❜❡❝♥➙❥➨í ✖ ❛ t✉❞í➸ ③á❦❧❛❞♥➙❥➨í ✖ tr❛♥s❢♦r♠❛❝❡✱ ❥❡❥í➸ ❥♠é♥♦ ③♥í ♦s♦✈á
❦♦❧✐♥❡❛❝❡✿✶✵

❖s♦✈á ❦♦❧✐♥❡❛❝❡ ❥❡ tr❛♥s❢♦r♠❛❝❡ ✈ ♣r♦❥❡❦t✐✈♥í r♦✈✐♥➙ ✉r↔❡♥á ♦s♦✉ o✱ st➦❡❞❡♠ S ❛ ❞✈♦❥✐❝í
❜♦❞➲ A 7→ A′✱ ❛ t♦ ♥ás❧❡❞✉❥í❝í♠ ③♣➲s♦❜❡♠✿ st➦❡❞ S ❛ ❜♦❞② ♥❛ ♦s❡ o ❥s♦✉ s❛♠♦❞r✉➸♥é ❛ ♣r♦
♦❜r❛③ X ′ ❧✐❜♦✈♦❧♥é❤♦ ❞❛❧➨í❤♦ ❜♦❞✉ X ♣❧❛tí

XX ′ ∩AA′ = S ❛ (X ′XX0S) = (A′AA0S) = ❦♦♥st✳, ✭✼✳✼✮

❦❞❡ X0✱ r❡s♣ A0✱ ③♥❛↔í ♣r➲s❡↔í❦ ♣➦í♠❦② XX ′✱ r❡s♣✳ AA′✱ s ♦s♦✉ o✳

❑♦♥st❛♥t➙ (A′AA0S) s❡ ➦í❦á ♠♦❞✉❧ ✭♥❡❜♦ t❛❦② ❝❤❛r❛❦t❡r✐st✐❦❛✮ ♦s♦✈é ❦♦❧✐♥❡❛❝❡✳ ◆❛ r♦③❞í❧ ♦❞
♠♦❞✉❧✉ ♦s♦✈é ❛✜♥✐t②✱ ❥❡ ✐♥t❡r♣r❡t❛❝❡ ♠♦❞✉❧✉ ♦s♦✈é ❦♦❧✐♥❡❛❝❡ ♣♦♥➙❦✉❞ ♣r♦❜❧❡♠❛t✐↔t➙❥➨í ✖ ✈ ♣r♦✲
❥❡❦t✐✈♥í r♦✈✐♥➙ ③❡❥♠é♥❛ ♥❡♠á s♠②s❧ ♠❧✉✈✐t ♦ ♦r✐❡♥t❛❝✐ ✭t③♥✳ ♥❡♠á s♠②s❧ r♦③❧✐➨♦✈❛t ♣➦í♠é✴♥❡♣➦í♠é
tr❛♥s❢♦r♠❛❝❡✮✳

❩❞➲r❛③➡✉❥❡♠❡✱ ➸❡ ♦s♦✈á ❦♦❧✐♥❡❛❝❡ ❥❡ ❞♦❜➦❡ ❞❡✜♥♦✈❛♥á ♣♦✉③❡ ❥❛❦♦ tr❛♥s❢♦r♠❛❝❡ ✈ ♣r♦❥❡❦t✐✈♥í
✭t❡❞② ♥✐❦♦❧✐ ❡✉❦❧❡✐❞♦✈s❦é✮ r♦✈✐♥➙✱ t③♥✳ ➸❡ ♥❡✈❧❛st♥í ❜♦❞② s❡ ♠♦❤♦✉ ③♦❜r❛③✐t ❞♦ ✈❧❛st♥í❝❤✱ ❛ ♥❛♦♣❛❦✳
❙♣❡❝✐á❧♥í♠✐✱ r❡s♣✳ ♠❡③♥í♠✐ ♣➦í♣❛❞② ♦s♦✈é ❦♦❧✐♥❡❛❝❡ ❥s♦✉✿

• ♦s♦✈á ❛✜♥✐t❛✱ ♣♦❦✉❞ ❥❡ st➦❡❞ ♥❡✈❧❛st♥í✱

• st❡❥♥♦❧❡❤❧♦st✱ ♣♦❦✉❞ ❥❡ ♦s❛ ♥❡✈❧❛st♥í✱

• ♣♦s✉♥✉tí✱ ♣♦❦✉❞ ❥s♦✉ st➦❡❞ ✐ ♦s❛ ♥❡✈❧❛st♥í✱

• st➦❡❞♦✈é ♣r♦♠ítá♥í ❞♦ ♣➦í♠❦② o✱ ♣♦❦✉❞ ❥❡ ♦s❛ ✈❧❛st♥í ❛ ♠♦❞✉❧ = 0✳

Pr♦ ❞♦♣❧♥➙♥í✿ ❱ ♣➦í♣❛❞➙ ♦s♦✈é ❛✜♥✐t② ❥❡ ♠♦❞✉❧ = (A′AA0S∞) = (A′AA0)✳ ❱ ♣➦í♣❛❞➙ st❡❥♥♦❧❡❤✲
❧♦st✐ ❥❡ ❜♦❞ A0 ♥❡✈❧❛st♥í ❛ ♠♦❞✉❧ = (A′AA0∞

S) = (A′AS) = ❦♦❡✜❝✐❡♥t st❡❥♥♦❧❡❤❧♦st✐✳ ❱ ♣➦í♣❛❞➙
♣♦s✉♥✉tí ❥❡ ♥✉t♥➙ S = A0 ❛ ♠♦❞✉❧ = (A′ASS) = 1✳ ❱ ♣➦í♣❛❞➙ ♣r♦♠ítá♥í ❞♦ ♣➦í♠❦② ❥❡ A′ = A0✱
❝♦➸ s❦✉t❡↔♥➙ ③♥❛♠❡♥á✱ ➸❡ ♠♦❞✉❧ = (A′AA′S) = 0✳

❱ s♦✉✈✐s❧♦st✐ s ❛♥❛❧♦❣✐❝❦♦✉ ❞✐s❦✉③í ✈ ♦❞st✳ ✼✳✽ ♥ás ♠➲➸❡ ❥❡➨t➙ ♥❛♣❛❞♥♦✉t ✉✈❛➸♦✈❛t ♦s♦✈é
❦♦❧✐♥❡❛❝❡ s ♠♦❞✉❧❡♠ ±1✿

• ♣r♦❥❡❦t✐✈♥í ❡❧❛❝❡✱ ♣♦❦✉❞ S ∈ o ✭=⇒ ♠♦❞✉❧ = 1✮✱

• ❤❛r♠♦♥✐❝❦á s♦✉♠➙r♥♦st✱ ♣♦❦✉❞ ♠♦❞✉❧ = −1✳

❱ ♣➦í♣❛❞➙ ♣r♦❥❡❦t✐✈♥í ❡❧❛❝❡ ❥❡ S = A0✱ ❝♦➸ s❦✉t❡↔♥➙ ③♥❛♠❡♥á✱ ➸❡ ♠♦❞✉❧ = (A′ASS) = 1✳ ❊❧❛❝❡
✭r❡s♣✳ ♣♦s✉♥✉tí✮ ❥❡ t❡❞② s♣❡❝✐á❧♥í♠ ♣➦í♣❛❞❡♠ ♣r♦❥❡❦t✐✈♥í ❡❧❛❝❡✱ ❦❞② st➦❡❞ ✭r❡s♣✳ st➦❡❞ ✐ ♦s❛✮ ❥❡
♥❡✈❧❛st♥í✳ ❙♣❡❝✐á❧♥í♠ ♣➦í♣❛❞❡♠ ❤❛r♠♦♥✐❝❦é s♦✉♠➙r♥♦st✐ ❥❡ ➨✐❦♠á s♦✉♠➙r♥♦st✱ ❛ t♦ ❦❞②➸ ♦s❛ ❥❡
♥❡✈❧❛st♥í✳

❯✈➙❞♦♠t❡ s✐✱ ➸❡ ♣➦í♠♦ ③ ❞❡✜♥✐❝❡ ♦s♦✈é ❦♦❧✐♥❡❛❝❡ ✭❛ P❛♣♣♦✈② ✈➙t②✮ ♣❧②♥❡ ♥á✈♦❞ ❦❡ ❦♦♥str✉❦❝✐
♦❜r❛③✉ ❧✐❜♦✈♦❧♥é❤♦ ❜♦❞✉ X✱ ✈✐③ ♦❜r✳ ✼✳✷✹✳ ❖❞t✉❞ ❞á❧❡ ♣❧②♥❡✱ ➸❡ ♦s♦✈á ❦♦❧✐♥❡❛❝❡ ③❛❝❤♦✈á✈á ❞✈♦❥✲
♣♦♠➙r② ❜♦❞➲ ♥❛ ❥❛❦é❦♦❧✐ ♣➦í♠❝❡ ✭t❡❞② ♥❡ ❥❡♥ ♥❛ ♦s❡ ♥❡❜♦ ♣➦í♠❝❡ ♣r♦❝❤á③❡❥í❝í st➦❡❞❡♠✮✦✏

✶✵❱ ❧✐t❡r❛t✉➦❡ s❡ ↔❛st♦ ♠íst♦ ♣➦í✈❧❛st❦✉ ♦s♦✈á ✉➸í✈á st➦❡❞♦✈á✳



✼ P❛♥♦♣t✐❦✉♠ ❣❡♦♠❡tr✐❝❦ý❝❤ ③♦❜r❛③❡♥í ✽✸

❖❜rá③❡❦ ✼✳✷✹✿ ❖❜r❛③ ❜♦❞✉ X ✈ ♦s♦✈é ❦♦❧✐♥❡❛❝✐ ✉r↔❡♥é st➦❡❞❡♠✱ ♦s♦✉ ❛ ❞✈♦❥✐❝í ❜♦❞➲
A 7→ A′✿
✭✶✮ ♦❜r❛③ X ′ ❧❡➸í ♥❛ ♣➦í♠❝❡ SX✱
✭✷✮ ♣r➲s❡↔í❦ ♣➦í♠❦② AX s ♦s♦✉ ❥❡ s❛♠♦❞r✉➸♥ý✱
✭✸✮ ♦❜r❛③ X ′ ❧❡➸í ♥❛ ♣➦í♠❝❡ s♣♦❥✉❥í❝í A′ s ♣♦♠♦❝♥ý♠ ❜♦❞❡♠ ✭✷✮✳

❖❜❡❝♥é ♣r♦❥❡❦t✐✈♥í ③♦❜r❛③❡♥í

❖s♦✈á ❦♦❧✐♥❡❛❝❡ ❛ st➦❡❞♦✈é ♣r♦♠ítá♥í ❥s♦✉ ③á❦❧❛❞♥í ♣r♦❥❡❦t✐✈♥í ③♦❜r❛③❡♥í ✈ r♦✈✐♥➙✳ ❉❡✜♥✐❝❡ ♦❜❡❝✲
♥é❤♦ ♣r♦❥❡❦t✐✈♥í❤♦ ③♦❜r❛③❡♥í ✭♠❡③✐ ♣r♦st♦r② ❧✐❜♦✈♦❧♥é ❞✐♠❡♥③❡✮ ❥❡ ♥ás❧❡❞✉❥í❝í✿

❩♦❜r❛③❡♥í ♠❡③✐ ♣r♦❥❡❦t✐✈♥í♠✐ ♣r♦st♦r② ❥❡ ♣r♦❥❡❦t✐✈♥í✱ ❦❞②➸

✭❛✮ ③♦❜r❛③✉❥❡ ❦♦❧✐♥❡ár♥í ❜♦❞② ♥❛ ❦♦❧✐♥❡ár♥í ❜♦❞②✱

✭❜✮ ③❛❝❤♦✈á✈á ❞✈♦❥♣♦♠➙r② ✭✯✮✳

✭✯✮ ❑♦❧✐♥❡ár♥í ❜♦❞② ❥s♦✉ ❜♦❞②✱ ❦t❡ré ❧❡➸í ♥❛ ❥❡❞♥é ♣➦í♠❝❡✱ t❡❞② t❛❦é ❜♦❞② s♣❧ý✈❛❥í❝í✳ P♦❞♠í♥❦❛
✭❜✮ t❡❞② ♠á s♠②s❧ ♣♦✉③❡ ✈ ♣➦í♣❛❞➙✱ ❦❞② s❡ r➲③♥é ❦♦❧✐♥❡ár♥í ❜♦❞② ③♦❜r❛③í ♥❛ r➲③♥é ❦♦❧✐♥❡ár♥í
❜♦❞②✳

❉❡✜♥✉❥í❝í ♣♦❞♠í♥❦② ♥❡③♥❛♠❡♥❛❥í ♥✐❝ ❥✐♥é❤♦✱ ♥❡➸ ➸❡ s❡ ✭♣r♦❥❡❦t✐✈♥í✮ ♣➦í♠❦② ③♦❜r❛③✉❥í ♥❛
♣➦í♠❦②✱ r❡s♣✳ ♥❛ ❜♦❞② ✭t❡❞② ♥✐❦♦❧✐ ♥❛♣➦✳ ♥❛ ús❡↔❦② ♥❡❜♦ ❥✐♥é ↔ást✐ ♣➦í♠❡❦✮✳

❇✐❥❡❦t✐✈♥í ♣r♦❥❡❦t✐✈♥í ③♦❜r❛③❡♥í s❡ ♥❛③ý✈á ♣r♦❥❡❦t✐✈✐t❛ ♥❡❜♦ té➸ ❦♦❧✐♥❡❛❝❡✳ ❱ý➨❡ ③♠✐➡♦✈❛♥é
st➦❡❞♦✈é ♣r♦♠ítá♥í ❥✐st➙ ♥❡♥í ♣r♦sté ✭✐♥❥❡❦t✐✈♥í✮✱ t❛❦➸❡ t♦ ♥❡♥í ❦♦❧✐♥❡❛❝❡✳ ▼íst♦ ♣r♦sté✴♥❡♣r♦sté
s❡ st❡❥♥➙ ❥❛❦♦ ✈ ❛✜♥♥í♠ ♣➦í♣❛❞➙ ✉➸í✈❛❥í ♣➦í✈❧❛st❦② r❡❣✉❧ár♥í✴s✐♥❣✉❧ár♥í✳

P➦✐ ③♦❜r❛③❡♥í ♣➦í♠❦② ❥❡ ♣♦❞♠í♥❦❛ ✭❛✮ s♣❧♥➙♥❛ tr✐✈✐á❧♥➙✱ t❛❦➸❡ ✭♣r♦sté✮ ♣r♦❥❡❦t✐✈♥í ③♦❜r❛③❡♥í
❥❡ ✈ t❛❦♦✈é♠ ♣➦í♣❛❞➙ ③❝❡❧❛ ❝❤❛r❛❦t❡r✐③♦✈á♥♦ ♣♦❞♠í♥❦♦✉ ✭❜✮✳ P➦✐ ③♦❜r❛③❡♥í ♣r♦st♦r✉ ❞✐♠❡♥③❡
❛❧❡s♣♦➡ ✷ ♥❡❥s♦✉ ♣♦❞♠í♥❦② ✭❛✮ ❛ ✭❜✮ ú♣❧♥➙ ♥❡③á✈✐s❧é✿

❉➲s❧❡❞❦❡♠ t③✈✳ ③á❦❧❛❞♥í ✈➙t② ♣r♦❥❡❦t✐✈♥í ❣❡♦♠❡tr✐❡ ❥❡✱ ➸❡ ♣r♦sté ③♦❜r❛③❡♥í✱ ❦t❡ré ③♦❜r❛③✉❥❡
♣r♦❥❡❦t✐✈♥í ♣➦í♠❦② ♥❛ ♣r♦❥❡❦t✐✈♥í ♣➦í♠❦② ♥✉t♥➙ ③❛❝❤♦✈á✈á ❞✈♦❥♣♦♠➙r②✳ ❚♦t♦ t✈r③❡♥í ♠➲➸❡♠❡
❝❤á♣❛t ❥❛❦♦ ✈❡❧✐❝❡ s✐❧♥é ③♦❜❡❝♥➙♥í P❛♣♣♦✈② ✈➙t②✱ ❥❡❤♦➸ ③❞➲✈♦❞♥➙♥í ♥❡♥í ✈➲❜❡❝ ❥❡❞♥♦❞✉❝❤é✳ ✭❚❛❦é
❦ t♦♠✉t♦ ♣r♦❜❧é♠✉ s❡ ✈rátí♠❡ ✈ ♣➦í➨tí♠ s❡♠❡str✉✳ ✳ ✳ ✮

Pr♦sté ♣r♦❥❡❦t✐✈♥í ③♦❜r❛③❡♥í ♣➦í♠❦② ❥❡ ú♣❧♥➙ ❝❤❛r❛❦t❡r✐③♦✈á♥♦ ♣♦❞♠í♥❦♦✉ ✭❜✮✱ t③♥✳ t❛❦♦✈é
③♦❜r❛③❡♥í ❥❡ ③❝❡❧❛ ✉r↔❡♥♦ ♦❜r❛③② ❧✐❜♦✈♦❧♥ý❝❤ t➦í ♥❛✈③á❥❡♠ r➲③♥ý❝❤ ❜♦❞➲✳ P♦❦✉❞ ❥❡❞❡♥ ③ t➙❝❤t♦
❜♦❞➲ ③✈♦❧í♠❡ ❥❛❦♦ ♥❡✈❧❛st♥í✱ ♠➲➸❡♠❡ ③❜②❧é ❞✈❛ ❝❤á♣❛t ❥❛❦♦ ✒♣♦↔át❡❦✏ ❛ ✒❥❡❞♥♦t❦✉✏ ♣♦♠♦❝♥é
s♦✉➦❛❞♥é s♦✉st❛✈②✳ Pr♦ ♦❜❡❝♥ý ❜♦❞ ♥❛ ♣➦í♠❝❡ ♣❛❦ ♦❞♣♦✈í❞❛❥í❝í ❞✈♦❥♣♦♠➙r ❝❤á♣❡♠❡ ❥❛❦♦ ❥❡❤♦



✽✹ ■■■ ●❡♦♠❡tr✐❝❦á ③♦❜r❛③❡♥í

✒s♦✉➦❛❞♥✐❝✐✏ ✈③❤❧❡❞❡♠ ❦ tét♦ s♦✉➦❛❞♥é s♦✉st❛✈➙✳ ❖❜❞♦❜♥➙ ♠➲➸❡♠❡ ✉✈❛➸♦✈❛t ♦ ♣r♦❥❡❦t✐✈♥í❝❤
③♦❜r❛③❡♥í❝❤ r♦✈✐♥②✿

✭✐✮ ❯✈❛➸♠❡ t➦✐ ❜♦❞② ✈ ♦❜❡❝♥é ♣♦❧♦③❡✱ ❦t❡ré ❝❤á♣❡♠❡ ❥❛❦♦ ♣♦↔át❡❦ ❛ ❥❡❞♥♦t❦② ♣♦♠♦❝♥é s♦✉➦❛❞♥é
s♦✉st❛✈②✱ ❥❡❥✐❝❤ ♦❜r❛③② ❛ ♦❜r❛③② ♥❡✈❧❛st♥í❝❤ ❜♦❞➲ ♣♦♠♦❝♥ý❝❤ s♦✉➦❛❞♥ý❝❤ ♦s✱ t❥✳ ú❜➙➸♥í❦②✳

✭✐✐✮ ❑❛➸❞ý ❜♦❞ ✈ r♦✈✐♥➙ ❥❡ ❥❡❞♥♦③♥❛↔♥➙ ✉r↔❡♥ ❞✈➙♠❛ ✒s♦✉➦❛❞♥✐❝❡♠✐✏ ✈③❤❧❡❞❡♠ tét♦ s♦✉st❛✈➙
✖ t②t♦ ❥s♦✉ ✉r↔❡♥② r♦✈♥♦❜➙➸❦❛♠✐ s❡ s♦✉➦❛❞♥ý♠✐ ♦s❛♠✐✳

✭✐✐✐✮ ❉✈♦❥í♠ ♣➦❡♥❡s❡♥í♠ ❞✈♦❥♣♦♠➙r✉ ✭❜✮ ✉♠í♠❡ ✉r↔✐t ✒s♦✉➦❛❞♥✐❝❡✏ ♦❜r❛③✉ ❞❛♥é❤♦ ❜♦❞✉✳

✭✐✈✮ P♦❦✉❞ ♦❜r❛③ ♣♦↔át❦✉ ❛ ♣rá✈➙ s❡str♦❥❡♥é ✒s♦✉➦❛❞♥✐❝❡✏ ❥s♦✉ ✈ ♦❜❡❝♥é ♣♦❧♦③❡✱ ♣♦t♦♠ ♣♦♠♦❝í
ú❜➙➸♥í❦➲ ✉♠í♠❡ ❞♦♣❧♥✐t ♦❜r❛③ ❞❛♥é❤♦ ❜♦❞✉✳

❖❞t✉❞ ✈✐❞í♠❡✱ ➸❡ ♣r♦sté ♣r♦❥❡❦t✐✈♥í ③♦❜r❛③❡♥í r♦✈✐♥② ✭❦❛♠❦♦❧✐✮ ❥❡ ③❝❡❧❛ ✉r↔❡♥♦ ♦❜r❛③② t➦í ❜♦❞➲
✈ ♦❜❡❝♥é ♣♦❧♦③❡ ❛ ❞✈♦✉ ♦❞♣♦✈í❞❛❥í❝í❝❤ ♥❡✈❧❛st♥í❝❤ ❜♦❞➲✳ ❩♦❜❡❝♥➙♥í t➙❝❤t♦ ú✈❛❤ ♣r♦ ♣r♦❥❡❦t✐✈♥í
③♦❜r❛③❡♥í ♣r♦st♦r✉ ✭❦❛♠❦♦❧✐✮ ❥❡ ③➦❡❥♠é✳ ❈❡❧❦❡♠ ♠➲➸❡♠❡ t❛t♦ ♣♦③♦r♦✈á♥í s❤r♥♦✉t ♥ás❧❡❞♦✈♥➙✿✏

❱➙t❛ ✭♦ ✉r↔❡♥♦st✐ ♣r♦❥❡❦t✐✈♥í❤♦ ③♦❜r❛③❡♥í✮✳ Pr♦sté ♣r♦❥❡❦t✐✈♥í ③♦❜r❛③❡♥í ♣r♦st♦r✉ ❞✐♠❡♥③❡ n

✭n = 1, 2, 3✮ ❥❡ ❥❡❞♥♦③♥❛↔♥➙ ✉r↔❡♥♦ ♦❜r❛③② n+1 ❜♦❞➲ ✈ ♦❜❡❝♥é ♣♦❧♦③❡ ❛ ú❜➙➸♥í❦② n ♦❞♣♦✈í❞❛❥í❝í❝❤
♣➦í♠❡❦ ✈②❝❤á③❡❥í❝í❝❤ ③ ❥❡❞♥♦❤♦ ❜♦❞✉✳

P➦✐♣♦♠í♥á♠❡✱ ➸❡ ú❜➙➸♥í❦② ❥s♦✉ ♦❜r❛③② ♥❡✈❧❛st♥í❝❤ ❜♦❞➲✳ ❩ ♣➦❡❞❝❤♦③í❤♦ ✈í♠❡✱ ➸❡ ♥❡✈❧❛st♥í ❜♦❞②
♣r♦❥❡❦t✐✈♥í r♦✈✐♥② t✈♦➦í ♣r♦❥❡❦t✐✈♥í ♣➦í♠❦✉✳ ❖❜r❛③❡♠ tét♦ ♣➦í♠❦② ✈③❤❧❡❞❡♠ ❦ ❥❛❦é♠✉❦♦❧✐ ♣r♦✲
❥❡❦t✐✈♥í♠✉ ③♦❜r❛③❡♥í ❥❡ ♦♣➙t ♣r♦❥❡❦t✐✈♥í ♣➦í♠❦❛✱ ❦t❡r♦✉ ♥❛③ý✈á♠❡ ú❜➙➸♥✐❝í✳

▼íst♦ s ú❜➙➸♥í❦② ❧③❡ s❛♠♦③➦❡❥♠➙ ♣r❛❝♦✈❛t s ♦❜r❛③② ✈❧❛st♥í❝❤ ❜♦❞➲✳ ❱ t❛❦♦✈é♠ ♣➦í♣❛❞➙ ♣❧❛tí✱
➸❡ ♣r♦sté ♣r♦❥❡❦t✐✈♥í ③♦❜r❛③❡♥í r♦✈✐♥② ✭r❡s♣✳ ♣r♦st♦r✉✮ ❥❡ ✉r↔❡♥♦ ♦❜r❛③② ↔t②➦ ❜♦❞➲✱ ③ ♥✐❝❤➸ ➸á❞♥é
t➦✐ ♥❡❥s♦✉ ❦♦❧✐♥❡ár♥í✱ ✭r❡s♣✳ ♣➙t✐ ❜♦❞➲✱ ③ ♥✐❝❤➸ ➸á❞♥é ↔t②➦✐ ♥❡❧❡➸í ✈ ❥❡❞♥é r♦✈✐♥➙✮✳✏

P♦③♥á♠❦② ❛ ✈②❤❧í❞❦②

❱ý➨❡ ③♠✐➡♦✈❛♥é ♣➦í❦❧❛❞② ♣r♦❥❡❦t✐✈♥í❝❤ tr❛♥s❢♦r♠❛❝í ❜②❧② t③✈✳ ③á❦❧❛❞♥í✿ ③á❦❧❛❞♥í r❡❣✉❧ár♥í ♣r♦✲
❥❡❦t✐✈♥í tr❛♥s❢♦r♠❛❝í ❥❡ ♦s♦✈á ❦♦❧✐♥❡❛❝❡✱ ③á❦❧❛❞♥í s✐♥❣✉❧ár♥í ♣r♦❥❡❦t✐✈♥í tr❛♥s❢♦r♠❛❝í ❥❡ st➦❡❞♦✈é
♣r♦♠ítá♥í ❞♦ ♣➦í♠❦②✳ ❙t❡❥♥➙ ❥❛❦♦ ✈ ❛✜♥♥í♠ ♣➦í♣❛❞➙✱ ③á❦❧❛❞♥í tr❛♥s❢♦r♠❛❝❡ ✈ r♦✈✐♥➙ ♠❛❥í ♣➦í♠❦✉
s❛♠♦❞r✉➸♥ý❝❤ ❜♦❞➲✳ ❩♦❜❡❝♥➙♥í ♥➙❦t❡rý❝❤ ③á❦❧❛❞♥í❝❤ t✈r③❡♥í ③ ♣➦❡❞❝❤♦③í❝❤ ♦❞st❛✈❝➲ ❥❡ ♥ás❧❡❞✉✲
❥í❝í✿

❱➙t❛ ✭♦ s❦❧á❞á♥í ✳ ✳ ✳ ✮✳ ❑❛➸❞♦✉ ♣r♦❥❡❦t✐✈♥í tr❛♥s❢♦r♠❛❝✐ ✈ r♦✈✐♥➙ ❧③❡ r❡❛❧✐③♦✈❛t ❥❛❦♦ s❧♦➸❡♥í ♥❡❥✲
✈ý➨❡ ↔t②➦ ③á❦❧❛❞♥í❝❤ ♣r♦❥❡❦t✐✈♥í❝❤ tr❛♥s❢♦r♠❛❝í✳

❚♦t♦ ❥❡ ③♦❜❡❝♥➙♥í ✈➙t② ✼✳✽ ♥❛ str✳ ✼✻❀ ♦♣➙t ♣♦③♦r✉❥❡♠❡ ♦❤r♦♠♥é ♠♥♦➸st✈í ♠♦➸♥♦stí ✈ ♠♦➸♥ý❝❤
r♦③❦❧❛❞❡❝❤✳✏

❩á❦❧❛❞♥í ♣r♦❥❡❦t✐✈♥í tr❛♥s❢♦r♠❛❝❡ ✈ ♣r♦st♦r✉ ❥s♦✉ tr❛♥s❢♦r♠❛❝❡✱ ❦t❡ré ♠❛❥í r♦✈✐♥✉ s❛♠♦❞✲
r✉➸♥ý❝❤ ❜♦❞➲✳ ❩á❥❡♠❝✐ ♠♦❤♦✉ ♣➦❡♠ý➨❧❡t ♥❛❞ ③♦❜❡❝♥➙♥í♠ ♣➦❡❞❝❤♦③í ✈➙t② ♣r♦ ♣r♦❥❡❦t✐✈♥í tr❛♥s✲
❢♦r♠❛❝❡ ✈ ♣r♦st♦r✉✳ ✳ ✳

❱ ♥ás❧❡❞✉❥í❝í ❦❛♣✐t♦❧❡ ❜✉❞❡♠❡ ❦r♦♠➙ r♦✈♥♦❜➙➸♥ý❝❤ ♣r♦♠ítá♥í ♣r♦st♦r✉ ❞♦ r♦✈✐♥② st✉❞♦✈❛t
t❛❦é ♣r♦♠ítá♥í st➦❡❞♦✈á✳ ❱ ❦❛➸❞é♠ ♣➦í♣❛❞➙ s❡ ❥❡❞♥á ♦ ③á❦❧❛❞♥í s✐♥❣✉❧ár♥í ③♦❜r❛③❡♥í ✈ ♣r♦st♦r✉✳
P♦❞♦❜♥➙ ❥❛❦♦ ✈ ❛✜♥♥í♠ ♣➦í♣❛❞➙ s❡ ♣tá♠❡✿

• ❏❛❦é ❥❡ ③♦❜❡❝♥➙♥í ✈➙t② ♦ ✉r↔❡♥♦st✐ ♣r♦❥❡❦t✐✈♥í❝❤ ③♦❜r❛③❡♥í ♣r♦ s✐♥❣✉❧ár♥í ♣➦í♣❛❞②❄



✽ P❛♥♦♣t✐❦✉♠ ❣❡♦♠❡tr✐❝❦ý❝❤ ③♦❜r❛③❡♥í ✽✺

❙❡ s✐♥❣✉❧ár♥í♠✐ ♣➦í♣❛❞② ❥❡ ✈➸❞②❝❦② tr♦❝❤✉ ♣r♦❜❧é♠✳ ❩ ❦♦♥str✉❦↔♥í❤♦ r♦③❜♦r✉✱ ❦t❡rý ♦♥é ✈➙t➙
♣➦❡❞❝❤á③❡❧✱ ♠➲➸❡♠❡ s♥❛❞♥♦ ✈②✈♦❞✐t✱ ➸❡ ♣➦❡❞♣♦❦❧❛❞ ✐♥❥❡❦t✐✈♥♦st✐ ♠➲➸❡ ❜ýt ③❡s❧❛❜❡♥✱ ❛❧❡ ♥❡ ♣➦í❧✐➨✿
P♦❦✉❞ ❜② ✭♣r♦ n = 2, 3✮ ✈ ♦❜r❛③✉ ✒♦s♦✈é❤♦ ❦➦í➸❡✏ ♥➙❦t❡ré ❞✈➙ ♦s② s♣❧ý✈❛❧②✱ ♠á♠❡ ♣r♦❜❧é♠
s ❞♦♣❧♥➙♥í♠ ♦❜r❛③✉ ❜♦❞✉ ③ ❥❡❤♦ ✒s♦✉➦❛❞♥✐❝✏ ✈ ❦r♦❦✉ ✭✐✈✮✳ ❩á✈➙r ❢♦r♠✉❧✉❥❡♠❡ ❛❧✐❜✐st✐❝❦② t❛❦t♦✿

• ✒◆❡ ♣➦í❧✐➨ s✐♥❣✉❧ár♥í✏ ♣r♦❥❡❦t✐✈♥í ③♦❜r❛③❡♥í ❥s♦✉ ✉r↔❡♥❛ st❡❥♥➙ ❥❛❦♦ ✈❡ ✈➙t➙ ♥❛ str✳ ✽✹✳

❑ t♦♠✉t♦ té♠❛t✉ s❡ ③♥♦✈✉ ✈r❛❝í♠❡ ✈ ♣♦❞❦❛♣✐t♦❧á❝❤ ✶✶ ❛ ✶✺✳ Pr♦③❛tí♠ ❥❡♥♦♠ ♦♣❛❦✉❥❡♠❡✱ ➸❡
✈ ❦♦♥str✉❦↔♥í♠ ③❞➲✈♦❞♥➙♥í t♦❤♦t♦ t✈r③❡♥í ♦❞❦❛③✉❥❡♠❡ ✈ý❤r❛❞♥➙ ♥❛ ✈❧❛st♥♦st✐ ✭❛✮✕✭❜✮ ③ ❞❡✜♥✐❝❡
♣r♦❥❡❦t✐✈♥í❤♦ ③♦❜r❛③❡♥í✳ ❚♦ ③♥❛♠❡♥á✱ ➸❡ ③á❦❧❛❞♥í♠✐ ❦♦♥str✉❦↔♥í♠✐ ♥ástr♦❥✐ ❥❡

• ♣➦❡♥á➨❡♥í ❞✈♦❥♣♦♠➙r➲✱

• s♣♦❧✉♣rá❝❡ s ú❜➙➸♥í❦②✳

❷❛st♦ s❡ ✈②♣❧❛tí t❛❦é s♣♦❧✉♣rá❝❡ s ✈②❜r❛♥ý♠✐ ú❜➙➸♥✐❝❡♠✐ ✭♣➦✐ st➦❡❞♦✈ý❝❤ ♣r♦♠ítá♥í❝❤ ♣r♦st♦r✉
❞♦ r♦✈✐♥② s❡ ú❜➙➸♥✐❝✐ ③á❦❧❛❞♥í r♦✈✐♥② ♣➦❡③❞í✈á ❤♦r✐③♦♥t✮✳ ✳ ✳

✼✳✶✶ ❈✈✐↔❡♥í

✭✶✮ ❙❡str♦❥t❡ ♣r♦❥❡❦t✐✈♥í ♦❜r❛③ ↔t✈❡r❝♦✈é❤♦ ❞❧á➸❞➙♥í r♦✈✐♥②✳

✭✷✮ ❘♦③❤♦❞♥➙t❡✱ ❦t❡rá ③❡ ↔t✈❡➦✐❝ ❜♦❞➲ ♥❛ ♦❜r✳ ✼✳✷✺ ❥❡ ♣r♦❥❡❦t✐✈♥í♠ ♦❜r❛③❡♠ ↔t✈❡➦✐❝❡ st❡❥♥➙
✈③❞á❧❡♥ý❝❤ ❜♦❞➲✳

❖❜rá③❡❦ ✼✳✷✺✿ ❬❙t❪ ❑t❡rá ↔t✈❡➦✐❝❡ ❥❡ ♣r♦❥❡❦t✐✈♥í♠ ♦❜r❛③❡♠ ↔t✈❡➦✐❝❡ ❡❦✈✐❞✐st❛♥t♥í❝❤
❜♦❞➲❄

✭✸✮ Pr♦ ❞❛♥é ↔t②➦✐ ❦♦❧✐♥❡ár♥í ❜♦❞② A,B,C,D ❛ t➦✐ ❦♦❧✐♥❡ár♥í ❜♦❞② K,L,M s❡str♦❥t❡ ❜♦❞ N t❛❦✱
❛❜② ❜②❧ ③❛❝❤♦✈á♥ ❞✈♦❥♣♦♠➙r✿ (KLMN) = (ABCD)✳ ❯✈❛➸✉❥t❡ t❛❦é ❥✐♥é ♣❡r♠✉t❛❝❡ ❜♦❞➲ ✈❡
↔t✈❡➦✐❝✐✳ ✏

✭✹✮ ❉♦❦❛➸t❡✱ ➸❡ ♥❛♣➦✳ ↔t✈❡➦✐❝❡ ❜♦❞➲ (BCMR) ✈ ú♣❧♥é♠ ↔t②➦r♦❤✉ ♥❛ ♦❜r✳ ✼✳✽ ♥❛ str✳ ✻✻ ❥❡
✈ ❤❛r♠♦♥✐❝❦é♠ ♣♦♠➙r✉✳

✭✺✮ ❉♦❦❛➸t❡✱ ➸❡ ♦s♦✈á ❦♦❧✐♥❡❛❝❡ ❥❡ ✐♥✈♦❧✉t✐✈♥í ♣rá✈➙ t❡❤❞②✱ ❦❞②➸ ♠♦❞✉❧ = −1✳

✭✻✮ Pr♦ ❞✈❛ ❞❛♥é ↔t②➦ú❤❡❧♥í❦② r♦③❤♦❞♥➙t❡✱ ③❞❛ ❥❡ ❥❡❞❡♥ ♦❜r❛③❡♠ ❞r✉❤é❤♦ ✈③❤❧❡❞❡♠ ❦ ♥➙❥❛❦é
♦s♦✈é ❦♦❧✐♥❡❛❝✐ ✭③❢♦r♠✉❧✉❥t❡ ♥➙❥❛❦é ♣➦✐r♦③❡♥é ❦r✐tér✐✉♠✮✳ ✏

✭✼✮ P♦❦✉❞ ❥❡ ♦❞♣♦✈➙↕ ✈ ♣➦❡❞❝❤♦③í ú❧♦③❡ ③á♣♦r♥á✱ ♣❛❦✿

• ✈②❥á❞➦❡t❡ ♦❞♣♦✈í❞❛❥í❝í ♣r♦❥❡❦t✐✈♥í tr❛♥s❢♦r♠❛❝✐ ❥❛❦♦ s❧♦➸❡♥í ♦s♦✈ý❝❤ ❦♦❧✐♥❡❛❝í✱

• s❡str♦❥t❡ ♦❜r❛③ ❧✐❜♦✈♦❧♥é❤♦ ❞❛❧➨í❤♦ ❜♦❞✉ ✈ r♦✈✐♥➙✳ ✏
✭✽✮ P➦❡❞♣✳✱ ➸❡ ↔t②➦✐ ❞❛♥é ❜♦❞② ❥s♦✉ ♦❜r❛③② s♦✉s❡❞♥í❝❤ ✈r❝❤♦❧➲ ♣r❛✈✐❞❡❧♥é❤♦ n✲ú❤❡❧♥í❦✉ ✭n =

5, 6, 8, 10, . . . ✮❀ s❡str♦❥t❡ ♦❜r❛③② ♦st❛t♥í❝❤ ✈r❝❤♦❧➲✳

✭✾✮ ❙❡str♦❥t❡ ♣r♦❥❡❦t✐✈♥í ♦❜r❛③ ♣r❛✈✐❞❡❧♥é❤♦ n✲❜♦❦é❤♦ ❤r❛♥♦❧✉ ✭n = 4, 5, 6, 8, 10, . . . ✮✳



✽✻ ■■■ ●❡♦♠❡tr✐❝❦á ③♦❜r❛③❡♥í

✽ P➦❡❤❧❡❞② ❛ ♣♦③♥á♠❦②

✽✳✶ ❩á❦❧❛❞♥í tr❛♥s❢♦r♠❛❝❡ ✈ r♦✈✐♥➙

❱ t♦♠t♦ ♦❞st❛✈❝✐ s✐ ♣➦❡❤❧❡❞♥➙ ♣➦✐♣♦♠❡♥❡♠❡ ③á❦❧❛❞♥í tr❛♥s❢♦r♠❛❝❡ ✈ ✭♣r♦❥❡❦t✐✈♥í✮ r♦✈✐♥➙ ❛ ❥❛❦♦
♦❜✈②❦❧❡ ♥➙❝♦ ♠á❧♦ ❞♦♣❧♥í♠❡✳ ◆❡❥♣♦③❞➙❥✐ ♥❛ t♦♠t♦ ♠íst➙ ❜②❝❤♦♠ s✐ ♠➙❧✐ ✈➨✐♠♥♦✉t✱ ➸❡ ✈➨❡❝❤♥②
❞♦s✉❞ ❥♠❡♥♦✈❛♥é ③á❦❧❛❞♥í tr❛♥s❢♦r♠❛❝❡ ♠❛❥í ♥➙❝♦ s♣♦❧❡↔♥é❤♦✿

• ♦s✉ ❂ ♣➦í♠❦✉ s❛♠♦❞r✉➸♥ý❝❤ ❜♦❞➲✱

• st➦❡❞ ❂ s❛♠♦❞r✉➸♥ý ❜♦❞ t❛❦♦✈ý✱ ➸❡ ❦❛➸❞á ♣➦í♠❦❛ ❥❞♦✉❝í tí♠t♦ ❜♦❞❡♠ s❡ ③♦❜r❛③✉❥❡ s❛♠❛
❞♦ s❡❜❡✳

❖s❛ ❛ st➦❡❞ ♠♦❤♦✉ ❜ýt ❥❛❦ ✈❧❛st♥í✱ t❛❦ ♥❡✈❧❛st♥í✱ ❛ ♣♦❞❧❡ t♦❤♦ t❛❦② ♠➲➸❡♠❡ ❥❡❞♥♦t❧✐✈é t②♣②
③á❦❧❛❞♥í❝❤ tr❛♥s❢♦r♠❛❝í r♦③❧✐➨♦✈❛t✳ ❖❜❡❝♥♦✉ ❞❡✜♥✐❝✐ t❡❞② ♠➲➸❡♠❡ ✈②s❧♦✈✐t ♥ás❧❡❞♦✈♥➙✿

Pr♦❥❡❦t✐✈♥í tr❛♥s❢♦r♠❛❝❡ ✈ r♦✈✐♥➙✱ ❦t❡rá ♠á ♦s✉ ❛ st➦❡❞✱ ③❡ ♥❛③ý✈á ③á❦❧❛❞♥í✳

❩ ❉❡s❛r❣✉❡s♦✈② ✈➙t② ✭✈✐③ ♦❞st✳ ✽✳✷✮ ♣❧②♥❡✱ ➸❡ ✭r❡❣✉❧ár♥í✮ ♣r♦❥❡❦t✐✈♥í tr❛♥s❢♦r♠❛❝❡ ✈ r♦✈✐♥➙
♠á ♦s✉ ♣rá✈➙ t❡❤❞②✱ ❦❞②➸ ♠á st➦❡❞✳ ❈❡❧❦❡♠ ❥❡❞♥♦❞✉➨❡ ❧③❡ t❛❦é ③❞➲✈♦❞♥✐t✱ ➸❡ ➸á❞♥á ♥❡✐❞❡♥t✐❝❦á
♣r♦❥❡❦t✐✈♥í tr❛♥s❢♦r♠❛❝❡ ♥❡♠➲➸❡ ♠ít ✈í❝ ♥❡➸ ❥❡❞♥✉ ♦s✉ ❛ ❥❡❞❡♥ st➦❡❞✳ ✳ ✳✏

Ú♣❧♥➙ ♥❡❥③á❦❧❛❞♥➙❥➨í tr❛♥s❢♦r♠❛❝❡ ❥❡ ♦s♦✈á ❦♦❧✐♥❡❛❝❡ ✖ ✈➨❡❝❤♥② ♦st❛t♥í ③á❦❧❛❞♥í tr❛♥s✲
❢♦r♠❛❝❡ ❝❤á♣❡♠❡ ❥❛❦♦ s♣❡❝✐á❧♥í✱ r❡s♣✳ ♠❡③♥í ♣➦í♣❛❞②✱ ✈✐③ t❛❜✳ ✽✳✶✳ ❯✈➙❞♦♠t❡ s✐✱ ➸❡ ♣♦❞♠í♥❦②
✈ ❥❡❞♥♦t❧✐✈ý❝❤ s❧♦✉♣❝í❝❤ ♥❡❥s♦✉ ú♣❧♥➙ ♥❡③á✈✐s❧é✦ ◆❛♣➦✳ ③ ❞❡✜♥✐❝❡ ♠♦❞✉❧✉ ♣❧②♥❡✱ ➸❡ ♣♦❦✉❞ S ∈ o✱
♣♦t♦♠ ❥❡ ♠♦❞✉❧ ♥✉t♥➙ r♦✈❡♥ ✶✳ ❚❛❦② s❡ ❥✐st➙ ♥❡♠➲➸❡ stát✱ ❛❜② S ✐ o ❜②❧② ♥❡✈❧❛st♥í ❛ s♦✉↔❛s♥➙
S 6∈ o✱ ❛♣♦❞✳

st➦❡❞ S ♦s❛ o S ∈ o ♠♦❞✉❧ ❞r✉❤

✈❧❛st♥í ✈❧❛st♥í ♥❡ ✵ ✭st➦❡❞♦✈é ♣r♦♠ítá♥í ❞♦ ♣➦í♠❦②✮

❛♥♦ ✶ ♣r♦❥❡❦t✐✈♥í ❡❧❛❝❡

♥❡ −1 ❤❛r♠♦♥✐❝❦á s♦✉♠➙r♥♦st

♥❡ ❥✐♥❛❦ ♦s♦✈á ❦♦❧✐♥❡❛❝❡

♥❡✈❧❛st♥í ✈❧❛st♥í ♥❡ ✵ ✭r♦✈♥♦❜➙➸♥é ♣r♦♠ítá♥í ❞♦ ♣➦í♠❦②✮

❛♥♦ ✶ ❡❧❛❝❡

♥❡ −1 ➨✐❦♠á✱ r❡s♣✳ ♦s♦✈á s♦✉♠➙r♥♦st

♥❡ ❥✐♥❛❦ ♦s♦✈á ❛✜♥✐t❛

✈❧❛st♥í ♥❡✈❧❛st♥í ♥❡ ✵ ✭♣r♦♠ítá♥í ❞♦ ❜♦❞✉✮

♥❡ ✶ ✭✐❞❡♥t✐t❛✮

♥❡ −1 st➦❡❞♦✈á s♦✉♠➙r♥♦st

♥❡ ❥✐♥❛❦ st❡❥♥♦❧❡❤❧♦st

♥❡✈❧❛st♥í ♥❡✈❧❛st♥í ❛♥♦ ✶ ♣♦s✉♥✉tí

❚❛❜✉❧❦❛ ✽✳✶✿ ❑❧❛s✐✜❦❛❝❡ ③á❦❧❛❞♥í❝❤ tr❛♥s❢♦r♠❛❝í ✈ ♣r♦❥❡❦t✐✈♥í r♦✈✐♥➙



✽ P➦❡❤❧❡❞② ❛ ♣♦③♥á♠❦② ✽✼

◆➙❦t❡ré ♣♦❧♦➸❦② ✉✈á❞í♠❡ ✈ ③á✈♦r❦á❝❤✱ ♣r♦t♦➸❡ s❡ ❥❡❞♥á ♦ tr✐✈✐á❧♥í✱ r❡s♣✳ ❞❡❣❡♥❡r♦✈❛♥é ♣➦í♣❛❞②✱
❦t❡ré ❞♦ t♦❤♦t♦ ♣➦❡❤❧❡❞✉ s✐❝❡ ♣❛t➦í✱ ❛❧❡ ♥❡❥❡❞♥á s❡ ♦ ③á❦❧❛❞♥í tr❛♥s❢♦r♠❛❝❡ ✈❡ ✈ý➨❡ ✈②♠❡③❡♥é♠
s♠②s❧✉✳ ✏

❱ ♣➦í♣❛❞➙ ❤❛r♠♦♥✐❝❦é s♦✉♠➙r♥♦st✐ ❥❡ ♠♦❞✉❧ r♦✈❡♥ −1✱ ❝♦➸ ③♥❛♠❡♥á✱ ➸❡ ❦❛➸❞á ↔t✈❡➦✐❝❡
(X ′, X,X0, S) ❥❡ ✈ ❤❛r♠♦♥✐❝❦é♠ ♣♦♠➙r✉✳ ➆✐❦♠á s♦✉♠➙r♥♦st ❥❡ ❤❛r♠♦♥✐❝❦á s♦✉♠➙r♥♦st s ♥❡✲
✈❧❛st♥í♠ st➦❡❞❡♠ ❛ ♦s♦✈á s♦✉♠➙r♥♦st ❥❡ ♥❛✈í❝ ❝❤❛r❛❦t❡r✐③♦✈á♥❛ tí♠✱ ➸❡ s♠➙r s♦✉♠➙r♥♦st✐ ❥❡
❦♦❧♠ý ❦ ♦s❡✳ P➦✐♣♦♠í♥á♠❡✱ ➸❡ ♣rá✈➙ t②t♦ ③á❦❧❛❞♥í tr❛♥s❢♦r♠❛❝❡ ❥s♦✉ ✐♥✈♦❧✉t✐✈♥í✳

✽✳✷ ❉❡s❛r❣✉❡s♦✈❛ ✈➙t❛

❱❡ ❝✈✐↔❡♥í❝❤ ✼✳✸✱ ✼✳✺✱ ✼✳✾✱ r❡s♣✳ ✼✳✶✶ ❥s♠❡ ♣➦❡♠ý➨❧❡❧✐✱ ❥❛❦ ❝❤❛r❛❦t❡r✐③♦✈❛t ③á❦❧❛❞♥í s❤♦❞♥é✱ ♣♦✲
❞♦❜♥é✱ ❛✜♥♥í✱ r❡s♣✳ ♣r♦❥❡❦t✐✈♥í tr❛♥s❢♦r♠❛❝❡ ✈ ✭♣r♦❥❡❦t✐✈♥í✮ r♦✈✐♥➙✳ ❏❛❦♦ ♥❡❥③á❦❧❛❞♥➙❥➨í tr❛♥s✲
❢♦r♠❛❝❡ ❥s♠❡ r♦③♣♦③♥❛❧✐ ♦s♦✈é ❦♦❧✐♥❡❛❝❡✳ ❱ s♦✉✈✐s❧♦st✐ s ❥❡❥✐❝❤ ❝❤❛r❛❦t❡r✐③❛❝❡♠✐ ♠✉sí♠❡ ③♠í♥✐t
♥ás❧❡❞✉❥í❝í ❦❧❛s✐❝❦é t✈r③❡♥í✿

❱➙t❛ ✭❉❡s❛r❣✉❡s♦✈❛✮✳ Pr♦ ❧✐❜♦✈♦❧♥é ❞✈❛ tr♦❥ú❤❡❧♥í❦② XY Z ❛ X ′Y ′Z ′ ✈ ♣r♦❥❡❦t✐✈♥í r♦✈✐♥➙ ♣❧❛tí✿
♣➦í♠❦② XX ′✱ Y Y ′✱ ZZ ′ ♣r♦❝❤á③í ❥❡❞♥í♠ ❜♦❞❡♠ ♣rá✈➙ t❡❤❞②✱ ❦❞②➸ ♣r➲s❡↔í❦② ♣➦í♠❡❦ XY ❛ X ′Y ′✱
Y Z ❛ Y ′Z ′✱ XZ ❛ X ′Z ′ ❧❡➸í ♥❛ ❥❡❞♥é ♣➦í♠❝❡✳

❖❜rá③❡❦ ✽✳✷✻✿ ❬❑✉❪ ❉❡s❛r❣✉❡s♦✈❛ ✈➙t❛ ❛ ❥❡❥í tr♦❥r♦③♠➙r♥á ✐♥t❡r♣r❡t❛❝❡✳

❉➲❦❛③✳ P❧❛♥✐♠❡tr✐❝❦ý ❞➲❦❛③ t♦❤♦t♦ t✈r③❡♥í ❥❡ ③♥❛↔♥➙ ♥❡tr✐✈✐á❧♥í✱ ✈➙t❛ ❥❡ ✈➨❛❦ ✈❡❧♠✐ sr♦③✉♠✐t❡❧♥á
s ✈❤♦❞♥♦✉ tr♦❥r♦③♠➙r♥♦✉ ✐♥t❡r♣r❡t❛❝í✱ ✈✐③ ♦❜r✳ ✽✳✷✻✿

P➦✐ ③❞➲✈♦❞➡♦✈á♥í ♣r✈♥í ✐♠♣❧✐❦❛❝❡ s❡ ♦❞❦á➸❡♠❡ ♥❛ ♣♦③♥❛t❡❦✱ ➸❡ ❦❛➸❞é ❞✈➙ r♦✈✐♥② ✖ ✈ t♦♠t♦
♣➦í♣❛❞➙ r♦✈✐♥② ρ ❛ σ ♦❜s❛❤✉❥í❝í ❞❛♥é tr♦❥ú❤❡❧♥í❦② ✖ s❡ ♣r♦tí♥❛❥í ✈ ♣➦í♠❝❡ ✭✈❧❛st♥í ↔✐ ♥❡✈❧❛st♥í✮✳
P➦✐ ③❞➲✈♦❞➡♦✈á♥í ❞r✉❤é ✐♠♣❧✐❦❛❝❡ s❡ ♦❞❦á➸❡♠❡ ♥❛ ♣♦③♥❛t❡❦✱ ➸❡ ❦❛➸❞é t➦✐ r♦✈✐♥②✱ ❦t❡ré ♥❡♦❜s❛❤✉❥í
s♣♦❧❡↔♥♦✉ ♣➦í♠❦✉ ✖ ✈ t♦♠t♦ ♣➦í♣❛❞➙ r♦✈✐♥② ✉r↔❡♥é t➦❡♠✐ ❞✈♦❥✐❝❡♠✐ ♦❞♣♦✈í❞❛❥í❝í❝❤ s✐ str❛♥ ✖
♠❛❥í s♣♦❧❡↔♥ý ♣rá✈➙ ❥❡❞❡♥ ❜♦❞ ✭✈❧❛st♥í ↔✐ ♥❡✈❧❛st♥í✮✳

❈❤á♣❡♠❡✲❧✐ tr♦❥ú❤❡❧♥í❦ X ′Y ′Z ′ ❥❛❦♦ ♦❜r❛③ tr♦❥ú❤❡❧♥í❦✉ XY Z ✈③❤❧❡❞❡♠ ❦ ♥➙❥❛❦é ♣r♦❥❡❦t✐✈♥í
tr❛♥s❢♦r♠❛❝✐✱ ♣♦t♦♠ ❉❡s❛r❣✉❡s♦✈✉ ✈➙t✉ ♠➲➸❡♠❡ t❧✉♠♦↔✐t ♥ás❧❡❞♦✈♥➙✿

• ❘❡❣✉❧ár♥í ♣r♦❥❡❦t✐✈♥í tr❛♥s❢♦r♠❛❝❡ ✈ r♦✈✐♥➙ ♠á ♦s✉ ♣rá✈➙ t❡❤❞②✱ ❦❞②➸ ♠á st➦❡❞✳

❱ t❛❦♦✈é♠ ♣➦í♣❛❞➙ s❡ ❥❡❞♥á ♦ ♦s♦✈♦✉ ❦♦❧✐♥❡❛❝✐ ♥❡❜♦ ♥➙❥❛❦ý ❥❡❥í ❞❡r✐✈át✳
❑♦r❡s♣♦♥❞❡♥❝❡ ♠❡③✐ r♦✈✐♥❛♠✐ ρ ❛ σ ♥❛ ♦❜r✳ ✽✳✷✻ ❥❡ ♦❜②↔❡❥♥é st➦❡❞♦✈é ♣r♦♠ítá♥í ♠❡③✐ ❞✈➙♠❛

r♦✈✐♥❛♠✐ ✈ ♣r♦st♦r✉❀ ♦❞❜♦r♥➙ s❡ t❛❦♦✈é ❦♦r❡s♣♦♥❞❡♥❝✐ ➦í❦á ♣❡rs♣❡❦t✐✈♥í ❦♦❧✐♥❡❛❝❡✳ ❖s♦✈♦✉ ❦♦❧✐✲
♥❡❛❝✐ ✈ r♦✈✐♥➙ t❡❞② ♠➲➸❡♠❡ ❝❤á♣❛t ❥❛❦♦ ♣r➲♠➙t ♣❡rs♣❡❦t✐✈♥í ❦♦❧✐♥❡❛❝❡ ♠❡③✐ ❞✈➙♠❛ r♦✈✐♥❛♠✐
✈ ♣r♦st♦r✉ ❞♦ ❥✐♥é r♦✈✐♥②✳



✽✽ ■■■ ●❡♦♠❡tr✐❝❦á ③♦❜r❛③❡♥í

◆❛❞ ♦❜r✳ ✽✳✷✻ ❛s✐ ♥✐❦♦❤♦ ♥❡♣➦❡❦✈❛♣í✱ ➸❡ ♣r✈♥í ❛♣❧✐❦❛❝❡ ♦s♦✈é ❦♦❧✐♥❡❛❝❡ ✭r❡s♣✳ ❛✜♥✐t②✮ ♣♦t❦á♠❡
♣➦✐ s❡str♦❥♦✈á♥í ➦❡③➲ ❥❡❤❧❛♥♦✈✐tý❝❤ ✭r❡s♣✳ ❤r❛♥♦❧♦✈✐tý❝❤✮ t➙❧❡s✱ ✈✐③ ❝✈✐↔❡♥í ✶✶✳✸✳

✽✳✸ ❍✐❡r❛r❝❤✐❡ ❣❡♦♠❡tr✐❝❦ý❝❤ ③♦❜r❛③❡♥í

❱➨❡❝❤♥② ❞✐s❦✉t♦✈❛♥é t②♣② ③♦❜r❛③❡♥í s✐ ♥❛ ③á✈➙r ③♦r❣❛♥✐③✉❥❡♠❡✳ ❱ ♥ás❧❡❞✉❥í❝í t❛❜✉❧❝❡ ✉✈á❞í♠❡✱
❦t❡ré ✈❧❛st♥♦st✐ s❡ ♣➦✐ t♦♠ ↔✐ ♦♥♦♠ ③♦❜r❛③❡♥í ③❛❝❤♦✈á✈❛❥í✱ ♣➦✐↔❡♠➸ ♣♦❞st❛t♥é ✐♥✈❛r✐❛♥t② ❥s♦✉
③✈ýr❛③♥➙♥② s②♠❜♦❧❡♠+ ✭♠íst♦ ♦❜②↔❡❥♥é❤♦ +✮✳ ❱ ♥ás❧❡❞✉❥í❝í♠ ♣➦❡❤❧❡❞✉ s❛♠♦③➦❡❥♠➙ ♥❡✈②st✉♣✉❥❡
❞✐❧❛t❛❝❡ ✭✈✐③ ♦❞st✳ ✼✳✶✮✳

❦♦❧✐♥✳ ✈③❞á❧✳ ❞➙❧✳ ♣♦♠✳ ❞✈♦❥♣♦♠✳ r♦✈♥♦❜✳ ♦❜s✳ ♦❞❝❤✳

♣r♦❥❡❦t✐✈♥í + − − + − − −
❛✜♥♥í + − + + + − −

❡❦✈✐❛✜♥♥í + − + + + + −
♣♦❞♦❜♥á + − + + + − +

s❤♦❞♥á + + + + + + +

❦♦♥❢♦r♠♥í − − − − − − +

❚❛❜✉❧❦❛ ✽✳✷✿ P➦❡❤❧❡❞ ❣❡♦♠❡tr✐❝❦ý❝❤ ③♦❜r❛③❡♥í ❛ ❥❡❥✐❝❤ ✈❧❛st♥♦stí✳

❊❦✈✐❛✜♥♥í ③♦❜r❛③❡♥í ❥s♦✉ t❛❦♦✈á ❛✜♥♥í ③♦❜r❛③❡♥í✱ ❥❡➸ ③❛❝❤♦✈á✈❛❥í ♦❜s❛❤② ♣❧♦➨♥ý❝❤ út✈❛r➲
✭✈ ♣r♦st♦r✉ s❛♠♦③➦❡❥♠➙ ♦❜❥❡♠②✮✳ P➦í❦❧❛❞② ❡❦✈✐❛✜♥♥í❝❤ ③♦❜r❛③❡♥í ❥s♦✉ ✈➨❡❝❤♥❛ s❤♦❞♥á ③♦❜r❛✲
③❡♥í✱ ❡❧❛❝❡ ❛ ➨✐❦♠á s②♠❡tr✐❡✳ ❑♦♥❢♦r♠♥í ③♦❜r❛③❡♥í ❥s♦✉ ③♦❜r❛③❡♥í✱ ❦t❡rá ③❛❝❤♦✈á✈❛❥í ♦❞❝❤②❧❦②
♣r♦tí♥❛❥í❝í❝❤ s❡ ❦➦✐✈❡❦✳ ❑r♦♠➙ ✈➨❡❝❤ ♣♦❞♦❜♥ý❝❤ ③♦❜r❛③❡♥í ❥❡ t♦ ♥❛♣➦✳ ❦r✉❤♦✈á ✐♥✈❡r③❡✳

P➦í♠♦ ③ ❞❡✜♥✐❝í ❛ ♦❞✈♦③❡♥ý❝❤ ✈❧❛st♥♦stí ✉♠í♠❡ ③♦r❣❛♥✐③♦✈❛t ✈➨❡❝❤♥② ❞✐s❦✉t♦✈❛♥é t②♣② ③♦❜✲
r❛③❡♥í ❥❛❦♦ ♥❛ ♦❜r✳ ✽✳✷✼ ✭➨✐♣❦❛ ♥❛③♥❛↔✉❥❡ ♣♦❞➦í③❡♥♦st ✈❡ s♠②s❧✉ ❦❛➸❞é s❤♦❞♥é ❥❡ ♣♦❞♦❜♥é ❛♣♦❞✳✮
❩ ✉✈❡❞❡♥é❤♦ t❛❦é ♣❧②♥♦✉ ♥ás❧❡❞✉❥í❝í ❥❡❞♥♦❞✉❝❤é ❞➲s❧❡❞❦②✿

❉➲s❧❡❞❦②✳

✭✶✮ Pr♦❥❡❦t✐✈♥í ③♦❜r❛③❡♥í✱ ❦t❡ré ③♦❜r❛③✉❥❡ ✈➨❡❝❤♥② ✈❧❛st♥í ❜♦❞② ♥❛ ✈❧❛st♥í ✭❡❦✈✐✈❛❧❡♥t♥➙✱ ♥❡✈❧❛st♥í
❜♦❞② ♥❛ ♥❡✈❧❛st♥í✮✱ ❥❡ ❛✜♥♥í✳

✭✷✮ ❆✜♥♥í ③♦❜r❛③❡♥í✱ ❦t❡ré ③❛❝❤♦✈á✈á ♣♦♠➙r② ✈③❞á❧❡♥♦stí ❥❛❦ý❝❤❦♦❧✐ ✭t❡❞② ✐ ♥❡❦♦❧✐♥❡ár♥í❝❤✮ tr♦❥✐❝
❜♦❞➲✱ ❥❡ ♣♦❞♦❜♥é✳

✭✸✮ ❑♦♥❢♦r♠♥í ③♦❜r❛③❡♥í✱ ❦t❡ré ❥❡ ♣r♦❥❡❦t✐✈♥í✱ ❥❡ ♣♦❞♦❜♥é✳

✭✹✮ P♦❞♦❜♥é ③♦❜r❛③❡♥í✱ ❦t❡ré ❥❡ ❡❦✈✐❛✜♥♥í✱ ❥❡ s❤♦❞♥é✳

P♦③♥á♠❦②

❱➨❡❝❤♥❛ ③♦❜r❛③❡♥í ♦❞ s❤♦❞♥ý❝❤ ♣♦ ❛✜♥♥í ❥s♦✉ ❞❡✜♥♦✈❛♥á ♠❡③✐ ❡✉❦❧❡✐❞♦✈s❦ý♠✐ ♣r♦st♦r② ✭r➲③♥ý❝❤
❞✐♠❡♥③í✮✳ Pr♦❥❡❦t✐✈♥í ③♦❜r❛③❡♥í ♠✉sí♠❡ ✉✈❛➸♦✈❛t ♠❡③✐ ♣r♦❥❡❦t✐✈♥í♠✐ r♦③➨í➦❡♥í♠✐ ❡✉❦❧❡✐❞♦✈s❦ý❝❤
♣r♦st♦r➲✳ ❩ ✈❧❛st♥♦stí ③á❦❧❛❞♥í❤♦ ❦♦♥❢♦r♠♥í❤♦ ③♦❜r❛③❡♥í ✖ ❦r✉❤♦✈é ✐♥✈❡r③❡ ✖ ✈í♠❡✱ ➸❡ t✉t♦ ♥❡❧③❡
❣❧♦❜á❧♥➙ ❞❡✜♥♦✈❛t ✈ ❡✉❦❧❡✐❞♦✈s❦é r♦✈✐♥➙✱ ❛❧❡ ❛♥✐ ✈ ❥❡❥í♠ ♣r♦❥❡❦t✐✈♥í♠ r♦③➨í➦❡♥í✳ ❚í♠ s♣rá✈♥ý♠
♣r♦st♦r❡♠ ❥❡ t③✈✳ ▼ö❜✐♦✈♦ r♦③➨í➦❡♥í ❡✉❦❧❡✐❞♦✈s❦é r♦✈✐♥②✱ ❝♦➸ ❥❡ r♦③➨í➦❡♥í ♦ ❥❡❞❡♥ ❥❡❞✐♥ý ♥❡✈❧❛st♥í
❜♦❞✳ ▼ö❜✐♦✈✉ r♦✈✐♥✉ ❧③❡ ✐❞❡♥t✐✜❦♦✈❛t s❡ s❢ér♦✉✱ ❛ t♦ ♣♦♠♦❝í st❡r❡♦❣r❛✜❝❦é ♣r♦❥❡❦❝❡✱ ✈✐③ ♦❜r✳ ✼✳✶✸✳



✾ ❚②♣✐❝❦é ú❧♦❤② ✽✾

❖❜rá③❡❦ ✽✳✷✼✿ ❍✐❡r❛r❝❤✐❡ ❣❡♦♠❡tr✐❝❦ý❝❤ ③♦❜r❛③❡♥í ✭✈ ③á✈♦r❝❡ ✉✈❡❞❡♥ t②♣✐❝❦ý ♣➦❡❞st❛✈✐✲
t❡❧ ③ ❦❛➸❞é t➦í❞②✮✳

❱③❤❧❡❞❡♠ ❦ t♦♠✉✱ ➸❡ s❤♦❞♥á✱ ♣♦❞♦❜♥á ❛ t❛❦é ❡❦✈✐❛✜♥♥í ③♦❜r❛③❡♥í ❥s♦✉ ♥✉t♥➙ ♣r♦stá✱ ♥❡♥í
♠♦➸♥é tí♠t♦ ③♣➲s♦❜❡♠ ③♦❜r❛③✐t tr♦❥r♦③♠➙r♥ý ♣r♦st♦r ❞♦ r♦✈✐♥②✳ ❩♦❜r❛③❡♥í ♣r♦st♦r✉ ❞♦ r♦✈✐♥②✱
❦t❡rá ③♦❜r❛③✉❥í ♣➦í♠❦② ♥❛ ♣➦í♠❦②✱ ❥s♦✉ t❡❞② ♣r♦❥❡❦t✐✈♥í ♥❡❜♦ ❛✜♥♥í ✖ s tí♠t♦ ♣♦③♥❛t❦❡♠ ❜②❝❤♦♠
♠➙❧✐ ♦t✈ír❛t ♥ás❧❡❞✉❥í❝í ❦❛♣✐t♦❧✉✳

✾ ❚②♣✐❝❦é ú❧♦❤②

✾✳✶ ❖♣➙t ú❧♦❤❛ ❆♣♦❧❧ó♥✐♦✈❛

◆❛ ♦❜r✳ ✻✳✺✻ ✭str✳ ✺✼✮ ❥s♠❡ s✐ ✉✈➙❞♦♠♦✈❛❧✐✱ ➸❡ s t❡❤❞❡❥➨í♠✐ ❞♦✈❡❞♥♦st♠✐ ❥s♠❡ ♥❡✉♠➙❧✐ s❡str♦❥✐t
❦r✉➸♥✐❝❡✱ ❦t❡ré ❜② s❡ ❞♦tý❦❛❧② ❞❛♥ý❝❤ ♣➲❧❦r✉➸♥✐❝ ❛ ♣➦í♠❦②✳ ➄❡➨❡♥í ♣♦♠♦❝í ❝❤②t➦❡ ③✈♦❧❡♥é ❦r✉❤♦✈é
✐♥✈❡r③❡ ❥❡ ♥❛ ♥ás❧❡❞✉❥í❝í♠ ♦❜rá③❦✉✿

❖❜rá③❡❦ ✾✳✷✽✿ ❑r✉➸♥✐❝❡ ❞♦tý❦❛❥í❝í s❡ ❦♦❧♠✐❝❡ k ❛ ♣➲❧❦r✉➸♥✐❝ AB ❛ AC ♣♦♠♦❝í ❦r✉❤♦✈é
✐♥✈❡r③❡✳

❙t➦❡❞ ❦r✉❤♦✈é ✐♥✈❡r③❡ ❜②❧ ③✈♦❧❡♥ ✈ ❜♦❞➙ A ✖ t❛t♦ ✈♦❧❜❛ ③❛r✉↔✉❥❡✱ ➸❡ ♣➲❧❦r✉➸♥✐❝❡ l,m✱ ❦t❡ré



✾✵ ■■■ ●❡♦♠❡tr✐❝❦á ③♦❜r❛③❡♥í

s❡ ❞♦tý❦❛❥í ✈ ❜♦❞➙ S✱ s❡ tr❛♥s❢♦r♠✉❥í ♥❛ ♣♦❧♦♣➦í♠❦② l′,m′✱ ❦t❡ré ❥s♦✉ r♦✈♥♦❜➙➸♥é✳ P♦❧♦♠➙r ➦í❞í❝í
❦r✉➸♥✐❝❡ ❜②❧ ③✈♦❧❡♥ AC ✖ t❛t♦ ✈♦❧❜❛ ③❛r✉↔✉❥❡✱ ➸❡ ♣➲❧❦r✉➸♥✐❝❡ m ❛ ❦♦❧♠✐❝❡ k✱ ❦t❡ré s❡ ✈ ❜♦❞➙
C ❞♦tý❦❛❥í✱ s❡ tr❛♥s❢♦r♠✉❥í ❞♦ ❦♦❧♠✐❝❡ k ❛ ♣➲❧❦r✉➸♥✐❝❡ m✳ ❚♦ ✈ ❞➲s❧❡❞❦✉ ③♥❛♠❡♥á✱ ➸❡ ❤❧❡❞❛♥á
❦r✉➸♥✐❝❡ s❡ ♣➦✐ tét♦ ❦r✉❤♦✈é ✐♥✈❡r③✐ tr❛♥s❢♦r♠✉❥❡ s❛♠❛ ❞♦ s❡❜❡✦ ❑♦♥str✉❦❝❡ ❦r✉➸♥✐❝❡✱ ❦t❡rá s❡
❞♦tý❦á ❞✈♦✉ r♦✈♥♦❜➙➸❡❦ l′,m′ ❛ ❥❡❞♥é ❦r✉➸♥✐❝❡ k′ ❥❡ ♦❜③✈❧á➨➫ ❥❡❞♥♦❞✉❝❤á✳ ✳ ✳✏

✾✳✷ ❖❜r❛③ ♣r❛✈✐❞❡❧♥é❤♦ ♠♥♦❤♦ú❤❡❧♥í❦✉

◆❛ ❦♦♥❝✐ ♦❞st✳ ✼✳✽ ✭r❡s♣✳ ✼✳✶✵✮ ❥s♠❡ s✐ ✉✈➙❞♦♠✐❧✐✱ ➸❡ ❦❛➸❞é ❛✜♥♥í ✭♣r♦❥❡❦t✐✈♥í✮ ③♦❜r❛③❡♥í r♦✈✐♥②
❥❡ ❥❡❞♥♦③♥❛↔♥➙ ✉r↔❡♥♦ ♦❜r❛③❡♠ t➦í ✭↔t②➦✮ ❜♦❞➲ ✈ ♦❜❡❝♥é ♣♦❧♦③❡✳ ❱ ♦❜♦✉ ♣➦í♣❛❞❡❝❤ s❡ ♣r♦ ❦♦♥✲
str✉❦❝❡ ❧✐❜♦✈♦❧♥é❤♦ ❜♦❞✉ ✈ r♦✈✐♥➙ ✉➸í✈á ♣♦✉③❡ ✈❧❛st♥♦stí✱ ❦t❡ré ❥s♦✉ ♣➦✐ t♦♠ ↔✐ ♦♥♦♠ ③♦❜r❛③❡♥í
✐♥✈❛r✐❛♥t♥í✳ ◆❛ ♦❜r✳ ✾✳✷✾ ❥❡ s❡str♦❥❡♥ ❛✜♥♥í ❛ ♣r♦❥❡❦t✐✈♥í ♦❜r❛③ ♣r❛✈✐❞❡❧♥é❤♦ ➨❡st✐ú❤❡❧♥í❦✉✿✏

• ❱ ❛✜♥♥í♠ ♣➦í♣❛❞➙ ❥❡ ③♦❜r❛③❡♥í ✉r↔❡♥♦ ♦❜r❛③② ✈r❝❤♦❧➲ A,B,C ✖ ♣➦✐ ❦♦♥str✉❦❝í❝❤ s❡ ✈②✉➸í✈á
t♦❤♦✱ ➸❡ ♦❜r❛③❡♠ r♦✈♥♦❜➙➸❡❦ ❥s♦✉ ③❛s❡ r♦✈♥♦❜➙➸❦②✶✶ ❛ ❞➙❧✐❝í ♣♦♠➙r② tr♦❥✐❝ ❦♦❧✐♥❡ár♥í❝❤
❜♦❞➲ s❡ ③❛❝❤♦✈á✈❛❥í✳

• ❱ ♣r♦❥❡❦t✐✈♥í♠ ♣➦í♣❛❞➙ ❥❡ ③♦❜r❛③❡♥í ✉r↔❡♥♦ ♦❜r❛③② ✈r❝❤♦❧➲ A,B,C,D ✖ ♣➦✐ ❦♦♥str✉❦❝í❝❤
s❡ ✈②✉➸í✈á ú❜➙➸♥í❦➲✶✷ ❛ t♦❤♦✱ ➸❡ ❞✈♦❥♣♦♠➙r② ↔t✈❡➦✐❝ ❦♦❧✐♥❡ár♥í❝❤ ❜♦❞➲ ❥s♦✉ ✐♥✈❛r✐❛♥t♥í✳

❖❜rá③❡❦ ✾✳✷✾✿ Pr❛✈✐❞❡❧♥ý ➨❡st✐ú❤❡❧♥í❦ ❛ ❥❡❤♦ ❛✜♥♥í✱ r❡s♣✳ ♣r♦❥❡❦t✐✈♥í ♦❜r❛③✳

P➦✐♣♦♠❡♥✉tí ③á❦❧❛❞♥í ❦♦♥str✉❦❝❡ ♣➦❡♥á➨❡♥í ❞➙❧✐❝í❤♦ ♣♦♠➙r✉✱ r❡s♣✳ ❞✈♦❥♣♦♠➙r✉ ③ ❥❡❞♥é ♣➦í♠❦②
♥❛ ❞r✉❤♦✉ ❥❡ ♥❛ ♦❜r✳ ✾✳✸✵✿

✶✶◆❛ ♦❜rá③❝í❝❤ ③♥❛↔í♠❡ ❥❛❦♦ ♣➦í♠❦② s ♥❡✈❧❛st♥í♠✐ ♣r➲s❡↔í❦②✳
✶✷❱➨❡❝❤♥② ú❜➙➸♥í❦② ❧❡➸í ♥❛ ú❜➙➸♥✐❝✐✱ t❥✳ ♣➦í♠❝❡✱ ❦t❡rá ❥❡ ♦❜r❛③❡♠ ♥❡✈❧❛st♥í ♣➦í♠❦② r♦✈✐♥②✳



✾ ❚②♣✐❝❦é ú❧♦❤② ✾✶

❖❜rá③❡❦ ✾✳✸✵✿ P➦❡♥á➨❡♥í ❞➙❧✐❝í❤♦ ♣♦♠➙r✉✱ r❡s♣✳ ❞✈♦❥♣♦♠➙r✉✳

✾✳✸ ❖❜r❛③ ❤r❛♥♦❧✉ ❛ ❤r❛♥❛tý❝❤ t➙❧❡s

P➦✐ ❛✜♥♥í♠✱ r❡s♣✳ ♣r♦❥❡❦t✐✈♥í♠ ③♦❜r❛③❡♥í ♣r♦st♦r✉ ❞♦ r♦✈✐♥② ♣♦t➦❡❜✉❥❡♠❡ ♥❛✈í❝ ♥➙❥❛❦♦✉ ✐♥❢♦r♠❛❝✐
♦ ③♦❜r❛③❡♥í ❥❡❞♥♦❤♦ ❞❛❧➨í❤♦ ❜♦❞✉✱ ❦t❡rý ♥❡❧❡➸í ✈ ❞➦í✈❡ ③♦❜r❛③❡♥é r♦✈✐♥➙✳ ❚✉t♦ ❞♦✈❡❞♥♦st s✐
✈②③❦♦✉➨í♠❡ ♥❛ ❦♦♥str✉❦❝✐ ♦❜r❛③✉ ♣r❛✈✐❞❡❧♥é❤♦ ❤r❛♥♦❧✉✳

• ❱ ❛✜♥♥í♠ ♣➦í♣❛❞➙ ❥❡ ♦❜r❛③ ❤r❛♥♦❧✉ ✉r↔❡♥ ♦❜r❛③② t➦í ✈r❝❤♦❧➲ s♣♦❞♥í ♣♦❞st❛✈② ❛ ♦❜r❛③❡♠
❥❡❞♥♦❤♦ ✈r❝❤♦❧✉ ❤♦r♥í ♣♦❞st❛✈②✳

• ❱ ♣r♦❥❡❦t✐✈♥í♠ ♣➦í♣❛❞➙ ♦❜r❛③ ❥❡❞♥♦❤♦ ❞❛❧➨í❤♦ ❜♦❞✉ s❛♠♦③➦❡❥♠➙ ♥❡st❛↔í✦ ❚✉t♦ ♥❡❥❡❞♥♦✲
③♥❛↔♥♦st ❧③❡ ❡❧✐♠✐♥♦✈❛t r➲③♥➙ ✖ ♥❛ ♦❜r✳ ✾✳✸✶ ❥❡ s❡str♦❥❡♥ ♣r♦❥❡❦t✐✈♥í ♦❜r❛③ ♣r❛✈✐❞❡❧♥é❤♦
➨❡st✐❜♦❦é❤♦ ❤r❛♥♦❧✉✱ ❦t❡rý ❥❡ ✉r↔❡♥ ♦❜r❛③② ✈r❝❤♦❧➲ A,B,C,D s♣♦❞♥í ♣♦❞st❛✈②✱ ♦❜r❛③❡♠
✈r❝❤♦❧✉ Ā ❤♦r♥í ♣♦❞st❛✈② ❛ ú❜➙➸♥í❦❡♠ Z ′ ❤r❛♥② AĀ✳

❖❜rá③❡❦ ✾✳✸✶✿ Pr♦❥❡❦t✐✈♥í ♦❜r❛③ ♣r❛✈✐❞❡❧♥é❤♦ ➨❡st✐❜♦❦é❤♦ ❤r❛♥♦❧✉✳

❖❜➙ ♣♦❞st❛✈② ❤r❛♥♦❧✉ ❥s♦✉ ✈❡ s❦✉t❡↔♥♦st✐ r♦✈♥♦❜➙➸♥é✱ ❛ ♣r♦t♦ ♠❛❥í t✉té➸ ú❜➙➸♥✐❝✐ ✭♥❛ ♦❜rá③❦✉
♣➦❡❥♠❡♥♦✈á♥❛ ♥❛ ❤♦r✐③♦♥t✮✳ ❉í❦② t♦♠✉ s✐ ♠➲➸❡♠❡ ✈➨✐♠♥♦✉t✱ ➸❡ ❦♦r❡s♣♦♥❞❡♥❝❡ ♠❡③✐ ➨❡st✐ú❤❡❧♥í✲



✾✷ ■■■ ●❡♦♠❡tr✐❝❦á ③♦❜r❛③❡♥í

❦❡♠ s♣♦❞♥í ♣♦❞st❛✈② ❛ ➨❡st✐ú❤❡❧♥í❦❡♠ ❤♦r♥í ♣♦❞st❛✈② ❥❡ ♥❛➨❡ ♦❜❧í❜❡♥á ♦s♦✈á ❦♦❧✐♥❡❛❝❡✱✶✸ ❥❡❥í➸
♦s❛ ❥❡ ♣rá✈➙ t❛t♦ ú❜➙➸♥✐❝❡ ❛ st➦❡❞ ❥❡ ú❜➙➸♥í❦ Z ′✳ ❚❡♥t♦ ♣♦st➦❡❤ ❥❡ s❛♠♦③➦❡❥♠➙ ♠♦➸♥é ✭❛ ✈❤♦❞♥é✦✮
❦♦♥str✉❦↔♥➙ ✈②✉➸ít✳ ✳ ✳

P♦③♥á♠❦②

❑❛➸❞ý ❤r❛♥♦❧ ♠➲➸❡♠❡ ❝❤á♣❛t ❥❛❦♦ ❥❡❤❧❛♥✱ ❥❡❤♦➸ ✈r❝❤♦❧ ❥❡ ♥❡✈❧❛st♥í✳ P♦❦✉❞ ♠á♠❡ s❡str♦❥✐t ♦❜r❛③
♦❜❡❝♥é❤♦ ❥❡❤❧❛♥✉✱ ③❥✐➨➫✉❥❡♠❡✱ ➸❡ ✈ ♣➦❡❞❝❤♦③í♠ r♦③❜♦r✉ s❡ té♠➙➦ ♥✐❝ ♥❡♠➙♥í✳ P➦✐ ③♦❜r❛③♦✈á♥í
❥✐♥ý❝❤ ❤r❛♥❛tý❝❤ t➙❧❡s ♠➲➸❡ ❜ýt s✐t✉❛❝❡ ❦♦♠♣❧✐❦♦✈❛♥➙❥➨í✱ ❛❧❡ ♣♦✉③❡ ③ t❡❝❤♥✐❝❦é❤♦ ❤❧❡❞✐s❦❛ ✖
t❡♦r❡t✐❝❦é ♣r✐♥❝✐♣② ❥s♦✉ ♣♦➦á❞ st❡❥♥é✳ ❑ t➙♠t♦ ♦tá③❦á♠ s❡ ✈r❛❝í♠❡ ✈ ♥ás❧❡❞✉❥í❝í ❦❛♣✐t♦❧❡✱ t❛❦➸❡
❥❡ ♣r♦③❛tí♠ ♦♣♦✉➨tí♠❡✳

✾✳✹ ➄❡③ ❤r❛♥♦❧✉ ❛ ❥❡❤❧❛♥✉

❑♦♥str✉❦❝✐ ➦❡③✉ ♦❜❡❝♥é❤♦ ❤r❛♥♦❧✉ ♦❜❡❝♥♦✉ r♦✈✐♥♦✉ ③❛tí♠ ♥❡✉♠í♠❡✱ ❛❧❡ ❥❡❞♥♦❞✉❝❤é ú❧♦❤② t♦❤♦t♦
t②♣✉ ♠➲➸❡♠❡ ➦❡➨✐t ✉➸ ♥②♥í s ♦❞❦❛③❡♠ ♥❛ ♦s♦✈♦✉ ❦♦❧✐♥❡❛❝✐ ✭r❡s♣✳ ❛✜♥✐t✉✮ ❛ ❉❡s❛r❣✉❡s♦✈✉ ✈➙t✉✱
✈✐③ ♦❜r✳ ✽✳✷✻✳

◆❛ ♥ás❧❡❞✉❥í❝í♠ ♦❜rá③❦✉ ❥❡ ❛✜♥♥í ♣r➲♠➙t ❤r❛♥♦❧✉ ❛ ❜♦❞② K,L,M ✱ ❦t❡ré ✈➨❡❝❤♥② ❧❡➸í ♥❛
s✈✐s❧ý❝❤ ❤r❛♥á❝❤✳ ❱ t♦♠t♦ ♣➦í♣❛❞➙ ❥❡ ❦♦r❡s♣♦♥❞❡♥❝❡ ♠❡③✐ ♣r➲♠➙t❡♠ ➨❡st✐ú❤❡❧♥í❦✉ ♣♦❞st❛✈②
❛ ♣r➲♠➙t❡♠ ➨❡st✐ú❤❡❧♥í❦✉ ➦❡③✉ ♦s♦✈á ❛✜♥✐t❛✱ ❥❡❥í➸ ♦s♦✉ ❥❡ ♣r➲s❡↔♥✐❝❡ r♦✈✐♥② ♣♦❞st❛✈② ❛ r♦✈✐♥②
➦❡③✉ ❛ s♠➙r❡♠ ❥❡ s♠➙r s✈✐s❧ý❝❤ ❤r❛♥✳ P♦♠♦❝í tét♦ ❛✜♥✐t② s♥❛❞♥♦ s❡str♦❥í♠❡ ✈➨❡❝❤♥② ♦st❛t♥í ❜♦❞②
➦❡③✉✳

❖❜rá③❡❦ ✾✳✸✷✿ ❆✜♥♥í ♦❜r❛③ ♣r❛✈✐❞❡❧♥é❤♦ ➨❡st✐❜♦❦é❤♦ ❤r❛♥♦❧✉ ❛ ❥❡❤♦ ➦❡③ r♦✈✐♥♦✉ KLM ✳

Prá✈➙ ❦♦♥str✉❦❝❡ ♣r➲s❡↔♥✐❝❡ r♦✈✐♥ ✭t❥✳ ♦s② ❛✜♥✐t②✮ ♠➲➸❡ ♦❜❡❝♥➙ ❞➙❧❛t ♣r♦❜❧é♠✱ ❥✐♥❛❦ ❥s♦✉
✈➨❡❝❤♥② ú❧♦❤② t♦❤♦t♦ t②♣✉ ♣r♦ ♥ás st❡❥♥é✳ P♦❦✉❞ ❜②❝❤♦♠ ♣r❛❝♦✈❛❧✐ s ♣r♦❥❡❦t✐✈♥í♠ ♦❜r❛③❡♠
❤r❛♥♦❧✉ ✭♥❡❜♦ s ❥❛❦ý♠❦♦❧✐ ♦❜r❛③❡♠ ❥❡❤❧❛♥✉✮✱ ♣❛❦ ❜②❝❤♦♠ s❡ ♠íst♦ ♥❛ ♦s♦✈♦✉ ❛✜♥✐t✉ ♦❞❦❛③♦✈❛❧✐
♥❛ ♦s♦✈♦✉ ❦♦❧✐♥❡❛❝✐✳

✶✸P♦❦✉❞ ❜② ❜②❧ ♥á❤♦❞♦✉ ú❜➙➸♥í❦ Z′ ♥❡✈❧❛st♥í♠ ❜♦❞❡♠✱ ♣♦t♦♠ ❜② s❡ ❥❡❞♥❛❧♦ ♦ ♦s♦✈♦✉ ❛✜♥✐t✉✳



✾ ❚②♣✐❝❦é ú❧♦❤② ✾✸

❑ ➦❡③➲♠ ♦❜❡❝♥➙ s❡ ❥❡➨t➙ ✈r❛❝í♠❡ ✈ ♦❞st✳ ✶✼✳✷✳



✾✹ ■■■ ●❡♦♠❡tr✐❝❦á ③♦❜r❛③❡♥í



❑❆P■❚❖▲❆ ■❱

❩♦❜r❛③♦✈❛❝í ♠❡t♦❞②

❱ tét♦ ❦❛♣✐t♦❧❡ ③♠✐➡✉❥❡♠❡ ♥➙❦♦❧✐❦ ♠❡t♦❞ ③♦❜r❛③♦✈á♥í tr♦❥r♦③♠➙r♥é❤♦ ♣r♦st♦r✉ ❞♦ r♦✈✐♥②✳ P♦
str✉↔♥é♠ ♣➦❡❤❧❡❞✉ s❡ ♣♦❞í✈á♠❡ ♥❛ ✈②❜r❛♥é ♠❡t♦❞② ♣♦❞r♦❜♥➙❥✐✳

✶✵ Ú✈♦❞

❑r♦♠➙ ♥➙❦♦❧✐❦❛ ❡①♦t✐❝❦ý❝❤ ③♦❜r❛③❡♥í ✉✈❛➸✉❥❡♠❡ ✈ý❤r❛❞♥➙ r➲③♥é t②♣② ♣r♦♠ítá♥í ♣r♦st♦r✉ ❞♦
r♦✈✐♥②✳ Pr♦♠ítá♥í r♦③❧✐➨✉❥❡♠❡ ♥❛

• st➦❡❞♦✈á ✭③ ✈❧❛st♥í❤♦ st➦❡❞✉✮✱

• r♦✈♥♦❜➙➸♥á ✭③ ♥❡✈❧❛st♥í❤♦ st➦❡❞✉✮✳

❯ r♦✈♥♦❜➙➸♥é❤♦ ♣r♦♠ítá♥í ❞á❧❡ ♣♦❞❧❡ ♣♦❧♦❤② s♠➙r✉ ♣r♦♠ítá♥í ❦ ♣r➲♠➙t♥➙ r♦③❧✐➨✉❥❡♠❡ ♥❛

• ❦♦❧♠á✱

• ➨✐❦♠á✳

P➦✐ ❥❛❦é♠❦♦❧✐ ♣r♦♠ítá♥í ❥❡ ③❛ ❦❛➸❞ý♠ ❜♦❞❡♠ ✈ ♣r➲♠➙t♥➙ s❝❤♦✈á♥❛ ❝❡❧á ♣➦í♠❦❛ ✈ ♣r♦st♦r✉✳
❈❤❝❡♠❡✲❧✐ t❡❞② ❥❡❞♥♦③♥❛↔♥➙ s♣❡❝✐✜❦♦✈❛t s❦✉t❡↔♥♦✉ ♣♦❧♦❤✉ ❜♦❞✉ ✈ ♣r♦st♦r✉✱ ♣♦t➦❡❜✉❥❡♠❡ ❜✉↕
♥➙❥❛❦♦✉ ❞♦❞❛t❡↔♥♦✉ ✐♥❢♦r♠❛❝✐ ♥❡❜♦ t③✈✳ s❞r✉➸❡♥ý ♣r➲♠➙t ♥❛ ♥➙❥❛❦♦✉ ❥✐♥♦✉ ♣r➲♠➙t♥✉✿ ♥❛ ♠❛♣á❝❤
s❡ ❦ ♣r➲♠➙t➲♠ ✈ý③♥❛↔♥ý❝❤ ❜♦❞➲ ♣➦✐❞á✈❛❥í ❦ót② ✭✈✐③ ♣♦❞❦❛♣✳ ✶✸✮✱ ✈ t❡❝❤♥✐❝❦é ♣r❛①✐ s❡ ♣♦❧♦❤❛
❜♦❞✉ ✈ ♣r♦st♦r✉ ♥❡❥↔❛st➙❥✐ s♣❡❝✐✜❦✉❥❡ ❥❡❤♦ ♥ár②s❡♠ ❛ ♣➲❞♦r②s❡♠ ✭t❥✳ ❦♦❧♠ý♠✐ ♣r➲♠➙t② ♥❛ ❞✈➙
♥❛✈③á❥❡♠ ❦♦❧♠é ♣r➲♠➙t♥②✱ ✈✐③ ♣♦❞❦❛♣✳ ✶✷✮✳

❙t➦❡❞♦✈á✱ r❡s♣✳ r♦✈♥♦❜➙➸♥á ♣r♦♠ítá♥í ❥s♦✉ ③á❦❧❛❞♥í ♣r♦❥❡❦t✐✈♥í✱ r❡s♣✳ ❛✜♥♥í ③♦❜r❛③❡♥í✱
♦ ♥✐❝❤➸ ✉➸ ❧❡❞❛❝♦s ✈í♠❡ ③ ♣➦❡❞❝❤♦③í❤♦ t❡①t✉ ✖ ❦❛➸❞é t❛❦♦✈é ③♦❜r❛③❡♥í ❥❡ ❥❡❞♥♦③♥❛↔♥➙ ✉r↔❡♥♦
♦❜r❛③② ♥➙❦♦❧✐❦❛ ❜♦❞➲ ✈ ♦❜❡❝♥é ♣♦❧♦③❡✳ Pr♦♠ítá♥í ③❛❞❛♥á tí♠t♦ ③♣➲s♦❜❡♠ ♥❛③ý✈á♠❡ ✈♦❧♥á ✭✈✐③
♣♦❞❦❛♣✳ ✶✶✮✱ ✈ ♦st❛t♥í❝❤ ♣➦í♣❛❞❡❝❤ ♠❧✉✈í♠❡ ♦ ♣r♦♠ítá♥í❝❤ ✈á③❛♥ý❝❤✳



✾✻ ■❱ ❩♦❜r❛③♦✈❛❝í ♠❡t♦❞②

✶✵✳✶ ❩á❦❧❛❞♥í ú❧♦❤②

❱❡❧✐❝❡ t②♣✐❝❦ý♠ ♣r♦❜❧é♠❡♠✱ s❡ ❦t❡rý♠ s❡ ❜✉❞❡♠❡ ♣♦tý❦❛t ♣➦❡❞❡✈➨í♠✱ ❥❡ s❡str♦❥❡♥í ♥á③♦r♥é❤♦
♣r➲♠➙t✉ t➙❧❡s❛ ③❛❞❛♥é❤♦ ♥ár②s❡♠ ❛ ♣➲❞♦r②s❡♠✱ ♣➦í♣✳ ♥❛♦♣❛❦✳ P➦✐❜❧✐➸♥ý♠ ➦❡➨❡♥í♠ t❛❦♦✈ý❝❤ ú❧♦❤
s❡ ♠♦❤♦✉ ❜❛✈✐t ❞➙t✐ ♦❞ ♥❡❥út❧❡❥➨í❤♦ ✈➙❦✉✱ ✈✐③ ♦❜r✳ ✶✵✳✶❀ ♠② ❜②❝❤♦♠ ♠➙❧✐ ✉♠➙t ❦❧í↔♦✈é ♣♦st➦❡❤②
♣♦❥♠❡♥♦✈❛t ❛ ③r❡❛❧✐③♦✈❛t ♣➦❡s♥➙✦ P➦✐♣♦♠❡➡♠❡✱ ➸❡ ③á❦❧❛❞♥í ❞♦✈❡❞♥♦stí✱ ❜❡③ ❦t❡ré s❡ ✈ t➙❝❤t♦
♣➦í♣❛❞❡❝❤ ♥❡♦❜❡❥❞❡♠❡✱ ♥❛❞á❧❡ ③➲stá✈á

✭✶✮ ♣➦❡♥á➨❡♥í ❞✈♦❥♣♦♠➙r✉✱ r❡s♣✳ ❞➙❧✐❝í❤♦ ♣♦♠➙r✉ ❦♦❧✐♥❡ár♥í❝❤ ❜♦❞➲✳

❱ ❞❛❧➨í♠ ❜✉❞❡♠❡ ♥➙❦t❡ré ♣♦st✉♣② ③❡❢❡❦t✐✈➡♦✈❛t ❛ ❤❧❛✈♥➙ s❡ ♥❛✉↔í♠❡ ♠➙➦✐t ús❡↔❦② ❛ ú❤❧②
✭❦t❡ré s❡ ♣r♦♠ítá♥í♠ ③❦r❡s❧✉❥í✮ ✈❡ s❦✉t❡↔♥ý❝❤ ✈❡❧✐❦♦st❡❝❤✳

❖❜rá③❡❦ ✶✵✳✶✿ ❬❙▼❙❪ ❑ ❞❛♥é♠✉ ♣r➲♠➙t✉ ♣♦❦♦❥❡ ♥❛↔rt♥➙t❡ ❥❡❤♦ ♣➲❞♦r②s✳

❷❛st♦ ❜✉❞❡ t➙❧❡s♦ ❞á♥♦ s✈ý♠ ♥ár②s❡♠ ❛ ♣➲❞♦r②s❡♠✱ ✈③❤❧❡❞❡♠ ❦ t➙♠t♦ ♣r➲♠➙t♥á♠ ❜✉❞❡
③❛❞á♥❛ ♥➙❥❛❦á ♥♦✈á ♣r➲♠➙t♥❛ ❛ st➦❡❞ ✭s♠➙r✮ ♣r♦♠ítá♥í✳ ◆❛➨í♠ ú❦♦❧❡♠ ❜✉❞❡ s❡str♦❥❡♥í ♣r➲♠➙t✉
t➙❧❡s❛ ❞♦ tét♦ ♥♦✈é ♣r➲♠➙t♥② ③ ❞❛♥é❤♦ st➦❡❞✉ ✭✈ ❞❛♥é♠ s♠➙r✉✮✱ ❝♦➸ ③♥❛♠❡♥á✱ ➸❡ ♠✉sí♠❡ s❡str♦❥✐t
♣r➲♥✐❦ ♥➙❦♦❧✐❦❛ ♣r♦♠ít❛❝í❝❤ ♣❛♣rs❦➲ s t♦✉t♦ ♣r➲♠➙t♥♦✉✳ ✭❏✐♥á ú❧♦❤❛ ✈❡❞♦✉❝í ❦ tý♠➸ ❦♦♥str✉❦❝í♠
❥❡ s❡str♦❥❡♥í stí♥✉ ✈r➸❡♥é❤♦ ❞❛♥ý♠ t➙❧❡s❡♠ ❞♦ ❞❛♥é r♦✈✐♥② ♣➦✐ ❞❛♥é♠ t②♣✉ ♦s✈➙t❧❡♥í✳✮ P➦✐ t➙❝❤t♦
ú❧♦❤á❝❤ ♥❛rá➸í♠❡ ♥❛ ♣r♦❜❧é♠✱ ✈❡ ❦t❡ré♠ s❡ ✈❡❧✐❝❡ ↔❛st♦ ❝❤②❜✉❥❡ ✖ r♦③♣♦③♥❛t✱ ③❞❛ ❞✈➙ ♣➦í♠❦②
❞❛♥é s✈ý♠✐ ♣r➲♠➙t② ❥s♦✉ ✈❡ s❦✉t❡↔♥♦st✐ r♦✈♥♦❜➙➸♥é✱ r➲③♥♦❜➙➸♥é ♥❡❜♦ ♠✐♠♦❜➙➸♥é✳ ❩á❦❧❛❞♥í
♣♦❧♦❤♦✈é ú❧♦❤②✱ ❦t❡ré ♠✉sí♠❡ ❜❡③♣❡↔♥➙ ♦✈❧á❞❛t✱ t❡❞② ❥s♦✉✿

✭✷✮ r♦③♣♦③♥❛t ✈③á❥❡♠♥♦✉ ♣♦❧♦❤✉ ❞✈♦✉ ♣➦í♠❡❦✱

✭✸✮ s❡str♦❥✐t ♣r➲♥✐❦ ♣➦í♠❦② s r♦✈✐♥♦✉✳

P♦❞♦❜♥á ú❧♦❤❛ ❦ ✭✷✮ ❥❡ ♥❛♣➦✳ ✉r↔✐t ✈③á❥❡♠♥♦✉ ♣♦❧♦❤✉ ❜♦❞✉ ❛ r♦✈✐♥②✳ ❙♣❡❝✐á❧♥í♠ ♣➦í♣❛❞❡♠ ú❧♦❤②
✭✸✮ ❥❡ ❦♦♥str✉❦❝❡ st♦♣♥í❦➲✱ t③♥✳ ♣r➲s❡↔í❦➲ ♣➦í♠❦② s ♣r➲♠➙t♥❛♠✐✳ ❙♦✉✈✐s❡❥í❝í ú❧♦❤② ❥s♦✉✿ ♣r➲♥✐❦
❞✈♦✉ r♦✈✐♥ ✭s♣❡❝✐á❧♥➙✱ ❦♦♥str✉❦❝❡ st♦♣✱ t❥✳ ♣r➲s❡↔♥✐❝ r♦✈✐♥② s ♣r➲♠➙t♥❛♠✐✮✱ ➦❡③ t➙❧❡s❛ r♦✈✐♥♦✉✱
♣r➲s❡❦ ❞✈♦✉ t➙❧❡s ❛♣♦❞✳

P➦✐ ❦♦♥str✉❦❝í❝❤ s❡ ❞á❧❡ ♥❡♦❜❡❥❞❡♠❡ ❜❡③ ✉♠➙♥í ♠➙➦❡♥í ✈③❞á❧❡♥♦stí✱ r❡s♣✳ ♥❛♥á➨❡♥í ❞❛♥é ✈③❞á✲
❧❡♥♦st✐ ♥❛ ❞❛♥♦✉ ♣➦í♠❦✉✱ ❛ ♣♦❞♦❜♥➙ s ♦❞❝❤②❧❦❛♠✐ ♣➦í♠❡❦✳ P♦❦✉❞ ♠➙➦í♠❡ ✈③❞á❧❡♥♦st ❜♦❞✉ ♦❞
r♦✈✐♥②✱ ♥❡♦❜❡❥❞❡♠❡ s❡ ❜❡③ ♣♦♠♦❝♥é ❦♦❧♠✐❝❡ ✭❛ ❥❡❥í ♣❛t②✳ ✳ ✳ ✮✳ ❩á❦❧❛❞♥í ♠❡tr✐❝❦é ✭♠➙➦✐↔s❦é✮ ú❧♦❤②✱
❦t❡ré ♠✉sí♠❡ ❜❡③♣❡↔♥➙ ♦✈❧á❞❛t✱ t❡❞② ❥s♦✉✿

✭✹✮ ✉r↔✐t ✈③❞á❧❡♥♦st ❞✈♦✉ ❜♦❞➲✱

✭✺✮ ✉r↔✐t ♦❞❝❤②❧❦✉ ❞✈♦✉ ♣➦í♠❡❦✱

✭✻✮ s❡str♦❥✐t ❦♦❧♠✐❝✐✳

❙♦✉✈✐s❡❥í❝í ú❧♦❤② ❥s♦✉✿ ✉r↔✐t ✈③❞á❧❡♥♦st ❜♦❞✉ ♦❞ ♣➦í♠❦②✱ ✉r↔✐t ✈③❞á❧❡♥♦st ❞✈♦✉ ♣➦í♠❡❦✱ ✉r↔✐t
♦❞❝❤②❧❦✉ ♣➦í♠❦② ♦❞ r♦✈✐♥②✱ s❡str♦❥✐t ❦♦❧♠♦✉ r♦✈✐♥✉ ❦ ❞❛♥é ♣➦í♠❝❡ ❛♣♦❞✳



✶✶ ❱♦❧♥é ♣r♦♠ítá♥í ✾✼

✶✵✳✷ ❱ý❤❧❡❞

❏❡❞♥♦✉ ③ ♠♦t✐✈❛❝í ❦ ❞❛❧➨í♠✉ st✉❞✐✉ tét♦ ❦❛♣✐t♦❧② ❥❡ t♦✉❤❛ ♣♦ ♥á③♦r♥é♠ ❛ s♣rá✈♥é♠ ③♦❜r❛③♦✈á♥í
r➲③♥ý❝❤ t➙❧❡s✱ ③❡❥♠é♥❛ t➙❝❤ ❤❡③❦ý❝❤ ✭✈✐③ ♦❞st✳ ✶✼✳✸✮✳ P♦té✱ ❝♦ s✐ ✉✈➙❞♦♠í♠❡ ③á❦❧❛❞♥í ③á❦♦♥✐t♦st✐
❛ ♦s✈♦❥í♠❡ s✐ ♥➙❦♦❧✐❦ ③á❦❧❛❞♥í❝❤ ❦♦♥str✉❦❝í✱ ③❥✐stí♠❡✱ ➸❡ ✉♠í♠❡ ③♦❜r❛③✐t ✭♣➦í♣✳ ③♠➙➦✐t✮ té♠➙➦
❝♦❦♦❧✐ ✭✈✐③ ♥❛♣➦✳ ♦❜r✳ ♥❛ str✳ ✶✼✻✮✳

Pr✈♥í ③á❦♦♥✐t♦st✐ ✈↔❡t♥➙ ♦♣❛❦♦✈á♥í ③á❦❧❛❞♥í❝❤ ♣♦③♥❛t❦➲ ❛ ❦♦♥str✉❦❝í ③ ♦❞st❛✈❝➲ ♦ ❛✜♥♥í❝❤
❛ ♣r♦❥❡❦t✐✈♥í❝❤ ③♦❜r❛③❡♥í❝❤ ❥s♦✉ ③❢♦r♠✉❧♦✈á♥② ✈ ♣♦❞❦❛♣✳ ✶✶✳ ❱➙t➨✐♥✉ ❞í❧↔í❝❤ ♣r♦❜❧é♠➲✱ ❦t❡ré
♣➦✐ r❡á❧♥ý❝❤ ❦♦♥str✉❦❝í❝❤ ♣♦t➦❡❜✉❥❡♠❡✱ ♣➦❡❞st❛✈✉❥❡♠❡ ✈ ♣♦❞❦❛♣✐t♦❧❡ ✶✷✳ ❚❛♠ t❛❦é ❞✐s❦✉t✉❥❡♠❡
♣ár ♦❜❡❝♥➙ ♣❧❛t♥ý❝❤ ♣r✐♥❝✐♣➲✱ ❦t❡ré s❡ tý❦❛❥í ✈③á❥❡♠♥ý❝❤ ♣♦❧♦❤✱ ✈③❞á❧❡♥♦stí✱ ❦♦❧♠♦stí ❛ ♦❞❝❤②❧❡❦
r♦✈✐♥✴♣➦í♠❡❦✴❜♦❞➲✳ ◆➙❦♦❧✐❦ ❦♦♠♣❧❡①♥➙❥➨í❝❤ ú❧♦❤ ♥❛❥❞❡t❡ ✈ ♣♦❞❦❛♣✳ ✶✼✳ ❖st❛t♥í ↔ást✐ ❥s♦✉ ✈❡s❦r③❡
✐♥❢♦r♠❛t✐✈♥í✳

✶✶ ❱♦❧♥é ♣r♦♠ítá♥í

❱♦❧♥é ♣r♦♠ítá♥í r♦③❧✐➨✉❥❡♠❡ ❥❛❦ st➦❡❞♦✈é✱ t❛❦ r♦✈♥♦❜➙➸♥é✱ ♣➦✐↔❡♠➸ ♣➦í✈❧❛st❡❦ ✈♦❧♥é ③♥❛♠❡♥á✱ ➸❡
♣r➲♠➙t♥❛ ❛ st➦❡❞✴s♠➙r ♣r♦♠ítá♥í ♥❡❥s♦✉ ✈③❤❧❡❞❡♠ ❦ ③♦❜r❛③♦✈❛♥é♠✉ ♦❜❥❡❦t✉ ♥✐❥❛❦ ♣➦❡❞❡♠ s♣❡✲
❝✐✜❦♦✈á♥②✳ ❱ tét♦ ♣♦❞❦❛♣✐t♦❧❡ ③♦♣❛❦✉❥❡♠❡ ♥➙❦♦❧✐❦ ♦❜❡❝♥ý❝❤ ♣♦③♥❛t❦➲ ♦ ✉r↔❡♥♦st✐ ♣r♦❥❡❦t✐✈♥í❝❤
❛ ❛✜♥♥í❝❤ ③♦❜r❛③❡♥í ❛ ♦❞t✉❞ ♦❞✈♦③❡♥ý❝❤ ❦♦♥str✉❦❝í ♣r➲♠➙t✉ ♦❜❡❝♥é❤♦ ❜♦❞✉ ✈ ♣r♦st♦r✉✳ ❉á❧❡
♣➦❡❞st❛✈í♠❡ ➦❡➨❡♥í ③á❦❧❛❞♥í ♣♦❧♦❤♦✈é ú❧♦❤② ✖ ♣r➲♥✐❦ ♣➦í♠❦② s r♦✈✐♥♦✉ ✖ ❛ s t➙♠✐t♦ ❞♦✈❡❞♥♦st♠✐
③❛♠í➦í♠❡ ❞♦ ❞❛❧➨í❝❤ ↔ástí ❦❡ s❧✐❜♦✈❛♥ý♠ ❡❢❡❦t✐✈♥➙❥➨í♠ ♣♦st✉♣➲♠✳

✶✶✳✶ ❖ ✉r↔❡♥♦st✐ ✈♦❧♥é❤♦ ♣r♦♠ítá♥í

❱♦❧♥ý ♣r➲♠➙t t➙❧❡s❛ ❜ý✈á ③❛❞á♥ ♣r➲♠➙t② ♥➙❦♦❧✐❦❛ ♠á❧♦ ❜♦❞➲✳ ❚í♠ ❥❡ t❛❦é ✉r↔❡♥ ♣r➲♠➙t ❧✐❜♦✈♦❧✲
♥é❤♦ ❜♦❞✉ ✈ ♣r♦st♦r✉✱ t❡❞② ✈♦❧♥é ♣r♦♠ítá♥í ❥❛❦♦ t❛❦♦✈é✳ P♦❞❧❡ t♦❤♦✱ ③❞❛ s❡ ❥❡❞♥á ♦ ♣r♦♠ítá♥í
st➦❡❞♦✈é ♥❡❜♦ r♦✈♥♦❜➙➸♥é✱ s❡ ❧✐➨í ③♣➲s♦❜② ✉r↔❡♥í✿ ❙t➦❡❞♦✈é ♣r♦♠ítá♥í ❥❡ ♣r♦❥❡❦t✐✈♥í ③♦❜r❛③❡♥í
❛ ③á✈➙r❡↔♥á ♣♦③♥á♠❦❛ ♦❞st✳ ✼✳✶✵ ♥❛ str✳ ✽✺ ♥á♠ ➦í❦á✱ ❦♦❧✐❦ ❜♦❞➲ ✈❧❛st♥➙ ♣♦t➦❡❜✉❥❡♠❡✱ ❛❜② ❜②❧
♣r➲♠➙t ✉r↔❡♥ ❥❡❞♥♦③♥❛↔♥➙✳ P♦❞♦❜♥➙✱ r♦✈♥♦❜➙➸♥é ♣r♦♠ítá♥í ❥❡ ❛✜♥♥í✱ ♦ ✉r↔❡♥♦st✐ t❛❦♦✈ý❝❤ ③♦❜✲
r❛③❡♥í s❡ ✈➙♥✉❥❡ ③á✈➙r ♦❞st✳ ✼✳✽ ♥❛ str✳ ✼✼✳

Pr♦♠ítá♥í♠ ♣r♦st♦r✉ ❞♦ r♦✈✐♥② s❛♠♦③➦❡❥♠➙ ♥✐❦❞② ♥❡✈②↔❡r♣á♠❡ ✈➨❡❝❤♥❛ ♠♦➸♥á ♣r♦❥❡❦t✐✈♥í✱
r❡s♣✳ ❛✜♥♥í ③♦❜r❛③❡♥í✱ ♣r♦t♦ ♣r➲♠➙t② ✉r↔✉❥í❝í❝❤ ❜♦❞➲ ♥❡♠♦❤♦✉ ❜ýt ú♣❧♥➙ ❧✐❜♦✈♦❧♥é✳ ❯r↔✐t➙ s❡
♥❛♣➦✳ ♥❡♠➲➸❡ stát✱ ➸❡ ❜② s❡ t➦✐ ❜♦❞② ✈ ♦❜❡❝♥é ♣♦❧♦③❡ ♣r♦♠ít❧② ❞♦ ❥❡❞♥♦❤♦ ❜♦❞✉✳ ◆ás❧❡❞✉❥í❝í ✈➙t❛
❥❡ ❥❡❞♥♦✉ ③ ♠♦➸♥ý❝❤ ❢♦r♠✉❧❛❝í t♦❤♦t♦ ♣r✐♥❝✐♣✉ ✈ ♣➦í♣❛❞➙ r♦✈♥♦❜➙➸♥é❤♦ ♣r♦♠ítá♥í✿

❱➙t❛ ✭P♦❤❧❦❡♦✈❛✕❙❝❤✇❛r③♦✈❛✮✳ ❘♦✈♥♦❜➙➸♥ý♠ ♣r➲♠➙t❡♠ t➦í ♥❛✈③á❥❡♠ ❦♦❧♠ý❝❤ ❛ st❡❥♥➙ ❞❧♦✉❤ý❝❤
ús❡↔❡❦ s❡ s♣♦❧❡↔♥ý♠ ❦r❛❥♥í♠ ❜♦❞❡♠ ♠➲➸❡ ❜ýt ❥❛❦á❦♦❧✐ tr♦❥✐❝❡ ús❡↔❡❦ ✈ r♦✈✐♥➙ s❡ s♣♦❧❡↔♥ý♠ ❦r❛❥♥í♠
❜♦❞❡♠✱ ♣➦✐↔❡♠➸ ♥❡❥✈ý➨❡ ❥❡❞♥❛ ③ t➙❝❤t♦ ús❡↔❡❦ ♥❡❜♦ ♥❡❥✈ý➨❡ ❥❡❞♥❛ ❞✈♦❥✐❝❡ t➙❝❤t♦ ús❡↔❡❦ ♠➲➸❡ ♠ít
♥✉❧♦✈♦✉ ❞é❧❦✉✱ r❡s♣✳ ♦❞❝❤②❧❦✉✳

❩❛ st❡❥♥➙ ❞❧♦✉❤ý♠✐ ♥❛✈③á❥❡♠ ❦♦❧♠ý♠✐ ús❡↔❦❛♠✐ s✐ s❛♠♦③➦❡❥♠➙ ♣➦❡❞st❛✈✉❥❡♠❡ ♥➙❥❛❦♦✉ ❦❛r✲
té③s❦♦✉ s♦✉➦❛❞♥♦✉ s♦✉st❛✈✉✳ ❑❛➸❞ý ❜♦❞ ✈ ♣r♦st♦r✉ ❥❡ ❥❡❞♥♦③♥❛↔♥➙ ✉r↔❡♥ s✈ý♠✐ s♦✉➦❛❞♥✐❝❡♠✐
✈③❤❧❡❞❡♠ ❦ tét♦ s♦✉st❛✈➙✳ ❙♦✉➦❛❞♥✐❝❡ ❣❡♦♠❡tr✐❝❦② r❡♣r❡③❡♥t✉❥❡♠❡ ❜♦❞②✱ ❦t❡ré ❥s♦✉ s❡str♦❥❡♥②
♣♦♠♦❝í r♦✈♥♦❜➙➸❡❦ s❡ s♦✉➦❛❞♥ý♠✐ ♦s❛♠✐✳ P♦♠♦❝♥ý ❜♦❞ ✈ r♦✈✐♥➙ ✉r↔❡♥é ♦s❛♠✐ x, y✱ r❡s♣✳ x, z
❜✉❞❡♠❡ ♥❛③ý✈❛t ❥❡❤♦ ♣➲❞♦r②s❡♠✱ r❡s♣✳ ♥ár②s❡♠✳

P♦↔át❡❦ ♣♦♠♦❝♥é s♦✉➦❛❞♥é s♦✉st❛✈② ❛ r❡❢❡r❡♥↔♥í ❜♦❞② ♥❛ ❥❡❞♥♦t❧✐✈ý❝❤ ♦sá❝❤ ✭♥❛♣➦✳ ❥❡❞♥♦t❦②✮
❜✉❞❡♠❡ ♦❜✈②❦❧❡ ③♥❛↔✐t O ❛ X,Y, Z✳ ❩ ✉✈❡❞❡♥é❤♦ ❥❡ ♣❛tr♥é✱ ❥❛❦ ♠➲➸❡ ❜ýt ✈♦❧♥é ♣r♦♠ítá♥í ✉r↔❡♥♦✱
✈✐③ ♥ás❧❡❞✉❥í❝í t➦✐ ♦❜rá③❦②✿



✾✽ ■❱ ❩♦❜r❛③♦✈❛❝í ♠❡t♦❞②

❖❜rá③❡❦ ✶✶✳✷✿ ◆ár②s ❛ ♣➲❞♦r②s t➙❧❡s❛✳

• ❱♦❧♥é r♦✈♥♦❜➙➸♥é ♣r♦♠ítá♥í ❥❡ ✉r↔❡♥♦ ♦❜r❛③② O′, X ′, Y ′, Z ′✳ P♦♠♦❝♥é ❜♦❞② ♥❛ ♦sá❝❤ s❡✲
str♦❥í♠❡ t❛❦✱ ❛❜② ❜②❧② ③❛❝❤♦✈á♥② ❞➙❧✐❝í ♣♦♠➙r②❀ ❦ s❡str♦❥❡♥í ♣r➲♠➙t✉ ❜♦❞✉ st❛↔í ♥➙❦♦❧✐❦
r♦✈♥♦❜➙➸❡❦ s❡ s♦✉➦❛❞♥ý♠✐ ♦s❛♠✐✳

❖❜rá③❡❦ ✶✶✳✸✿ ❱♦❧♥ý r♦✈♥♦❜➙➸♥ý ♣r➲♠➙t t➙❧❡s❛ ③ ♦❜r✳ ✶✶✳✷✳

• ❱♦❧♥é st➦❡❞♦✈é ♣r♦♠ítá♥í ❥❡ ✉r↔❡♥♦ ♦❜r❛③② O′, X ′, Y ′, Z ′ ❛ ú❜➙➸♥í❦② s♦✉➦❛❞♥ý❝❤ ♦s U ′, V ′,W ′✳
P♦♠♦❝♥é ❜♦❞② ♥❛ ♦sá❝❤ s❡str♦❥í♠❡ t❛❦✱ ❛❜② ❜②❧② ③❛❝❤♦✈á♥② ❞✈♦❥♣♦♠➙r②❀ ❦ s❡str♦❥❡♥í ♣r➲✲
♠➙t✉ ❜♦❞✉ st❛↔í ♥➙❦♦❧✐❦ ♣➦í♠❡❦ ♣r♦❝❤á③❡❥í❝í❝❤ ú❜➙➸♥í❦②✳

◆❛♦♣❛❦✱ ❥❡✲❧✐ ❞á♥ ✈♦❧♥ý ♣r➲♠➙t ❜♦❞✉✱ ♠➲➸❡♠❡ ♣♦♠♦❝í r♦✈♥♦❜➙➸❡❦ ✭r❡s♣✳ s♣♦❥♥✐❝ s ú❜➙➸♥í❦②✮
s❡str♦❥✐t ♣♦♠♦❝♥é ❜♦❞② ♥❛ ♦sá❝❤ ❛ ♣➦❡♥❡s❡♥í♠ ❞➙❧✐❝í❝❤ ♣♦♠➙r➲ ✭r❡s♣✳ ❞✈♦❥♣♦♠➙r➲✮ ✉r↔✐t s❞r✉➸❡♥é
♣r➲♠➙t②✱ t③♥✳ s♦✉➦❛❞♥✐❝❡ t♦❤♦t♦ ❜♦❞✉✳✶

❑❞②➸ ✉♠í♠❡ ③❛❝❤á③❡t s ♣r➲♠➙t② ❥❡❞♥♦❤♦ ❜♦❞✉✱ ❧③❡ ♦♣❛❦♦✈á♥í♠ ✉✈❡❞❡♥ý❝❤ ❦♦♥str✉❦❝í s❡str♦❥✐t
♣r❛❦t✐❝❦② ❝♦❦♦❧✐✱ ❛❦♦rát t♦ ❛s✐ ♥❡❜✉❞❡ ♣➦í❧✐➨ ❡❢❡❦t✐✈♥í✳ ❱ ❞❛❧➨í❝❤ ♦❞st❛✈❝í❝❤ s❡ ③❡❥♠é♥❛ ♥❛✉↔í♠❡✱
❥❛❦ s✐ ♣rá❝✐ ③♣➦í❥❡♠♥✐t ❛ ③❥❡❞♥♦❞✉➨✐t✳

❉➲❧❡➸✐tá ♣♦③♥á♠❦❛

P➦✐♣♦♠í♥á♠❡ ❤❧❛✈♥í s❧❛❜✐♥✉ tét♦ ③♦❜r❛③♦✈❛❝í ♠❡t♦❞②✿ ❯✈❡❞❡♥é ♥á✈♦❞② ♥❡❢✉♥❣✉❥í ✈ ♣➦í♣❛❞➙✱ ➸❡
♣r➲♠➙t② ♥➙❦t❡rý❝❤ s♦✉➦❛❞♥ý❝❤ ♦s s♣❧ý✈❛❥í✳ ❱ t❛❦♦✈é♠ ♣➦í♣❛❞➙ ❥❡ ♥✉t♥é ❤❧❡❞❛t ❛❧t❡r♥❛t✐✈②✱ ❦t❡ré
♠♦❤♦✉ ❜ýt ③❡❥♠é♥❛ ✈ ♣➦í♣❛❞➙ ♦❜❡❝♥é❤♦ st➦❡❞♦✈é❤♦ ③♦❜r❛③❡♥í ♣♦♠➙r♥➙ ❦r❦♦❧♦♠♥é✳ P♦❞♦❜♥é
♥❡♣➦í❥❡♠♥♦st✐ ③❝❡❧❛ ♦❞♣❛❞❛❥í ✉ t③✈✳ ✈á③❛♥ý❝❤ ③♦❜r❛③♦✈❛❝í❝❤ ♠❡t♦❞✱ ❦❞② ❥❡ ♣➦❡❞❡♠ s♣❡❝✐✜❦♦✈❛♥á
♣r➲♠➙t♥❛ ❛ st➦❡❞✴s♠➙r ♣r♦♠ítá♥í ✈③❤❧❡❞❡♠ ❦ ♦s♦✈é♠✉ ❦➦í➸✐✳ ❚❛❦é t❛t♦ ♣♦③♥á♠❦❛ ❜② ♥ás ♠➙❧❛
♠♦t✐✈♦✈❛t ❦ ↔❡t❜➙ ❞❛❧➨í❝❤ ♦❞st❛✈❝➲✳ ✳ ✳

✶P➦❡♥á➨❡♥í ❞➙❧✐❝í❤♦ ♣♦♠➙r✉✱ r❡s♣✳ ❞✈♦❥♣♦♠➙r✉ ❜♦❞➲ ③ ❥❡❞♥é ♣➦í♠❦② ♥❛ ❞r✉❤♦✉ ❥❡ ♥❛③♥❛↔❡♥♦ ♥❛ ♦❜r✳ ✾✳✸✵✳



✶✶ ❱♦❧♥é ♣r♦♠ítá♥í ✾✾

❖❜rá③❡❦ ✶✶✳✹✿ ❱♦❧♥ý st➦❡❞♦✈ý ♣r➲♠➙t t➙❧❡s❛ ③ ♦❜r✳ ✶✶✳✷✳

✶✶✳✷ Pr➲♥✐❦ ♣➦í♠❦② ❛ r♦✈✐♥②

❱ t♦♠t♦ ♦❞st❛✈❝✐ ♣➦❡❞st❛✈í♠❡ ♦❜❡❝♥é ➦❡➨❡♥í ③á❦❧❛❞♥í ♣♦❧♦❤♦✈é ú❧♦❤② ✖ ♣r♦ ❞❛♥♦✉ ♣➦í♠❦✉ p

❛ r♦✈✐♥✉ ρ ♠á♠❡ s❡str♦❥✐t ❥❡❥✐❝❤ ♣r➲♥✐❦✱ ♣➦í♣✳ ③❥✐st✐t✱ ➸❡ s❡ ♥❡♣r♦tí♥❛❥í✳

❑❛➸❞ý ❜♦❞ ♠✉sí ❜ýt s❡str♦❥❡♥ ❥❛❦♦ ♣r➲♥✐❦ ❞✈♦✉ ♣➦í♠❡❦ ✭♣➦í♣✳ ♣r➲♥✐❦ ♣➦í♠❦② ❛ ❦r✉➸♥✐❝❡ ♥❡❜♦
♣r➲♥✐❦ ❞✈♦✉ ❦r✉➸♥✐❝✮✳ ❆❜②❝❤♦♠ ♠♦❤❧✐ t✈r❞✐t✱ ➸❡ s❡ ❞✈➙ ③♦❜r❛③❡♥é ♣➦í♠❦② ✈ ♣r♦st♦r✉ s❦✉t❡↔♥➙
♣r♦tí♥❛❥í✱ ♠✉sí♠❡ ♠ít ❥✐st♦t✉✱ ➸❡ ❧❡➸í ✈ ❥❡❞♥é r♦✈✐♥➙✦ ❖❞t✉❞ ❥❡ ♦❞✈♦③❡♥ ♥ás❧❡❞✉❥í❝í ♦❜❡❝♥ý ♥á✈♦❞
➦❡➨❡♥í✿

✭✶✮ ♥❡❥❞➦í✈ ③✈♦❧í♠❡ ♣♦♠♦❝♥♦✉ ✭✈ ♣♦❞st❛t➙ ❧✐❜♦✈♦❧♥♦✉✮ r♦✈✐♥✉ ♦❜s❛❤✉❥í❝í ❞❛♥♦✉ ♣➦í♠❦✉❀

✭✷✮ s❡str♦❥í♠❡ ♣r➲s❡↔♥✐❝✐ r tét♦ r♦✈✐♥② s r♦✈✐♥♦✉ ρ❀

✭✸✮ ❤❧❡❞❛♥ý ❜♦❞ ❥❡ ♣r➲s❡↔í❦❡♠ ♣➦í♠❡❦ p ❛ r ✭♣♦❦✉❞ ❥❡ p = r✱ ♣♦t♦♠ ❝❡❧á ♣➦í♠❦❛ p ❧❡➸í ✈ r♦✈✐♥➙
ρ❀ ♣♦❦✉❞ ❥❡ p‖r✱ ♣♦t♦♠ t❛❦② p‖ρ✱ ❛ t✉❞í➸ s❡ p ❛ ρ ♥❡♣r♦tí♥❛❥í✮✳

➄❡➨❡♥í ❦♦♥❦rét♥í❝❤ ú❧♦❤ s❡ s❛♠♦③➦❡❥♠➙ ♦❞✈í❥í ♦❞ t♦❤♦✱ ❥❛❦ ❥s♦✉ ③❛❞á♥②✳ ❖❜❡❝♥➙ ✈➨❛❦ ♣❧❛tí✱ ➸❡
♣♦♠♦❝♥á r♦✈✐♥❛ ✈ ♣r✈♥í♠ ❦r♦❦✉ ♥❡♠➲➸❡ ❜ýt ✈♦❧❡♥❛ ú♣❧♥➙ ❧✐❜♦✈♦❧♥➙✱ ❛❧❡ ♥❛♦♣❛❦ ❤♦❞♥➙ s♣❡❝✐✜❝❦②✱
❛❜②❝❤♦♠ s❡ ♥❡♦❝✐t❧✐ ✈ ❜❧✉❞♥é♠ ❦r✉❤✉✦

◆❛ ♦❜r✳ ✶✶✳✺ ❥❡ ❞á♥ ✈♦❧♥ý r♦✈♥♦❜➙➸♥ý ♣r➲♠➙t ❦r②❝❤❧❡✱ ✈③❤❧❡❞❡♠ ❦ ♥í➸ ❥❡ ✈②♠❡③❡♥❛ ♣♦❧♦❤❛
♣➦í♠❦② ❛ r♦✈✐♥②✳ P♦♠♦❝♥á r♦✈✐♥❛ ❥❡ ✈♦❧❡♥❛ ✈❡ s♠➙r✉ ❤r❛♥② AE ❛ ✈➨❡❝❤♥② ♥❛③♥❛↔❡♥é s✈✐s❧é ♣➦í♠❦②
❥s♦✉ s t♦✉t♦ ❤r❛♥♦✉ r♦✈♥♦❜➙➸♥é✳



✶✵✵ ■❱ ❩♦❜r❛③♦✈❛❝í ♠❡t♦❞②

❖❜rá③❡❦ ✶✶✳✺✿ ❬▼✳ ■♥❣r➨t♦✈á✱ ✷✵✶✵❪ Pr➲♥✐❦ ♣➦í♠❦② p = PQ ❛ r♦✈✐♥② ρ = KLM ✭❜♦❞ K
♣❛t➦í ❞♦ st➙♥② ADHE✮✿
✭✶✮ ♣♦♠♦❝♥♦✉ r♦✈✐♥✉ ♦❜s❛❤✉❥í❝í p ✈♦❧í♠❡ ✈❡ s♠➙r✉ ❤r❛♥② AE✱
✭✷✮ ♣r➲s❡↔♥✐❝❡ r ❥❡ ✉r↔❡♥❛ ♣♦♠♦❝♥ý♠✐ ❜♦❞② x ❛ y✱ ❦t❡ré ♦❞✈♦③✉❥❡♠❡ ③ ❥❡❥✐❝❤ ✒♣➲❞♦r②s➲✏ x1 ❛ y1✱
✭✸✮ ❜♦❞ R = p ∩ r ❥❡ ♣rá✈➙ ❤❧❡❞❛♥ý♠ ♣r➲♥✐❦❡♠ p ∩ ρ✳

❚②♣✐❝❦ý♠✐ ú❧♦❤❛♠✐✱ ❦t❡ré s❡ ✈ tét♦ s♦✉✈✐s❧♦st✐ ➦❡➨í✱ ❥s♦✉ ➦❡③② ✭❤r❛♥❛tý❝❤✮ t➙❧❡s✳ ❏❡❞♥á s❡ t♦t✐➸
♦ ♥➙❦♦❧✐❦❡ré ♦♣❛❦♦✈á♥í tét♦ ③á❦❧❛❞♥í ❦♦♥str✉❦❝❡✱ ✈✐③ ♦❞st❛✈❝❡ ✾✳✹ ❛ ✶✼✳✷✳

✶✶✳✸ ❈✈✐↔❡♥í

✭✶✮ ❱ ú❧♦③❡ ♥❛ ♦❜rá③❦✉ ♦❜r✳ ✶✶✳✺✿

• s❡str♦❥t❡ ♣r➲♥✐❦② ♣➦í♠❡❦ KL✱ LM ❛ KM s r♦✈✐♥♦✉ ♣♦❞st❛✈② ABCD✱

• s❡str♦❥t❡ ➦❡③ r♦✈✐♥② KLM s ❦r②❝❤❧í✳

✭✷✮ ❱ ♣r❛✈✐❞❡❧♥é♠ ♣➙t✐❜♦❦é♠ ❤r❛♥♦❧✉ s ♣♦❞st❛✈❛♠✐ ABCDE ❛ ĀB̄C̄D̄Ē ❥s♦✉ ❞á♥② ❜♦❞② K✱ L
❛ M t❛❦✱ ➸❡ K ∈ AĀ✱ L ∈ BCC̄ ❛ M ∈ D̄Ē✳ ❙❡str♦❥t❡ ✈♦❧♥ý st➦❡❞♦✈ý ♣r➲♠➙t t♦❤♦t♦ ❤r❛♥♦❧✉✏
❛ ❥❡❤♦ ➦❡③ r♦✈✐♥♦✉ ρ = KLM ✳

✶✷ ▼♦♥❣❡♦✈♦ ♣r♦♠ítá♥í

▼♦♥❣❡♦✈♦ ♣r♦♠ítá♥í ❥❡ ❦♦❧♠é ✭❛ t❡❞② r♦✈♥♦❜➙➸♥é✮ ♣r♦♠ítá♥í ♥❛ ❞✈➙ ♥❛✈③á❥❡♠ ❦♦❧♠é ♣r➲♠➙t♥②✳
Pr➲♠➙t➲♠ ➦í❦á♠❡ ♣➲❞♦r②s ❛ ♥ár②s✱ ♣r♦t♦ s❡ ♦❞♣♦✈í❞❛❥í❝í ♣r➲♠➙t♥② ❥♠❡♥✉❥í ♣➲❞♦r②s♥á ❛ ♥ár②s♥á✳
◆❛ r♦③❞í❧ ♦❞ ✈♦❧♥é ♠❛♥✐♣✉❧❛❝❡ s ♥ár②s❡♠ ❛ ♣➲❞♦r②s❡♠ ❥❛❦♦ ✈ý➨❡ ❥s♦✉ ♣r➲♠➙t② ✈ ▼♦♥❣❡♦✈➙
♣r♦♠ítá♥í ❥❛❦s✐ s❞r✉➸❡♥② ✖ sr✳ ✶✶✳✸ ❛ ✶✷✳✽✳ ❚❡♥t♦ ③❞á♥❧✐✈ý ❞❡t❛✐❧ ❞➙❧á ③ tét♦ ③♦❜r❛③♦✈❛❝í ♠❡t♦❞②
s❦✉t❡↔♥➙ ú↔✐♥♥ý ♥ástr♦❥✱ ❦t❡rý ❞♦❝❡♥í♠❡ ③❡❥♠❡♥á ♣➦✐ ➦❡➨❡♥í ♠❡tr✐❝❦ý❝❤ ú❧♦❤✳ ❱ ♥ás❧❡❞✉❥í❝í❝❤
♦❞st❛✈❝í❝❤ ♣♦st✉♣♥➙ ♣➦❡❞st❛✈í♠❡ ✈➨❡❝❤♥② ③á❦❧❛❞♥í ú❧♦❤② ③♠✐➡♦✈❛♥é ✈ ♦❞st✳ ✶✵✳✶✳



✶✷ ▼♦♥❣❡♦✈♦ ♣r♦♠ítá♥í ✶✵✶

❖❜rá③❡❦ ✶✷✳✻✿ ❬❑❛❪ ❯❦á③❦❛ ③ ♣r✈♥í❤♦ ✈②❞á♥í ▼♦♥❣❡♦✈② ❉❡s❦r✐♣t✐✈♥í ❣❡♦♠❡tr✐❡ ✭✶✼✾✽✮✳

✶✷✳✶ ❩♦❜r❛③❡♥í ❜♦❞✉✱ ♣➦í♠❦② ❛ r♦✈✐♥②

❇♦❞

◆❛ ♦❜r✳ ✶✷✳✼ ❥❡ ✉❦á③á♥♦✱ ❥❛❦ ❥s♦✉ ❜♦❞✉ ✈ ♣r♦st♦r✉ ♣➦✐➦❛③❡♥② ❥❡❤♦ s❞r✉➸❡♥é ♣r➲♠➙t② ✈③❤❧❡❞❡♠ ❦❡
❞✈➙♠❛ ♥❛✈③á❥❡♠ ❦♦❧♠ý♠ ♣r➲♠➙t♥á♠ ✭s ♣r➲s❡↔♥✐❝í ♦③♥❛↔❡♥♦✉ x✮✿ ❇♦❞ A s❡ ❦♦❧♠♦ ♣r♦♠ít♥❡ ❞♦

❖❜rá③❡❦ ✶✷✳✼✿ ❬▼❡❪ ▼♦♥❣❡♦✈② s❞r✉➸❡♥é ♣r➲♠➙t② ❜♦❞✉✳

♣r✈♥í r♦✈✐♥② ✭♣➲❞♦r②s A1✮ ❛ ❞♦ ❞r✉❤é r♦✈✐♥② ✭♥ár②s A2✮✳ P♦té s❡ ♣r➲♠➙t② s❞r✉➸í t❛❦✱ ➸❡ s❡ ❥❡❞♥❛
♣r➲♠➙t♥❛ ♦t♦↔í ❞♦ ❞r✉❤é ❦♦❧❡♠ ♣r➲s❡↔♥✐❝❡ x✳ ❖❞t✉❞ ♣❧②♥❡✱ ➸❡ ❜♦❞② A1, A2 ✈ r♦✈✐♥➙ ♣➦❡st❛✈✉❥í
s❞r✉➸❡♥é ♣r➲♠➙t② ♥➙❥❛❦é❤♦ ❜♦❞✉ ✈ ♣r♦st♦r✉✱ ♣rá✈➙ ❦❞②➸ ♣➦í♠❦❛ A1A2 ❥❡ ❦♦❧♠á ♥❛ x✳ ❑❛➸❞ý ❜♦❞
❥❡ s✈ý♠✐ s❞r✉➸❡♥ý♠✐ ♣r➲♠➙t② ✉r↔❡♥ ♥❛♣r♦st♦ ❥❡❞♥♦③♥❛↔♥➙✳
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❖❜rá③❡❦ ✶✷✳✽✿ ▼♦♥❣❡♦✈② s❞r✉➸❡♥é ♣r➲♠➙t② t➙❧❡s❛ ③ ♦❜r✳ ✶✶✳✷✳

P➦í♠❦❛

❙❞r✉➸❡♥é ♣r➲♠➙t② ♣➦í♠❦② ❥s♦✉ ③♣r❛✈✐❞❧❛ ♣➦í♠❦②✱ ❛❧❡ ♥❡♠✉sí t♦♠✉ t❛❦ ❜ýt ♣♦❦❛➸❞é ✖ ❥❡✲❧✐ ♣➦í♠❦❛
❦♦❧♠á ❦ ♥➙❦t❡ré ♣r➲♠➙t♥➙✱ ♣❛❦ ♦❞♣♦✈í❞❛❥í❝í♠ ♣r➲♠➙t❡♠ ❥❡ ❜♦❞✳ P➦í♠❦❛ ❥❡ s✈ý♠✐ s❞r✉➸❡♥ý♠✐
♣r➲♠➙t② ✉r↔❡♥❛ ❥❡❞♥♦③♥❛↔♥➙ ♣rá✈➙ t❡❤❞②✱ ❦❞②➸ ♥❡♥í ❦♦❧♠á ❦ ♦s❡ x✱ t③♥✳ ♥❡❧❡➸í ✈ r♦✈✐♥➙✱ ❦t❡rá ❥❡
❦♦❧♠á ❦ ♦❜➙♠❛ ♣r➲♠➙t♥á♠ s♦✉↔❛s♥➙✳ ❱ ❦❛➸❞é♠ ♣➦í♣❛❞➙ ❥❡ ♣➦í♠❦❛ ✉r↔❡♥❛ ❥❡❞♥♦③♥❛↔♥➙ s❞r✉➸❡✲
♥ý♠✐ ♣r➲♠➙t② ❞✈♦✉ r➲③♥ý❝❤ ❜♦❞➲✱ ❦t❡ré ♥❛ ♥í ❧❡➸í✳ ✳ ✳

Pr♦ ❧❡♣➨í ♣➦❡❞st❛✈✉ ↔❛st♦ ♣♦✉➸í✈á♠❡ t③✈✳ st♦♣♥í❦②✱ ❝♦➸ ❥s♦✉ ♣r➲s❡↔í❦② ♣➦í♠❦② s ♣r➲♠➙t♥❛♠✐✳
P♦❦✉❞ ❥❡ ♣➦í♠❦❛ s ♥➙❦t❡r♦✉ ♣r➲♠➙t♥♦✉ r♦✈♥♦❜➙➸♥á✱ ♣❛❦ ♦❞♣♦✈í❞❛❥í❝í st♦♣♥í❦ ❥❡ ♥❡✈❧❛st♥í✳ ✳ ✳

❘➲③♥é ♣♦❧♦❤② ♣➦í♠❡❦ s ❥❡❥✐❝❤ st♦♣♥í❦② ❥s♦✉ ♥❛ ♦❜r✳ ✶✷✳✾✳ ❯✈➙❞♦♠t❡ s✐✱ ➸❡ ❦♦♥str✉❦❝❡ st♦♣♥í❦➲
❥❡ ✈❡❧♠✐ s♣❡❝✐á❧♥í♠ ♣➦í♣❛❞❡♠ ③á❦❧❛❞♥í ♣♦❧♦❤♦✈é ú❧♦❤② ✖ ♣r➲♥✐❦ ♣➦í♠❦② s r♦✈✐♥♦✉✳

❖❜rá③❡❦ ✶✷✳✾✿ ❙❞r✉➸❡♥é ♣r➲♠➙t② ♣➦í♠❡❦ ❛ ❥❡❥✐❝❤ st♦♣♥í❦②❀ ♣➦í♠❦❛ e ❥❡ ❥❡❞♥♦③♥❛↔♥➙
✉r↔❡♥❛ t❡♣r✈❡ s✈ý♠✐ st♦♣♥í❦② ✭♥❡❜♦ ♥➙❥❛❦ý♠ ❥✐♥ý♠ ❞♦❞❛t❦❡♠✮✳
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❘♦✈✐♥❛

❏❡✲❧✐ r♦✈✐♥❛ ❦♦❧♠á ❦ ♥➙❦t❡ré ♣r➲♠➙t♥➙✱ ♣❛❦ ♦❞♣♦✈í❞❛❥í❝í♠ ♣r➲♠➙t❡♠ tét♦ r♦✈✐♥② ❥❡ ♣➦í♠❦❛❀
✈ ♦♣❛↔♥é♠ ♣➦í♣❛❞➙ ❥❡ ❥❡❥í♠ ♣r➲♠➙t❡♠ ❝❡❧á ♣r➲♠➙t♥❛✳ ❘♦✈✐♥❛ ❥❡ ❥❡❞♥♦③♥❛↔♥➙ ✉r↔❡♥❛ s❞r✉➸❡♥ý♠✐
♣r➲♠➙t② t➦í r➲③♥ý❝❤ ✭❛ ♥❡❦♦❧✐♥❡ár♥í❝❤✮ ❜♦❞➲✱ ❦t❡ré ✈ ♥í ❧❡➸í✳

❏✐♥ý ❛ ③♣r❛✈✐❞❧❛ ♥á③♦r♥➙❥➨í ③♣➲s♦❜ ✉r↔❡♥í r♦✈✐♥② ❥❡ ♣♦♠♦❝í t③✈✳ st♦♣✱ ❝♦➸ ❥s♦✉ ♣r➲s❡↔♥✐❝❡
s ♣r➲♠➙t♥❛♠✐✳ ◆ár②s ♣➲❞♦r②s♥é st♦♣② ❛ ♣➲❞♦r②s ♥ár②s♥é st♦♣② s♣❧ý✈❛❥í s ♦s♦✉ x✱ ♣r♦t♦ ❥❡ ♥❛ ♦❜✲
rá③❝í❝❤ ♥❡♣♦♣✐s✉❥❡♠❡✳ P♦❦✉❞ r♦✈✐♥❛ ♥❡♦❜s❛❤✉❥❡ ♦s✉ x✱ ♣❛❦ ❥❡ s✈ý♠✐ st♦♣❛♠✐ ❥❡❞♥♦③♥❛↔♥➙ ✉r↔❡♥❛✳
❱ ♣➦í♣❛❞➙✱ ➸❡ ❥❡ r♦✈✐♥❛ s ♥➙❦t❡r♦✉ ♣r➲♠➙t♥♦✉ r♦✈♥♦❜➙➸♥á✱ ❥❡ ♦❞♣♦✈í❞❛❥í❝í st♦♣❛ ♥❡✈❧❛st♥í✳ ✳ ✳

❖❜rá③❡❦ ✶✷✳✶✵✿ ❘♦✈✐♥❛ ❥❡ ✭s❦♦r♦ ✈➸❞②✮ ✉r↔❡♥❛ s✈ý♠✐ st♦♣❛♠✐✳

✶✷✳✷ P♦❧♦❤♦✈é ú❧♦❤②

Pr➲♥✐❦ ❛ ✈③á❥❡♠♥á ♣♦❧♦❤❛ ♣➦í♠❦② ❛ r♦✈✐♥②

❉♦s❧♦✈♥é ♣➦❡❦r❡s❧❡♥í ❦♦♥str✉❦❝❡ ♣r➲♥✐❦✉ ♣➦í♠❦② ❛ r♦✈✐♥② ③ ♦❜r✳ ✶✶✳✺ ✈ ▼♦♥❣❡♦✈➙ ♣r♦♠ítá♥í ❥❡
♥❛ ♦❜r✳ ✶✷✳✶✶✳ ▼♦t✐✈❛❝❡ ❛ ③❞➲✈♦❞♥➙♥í ❥s♦✉ ✈ ♦❞st✳ ✶✶✳✷✳ Pr➲s❡↔♥✐❝❡ r ❞❛♥é r♦✈✐♥② s ♣♦♠♦❝♥♦✉
s✈✐s❧♦✉ r♦✈✐♥♦✉ s❡ ♦❜↔❛s ♥❛③ý✈á ❦r②❝í ♣➦í♠❦♦✉✱ ♣r♦t♦➸❡ s❡ ❥❡❥í ♣➲❞♦r②s ❦r②❥❡ s ♣➲❞♦r②s❡♠ p✱

❖❜rá③❡❦ ✶✷✳✶✶✿ ❬▼✳ ■♥❣r➨t♦✈á✱ ✷✵✶✵❪ Pr➲♥✐❦ ♣➦í♠❦② p = PQ ❛ r♦✈✐♥② ρ = KLM ✿
✭✶✮ r ❥❡ ❦r②❝í ♣➦í♠❦❛ ♣r♦ s♠➙r ❦♦❧♠ý ❦ ♣➲❞♦r②s♥➙ ✭r1 = p1✮✱
✭✷✮ ❥❡❥í ♥ár②s ❥❡ ✉r↔❡♥ ❜♦❞② x, y✱
✭✸✮ ❜♦❞ R = p ∩ r ❥❡ ♣rá✈➙ ❤❧❡❞❛♥ý♠ ♣r➲♥✐❦❡♠ p ∩ ρ✳
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P♦❦✉❞ ❜② s❡ ♥á❤♦❞✉ st❛❧♦✱ ➸❡ ✈ý➨❡ s❡str♦❥❡♥á ♣➦í♠❦❛ r s❡ s p ♥❡♣r♦tí♥á✱ ♣❛❦ t♦ ③♥❛♠❡♥á✱ ➸❡
♣➦í♠❦❛ p ❛ r♦✈✐♥❛ ρ ❥s♦✉ r♦✈♥♦❜➙➸♥é✳ P♦❦✉❞ ❜② s❡ st❛❧♦✱ ➸❡ r ❛ p s♣❧ý✈❛❥í✱ ♣❛❦ t♦ ③♥❛♠❡♥á✱ ➸❡ p

❧❡➸í ❝❡❧á ✈ ρ✳ ❚❛❦t♦ ❥s♠❡ ✈②↔❡r♣❛❧✐ ✈➨❡❝❤♥② ♠♦➸♥é ✈③á❥❡♠♥é ♣♦❧♦❤② ♣➦í♠❦② ❛ r♦✈✐♥② ✈ ♣r♦st♦r✉✳
❱➨❡❝❤♥② t②t♦ ♠♦➸♥♦st✐ ✈ ♣➦í♣❛❞➙✱ ➸❡ r♦✈✐♥❛ ❥❡ ❞á♥❛ s✈ý♠✐ st♦♣❛♠✐✱ ♥❛❥❞❡t❡ ♥❛ ♦❜r✳ ✶✷✳✶✷✳

❖❜rá③❡❦ ✶✷✳✶✷✿ ❱③á❥❡♠♥é ♣♦❧♦❤② ♣➦í♠❦② ❛ r♦✈✐♥②✿ r➲③♥♦❜➙➸♥♦st ✭p∩ ρ = R✮✱ r♦✈♥♦❜➙➸✲
♥♦st ✭q‖σ✮✱ ✐♥❝✐❞❡♥t♥♦st ✭t ⊂ τ✮✳

Pr➲♥✐❦ ❛ ✈③á❥❡♠♥á ♣♦❧♦❤❛ ❞✈♦✉ r♦✈✐♥

❙♣❡❝✐á❧♥í♠ ♣➦í♣❛❞❡♠ ♣r➲♥✐❦✉ ❞✈♦✉ r♦✈✐♥ ❥s♦✉ st♦♣② r♦✈✐♥②✱ ❝♦➸ ❥s♦✉ ♣r➲s❡↔♥✐❝❡ s ♣r➲♠➙t♥❛♠✐✳
❑♦♥str✉❦❝❡ st♦♣ r♦✈✐♥② ❞❛♥é t➦❡♠✐ ❜♦❞② ❥❡ ♥❛ ♦❜r✳ ✶✷✳✶✸✳ P♦❞♦❜♥➙ ❜② s❡ ♣♦st✉♣♦✈❛❧♦ ✈ ♣➦í♣❛❞➙✱
➸❡ r♦✈✐♥❛ ❥❡ ❞á♥❛ ❞✈➙♠❛ ♣➦í♠❦❛♠✐ ♥❡❜♦ ❜♦❞❡♠ ❛ ♣➦í♠❦♦✉ ❛♣♦❞✳

❖❜rá③❡❦ ✶✷✳✶✸✿ ❙t♦♣② r♦✈✐♥② ρ = KLM ❥s♦✉ ✉r↔❡♥② st♦♣♥í❦② ♥➙❦♦❧✐❦❛ ♣➦í♠❡❦ ❧❡➸í❝í❝❤
✈ ρ✳

❏s♦✉✲❧✐ ❞✈➙ r♦✈✐♥② ❞á♥② st♦♣❛♠✐✱ ❥❡ ❦♦♥str✉❦❝❡ ❥❡❥✐❝❤ ♣r➲♥✐❦✉ ♦❜③✈❧á➨➫ ♥á③♦r♥á✱ ✈✐③ ♦❜r✳ ✶✷✳✶✹✳
❱ ❥❛❦é♠❦♦❧✐ ❥✐♥é♠ ♣➦í♣❛❞➙ st❛↔í s❡str♦❥✐t ♣r➲♥✐❦ ♥➙❥❛❦é ♣➦í♠❦② ③ ❥❡❞♥é r♦✈✐♥② s r♦✈✐♥♦✉ ❞r✉❤♦✉
❛ t✉t♦ ❦♦♥str✉❦❝✐ ③♦♣❛❦♦✈❛t ❛s♣♦➡ ❞✈❛❦rát✳ ✳ ✳

●❡♥❡r✐❝❦♦✉ ♣♦❧♦❤♦✉ ❞✈♦✉ r♦✈✐♥ ❥❡ r➲③♥♦❜➙➸♥♦st✳ P♦❦✉❞ ❥s♦✉ r♦✈✐♥② ♥á❤♦❞♦✉ r♦✈♥♦❜➙➸♥é✱
♣❛❦ ♦❜➙ ❞✈♦❥✐❝❡ ❥❡❥✐❝❤ st♦♣ ♠✉sí ❜ýt t❛❦② r♦✈♥♦❜➙➸♥é✳ P♦③♦r✱ ♦♣❛↔♥é t✈r③❡♥í ♦❜❡❝♥➙ ♥❡♣❧❛tí✱ ✈✐③
♦❜r✳ ✶✷✳✶✺✳ Pr♦ ú♣❧♥♦st✿ r♦✈✐♥② s♣❧ý✈❛❥í✱ ♣rá✈➙ ❦❞②➸ ♦❜➙ ❞✈♦❥✐❝❡ ❥❡❥✐❝❤ st♦♣ s♣❧ý✈❛❥í✳



✶✷ ▼♦♥❣❡♦✈♦ ♣r♦♠ítá♥í ✶✵✺

❖❜rá③❡❦ ✶✷✳✶✹✿ Pr➲s❡↔♥✐❝❡ r♦✈✐♥ ③❛❞❛♥ý❝❤ st♦♣❛♠✐✳

❖❜rá③❡❦ ✶✷✳✶✺✿ ❱③á❥❡♠♥é ♣♦❧♦❤② ❞✈♦✉ r♦✈✐♥✿ r➲③♥♦❜➙➸♥♦st✱ r♦✈♥♦❜➙➸♥♦st ❛ ❥❡➨t➙ ❥❡❞♥❛
r➲③♥♦❜➙➸♥♦st✳

❱③á❥❡♠♥á ♣♦❧♦❤❛ ❞✈♦✉ ♣➦í♠❡❦

❱➨❡❝❤♥② ♠♦➸♥é ✈③á❥❡♠♥é ♣♦❧♦❤② ♣➦❡❞st❛✈✉❥❡♠❡ ♥❛ ♦❜r✳ ✶✷✳✶✻❀ ✈ ♠✐♠♦❜➙➸♥é♠ ♣➦í♣❛❞➙ ♥❛③♥❛↔✉✲
❥❡♠❡ ✈✐❞✐t❡❧♥♦st ❦➦í➸❡♥í ✈ ❦❛➸❞é♠ ♣r➲♠➙t✉✳ Pr♦ ú♣❧♥♦st✿ ♣➦í♠❦② s♣❧ý✈❛❥í✱ ♣rá✈➙ ❦❞②➸ ♦❜➙ ❞✈♦❥✐❝❡
❥❡❥✐❝❤ s❞r✉➸❡♥ý❝❤ ♣r➲♠➙t➲ s♣❧ý✈❛❥í✳

❖❜rá③❡❦ ✶✷✳✶✻✿ ❱③á❥❡♠♥é ♣♦❧♦❤② ❞✈♦✉ ♣➦í♠❡❦✿ r➲③♥♦❜➙➸♥♦st✱ ❞✈❛❦rát ♠✐♠♦❜➙➸♥♦st
❛ r♦✈♥♦❜➙➸♥♦st✳



✶✵✻ ■❱ ❩♦❜r❛③♦✈❛❝í ♠❡t♦❞②

❉❛❧➨í ♣♦st➦❡❤②

P➦❡❞❝❤♦③í ❞✐s❦✉③✐ ❥❡➨t➙ ❞♦♣❧♥í♠❡ ♣♦③♥á♠❦♦✉ ♦ ✈③á❥❡♠♥é ♣♦❧♦③❡ ❜♦❞✉ ❛ ♣➦í♠❦②✱ r❡s♣✳ ❜♦❞✉
❛ r♦✈✐♥②✳ ❱ ♦❜♦✉ ♣➦í♣❛❞❡❝❤ r♦③❧✐➨✉❥❡♠❡ ♣♦✉③❡ ❞✈➙ ♠♦➸♥♦st✐✿ ❜♦❞ ♥❛ ❞❛♥é♠ ♦❜❥❡❦t✉ ❜✉↕ ❧❡➸í
♥❡❜♦ ♥✐❦♦❧✐✳ ❘♦③♣♦③♥❛t ✈③á❥❡♠♥♦✉ ♣♦❧♦❤✉ ❜♦❞✉ ❛ ♣➦í♠❦② ❥❡ s❛♠♦③➦❡❥♠➙ tr✐✈✐á❧♥í❀ ✈ ♣➦í♣❛❞➙
❜♦❞✉ ❛ r♦✈✐♥② s✐ ♠✉sí♠❡ ♣♦♠♦❝✐ ♣rá✈➙ ♥➙❥❛❦♦✉ ✭❦r②❝í✮ ♣➦í♠❦♦✉✱ ✈✐③ ♦❜r✳ ✶✷✳✶✼✳

❖❜rá③❡❦ ✶✷✳✶✼✿ ❱③á❥❡♠♥á ♣♦❧♦❤❛ ❜♦❞✉ B ❛ r♦✈✐♥② ρ✿ l ❥❡ ❧✐❜♦✈♦❧♥á ♣➦í♠❦❛ ✈ ρ t❛❦♦✈á✱
➸❡ l1 ∋ B1❀ s❡str♦❥í♠❡ ♥ár②s l2 ❛ ✉❞➙❧á♠❡ ③á✈➙r✿ B ∈ ρ ⇐⇒ B2 ∈ l2✳

❩ ✉✈❡❞❡♥é❤♦ ❜② ♠➙❧♦ ❜ýt ③➦❡❥♠é✱ ❥❛❦ ❜② s❡ ➦❡➨✐❧❛ ♥❛♣➦✳ ú❧♦❤❛ s❡str♦❥✐t ♥ár②s ❜♦❞✉ ❧❡➸í❝í❤♦
✈ ❞❛♥é r♦✈✐♥➙✱ ❥❡✲❧✐ ❞á♥ ❥❡❤♦ ♣➲❞♦r②s ❛♣♦❞✳✏

❙♣❡❝✐✜❝❦é ♣➦í♠❦② l ♥❛ ♦❜r✳ ✶✷✳✶✼ ❥s♦✉ t③✈✳ ❤❧❛✈♥í ♣➦í♠❦② r♦✈✐♥② ρ✱ ❝♦➸ ❥s♦✉ ♣➦í♠❦② ❧❡➸í❝í
✈ tét♦ r♦✈✐♥➙ r♦✈♥♦❜➙➸♥é s ♥➙❦t❡r♦✉ ③ ♣r➲♠➙t❡♥✳ ❚♦ ✈ ❞➲s❧❡❞❦✉ ③♥❛♠❡♥á✱ ➸❡ ❤❧❛✈♥í ♣➦í♠❦② ❥s♦✉
r♦✈♥♦❜➙➸♥é s ♥➙❦t❡r♦✉ ③❡ st♦♣ r♦✈✐♥② ρ✳ P➦í♠❦② ❧❡➸í❝í ✈ ρ✱ ❦t❡ré ❥s♦✉ ❦♦❧♠é ❦ ♥➙❦t❡ré ③❡ st♦♣✱
❥s♦✉ t③✈✳ s♣á❞♦✈é ♣➦í♠❦② r♦✈✐♥② ρ✳

P➦í↔❦②

❏✐♥é t②♣✐❝❦é ♣♦❧♦❤♦✈é ú❧♦❤② ❥s♦✉ ❦♦♥str✉❦❝❡ ♣➦í↔❡❦ ♠✐♠♦❜➙➸♥ý❝❤ ♣➦í♠❡❦ ✭♣➦í↔❦❛ ❥❡ ♣➦í♠❦❛✱ ❦t❡rá
♣r♦tí♥á ❞❛♥é ♠✐♠♦❜➙➸❦②✮✳ ❑❛➸❞é ❞✈➙ ♠✐♠♦❜➙➸❦② ♠❛❥í ♥❡❦♦♥❡↔♥➙ ❤♦❞♥➙ ♣➦í↔❡❦✱ t❛❦➸❡ ♣➦í↔❦❛ ❥❡
❥❡❞♥♦③♥❛↔♥➙ ✈②♠❡③❡♥❛ ❛➸ ♥➙❥❛❦♦✉ ❞♦❞❛t❡↔♥♦✉ ♣♦❞♠í♥❦♦✉ ❥❛❦♦ ♥❛♣➦✳ ❛❜② ♣r♦❝❤á③❡❧❛ ❞❛♥ý♠
❜♦❞❡♠✱ ❛❜② ♠➙❧❛ ❞❛♥ý s♠➙r✱ ❛❜② ❜②❧❛ ♥❡❥❦r❛t➨í ❛♣♦❞✳ P♦♠♦❝í ♣➦í↔❡❦ ❧③❡ ✈②t✈á➦❡t ③❛❥í♠❛✈é
♣➦í♠❦♦✈é ♣❧♦❝❤②✱ ❦t❡ré s❡ ❤♦❥♥➙ ♦❜❥❡✈✉❥í ✈ t❡❝❤♥✐❝❦é ♣r❛①✐✳ ◆❛♣➦✳ s♣♦❧❡↔♥é ♣➦í↔❦② t➦í ♥❛✈③á❥❡♠
♠✐♠♦❜➙➸♥ý❝❤ ♣➦í♠❡❦ t✈♦➦í ♣❧♦❝❤✉ t③✈✳ ❡❧✐♣t✐❝❦é❤♦ ❤②♣❡r❜♦❧♦✐❞✉ ✭❝❤❧❛❞✐❝í ✈➙➸❡✮✳ ❏✐♥ý ♣➦í❦❧❛❞ ❥❡
♥❛ ♦❜r✳ ✶✷✳✶✽✳

❆↔❦♦❧✐ t♦t♦ té♠❛ ♣♦❞r♦❜♥➙❥✐ ♥❡❞✐s❦✉t✉❥❡♠❡✱ ♠➙❧♦ ❜② ❜ýt ❥❛s♥é✱ ➸❡ ❛s♣♦➡ ③ t❡♦r❡t✐❝❦é❤♦ ❤❧❡✲
❞✐s❦❛ ❥❡ ✈➨❡❝❤♥♦ ❥❛s♥é✳ Pr♦ ♣➦❡❞st❛✈✉ r♦③❡❜❡r❡♠❡ ♣➦í♣❛❞ ❦♦♥str✉❦❝❡ ♣➦í↔❦② ❦ ♠✐♠♦❜➙➸❦á♠ a, b

③ ♥➙❥❛❦é❤♦ ❜♦❞✉ K✿ ✈➨❡❝❤♥② ♣➦í♠❦② ❥❞♦✉❝í ❜♦❞❡♠ K ❛ ♣r♦tí♥❛❥í❝í ♣➦í♠❦✉ b t✈♦➦í r♦✈✐♥✉✱ ❦t❡r♦✉
s✐ ♦③♥❛↔í♠❡ t➦❡❜❛ β❀ ❤❧❡❞❛♥á ♣➦í↔❦❛ ❥❡ ♣rá✈➙ t❛❦♦✈á ♣➦í♠❦❛✱ ❦t❡rá ❧❡➸í ✈ tét♦ r♦✈✐♥➙ ❛ s♦✉↔❛s♥➙
♣r♦tí♥á ♣➦í♠❦✉ a✳ Pr♦t♦ st❛↔í✿

✭✶✮ ✉✈á➸✐t r♦✈✐♥✉ β = K + b❀

✭✷✮ s❡str♦❥✐t ♣r➲♥✐❦ A = a ∩ β❀

✭✸✮ s♣♦❥✐t ❜♦❞② K ❛ A❀

✭✹✮ ✈②③♥❛↔✐t ♣r➲s❡↔í❦ s ♣➦í♠❦♦✉ b✳



✶✷ ▼♦♥❣❡♦✈♦ ♣r♦♠ítá♥í ✶✵✼

❖❜rá③❡❦ ✶✷✳✶✽✿ ❬▼❛❝❤❪ ❑r♦✈ ❤r❛❞♥í ✈➙➸❡ ✈❡ ➆tr❛♠❜❡r❦✉✿ ❦r♦❦✈❡ ❥s♦✉ ♣➦í↔❦② ❦ ♠✐♠♦❜➙➸✲
❦á♠ a ❛ b ③ ♥➙❦♦❧✐❦❛ ❜♦❞➲ ♥❛ ❦r✉❤♦✈é ♣♦❞❡③❞í✈❝❡ k✳

✶✷✳✸ ❈✈✐↔❡♥í

✭✶✮ ❯ ✈➨❡❝❤ ✈ý➨❡ ✉✈❡❞❡♥ý❝❤ ▼♦♥❣❡♦✈ý❝❤ ♦❜rá③❦➲ s✐ ✉t✈♦➦t❡ ♣r♦st♦r♦✈♦✉ ♣➦❡❞st❛✈✉ ♦ s❦✉t❡↔♥é
♣♦❧♦③❡ ③♦❜r❛③❡♥ý❝❤ ♦❜❥❡❦t➲ ✈③❤❧❡❞❡♠ ❦ ♣r➲♠➙t♥á♠✳ ❚✉t♦ ♣➦❡❞st❛✈✉ ♣❛❦ ✈♦❧♥➙ ♥❛↔rt♥➙t❡
♣♦❞♦❜♥➙ ❥❛❦♦ ♥❛ ♦❜r✳ ✶✷✳✻ ♥❡❜♦ ✶✷✳✾✳

✭✷✮ Pr♦ ③❛❞á♥í ❥❛❦♦ ♥❛ ♦❜r✳ ✶✷✳✶✶ s❡str♦❥t❡ st♦♣♥í❦② ♣➦í♠❦② p ❛ st♦♣② r♦✈✐♥② ρ ❛ ③♥♦✈✉ ✉r↔❡t❡
♣r➲s❡↔í❦ R = p ∩ ρ✳

✭✸✮ ❘♦✈✐♥❛ σ ❥❡ ❞á♥❛ st♦♣❛♠✐ ❛ ♣➦í♠❦❛ q ❥❡ ❞á♥❛ s❞r✉➸❡♥ý♠✐ ♣r➲♠➙t② s✈ý❝❤ st♦♣♥í❦➲✳ ❉♦❦❛➸t❡✱
➸❡ ✉♠ít❡ ✉r↔✐t ♣r➲♥✐❦ R = q ∩ σ ✈❡ ✈➨❡♠♦➸♥ý❝❤ s♣❡❝✐á❧♥í❝❤ ♣➦í♣❛❞❡❝❤ ❥❛❦♦ ♥❛♣➦✳ q ⊥ x ♥❡❜♦
σ ⊥ x✳

✭✹✮ ❯r↔❡t❡ ♣r➲s❡↔♥✐❝✐ ❞✈♦✉ r♦✈✐♥ ✉r↔❡♥ý❝❤ st♦♣❛♠✐ ✈ ♣➦í♣❛❞➙✱ ➸❡ ♣r➲s❡↔í❦ ♥➙❦t❡ré ❞✈♦❥✐❝❡ st♦♣
♥❡♥í ✈➲❜❡❝ ❞♦st✉♣♥ý✳

✭✺✮ Pr♦ ③❛❞á♥í ✈❡ ❝✈✐↔❡♥í ✶✶✳✸✭✷✮ s✐ ✈❤♦❞♥➙ ③✈♦❧t❡ ▼♦♥❣❡♦✈② ♣♦♠♦❝♥é ♣r➲♠➙t♥② ✭❛ ❥❡❞♥♦t❦②✮
❛ s❡str♦❥t❡ s❞r✉➸❡♥é ♣r➲♠➙t② ❤r❛♥♦❧✉ ✈↔❡t♥➙ ➦❡③✉ r♦✈✐♥♦✉ ρ✳ ✏

✭✻✮ ◆❛ ♦❜r✳ ✶✷✳✶✾ ❥s♦✉ s❞r✉➸❡♥é ♣r➲♠➙t② ♥➙❥❛❦é❤♦ t➙❧❡s❛✱ st♦♣② r♦✈✐♥② π ❛ s❞r✉➸❡♥é ♣r➲♠➙t②
❜♦❞✉ S✳ ❙❡str♦❥t❡ st➦❡❞♦✈ý ♣r➲♠➙t t♦❤♦t♦ t➙❧❡s❛ ③ ❜♦❞✉ S ❞♦ r♦✈✐♥② π✳ ✭P➦✐ ❦♦♥str✉❦❝✐ ✏
♥❡♣➦❡❤❧é❞♥➙t❡ ✉➸✐t❡↔♥♦st ♣♦♠♦❝♥ý❝❤ ú❜➙➸♥í❦➲✳✮

✭✼✮ ❯ ♣➦❡❞❝❤♦③í ú❧♦❤② s❡str♦❥t❡ ♣r➲♠➙t ③ ❜♦❞✉ S ❞♦ ♣➲❞♦r②s♥② ❛ ♥ár②s♥②✳ ◆❛❤r❛↕t❡ st➦❡❞ S

♥➙❥❛❦ý♠ s♠➙r❡♠ ❛ ➦❡➨t❡ ♣♦❞♦❜♥é ú❧♦❤②✳ ✳ ✳

✶✷✳✹ ▼❡tr✐❝❦é ú❧♦❤②

❱③❞á❧❡♥♦st ❞✈♦✉ ❜♦❞➲

P♦❦✉❞ ❥❡ ♣➦í♠❦❛ ✉r↔❡♥á ❞❛♥ý♠✐ ❜♦❞② r♦✈♥♦❜➙➸♥á s ♥➙❦t❡r♦✉ ♣r➲♠➙t♥♦✉✱ ♣❛❦ ✈ ♦❞♣♦✈í❞❛❥í✲
❝í♠ ♣r➲♠➙t✉ ✈✐❞í♠❡ ✈③❞á❧❡♥♦st ❜♦❞➲ ✈❡ s❦✉t❡↔♥é ✈❡❧✐❦♦st✐✳ ❱❡ ✈➨❡❝❤ ♦st❛t♥í❝❤ ♣➦í♣❛❞❡❝❤ ❥s♦✉
✈③❞á❧❡♥♦st✐ ③❦r❡s❧❡♥é ✭❛ ♣r♦t♦➸❡ ♣r♦♠ítá♠❡ ❦♦❧♠♦✱ t❛❦ ③❦rá❝❡♥é✮✳
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❖❜rá③❡❦ ✶✷✳✶✾✿ ❙❡str♦❥t❡ st➦❡❞♦✈ý ♣r➲♠➙t ❞❛♥é❤♦ ♦❜❥❡❦t✉ ③ ❞❛♥é❤♦ st➦❡❞✉ ❞♦ ❞❛♥é
r♦✈✐♥②✳

❏❡❞♥❛ ③ ♠♦➸♥ý❝❤ ❦♦♥str✉❦❝í s❦✉t❡↔♥é ✈③❞á❧❡♥♦st✐ ❞✈♦✉ ❜♦❞➲ ❥❡ ♠♦t✐✈♦✈á♥❛ ♣rá✈➙ ③♠í♥➙♥ý♠
♣♦st➦❡❤❡♠✿ ♣♦♦t♦↔í♠❡ ús❡↔❦✉ ✉r↔❡♥♦✉ t➙♠✐t♦ ❜♦❞② ❞♦ ♣♦❧♦❤② r♦✈♥♦❜➙➸♥é s ♥➙❦t❡r♦✉ ♣r➲♠➙t♥♦✉✱
✈✐③ ♦❜r✳ ✶✷✳✷✵✳

❖❜rá③❡❦ ✶✷✳✷✵✿ ❬▼❡❪ ◆ár②s♥ý ♣r➲♠➙t ús❡↔❦② ❥❡ ✈❡ s❦✉t❡↔♥é ✈❡❧✐❦♦st✐ ♣rá✈➙ t❡❤❞②✱ ❦❞②➸
❥❡ t❛t♦ ús❡↔❦❛ s ♥ár②s♥♦✉ r♦✈♥♦❜➙➸♥á ✖ ♣r♦t♦ |AB| = |A2B

0

2
|✳

❱ ♣➦❡❞❝❤♦③í♠ ♦tá↔í♠❡ r♦✈✐♥✉ ✉r↔❡♥♦✉ ❜♦❞② A,B ❛ ❥❡❥✐❝❤ ♣➲❞♦r②s② A1, B1 ❦♦❧❡♠ ♣➦í♠❦② AA1✳
❏✐♥á ❦♦♥str✉❦❝❡ s❦✉t❡↔♥é ✈❡❧✐❦♦st✐ ús❡↔❦② AB ❥❡ ♥❛ ♦❜r✳ ✶✷✳✷✶❀ ✈ t♦♠t♦ ♣➦í♣❛❞➙ ♦tá↔í♠❡✴s❦❧á♣í♠❡
st❡❥♥♦✉ r♦✈✐♥✉ ❦♦❧❡♠ ♣➦í♠❦② A1B1 ❞♦ ♣➲❞♦r②s♥② ✭♣➦í♣✳ ❞♦ r♦✈✐♥② r♦✈♥♦❜➙➸♥é ③ ♣➲❞♦r②s♥♦✉✮✳



✶✷ ▼♦♥❣❡♦✈♦ ♣r♦♠ítá♥í ✶✵✾

❖❜rá③❡❦ ✶✷✳✷✶✿ ❬▼❡❪ Ús❡↔❦❛ AB ❥❡ ♣➦❡♣♦♥♦✉ ✈ ♣r❛✈♦ú❤❧é♠ tr♦❥ú❤❡❧♥í❦✉ s ♦❞✈➙s♥❛♠✐
AB1✱ r❡s♣✳ B1B✱ ❥❡❥✐❝❤➸ ✈❡❧✐❦♦st✐ ✈✐❞í♠❡ ♥❡③❦r❡s❧❡♥➙ ✈ ♣➲❞♦r②s❡✱ r❡s♣✳ ♥ár②s❡✳

❖t♦↔❡♥í r♦✈✐♥②

❘♦✈✐♥❛✱ ❦t❡r♦✉ ❥s♠❡ ♦tá↔❡❧✐ ✈ ♣➦❡❞❝❤♦③í❝❤ ❞✈♦✉ ❦♦♥str✉❦❝í❝❤✱ ❜②❧❛ ❦♦❧♠á ❦ ♣➲❞♦r②s♥➙✱ t❡❞②
♣♦♥➙❦✉❞ s♣❡❝✐✜❝❦á✳ ◆②♥í s❡ ♥❛✉↔í♠❡ ♦tá↔❡t ♦❜❡❝♥♦✉ r♦✈✐♥✉ ❞♦ ♣r➲♠➙t♥② ✭♣➦í♣✳ ❞♦ ♣♦❧♦❤② r♦✈✲
♥♦❜➙➸♥é s ♣r➲♠➙t♥♦✉✮✳ ◆á③♦r♥é ③♣r❛❝♦✈á♥í ❥❡ ♥❛ ♦❜r✳ ✶✷✳✷✷✱ ❦❞❡ ❥❡ ♥❛③♥❛↔❡♥♦ ♦tá↔❡♥í r♦✈✐♥②
❦♦❧❡♠ ❤❧❛✈♥í ♣➦í♠❦② ❞♦ r♦✈✐♥② r♦✈♥♦❜➙➸♥é s ♣➲❞♦r②s♥♦✉ ✭♥❡♥❡❝❤t❡ s❡ ♣❧ést ③♥❛↔❡♥í♠ ✖ ♠íst♦
s❞r✉➸❡♥é❤♦ ♣r➲♠➙t✉ ❥s♦✉ ♣♦✉➸✐t② ❦ót②✮✳ P♦❞st❛t♥é ❥❡✱ ➸❡ ❦♦r❡s♣♦♥❞❡♥❝❡ ♠❡③✐ ♣r➲♠➙t② ❜♦❞➲ ❞♦
tét♦ r♦✈✐♥② ❛ ❥❡❥✐❝❤ ♦t♦↔❡♥ý♠✐ ♦❜r❛③②✱ ❥❡ st❛rá ③♥á♠á ❛ ♦❜❧í❜❡♥á ♦s♦✈á ❛✜♥✐t❛✳

❖❜rá③❡❦ ✶✷✳✷✷✿ ❬▼❡❪ ❖t♦↔❡♥í r♦✈✐♥② ❦♦❧❡♠ ❤❧❛✈♥í ♣➦í♠❦② ❞♦ ♣♦❧♦❤② r♦✈♥♦❜➙➸♥é s ♣➲❞♦✲
r②s♥♦✉✿ ✈③❞á❧❡♥♦st ❜♦❞✉ A0 ♦❞ ♦s② ❥❡ r♦✈♥❛ ✈❡❧✐❦♦st✐ ♣➦❡♣♦♥② ✈ ♥❛③♥❛↔❡♥é♠ ♣r❛✈♦ú❤❧é♠
tr♦❥ú❤❡❧♥í❦✉✳

❖s♦✈♦✉ ❛✜♥✐t✉ ♠❡③✐ ♣r➲♠➙t② ❜♦❞➲ ❛ ❥❡❥✐❝❤ ♦t♦↔❡♥ý♠✐ ♦❜r❛③② ❞♦❝❡♥í♠❡ ③❡❥♠é♥❛ ✉ ú❧♦❤✱ ❦❞❡
✈②st✉♣✉❥❡ ✈í❝❡ ❜♦❞➲✱ ♥❡❜♦ ❦❞②➸ ♣♦t➦❡❜✉❥❡♠❡ ♦t♦↔✐t r♦✈✐♥✉ ③♣át❦② ❞♦ ♣➲✈♦❞♥í ♣♦❧♦❤②✳ ❑♦♥❦rét♥í
r❡❛❧✐③❛❝❡ ❥❡❞♥é t❛❦♦✈é ú❧♦❤② ❥❡ ♥❛ ♦❜r✳ ✶✼✳✹✻✳ ❉❛❧➨í t②♣✐❝❦é ú❧♦❤②✱ ❦❞❡ ❥❡ ✈❤♦❞♥é s✐ ♥❛ t②t♦
♣♦st➦❡❤② ✈③♣♦♠❡♥♦✉t✱ ❥s♦✉ ❦♦♥str✉❦❝❡ ♣r➲♠➙t✉ t➙❧❡s❛ ❞♦ ♦❜❡❝♥é r♦✈✐♥②✱ ✉r↔❡♥í s❦✉t❡↔♥é ✈❡❧✐❦♦st✐
➦❡③✉ ♥➙❥❛❦é❤♦ ❤r❛♥♦❧✉ ❛♣♦❞✳

❑♦❧♠♦st

❖❞❝❤②❧❦✉ ❞✈♦✉ r➲③♥♦❜➙➸❡❦ ✈✐❞í♠❡ ✈ ♣r➲♠➙t✉ ♥❡③❦r❡s❧❡♥➙✱ ♣♦❦✉❞ ❥❡ r♦✈✐♥❛ t➙♠✐t♦ ♣➦í♠❦❛♠✐
✉r↔❡♥á r♦✈♥♦❜➙➸♥á s ♦❞♣♦✈í❞❛❥í❝í ♣r➲♠➙t♥♦✉✳ ❱ ♣➦í♣❛❞➙✱ ➸❡ ♣➦í♠❦② ❥s♦✉ ❦♦❧♠é✱ ♣❧❛tí ♦ ♥➙❝♦
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♦❜❡❝♥➙❥➨í ❛ ❝❡❧❦❡♠ ✉➸✐t❡↔♥é t✈r③❡♥í✿

❱➙t❛✳ ❑♦❧♠ý♠ ♣r➲♠➙t❡♠ ❞✈♦✉ ❦♦❧♠ý❝❤ ♣➦í♠❡❦ ❥s♦✉ ❦♦❧♠é ♣➦í♠❦②✱ ♣♦❦✉❞ ❛s♣♦➡ ❥❡❞♥❛ ③ t➙❝❤t♦
♣➦í♠❡❦ ❥❡ r♦✈♥♦❜➙➸♥á s ♣r➲♠➙t♥♦✉✳

❩❞➲✈♦❞♥➙♥í ♣❧②♥❡ ♣➦í♠♦ ③ ❞❡✜♥✐❝í ❦♦❧♠♦st✐ ♣➦í♠❡❦ ❛ r♦✈✐♥ ✭✈✐③ ♦❞st✳ ✹✳✷✵✮✳ ❆❜②❝❤♦♠ s❡ ♠♦❤❧✐
s✈♦❜♦❞♥➙❥✐ ✈②❥❛❞➦♦✈❛t✱ ♦③♥❛↔í♠❡ ❦♦❧♠✐❝❡ a, b ❛ ❥❡❥✐❝❤ ❦♦❧♠é ♣r➲♠➙t② a1, b1✳ ❇✉❞❡♠❡ ♣➦❡❞♣♦❦❧á✲
❞❛t✱ ➸❡ t➦❡❜❛ a ❥❡ r♦✈♥♦❜➙➸♥á s ♣r➲♠➙t♥♦✉✱ ❝♦➸ ♠❥✳ ③♥❛♠❡♥á✱ ➸❡ a‖a1✳ Pr♦t♦➸❡ a ⊥ b ❛ ♣r♦♠ítá♠❡
❦♦❧♠♦✱ ❥❡ ♣➦í♠❦❛ a ❦♦❧♠á ❦ r♦✈✐♥➙ ✉r↔❡♥é b, b1✳ Pr♦t♦➸❡ a‖a1✱ ❥❡ t❛❦é ♣➦í♠❦❛ a1 ❦♦❧♠á ❦ tét♦
r♦✈✐♥➙✳ ❚♦ ③♥❛♠❡♥á✱ ➸❡ a1 ❥❡ ❦♦❧♠á ❦❡ ✈➨❡♠ ♣➦í♠❦á♠✱ ❦t❡ré ✈ tét♦ r♦✈✐♥➙ ❧❡➸í✱ ③❡❥♠é♥❛ t❡❞②
❦ b1✳

❖❜rá③❡❦ ✶✷✳✷✸✿ ❑♦❧♠ý♠ ♣r➲♠➙t❡♠ ❦♦❧♠ý❝❤ ♣➦í♠❡❦ ❥s♦✉ ❦♦❧♠é ♣➦í♠❦②✱ ♣♦❦✉❞ ❥❡ ❛s♣♦➡
❥❡❞♥❛ ③ ♥✐❝❤ r♦✈♥♦❜➙➸♥á s ♣r➲♠➙t♥♦✉✳

❚❡♥t♦ ♣♦st➦❡❤ ♠á ✈❡❧✐❝❡ ✉➸✐t❡↔♥ý ❞➲s❧❡❞❡❦ ♣r♦ ❦♦♥str✉❦❝✐ ❦♦❧♠✐❝❡ ❦ r♦✈✐♥➙✱ r❡s♣✳ ❦♦❧♠é r♦✈✐♥②
❦ ♣➦í♠❝❡✿ ❦♦❧♠ý ♣r➲♠➙t ❦♦❧♠✐❝❡ ❦ r♦✈✐♥➙ ❥❡ ❦♦❧♠ý ❦❡ st♦♣➙ ✭♦❜❡❝♥➙❥✐✱ ❦ ♣r➲♠➙t✉ ❧✐❜♦✈♦❧♥é ❤❧❛✈♥í
♣➦í♠❦②✮✦ ❏✐♥é ③❞➲✈♦❞♥➙♥í té❤♦➸ ③á✈➙r✉ ✭♣♦♠♦❝í s♣á❞♦✈é ♣➦í♠❦②✮ ❥❡ ↔✐t❡❧♥é ③ ♦❜r✳ ✶✷✳✷✹✳

❖❜rá③❡❦ ✶✷✳✷✹✿ ❬▼❡❪ ❑♦❧♠ý♠ ♣r➲♠➙t❡♠ ❦♦❧♠✐❝❡ ❦ r♦✈✐♥➙ ❥❡ ♣➦í♠❦❛ ❦♦❧♠á ❦ ❥❡❥í st♦♣➙✳

❱③❞á❧❡♥♦st✐ ❛ ♦❞❝❤②❧❦② ♦❜❡❝♥➙

❑❛➸❞ý ♦❜❡❝♥➙❥➨í ♣➦í♣❛❞ ✉r↔♦✈á♥í ✈③❞á❧❡♥♦st✐✱ r❡s♣✳ ♦❞❝❤②❧❦② ❧③❡ ✈➸❞② ♥➙❥❛❦ ❦♦♥str✉❦↔♥➙ r❡❞✉❦♦✲
✈❛t ♥❛ ✉r↔❡♥í ✈③❞á❧❡♥♦st✐ ❞✈♦✉ ❜♦❞➲✱ r❡s♣✳ ♦❞❝❤②❧❦② ❞✈♦✉ ♣➦í♠❡❦✳ ❚❛t♦ r❡❞✉❦❝❡ ❥❡ ♥❛✈í❝ ✈➸❞②❝❦②
♣➦✐r♦③❡♥á ❛ ♦❞✈í❥í s❡ ♦❞ ❞❡✜♥✐❝❡✴❝❤❛r❛❦t❡r✐③❛❝❡ ♣♦❥♠✉ ✈③❞á❧❡♥♦st✐✱ r❡s♣✳ ♦❞❝❤②❧❦②✳

❱③❞á❧❡♥♦st ❜♦❞✉ ♦❞ ♣➦í♠❦② ♥❡❜♦ ♦❞ r♦✈✐♥② ❥❡ ✉r↔❡♥❛ ✈③❞á❧❡♥♦stí t♦❤♦t♦ ❜♦❞✉ ♦❞ ♣❛t② ❦♦❧✲
♠✐❝❡✳ ❱③❞á❧❡♥♦st ❞✈♦✉ ♣➦í♠❡❦ ❥❡ ♥❡♥✉❧♦✈á✱ ♣♦✉③❡ ❦❞②➸ s❡ ♣➦í♠❦② ♥❡♣r♦tí♥❛❥í✱ t❡❞② ❦❞②➸ ❥s♦✉
r♦✈♥♦❜➙➸♥é ♥❡❜♦ ♠✐♠♦❜➙➸♥é✳ ❱ ♣r✈♥í♠ ♣➦í♣❛❞➙ st❛↔í s♣✉st✐t ❦♦❧♠✐❝✐ ③ ❧✐❜♦✈♦❧♥é❤♦ ❜♦❞✉✱ ❞r✉❤ý



✶✷ ▼♦♥❣❡♦✈♦ ♣r♦♠ítá♥í ✶✶✶

♣➦í♣❛❞ ❥❡ ♣♦♥➙❦✉❞ s✉❜t✐❧♥➙❥➨í ✖ ❤❧❡❞á♠❡ ♥❡❥❦r❛t➨í ♣➦í↔❦✉✱ ❝♦➸ ❥❡ ♣rá✈➙ ♣➦í↔❦❛ ❦♦❧♠á✳ ❱③❞á❧❡♥♦st
♣➦í♠❦② ♦❞ r♦✈✐♥②✱ r❡s♣✳ ✈③❞á❧❡♥♦st ❞✈♦✉ r♦✈✐♥ ❥❡ ♥❡♥✉❧♦✈á✱ ♣♦✉③❡ ❦❞②➸ ❥s♦✉ t②t♦ r♦✈♥♦❜➙➸♥é✳ ✳ ✳

❩ ✉✈❡❞❡♥ý❝❤ ♣➦í❦❧❛❞➲ ❜②❝❤♦♠ s✐ ③❡❥♠é♥❛ ♠➙❧✐ ✈➨✐♠♥♦✉t✱ ➸❡ ❞✈♦❥✐❝❡ ❜♦❞➲✱ ❥❡❥✐❝❤➸ ✈③❞á❧❡♥♦st
♥❛❦♦♥❡❝ ♠➙➦í♠❡✱ ❥❡ ✈➸❞② ♥➙❥❛❦ ❝❤❛r❛❦t❡r✐③♦✈á♥❛ ♣♦♠♦❝í ♣♦❥♠✉ ❦♦❧♠♦st✐✳ ❏❛❦ ❦♦❧♠♦st✱ t❛❦
✈③❞á❧❡♥♦st ❞✈♦✉ ❜♦❞➲ ❥s♠❡ s❡ ♥❛✉↔✐❧✐ ❦♦♥str✉❦↔♥➙ ③r❡❛❧✐③♦✈❛t✱ t❛❦➸❡ t❡♦r❡t✐❝❦② ✉♠í♠❡ ✉r↔♦✈❛t
✈③❞á❧❡♥♦st✐ ❦❞❡↔❡❤♦ ♦❞ ❧❡❞❛s↔❡❤♦✳ Pr❛❦t✐❝❦é ✉♣❧❛t♥➙♥í ✉✈❡❞❡♥ý❝❤ ♣♦st➦❡❤➲ s✐ ❧③❡ ✈②③❦♦✉➨❡t ✈❡
❝✈✐↔❡♥í ✶✷✳✺✳

❖❜rá③❡❦ ✶✷✳✷✺✿ ❱③❞á❧❡♥♦st ❜♦❞✉ M ♦❞ r♦✈✐♥② α ❥❡ r♦✈♥❛ ✈③❞á❧❡♥♦st✐ t♦❤♦t♦ ❜♦❞✉ ♦❞
♣❛t② ❦♦❧♠✐❝❡ A✿ ✈❧❡✈♦ ❥❡ r♦✈✐♥❛ α ❦♦❧♠á ❦ ♥ár②s♥➙✱ ♣r♦t♦ v(M,α) = |M2A2|❀ ✈♣r❛✈♦ ❥❡
♦❜❡❝♥ý ♣➦í♣❛❞ ✖ ✈③❞á❧❡♥♦st ♠➙➦í♠❡ ♣♦ s❦❧♦♣❡♥í✿ v(M,α) = |(M)(A)|✳

P♦❞♦❜♥é t♦ ❥❡ s ♦❞❝❤②❧❦❛♠✐❀ ♥❡❥❞➦í✈ ✈➨❛❦ tr♦❝❤✉ r♦③➨í➦í♠❡ ♣♦❥❡♠ ♦❞❝❤②❧❦② ❞✈♦✉ ♣➦í♠❡❦✳
❇➙➸♥➙ t♦t✐➸ ♠②s❧í♠❡ ✭❛ ✈ý➨❡ ❥s♠❡ s❡ ♥❛✉↔✐❧✐ ♠➙➦✐t✮ ♦❞❝❤②❧❦✉ ❞✈♦✉ r➲③♥♦❜➙➸♥ý❝❤ ♣➦í♠❡❦✱ ♥✐❝♠é♥➙
✐ ✈ ♦st❛t♥í❝❤ ♣➦í♣❛❞❡❝❤ ♠á ♣♦❥❡♠ ♦❞❝❤②❧❦② ❞♦❜rý ✈ý③♥❛♠✿

• ♦❞❝❤②❧❦❛ s♣❧ý✈❛❥í❝í❝❤ ♥❡❜♦ r♦✈♥♦❜➙➸♥ý❝❤ ♣➦í♠❡❦ ❥❡ ♥✉❧♦✈á❀

• ♦❞❝❤②❧❦✉ ♠✐♠♦❜➙➸♥ý❝❤ ♣➦í♠❡❦ ❞❡✜♥✉❥❡♠❡ ❥❛❦♦ ♦❞❝❤②❧❦✉ ❧✐❜♦✈♦❧♥ý❝❤ ❞✈♦✉ r➲③♥♦❜➙➸❡❦✱
③ ♥✐❝❤➸ ❥❡❞♥❛ ❥❡ r♦✈♥♦❜➙➸♥á s ♣r✈♥í ♠✐♠♦❜➙➸❦♦✉ ❛ ❞r✉❤á s ❞r✉❤♦✉✳

❖❞❝❤②❧❦❛ ♣➦í♠❦② ♦❞ r♦✈✐♥② ❥❡ r♦✈♥❛ ♦❞❝❤②❧❝❡ ❞❛♥é ♣➦í♠❦② ♦❞ ❥❡❥í❤♦ ❦♦❧♠é❤♦ ♣r➲♠➙t✉ ❞♦
❞❛♥é r♦✈✐♥② ✭✈✐③ ♦❜r✳ ✶✷✳✷✻✮✳ P♦❦✉❞ ❥❡ ♣➦í♠❦❛ s r♦✈✐♥♦✉ r♦✈♥♦❜➙➸♥á ♥❡❜♦ ❥❡ ✈ ♥í ♦❜s❛➸❡♥á✱ ♣❛❦
♣♦❞❧❡ ♣➦❡❞❝❤♦③í r♦③➨í➦❡♥é ❞❡✜♥✐❝❡ ❞♦st❛♥❡♠❡ ✵✳ P♦❦✉❞ ❥❡ ♣➦í♠❦❛ ❦ r♦✈✐♥➙ ❦♦❧♠á✱ t❛❦➸❡ s❡ ♣r♦♠ítá
❞♦ ❜♦❞✉✱ ♣❛❦ s❛♠♦③➦❡❥♠➙ ♥❡♠➲➸❡♠❡ ♥✐❝ ♠➙➦✐t ❛ ❥❡❞♥♦❞✉➨❡ ➦❡❦♥❡♠❡✱ ➸❡ ♦❞❝❤②❧❦❛ ❥❡ 90◦✳

❖❞❝❤②❧❦❛ ❞✈♦✉ r♦✈✐♥ ❥❡ r♦✈♥❛ ♦❞❝❤②❧❝❡ ♣r➲s❡↔♥✐❝ t➙❝❤t♦ r♦✈✐♥ s ❧✐❜♦✈♦❧♥♦✉ r♦✈✐♥♦✉✱ ❦t❡rá ❥❡
❦ ♦❜➙♠❛ ❦♦❧♠á ✭✈✐③ ♦❜r✳ ✶✷✳✷✼✮✳ ❱ ♣➦í♣❛❞➙✱ ➸❡ ❥s♦✉ r♦✈✐♥② r♦✈♥♦❜➙➸♥é ♥❡❜♦ s♣❧ý✈❛❥í❝í✱ ❞♦st❛♥❡♠❡
✵❀ ✈ ♣➦í♣❛❞➙ r➲③♥♦❜➙➸♥ý❝❤ r♦✈✐♥ ❥❡ ♣♦♠♦❝♥á r♦✈✐♥❛ ♣rá✈➙ r♦✈✐♥❛ ❦♦❧♠á ❦ ❥❡❥✐❝❤ s♣♦❧❡↔♥é ♣➦í♠❝❡✳
❯✈➙❞♦♠t❡ s✐✱ ➸❡ t❛❦é t❡♥t♦ ♥á♣❛❞ ✉♠í♠❡ ❦♦♥str✉❦↔♥➙ ③r❡❛❧✐③♦✈❛t✱ ❛↔❦♦❧✐ t♦ ♣➦❡❞st❛✈✉❥❡ ❝❡❧❦❡♠
❤♦❞♥➙ ♣rá❝❡✳ ❚❡❝❤♥✐❝❦② ❥❡❞♥♦❞✉➨➨í ❥❡ r♦✈♥♦✉ ✉r↔✐t ♦❞❝❤②❧❦✉ ♥♦r♠á❧✿ ♦❞❝❤②❧❦❛ ❞✈♦✉ ♣➦í♠❡❦ ✈ r♦✲
✈✐♥➙ ❥❡ t♦t✐➸ st❡❥♥á ❥❛❦♦ ♦❞❝❤②❧❦❛ ❥❛❦ý❝❤❦♦❧✐ ❦ ♥✐♠ ❦♦❧♠ý❝❤ ♣➦í♠❡❦ ✭✈ té➸❡ r♦✈✐♥➙✮✳ ❖❞❝❤②❧❦✉
❞✈♦✉ r♦✈✐♥ t❡❞② ♠➲➸❡♠❡ ✉r↔✐t t❛❦✱ ➸❡ ✭✶✮ ♥❡❥❞➦í✈ s❡str♦❥í♠❡ ❧✐❜♦✈♦❧♥é ❦ ♥✐♠ ❦♦❧♠é ♣➦í♠❦② ❛ ✭✷✮
✉r↔í♠❡ ♦❞❝❤②❧❦✉ t➙❝❤t♦ ❦♦❧♠✐❝✳



✶✶✷ ■❱ ❩♦❜r❛③♦✈❛❝í ♠❡t♦❞②

❖❜rá③❡❦ ✶✷✳✷✻✿ ❖❞❝❤②❧❦❛ ♣➦í♠❦② p ♦❞ r♦✈✐♥② α ❥❡ r♦✈♥❛ ♦❞❝❤②❧❝❡ ♣➦í♠❡❦ p ❛ p′ ✭❂
♣r➲s❡↔♥✐❝❡ α s r♦✈✐♥♦✉ ❦ ♥í ❦♦❧♠♦✉ ❛ ♦❜s❛❤✉❥í❝í p✮✳

❖❜rá③❡❦ ✶✷✳✷✼✿ ❖❞❝❤②❧❦❛ r♦✈✐♥ α, β ❥❡ r♦✈♥❛ ♦❞❝❤②❧❝❡ ♣➦í♠❡❦ a, b ✭❂ ♣r➲s❡↔♥✐❝❡ α, β

s r♦✈✐♥♦✉ ❦♦❧♠♦✉ ❦❡ s♣♦❧❡↔♥é ♣➦í♠❝❡ α ∩ β✮✱ ❝♦➸ ❥❡ t♦té➸ ❥❛❦♦ ♦❞❝❤②❧❦❛ ♥♦r♠á❧♦✈ý❝❤
♣➦í♠❡❦ nα, nβ ✳

✶✷✳✺ ❈✈✐↔❡♥í

✭✶✮ ❙❡str♦❥t❡ st♦♣② r♦✈✐♥②✱ ❦t❡rá ❥❡ ❦♦❧♠á ❦ ❞❛♥é ♣➦í♠❝❡ ❛ ♣r♦❝❤á③í ❞❛♥ý♠ ❜♦❞❡♠✳

✭✷✮ ❯r↔❡t❡ ✈③❞á❧❡♥♦st ❞❛♥é❤♦ ❜♦❞✉ ♦❞ ❞❛♥é ♣➦í♠❦②✱ r❡s♣✳ r♦✈✐♥②✳

✭✸✮ ❯r↔❡t❡ ♦❞❝❤②❧❦✉ ❞✈♦✉ r♦✈✐♥ ❞❛♥ý❝❤ st♦♣❛♠✐✳

✭✹✮ Pr♦ ③❛❞á♥í ③❡ ❝✈✐↔❡♥í ✶✷✳✸✭✺✮ s❡str♦❥t❡ ♠♥♦❤♦ú❤❡❧♥í❦ ➦❡③✉ ✈❡ s❦✉t❡↔♥é ✈❡❧✐❦♦st✐✳✏

✭✺✮ ◆❛ ♦❜r✳ ✶✷✳✷✽ ❥s♦✉ s❞r✉➸❡♥é ♣r➲♠➙t② ♥➙❥❛❦é❤♦ t➙❧❡s❛✱ st♦♣② r♦✈✐♥② µ ❛ s❞r✉➸❡♥é ♣r➲♠➙t②
❜♦❞✉ S✳ ❙❡str♦❥t❡ st➦❡❞♦✈ý ♣r➲♠➙t t♦❤♦t♦ t➙❧❡s❛ ③ ❜♦❞✉ S ❞♦ r♦✈✐♥② µ✳ ✭P➦✐ ❦♦♥str✉❦❝✐✏
♥❡♣➦❡❤❧é❞♥➙t❡ ✉➸✐t❡↔♥♦st ♣♦♠♦❝♥ý❝❤ ú❜➙➸♥í❦➲✳✮

✭✻✮ ❯ ♣➦❡❞❝❤♦③í ú❧♦❤② ♥❛❤r❛↕t❡ st➦❡❞ S ♥➙❥❛❦ý♠ s♠➙r❡♠ ❛ s❡str♦❥t❡ r♦✈♥♦❜➙➸♥ý ♣r➲♠➙t ❞♦
r♦✈✐♥② µ✳

✶✸ ❑ót♦✈❛♥é ♣r♦♠ítá♥í

❑ót♦✈❛♥é ♣r♦♠ítá♥í ❥❡ ❦♦❧♠é ♣r♦♠ítá♥í ♥❛ ❥❡❞♥✉ ♣r➲♠➙t♥✉ s tí♠✱ ➸❡ ✈③❞á❧❡♥♦st ✭♥➙❦t❡rý❝❤✮ ❜♦❞➲
♦❞ ♣r➲♠➙t♥② ❥❡ ♥❛③♥❛↔❡♥❛ ❥❛❦♦ ❥❡❥✐❝❤ ❦ót❛✳ ❑ót② t❡❞② ♥❛❤r❛③✉❥í s❞r✉➸❡♥ý ♣r➲♠➙t ✉ ▼♦♥❣❡♦✈❛



✶✹ ❆①♦♥♦♠❡tr✐❡ ❛ ❦♦s♦ú❤❧é ♣r♦♠ítá♥í ✶✶✸

❖❜rá③❡❦ ✶✷✳✷✽✿ ❙❡str♦❥t❡ st➦❡❞♦✈ý ♣r➲♠➙t ❞❛♥é❤♦ ♦❜❥❡❦t✉ ③ ❞❛♥é❤♦ st➦❡❞✉ ❞♦ ❞❛♥é
r♦✈✐♥②✳

♣r♦♠ítá♥í✳ ❙ tí♠t♦ t②♣❡♠ ③♦❜r❛③❡♥í s❡ ♠➲➸❡♠❡ s❡t❦❛t ♥❛♣➦✳ ♥❛ t✉r✐st✐❝❦ý❝❤ ✭❛ ❥✐♥ý❝❤✮ ♠❛♣á❝❤✳
❇♦❞ ✈ ♣r♦st♦r✉ ❥❡ ✉r↔❡♥ s✈ý♠ ♣r➲♠➙t❡♠ ❛ ❦ót♦✉✳ P➦í♠❦❛ ❥❡ ✉r↔❡♥❛ ❦ót♦✈❛♥ý♠✐ ♣r➲♠➙t②

❞✈♦✉ ❜♦❞➲✱ ♣➦í♣✳ st♦♣♥í❦❡♠ ❛ ❥❡❞♥í♠ ❞❛❧➨í♠ ❦ót♦✈❛♥ý♠ ❜♦❞❡♠✳ ❘♦✈✐♥❛ ❥❡ ✉r↔❡♥❛ ❦ót♦✈❛♥ý♠✐
♣r➲♠➙t② t➦í ❜♦❞➲✱ ♣➦í♣✳ st♦♣♦✉ ❛ ❥❡❞♥í♠ ❞❛❧➨í♠ ❦ót♦✈❛♥ý♠ ❜♦❞❡♠✳ ✳ ✳

❖❜rá③❡❦ ✶✸✳✷✾✿ ❩♦❜r❛③❡♥í ❜♦❞✉✱ ♣➦í♠❦② ❛ r♦✈✐♥②✱ ❦♦♥str✉❦❝❡ st♦♣♥í❦➲ ❛ st♦♣✳ ✳ ✳

▼❡t♦❞② ➦❡➨❡♥í ③á❦❧❛❞♥í❝❤ ú❧♦❤ ✈ ❦ót♦✈❛♥é♠ ♣r♦♠ítá♥í ❛ ✈ ▼♦♥❣❡♦✈➙ ♣r♦♠ítá♥í s✐ ❥s♦✉ ✈ ♠♥♦✲
❤é♠ ♣♦❞♦❜♥é✱ t❛❦➸❡ ③♠í♥í♠❡ ❥❡♥♦♠ ♥➙❦♦❧✐❦ ♣➦í❦❧❛❞➲ ♥❛ ✉❦á③❦✉✳ ❱ ❦❛➸❞é♠ ♣➦í♣❛❞➙ s✐ ✈➸❞② ♠➲✲
➸❡♠❡ ③✈♦❧✐t ♣♦♠♦❝♥♦✉ ✭❦♦❧♠♦✉✮ ♣r➲♠➙t♥✉✱ ♣♦❞❧❡ ❦ót s❡str♦❥✐t ❞r✉❤é ♣r➲♠➙t② ✈②❜r❛♥ý❝❤ ❜♦❞➲
❛ ➦❡➨✐t ú❧♦❤✉ t❛❦✱ ❥❛❦ ❥s♠❡ ③✈②❦❧í✳ ◆❡ ✈➸❞② ❥❡ ✈➨❛❦ t❛❦♦✈ý ♣♦st✉♣ ♥✉t♥ý ❛ ↔❛st♦ ❧③❡ ♣♦st✉♣♦✈❛t
♣➦í♠♦✱ ✈✐③ ♥❛♣➦✳ ♦❜r✳ ✶✸✳✷✾✳ ❚②♣✐❝❦á ❦♦♥str✉❦❝❡✱ ❦t❡rá ✈②♣❛❞á st❡❥♥➙ ✈ ❦ót♦✈❛♥é♠ ✐ ▼♦♥❣❡♦✈➙
♣r♦♠ítá♥í✱ ❥❡ ♥❛ ♦❜r✳ ✶✷✳✷✷✳ ❉✈♦❥í ➦❡➨❡♥í ❥❡❞♥é ♣♦❧♦❤♦✈é ú❧♦❤② ❥❡ ♥❛ ♦❜r✳ ✶✸✳✸✵✳

❖❜rá③❡❦ ✶✸✳✸✵✿ Pr➲♥✐❦ r♦✈✐♥ r = α ∩ ρ s❡str♦❥❡♥ý ♣♦♠♦❝í ✭❛✮ ❤❧❛✈♥í❝❤ ♣➦í♠❡❦✱ ✭❜✮ ♣♦✲
♠♦❝♥é❤♦ ♣r➲♠➙t✉✳

✶✹ ❆①♦♥♦♠❡tr✐❡ ❛ ❦♦s♦ú❤❧é ♣r♦♠ítá♥í

❯✈❛➸♠❡ ♥➙❥❛❦♦✉ ❦❛rté③s❦♦✉ s♦✉➦❛❞♥♦✉ s♦✉st❛✈✉ ✈ ♣r♦st♦r✉ s ♣♦↔át❦❡♠ O ❛ ♦s❛♠✐ x, y, z✳ ❇♦❞
✈ ♣r♦st♦r✉ ❥❡ ❥❡❞♥♦③♥❛↔♥➙ ✉r↔❡♥ s♦✉➦❛❞♥✐❝❡♠✐ ✈③❤❧❡❞❡♠ ❦❡ ③✈♦❧❡♥é s♦✉➦❛❞♥é s♦✉st❛✈➙ ❛ ♥❛♦♣❛❦✳
❇♦❞ ❛ ❥❡❤♦ s♦✉➦❛❞♥✐❝❡ ❣❡♦♠❡tr✐❝❦② ✭t❥✳ ❜❡③ ↔ís❡❧♥é❤♦ ✈②❥❛❞➦♦✈á♥í✮ ③❛❞á✈á♠❡ ♣♦♠♦❝í ❦♦❧♠ý❝❤
♣r➲♠➙t➲ ❞♦ r♦✈✐♥ x, y ✭♣➲❞♦r②s✮ ❛ x, z ✭♥ár②s✮✳ P♦❦✉❞ ③✈♦❧í♠❡ ♥➙❥❛❦♦✉ ❞❛❧➨í r♦✈✐♥✉✱ ❦t❡rá ❥❡
✈ ♦❜❡❝♥é ♣♦❧♦③❡ ✈③❤❧❡❞❡♠ ❦ s♦✉➦❛❞♥ý♠ ♦sá♠✱ ♣❛❦ r♦✈♥♦❜➙➸♥é ♣r♦♠ítá♥í ❞♦ t❛❦♦✈é r♦✈✐♥② ❥❡ t③✈✳
❛①♦♥♦♠❡tr✐❡✱ ❛ t✉ ♣♦❞❧❡ s♠➙r✉ ♣r♦♠ítá♥í r♦③❧✐➨✉❥❡♠❡ ♥❛ ❦♦❧♠♦✉ ❛ ➨✐❦♠♦✉✳

❆①♦♥♦♠❡tr✐❡ ❥❡ t❡❞② ♦❜②↔❡❥♥é r♦✈♥♦❜➙➸♥é ♣r♦♠ítá♥í ♥❛ ❥❡❞♥✉ ♣r➲♠➙t♥✉✱ ♥✐❝♠é♥➙ ③ ú✈♦❞✉
✭❛ ♥á③✈✉✮ s❡ ❞á ♦❞t✉➨✐t✱ ➸❡ ♣➦✐ tét♦ ③♦❜r❛③♦✈❛❝í ♠❡t♦❞➙ s❡ ❜✉❞❡♠❡ s♦✉st➦❡❞✐t ♥❛ ♦tá③❦✉ ♠➙➦❡♥í
✭✲♠❡tr✐❡✮✱ ③❡❥♠é♥❛ ♣♦❞é❧ ♦s ✭❛①♦♥♦✲✮✳ ❱③♣♦♠❡➡t❡✱ ➸❡ ♣r♦❜❧é♠ ♠➙➦❡♥í ✈❡ ✈♦❧♥é♠ r♦✈♥♦❜➙➸♥é♠
♣r♦♠ítá♥í✱ ❥❛❦ ❥s♠❡ ❥❡ ♣➦❡❞st❛✈✐❧✐ ✈ ♣♦❞❦❛♣✐t♦❧❡ ✶✶✱ ❥❡ t❡♦r❡t✐❝❦② ❝❡❧❦❡♠ ❥❛s♥ý✱ ❛❧❡ ♣r❛❦t✐❝❦②
♣♦♥➙❦✉❞ ♦tr❛✈♥ý ✭♦♣❛❦♦✈❛♥é ♣➦❡♥á➨❡♥í ❞➙❧✐❝í❝❤ ♣♦♠➙r➲✮✳ ❩á❦❧❛❞♥í♠ ❛①♦♥♦♠❡tr✐❝❦ý♠ ú❦♦❧❡♠ ❥❡



✶✶✹ ■❱ ❩♦❜r❛③♦✈❛❝í ♠❡t♦❞②

♥❛❥ít ♥➙❥❛❦♦✉ r②❝❤❧♦✉ ❛ t❡❝❤♥✐❝❦② ♣♦❤♦❞❧♥♦✉ ❦♦r❡s♣♦♥❞❡♥❝✐ ♠❡③✐ ▼♦♥❣❡♦✈② s❞r✉➸❡♥ý♠✐ ♣r➲✲
♠➙t② ❜♦❞✉ ❛ ❥❡❤♦ ❛①♦♥♦♠❡tr✐❝❦ý♠ ♣r➲♠➙t❡♠✳ ❚❛t♦ ❦♦r❡s♣♦♥❞❡♥❝❡✱ ♣♦❥♠❡♥♦✈❛♥á ❥❛❦♦ ③á➦❡③♦✈á
♠❡t♦❞❛✱ ❥❡ ♦❞✈♦③❡♥❛ ✈ ♦❞st✳ ✶✹✳✶ ❛ ♣♦s❧é③❡ ③♦❜❡❝♥➙♥❛ ✈ ♦❞st✳ ✶✹✳✷✳

▼❡③♥í♠ ♣➦í♣❛❞❡♠ ✭➨✐❦♠é✮ ❛①♦♥♦♠❡tr✐❡ ❥❡ t③✈✳ ❦♦s♦ú❤❧é ♣r♦♠ítá♥í✱ ❦❞② ♣r♦♠ítá♠❡ ➨✐❦♠♦ ❞♦
r♦✈✐♥② x, z ✭▼♦♥❣❡♦✈❛ ♥ár②s♥❛✮✳ ❖ t♦♠t♦ ♣r♦♠ítá♥í s❡ ❧❡t♠♦ ③♠í♥í♠❡ ✈ ♦❞st✳ ✶✹✳✸✳

✶✹✳✶ ❑♦❧♠á ❛①♦♥♦♠❡tr✐❡

❑♦❧♠á ❛①♦♥♦♠❡tr✐❡ ❥❡ ú♣❧♥➙ ✉r↔❡♥❛ r♦✈✐♥♦✉ ❛①♦♥♦♠❡tr✐❝❦é ♣r➲♠➙t♥②✳ ❱③❤❧❡❞❡♠ ❦ ♣♦♠♦❝♥ý♠
▼♦♥❣❡♦✈ý♠ ♣r➲♠➙t♥á♠ t✉t♦ ♣r➲♠➙t♥✉ ③❛❞á✈á♠❡ st♦♣❛♠✐ ♥❡❜♦ ♣♦♠♦❝í ♣r➲s❡↔í❦➲ s❡ s♦✉➦❛❞♥ý♠✐
♦s❛♠✐✳ ❚r♦❥ú❤❡❧♥í❦ ✉r↔❡♥ý t➙♠✐t♦ ♣r➲s❡↔í❦② ❥❡ t③✈✳ ❛①♦♥♦♠❡tr✐❝❦ý tr♦❥ú❤❡❧♥í❦✳ ❑♦❧♠á ❛①♦♥♦♠❡tr✐❡
❜ý✈á ③♣r❛✈✐❞❧❛ ③❛❞á♥❛ ♣rá✈➙ ❛①♦♥♦♠❡tr✐❝❦ý♠ tr♦❥ú❤❡❧♥í❦❡♠✳

❆①♦♥♦♠❡tr✐❝❦ý tr♦❥ú❤❡❧♥í❦ ❛ ❞➲❧❡➸✐té ♣♦st➦❡❤②

◆❛ ♦❜r✳ ✶✹✳✸✶ ❥❡ ♣➦❡❞st❛✈❡♥♦✱ ❥❛❦ ❧③❡ s❡str♦❥✐t ❛①♦♥♦♠❡tr✐❝❦ý tr♦❥ú❤❡❧♥í❦ ❛ ♣r➲♠➙t② s♦✉➦❛❞♥ý❝❤
♦s✱ ❛ t♦ ✈ý❤r❛❞♥➙ s ❞♦✈❡❞♥♦st♠✐✱ ❦t❡ré ❥s♠❡ s❡ ♥❛✉↔✐❧✐ ✈ ♣♦❞❦❛♣✐t♦❧❡ ✶✷✿

✭✶✮ ❛①♦♥♦♠❡tr✐❝❦ý ♣r➲♠➙t ♣♦↔át❦✉ ❥❡ s❡str♦❥❡♥ ❥❛❦♦ ♣r➲♥✐❦ ♣r♦♠ít❛❝í❤♦ ♣❛♣rs❦✉ ❥❞♦✉❝í❤♦ tí♠t♦
❜♦❞❡♠ s ❞❛♥♦✉ r♦✈✐♥♦✉✱

✭✷✮ ♣♦té s❡ r♦✈✐♥❛ ♦t♦↔í ❦♦❧❡♠ ♣➲❞♦r②s♥é st♦♣② ❞♦ ♣➲❞♦r②s♥②✳

P➦✐t♦♠ s✐ ✉✈➙❞♦♠✉❥❡♠❡✱ ➸❡ ▼♦♥❣❡♦✈② ♣r➲♠➙t② ♣r♦♠ít❛❝í❤♦ ♣❛♣rs❦✉ ❥s♦✉ ❦♦❧♠é ❦❡ st♦♣á♠ r♦✈✐♥②✳
P♦❞♦❜♥➙ ❜② s❡ ❞❛❧ s❡str♦❥✐t ♣r➲♠➙t ❥❛❦é❤♦❦♦❧✐ ❜♦❞✉ ✈ ♣r♦st♦r✉✱ ✈✐③ ❝✈✐↔❡♥í ✶✷✳✺✭✻✮✳

❖❜rá③❡❦ ✶✹✳✸✶✿ ❑♦❧♠á ❛①♦♥♦♠❡tr✐❡ ❥❡ ❞á♥❛ st♦♣❛♠✐ ❛①♦♥♦♠❡tr✐❝❦é ♣r➲♠➙t♥②❀ s❡str♦❥❡♥
❛①♦♥♦♠❡tr✐❝❦ý tr♦❥ú❤❡❧♥í❦ ❛ ♣r➲♠➙t② ♦s♦✈é❤♦ ❦➦í➸❡✳ ✳ ✳

❩ú➸í♠❡✲❧✐ s❡ ♣♦✉③❡ ♥❛ ❜♦❞② ✈ ▼♦♥❣❡♦✈➙ ♣➲❞♦r②s♥➙✱ ❞♦stá✈á♠❡ ❦♦r❡s♣♦♥❞❡♥❝✐✱ ❦t❡rá ❥❡ ③➦❡❥♠➙
❛✜♥♥í♠ ③♦❜r❛③❡♥í♠ ✭s❧♦➸❡♥í ❞✈♦✉ ❛✜♥♥í❝❤ ③♦❜r❛③❡♥í✮ ❛ ♠á st♦♣✉ p ❥❛❦♦ ♣➦í♠❦✉ s❛♠♦❞r✉➸♥ý❝❤
❜♦❞➲✳ ❚♦ ❥❡ s❛♠♦③➦❡❥♠➙ ♥❛➨❡ ♦❜❧í❜❡♥á ♦s♦✈á ❛✜♥✐t❛✱ ❥❡❥í➸ ♦s♦✉ ❥❡ st♦♣❛ p✱ s♠➙r ❥❡ ❦♦❧♠ý ♥❛ p

❛ ♦❜r❛③ ❧✐❜♦✈♦❧♥é❤♦ ❜♦❞✉ ❥❡ ❞á♥ ♦❜r❛③❡♠ ♣♦↔át❦✉ O✳



✶✹ ❆①♦♥♦♠❡tr✐❡ ❛ ❦♦s♦ú❤❧é ♣r♦♠ítá♥í ✶✶✺

P♦❞♦❜♥ý ✈③t❛❤ s❛♠♦③➦❡❥♠➙ ♣❧❛tí t❛❦é ♠❡③✐ ▼♦♥❣❡♦✈ý♠ ❛ ❛①♦♥♦♠❡tr✐❝❦ý♠ ♥ár②s❡♠✱ ♣➦í♣✳
❜♦❦♦r②s❡♠✳ ❖❞t✉❞ ♣❧②♥❡✱ ➸❡ ♣r➲♠➙t ♣♦↔át❦✉ ❥❡ ♣rá✈➙ ♣r➲s❡↔í❦❡♠ ✈ý➨❡❦ ❛①♦♥♦♠❡tr✐❝❦é❤♦
tr♦❥ú❤❡❧♥í❦✉✳✷

❩á➦❡③♦✈á ♠❡t♦❞❛

❚②♣✐❝❦② ❥❡ ❦♦❧♠á ❛①♦♥♦♠❡tr✐❡ ③❛❞á♥❛ ❛①♦♥♦♠❡tr✐❝❦ý♠ tr♦❥ú❤❡❧♥í❦❡♠ ❛ ♥✐❦♦❧✐ st♦♣❛♠✐ ❥❛❦♦ ♥❛
♦❜r✳ ✶✹✳✸✶✳ ❩ ♣➦❡❞❝❤♦③í❤♦ ✈í♠❡✱ ➸❡ ♣r➲♠➙t ♣♦↔át❦✉ ❥❡ ♣r➲s❡↔í❦❡♠ ✈ý➨❡❦ t♦❤♦t♦ tr♦❥ú❤❡❧♥í❦✉
❛ ✈③t❛❤ ♠❡③✐ ▼♦♥❣❡♦✈ý♠ ❛ ❛①♦♥♦♠❡tr✐❝❦ý♠ ♣➲❞♦r②s❡♠ ✭r❡s♣✳ ♥ár②s❡♠✮ ❥❡ ♦s♦✈á ❛✜♥✐t❛✳ ❑ ❥❡❞✲
♥♦③♥❛↔♥é♠✉ ✉r↔❡♥í tét♦ ♦s♦✈é ❛✜♥✐t② st❛↔í s❡str♦❥✐t ❜♦❞ ♦❞♣♦✈í❞❛❥í❝í ♣♦↔át❦✉✳ ❚❡♥ ❧❡➸í ♥❛ ❦♦❧♠✐❝✐
❦❡ st♦♣➙ ❛ s♦✉↔❛s♥➙ ♥❛ ♣♦♠♦❝♥é ❚❤❛❧❡t♦✈➙ ❦r✉➸♥✐❝✐ ✭❛❜② ▼♦♥❣❡♦✈② ♣r➲♠➙t② ♦s ❜②❧② ❦♦❧♠é✮✱ ✈✐③
♦❜r✳ ✶✹✳✸✷✳

❖❜rá③❡❦ ✶✹✳✸✷✿ ❬▼❡❪ ❑♦❧♠á ❛①♦♥♦♠❡tr✐❡ ❥❡ ❞á♥❛ ❛①♦♥♦♠❡tr✐❝❦ý♠ tr♦❥ú❤❡❧♥í❦❡♠❀ s❡✲
str♦❥❡♥ ♦s♦✈ý ❦➦í➸✱ ❥❡❞♥♦t❦② ♥❛ ♦sá❝❤ ❛ ♣r➲♠➙t ❜♦❞✉ A✳ ✳ ✳

◆❛ t♦♠t♦ ♦❜rá③❦✉ s✐ ♠➲➸❡♠❡ ✈➨✐♠♥♦✉t✱ ➸❡ ❜♦❞② A1o, A1, Aa ❧❡➸í ♥❛ ❥❡❞♥é ♣➦í♠❝❡✱ ❦t❡rá ❥❡
❦♦❧♠á ♥❛ p ✭t❥✳ ✈❡ s♠➙r✉ za✮❀ ❜♦❞ A1o ❥❡ ▼♦♥❣❡➲✈ ♣➲❞♦r②s✱ A1 ❥❡ ❛①♦♥♦♠❡tr✐❝❦ý ♣➲❞♦r②s ❛ Aa

❥❡ ❛①♦♥♦♠❡tr✐❝❦ý ♣r➲♠➙t ❜♦❞✉ A✳ P♦❞♦❜♥➙ ❥❡ t♦ s tr♦❥✐❝í A2o, A2, Aa✳ ✳ ✳ ❖❞t✉❞ ♣❧②♥❡ s❧✐❜♦✈❛♥á
❜❧❡s❦✉r②❝❤❧á ❦♦♥str✉❦❝❡ ❛①♦♥♦♠❡tr✐❝❦é❤♦ ♣r➲♠➙t✉ ❧✐❜♦✈♦❧♥é❤♦ ❜♦❞✉ A✿

✭✶✮ ✉♠ístí♠❡ ▼♦♥❣❡➲✈ ♣➲❞♦r②s✱ r❡s♣✳ ♥ár②s ❜♦❞✉ A ✈③❤❧❡❞❡♠ ❦ ♦t♦↔❡♥ý♠ ♦sá♠ xo, yo✱ r❡s♣✳
xo, zo✱

✭✷✮ ✈❡❞❡♠❡ ❦♦❧♠✐❝❡ ③ t➙❝❤t♦ ❜♦❞➲ ❦ ♦❞♣♦✈í❞❛❥í❝í♠ st♦♣á♠ ❛①♦♥♦♠❡tr✐❝❦é❤♦ tr♦❥ú❤❡❧♥í❦✉ ✭t❥✳ ✈❡
s♠➙r✉ ❛①♦♥♦♠❡tr✐❝❦ý❝❤ ♣r➲♠➙t➲ ♣➦ís❧✉➨♥ý❝❤ ♦s✮✱

✭✸✮ ❛①♦♥♦♠❡tr✐❝❦ý ♣r➲♠➙t ❜♦❞✉ A ❥❡ ♣r➲s❡↔í❦❡♠ t➙❝❤t♦ ❦♦❧♠✐❝✳

❯✈➙❞♦♠t❡ s✐✱ ➸❡ ♣➦✐ tét♦ ❦♦♥str✉❦❝✐ ❥❡ ❝❡❧❦❡♠ ❥❡❞♥♦✱ ♥❛ ❦t❡r♦✉ str❛♥✉ ♦tá↔í♠❡ ♣♦♠♦❝♥é ♣r➲♠➙t♥②✳
❙t❡❥♥➙ t❛❦ s✐ ♠➲➸❡♠❡ ♣♦♠♦❝♥é ▼♦♥❣❡♦✈② ♣r➲♠➙t② ♣♦s✉♥♦✉t ✈ ✉✈❡❞❡♥é♠ s♠➙r✉ ❧✐❜♦✈♦❧♥➙ ❞❛✲
❧❡❦♦✱ ❛❜② s❡ ♥á♠ ♥❡♣➦❡❦rý✈❛❧② ♣♦♠♦❝♥é ↔ár② s t➙♠✐ ♣♦❞st❛t♥ý♠✐✳ ❚♦♠✉t♦ ③♣➲s♦❜✉ ❦♦♥str✉❦❝❡
❛①♦♥♦♠❡tr✐❝❦é❤♦ ♣r➲♠➙t✉ s❡ ➦í❦á ③á➦❡③♦✈á ♠❡t♦❞❛✳ ❚②♣✐❝❦♦✉ ❛♣❧✐❦❛❝✐ tét♦ ♠❡t♦❞② ♥❛❥❞❡t❡ ♥❛
♦❜r✳ ✶✹✳✸✸✱ ♣➦í♣✳ ✈ ♣➦í❧♦③❡ ♥❛ str✳ ✶✼✺✳

✷❯♠í♠❡ ③❞➲✈♦❞♥✐t ✐ ♣➦í♠♦ s ♦❞❦❛③❡♠ ♥❛ ✈➙t✉ ♥❛ str✳ ✶✶✵✿ ♣r♦♠ítá♠❡ ❦♦❧♠♦ ❛ ♦s❛ z ❥❡ ❦♦❧♠á ❦ r♦✈✐♥➙ x, y✱
t❡❞② ✐ ❦ ♣➦í♠❝❡ p✱ ✳ ✳ ✳



✶✶✻ ■❱ ❩♦❜r❛③♦✈❛❝í ♠❡t♦❞②

❖❜rá③❡❦ ✶✹✳✸✸✿ ❑♦❧♠ý ❛①♦♥♦♠❡tr✐❝❦ý ♣r➲♠➙t t➙❧❡s❛ ③ ♦❜r✳ ✶✶✳✷ ♣♦♠♦❝í ③á➦❡③♦✈é ♠❡t♦❞②✳

P♦③♥á♠❦②

❉♦s✉❞ ❥s♠❡ ❞✐s❦✉t♦✈❛❧✐ ♥➙❦♦❧✐❦ ♠♦➸♥♦stí ❦♦♥str✉❦❝❡ ❛①♦♥♦♠❡tr✐❝❦é❤♦ ♣r➲♠➙t✉ ❜♦❞✉ ❞❛♥é❤♦
▼♦♥❣❡♦✈ý♠✐ s❞r✉➸❡♥ý♠✐ ♣r➲♠➙t②✱ r❡s♣✳ s♦✉➦❛❞♥✐❝❡♠✐✳ ❯✈➙❞♦♠t❡ s✐✱ ➸❡ t❡♥t♦ ♣r♦❝❡s ❥❡ ✈➸❞②
↔✐t❡❧♥ý ✈ ♦❜♦✉ s♠➙r❡❝❤✿ ♣♦❧♦❤❛ ❦❛➸❞é❤♦ ❜♦❞✉ ✈ ♣r♦st♦r✉ ❥❡ ❞á♥❛ ❥❡❤♦ ❛①♦♥♦♠❡tr✐❝❦ý♠ ♣r➲✲
♠➙t❡♠ s♣♦❧✉ s ❥❡❤♦ ❛①♦♥♦♠❡tr✐❝❦ý♠ ♣➲❞♦r②s❡♠❀ ♦❞t✉❞ ❧③❡ ✈➸❞② ❞♦♣❧♥✐t ❛①♦♥♦♠❡tr✐❝❦ý ♥ár②s✱
♣➦í♣✳ ❜♦❦♦r②s ❜♦❞✉❀ ♣♦♠♦❝í ✈ý➨❡ ♣♦♣s❛♥é ❦♦r❡s♣♦♥❞❡♥❝❡ ✭♦s♦✈á ❛✜♥✐t❛✱ ✈✐③ ♦❜r✳ ✶✹✳✸✷✮ ✉♠í♠❡
s❡str♦❥✐t ▼♦♥❣❡➲✈ ♣➲❞♦r②s✱ ♥ár②s✱ ♣➦í♣✳ ❜♦❦♦r②s t♦❤♦t♦ ❜♦❞✉✱ t❥✳ ❥❡❤♦ s♦✉➦❛❞♥✐❝❡✳

❍❧❛✈♥í ✈ý❤♦❞♦✉ ➦❡➨❡♥í ú❧♦❤ ✈ ❦♦❧♠é ❛①♦♥♦♠❡tr✐✐ ❥❡✱ ➸❡ ♣r❛❝✉❥❡♠❡ s ❤♦❞♥➙ ♥á③♦r♥ý♠✐ ♦❜rá③❦②
✭❛s♣♦➡ ♣r♦ ♠❛❧á ♠➙➦ít❦❛✮ ❛ s♦✉↔❛s♥➙ ❥s♠❡ s❝❤♦♣♥✐ ✈❡❧✐❝❡ ❤♦s♣♦❞ár♥➙ r❡❛❧✐③♦✈❛t ❝❡❧❦❡♠ ❥❛❦é❦♦❧✐
♠➙➦❡♥í✳ ❱➨❡❝❤♥② ③á❦❧❛❞♥í ú❧♦❤②✱ ❦t❡ré ❥s♠❡ ③♠✐➡♦✈❛❧✐ ✈ ♣♦❞❦❛♣✐t♦❧❡ ✶✷✱ ❥❡ ♥②♥í ♠♦➸♥é ♣➦❡✈②♣rá✈➙t
✈ tét♦ ③♦❜r❛③♦✈❛❝í ♠❡t♦❞➙✳ ▼② ❥s♠❡ s❧✐❜♦✈❛❧✐✱ ➸❡ t♦ ❞➙❧❛t ♥❡❜✉❞❡♠❡✱ ❛✈➨❛❦ ♥❛ ✉❦á③❦✉ ✉✈á❞í♠❡
❛s♣♦➡ ❥❡❞♥✉ ③á❦❧❛❞♥í ú❧♦❤✉✱ ✈✐③ ♦❜r✳ ✶✹✳✸✹ ✭❛➸ ♥❛ ③♥❛↔❡♥í ❛ ✈③á❥❡♠♥♦✉ ♣♦❧♦❤✉ ③❛❞á✈❛❥í❝í❝❤
♦❜❥❡❦t➲ s❡ ❥❡❞♥á ♣rá✈➙ ♦ ú❧♦❤✉ ➦❡➨❡♥♦✉ ♥❛ ♦❜r✳ ✶✷✳✶✶✱ r❡s♣✳ ♦❜r✳ ✶✶✳✺✮✳



✶✹ ❆①♦♥♦♠❡tr✐❡ ❛ ❦♦s♦ú❤❧é ♣r♦♠ítá♥í ✶✶✼

❖❜rá③❡❦ ✶✹✳✸✹✿ ❬▼❡❪ Pr➲♥✐❦ ♣➦í♠❦② k ❛ r♦✈✐♥② ρ = ABC✿
✭✶✮ l ❥❡ ❦r②❝í ♣➦í♠❦❛ ♣r♦ s♠➙r ❦♦❧♠ý ❦ ♣➲❞♦r②s♥➙ ✭l1 = k1✮✱
✭✷✮ ❥❡❥í ❛①♦♥♦♠❡tr✐❝❦ý ♣r➲♠➙t ❥❡ ✉r↔❡♥ ❜♦❞② L,L′✱
✭✸✮ ❜♦❞ R = k ∩ l ❥❡ ♣rá✈➙ ❤❧❡❞❛♥ý♠ ♣r➲♥✐❦❡♠ k ∩ ρ✳

✶✹✳✷ ➆✐❦♠á ❛①♦♥♦♠❡tr✐❡

❘♦③❞í❧ ♠❡③✐ ❦♦❧♠♦✉ ❛ ➨✐❦♠♦✉ ❛①♦♥♦♠❡tr✐í ❥❡ ❥❡♥♦♠ ✈❡ s♠➙r✉ ♣r♦♠ítá♥í ✈③❤❧❡❞❡♠ ❦ ❛①♦♥♦♠❡tr✐❝❦é
♣r➲♠➙t♥➙✳ ◆❡❜✉❞❡♠❡ t❡❞② ♦♣❛❦♦✈❛t ✈➨❡❝❤♥♦✱ ❝♦ ❥s♠❡ ➦í❦❛❧✐ ✈ ♣➦❡❞❝❤♦③í❝❤ ♦❞st❛✈❝í❝❤✱ ♣♦✉③❡
③❢♦r♠✉❧✉❥❡♠❡ ♥➙❦♦❧✐❦ ♣♦③♥á♠❡❦✳

➆✐❦♠á ❛①♦♥♦♠❡tr✐❡ ❥❡ ③❝❡❧❛ ✉r↔❡♥❛ ❛①♦♥♦♠❡tr✐❝❦ý♠ tr♦❥ú❤❡❧♥í❦❡♠ ❛ ♦❜r❛③❡♠ ♣♦↔át❦✉✳ ❑♦r❡✲
s♣♦♥❞❡♥❝❡ ♠❡③✐ ❛①♦♥♦♠❡tr✐❝❦ý♠ ♣➲❞♦r②s❡♠ ❛ ♦t♦↔❡♥ý♠ ✭▼♦♥❣❡♦✈ý♠✮ ♣➲❞♦r②s❡♠ ❥❡ ♦♣➙t ♦s♦✈á
❛✜♥✐t❛✱ ❥❡❥í➸ ♦s♦✉ ❥❡ ♣➲❞♦r②s♥á st♦♣❛ p✱ ❛❦♦rát s♠➙r tét♦ ❛✜♥✐t② ♥❡♠✉sí ❜ýt ❦♦❧♠ý ❦❡ st♦♣➙
p✳ P♦❞♦❜♥➙ ❥❡ t♦ s ♥ár②s② ❛ ❜♦❦♦r②s②✳ ❖❞t✉❞ ❧③❡ r♦✈♥➙➸ ♦❞✈♦❞✐t ③á➦❡③♦✈♦✉ ♠❡t♦❞✉ ❦♦♥str✉❦❝❡
❛①♦♥♦♠❡tr✐❝❦é❤♦ ♣r➲♠➙t✉ ③ ▼♦♥❣❡♦✈ý❝❤ ✭✈❤♦❞♥➙ ✉♠íst➙♥ý❝❤✮ s❞r✉➸❡♥ý❝❤ ♣r➲♠➙t➲✳ ✳ ✳

Pr♦ r②❝❤❧é ❛ ♥á③♦r♥é ③♦❜r❛③❡♥í ♥➙❥❛❦é❤♦ ♦❜❥❡❦t✉ ❞❛♥é❤♦ s✈ý♠✐ s❞r✉➸❡♥ý♠✐ ♣r➲♠➙t② s❡ ✉➸í✈á
♣rá✈➙ t♦❤♦t♦ ♣♦st✉♣✉ s tí♠✱ ➸❡ ▼♦♥❣❡♦✈② ♣r➲♠➙t② ✉♠✐s➫✉❥❡♠❡ ❞♦ ♥á❦r❡s♥② ú♣❧♥➙ ❧✐❜♦✈♦❧♥➙ ♣♦❞❧❡
✈❧❛st♥í❤♦ ✉✈á➸❡♥í✳ ❱ t♦♠t♦ ♣➦í♣❛❞➙ ♥❡❥s♦✉ ♣r➲♠➙t♥❛ ❛♥✐ s♠➙r ♣r♦♠ítá♥í ♣➦❡❞❡♠ s♣❡❝✐✜❦♦✈á♥②✱
❥❡❞♥á s❡ t❡❞② ♦ ❥❛❦és✐ ✈♦❧♥é r♦✈♥♦❜➙➸♥é ♣r♦♠ítá♥í✱ ♦✈➨❡♠ ③❛❞❛♥é ♣♦♥➙❦✉❞ ♥❡♦❜✈②❦❧ý♠ ③♣➲s♦❜❡♠✳
P➦í❦❧❛❞ t❛❦♦✈é ❦♦♥str✉❦❝❡ ❥❡ ♥❛ ♦❜r✳ ✶✹✳✸✺✳

❩ ✉✈❡❞❡♥é❤♦ ❥❡ ♣❛tr♥é✱ ➸❡ t❛t♦ ♠❡t♦❞❛ ❥❡ ✈❤♦❞♥á ③❡❥♠é♥❛ ♣r♦ ③♦❜r❛③♦✈á♥í ❤r❛♥❛tý❝❤ t➙❧❡s❀
♦ ③♦❜r❛③♦✈á♥í ♦❜❧ý❝❤ t➙❧❡s s❡ ③♠í♥í♠❡ ③á❤②✱ ✈✐③ ♦❞st✳ ✶✼✳✹✳

✶✹✳✸ ❑♦s♦ú❤❧é ♣r♦♠ítá♥í

❙♣❡❝✐á❧♥í♠✱ r❡s♣✳ ♠❡③♥í♠ ♣➦í♣❛❞❡♠ ➨✐❦♠é ❛①♦♥♦♠❡tr✐❡ ❥❡ t③✈✳ ❦♦s♦ú❤❧é ♣r♦♠ítá♥í✱ ❦❞② ❤❧❛✈♥í
♣r➲♠➙t♥❛ s♣❧ý✈á s ▼♦♥❣❡♦✈♦✉ ♥ár②s♥♦✉✳ ❚♦ ③♥❛♠❡♥á✱ ➸❡ ♦s② x ❛ z ✈ ♣r➲♠➙t✉ ♦s♦✈é❤♦ ❦➦í➸❡
s✈ír❛❥í ♣r❛✈ý ú❤❡❧✳ ❑♦s♦ú❤❧é ♣r♦♠ítá♥í ❥❡ ③❝❡❧❛ ✉r↔❡♥♦ s♠➙r❡♠ ♣r♦♠ítá♥í✱ ❦t❡rý ✈➨❛❦ t❡♥t♦❦rát
✖ ♥❛ r♦③❞í❧ ♦❞ ♦❜❡❝♥é ❛①♦♥♦♠❡tr✐❡ ✖ ♥❡♥í ③❛❞á♥ ♦❜r❛③❡♠ ♣♦↔át❦✉✱ ♣r♦t♦➸❡ t❡♥ ❧❡➸í ♣➦í♠♦
✈ ♣r➲♠➙t♥➙✳

◆❛ ♦❜r✳ ✶✹✳✸✻ ❥❡ ♥❛③♥❛↔❡♥❛ ❦♦♥str✉❦❝❡ ❦♦s♦ú❤❧é❤♦ ♣r➲♠➙t✉ ♦❜❡❝♥é❤♦ ❜♦❞✉ ✈ ♣r♦st♦r✉ ♣r♦
③❛❞❛♥ý s♠➙r ♣r♦♠ítá♥í✳ Pr➲♠➙t❡♠ ❥❡ ♣rá✈➙ ♥ár②s♥ý st♦♣♥í❦ ♣➦í♠❦② ✉r↔❡♥é tí♠t♦ ❜♦❞❡♠ ❛ s♠➙✲
r❡♠ ♣r♦♠ítá♥í✦ ❩ú➸í♠❡✲❧✐ ♥❛➨❡ ♣r♦♠ítá♥í ♣♦✉③❡ ♥❛ ❜♦❞② ✈ ♣➲❞♦r②s♥➙✱ ♣♦③♦r✉❥❡♠❡ ♦♣➙t ❛✜♥✐t✉✱
❥❡➸ ♠á ♦s✉ x ❥❛❦♦ ♣➦í♠❦✉ s❛♠♦❞r✉➸♥ý❝❤ ❜♦❞➲✳ ❑♦r❡s♣♦♥❞❡♥❝❡ ♠❡③✐ ▼♦♥❣❡♦✈ý♠ ❛ ❦♦s♦ú❤❧ý♠
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❖❜rá③❡❦ ✶✹✳✸✺✿ ❬▼❡❪ ❱♦❧♥ý r♦✈♥♦❜➙➸♥ý ♣r➲♠➙t ♥➙❥❛❦é s♦✉↔ást❦② ♣♦♠♦❝í ③á➦❡③♦✈é ♠❡✲
t♦❞②✳

♣➲❞♦r②s❡♠ ❥❡ t❡❞② ♦s♦✈á ❛✜♥✐t❛✱ ❥❡➸ ❥❡ ③❝❡❧❛ ✉r↔❡♥❛ ♦s♦✉ x ❛ ❧✐❜♦✈♦❧♥♦✉ ❞✈♦❥✐❝í ♦❞♣♦✈í❞❛❥í❝í❝❤
s✐ ❜♦❞➲ ✭A1 ❛ Ak

1
✮✳ P♦❞♦❜♥ý ✈③t❛❤ ♣❧❛tí t❛❦é ♠❡③✐ ▼♦♥❣❡♦✈ý♠ ❛ ❦♦s♦ú❤❧ý♠ ❜♦❦♦r②s❡♠❀ ✈③t❛❤

♠❡③✐ ▼♦♥❣❡♦✈ý♠ ❛ ❦♦s♦ú❤❧ý♠ ♥ár②s❡♠ ❥❡ s❛♠♦③➦❡❥♠➙ ✐❞❡♥t✐t❛✳

❖❜rá③❡❦ ✶✹✳✸✻✿ ❑♦s♦ú❤❧é ♣r♦♠ítá♥í ❥❡ ❞á♥♦ s♠➙r❡♠ s❀ s❡str♦❥❡♥ ❦♦s♦ú❤❧ý ♣r➲♠➙t ❜♦❞✉
A ❥❛❦♦➸t♦ st♦♣♥í❦ ♣r♦♠ít❛❝í❤♦ ♣❛♣rs❦✉✳

◆❛ ♦❜r✳ ✶✹✳✸✼ ❥❡ ③♦❜r❛③❡♥ ♣r➲♠➙t ♦s♦✈é❤♦ ❦➦í➸❡ s ❥❡❞♥♦t❦❛♠✐ ♥❛ ♦sá❝❤✱ ❝♦➸ ❥❡❞♥♦③♥❛↔♥➙ ✉r↔✉❥❡
♥➙❥❛❦é r♦✈♥♦❜➙➸♥é ♣r♦♠ítá♥í✳ Pr♦t♦➸❡ ♣r➲♠➙t② ♦s x ❛ z ❥s♦✉ ❦♦❧♠é ❛ ❥❡❞♥♦t❦② ♥❛ t➙❝❤t♦ ♦sá❝❤
❥s♦✉ st❡❥♥é✱ ❥❡ tí♠t♦ ③♣➲s♦❜❡♠ ③❛❞á♥♦ ♣rá✈➙ ❦♦s♦ú❤❧é ♣r♦♠ítá♥í✳ ❑♦s♦ú❤❧ý ♣➲❞♦r②s ❜♦❞✉ A ❥❡
s❡str♦❥❡♥ ♣♦♠♦❝í ✈ý➨❡ ♣♦♣s❛♥é ♦s♦✈é ❛✜♥✐t②✱ ❦♦s♦ú❤❧ý ♣r➲♠➙t ❥❡ ❞♦♣❧♥➙♥ ③ ♥ár②s✉✳ ✳ ✳

❑♦♠♣❧❡①♥➙❥➨í ú❧♦❤② ➦❡➨❡♥é ✈ ❦♦s♦ú❤❧é♠ ♣r♦♠ítá♥í ❤❧❡❞❡❥t❡ ✈❡ ❝✈✐↔❡♥í❝❤ ♥❡❜♦ ✈ ♣♦❞❦❛♣✐t♦❧❡
✶✼✳ ❏❡❞❡♥ ♥á③♦r♥ý ♣➦í❦❧❛❞ ❥❡ ♥❛ ♦❜r✳ ✶✹✳✸✽✳



✶✺ P❡rs♣❡❦t✐✈❛ ✶✶✾

❖❜rá③❡❦ ✶✹✳✸✼✿ ❑♦s♦ú❤❧é ♣r♦♠ítá♥í ❥❡ ❞á♥♦ ♦❜r❛③❡♠ ❜♦❞✉ Y ♥❛ ♦s❡ y❀ s❡str♦❥❡♥ ❦♦s♦ú❤❧ý
♣r➲♠➙t ❜♦❞✉ A ♣♦♠♦❝í ♦s♦✈é ❛✜♥✐t② ♠❡③✐ ▼♦♥❣❡♦✈ý♠ ❛ ❦♦s♦ú❤❧ý♠ ♣➲❞♦r②s❡♠✳

❖❜rá③❡❦ ✶✹✳✸✽✿ ❑♦s♦ú❤❧ý ♣r➲♠➙t t➙❧❡s❛ ③ ♦❜r✳ ✶✶✳✷✳

✶✹✳✹ ❈✈✐↔❡♥í

✭✶✮ Pr♦ ③❛❞á♥í ❥❛❦♦ ♥❛ ♦❜rá③❦✉ ♦❜r✳ ✶✷✳✶✶ s❡str♦❥t❡ ❛①♦♥♦♠❡tr✐❝❦ý ❛ ❦♦s♦ú❤❧ý ♣r➲♠➙t ✭❛✮ st♦♣
r♦✈✐♥② ρ = KLM ✱ ✭❜✮ ♣➦í♠❦② p = PQ ❛ ❦r②❝í ♣➦í♠❦② r✱ ✭❝✮ ♣r➲s❡↔í❦✉ R = p ∩ ρ✳

✭✷✮ Pr♦ ③❛❞á♥í ③❡ ❝✈✐↔❡♥í ✶✷✳✺✭✻✮ ✉r↔❡t❡ ❛①♦♥♦♠❡tr✐❝❦ý tr♦❥ú❤❡❧♥í❦ ❛ s❡str♦❥t❡ ♣r➲♠➙t ❞❛♥é❤♦ ✏
t➙❧❡s❛ ♣♦♠♦❝í ③á➦❡③♦✈é ♠❡t♦❞②✳

✭✸✮ ❙❡str♦❥t❡ ❦♦s♦ú❤❧ý ♣r➲♠➙t t➙❧❡s❛ ③ ♣➦❡❞❝❤♦③í❤♦ ❝✈✐↔❡♥í✳

✶✺ P❡rs♣❡❦t✐✈❛

P❡rs♣❡❦t✐✈♦✉ ✭❜❡③ ♣➦í✈❧❛st❦➲✮ ♠②s❧í♠❡ ♦❜②↔❡❥♥é st➦❡❞♦✈é ♣r♦♠ítá♥í ♥❛ ❥❡❞♥✉ ♣r➲♠➙t♥✉✳ ❩ ♣➦❡❞✲
❝❤♦③í❤♦ ✈í♠❡✱ ➸❡ ♣➦✐ ♦❜❡❝♥é♠ st➦❡❞♦✈é♠ ♣r♦♠ítá♥í s❡ ✈❧❛st♥í ❜♦❞② ♠♦❤♦✉ ③♦❜r❛③♦✈❛t ❞♦ ♥❡✈❧❛st✲
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♥í❝❤ ❛ ♥❛♦♣❛❦✱ ❝♦➸ ♠á ③❛ ♥ás❧❡❞❡❦✱ ➸❡ ♥➙❦t❡ré ♦❜❥❡❦t② s❡ ❞♦❝❡❧❛ ❦r✉t➙ ❞❡❢♦r♠✉❥í❀ ♥❛♣➦✳ st➦❡❞♦✈ý♠
♣r➲♠➙t❡♠ ❦r✉➸♥✐❝❡ ♠➲➸❡ ❜ýt ❦❧✐❞♥➙ ❤②♣❡r❜♦❧❛ ✭❝♦➸ ♣➦✐ r♦✈♥♦❜➙➸♥é♠ ♣r♦♠ítá♥í s❛♠♦③➦❡❥♠➙ ♥❡♥í
♠♦➸♥é✮✳ P♦❦✉❞ ❝❤❝❡♠❡ ③♦❜r❛③♦✈❛t r❡❛❧✐t✉ ❝♦ ♥❡❥❜❧í➸❡ ♥❛➨❡♠✉ ✈♥í♠á♥í✱ ✉✈❛➸✉❥í s❡ ❥✐stá ♦♠❡③❡♥í✿
♣➦❡❞♣♦❦❧á❞á s❡ ❞♦st❛t❡↔♥á ✈③❞á❧❡♥♦st st➦❡❞✉ ♣r♦♠ítá♥í ♦❞ ♣r➲♠➙t♥② ❛ ③♦❜r❛③✉❥í s❡ ❥❡♥♦♠ ♦❜✲
❥❡❦t② ✉✈♥✐t➦ ③♦r♥é❤♦ ❦✉➸❡❧❡✱ ❥❡❤♦➸ ✈r❝❤♦❧♦✈ý ú❤❡❧ ❥❡ ③❤r✉❜❛ ✹✵✕✺✵◦✳ ❱ t❛❦♦✈é♠ ♣➦í♣❛❞➙ s❡ ♠❧✉✈í
♦ ♣❡rs♣❡❦t✐✈➙ ❧✐♥❡ár♥í✳ ✳ ✳

P➦í✈❧❛st❦❡♠ ❧✐♥❡ár♥í s❡ ↔❛st♦ ❥❡♥♦♠ ③❞➲r❛③➡✉❥❡✱ ➸❡ s❡ ♣r♦♠ítá ❞♦ r♦✈✐♥② ❛ ♥❡ t➦❡❜❛ ♥❛ ✈á❧❝♦✈♦✉
♣❧♦❝❤✉✳ ▲✐♥❡ár♥í ♣❡rs♣❡❦t✐✈❛ ❥❡ t❡❞② s♣❡❝✐✜❝❦é ♣r♦❥❡❦t✐✈♥í ③♦❜r❛③❡♥í ♣r♦st♦r✉ ❞♦ r♦✈✐♥②❀ ♥➙❝♦
♠á❧♦ s✐ ❞♦➦❡❦♥❡♠❡ ✈ ❞❛❧➨í♠ ♦❞st❛✈❝✐✳ ◆❡❧✐♥❡ár♥í♠ ♣❡rs♣❡❦t✐✈á♠ ✈➙♥✉❥❡♠❡ ♣ár ♣♦③♥á♠❡❦ ✈ ♦❞st✳
✶✺✳✸✳

✶✺✳✶ ▲✐♥❡ár♥í ♣❡rs♣❡❦t✐✈❛

▲✐♥❡ár♥í ♣❡rs♣❡❦t✐✈❛ ♠➲➸❡ ❜ýt ③❛❞á♥❛ ✈♦❧♥➙✱ t❥✳ ♣r➲♠➙t❡♠ ❞♦st❛t❡↔♥➙ ♠♥♦❤❛ ❜♦❞➲✴ú❜➙➸♥í❦➲✳
❱ ♦❞st✳ ✶✶✳✶ ❥s♠❡ ❞✐s❦✉t♦✈❛❧✐✱ ❥❛❦ ✈ t❛❦♦✈é♠ ♣➦í♣❛❞➙ s❡str♦❥✐t ♦❜r❛③ ❧✐❜♦✈♦❧♥é❤♦ ❞❛❧➨í❤♦ ❜♦❞✉
✈ ♣r♦st♦r✉✳ ❑♦♥str✉❦↔♥➙ t♦ ③♥❛♠❡♥❛❧♦ ❤❧❛✈♥➙ ♦♣❛❦♦✈❛♥é ✭❛ ♥❡③❛❥í♠❛✈é✮ ♣➦❡♥á➨❡♥í ❞✈♦❥♣♦♠➙r➲✳

P❡rs♣❡❦t✐✈❛ ♠➲➸❡ ❜ýt t❛❦② ❞á♥❛ ✈á③❛♥➙✱ t❥✳ ❡①♣❧✐❝✐t♥í ♣♦❧♦❤♦✉ ♣r➲♠➙t♥② ❛ st➦❡❞✉ ♣r♦♠ítá♥í
✈③❤❧❡❞❡♠ ❦ s♦✉➦❛❞♥ý♠ ♦sá♠✱ r❡s♣✳ ▼♦♥❣❡♦✈ý♠ ♣♦♠♦❝♥ý♠ ♣r➲♠➙t♥á♠✳ ❱ t❛❦♦✈é♠ ♣➦í♣❛❞➙
✈í♠❡✱ ❥❛❦ ♣♦st✉♣♦✈❛t ③❡ ❝✈✐↔❡♥í ✶✷✳✸✭✻✮ ❛ ✶✷✳✺✭✺✮✳ ❑♦♥str✉❦↔♥➙ t♦ ③♥❛♠❡♥á ♦♣❛❦♦✈❛♥é s❡str♦❥♦✈❛♥í
♣r➲♥✐❦➲ ♣r♦♠ít❛❝í❝❤ ♣❛♣rs❦➲ s r♦✈✐♥♦✉ ♣r➲♠➙t♥② ❛ ❞♦❞❛t❡↔♥é ♦t♦↔❡♥í ♣r➲♠➙t♥②✳ ❉✈❛ ❦♦♥rét♥í
♣➦í❦❧❛❞②✱ ❦❞② ❥❡ ♣❡rs♣❡❦t✐✈♥í ♣r➲♠➙t♥❛ ③✈♦❧❡♥❛ ❦♦❧♠♦ ❦ ▼♦♥❣❡♦✈➙ ♣➲❞♦r②s♥➙✱ ❥s♦✉ ♥❛ ♦❜rá③❝í❝❤
✶✺✳✸✾ ❛ ✶✺✳✹✵✳

❖❜rá③❡❦ ✶✺✳✸✾✿ P❡rs♣❡❦t✐✈♥í ♣r➲♠➙t t➙❧❡s❛ ③ ♦❜r✳ ✶✶✳✷✳

◆❛ ♦❜r✳ ✶✺✳✹✵ ❥❡ ♣❛tr♥♦ ♥➙❦♦❧✐❦ t❡❝❤♥✐❝❦ý❝❤ ❞❡t❛✐❧➲✱ ❦t❡ré r②❝❤❧❡ ♦❦♦♠❡♥t✉❥❡♠❡✿ ❱ ❧❡✈é ❤♦r♥í
↔ást✐ ♦❜rá③❦✉ s❡ ♥❡❥❞➦í✈ ❤❧❡❞á ✈❤♦❞♥á ♣♦❧♦❤❛ st➦❡❞✉ ♣r♦♠ítá♥í t❛❦✱ ❛❜② s❡ ❝❡❧ý ♦❜❥❡❦t ✈❧❡③❧
❞♦ ③♦r♥é❤♦ ❦✉➸❡❧❡✳ Pr➲♠➙t♥❛ ❥❡ ③✈♦❧❡♥❛ ❦♦❧♠♦ ❦ ♣➲❞♦r②s♥➙✱ ✈③❞á❧❡♥♦st ♦❞ st➦❡❞✉ ❥❡ ❝❡❧❦❡♠
❧✐❜♦✈♦❧♥á✳ ◆❛ ♦❜rá③❦✉ ❥❡ ❞á❧❡ ♣❛tr♥á ❦♦♥str✉❦❝❡ ♣r➲♠➙t✉ ❜♦❞✉ A ✖ ❤♦r✐③♦♥tá❧♥í ✈③❞á❧❡♥♦st✐



✶✺ P❡rs♣❡❦t✐✈❛ ✶✷✶

♠➙➦í♠❡ ✈ ♣➲❞♦r②s❡ ♦❞ r❡❢❡r❡♥↔♥í❤♦ ❜♦❞✉ H✱ ✈❡rt✐❦á❧♥í ♠➙➦í♠❡ ✈ ♥ár②s❡ ♦❞ ❤♦r✐③♦♥t✉ h✳ ❱ýs❧❡❞♥ý
♣r➲♠➙t ❥❡ ✈③❤❧❡❞❡♠ ❦ ▼♦♥❣❡♦✈ý♠ ♣♦♠♦❝♥ý♠ ♣r➲♠➙t➲♠ ❞✈❛❦rát ③✈➙t➨❡♥ ✖ ú❜➙➸♥í❦ ♣r♦ s♠➙r②
❦♦❧♠é ❦ ♥ár②s♥➙ ❜② s❡ ♥❡✈❧❡③❧ ❞♦ ♥á❦r❡s♥②✱ ♣r♦t♦ ❥❡ ✉➸✐t♦ st❡❥♥♦❧❡❤❧♦st✐ ✭s❡ st➦❡❞❡♠ ✈ ❜♦❞➙ H

❛ ❦♦❡✜❝✐❡♥t❡♠ ✷✮✳

❖❜rá③❡❦ ✶✺✳✹✵✿ ❬▼❡❪ P❡rs♣❡❦t✐✈♥í ♣r➲♠➙t ❜✉❞♦✈②✳

❙t❡❥♥➙ ❥❛❦♦ ♣r♦ ❥❛❦♦✉❦♦❧✐ ❥✐♥♦✉ ③♦❜r❛③♦✈❛❝í ♠❡t♦❞✉ ❥❡ ✐ ✈ ♣➦í♣❛❞➙ ❧✐♥❡ár♥í ♣❡rs♣❡❦t✐✈② ✈②✈✐♥✉t♦
♥➙❦♦❧✐❦ ♣♦st✉♣➲✱ ❦t❡ré ♠♦❤♦✉ ♣rá❝✐ ③❥❡❞♥♦❞✉➨✐t✳ P➦✐ t➙❝❤t♦ ♣♦st✉♣❡❝❤ s❡ ✈❡❧✐❝❡ ↔❛st♦ ✉➸í✈á ♦s♦✈é
❦♦❧✐♥❡❛❝❡✳ ❚♦ ❜② ♥❡♠➙❧♦ ♥✐❦♦❤♦ ♣➦❡❦✈❛♣♦✈❛t✱ ♣r♦t♦➸❡ s♣❡❝✐á❧♥í♠ ♣➦í♣❛❞❡♠ ♦s♦✈é ❦♦❧✐♥❡❛❝❡ ❥❡
♦s♦✈á ❛✜♥✐t❛✱ ❛ t✉ ❥s♠❡ ♥➙❦♦❧✐❦rát ③❛③♥❛♠❡♥❛❧✐ ✈ ♣➦❡❞❝❤♦③í♠ ♣♦✈í❞á♥í ♦ ❛①♦♥♦♠❡tr✐✐ ❛ ❦♦s♦ú❤❧é♠
♣r♦♠ítá♥í✳ ❩á❥❡♠❝❡ ♦ ♣♦❞r♦❜♥♦st✐ ♦❞❦❛③✉❥❡♠❡ ♥❛ ❬❑❑❑✱ ▼❡✱ ❯❪ ❛ ❞❛❧➨í ❦❧❛s✐❝❦♦✉ ❧✐t❡r❛t✉r✉✳

✶✺✳✷ ❙t❡r❡♦s❦♦♣✐❡ ❛ ❛♥❛❣❧②❢②

❙t❡r❡♦s❦♦♣✐❡ ❥❡ ③♦❜r❛③♦✈❛❝í ♠❡t♦❞❛✱ ❦t❡r♦✉ s❡ s♥❛➸í♠❡ ✈③❜✉❞✐t ✐❧✉③✐ tr♦❥r♦③♠➙r♥♦st✐ ♥❛❞ ❞✈♦❥r♦③✲
♠➙r♥♦✉ ♣➦❡❞❧♦❤♦✉ tí♠✱ ➸❡ ❦❛➸❞é♠✉ ♦❦✉ ❞♦❞á✈á♠❡ ❥✐♥ý ♣r➲♠➙t té❤♦➸ ♦❜❥❡❦t✉✳ ❚♦❤♦ ❧③❡ ❞♦sá❤♥♦✉t
t❛❦✱ ➸❡ s❡ ③♦❜r❛③♦✈❛♥ý ♦❜❥❡❦t ♣❡rs♣❡❦t✐✈♥➙ ♣r♦♠ít♥❡✱ ❛ t♦ ③❡ ❞✈♦✉ st➦❡❞➲✱ ❦t❡ré ❥s♦✉ ♦❞ s❡❜❡
✈③❞á❧❡♥② st❡❥♥➙ ❥❛❦♦ ③♦r♥✐↔❦② ❧✐❞s❦ý❝❤ ♦↔í✳ ✳ ✳

❏❡❞♥♦✉ ③❡ st❡r❡♦s❦♦♣✐❝❦ý❝❤ t❡❝❤♥✐❦ ❥s♦✉ t③✈✳ ❛♥❛❣❧②❢② ✿ ❞✈❛ ♣❡rs♣❡❦t✐✈♥í ♣r➲♠➙t② ❥s♦✉ ③♦❜✲
r❛③❡♥② ✈ té➸❡ ♣r➲♠➙t♥➙ r➲③♥ý♠✐ ❜❛r✈❛♠✐✱ ❦t❡ré ❥s♦✉ ♣❛❦ ♦❞stí♥➙♥② ❞✈♦❥❜❛r❡✈♥ý♠✐ ❜rý❧❡♠✐✱ ✈✐③
♦❜r✳ ✶✺✳✹✶✳



✶✷✷ ■❱ ❩♦❜r❛③♦✈❛❝í ♠❡t♦❞②

❖❜rá③❡❦ ✶✺✳✹✶✿ ❬Pr❪ ❉✈❛♥á❝t✐st➙♥ ✭s ✈❡♣s❛♥♦✉ ❦r②❝❤❧í✮ ❥❛❦♦ ❛♥❛❣❧②❢✿ ↔❡r✈❡♥ý ♣r➲♠➙t ❥❡
✉r↔❡♥ ❧❡✈é♠✉ ♦❦✉✱ ❛③✉r♦✈ý ♣r❛✈é♠✉✱ t③♥✳ ❜rý❧❡ ♥❛s❛③✉❥❡♠❡ ↔❡r✈❡♥ý♠ s❦❧❡♠ ♥❛ ♣r❛✈é
♦❦♦ ❛ ❛③✉r♦✈ý♠ ♥❛ ❧❡✈é✳

✶✺✳✸ ◆❡❧✐♥❡ár♥í ♣❡rs♣❡❦t✐✈❛

❚②♣✐❝❦ý♠ ♣➦í❦❧❛❞❡♠ ♥❡❧✐♥❡ár♥í ♣❡rs♣❡❦t✐✈② ❥❡ ✈á❧❝♦✈á ♥❡❜ ❝②❧✐♥❞r✐❝❦á ♣❡rs♣❡❦t✐✈❛✱ ❦❞② s❡ ♣r♦st♦r
♣r♦♠ítá ③ ❞❛♥é❤♦ st➦❡❞✉ ♥❛ ✈á❧❝♦✈♦✉ ♣❧♦❝❤✉ ✭❥❡❥í➸ ♦s❛ ③♣r❛✈✐❞❧❛ ♣r♦❝❤á③í st➦❡❞❡♠ ♣r♦♠ítá♥í✮✳
❚❛❦♦✈é ③♦❜r❛③❡♥í s❡ ✉➸í✈á ♣➦✐ ♣❛♥♦r❛♠❛t✐❝❦é♠ ❢♦t♦❣r❛❢♦✈á♥í✱ ✈✐③ ♦❜r✳ ♥❛ str✳ ✶✼✼✳ Pr♦t♦➸❡ ♣r♦✲
♠ítá♠❡ ♥❛ ❥✐♥♦✉ ♣❧♦❝❤✉ ♥❡➸ r♦✈✐♥✉ ♠á ③❛ ♥ás❧❡❞❡❦✱ ➸❡ ♣➦í♠❦② s❡ ♦❜❡❝♥➙ ♥❡♠✉sí ③♦❜r❛③♦✈❛t ♥❛
♣➦í♠❦②✳ ❚♦ ③♥❛♠❡♥á✱ ➸❡ t❛❦♦✈é ③♦❜r❛③❡♥í r♦③❤♦❞♥➙ ♥❡♥í ♣r♦❥❡❦t✐✈♥í✳

❖❜rá③❡❦ ✶✺✳✹✷✿ ❬❉❱❪ ❯r↔✉❥í❝í ♣r✈❦② ✈á❧❝♦✈é ♣❡rs♣❡❦t✐✈②✳ ✳ ✳

◆❛ ♦❜r✳ ✶✺✳✹✷ ❥s♦✉ ♥❛③♥❛↔❡♥② ✉r↔✉❥í❝í ♣r✈❦② ✈á❧❝♦✈é ♣❡rs♣❡❦t✐✈② ✖ ♣r➲♠➙t ❧✐❜♦✈♦❧♥é❤♦ ❜♦❞✉
✈ ♣r♦st♦r✉ ❥❡ ♣❛❦ ✉r↔❡♥ st➦❡❞♦✈ý♠ ♣r➲♠➙t❡♠ ③❡ st➦❡❞✉ S ♥❛ ✈á❧❝♦✈♦✉ ♣❧♦❝❤✉ ϕ ❛ ♥ás❧❡❞♥ý♠
r♦③✈✐♥✉tí♠ tét♦ ♣❧♦❝❤② ❞♦ r♦✈✐♥② π✳ ❯✈➙❞♦♠t❡ s✐✱ ➸❡ s❡str♦❥✐t ♦❜r❛③ ♦❜❡❝♥é❤♦ ❜♦❞✉ ♥❡❧③❡ r❡❛❧✐③♦✈❛t
❡✉❦❧❡✐❞♦✈s❦ý♠ ♣r❛✈ít❦❡♠ ❛ ❦r✉➸ít❦❡♠✱ ✈✐③ ♣r♦❜❧é♠ r❡❦t✐✜❦❛❝❡ ❦r✉➸♥✐❝❡ ✈ ♦❞st✳ ✶✾✳✶✳ ✳ ✳

❏✐♥ý♠ ♣➦í❦❧❛❞❡♠ ♥❡❧✐♥❡ár♥í ♣❡rs♣❡❦t✐✈② ❥❡ ❣❡♦♠❡tr✐❡ ♦❜❥❡❦t✐✈✉ ③✈❛♥é❤♦ r②❜í ♦❦♦✱ ❥✐➸ ❥❡ ♠♦➸♥♦
✐♥t❡r♣r❡t♦✈❛t ❥❛❦♦ s❧♦➸❡♥í st➦❡❞♦✈é❤♦ ♣r♦♠ítá♥í ♥❛ ❦✉❧♦✈♦✉ ♣❧♦❝❤✉ ❛ ❥❡➨t➙ ❥❡❞♥♦❤♦ ♣r♦♠ítá♥í ③ tét♦
♣❧♦❝❤② ❞♦ r♦✈✐♥② ✭❦✉❧♦✈♦✉ ♣❧♦❝❤✉ ♥❡♥í ♠♦➸♥é r♦③✈✐♥♦✉t✱ ♣r♦t♦ s❡ ♠✉sí ♣r♦♠ít❛t✮✳ ✳ ✳



✶✻ ❈②❦❧♦❣r❛✜❡ ✶✷✸

✶✻ ❈②❦❧♦❣r❛✜❡

❈②❦❧♦❣r❛✜❡ ❥❡ tr♦❝❤✉ ❡①♦t✐❝❦á ③♦❜r❛③♦✈❛❝í ♠❡t♦❞❛✱ ❦t❡rá ✈➨❛❦ ♠á ③❛❥í♠❛✈é ❛♣❧✐❦❛❝❡✳ ❈②❦❧♦❣r❛✜❡
♠á ♥❡❥❜❧í➸ ❦❡ ❦ót♦✈❛♥é♠✉ ♣r♦♠ítá♥í ✖ ❜♦❞ A ✈ ♣r♦st♦r✉ ❥❡ ③❛st♦✉♣❡♥ s✈ý♠ ❦♦❧♠ý♠ ♣r➲♠➙t❡♠
A1✱ ❛❦♦rát ♠íst♦ ❦ót② (zA) ❦r❡s❧í♠❡ ❝②❦❧✉s s❡ st➦❡❞❡♠ ✈ A1✱ s ♣♦❧♦♠➙r❡♠ |zA| ❛ s ♦r✐❡♥t❛❝í
♦❞♣♦✈í❞❛❥í❝í ③♥❛♠é♥❦✉ zA✳ ◆❛♦♣❛❦✱ ❦❛➸❞ý ❝②❦❧✉s ✈ ♣r➲♠➙t♥➙ ✉r↔✉❥❡ ❥❡❞♥♦③♥❛↔♥➙ ❜♦❞ ✈ ♣r♦st♦r✉✳

❖❜rá③❡❦ ✶✻✳✹✸✿ ❬❑✉t❪ ❈②❦❧♦❣r❛✜❝❦ý ♣r➲♠➙t ❜♦❞✉ ❛ ♣➦í♠❦②✳

❩ ✉✈❡❞❡♥é❤♦ s❡ ❞á t✉➨✐t✱ ➸❡ ③♠✐➡♦✈❛♥é ❛♣❧✐❦❛❝❡ s❡ ❜✉❞♦✉ tý❦❛t ♣rá✈➙ ú❧♦❤ s ❝②❦❧②✴❦r✉➸♥✐❝❡♠✐✿

◆❛♣➦✳ ❝②❦❧♦❣r❛✜❝❦á ✐♥t❡r♣r❡t❛❝❡ ❦♦♥str✉❦❝❡ st♦♣② r♦✈✐♥② ❞❛♥é t➦❡♠✐ ❜♦❞② ♥❛ ♦❜r✳ ✶✻✳✹✹ ♥á♠
♠✉sí ♣➦✐♣♦♠í♥❛t ▼♦♥❣❡♦✈✉ ✈➙t✉ ✭✈✐③ ♦❜r✳ ✼✳✽ ♥❛ str✳ ✻✻✮✳

❖❜rá③❡❦ ✶✻✳✹✹✿ ❈②❦❧♦❣r❛✜❝❦á ❦♦♥str✉❦❝❡ st♦♣② r♦✈✐♥② ABC✳

P♦♠♦❝í ❝②❦❧♦❣r❛✜❡ s❡ t❛❦② ❝❡❧❦❡♠ ❤❡③❦② ✐♥t❡r♣r❡t✉❥í ♥➙❦t❡rá ❣❡♦♠❡tr✐❝❦á ③♦❜r❛③❡♥í✱ ❥❛❦♦
♥❛♣➦✳ tr♦❝❤✉ ♣r♦❜❧❡♠❛t✐❝❦á ❞✐❧❛t❛❝❡✱ ✈✐③ ♦❜r✳ ✶✻✳✹✺✳
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❖❜rá③❡❦ ✶✻✳✹✺✿ ❬❇r❪ ❈②❦❧♦❣r❛✜❝❦á ✐♥t❡r♣r❡t❛❝❡ ❞✐❧❛t❛❝❡ ❞♦tý❦❛❥í❝í❝❤ s❡ ❝②❦❧➲✳ ✳ ✳

❉❛❧➨í♠✐ t②♣✐❝❦ý♠✐ ❛♣❧✐❦❛❝❡♠✐ ♠♦❤♦✉ ❜ýt ✈ý➨❡ ❞✐s❦✉t♦✈❛♥é ❆♣♦❧❧ó♥✐♦✈② ú❧♦❤② ✖ ❥❡❥✐❝❤ ❝②❦✲
❧♦❣r❛✜❝❦á ✐♥t❡r♣r❡t❛❝❡ ✈❡❞❡ s✐❝❡ ❦ ♣r♦st♦r♦✈ý♠✱ ❛❧❡ ❝❡❧❦❡♠ ❥❡❞♥♦❞✉❝❤ý♠ ❦♦♥str✉❦❝í♠ ❥❛❦♦ ♥❛♣➦✳
✉r↔❡♥í ♣r➲♥✐❦✉ ♣➦í♠❦② s r♦✈✐♥♦✉ ♥❡❜♦ ❦✉➸❡❧❡♠✦

P♦❞r♦❜♥♦st✐ ❛ ❞❛❧➨í ③❛❥í♠❛✈♦st✐ ❥❡ ♠♦➸♥é ♥❛❥ít ♥❛♣➦✳ ✈ ❬❙❡✐❪ ♥❡❜♦ ❬❇r❪✳

✶✼ ❚②♣✐❝❦é ú❧♦❤②

❈❤❝❡♠❡✲❧✐ s❡str♦❥✐t ♥á③♦r♥ý ♦❜rá③❡❦ ♥➙❥❛❦é❤♦ t➙❧❡s❛✱ ♠➲➸❡♠❡ s❡str♦❥♦✈❛t ✈♦❧♥ý ♥❡❜♦ ✈á③❛♥ý
♣r➲♠➙t✱ st➦❡❞♦✈ý ♥❡❜♦ r♦✈♥♦❜➙➸♥ý ✭✈ t♦♠t♦ ♣➦í♣❛❞➙ ♥❛✈í❝ r♦③❧✐➨✉❥❡♠❡ ➨✐❦♠ý ♥❡❜♦ ❦♦❧♠ý✮✳ ❱♦❧♥é
♣r➲♠➙t② ❥s♠❡ ✉♠➙❧✐ s❡str♦❥♦✈❛t ❤♥❡❞ ♥❛ ③❛↔át❦✉ tét♦ ❦❛♣✐t♦❧②✱ ✉ ✈á③❛♥é❤♦ ③♦❜r❛③♦✈á♥í ❥s♠❡
s❡ ♥❛✉↔✐❧✐ ♥➙❦♦❧✐❦❛ t❡❝❤♥✐❝❦② ✈ý❤♦❞♥ý♠ ③❦r❛t❦á♠✳ ◆➙❦t❡ré t②♣✐❝❦é ❦♦♥str✉❦❝❡ s✐ t❛❞② ❝❤❝❡♠❡
♣➦✐♣♦♠❡♥♦✉t✳ ❩❛↔♥❡♠❡ t②♣✐❝❦♦✉ ♠❡tr✐❝❦♦✉ ú❧♦❤♦✉ ♦ ♦tá↔❡♥í r♦✈✐♥②✳

✶✼✳✶ ❖tá↔❡♥í r♦✈✐♥②

❖ ♦tá↔❡♥í r♦✈✐♥② ❛ ③♦❜r❛③❡♥í ♥➙❥❛❦é❤♦ r♦✈✐♥♥é❤♦ ♦❜r❛③❝❡ ✈❡ s❦✉t❡↔♥é ✈❡❧✐❦♦st✐ ❥s♠❡ ♠❧✉✈✐❧✐
✈ ♦❞st✳ ✶✷✳✹ ✭✈✐③ té➸ ♦❜r✳ ✶✼✳✹✾✮✳ ❯✈❡❞❡♥♦✉ ❦♦♥str✉❦❝✐ ❧③❡ ✈➨❛❦ ♣♦✉➸ít ✐ ✈ ♦♣❛↔♥é♠ s♠➙r✉✿

◆❛ ♦❜r✳ ✶✼✳✹✻ ❥❡ ❞á♥❛ r♦✈✐♥❛ ρ s✈ý♠✐ st♦♣❛♠✐ ❛ ❞á❧❡ ♣➲❞♦r②s② ❜♦❞➲ S ❛ A✳ ▼á♠❡ ③❛ ú❦♦❧
s❡str♦❥✐t s❞r✉➸❡♥é ♣r➲♠➙t② ↔t✈❡r❝❡✱ ❦t❡rý ❧❡➸í ✈ r♦✈✐♥➙ ρ✱ ♠á st➦❡❞ S ❛ ✈r❝❤♦❧ A✳ ▼♦➸♥é ➦❡➨❡♥í ❥❡
♥ás❧❡❞✉❥í❝í✿

✭✶✮ s❡str♦❥í♠❡ ♥ár②s ❜♦❞✉ S ❛ ♦t♦↔í♠❡ S ❦♦❧❡♠ ♣➲❞♦r②s♥é st♦♣② ❞♦ ♣➲❞♦r②s♥② ✭S0✮❀

✭✷✮ ♣♦♠♦❝í ♦s♦✈é ❛✜♥✐t② ❞♦♣❧♥í♠❡ ♦t♦↔❡♥ý ❜♦❞ A0❀

✭✸✮ s❡str♦❥í♠❡ s❦✉t❡↔♥ý ↔t✈❡r❡❝ ✭A0B0C0D0✮❀

✭✹✮ ♣♦♠♦❝í ♦s♦✈é ❛✜♥✐t② ♦t♦↔í♠❡ ③♣át❦② ✭A1B1C1D1✮❀

✭✺✮ ❞♦♣❧♥í♠❡ ♥ár②s♥ý ♣r➲♠➙t✳



✶✼ ❚②♣✐❝❦é ú❧♦❤② ✶✷✺

❖❜rá③❡❦ ✶✼✳✹✻✿ ❬➄❪ ❑♦♥str✉❦❝❡ ♣r➲♠➙t➲ ↔t✈❡r❝❡ ABCD ❧❡➸í❝í❤♦ ✈ r♦✈✐♥➙ ρ✱ s❡ st➦❡❞❡♠
✈ ❜♦❞➙ S ❛ ✈r❝❤♦❧❡♠ A✳

✶✼✳✷ ➄❡③② ❤r❛♥❛tý❝❤ t➙❧❡s

❖ ➦❡③❡❝❤ ❥s♠❡ ♣♦♣r✈é ♠❧✉✈✐❧✐ ✈ ♦❞st✳ ✾✳✹ ✭s♣❡❝✐✜❝❦é ③❛❞á♥í✮✱ ♣♦❞r✉❤é ✈❡ ❝✈✐↔❡♥í ✶✶✳✸ ✭♦❜❡❝♥é
③❛❞á♥í ✈❡ ✈♦❧♥é♠ ♣r♦♠ítá♥í✮✱ ♣♦t➦❡tí ✈❡ ❝✈✐↔❡♥í ✶✷✳✸ ✭♦❜❡❝♥é ③❛❞á♥í ✈ ▼♦♥❣❡♦✈➙ ♣r♦♠ítá♥í✮
❛ ♣♦↔t✈rté ✈❡ ❝✈✐↔❡♥í ✶✷✳✺ ✭✈❡❧✐❦♦st ➦❡③✉ ✈❡ s❦✉t❡↔♥é ✈❡❧✐❦♦st✐✮✳

❱ ➦❡➨❡♥í ♦❜❡❝♥ý❝❤ ú❧♦❤ t♦❤♦t♦ t②♣✉ ♦❞❦❛③✉❥❡♠❡ ♥❛ ③á❦❧❛❞♥í ❦♦♥str✉❦❝❡ ♣r➲♥✐❦✉ ♣➦í♠❦②
❛ r♦✈✐♥② ❛ ♦tá↔❡♥í r♦✈✐♥②❀ ✈ ♦❜♦✉ ♣➦í♣❛❞❡❝❤ s ✈ý❤♦❞♦✉ ♣♦✉➸í✈á♠❡ ♦s♦✈♦✉ ❦♦❧✐♥❡❛❝✐✱ ♣➦í♣✳
❛✜♥✐t✉✳ ✳ ✳ ✳ ✳ ✳
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❖❜rá③❡❦ ✶✼✳✹✼✿ ❱♦❧♥ý r♦✈♥♦❜➙➸♥ý ♣r➲♠➙t ♣r❛✈✐❞❡❧♥é❤♦ ➨❡st✐❜♦❦é❤♦ ❤r❛♥♦❧✉ ❛ ❥❡❤♦ ➦❡③✉
r♦✈✐♥♦✉ KLM ✳

❖❜rá③❡❦ ✶✼✳✹✽✿ ▼♦♥❣❡♦✈② s❞r✉➸❡♥é ♣r➲♠➙t② ♣r❛✈✐❞❡❧♥é❤♦ ➨❡st✐❜♦❦é❤♦ ❤r❛♥♦❧✉ ❛ ❥❡❤♦
➦❡③✉ r♦✈✐♥♦✉ KLM ✳



✶✼ ❚②♣✐❝❦é ú❧♦❤② ✶✷✼

❖❜rá③❡❦ ✶✼✳✹✾✿ ❩♦❜r❛③❡♥í ➦❡③✉ ✈❡ s❦✉t❡↔♥é ✈❡❧✐❦♦st✐✳

✶✼✳✸ ❩♦❜r❛③❡♥í P❧❛tó♥s❦ý❝❤ t➙❧❡s

❱♦❧♥➙

◆❛ ♦❜r✳ ✶✼✳✺✵ ❥❡ ✈♦❧♥ý r♦✈♥♦❜➙➸♥ý ♣r➲♠➙t ♣r❛✈✐❞❡❧♥é❤♦ ↔t②➦st➙♥✉ ❛ ♦s♠✐st➙♥✉✳ ❱ ♣r✈♥í♠ ♣➦í♣❛❞➙
♥❡♥í ❝♦ ➦❡➨✐t✱ ♣r♦t♦➸❡ r♦✈♥♦❜➙➸♥ý ♣r➲♠➙t ❥❡ ✉r↔❡♥ ♦❜r❛③② ↔t②➦ ✈r❝❤♦❧➲ ❛ ↔t②➦st➙♥ ❥✐❝❤ ❛♥✐ ✈í❝ ♥❡♠á✳
❚②t♦ ♣r➲♠➙t② ✈r❝❤♦❧➲ ♠♦❤♦✉ ❜ýt ③✈♦❧❡♥② ❝❡❧❦❡♠ ❧✐❜♦✈♦❧♥➙ ✭✈➙t❛ ✶✶✳✶ ♥❛ str✳ ✾✼ ♥á♠ ❛❦♦rát ➦í❦á✱
➸❡ s♣❧ý✈❛t ♠♦❤♦✉ ♥❡❥✈ý➨❡ ❞✈❛ ③ ♥✐❝❤✮✳

Pr❛✈✐❞❡❧♥ý ♦s♠✐st➙♥ ♠á ➨❡st ✈r❝❤♦❧➲ ✖ ❥s♦✉✲❧✐ ❞á♥② ♣r➲♠➙t② ↔t②➦ ✈r❝❤♦❧➲ ✈ ♦❜❡❝♥é ♣♦❧♦③❡✱
③❜②❧é ❞✈❛ s❡ s♥❛❞♥♦ ❞♦♣❧♥í ♣♦♠♦❝í r♦✈♥♦❜➙➸♥í❦➲✳

❖ ♣r➲♠➙t❡❝❤ ♣r❛✈✐❞❡❧♥é❤♦ ➨❡st✐st➙♥✉ ✭❦r②❝❤❧❡✮ ❥s♠❡ s❡ ❜❛✈✐❧✐ t♦❧✐❦rát✱ ➸❡ ❥❡❥ t❛❞② ❦❧✐❞♥➙
♣➦❡s❦♦↔í♠❡✳

❱♦❧♥ý ♣r➲♠➙t ❞✈❛❝❡t✐st➙♥✉✱ r❡s♣✳ ❞✈❛♥á❝t✐st➙♥✉ s♣♦❧✉ s ❦♦♠♣❧❡t♥í♠ r♦③❜♦r❡♠ ❛ ♦❞t✉❞ ♣❧②✲
♥♦✉❝í♠ ♠♦➸♥ý♠ ♥á✈♦❞❡♠ ❦❡ ❦♦♥str✉❦❝✐ ❥s♠❡ ♣➦❡❞st❛✈✐❧✐ ✈ ♦❞st✳ ✹✳✷✶✳
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❖❜rá③❡❦ ✶✼✳✺✵✿ ❬❯❪ ❱♦❧♥ý r♦✈♥♦❜➙➸♥ý ♣r➲♠➙t ♣r❛✈✐❞❡❧♥é❤♦ ↔t②➦✲ ❛ ♦s♠✐st➙♥✉✳

❱á③❛♥➙

P➦✐ ❦♦♥str✉❦❝í❝❤ ✈á③❛♥ý❝❤ ♣r➲♠➙t➲ ③❛↔í♥á♠❡ s ▼♦♥❣❡♦✈ý♠✐ s❞r✉➸❡♥ý♠✐ ♣r➲♠➙t② t➙❧❡s❛✱ ❦t❡ré
❥❡ ✈❡ s♣❡❝✐á❧♥í ♣♦❧♦③❡ ✈➲↔✐ ♣r➲♠➙t♥á♠✳ ❚♦ ③♥❛♠❡♥á✱ ➸❡ ❦♦♥str✉❦❝❡ ♣r➲♠➙t➲ ❥❡ ❥❡❞♥♦❞✉➨➨í✳ ❏❡✲
❞✐♥á ❞✈➙ ❦♦♥str✉❦↔♥➙ ♥❡tr✐✈✐á❧♥í P❧❛tó♥s❦á t➙❧❡s❛ ③♦❜r❛③❡♥á ✈❡ ✈❡❧♠✐ s♣❡❝✐á❧♥í❝❤ ♣♦❧♦❤á❝❤ ✈➲↔✐
♣r➲♠➙t♥á♠ ❥s♦✉ ♥❛ ♦❜r✳ ✶✼✳✺✶ ✭♣♦❦✉❞ s❡ ♥➙❦♦♠✉ ♥❡♣♦③❞á✈á ♣♦❞❡③➦❡❧❡ ♠♥♦❤♦ ♣♦♠♦❝♥ý❝❤ ↔❛r✱
♠➲➸❡ ❥❡ s❛♠♦③➦❡❥♠➙ ✐❣♥♦r♦✈❛t ❛ s❡str♦❥✐t s✐ ✈➨❡❝❤♥♦ ♣♦ s✈é♠ ♥❛ ③á❦❧❛❞➙ r♦③❜♦r✉ ③ ♦❞st✳ ✹✳✷✶✳✮

❖❜rá③❡❦ ✶✼✳✺✶✿ ❬❑❱❪ ▼♦♥❣❡♦✈② s❞r✉➸❡♥é ♣r➲♠➙t② ♣r❛✈✐❞❡❧♥é❤♦ ❞✈❛♥á❝t✐✲ ❛ ❞✈❛❝❡t✐st➙♥✉✳



✶✼ ❚②♣✐❝❦é ú❧♦❤② ✶✷✾

❖❞t✉❞ ❧③❡ r②❝❤❧❡ s❡str♦❥✐t ♥❛♣➦✳ ✭❛✮ ❛①♦♥♦♠❡tr✐❝❦ý ♣r➲♠➙t ♣♦♠♦❝í ③á➦❡③♦✈é ♠❡t♦❞②✱ ❦t❡r♦✉
❥s♠❡ ✈②s✈➙t❧♦✈❛❧✐ ✈ ♦❞st✳ ✶✹✳✶✱ ♥❡❜♦ ✭❜✮ ❦♦s♦ú❤❧ý ♣r➲♠➙t ♣♦❞❧❡ ♥á✈♦❞✉ ③ ♦❞st✳ ✶✹✳✸✳ ▼➲➸❡♠❡
t❛❦é s❡str♦❥✐t ✭❝✮ ♣❡rs♣❡❦t✐✈♥í ♣r➲♠➙t ♣♦❞❧❡ ♥á✈♦❞✉ ✈ ♦❞st✳ ✶✺✳✶ ✭❦t❡rý ❥❡ ♦❞✈♦③❡♥ ③❡ ❝✈✐↔❡♥í
✶✷✳✸✭✻✮✮✳

❆❧t❡r♥❛t✐✈♥➙

❑♦♠✉ ♣➦❡❞❝❤♦③í ♠♦➸♥♦st✐ ♣♦➦á❞ ♥❡st❛↔í✱ ♠➲➸❡ ✈ý➨❡ ③♠✐➡♦✈❛♥é ♠❡t♦❞② r➲③♥➙ ❦♦♠❜✐♥♦✈❛t ❥❛❦♦
♥❛♣➦✳ ♥❛ ♦❜r✳ ✶✼✳✺✷✿ ❩❞❡ ❥❡ ③♦❜r❛③❡♥ ❦♦❧♠ý ❛①♦♥♦♠❡tr✐❝❦ý ♣r➲♠➙t ❦r②❝❤❧❡✱ ❞♦ ♥í➸ ❥❡ ✈❡♣✐s♦✈á♥
❞✈❛♥á❝t✐st➙♥✳ P➦✐ tét♦ ❦♦♥str✉❦❝✐ s❡ ♥❡❥❞➦í✈ ③❞➲✈♦❞♥í✱ ➸❡ ❦❞②➸ r♦③❞➙❧í♠❡ str❛♥✉ ♦♣s❛♥é ❦r②❝❤❧❡
③❧❛tý♠ ➦❡③❡♠✱ t❛❦ ❞❡❧➨í ❞í❧ ♦❞♣♦✈í❞á str❛♥➙ ✈❡♣s❛♥é ❦r②❝❤❧❡ ✭t❥✳ ú❤❧♦♣➦í↔❝❡ ♣➙t✐ú❤❡❧♥í❦✉✮ ❛ ❦r❛t➨í
❞í❧ ♦❞♣♦✈í❞á str❛♥➙ ❞✈❛♥á❝t✐st➙♥✉ ✭t❥✳ str❛♥➙ ♣➙t✐ú❤❡❧♥í❦✉✮✳ ❚❛❦t♦ s❡ ❝❡❧❦❡♠ ✈♦❧♥➙ ✭♣➦❡♥á➨❡♥í♠
❞➙❧✐❝í❝❤ ♣♦♠➙r➲✮ s❡str♦❥í ✶✷ ✈r❝❤♦❧➲ ✈❡ st➙♥á❝❤ ♦♣s❛♥é ❦r②❝❤❧❡✳ ❩❜②❧ý❝❤ ✽ ✈r❝❤♦❧➲ t✈♦➦í ♣rá✈➙
✈r❝❤♦❧② ✈❡♣s❛♥é ❦r②❝❤❧❡ ❛ t❛❞② s❡ ✈②✉➸✐❥❡ st❡❥♥♦❧❡❤❧♦st✐ ♦❜♦✉ ❦r②❝❤❧í✳ ✳ ✳

❖❜rá③❡❦ ✶✼✳✺✷✿ ❬❑❑❑❪ ❑♦❧♠ý ❛①♦♥♦♠❡tr✐❝❦ý ♣r➲♠➙t ♣r❛✈✐❞❡❧♥é❤♦ ❞✈❛♥á❝t✐st➙♥✉✳

✶✼✳✹ ❩♦❜r❛③❡♥í ♦❜❧ý❝❤ t➙❧❡s

❖❜❧ý♠✐ t➙❧❡s② t❛❞② ♠②s❧í♠❡ ❥❡♥♦♠ ❦✉➸❡❧❡✱ ✈á❧❝❡ ❛ ❦♦✉❧❡✳ P➦✐ s❡str♦❥♦✈á♥í ❥❡❥✐❝❤ ♣r➲♠➙t➲ ♣♦✲
t➦❡❜✉❥❡♠❡ ✉♠➙t ③ ❞❛♥ý❝❤ ♣♦❞♠í♥❡❦ s❡str♦❥✐t ✈➸❞② ♣r➲♠➙t ♥➙❥❛❦é ♦❜r②s♦✈é ❦r✉➸♥✐❝❡✱ ✉ ❦✉➸❡❧➲
❛ ✈á❧❝➲ ❥❡➨t➙ ♦❜r②s♦✈é ♣➦í♠❦②✳ P➦✐ ❦❛➸❞é♠ r♦✈♥♦❜➙➸♥é♠ ❛ ✈❤♦❞♥➙ ③✈♦❧❡♥é♠ st➦❡❞♦✈é♠ ♣r♦♠ítá♥í
❥❡ ♣r➲♠➙t❡♠ ❦r✉➸♥✐❝❡ ❡❧✐♣s❛ ❛ t❛t♦ ❥❡ ♣r♦ ♥ás ❞♦❦♦♥❛❧❡ ✉r↔❡♥❛ s✈ý♠✐ ❤❧❛✈♥í♠✐ ♣r➲♠➙r②✳ ❖❜r②s♦✈é
♣➦í♠❦② ❦✉➸❡❧➲ ❛ ✈á❧❝➲ ❥s♦✉ ♣❛❦ t❡↔♥❛♠✐ ❦ ❡❧✐♣sá♠✱ ❦t❡ré ❥s♦✉ ♣r➲♠➙t② ♣♦❞st❛✈✳ ❖❜➙ t②t♦ ú❧♦❤②
❥s♦✉ ➦❡➨✐t❡❧♥é ❡✉❦❧❡✐❞♦✈s❦ý♠ ♣r❛✈ít❦❡♠ ❛ ❦r✉➸ít❦❡♠✱ ❛ t♦ ❤♥❡❞ ♥➙❦♦❧✐❦❡rý♠ ③♣➲s♦❜❡♠✳ ❱ ♥❛➨✐❝❤
ú❧♦❤á❝❤ ♣➦✐❝❤á③í ❡❧✐♣s❛ ✈➸❞②❝❦② ❥❛❦♦ ♦❜r❛③ ❦r✉➸♥✐❝❡ ✈③❤❧❡❞❡♠ ❦ ♥➙❥❛❦é ♦s♦✈é ❛✜♥✐t➙ ✭❦♦❧✐♥❡❛❝✐✮✱
❦t❡r♦✉ s ♦❜❧✐❜♦✉ rá❞✐ ✉➸í✈á♠❡ ❛ ♣r❡❢❡r✉❥❡♠❡✱ ✈✐③ ♦❞st✳ ✷✶✳✺✳
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◆❛ ♦❜r✳ ✶✼✳✺✸ ❥❡ ♣r➲♠➙t ❦✉➸❡❧❡ ❛ ❦♦✉❧❡ ✈ ❦♦s♦ú❤❧é♠ ♣r♦♠ítá♥í✱ ❛✈➨❛❦ ❜❡③ ③♠✐➡♦✈❛♥ý❝❤ ♣♦♠♦❝✲
♥ý❝❤ ❦♦♥str✉❦❝í✳ ◆❛♦♣❛❦ ✈➨❡❝❤♥② ♣♦♠♦❝♥é ↔ár② ✭♣❧✉s ❞♦❞❛t❡↔♥é ♦s✈➙t❧❡♥í✮ ❧③❡ ♥❛❥ít ♥❛ ♦❜r✳ ✶✼✳✺✹✳

❖❜rá③❡❦ ✶✼✳✺✸✿ ❬❯❪ ❑♦s♦ú❤❧ý ♣r➲♠➙t r♦t❛↔♥í❤♦ ❦✉➸❡❧❡ ❛ ❦♦✉❧❡✳ ✳ ✳

❯✈➙❞♦♠t❡ s✐✱ ➸❡ s❡str♦❥✐t ❦♦❧♠ý ❛①♦♥♦♠❡tr✐❝❦ý ♣r➲♠➙t ❦✉➸❡❧❡✱ r❡s♣✳ ✈á❧❝❡ s ♣♦❞st❛✈♦✉ ✈ ♣➲✲
❞♦r②s♥➙ ❥❡ ♠♥♦❤❡♠ ❥❡❞♥♦❞✉➨➨í✱ ♣r♦t♦➸❡ ♥❡♠✉sí♠❡ s❡str♦❥♦✈❛t s♠➙r② ❤❧❛✈♥í❝❤ ♣r➲♠➙r➲ ✖ ❤❧❛✈♥í
♦s❛ ❥❡ r♦✈♥♦❜➙➸♥á s ♣➲❞♦r②s♥♦✉ st♦♣♦✉ ❛①♦♥♦♠❡tr✐❝❦é❤♦ tr♦❥ú❤❡❧♥í❦✉ ❛ ❥❡ ③♦❜r❛③❡♥❛ ✈❡ s❦✉t❡↔♥é
✈❡❧✐❦♦st✐✱ st❛↔í ♣♦✉③❡ ✉r↔✐t ③❦rá❝❡♥í ♥❛ ✈❡❞❧❡❥➨í ♦s❡✳ ❙ ❦♦✉❧í ❥❡ t♦ s❛♠♦③➦❡❥♠➙ ❥❡➨t➙ ❧❡♣➨í✳

✶✼✳✺ ❉❛❧➨í

❖s✈➙t❧❡♥í

❷❛st♦ s❡ ❦✈➲❧✐ ③❞➲r❛③♥➙♥í ♣r♦st♦r♦✈é ♣➦❡❞st❛✈② ③♦❜r❛③✉❥í t➙❧❡s❛ s♣♦❧✉ s ❥❡❥✐❝❤ stí♥② ✈③❤❧❡❞❡♠
❦❡ ③✈♦❧❡♥é♠✉ ③❞r♦❥✐ ♦s✈➙t❧❡♥í✳ Ú❧♦❤② t♦❤♦t♦ t②♣✉ ♥❡s❦ýt❛❥í ③ t❡♦r❡t✐❝❦é❤♦ ❤❧❡❞✐s❦❛ ➸á❞♥é ♥♦✈é
♠②➨❧❡♥❦②✱ t✉❞í➸ s❡ s ♥✐♠✐ ♥❡♠✉sí♠❡ ♠♦❝ ③❛♦❜ír❛t✳ ❏❡❞✐♥é✱ ❝♦ ♣♦t➦❡❜✉❥❡♠❡ ❞♦st❛t❡↔♥➙ ♠♥♦❤♦❦rát
♦♣❛❦♦✈❛t✱ ❥❡ ♦♣➙t ③á❦❧❛❞♥í ú❧♦❤❛ ♦ ♣r➲♥✐❦✉ ♣➦í♠❦② s r♦✈✐♥♦✉✳

◆❛ ♦❜r✳ ✶✼✳✺✹ ❥❡ ❞á♥ r♦t❛↔♥í ❦✉➸❡❧ s ♣♦❞st❛✈♦✉ ✈ ♣➲❞♦r②s♥➙ ❛ s♠➙r ♦s✈➙t❧❡♥í✳ ❙❡str♦❥❡♥ ❥❡
❦♦s♦ú❤❧ý ♣r➲♠➙t ❦✉➸❡❧❡ s♣♦❧✉ s ✈❧❛st♥í♠ stí♥❡♠ ♥❛ ❦✉➸❡❧✐ ❛ stí♥② ✈r➸❡♥ý♠✐ ❞♦ ♣r✈♥í ✐ ❞r✉❤é
♣r➲♠➙t♥②✳ ✳ ✳



✶✼ ❚②♣✐❝❦é ú❧♦❤② ✶✸✶

❖❜rá③❡❦ ✶✼✳✺✹✿ ❬❑❱❪ ❖s✈➙t❧❡♥í ❦✉➸❡❧❡✳

◆❛ ♦❜rá③❦✉ ❥❡ s❛♠♦③➦❡❥♠➙ ✈í❝ ↔❛r ♥❡➸ ❜② s❡ ❥❡❞♥♦♠✉ ♠♦❤❧♦ ③❛♠❧♦✉✈❛t✱ ♣r♦t♦ ❥❡ ✈➸❞② ✈❤♦❞♥é
♣➦❡♠ý➨❧❡t ♥❛ ♥➙❥❛❦ý♠ ✈❧❛st♥í♠ ➦❡➨❡♥í♠✳ ✳ ✳ ✏

❈♦ ❥❡ ➨♣❛t♥➙❄

Ú♣❧♥➙ ♥❛ ③á✈➙r ✉✈á❞í♠❡ ❥❡❞♥♦ ✉➸✐t❡↔♥é ❝✈✐↔❡♥í✳ ◆❛ ♦❜r✳ ✶✼✳✺✺ ❥s♦✉ ③♦❜r❛③❡♥② ❞✈➙ s❦✉♣✐♥② t➙❧❡s✱
✉ ♥✐❝❤➸ s❡ ♣➦❡❞♣♦❦❧á❞á✱ ➸❡ ✈➨❡❝❤♥❛ t➙❧❡s❛ ③❡ st❡❥♥é s❦✉♣✐♥② st♦❥í ♥❛ té➸❡ r♦✈✐♥➙ ❛ ❥s♦✉ ③♦❜r❛③❡♥❛
tý♠➸ ③♣➲s♦❜❡♠✳ P♦❦✉❞ ❥s♠❡ s❡ ✈ t♦♠t♦ ❦✉r③✉ ♥➙↔❡♠✉ ♥❛✉↔✐❧✐✱ ♠➙❧♦ ❜② ♥á♠ ❜ýt ❤♥❡❞ ❥❛s♥é✱ ❝♦
❥❡ ♥❛ ♦❜rá③❦✉ ➨♣❛t♥➙ ❛ ♣r♦↔✳ ◆❛✈í❝ ❜②❝❤♦♠ ♠➙❧✐ ✉♠➙t ♣➦í♣❛❞♥é ❝❤②❜② ♥❛♣r❛✈✐t✱ ❛ t♦ s ♣r❛✈ít❦❡♠
❛ ❦r✉➸ít❦❡♠✦ ✏
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❖❜rá③❡❦ ✶✼✳✺✺✿ ❬■❪ ❏s♦✉ ❞á♥② ♣r➲♠➙t② ❞✈♦✉ s❦✉♣✐♥ t➙❧❡s✳ ◆❛❥❞➙t❡ ❛ ♦♣r❛✈t❡ ✈➨❡❝❤♥②
♣♦❤♦r➨✉❥í❝í s❦✉t❡↔♥♦st✐✳



❑❆P■❚❖▲❆ ❱

❉♦❞❛t❦②

✶✽ ❑ P②t❤❛❣♦r♦✈➙ ✈➙t➙

P②t❤❛❣♦r♦✈❛ ✈➙t❛ ❥❡ ❥❡❞♥♦ ③ ♥❡❥③♥á♠➙❥➨í❝❤ ♣❧❛♥✐♠❡tr✐❝❦ý❝❤ t✈r③❡♥í ✈➲❜❡❝✳ ❑r♦♠➙ ③❞➲✈♦❞♥➙♥í✱
❦t❡ré ❥s♠❡ ❝✐t♦✈❛❧✐ ♥❛ str✳ ✶✹✱ ❥❡ ③♥á♠♦ ❥❡➨t➙ ♥➙❦♦❧✐❦ ❞❡sít❡❦ ❞❛❧➨í❝❤ ❞➲❦❛③➲✳ ❚② s❡ ❞❛❥í r♦③❞➙❧✐t
❞♦ t➦í ❤❧❛✈♥í❝❤ s❦✉♣✐♥ ✖ ❞➲❦❛③② ③❛❧♦➸❡♥é ♥❛

• tr❛♥s❢♦r♠❛❝í❝❤ ♦❜s❛❤➲ ♠♥♦❤♦ú❤❡❧♥í❦➲✱

• ♣➦❡s❦✉♣♦✈á♥í ↔ástí ✭st➦í❤á♥í ❛ s❦❧á❞á♥í✮✱

• ♣♦❞♦❜♥♦st❡❝❤✳

❱ ➸á❞♥é♠ ♣➦í♣❛❞➙ ♥❡❧③❡ t✉t♦ ✈➙t✉ ❞♦❦á③❛t ❜❡③ ♣♦st✉❧át✉ ♦ r♦✈♥♦❜➙➸❦á❝❤ ❛ ♥➙❦❞② ❥❡ ③❛❥í♠❛✈ý♠
❝✈✐↔❡♥í♠ ❥❡❥ ✈ ❥❡❞♥♦t❧✐✈ý❝❤ ③❞➲✈♦❞♥➙♥í❝❤ ✈②st♦♣♦✈❛t✳ ✳ ✳ ✏

P②t❤❛❣♦r♦✈❛ ✈➙t❛ ♠á ➦❛❞✉ r➲③♥ý❝❤ ③♦❜❡❝♥➙♥í ♣♦❞❧❡ t♦❤♦✱ ❥❛❦ ♥❛ t♦t♦ t✈r③❡♥í ♥❛❤❧í➸í♠❡✳
❏❡❞♥♦ ♠♦➸♥é ③♦❜❡❝♥➙♥í ♠á♠❡ ✈ ❦♦s✐♥♦✈é ✈➙t➙✱ ✈✐③ ■■✳✶✷✕✶✸ ♥❛ str✳ ✷✶✱ ❥✐♥é ♥❛♣➦✳ ✈❡ ✈➙t➙ ❱■✳✸✶✱
✈✐③ str✳ ✸✸✳

❙♣♦❧✉ s ✈➙t♦✉ ❳■■✳✷ ♦ ♦❜s❛③í❝❤ ❦r✉❤➲ ♠➲➸❡♠❡ ✈➙t✉ ❱■✳✸✶ ❞á❧❡ ③♦❜❡❝♥✐t✿ Pr♦ ♣➲❧❦r✉❤② s❡str♦✲
❥❡♥é ♥❛❞ str❛♥❛♠✐ ♣r❛✈♦ú❤❧é❤♦ tr♦❥ú❤❡❧♥í❦✉ ♣❧❛tí✱ ➸❡ ♦❜s❛❤ t♦❤♦ ♥❛❞ ♣➦❡♣♦♥♦✉ ❥❡ r♦✈❡♥ s♦✉↔t✉
♦❜s❛❤➲ ♣➲❧❦r✉❤➲ ♥❛❞ ♦❞✈➙s♥❛♠✐✳

❉í❦② ❚❤❛❧❡t♦✈➙ ✈➙t➙ ✭str✳ ✷✸✮ ✈í♠❡✱ ➸❡ ❦❞②➸ ♣➦❡❦❧♦♣í♠❡ ♣➲❧❦r✉➸♥✐❝✐ ♥❛❞ ♣➦❡♣♦♥♦✉ ❞♦ ♦♣❛↔♥é
♣♦❧♦r♦✈✐♥②✱ ❜✉❞❡ ♦❜s❛❤♦✈❛t ♣r♦t✐❧❡❤❧ý ✈r❝❤♦❧ tr♦❥ú❤❡❧♥í❦✉✳ ❖❞t✉❞ ❞♦❤r♦♠❛❞② ♣❧②♥❡✱ ➸❡ ♣➲❧♠➙✲
sí❝❡ ♥❛ ♦❜r✳ ✶✽✳✶ ♠❛❥í st❡❥♥ý ♦❜s❛❤ ❥❛❦♦ ❞❛♥ý ♣r❛✈♦ú❤❧ý tr♦❥ú❤❡❧♥í❦✳ ❚②t♦ út✈❛r② s❡ ♥❛③ý✈❛❥í
❍✐♣♣♦❦r❛t♦✈② ♣➲❧♠➙sí❝❡ ❛ ❥s♦✉ ③❛❥í♠❛✈é ♣r♦t♦✱ ➸❡ s❡ ❥❡❞♥á ♦ ❦➦✐✈♦↔❛ré út✈❛r②✱ ❦t❡ré ❥❡ ♠♦➸♥é
❣❡♦♠❡tr✐❝❦② ❦✈❛❞r❛t✉r♦✈❛t✳ ✳ ✳

❉❛❧➨í ③♦❜❡❝♥➙♥í P②t❤❛❣♦r♦✈② ✈➙t② ❥❡ ③❢♦r♠✉❧♦✈á♥♦ ✈ ♥ás❧❡❞✉❥í❝í ♣♦③♦r✉❤♦❞♥é ✈➙t➙✳✶

❱➙t❛ ✭Pt♦❧❡♠❛✐♦✈❛✮✳ Pr♦ ❧✐❜♦✈♦❧♥ý t➙t✐✈♦✈ý ↔t②➦ú❤❡❧♥í❦ ADBC ♣❧❛tí✱ ➸❡ s♦✉↔✐♥ ✈❡❧✐❦♦stí ú❤❧♦✲
♣➦í↔❡❦ ❥❡ r♦✈❡♥ s♦✉↔t✉ s♦✉↔✐♥➲ ✈❡❧✐❦♦stí ❞✈♦❥✐❝ ♣r♦t✐❧❡❤❧ý❝❤ str❛♥✿

AB · CD = AD · CB +AC ·BD.
✶P♦❦✉❞ ❥❡ ↔t②➦ú❤❡❧♥í❦ ✈ Pt♦❧❡♠❛✐♦✈➙ ✈➙t➙ ♦❜❞é❧♥í❦❡♠✱ ❞♦stá✈á♠❡ ♣rá✈➙ r♦✈♥♦st ③ P②t❤❛❣♦r♦✈② ✈➙t②✳



✶✸✹ ❱ ❉♦❞❛t❦②

❖❜rá③❡❦ ✶✽✳✶✿ ❬❆❪ ❱②③♥❛↔❡♥é ♣➲❧♠➙sí❝❡ ♠❛❥í st❡❥♥ý ♦❜s❛❤ ❥❛❦♦ ♦❞♣♦✈í❞❛❥í❝í ♣r❛✈♦ú❤❧ý
tr♦❥ú❤❡❧♥í❦✳

Pr♦ ✈❤♦❞♥➙ ③✈♦❧❡♥é ↔t②➦ú❤❡❧♥í❦② ✭✈✐③ ♦❜r✳ ✶✽✳✷ ✈♣r❛✈♦✮ ❧③❡ ③ tét♦ ✈➙t② ✈②❞❡❞✉❦♦✈❛t ❣❡♦♠❡✲
tr✐❝❦é ③❞➲✈♦❞♥➙♥í t③✈✳ s♦✉↔t♦✈ý❝❤ ✈③♦r❝➲ ♣r♦ ❢✉♥❦❝❡ s✐♥✉s ❛ ❦♦s✐♥✉s✳ ◆❛ ③á❦❧❛❞➙ tét♦ ✈➙t② s❡✏
✈❡ st❛r♦✈➙❦✉ s❡str♦❥♦✈❛❧② t❛❜✉❧❦② ✈②❥❛❞➦✉❥í❝í ✈③t❛❤② ♠❡③✐ ✈❡❧✐❦♦st♠✐ ú❤❧➲ ❛ ♦❞♣♦✈í❞❛❥í❝í❝❤ t➙t✐✈
❛♣♦❞✳ ✭t❡❞② ♣rá✈➙ t❛❜✉❧❦② ❣♦♥✐♦♠❡tr✐❝❦ý❝❤ ❢✉♥❦❝í✮✳ ✳ ✳

❖❜rá③❡❦ ✶✽✳✷✿ ❬❆❪ ❑ Pt♦❧❡♠❛✐♦✈➙ ✈➙t➙✳

✶✾ ❑ ❡✉❦❧❡✐❞♦✈s❦ý♠ ❦♦♥str✉❦❝í♠

❱➨❡❝❤♥② ♦❞st❛✈❝❡ ✈ tét♦ ♣♦❞❦❛♣✐t♦❧❡ ♦❞❦❛③✉❥í ♥❛ ♣r♦❜❧é♠ s❡str♦❥✐t❡❧♥♦st✐ r❡á❧♥ý❝❤ ✈❡❧✐↔✐♥✳ ❚♦✲
♠✉t♦ té♠❛t✉ ❥s♠❡ s❡ ✈➙♥♦✈❛❧✐ ✈ ♦❞st✳ ✹✳✶✽✱ ❦❞❡ ❥s♠❡ ③❢♦r♠✉❧♦✈❛❧✐ ❝❤❛r❛❦t❡r✐③❛❝✐ ❡✉❦❧❡✐❞♦✈s❦②
s❡str♦❥✐t❡❧♥ý❝❤ ✈❡❧✐↔✐♥✳

✶✾✳✶ ❙❧❛✈♥é ♣r♦❜❧é♠② st❛r♦✈➙❦✉

❊①✐st✉❥❡ ♥➙❦♦❧✐❦ s❦✉t❡↔♥➙ s❧❛✈♥ý❝❤ ❛ ❞❧♦✉❤♦✉ ❞♦❜✉ ♦t❡✈➦❡♥ý❝❤ ♣r♦❜❧é♠➲✱ ❥❡➸ ❜②❧② ❢♦r♠✉❧♦✈á♥② ❥✐➸
✈❡ st❛r♦✈➙❦✉✳ ◆➙❦♦❧✐❦ ú❧♦❤✱ ❦t❡ré s❡ tý❦❛❥í ❡✉❦❧❡✐❞♦✈s❦é s❡str♦❥✐t❡❧♥♦st✐✱ ③♠í♥í♠❡ ♥í➸❡✳ ❩❞➲✈♦❞♥➙♥í
❥❡❥✐❝❤ ➦❡➨✐t❡❧♥♦st✐✴♥❡➦❡➨✐t❡❧♥♦st✐ ❥❡ ③❛❧♦➸❡♥♦ ♥❛ ❛❧❣❡❜r❛✐❝❦é♠ ♣♦♣✐s✉ ♥❛③♥❛↔❡♥é♠ ✈ ♦❞st✳ ✹✳✶✽✳
❉❡t❛✐❧② s❛♠♦③➦❡❥♠➙ ✐❣♥♦r✉❥❡♠❡✱ ✈✐③ ❞➦í✈❡ ❞♦♣♦r✉↔❡♥é ③❞r♦❥❡✳

❩❞✈♦❥❡♥í ❦r②❝❤❧❡

Ú❦♦❧❡♠ ❥❡ s❡str♦❥✐t ❦r②❝❤❧✐✱ ❥❡❥í➸ ♦❜❥❡♠ ❥❡ ❞✈♦❥♥ás♦❜❦❡♠ ♦❜❥❡♠✉ ❞❛♥é ❦r②❝❤❧❡✳ ❏❡✲❧✐ ✈❡❧✐❦♦st ❤r❛♥②
❞❛♥é ❦r②❝❤❧❡ a✱ ♣❛❦ ❤❧❡❞❛♥á ❦r②❝❤❧❡ ♠á ♠ít ❤r❛♥✉ ❞é❧❦② x = 3

√
2a✳ ❚➦❡tí ♦❞♠♦❝♥✐♥❛ ③❡ ✷ ❥❡ s✐❝❡

❛❧❣❡❜r❛✐❝❦é ↔ís❧♦✱ ❛❧❡ ♥✐❦♦❧✐ ✈ý➨❡ ✉✈❡❞❡♥é❤♦ t✈❛r✉✳ ❚❛t♦ ú❧♦❤❛ ♥❡♥í ❡✉❦❧❡✐❞♦✈s❦② ➦❡➨✐t❡❧♥á✳



✶✾ ❑ ❡✉❦❧❡✐❞♦✈s❦ý♠ ❦♦♥str✉❦❝í♠ ✶✸✺

❘❡❦t✐✜❦❛❝❡ ❦r✉➸♥✐❝❡

Ú❦♦❧❡♠ ❥❡ s❡str♦❥✐t ús❡↔❦✉✱ ❥❡❥í➸ ❞é❧❦❛ ❥❡ r♦✈♥❛ ✈❡❧✐❦♦st✐ ♦❜✈♦❞✉ ❞❛♥é ❦r✉➸♥✐❝❡✳ ❏❡✲❧✐ ♣♦❧♦♠➙r ❞❛♥é
❦r✉➸♥✐❝❡ r✱ ♣❛❦ ❤❧❡❞❛♥á ús❡↔❦❛ ♠á ♠ít ✈❡❧✐❦♦st x = 2πr✳ ❖❞ r♦❦✉ ✶✼✻✼ s❡ ✈í✱ ➸❡ ↔ís❧♦ π ♥❡♥í
r❛❝✐♦♥á❧♥í✱ ❛ ♦❞ r♦❦✉ ✶✽✽✷ s❡ ✈í✱ ➸❡ ↔ís❧♦ π ♥❡♥í ❛❧❣❡❜r❛✐❝❦é✱ t✉❞í➸ ♥❡♥í s❡str♦❥✐t❡❧♥é✳ ❚❛t♦ ú❧♦❤❛
♥❡♥í ❡✉❦❧❡✐❞♦✈s❦② ➦❡➨✐t❡❧♥á✳

❑✈❛❞r❛t✉r❛ ❦r✉❤✉

Ú❦♦❧❡♠ ❥❡ s❡str♦❥✐t ↔t✈❡r❡❝✱ ❥❡❤♦➸ ♦❜s❛❤ ❥❡ r♦✈❡♥ ♦❜s❛❤✉ ❞❛♥é❤♦ ❦r✉❤✉✳ ❏❡✲❧✐ ♣♦❧♦♠➙r ❞❛♥é❤♦
❦r✉❤✉ r✱ ♣❛❦ ❤❧❡❞❛♥ý ↔t✈❡r❡❝ ♠á ♠ít ❤r❛♥✉ ❞❧♦✉❤♦✉ x =

√
πr✳ ❩❡ st❡❥♥é❤♦ ❞➲✈♦❞✉ ❥❛❦♦ ✉ r❡❦t✐✲

✜❦❛❝❡ ❦r✉➸♥✐❝❡✱ ♥❡♥í t❛t♦ ú❧♦❤❛ ❡✉❦❧❡✐❞♦✈s❦② ➦❡➨✐t❡❧♥á✳
❖❞❡❞á✈♥❛ ❜②❧♦ ❞♦❜➦❡ ③♥á♠♦✱ ➸❡ ➦❡➨✐t❡❧♥♦st t➙❝❤t♦ ❞✈♦✉ ♣r♦❜❧é♠➲ ❥❡ ❡❦✈✐✈❛❧❡♥t♥í ✭✈✐③ ❆r❝❤✐✲

♠é❞♦✈✉ ✈➙t✉ ♥❛ str✳ ✹✵✮ ❛ ♦❞❡❞á✈♥❛ s❡ ❧✐❞é ❞♦♠♥í✈❛❧✐✱ ➸❡ s❡ ❥❡❞♥á ♦ ♥❡➦❡➨✐t❡❧♥♦✉ ú❧♦❤✉✳ ◆✐❝♠é♥➙
♦❞❡❞á✈♥❛ ❜②❧♦ t❛❦é ③♥á♠♦ ♥➙❦♦❧✐❦ ♣➦í❦❧❛❞➲ ❦✈❛❞r❛t✉r② ❦➦✐✈♦↔❛rý❝❤ út✈❛r➲✱ ✈✐③ ❍✐♣♣♦❦r❛t♦✈②
♣➲❧♠➙sí❝❡ ✭♦❜r✳ ✶✽✳✶✮ ❛ ❆r❝❤✐♠é❞♦✈✉ ❦✈❛❞r❛t✉r✉ ♣❛r❛❜♦❧② ✭♦❜r✳ ✶✾✳✸✮✳

❖❜rá③❡❦ ✶✾✳✸✿ ❬❍❚❉❪ ❖❜s❛❤ ♣❛r❛❜♦❧✐❝❦é ús❡↔❡ ❥❡ r♦✈❡♥ 4

3
♦❜s❛❤✉ tr♦❥ú❤❡❧♥í❦✉ PQq ✭❝♦➸

❥s♦✉ 2

3
♦❜s❛❤✉ ♦♣s❛♥é❤♦ r♦✈♥♦❜➙➸♥í❦✉✮✳

❚r✐s❡❦❝❡ ú❤❧✉

Ú❦♦❧❡♠ ❥❡ r♦③t➦❡t✐t ❞❛♥ý ú❤❡❧ ♥❛ t➦✐ s❤♦❞♥é ú❤❧②✳ ◆❛ r♦③❞í❧ ♦❞ ♣➦❡❞❝❤♦③í❝❤ ♣r♦❜❧é♠➲ ❥❡ t❛t♦
ú❧♦❤❛ ③á❧✉❞♥á ✈ t♦♠✱ ➸❡ ♥➙❦t❡ré ú❤❧② s❡str♦❥✐t ❧③❡ ❛ ♥➙❦t❡ré ♥✐❦♦❧✐✳ ➄❡➨❡♥í ❥❡ ♦♣➙t r②③❡ ❛❧❣❡❜r❛✐❝❦é
❛ ③❛❥í♠❛✈é ❛ r❡❞✉❦✉❥❡ s❡ ♥❛ ❛♥❛❧ý③✉ ❦♦➦❡♥➲ ♣♦❧②♥♦♠➲ t➦❡tí❤♦ st✉♣♥➙ ♥❛❞ ✈❤♦❞♥ý♠✐ ❛❧❣❡❜r❛✐❝❦ý♠✐
r♦③➨í➦❡♥í♠✐ t➙❧❡s❛ r❛❝✐♦♥á❧♥í❝❤ ↔ís❡❧✳

❉♦ s❡③♥❛♠✉ s❡str♦❥✐t❡❧♥ý❝❤ ú❤❧➲ s❛♠♦③➦❡❥♠➙ ♣❛t➦í 90◦✱ 60◦✱ ❥❡❥✐❝❤ ♣♦❧♦✈✐♥②✱ ↔t✈rt✐♥②✱ ♦s♠✐♥②✱
❛❧❡ t❛❦② ❧✐❜♦✈♦❧♥é ❝❡❧é ♥ás♦❜❦②✳ ❑r♦♠➙ t♦❤♦ ③ ♦❞st✳ ✹✳✶✹ ✉♠í♠❡ s❡str♦❥✐t ú❤❡❧ 36◦ ❛♣♦❞✳ ◆❛ ❞r✉❤é
str❛♥➙✱ ♠❡③✐ ú❤❧②✱ ❦t❡ré ❡✉❦❧❡✐❞♦✈s❦② s❡str♦❥✐t ♥❡❧③❡✱ ♣❛t➦í ♥❛♣➦✳ ♥❡✈✐♥♥➙ ✈②❤❧í➸❡❥í❝í 20◦ ❛ s♣♦✉st❛
✭♦♣➙t ❞rt✐✈á ✈➙t➨✐♥❛✮ ❞❛❧➨í❝❤✳

❑♦♥str✉❦❝❡ ♣r❛✈✐❞❡❧♥é❤♦ n✲ú❤❡❧♥í❦✉

Ú❦♦❧❡♠ ❥❡ s❡str♦❥✐t ♣r❛✈✐❞❡❧♥ý n✲ú❤❡❧♥í❦✱ ❝♦➸ ❡✈✐❞❡♥t♥➙ ú③❝❡ s♦✉✈✐sí s ♣➦❡❞❝❤♦③í♠ ♣r♦❜❧é♠❡♠✱
❛❦♦rát ❥s♠❡ ♣♦❞st❛t♥➙ r❡❞✉❦♦✈❛❧✐ ♠♥♦➸✐♥✉ ú❤❧➲ ❞♦ ❞✐s❦✉③❡✳ ❱ ❩á❦❧❛❞❡❝❤ ♥❛❥❞❡♠❡ ❦♦♥str✉❦❝❡
♣r♦ n = 3, 4, 5 ❛ ✶✺✳ Pr♦ ❦❛➸❞ý s❡str♦❥✐t❡❧♥ý ♣r❛✈✐❞❡❧♥ý k✲ú❤❡❧♥í❦✱ ♥❡♥í ♣r♦❜❧é♠ s❡str♦❥✐t t❛❦②
♣r❛✈✐❞❡❧♥ý 2k✲ú❤❡❧♥í❦✳ ❚③♥✳ ú❧♦❤❛ ❥❡ ➦❡➨✐t❡❧♥á t❛❦é ♣r♦ n = 6, 8, 10, 12, 16, 20 ❛ ❞❛❧➨í✳

✸✵✳ ❜➦❡③♥❛ ✶✼✾✻ ❈✳❋✳ ●❛✉ss s❡str♦❥✐❧ ♣r❛✈✐❞❡❧♥ý ✶✼✲ú❤❡❧♥í❦ ✭✈✐③ ♦❜r✳ ✶✾✳✹✮ ❛ ♣♦s❧é③❡ ❞♦❦á③❛❧
❥❡❞♥✉ ✐♠♣❧✐❦❛❝✐ ✈ ♥ás❧❡❞✉❥í❝í ✈➙t➙✳ ❉r✉❤ý s♠➙r ♦ ♥➙❦♦❧✐❦ ❞❡sít❡❦ ❧❡t ♣♦③❞➙❥✐ ❞♦❦á③❛❧ P✳▲✳ ❲❛♥t③❡❧
st❡❥♥➙ ❥❛❦♦ ♣ár ❞❛❧➨í❝❤ ✈ý➨❡ ③♠✐➡♦✈❛♥ý❝❤ ✈ýs❧❡❞❦➲✳



✶✸✻ ❱ ❉♦❞❛t❦②

❱➙t❛ ✭●❛✉ss♦✈❛✕❲❛♥t③❡❧♦✈❛✮✳ Pr❛✈✐❞❡❧♥ý n✲ú❤❡❧♥í❦ ❧③❡ s❡str♦❥✐t ❡✉❦❧❡✐❞♦✈s❦ý♠ ♣r❛✈ít❦❡♠ ❛ ❦r✉✲
➸ít❦❡♠ ♣rá✈➙ t❡❤❞②✱ ❦❞②➸ n ❥❡ s♦✉↔✐♥❡♠ ❧✐❜♦✈♦❧♥é ♠♦❝♥✐♥② 2 ❛ ♥❛✈③á❥❡♠ r➲③♥ý❝❤ ❋❡r♠❛t♦✈ý❝❤
♣r✈♦↔ís❡❧✳

❋❡r♠❛t♦✈♦ ♣r✈♦↔ís❧♦ ❥❡ ♣r✈♦↔ís❧♦ t✈❛r✉ Fk = 22
k

+ 1✳ ❑ ❞♥❡➨♥í♠✉ ❞♥✐✷ ❥❡ ③♥á♠♦ ♣♦✉③❡ ♣➙t
❋❡r♠❛t♦✈ý❝❤ ♣r✈♦↔ís❡❧✿ F0 = 3, F1 = 5, F2 = 17, F3 = 257 ❛ F4 = 65537✳ ❚❛t♦ ú❧♦❤❛ t❡❞② ♥❡♥í
➦❡➨✐t❡❧♥á ♣r♦ n = 7, 9, 11, 13, 14, 18, 19, 21, . . . Pr♦ ❞❛❧➨í ↔t❡♥í ❞♦♣♦r✉↔✉❥❡♠❡ ♥❛♣➦✳ ✶✸✳ ❦❛♣✐t♦❧✉
✈ ❬❆❪✳

❖❜rá③❡❦ ✶✾✳✹✿ ❬❍❛❪ ❑♦♥str✉❦❝❡ ♣r❛✈✐❞❡❧♥é❤♦ ✶✼✲t✐ú❤❡❧♥í❦✉✳

✶✾✳✷ ▼❛s❝❤❡r♦♥✐♦✈s❦é ❛ st❡✐♥❡r♦✈s❦é ❦♦♥str✉❦❝❡

▼❛s❝❤❡r♦♥✐♦✈s❦é ❦♦♥str✉❦❝❡ ❥s♦✉ ❦♦♥str✉❦❝❡✱ ♣➦✐ ❦t❡rý❝❤ s❡ ♣♦✉➸í✈á ♣♦✉③❡ ❦r✉➸ít❦♦✳ ❙t❡✐♥❡r♦✈✲
s❦é ❦♦♥str✉❦❝❡ ❥s♦✉ ❦♦♥str✉❦❝❡✱ ♣➦✐ ❦t❡rý❝❤ s❡ ♣♦✉➸í✈á ♣♦✉③❡ ♣r❛✈ít❦♦ ❛ ❥❡❞♥❛ ♣♦♠♦❝♥á ♣➦❡❞❡♠
♥❛rýs♦✈❛♥á ❦r✉➸♥✐❝❡✳ P❧❛tí✱ ➸❡ ✈❡❧✐↔✐♥❛ ❥❡ s❡str♦❥✐t❡❧♥á ❡✉❦❧❡✐❞♦✈s❦②✱ ♣rá✈➙ ❦❞②➸ ❥❡ s❡str♦❥✐t❡❧♥á
♠❛s❝❤❡r♦♥✐♦✈s❦②✱ ♣rá✈➙ ❦❞②➸ ❥❡ s❡str♦❥✐t❡❧♥á st❡✐♥❡r♦✈s❦②✳ ❚♦t♦ t✈r③❡♥í s❡ ③❞➲✈♦❞➡✉❥❡ ✈ ♣♦❞♦❜✲
♥é♠ ❞✉❝❤✉✱ ❥❛❦ ❥s♠❡ ♥❛③♥❛↔✐❧✐ ✈ ♦❞st✳ ✹✳✶✽✱ ✈✐③ ❬▼❛r2❪✳

❚♦ ✈ ❞➲s❧❡❞❦✉ ③♥❛♠❡♥á✱ ➸❡ ❥❛❦♦✉❦♦❧✐ ❡✉❦❧❡✐❞♦✈s❦♦✉ ❦♦♥str✉❦❝✐ ♠✉sí ❥ít r❡❛❧✐③♦✈❛t ♠❛s❝❤❡r♦✲
♥✐♦✈s❦②✱ ♣➦í♣✳ st❡✐♥❡r♦✈s❦②✳ ◆❛❧❡③❡♥í t❛❦♦✈é ❦♦♥str✉❦❝❡ ♠➲➸❡ ❜ýt s❛♠♦③➦❡❥♠➙ ♣♦♥➙❦✉❞ ❦♦♠♣❧✐✲
❦♦✈❛♥➙❥➨í✱ ♥❡➸ ③❞➲✈♦❞♥✐t✱ ➸❡ t♦ ❥❡ ♠♦➸♥é✳ ❉✈❛ ♣➦í❦❧❛❞② ♥❛ ✉❦á③❦✉ ❥s♦✉ ♥❛ ♦❜r✳ ✶✾✳✺✳✏

✷✶✾✳ ú♥♦r❛ ✷✵✶✽



✶✾ ❑ ❡✉❦❧❡✐❞♦✈s❦ý♠ ❦♦♥str✉❦❝í♠ ✶✸✼

❖❜rá③❡❦ ✶✾✳✺✿ ❬❍❛❪ ▼❛s❝❤❡r♦♥✐♦✈s❦á ❛ st❡✐♥❡r♦✈s❦á ❦♦♥str✉❦❝❡ ✐♥✈❡r③♥í❤♦ ❜♦❞✉ A′

❦ ❜♦❞✉ A ♣➦✐ ❦r✉❤♦✈é ✐♥✈❡r③✐ s❡ st➦❡❞❡♠ ✈ O✳ ✳ ✳

✶✾✳✸ ❑♦♥str✉❦❝❡ s ♦③♥❛↔❡♥ý♠ ♣r❛✈ít❦❡♠

❑♦♥str✉❦❝❡ s ♦③♥❛↔❡♥ý♠ ♣r❛✈ít❦❡♠ ❥s♦✉ ❦♦♥str✉❦❝❡✱ ♣➦✐ ❦t❡rý❝❤ s❡ ♣♦✉➸í✈á ❥❛❦ ❦r✉➸ít❦♦✱ t❛❦
♣r❛✈ít❦♦✱ ❛ ♥❛✈í❝ ❥❡ ❞♦✈♦❧❡♥♦ ❞➙❧❛t ♥❛ ♣r❛✈ít❦✉ ③♥❛↔❦②✱ ❦t❡ré s❡ ❞á❧❡ ♣♦✉➸í✈❛❥í✳ ❚❛❦♦✈é♠✉ ♥ástr♦❥✐
s❡ t❛❦é ➦í❦á ♥❡✉s✐s✳

❚í♠t♦ ③♣➲s♦❜❡♠ ❧③❡ ✈❡❧♠✐ r②❝❤❧❡ s❡str♦❥✐t ♣r❛✈✐❞❡❧♥ý ♣➙t✐ú❤❡❧♥í❦✱ ✈✐③ ♦❜r✳ ✶✾✳✻ ✭sr♦✈♥❡❥t❡
s ❦♦♥str✉❦❝❡♠✐ ✈ ✹✳✶✹✮✳ ◆❡✉s✐s s❡ t❛❦é ♣♦✉➸í✈á ♣➦✐ t③✈✳ ♣r♦✉➸❦♦✈é ❦♦♥str✉❦❝✐ ❜♦❞➲ ❡❧✐♣s② ✭③❛❞❛♥é
❤❧❛✈♥í♠✐ ♣r➲♠➙r②✮✳ ✳ ✳

❖❜rá③❡❦ ✶✾✳✻✿ ❬❆❪ ❑♦♥str✉❦❝❡ ♣r❛✈✐❞❡❧♥é❤♦ ♣➙t✐ú❤❡❧♥í❦✉ s ❦r✉➸ít❦❡♠ ❛ ♦③♥❛↔❡♥ý♠ ♣r❛✲
✈ít❦❡♠✳

❩❛❥í♠❛✈➙❥➨í ❥❡✱ ➸❡ s ♦③♥❛↔❡♥ý♠ ♣r❛✈ít❦❡♠ ❧③❡ ➦❡➨✐t ♠♥♦❤é ❡✉❦❧❡✐❞♦✈s❦② ♥❡➦❡➨✐t❡❧♥é ♣r♦❜❧é♠②
❥❛❦♦ ♥❛♣➦✳ tr✐s❡❦❝✐ ❧✐❜♦✈♦❧♥é❤♦ ú❤❧✉✦ ◆❛ ♦❜r✳ ✶✾✳✼ ♥❛❥❞❡t❡ ❆r❝❤✐♠é❞♦✈♦ ➦❡➨❡♥í t♦❤♦t♦ ♣r♦❜❧é♠✉✱
❥❡❤♦➸ ③❞➲✈♦❞♥➙♥í ❥❡ ✈❡❧♠✐ ♣r♦sté✳ ✳ ✳

Ú♣❧♥♦✉ ❝❤❛r❛❦t❡r✐③❛❝✐ ✈❡❧✐↔✐♥✱ ❦t❡ré ❧③❡ s ❦r✉➸ít❦❡♠ ❛ ♦③♥❛↔❡♥ý♠ ♣r❛✈ít❦❡♠ s❡str♦❥✐t✱ ❧③❡ ♥❛❥ít
✈ ❬❍❛❪ ♥❡❜♦ ❬▼❛r2❪✳ ✳ ✳



✶✸✽ ❱ ❉♦❞❛t❦②

❖❜rá③❡❦ ✶✾✳✼✿ ❬❆❪ ❚r✐s❡❦❝❡ ú❤❧✉ s ♦③♥❛↔❡♥ý♠ ♣r❛✈ít❦❡♠✿ α = ∠BMC ❥❡ ❧✐❜♦✈♦❧♥ý ú❤❡❧❀
s❡str♦❥í♠❡ ❧✐❜✳ ❦r✉➸♥✐❝✐ s❡ st➦❡❞❡♠ ✈ M ❀ ♣➦✐❧♦➸í♠❡ ♥❡✉s✐s s ✈②③♥❛↔❡♥ý♠✐ ❜♦❞② D ❛ E

t❛❦✱ ➸❡ DE = AM ✳ ✳ ✳ P♦t♦♠ ♣❧❛tí✱ ➸❡ β = 1

3
α✳

✷✵ ❑ ú❧♦❤á♠ ❆♣♦❧❧ó♥✐♦✈ý♠

Pr✈♥í s❡③♥á♠❡♥í s ❆♣♦❧❧ó♥✐♦✈ý♠✐ ú❧♦❤❛♠✐ ❥❡ ✈ ♣♦❞❦❛♣✐t♦❧❡ ✺✳ ❖❞ s❛♠é❤♦ ③❛↔át❦✉ ❥s♠❡ s✐ ✈➨í♠❛❧✐✱
➸❡ ✈❤♦❞♥é ❣❡♦♠❡tr✐❝❦é tr❛♥s❢♦r♠❛❝❡ ♣♦♠á❤❛❥í ♣➦✐ ➦❡➨❡♥í ú❧♦❤②✳ ❱❡ ❝✈✐↔❡♥í ✼✳✼ ❥s♠❡ s✐ ✉✈➙❞♦♠✐❧✐✱
➸❡ ♣♦♠♦❝í ❞✐❧❛t❛❝❡ ❛ ❦r✉❤♦✈é ✐♥✈❡r③❡ ❧③❡ ❥❛❦♦✉❦♦❧✐ ❆♣♦❧❧ó♥✐♦✈✉ ú❧♦❤✉ r❡❞✉❦♦✈❛t ♥❛ ♣♦❞st❛t♥➙
❥❡❞♥♦❞✉➨➨í ♣r♦❜❧é♠ ③ ♣♦♠➙r♥➙ ❦rát❦é❤♦ s❡③♥❛♠✉✳ ❚❛❞② ❞♦♣❧♥í♠❡ ❥❡➨t➙ ♥➙❦♦❧✐❦ ♣♦st➦❡❤➲ ❛ ❛❧t❡r✲
♥❛t✐✈✳

✷✵✳✶ ➄❡➨❡♥í ♣♦♠♦❝í ✈❤♦❞♥ý❝❤ tr❛♥s❢♦r♠❛❝í

❚♦t♦ ❥❡ ♠❡t♦❞❛✱ ❦t❡r♦✉ ❥s♠❡ ♣r♦t➙➸♦✈❛❧✐ ♣➦❡❞❡✈➨í♠✳ ◆❡❜✉❞❡♠❡ s❡ ③♥♦✈✉ ♦♣❛❦♦✈❛t✱ ♣♦✉③❡ ♣r♦
♣♦r♦✈♥á♥í ♣➦✐❦❧á❞á♠❡ ♠✐♥✐s❡r✐á❧ ❞❡♠♦♥str✉❥í❝í t②♣✐❝❦♦✉ r❡❞✉❦❝✐ s❧♦➸✐t♦st✐ ♣♦♠♦❝í ❞✐❧❛t❛❝❡ ❛ ❦r✉✲
❤♦✈é ✐♥✈❡r③❡✱ ✈✐③ ♦❜r✳ ✷✵✳✽✳



✷✵ ❑ ú❧♦❤á♠ ❆♣♦❧❧ó♥✐♦✈ý♠ ✶✸✾

❖❜rá③❡❦ ✷✵✳✽✿ ➄❡➨❡♥í ♦❜❡❝♥é ❆♣♦❧❧ó♥✐♦✈② ú❧♦❤② ♣♦♠♦❝í ❞✐❧❛t❛❝❡ ❛ ❦r✉❤♦✈é ✐♥✈❡r③❡✿
✭✶✮ ③❛❞á♥í✱ ✭✷✮ ❞✐❧❛t❛❝❡✱
✭✸✮ ❦r✉❤♦✈á ✐♥✈❡r③❡✱ ✭✹✮ s♣♦❧❡↔♥é t❡↔♥② ❦❡ ❞✈➙♠❛ ❝②❦❧➲♠ ✭✦✮✱
✭✺✮ ❦r✉❤♦✈á ✐♥✈❡r③❡✱ ✭✻✮ ❞✐❧❛t❛❝❡✳

✷✵✳✷ ➄❡➨❡♥í ●❡r❣♦♥♥♦✈♦

❚♦t♦ ➦❡➨❡♥í ❥❡ ♣♦♠➙r♥➙ ❡❧❡♠❡♥tár♥í✱ ↔í♠➸ ♠②s❧í♠❡✱ ➸❡ ♣➦✐ ❦♦♥str✉❦❝✐ s❡ ♥❡♣r❛❝✉❥❡ s ➸á❞♥♦✉
tr❛♥s❢♦r♠❛❝í✱ ✈✐③ ♦❜r✳ ✷✵✳✾✳ ❩❞➲✈♦❞♥➙♥í ❦♦♥str✉❦❝❡ ♣❧②♥❡ ③ ♥ás❧❡❞✉❥í❝í❤♦ r♦③❜♦r✉✿

✭❛✮ s♣♦❥♥✐❝❡ ✭li✮ ❞✈♦❥✐❝ ❞♦t②❦♦✈ý❝❤ ❜♦❞➲ ♥❛ ❦❛➸❞é♠ ❝②❦❧✉ ♣r♦❝❤á③í s♣♦❧❡↔♥ý♠ ❜♦❞❡♠ ✭P ✮✱ ❥❡➸
❥❡ ♣♦t❡♥↔♥í♠ st➦❡❞❡♠ ❞❛♥ý❝❤ t➦í ❦r✉➸♥✐❝✱

✭❜✮ ♣ó❧② ✭Li✮ t➙❝❤t♦ s♣♦❥♥✐❝ ✭❂ ♣r➲s❡↔í❦② t❡↔❡♥ ③ ❞♦t②❦♦✈ý❝❤ ❜♦❞➲✮ ❧❡➸í ♥❛ ❥❡❞♥é ♣➦í♠❝❡ ✭ch✮✱
❥❡➸ ❥❡ ♣rá✈➙ ❝❤♦❞rá❧♦✉ ❞✈♦✉ ❦r✉➸♥✐❝ ➦❡➨❡♥í✱

✭❝✮ t❛t♦ ♣➦í♠❦❛ ❥❡ ♣rá✈➙ ♦s♦✉ ♣♦❞♦❜♥♦st✐ t➦í ❞❛♥ý❝❤ ❝②❦❧➲ ✭❂ s♣♦❥♥✐❝❡ t➦í st➦❡❞➲ st❡❥♥♦❧❡❤❧♦st✐✮✱

✭❞✮ ♣r♦t♦➸❡ Li ∈ ch ❛ Li ❥❡ ♣ó❧ li✱ ♠✉sí ♣ó❧ ch ❧❡➸❡t ♥❛ li✳



✶✹✵ ❱ ❉♦❞❛t❦②

❩❞➲✈♦❞♥➙♥í t✈r③❡♥í✱ ❥❡➸ ♥❡❥s♦✉ ❥❛s♥á✱ ❧③❡ ♥❛❥ít ♥❛♣➦✳ ✈ ❬❍♦❪✳ Pr✐♥❝✐♣ ③♠✐➡♦✈❛♥ý ✈ ✭❞✮ ❥❡ ③♥á♠
❥❛❦♦ t③✈✳ ♣♦❧ár♥í r❡❝✐♣r♦❝✐t❛✳

❖❜rá③❡❦ ✷✵✳✾✿ ●❡r❣♦♥♥♦✈♦ ➦❡➨❡♥í ♦❜❡❝♥é ❆♣♦❧❧ó♥✐♦✈② ú❧♦❤②✿
✭✶✮ chab, chbc, chac ❥s♦✉ ❝❤♦r❞á❧② t➦í ❞✈♦❥✐❝ ❞❛♥ý❝❤ ❦r✉➸♥✐❝✱ ❥❡➸ ♣r♦❝❤á③í ❥❡❥✐❝❤ ♣♦t❡♥↔♥í♠ st➦❡✲
❞❡♠ P ✱
✭✷✮ Oab, Obc, Oac ❥s♦✉ st➦❡❞② st❡❥♥♦❧❡❤❧♦st✐ t➦í ❞✈♦❥✐❝ ❞❛♥ý❝❤ ❝②❦❧➲✱ ❥❡➸ ❧❡➸í ♥❛ ❥❡❥✐❝❤ ♦s❡ ♣♦❞♦❜✲
♥♦st✐✱
✭✸✮ Pa✱ Pb✱ Pc ❥s♦✉ ♣ó❧② tét♦ ♣➦í♠❦② ✈③❤❧❡❞❡♠ ❦ ❞❛♥ý♠ ❦r✉➸♥✐❝í♠✱
✭✹✮ ❞♦t②❦♦✈é ❜♦❞② ❥s♦✉ ♥❛ s♣♦❥♥✐❝í❝❤ PPa✱ PPb✱ PPc✳

✷✵✳✸ ➄❡➨❡♥í ♣♦♠♦❝í ❣❡♦♠❡tr✐❝❦ý❝❤ ♠íst

❚❛t♦ ♠❡t♦❞❛ ❥❡ ③❛❧♦➸❡♥❛ ♥❛ ❥❡❞♥♦❞✉❝❤é♠ ♣♦③♦r♦✈á♥í✱ ➸❡ st➦❡❞② ❝②❦❧➲✱ ❦t❡ré s❡ ❞♦tý❦❛❥í ❞✈♦✉
❞❛♥ý❝❤ ❝②❦❧➲ t✈♦➦í ✈➸❞② ♥➙❥❛❦♦✉ ❦✉➸❡❧♦s❡↔❦✉✱ ❦t❡r♦✉ s✐ ♦③♥❛↔í♠❡ ♥❛♣➦✳ k✿✏

❱➙t❛✳ Pr♦ ❝②❦❧② a, b s❡ st➦❡❞② A,B ❛ ♣♦❧♦♠➙r② ra, rb ♣❧❛tí✿

• ❥❡✲❧✐ |ra − rb| > |AB|✱ ♣❛❦ k ❥❡ ❡❧✐♣s❛ s ♦❤♥✐s❦② A,B ❛ ❞é❧❦♦✉ ❤❧❛✈♥í ♦s② |ra − rb|✱

• ❥❡✲❧✐ |ra − rb| < |AB|✱ ♣❛❦ k ❥❡ ❤②♣❡r❜♦❧❛ s ♦❤♥✐s❦② A,B ❛ ❞é❧❦♦✉ ❤❧❛✈♥í ♦s② |ra − rb|✳

❱ ✉✈❡❞❡♥é♠ ♣♦♣✐s✉ ✉✈❛➸✉❥❡♠❡ ra, rb ❥❛❦♦ ♦r✐❡♥t♦✈❛♥é ♣♦❧♦♠➙r②✱ t③♥✳ ③♥❛♠é♥❦♦ ra ♦❞♣♦✲
✈í❞á ♦r✐❡♥t❛❝✐ ❝②❦❧✉ a✳ ❱❡ s♣❡❝✐á❧♥í❝❤✱ r❡s♣✳ ♠❡③♥í❝❤ ♣➦í♣❛❞❡❝❤ ❥❡ ❦✉➸❡❧♦s❡↔❦❛ k ❦r✉➸♥✐❝❡ ♥❡❜♦
♣➦í♠❦❛✳ ✳ ✳

Pr♦ t➦✐ ❞❛♥é ❝②❦❧② ❥s♦✉ st➦❡❞② ❤❧❡❞❛♥ý❝❤ ❞♦tý❦❛❥í❝í❝❤ s❡ ❝②❦❧➲ s♣♦❧❡↔♥ý♠✐ ❜♦❞② ♥➙❥❛❦ý❝❤ t➦í
❦✉➸❡❧♦s❡↔❡❦ ✖ s❡str♦❥✐t t❛❦♦✈é ❜♦❞② ③♣r❛✈✐❞❧❛ ♥❡✉♠í♠❡ ❡✉❦❧❡✐❞♦✈s❦②✳



✷✶ ❑✉➸❡❧♦s❡↔❦② ✶✹✶

❖❜rá③❡❦ ✷✵✳✶✵✿ ❙t➦❡❞② ❝②❦❧➲✱ ❦t❡ré s❡ ❞♦tý❦❛❥í ❞✈♦✉ ❞❛♥ý❝❤ ❝②❦❧➲✱ t✈♦➦í ❦✉➸❡❧♦s❡↔❦✉
✭❦t❡rá s❡ ♥❡♠➙♥í ♣➦✐ ❞✐❧❛t❛❝í❝❤✮✳

✷✵✳✹ ➄❡➨❡♥í ♣♦♠♦❝í ❝②❦❧♦❣r❛✜❡

✭Pr♦③r❛❞í♠ ③á❥❡♠❝➲♠✱ ❦t❡➦í ③♥❛❥í ❤❡s❧♦✳✸✮

✷✶ ❑✉➸❡❧♦s❡↔❦②

❱ tét♦ ♣♦❞❦❛♣✐t♦❧❡ ✉✈❡❞❡♠❡ ♥➙❦♦❧✐❦ ❡❦✈✐✈❛❧❡♥t♥í❝❤ ❞❡✜♥✐❝ ❡❧✐♣s② ❛ str✉↔♥➙ ③♠í♥í♠❡ ♥➙❦♦❧✐❦
✉➸✐t❡↔♥ý❝❤ ❞➲s❧❡❞❦➲✳ P♦❞♦❜♥é ❞❡✜♥✐❝❡ ❛ ✈❧❛st♥♦st✐ ❧③❡ ③❢♦r♠✉❧♦✈❛t t❛❦é ♣r♦ ♣❛r❛❜♦❧✉ ❛ ❤②♣❡r❜♦❧✉✳

✷✶✳✶ ❊❧✐♣s❛

❊❧✐♣s❛ ❥❡ r♦✈✐♥♥á ❦➦✐✈❦❛✱ ❦t❡rá ♠➲➸❡ ❜ýt ❞❡✜♥♦✈á♥❛ ♠♥♦❤❛ r➲③♥ý♠✐ ③♣➲s♦❜②✳ ◆➙❦t❡ré ♥❡❥③♥á♠➙❥➨í
str✉↔♥➙ ♣➦✐♣♦♠❡♥❡♠❡ ❛ ❤❧❛✈♥➙ ♥❛③♥❛↔í♠❡✱ ♣r♦↔ ❥s♦✉ ♥❛✈③á❥❡♠ ❡❦✈✐✈❛❧❡♥t♥í✳ ❱ ♦❞st✳ ✷✶✳✹ ❥❡➨t➙
♣➦✐❞á♠❡ ❥❡❞❡♥ ♠♦➸♥ý ♣♦❤❧❡❞ ♥❛ ❡❧✐♣s✉✳

❊❧✐♣s❛ ❥❡ r♦✈✐♥♥á ❦➦✐✈❦❛ ❞❡✜♥♦✈❛♥á ♥➙❦t❡rý♠ ③ ♥ás❧❡❞✉❥í❝í❝❤ ❡❦✈✐✈❛❧❡♥t♥í❝❤ ③♣➲s♦❜➲✿

✭❛✮ ✉③❛✈➦❡♥á ❦✉➸❡❧♦✲s❡↔❦❛✱ t❥✳ ➦❡③ ❦✉➸❡❧♦✈é ♣❧♦❝❤② t❛❦♦✈♦✉ r♦✈✐♥♦✉✱ ❦t❡rá ♣r♦tí♥á ✈➨❡❝❤♥②
❥❡❥í ♣♦✈r❝❤♦✈é ♣➦í♠❦②❀

✭❜✮ ♠♥♦➸✐♥❛ ❜♦❞➲ ✈ r♦✈✐♥➙✱ ❥❡➸ ♠❛❥í ❦♦♥st❛♥t♥í s♦✉↔❡t ✈③❞á❧❡♥♦stí ♦❞ ❞✈♦✉ ❜♦❞➲ E ❛ F ✿

|EX|+ |XF | = ❦♦♥st✳;

✭❝✮ ♠♥♦➸✐♥❛ ❜♦❞➲ ✈ r♦✈✐♥➙✱ ❥❡➸ ♠❛❥í ❦♦♥st❛♥t♥í ♣♦♠➙r ✈③❞á❧❡♥♦stí ♦❞ ❜♦❞✉ F ❛ ♣➦í♠❦② d✱
♣➦✐↔❡♠➸

|XF | : |Xd| = ❦♦♥st✳ < 1;

✭❞✮ ❦➦✐✈❦❛ ✉r↔❡♥á ❦✈❛❞r❛t✐❝❦♦✉ r♦✈♥✐❝í ✭✈③❤❧❡❞❡♠ ❦ ✈❤♦❞♥é s♦✉➦❛❞♥é s♦✉st❛✈➙✮

x2

a2
+

y2

b2
= 1, r❡s♣✳ y2 = 2px− p

a
x2.

✸❍❡s❧♦ ❥❡ ❊■❋❆❘●❖▲❑❨❈✳
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❙♦✉✈✐s❡❥í❝í ♣♦❥♠② ❛ ✈③t❛❤② ❥s♦✉ ♥ás❧❡❞✉❥í❝í✿

• ❜♦❞② E ❛ F ❥s♦✉ ♦❤♥✐s❦❛✱ ♣➦í♠❦❛ d ❥❡ ➦í❞í❝í ♣➦í♠❦❛ ✭❡❧✐♣s❛ ♠á ❞✈➙ ♦❤♥✐s❦❛ ❛ ❞✈➙ ➦í❞í❝í
♣➦í♠❦②✮✱

• ❦✈❛❞r❛t✐❝❦á r♦✈♥✐❝❡ ✈ ✭❞✮ ❥❡ t③✈✳ st➦❡❞♦✈á✱ r❡s♣✳ ✈r❝❤♦❧♦✈á r♦✈♥✐❝❡ ❡❧✐♣s② ✭♣♦❥♠❡♥♦✈á♥♦
♣♦❞❧❡ ✉♠íst➙♥í ♣♦↔át❦✉ ♦❞♣♦✈í❞❛❥í❝í s♦✉➦❛❞♥é s♦✉st❛✈②✮✱

• a = ❞é❧❦❛ ❤❧❛✈♥í ♣♦❧♦♦s②✱ b = ❞é❧❦❛ ✈❡❞❧❡❥➨í ♣♦❧♦♦s②✱ p = b2

a
= ♣❛r❛♠❡tr ❡❧✐♣s②✱

• ❦♦♥st❛♥t❛ ✈ ✭❜✮ ❥❡ r♦✈♥❛ 2a✱

• ❦♦♥st❛♥t❛ ✈ ✭❝✮ ❥❡ r♦✈♥❛ e
a
✱ ❦❞❡ e =

√
a2 − b2 = ✈ýst➦❡❞♥♦st ❡❧✐♣s②✳

❉✐s❦✉③✐ ③❛↔♥❡♠❡ ✉❦á③❦♦✉ ③ ❦❧❛s✐❝❦é❤♦ ❛ ✈❡❧♠✐ ③❡✈r✉❜♥é❤♦ ♣♦❥❡❞♥á♥í ♦ ❦✉➸❡❧♦s❡↔❦á❝❤ ♦❞
❆♣♦❧❧ó♥✐❛ ③ P❡r❣②✳ ❩❞❡ ❥❡ ❡❧✐♣s❛ ❞❡✜♥♦✈á♥❛ ♣♦❞❧❡ ✭❛✮✱ ♦st❛t♥í ❝❤❛r❛❦t❡r✐③❛❝❡ ❥s♦✉ ♦❞t✉❞ ♦❞✈♦③❡♥é✳

❱➙t❛ ✭❆♣♦❧❧ó♥✐♦✈❛✮✳ ❯✈❛➸♠❡ ❦✉➸❡❧ s ❦r✉❤♦✈♦✉ ♣♦❞st❛✈♦✉✹ ❛ ❥❡❤♦ ❡❧✐♣t✐❝❦ý ➦❡③ ❥❛❦♦ ♥❛ ♦❜r✳ ✷✶✳✶✶✳
P♦t♦♠ ♣r♦ ❧✐❜♦✈♦❧♥ý ❜♦❞ Λ ♥❛ ❡❧✐♣s❡ ♣❧❛tí

ΛM2 = ΞM ·ME, ✭✷✶✳✶✮

❦❞❡ M ❥❡ ♣❛t❛ ❦♦❧♠✐❝❡ ③ Λ ♥❛ ∆E ❛ Ξ ❥❡ ❜♦❞ ♥❛ ú❤❧♦♣➦í↔❝❡ ♣❡✈♥é❤♦ ♣➦✐❧♦➸❡♥é❤♦ ♦❜❞é❧♥í❦✉ s❡
str❛♥❛♠✐ ∆E ❛ EΘ✱ ❦❞❡ EΘ ❥❡ ✉r↔❡♥á ✈③t❛❤❡♠ ∆E : EΘ = AK2 : (BK ·KΓ)✳

❖❜rá③❡❦ ✷✶✳✶✶✿ ❬➆❪ ❑❡ ✶✸✳ ✈➙t➙ ③ ■✳ ❦♥✐❤② ❆♣♦❧❧ó♥✐♦✈ý❝❤ ❑✉➸❡❧♦s❡↔❡❦✳ ✳ ✳

❉➲❦❛③✳ Ús❡↔❦❛ EΘ ❥❡ s❡str♦❥❡♥❛ ♣♦♥➙❦✉❞ ✉♠➙❧❡✱ ③❛ ❝❤✈í❧✐ ✈➨❛❦ ❜✉❞❡ ❥❛s♥é✱ ➸❡ ♦❞♣♦✈í❞á ♣rá✈➙
♣❛r❛♠❡tr✉ p ❡❧✐♣s②✳

✹❑✉➸❡❧ ♥❡♠✉sí ❜ýt ♥✉t♥➙ r♦t❛↔♥í✳



✷✶ ❑✉➸❡❧♦s❡↔❦② ✶✹✸

❖❞✈♦③❡♥í ✭✷✶✳✶✮ ♣❧②♥❡ ♣rá✈➙ ③ ❞❡✜♥✉❥í❝í r♦✈♥♦st✐ ♣r♦ ús❡↔❦✉ EΘ ❛ ♣♦❞♦❜♥♦stí ♥➙❦♦❧✐❦❛ tr♦❥✲
ú❤❡❧♥í❦➲✿

∆M

MΞ
=

∆E

EΘ
=

AK

BK

AK

KΓ
=

EM

MΠ

∆M

MP
.

❑❞②➸ ❧❡✈♦✉ str❛♥✉ r♦③➨í➦í♠❡ ME✱ ❜✉❞♦✉ ♠ít ♣♦♠➙r② ♥❛ ♦❜♦✉ str❛♥á❝❤ st❡❥♥ý ↔✐t❛t❡❧✱ ♦❞❦✉❞
♣❧②♥❡ r♦✈♥♦st ❥♠❡♥♦✈❛t❡❧➲✿

MΞ ·ME = MΠ ·MP.

◆❛✈í❝ r♦✈✐♥❛ ΛΠP ❥❡ r♦✈♥♦❜➙➸♥á s ♣♦❞st❛✈♦✉✱ t✉❞í➸ ➦❡③❡♠ ❦✉➸❡❧♦✈é ♣❧♦❝❤② t♦✉t♦ r♦✈✐♥♦✉ ❥❡
❦r✉➸♥✐❝❡ ❛ ΠP ❥❡ ❥❡❥í ♣r➲♠➙r✳ P♦❞❧❡ ❚❤❛❧❡t♦✈② ✈➙t② ❥❡ ú❤❡❧ ΠΛP ♣r❛✈ý ❛ ♣♦❞❧❡ ❊✉❦❧❡✐❞♦✈② ✈➙t②
♦ ✈ý➨❝❡ ♣❧❛tí✿

MΠ ·MP = MΛ2.

❉♦s❛③❡♥í♠ ❞♦ ♣➦❡❞❝❤♦③í r♦✈♥✐❝❡ t❛❦ ❞♦stá✈á♠❡ ✭✷✶✳✶✮✳

❉➲s❧❡❞❡❦✳ ❉❡✜♥✐❝❡ ✭❛✮ ❛ ✭❞✮ ❥s♦✉ ❡❦✈✐✈❛❧❡♥t♥í✳

❉➲❦❛③✳ ❖③♥❛↔í♠❡ s✐ |EΘ| =: 2p✱ ❞á❧❡ |E∆| =: 2a✱ |EM | := x ❛ |MΛ| =: y✳ ❩ ♣♦❞♦❜♥♦st✐
tr♦❥ú❤❡❧♥í❦➲ ΘE∆ ❛ ΘOΞ ✉♠í♠❡ ♣➦✐ t♦♠t♦ ③♥❛↔❡♥í ✈②❥á❞➦✐t |ΞM | = 2p − p

a
x✳ ❘♦✈♥✐❝✐ ✭✷✶✳✶✮

♣❛❦ ♠➲➸❡♠❡ ♣➦❡♣s❛t ❥❛❦♦
y2 =

(

2p− p

a
x
)

x,

❝♦➸ ❥❡ ♣rá✈➙ ✈r❝❤♦❧♦✈á r♦✈♥✐❝❡ ❡❧✐♣s② ✈ ✭❞✮✳

❩❜②❧é ❡❦✈✐✈❛❧❡♥❝❡ ♣❧②♥♦✉ ③ ♥ás❧❡❞✉❥í❝í ♣♦③♦r✉❤♦❞♥é ✈➙t②✳

❱➙t❛ ✭❉❛♥❞❡❧✐♥♦✈❛✕◗✉❡t❡❧❡t♦✈❛✮✳ P➦❡❞♣♦❦❧á❞❡❥♠❡✱ ➸❡ r♦✈✐♥♥ý♠ ➦❡③❡♠ r♦t❛↔♥í ❦✉➸❡❧♦✈é ♣❧♦❝❤②
❥❡ ❡❧✐♣s❛✳ P❛❦ ♦❤♥✐s❦❛ tét♦ ❡❧✐♣s② ❥s♦✉ ♣rá✈➙ ❜♦❞② ❞♦t②❦✉ ❦✉❧♦✈ý❝❤ ♣❧♦❝❤✱ ❦t❡ré s❡ ❞♦tý❦❛❥í ❥❛❦
❦✉➸❡❧❡✱ t❛❦ r♦✈✐♥② ➦❡③✉✳

❖❜rá③❡❦ ✷✶✳✶✷✿ ❬❑✉2❪ ❑ ❉❛♥❞❡❧✐♥♦✈➙✕◗✉❡t❡❧❡t♦✈➙ ✈➙t➙✳ ✳ ✳



✶✹✹ ❱ ❉♦❞❛t❦②

❉➲❦❛③✳ ❈❡❧é ♥ás❧❡❞✉❥í❝í ③❞➲✈♦❞➡♦✈á♥í ❥❡ ♦❞✈♦③❡♥♦ ③ ❥❡❞♥♦❞✉❝❤é❤♦ ♣♦③♥❛t❦✉✱ ➸❡ ✈➨❡❝❤♥② t❡↔♥②
③ ❞❛♥é❤♦ ❜♦❞✉ ❦ ❞❛♥é ❦✉❧♦✈é ♣❧♦➨❡ ❥s♦✉ st❡❥♥➙ ❞❧♦✉❤é ✭♠②s❧í♠❡ s❛♠♦③➦❡❥♠➙ ús❡↔❦② ♦❞ ❞❛♥é❤♦
❜♦❞✉ ❦ ❜♦❞➲♠ ❞♦t②❦✉✮✳

◆❛ ♦❜r✳ ✷✶✳✶✷ ③♥❛↔í E,F ❞♦t②❦♦✈é ❜♦❞② ❦✉❧♦✈ý❝❤ ♣❧♦❝❤ s ➦❡③♥♦✉ r♦✈✐♥♦✉✱ X ❥❡ ❧✐❜♦✈♦❧♥ý ❜♦❞
♥❛ ❡❧✐♣s❡✱ ❜♦❞② H,D ❥s♦✉ ♣r➲s❡↔í❦② ♣➦í♠❦② V X s ❞♦t②❦♦✈ý♠✐ ❦r✉➸♥✐❝❡♠✐ ❦✉➸❡❧❡ ❛ ✈❡♣s❛♥ý❝❤
❦♦✉❧í✳ ❈❤❝❡♠❡ ✉❦á③❛t✱ ➸❡ ♣❧❛tí |EX|+ |XF | = ❦♦♥st✳✱ t❥✳✱ ➸❡ E ❛ F ❥s♦✉ ♣rá✈➙ ♦❤♥✐s❦❛ ❡❧✐♣s②✿

P♦❞❧❡ ✈ý➨❡ ✉✈❡❞❡♥é❤♦ ♣♦③♥❛t❦✉ ❥❡ |EX| = |DX| ❛ |XF | = |XH|✱ t✉❞í➸

|EX|+ |XF | = |DX|+ |XH| = |DH|.

Pr♦t♦➸❡ ❥❡ ❦✉➸❡❧ r♦t❛↔♥í✱ ❥❡ ✈③❞á❧❡♥♦st |DH| stá❧❡ st❡❥♥á ♣r♦ ✈➨❡❝❤♥② ♣♦✈r❝❤♦✈é ♣➦í♠❦②✱ ❝♦➸ ❥s♠❡
♣rá✈➙ ♠➙❧✐ ❞♦❦á③❛t✳

❉➲s❧❡❞❡❦✳ ❉❡✜♥✐❝❡ ✭❛✮✱ ✭❜✮ ❛ ✭❝✮ ❥s♦✉ ♥❛✈③á❥❡♠ ❡❦✈✐✈❛❧❡♥t♥í✱ ♣➦✐↔❡♠➸ ➦í❞í❝í ♣➦í♠❦② ❡❧✐♣s② ❥s♦✉
♣rá✈➙ ♣r➲s❡↔♥✐❝❡ ρ ∩ α ❛ ρ ∩ β ♥❛ ♦❜r✳ ✷✶✳✶✷✳

❉➲❦❛③✳ ❊❦✈✐✈❛❧♥❝❡ ✭❛✮ ❛ ✭❜✮ ♣❧②♥❡ ♣➦í♠♦ ③ ♣➦❡❞❝❤♦③í ✈➙t②✳ ❊❦✈✐✈❛❧❡♥❝❡ s ❞❡✜♥✐❝í ✭❝✮ ❜✉❞❡ ③➦❡❥♠á✱
❦❞②➸ ❞♦❦á➸❡♠❡ ❝❤❛r❛❦t❡r✐③♦✈❛t ➦í❞í❝í ♣➦í♠❦②✳ Pr♦ ♣r➲s❡↔♥✐❝✐ p = ρ∩α✱ ♦❤♥✐s❦♦ F ❛ ♣r♦ ❧✐❜♦✈♦❧♥ý
❜♦❞ X ♥❛ ❡❧✐♣s❡ ❝❤❝❡♠❡ ✉❦á③❛t✱ ➸❡ ♣❧❛tí |XF | : |Xp| = ❦♦♥st✳ < 1✱ t❥✳✱ ➸❡ p ❥❡ ❥❡❥í ➦í❞í❝í ♣➦í♠❦❛✳

❱③❞á❧❡♥♦st |Xp| ♠➙➦í♠❡ ❥❛❦♦ ✈③❞á❧❡♥♦st |XP |✱ ❦❞❡ P ❥❡ ♣❛t❛ ❦♦❧♠✐❝❡ ③ X ♥❛ p❀ ✈ ♣♦♠♦❝♥é♠
❜♦↔♥í♠ ♣r➲♠➙t✉ ✈✐❞í♠❡ t✉t♦ ✈③❞á❧❡♥♦st ♥❡③❦r❡s❧❡♥➙✳ P➦❡❞ ❝❤✈í❧í ❥s♠❡ s✐ ✉✈➙❞♦♠✐❧✐✱ ➸❡ |XF | =
|XH|❀ t✉t♦ ✈③❞á❧❡♥♦st ✈✐❞í♠❡ ✈ ❜♦↔♥í♠ ♣r➲♠➙t✉ ❥❛❦♦ ✈❡❧✐❦♦st ♣♦♦t♦↔❡♥é ús❡↔❦② |X0H0| ✭♣r♦
❥✐st♦t✉ ❞♦❞á✈á♠❡✱ ➸❡ HH0‖XX0✮✳ P❧❛tí t❡❞②✿

|XF | : |Xp| = |X0H0| : |XP |.

Pr♦t♦➸❡ tr♦❥ú❤❡❧♥í❦② AH0P ❛ AX0X ✭✈ ❜♦↔♥í♠ ♣r➲♠➙t✉✦✮ ❥s♦✉ st❡❥♥♦❧❡❤❧é✱ ♣❧❛tí✿

|X0H0| : |XP | = |AH0| : |AP |,

❝♦➸ ❥❡ ❦♦♥st❛♥t❛ ✭✉r↔❡♥á ✈ý❤r❛❞♥➙ ✈③á❥❡♠♥♦✉ ♣♦❧♦❤♦✉ r♦✈✐♥ ρ✱ α ❛ ❦✉➸❡❧❡✮✳ ◆❛✈í❝ ❥❡ ③➦❡❥♠é✱ ➸❡
t❛t♦ ❦♦♥st❛♥t❛ ❥❡ < 1✱ ❝♦➸ ❥s♠❡ ♠➙❧✐ ❞♦❦á③❛t✳

✷✶✳✷ ❉❛❧➨í ✈❧❛st♥♦st✐ ❛ ♣♦❥♠②

❩ ♦❤♥✐s❦♦✈ý❝❤ ✈❧❛st♥♦stí ❡❧✐♣s② ❧③❡ ✈②✈♦❞✐t ♥➙❦♦❧✐❦ ❞❛❧➨í❝❤ ♣♦③♥❛t❦➲✱ ❦t❡ré ❥s♦✉ ✉➸✐t❡↔♥é ♥❛♣➦✳
♣➦✐ ❦♦♥str✉❦❝í❝❤ t❡↔❡♥✱ ✈✐③ ♦❜r✳ ✷✶✳✶✸✳

❖❜rá③❡❦ ✷✶✳✶✸✿ ❬❑✉2❪ ❱❧❛st♥♦st✐ t❡↔❡♥ ❡❧✐♣s②✳ ✳ ✳



✷✶ ❑✉➸❡❧♦s❡↔❦② ✶✹✺

❚②t♦ ✈❧❛st♥♦st✐ ❧③❡ ♣♦✉➸ít ❦ ❡❧❡♠❡♥tár♥í♠ ❦♦♥str✉❦❝í♠ ♣ó❧✉ ♣➦í♠❦②✱ r❡s♣✳ ♣♦❧ár② ❜♦❞✉ ✈③❤❧❡✲
❞❡♠ ❦ ❞❛♥é ❡❧✐♣s❡✳ ✳ ✳

❊❧✐♣s✉ ❥❛❦♦ t❛❦♦✈♦✉ s❛♠♦③➦❡❥♠➙ ♥❡❧③❡ ♥❛rýs♦✈❛t ♣r❛✈ít❦❡♠ ❛ ❦r✉➸ít❦❡♠✳ ▼➲➸❡♠❡ ✈➨❛❦ s❡✲
str♦❥✐t ❧✐❜♦✈♦❧♥é ♠♥♦➸st✈í ♥❛ ♥í ❧❡➸í❝í❝❤ ❜♦❞➲✳ ✳ ✳

Pr♦ ♣➦✐❜❧✐➸♥é ✉r↔❡♥í ❡❧✐♣s② ✈ ♦❦♦❧í ❥❡❥í❝❤ ✈r❝❤♦❧➲ s❡ ✉➸í✈á t③✈✳ ✭❤②♣❡r✲✮♦s❦✉❧❛↔♥í❝❤ ❦r✉➸♥✐❝✳ ✳ ✳

✷✶✳✸ ❖st❛t♥í ❦✉➸❡❧♦s❡↔❦②

❱➙t➨✐♥❛ ✈ý➨❡ ✉✈❡❞❡♥ý❝❤ ♣♦③♥❛t❦➲✱ ❦t❡ré ❥s♠❡ ③❢♦r♠✉❧♦✈❛❧✐ ♦ ❡❧✐♣s❡✱ ♠á ❛♥❛❧♦❣✐❡ ♣r♦ ♦st❛t♥í
♥❡❞❡❣❡♥❡r♦✈❛♥é ❦✉➸❡❧♦s❡↔❦②✱ t❥✳ ♣❛r❛❜♦❧✉ ❛ ❤②♣❡r❜♦❧✉✳ ❆➸ ❜✉❞❡ ♥➙❦❞② ↔❛s✱ t❛❦ ❥✐❝❤ t❛❞② ♣ár
✈②❥♠❡♥✉❥❡♠❡✳ ✳ ✳

❖❜rá③❡❦ ✷✶✳✶✹✿ ❬❑✉2❪ ❱❧❛st♥♦st✐ t❡↔❡♥ ♣❛r❛❜♦❧②✳ ✳ ✳

✷✶✳✹ Pr♦❥❡❦t✐✈♥í ♦❜r❛③ ❦r✉➸♥✐❝❡

P♦③♦r♦✈á♥í ✈ ♣➦❡❞❝❤♦③í❝❤ ♦❞st❛✈❝í❝❤ ♥á♠ s✐❧♥➙ ♣➦✐♣♦♠í♥❛❥í ❥✐♥♦✉ ♣♦❞♦❜♥♦✉ s✐t✉❛❝✐ ✖ ✒❦r✉➸♥✐❝❡✏
❛ ❡❧✐♣s❛ ♥❛ ♦❜r✳ ✷✶✳✶✶ ❥s♦✉ ✈ ú♣❧♥➙ st❡❥♥é♠ ✈③t❛❤✉ ❥❛❦♦ ❞✈❛ tr♦❥ú❤❡❧♥í❦② ♥❛ ♦❜r✳ ✽✳✷✻✳ P❧❛♥✐♠❡✲
tr✐❝❦á ✐♥t❡r♣r❡t❛❝❡ tét♦ ❦♦r❡s♣♦♥❞❡♥❝❡ ❥❡ s❛♠♦③➦❡❥♠➙ ♦♣➙t ♦s♦✈á ❦♦❧✐♥❡❛❝❡✳

❱ ♣❡rs♣❡❦t✐✈♥í ❦♦❧✐♥❡❛❝✐ ♠➲➸❡ ❦r✉➸♥✐❝✐ ♦❞♣♦✈í❞❛t ❧✐❜♦✈♦❧♥á ❦✉➸❡❧♦s❡↔❦❛ ❛ ♣➦✐ st➦❡❞♦✈é♠ ♣r♦✲
♠ítá♥í s❡ ❦❛➸❞á ❦✉➸❡❧♦s❡↔❦❛ ③♦❜r❛③✉❥❡ ❞♦ ❦✉➸❡❧♦s❡↔❦②✳ ❚♦ ✈ ❞➲s❧❡❞❦✉ ③♥❛♠❡♥á✱ ➸❡ ♦❜r❛③❡♠ ❦r✉➸✲
♥✐❝❡ ✈③❤❧❡❞❡♠ ❦ ♦s♦✈é ❦♦❧✐♥❡❛❝✐ ♠➲➸❡ ❜ýt ❧✐❜♦✈♦❧♥á ♥❡❞❡❣❡♥❡r♦✈❛♥á✺ ❦✉➸❡❧♦s❡↔❦❛✳ ❙♣❡❝✐á❧♥í♠
♣➦í♣❛❞❡♠ ♦s♦✈é ❦♦❧✐♥❡❛❝❡ ❥❡ ♦s♦✈á ❛✜♥✐t❛ ❛ ✖ ❥❛❦♦ ❦❛➸❞é ❛✜♥♥í ③♦❜r❛③❡♥í ✖ t❛t♦ ♥❡✉♠í ③♦❜r❛③✐t
➸á❞♥ý ✈❧❛st♥í ❜♦❞ ♥❛ ♥❡✈❧❛st♥í✳ ❚♦ ③♥❛♠❡♥á✱ ➸❡ ♦❜r❛③❡♠ ❦r✉➸♥✐❝❡ ✈③❤❧❡❞❡♠ ❦ ♦s♦✈é ❛✜♥✐t➙ ♠➲➸❡
❜ýt ❥❡❞✐♥➙ ❡❧✐♣s❛✳ ❖❞t✉❞ ♣❧②♥❡ ♥ás❧❡❞✉❥í❝í t✈r③❡♥í✱ ❦t❡ré ♠á ✈❡❧✐❝❡ ✉➸✐t❡↔♥é ❦♦♥str✉❦↔♥í ❞➲s❧❡❞❦②✳

❱➙t❛✳ ❖❜r❛③❡♠ ❦r✉➸♥✐❝❡ ✈ ♦s♦✈é ❦♦❧✐♥❡❛❝✐ ✭❛✜♥✐t➙✮ ❥❡ ♥❡❞❡❣❡♥❡r♦✈❛♥á ❦✉➸❡❧♦s❡↔❦❛ ✭❡❧✐♣s❛✮✳ ◆❛✲
♦♣❛❦✱ ❧✐❜♦✈♦❧♥á ♥❡❞❡❣❡♥❡r♦✈❛♥á ❦✉➸❡❧♦s❡↔❦❛ ✭❡❧✐♣s❛✮ ❥❡ ♦❜r❛③❡♠ ❦r✉➸♥✐❝❡ ✈③❤❧❡❞❡♠ ❦ ♥➙❥❛❦é ♦s♦✈é
❦♦❧✐♥❡❛❝✐ ✭❛✜♥✐t➙✮✳

❱③❤❧❡❞❡♠ ❦ t♦♠✉✱ ➸❡ st➦❡❞♦✈á ♣r♦♠ítá♥í ❛ ♦s♦✈é ❦♦❧✐♥❡❛❝❡ ❥s♦✉ ③á❦❧❛❞♥í ♣r♦❥❡❦t✐✈♥í ③♦❜r❛③❡♥í✱
♣➦❡❞❝❤♦③í t✈r③❡♥í ❥❡ ♠♦➸♥é ❥❡➨t➙ ③♦❜❡❝♥✐t✿

❱➙t❛✳ Pr♦❥❡❦t✐✈♥í♠ ♦❜r❛③❡♠ ❦r✉➸♥✐❝❡ ❥❡ ❦✉➸❡❧♦s❡↔❦❛✳ ◆❛♦♣❛❦✱ ❦❛➸❞á ❦✉➸❡❧♦s❡↔❦❛ ❥❡ ♣r♦❥❡❦t✐✈♥í♠
♦❜r❛③❡♠ ❦r✉➸♥✐❝❡✳

✺P♦❦✉❞ ❜② ❜②❧❛ ❞❡❣❡♥❡r♦✈❛♥á✱ ♥❡❜②❧❛ ❜② ❦♦❧✐♥❡❛❝❡ ❦♦❧✐♥❡❛❝í✱ t❥✳ ♥❡❜②❧❛ ❜② ❜✐❥❡❦t✐✈♥í♠ ③♦❜r❛③❡♥í♠✳



✶✹✻ ❱ ❉♦❞❛t❦②

✷✶✳✺ Ú❧♦❤② s ❦✉➸❡❧♦s❡↔❦❛♠✐

❚❛❞② ③♠✐➡✉❥❡♠❡ ♥➙❦♦❧✐❦ ú❧♦❤✱ ♥❛ ❦t❡ré ♦❞❦❛③✉❥❡♠❡ ♣➦✐ ③♦❜r❛③♦✈á♥í ♦❜❧ý❝❤ t➙❧❡s ✭♦❞st✳ ✶✼✳✹✮✳ Pr♦
♥➙❦t❡ré ③ ♥ás❧❡❞✉❥í❝í❝❤ ú❧♦❤ s❛♠♦③➦❡❥♠➙ ❡①✐st✉❥í ❡❧❡♠❡♥tár♥í ❦♦♥str✉❦❝❡ ♦❞✈♦③❡♥é ③ ♦❤♥✐s❦♦✈ý❝❤
✈❧❛st♥♦stí ❦✉➸❡❧♦s❡↔❡❦ ✭♦❞st✳ ✷✶✳✷✮✳ ▼② ❜✉❞❡♠❡ ✈❡ ✈➨❡❝❤ ♣➦í♣❛❞❡❝❤ ③❛♠➙st♥á✈❛t ♦s♦✈♦✉ ❦♦❧✐✲
♥❡❛❝✐ ✭❛✜♥✐t✉✮ ♠❡③✐ ❦✉➸❡❧♦s❡↔❦♦✉ ❛ ❦r✉➸♥✐❝í✳ ❚❛t♦ ❥❡ ❜✉↕ s♦✉↔ástí ♥❡❜♦ ❥✐ ❧③❡ ♣♦❞❧❡ ♣♦t➦❡❜②
✈②♠②s❧❡t✱ ❛ t♦ ❞♦❦♦♥❝❡ ♥➙❦♦❧✐❦❛ ③♣➲s♦❜②✳ Ú❧♦❤② ❢♦r♠✉❧✉❥❡♠❡ ♣r♦ ❡❧✐♣s✉✱ ❛✈➨❛❦ ♥❡♥í ♣r♦❜❧é♠
③♦❜❡❝♥✐t ♣r♦ ♦❜❡❝♥♦✉ ✭♥❡❞❡❣❡♥❡r♦✈❛♥♦✉✮ ❦✉➸❡❧♦s❡↔❦✉✳ ✳ ✳

❑♦♥str✉❦❝❡ ❤❧❛✈♥í❝❤ ♣r➲♠➙r➲

P➦❡❞♣♦❦❧á❞❡❥♠❡✱ ➸❡ ❡❧✐♣s❛ ❥❡ ❞á♥❛ ❥❛❦♦ ♦❜r❛③ ❦r✉➸♥✐❝❡ ✈③❤❧❡❞❡♠ ❦ ♦s♦✈é ❛✜♥✐t➙ ✉r↔❡♥é ♦s♦✉ p

❛ ♦❜r❛③❡♠ S′ st➦❡❞✉ (S)✳ ❙❡str♦❥✐t ♦♥✉ ❡❧✐♣s✉ ♣r♦ ♥ás ③♥❛♠❡♥á s❡str♦❥✐t ❥❡❥í ❤❧❛✈♥í ♣r➲♠➙r②✱ ❝♦➸
❥s♦✉ s❞r✉➸❡♥é ♣r➲♠➙r②✱ ❦t❡ré ❥s♦✉ s♦✉↔❛s♥➙ ♥❛✈③á❥❡♠ ❦♦❧♠é✳

➄❡➨❡♥í ♥❛ ♦❜r✳ ✷✶✳✶✺ ❥❡ ♦❞✈♦③❡♥♦ ③ t♦❤♦✱ ➸❡ s❞r✉➸❡♥é ♣r➲♠➙r② ✈ ❦r✉➸♥✐❝✐ ❥s♦✉ ♣rá✈➙ ♥❛✈③á❥❡♠
❦♦❧♠é ♣r➲♠➙r②✳ ❍❧❡❞á♠❡ t✉❞í➸ t❛❦♦✈♦✉ ❞✈♦❥✐❝✐ ❦♦❧♠ý❝❤ ♣r➲♠➙r➲ ✈ ❦r✉➸♥✐❝✐✱ ❥❡❥í♠➸ ♦❜r❛③❡♠ ❥s♦✉
③❛s❡ ❦♦❧♠é ♣r➲♠➙r②✳ ❖❞♣♦✈í❞❛❥í❝í ♣➦í♠❦② s❡ ♣r♦tí♥❛❥í ♥❛ ♦s❡ ✭❜♦❞② ✶ ❛ ✷✮ ❛ ♣r❛✈ý ú❤❡❧ ✉ ✈r❝❤♦❧✉
(S)✱ r❡s♣✳ S′ ❥❡ ❝❤❛r❛❦t❡r✐③♦✈á♥ tí♠✱ ➸❡ ❧❡➸í ♥❛ ❚❤❛❧❡t♦✈➙ ❦r✉➸♥✐❝✐ ✭♦③♥✳ l✮✳ ❙t➦❡❞ tét♦ ❦r✉➸♥✐❝❡
❧❡➸í ♥❛ ♦s❡ ús❡↔❦② (S)S′ ❛ ♥❛ ♦s❡ ❛✜♥✐t② p✳ ✳ ✳

❖❜rá③❡❦ ✷✶✳✶✺✿ ❬❑❱❪ ❍❧❛✈♥í ♣r➲♠➙r② ❡❧✐♣s② ♣♦♠♦❝í ♦s♦✈é ❛✜♥✐t②✳

Pr➲♥✐❦ ♣➦í♠❦② s ❦✉➸❡❧♦s❡↔❦♦✉

❊❧✐♣s❛ ❥❡ ❞á♥❛ s✈ý♠✐ ✈r❝❤♦❧② A,B,C✱ ♠á♠❡ s❡str♦❥✐t ❥❡❥í ♣r➲♥✐❦ s ♣➦í♠❦♦✉ p✳
❑ ➦❡➨❡♥í ♥❛ ♦❜r✳ ✷✶✳✶✻ ✉➸í✈á♠❡ ✭✉♠➙❧❡ ✈②t✈♦➦❡♥♦✉✮ ♦s♦✈♦✉ ❛✜♥✐t✉ ♠❡③✐ ❡❧✐♣s♦✉ ❛ ❦r✉➸♥✐❝í

s ♣r➲♠➙r❡♠ AB ✖ t❛t♦ ❛✜♥✐t❛ ♠á ♦s✉ AB ❛ ❥❡ ③❝❡❧❛ ✉r↔❡♥❛ ❞✈♦❥✐❝í ❜♦❞➲ C 7→ C ′✳ P➦✐r♦③❡♥ý
♣♦st✉♣ ❥❡ ♥ás❧❡❞✉❥í❝í✿ s❡str♦❥í♠❡ ♦❜r❛③ ♣➦í♠❦② p✱ ✉r↔í♠❡ ❥❡❥í ♣r➲s❡↔í❦② s ❦r✉➸♥✐❝í ✭X ′, Y ′✮ ❛ ✈③♦r②
t➙❝❤t♦ ❞✈♦✉ ❜♦❞➲ ✭X,Y ✮ ❥s♦✉ ➦❡➨❡♥í♠ ú❧♦❤②✳



✷✶ ❑✉➸❡❧♦s❡↔❦② ✶✹✼

❖❜rá③❡❦ ✷✶✳✶✻✿ ❬❑✉❪ Pr➲♥✐❦ ♣➦í♠❦② s ❡❧✐♣s♦✉ ♣♦♠♦❝í ♦s♦✈é ❛✜♥✐t②✳

❚❡↔♥❛ ❦❡ ❦✉➸❡❧♦s❡↔❝❡

❊❧✐♣s❛ ❥❡ ❞á♥❛ s✈ý♠ ❤❧❛✈♥í♠ ♣r➲♠➙r❡♠ AB ❛ ❜♦❞❡♠ T ✱ ♠á♠❡ s❡str♦❥✐t t❡↔♥✉ ❦ ❡❧✐♣s❡ ③ ❜♦❞✉
T ✳

P♦♠♦❝í st❡❥♥é ♦s♦✈é ❛✜♥✐t② ❥❛❦♦ ✈ ♣➦❡❞❝❤♦③í ú❧♦③❡ ♠➲➸❡♠❡ ♣♦st✉♣♦✈❛t t❛❦t♦✿ s❡str♦❥í♠❡ ♦❜r❛③
❜♦❞✉ T ✱ s❡str♦❥í♠❡ t❡↔♥✉ ③ t♦❤♦t♦ ❜♦❞✉ ❦❡ ❦r✉➸♥✐❝✐✱ ✈③♦r tét♦ ♣➦í♠❦② ❥❡ t❡↔♥♦✉ ❦ ❡❧✐♣s❡✳

❖❜rá③❡❦ ✷✶✳✶✼✿ ❬❑✉❪ ❚❡↔♥❛ ❦ ❡❧✐♣s❡ ♣♦♠♦❝í ♦s♦✈é ❛✜♥✐t②✳

❯✈❡❞❡♥é ♠②➨❧❡♥❦② ❧③❡ s♥❛❞♥♦ ♠♦❞✐✜❦♦✈❛t ♥❛♣➦✳ ❦ s❡str♦❥❡♥í t❡↔♥② ❦ ❞❛♥é ❡❧✐♣s❡ ③ ❞❛♥é❤♦
❜♦❞✉ ↔✐ ✈ ❞❛♥é♠ s♠➙r✉✳ ✳ ✳ ✏



✶✹✽ ❱ ❉♦❞❛t❦②



❩á✈➙r❡↔♥é s❤r♥✉tí

◆❛ ③á✈➙r ♥❛❜í③í♠❡ ♣♦❦✉s ♦ str✉↔♥é s❤r♥✉tí ♣r♦❜r❛♥é ❧át❦②✳ ❩❛ ❝❡❧ý s❡♠❡str ❥s♠❡ t♦❤♦ ♥❛♣♦✈í❞❛❧✐
❝❡❧❦❡♠ ❤♦❞♥➙✱ t② ♥❡❥♣♦❞st❛t♥➙❥➨í ✈➙❝✐ s❡ ✈➨❛❦ ♣♦③♥❛❥í ♣♦❞❧❡ t♦❤♦✱ ➸❡ ❥s♦✉ ③♣r❛✈✐❞❧❛ ♦❜❞❛➦❡♥②
♣➦í✈❧❛st❦❡♠ ③á❦❧❛❞♥í✳

❑❧❛s✐❝❦á ❦♦♥str✉❦↔♥í ❣❡♦♠❡tr✐❡ ✭❦❛♣✳ ■■✮

◆❡❥♣r✈❡ ❥s♠❡ s✐ ❞❛❧✐ ③á❧❡➸❡t ♥❛ ♦r❣❛♥✐③❛❝✐ ③á❦❧❛❞♥í❝❤ ❣❡♦♠❡tr✐❝❦ý❝❤ ♣♦③♥❛t❦➲✱ ❛ t♦ ♣♦❞❧❡ ❊✉❦❧❡✐✲
❞♦✈ý❝❤ ❩á❦❧❛❞➲ ✭♣♦❞❦❛♣✳ ✹✮✳ ●❡♦♠❡tr✐❡ ✭st❡❥♥➙ ❥❛❦♦ ❥❛❦á❦♦❧✐ ❥✐♥á ♠❛t❡♠❛t✐❝❦á ❞✐s❝✐♣❧í♥❛✮ ♥❡♥í
♣♦✉❤ý♠ s♦✉❜♦r❡♠ ❞❡✜♥✐❝í ❛ ♣♦✉↔❡❦✱ ❦t❡ré ❥❡ ♥✉t♥é s❡ ♣➦❡❞ ❦❛➸❞♦✉ ③❦♦✉➨❦♦✉ ♥❛➨♣rt❛t✳ Ptá♠❡✲❧✐
s❡ ✉ ❦❛➸❞é❤♦ t✈r③❡♥í✱ ❥❛❦ ❥❡ ③❞➲✈♦❞♥➙♥♦ ✭♣➦í♣✳ ❝♦ ③ ♥➙❥ ❞á❧❡ ✈②♣❧ý✈á✮✱ ♠➲➸❡♠❡ ♦❞❤❛❧✐t ❥❛s♥♦✉
❧♦❣✐❝❦♦✉ str✉❦t✉r✉✱ ❛ t✉ ❥✐➸ ♥❡❧③❡ ③❛♣♦♠❡♥♦✉t✦ ❚❛❦t♦ s❡ ♣♦st✉♣♥➙ ❞♦stá✈á♠❡ ❦ ♥➙❦♦❧✐❦❛ ♠á❧♦
♣r✐♠✐t✐✈♥í♠ ✭t❥✳ ♥❡❥③á❦❧❛❞♥➙❥➨í♠✱ ❛ t❡❞② ♥❡❞❡✜♥♦✈❛♥ý♠✮ ♣♦❥♠➲♠ ❛ ✈t❛❤➲♠✴r❡❧❛❝í♠✳ Pr✐♠✐t✐✈♥í
♣♦❥♠② ❥s♦✉

• ❜♦❞✱ ♣➦í♠❦❛ ❛ r♦✈✐♥❛✱

♣r✐♠✐t✐✈♥í ✈③t❛❤② ❥s♦✉

• ✐♥❝✐❞❡♥❝❡✱ ✉s♣♦➦á❞á♥í✱ s❤♦❞♥♦st✱ r♦✈♥♦❜➙➸♥♦st ❛ s♣♦❥✐t♦st✳

❚②t♦ ✈③t❛❤② ❥s♦✉ ✈②♠❡③❡♥② ♥➙❦♦❧✐❦❛ ③á❦❧❛❞♥í♠✐ t✈r③❡♥í♠✐ ✭❛①✐ó♠②✱ r❡s♣✳ ♣♦st✉❧át②✮✱ ✈✐③ ♦❞st✳ ✹✳✶
❛ ♣➦í❧♦❤✉ ♥❛ str✳ ✶✼✶✳

P❧❛♥✐♠❡tr✐❡

◆❛ ú✈♦❞ ❥s♠❡ s❡ ✈➙♥♦✈❛❧✐ ♣♦♥➙❦✉❞ ♣r♦❜❧❡♠❛t✐❝❦é♠✉ ♣áté♠✉ ❊✉❦❧❡✐❞♦✈✉ ♣♦st✉❧át✉ ✭♦❞st✳ ✹✳✹✮✳
❚❡♥ ❥❡ ♣♦♣r✈é ♣♦✉➸✐t ✈❡ ✈➙t➙ ♦ st➦í❞❛✈ý❝❤ ú❤❧❡❝❤ ✭■✳✷✾✮✱ ♦❞❦✉❞ ❞á❧❡ ♣❧②♥❡ ♥❛♣➦✳ ✈➙t❛ ♦ s♦✉↔t✉
✈♥✐t➦♥í❝❤ ú❤❧➲ ✈ tr♦❥ú❤❡❧♥í❦✉ ✭■✳✸✷✮ ♥❡❜♦ ③á❦❧❛❞♥í ✈➙t② ♦ st❡❥♥♦♣❧♦❝❤ý❝❤ tr♦❥ú❤❡❧♥í❝í❝❤✴r♦✈♥♦❜➙➸✲
♥í❝í❝❤ ✭■✳✸✺✕✸✽✮✳ ❱②✈r❝❤♦❧❡♥í♠ t♦❤♦t♦ té♠❛t✐❝❦é❤♦ ♦❦r✉❤✉ ❜②❧❛ ❊✉❦❧❡✐❞♦✈❛ ✈➙t❛ ♦ ♦❞✈➙s♥➙✱ r❡s♣✳
✈➙t❛ P②t❤❛❣♦r♦✈❛ ✭■✳✹✼✮✳

❱í❝❡♠é♥➙ ❥❡♥♦♠ s t➙♠✐t♦ ♣♦③♥❛t❦② ❥s♠❡ ❜②❧✐ s❝❤♦♣♥✐ ❦♦♥str✉❦↔♥➙ ➦❡➨✐t ♣r♦❜❧é♠ t③✈✳ ❦✈❛❞✲
r❛t✉r② ♦❜❡❝♥é❤♦ ♠♥♦❤♦ú❤❡❧♥í❦✉ ✭♦❞st✳ ✹✳✻✮✳ ❘♦③❜♦r❡♠ ③❞➲✈♦❞♥➙♥í ❥❡❞♥♦t❧✐✈ý❝❤ ❦r♦❦➲ ❥s♠❡ s✐
♥❛✈í❝ ✉✈➙❞♦♠✐❧✐ ③❛❥í♠❛✈ý ❞♦❞❛t❡❦ tý❦❛❥í❝í s❡ st➦í❤á♥í ✭str✳ ✶✼✮✳

❏❛❦♦ ✉❦á③❦✉ t③✈✳ ❣❡♦♠❡tr✐❝❦é ❛❧❣❡❜r② ❥s♠❡ ✉✈❡❞❧✐ ❦♦♥str✉❦❝✐ ③❧❛té❤♦ ➦❡③✉ ús❡↔❦②✱ ❦t❡r♦✉ ❥s♠❡
✐♥t❡r♣r❡t♦✈❛❧✐ ❥❛❦♦ ❣❡♦♠❡tr✐❝❦é ➦❡➨❡♥í ✈❡❧♠✐ s♣❡❝✐á❧♥í ❦✈❛❞r❛t✐❝❦é r♦✈♥✐❝❡ ✭♦❞st✳ ✹✳✾✮✳



✶✺✵ ❙❤r♥✉tí

❱ s♦✉✈✐s❧♦st✐ s ❦r✉➸♥✐❝❡♠✐ ✭♦❞st✳ ✹✳✶✷✮ ❥s♠❡ ③♠í♥✐❧✐ ♥➙❦♦❧✐❦ ③á❦❧❛❞♥í❝❤ t✈r③❡♥í tý❦❛❥í❝í❝❤
s❡ ❥❡❥✐❝❤ ✈③á❥❡♠♥é❤♦ ❞♦t②❦✉✱ ♣➦í♣✳ t❡↔❡♥ ✭■■■✳✶✶✕✶✾✮✳ ❉❛❧➨í♠ ♠✐❧♥í❦❡♠ ❜②❧❛ ✈➙t❛ ♦ st➦❡❞♦✈ý❝❤
❛ ♦❜✈♦❞♦✈ý❝❤ ú❤❧❡❝❤ ✭■■■✳✷✵✕✷✶✮✱ ❥❡❥í♠✐➸ ❜❡③♣r♦st➦❡❞♥í♠✐ ❞➲s❧❡❞❦② ❥s♦✉ ♥❛♣➦✳ ✈➙t❛ ♦ t➙t✐✈♦✈é♠
↔t②➦ú❤❡❧♥í❦✉✱ ❚❤❛❧❡t♦✈❛ ✈➙t❛ ♥❡❜♦ ✈➙t❛ ♦ ús❡❦♦✈é♠ ú❤❧✉✳ ❱②✈r❝❤♦❧❡♥í♠ t♦❤♦t♦ ♦❞st❛✈❝❡ ❜②❧❛
✈➙t❛✱ ❦t❡rá s✐❝❡ ♥❡♠á ➸á❞♥é s♣❡❝✐á❧♥í ♣♦❥♠❡♥♦✈á♥í ✭■■■✳✸✺✕✸✻✮✱ ❦t❡rá ♥ás ✈➨❛❦ ❞♦✈❡❞❧❛ ❦ ✈❡❧✐❝❡
✉➸✐t❡↔♥é♠✉ ♣♦❥♠✉ ♠♦❝♥♦st✐ ❜♦❞✉ ❦❡ ❦r✉➸♥✐❝✐✳

❍❡③❦♦✉ s②♥té③✉ ✈➨❡❝❤ ♣♦❞st❛t♥ý❝❤ ❛ ❞♦ té ❞♦❜② ❞✐s❦✉t♦✈❛♥ý❝❤ té♠❛t ❧③❡ ♥❛❥ít ♣➦✐ ❞➲❦❧❛❞♥é♠
r♦③❜♦r✉ ♣r❛✈✐❞❡❧♥é❤♦ ♣➙t✐ú❤❡❧♥í❦✉ ✭♦❞st✳ ✹✳✶✹✮✳ ❖❞t✉❞ ❥s♠❡ ✈②✈♦❞✐❧✐ ♥á✈♦❞ ❦ ❥❡❤♦ ❦♦♥str✉❦❝✐
❛ s♦✉↔❛s♥➙ ❥s♠❡ ❞♦♣❧♥✐❧✐ ♥➙❦♦❧✐❦ ♣♦↔❡t♥í❝❤ ✈②❥á❞➦❡♥í ✭str✳ ✷✾✮✳

❱❡❧✐❝❡ ✉➸✐t❡↔♥♦✉ ♣♦♠➲❝❦♦✉ ✈ ♠♥♦❤❛ ❦♦♥str✉❦❝í❝❤✱ r❡s♣✳ ✈ ❥❡❥✐❝❤ ③❞➲✈♦❞♥➙♥í❝❤ ❥s♦✉ ♣♦❞♦❜♥é
út✈❛r②✱ ♥❡❥↔❛st➙❥✐ tr♦❥ú❤❡❧♥í❦②✳ ❚❡♦r✐❡ ♣♦❞♦❜♥♦st✐ ❥❡ ♣♦✈❛➸♦✈á♥❛ ③❛ ♣♦❦r♦↔✐❧❡❥➨í ❧át❦✉✱ ♠❥✳ t❛❦é
♣r♦t♦✱ ➸❡ s❡ ♣♦r♦✈♥á✈❛❥í ♣♦♠➙r② ✈❡❧✐↔✐♥ r➲③♥é❤♦ t②♣✉ ✭♦❞st✳ ✹✳✶✻✮✳ ❚②♣✐❝❦ý♠ ❛ ✈ ❥✐sté♠ s♠②s❧✉
♥❡❥③á❦❧❛❞♥➙❥➨í♠ t✈r③❡♥í♠ ❥❡ ✈➙t❛ ❱■✳✶✱ ❦t❡rá s❡ s✐❝❡ ♣➦í♠♦ ♥❡tý❦á ♣♦❞♦❜♥♦st✐✱ ❛❧❡ ❞♦♣❧➡✉❥❡ ♣➦❡❞✲
❝❤♦③í ❞✐s❦✉③✐ ♦ r♦✈♥♦st❡❝❤ ♦❜s❛❤➲ tr♦❥ú❤❡❧♥í❦➲✴r♦✈♥♦❜➙➸♥í❦➲✳ ❉r✉❤é ♥❡❥③á❦❧❛❞♥➙❥➨í ❛ ✈ t♦♠t♦
❦✉r③✉ ♥❡❥↔❛st➙❥✐ ❝✐t♦✈❛♥é t✈r③❡♥í ❥❡ ✈❡ ✈➙t➙ ❱■✳✷✱ ❦t❡rá ❝❤❛r❛❦t❡r✐③✉❥❡ r♦✈♥♦st ♣♦♠➙r➲ ✈③❞á❧❡♥♦stí
❞✈♦✉ tr♦❥✐❝ ❦♦❧✐♥❡ár♥í❝❤ ❜♦❞➲✳ ❖❞t✉❞ ♣❧②♥❡ ③♥á♠á ❝❤❛r❛❦t❡r✐③❛❝❡ ♣♦❞♦❜♥♦st✐ ❞✈♦✉ tr♦❥ú❤❡❧♥í❦➲
✭❱■✳✹✕✺✮ ❛ ✈②❥á❞➦❡♥í ♣♦♠➙r✉ ♦❜s❛❤➲ ♣♦❞♦❜♥ý❝❤ tr♦❥ú❤❡❧♥í❦➲✴♠♥♦❤♦ú❤❡❧♥í❦➲ ♣♦♠♦❝í ❦♦❡✜❝✐❡♥t✉
♣♦❞♦❜♥♦st✐ ✭❱■✳✶✾✕✷✵✮✳ ❚❡♥t♦ té♠❛t✐❝❦ý ❝❡❧❡❦ ❥❡ ③❛❦♦♥↔❡♥ ♣➦✐r♦③❡♥ý♠ ③♦❜❡❝♥➙♥í♠ P②t❤❛❣♦r♦✈②
✈➙t② ✭❱■✳✸✶✮✳

❙❡str♦❥✐t❡❧♥é ✈❡❧✐↔✐♥②

◆❛ t♦♠t♦ ♠íst➙ ❥s♠❡ s❝❤♦♣♥✐ ú♣❧♥➙ ❝❤❛r❛❦t❡r✐③♦✈❛t t③✈✳ ❡✉❦❧❡✐❞♦✈s❦② s❡str♦❥✐t❡❧♥é ✈❡❧✐↔✐♥②✱ t③♥✳
✈➨❡❝❤♥② ✈❡❧✐↔✐♥②✱ ❦t❡ré ❥s♦✉ ✖ ✈③❤❧❡❞❡♠ ❦ ❞❛♥é ❥❡❞♥♦t❝❡ ✖ s❡str♦❥✐t❡❧♥é ♣♦♠♦❝í ❡✉❦❧❡✐❞♦✈s❦é❤♦
♣r❛✈ít❦❛ ❛ ❦r✉➸ít❦❛ ✭♦❞st✳ ✹✳✶✽✮✳ ❚② ❥s♦✉ ❛❧❣❡❜r❛✐❝❦② ✈②♠❡③❡♥② ❥❛❦♦ t❛❦♦✈é ✈❡❧✐↔✐♥②✱ ❦t❡ré ❧③❡
✈②❥á❞➦✐t ♣♦♠♦❝í ❦♦♥❡↔♥é❤♦ ♣♦↔t✉ ♦♣❡r❛❝í +✱ −✱ ·✱ : ❛ √ ✭str✳ ✸✺✮✳ ❖❞♣♦✈í❞❛❥í❝í ❣❡♦♠❡tr✐❝❦é
❦♦♥str✉❦❝❡ ❥s♦✉ ③❛❧♦➸❡♥② ♥❛

• ♣➦✐❦❧á❞á♥í ❛ ♦❞❡❜írá♥í ús❡↔❡❦ ♥❛ ♣➦í♠❝❡✱

• ♣♦❞♦❜♥ý❝❤ tr♦❥ú❤❡❧♥í❝í❝❤✱✻

• ❊✉❦❧❡✐❞♦✈➙ ✈➙t➙ ♦ ♦❞✈➙s♥➙✱ r❡s♣✳ ♦ ✈ý➨❝❡✳

❚❛t♦ ❞✐s❦✉③❡ ú③❝❡ s♦✉✈✐sí s ♦❜❡❝♥ý♠✐ ❦✈❛❞r❛t✐❝❦ý♠✐ r♦✈♥✐❝❡♠✐ ❛ ❥❡❥✐❝❤ ❣❡♦♠❡tr✐❝❦ý♠ ➦❡➨❡♥í♠
✭str✳ ✸✻✮✳

❊✉❦❧❡✐❞♦✈s❦② s❡str♦❥✐t❡❧♥é ✈❡❧✐↔✐♥② ❥s♦✉ ✈❡❧✐↔✐♥② ✈❡❧♠✐ s♣❡❝✐✜❝❦é❤♦ t②♣✉✱ ❥✐♥ý♠✐ s❧♦✈②✿ ♥❛✲
♣r♦stá ✈➙t➨✐♥❛ r❡á❧♥ý❝❤ ✈❡❧✐↔✐♥ ♥❡♥í ❡✉❦❧❡✐❞♦✈s❦② s❡str♦❥✐t❡❧♥á✳ ❖❞t✉❞ ♣❧②♥❡✱ ♣r♦↔ ♥➙❦t❡ré ③♥á♠é
❣❡♦♠❡tr✐❝❦é ♣r♦❜❧é♠②✱ ❥❛❦♦ ♥❛♣➦✳ ❦✈❛❞r❛t✉r❛ ❦r✉❤✉ ♥❡❜♦ ❦♦♥str✉❦❝❡ ♣r❛✈✐❞❡❧♥é❤♦ ♠♥♦❤♦ú❤❡❧✲
♥í❦✉ s ♦❜❡❝♥ý♠ ♣♦↔t❡♠ ✈r❝❤♦❧➲✱ ♥❡❥s♦✉ ❡✉❦❧❡✐❞♦✈s❦② ➦❡➨✐t❡❧♥é ✭♦❞st✳ ✶✾✳✶✮✳

❙t❡r❡♦♠❡tr✐❡

◆❛ ú✈♦❞ ❥s♠❡ s✐ ③♦♣❛❦♦✈❛❧✐ ❞❡✜♥✐❝❡ r♦✈♥♦❜➙➸♥♦st✐ ❛ ❦♦❧♠♦st✐ ♣➦í♠❡❦ ✈ r♦✈✐♥➙✱ ❦t❡ré ❥s♠❡ r♦③➨í➦✐❧✐
♥❛ ♣➦í♠❦② ❛ r♦✈✐♥② ✈ ♣r♦st♦r✉ ✭♦❞st✳ ✹✳✷✵✮✳ P♦té ❥s♠❡ ✈❡❧✐❝❡ s✈✐➸♥➙ ♣r♦❜r❛❧✐ ♥➙❦♦❧✐❦ tr♦❥r♦③♠➙r✲
♥ý❝❤ ❛♥❛❧♦❣✐í ❦ ❞➦í✈❡ ❞✐s❦✉t♦✈❛♥ý♠ ♣❧❛♥✐♠❡tr✐❝❦ý♠ té♠❛t➲♠✿

P♦❥❡❞♥á♥í ♦ ❦✈á❞r❡❝❤✴r♦✈♥♦❜➙➸♥♦st➙♥❡❝❤ ❛ ❥❡❥✐❝❤ ♦❜❥❡♠❡❝❤ ✈ ❳■✳ ❦♥✐③❡ ❥❡ ✈❡❧♠✐ ♣♦❞♦❜♥é
t♦♠✉✱ ❝♦ ③♥á♠❡ ③ ■✳✱ r❡s♣✳ ❱■✳ ❦♥✐❤②✳

✻❘❡s♣✳ ♥❛ ♥❛✈③á❥❡♠ ✈❧♦➸❡♥ý❝❤ r♦✈♥♦❜➙➸♥í❝í❝❤ ❥❛❦♦ ♥❛ ♦❜r✳ ✹✳✻ ♥❛ str✳ ✶✻✳



❙❤r♥✉tí ✶✺✶

P♦❥❡❞♥á♥í ♦ ❥❡❤❧❛♥❡❝❤ ✭♣➦❡❦✈❛♣✐✈➙✮ ❛ ✈á❧❝í❝❤✴❦✉➸❡❧í❝❤ ✭♣♦❝❤♦♣✐t❡❧♥➙✮ ✈❡ ❳■■✳ ❦♥✐③❡ ❥❡ ♣♦❞✲
st❛t♥➙ ❦♦♠♣❧✐❦♦✈❛♥➙❥➨í✱ ♥❡❜♦➫ s❡ ♥❡❧③❡ ✈②❤♥♦✉t ❥✐stý♠ ✐♥✜♥✐t❡③✐♠á❧♥í♠ ú✈❛❤á♠✳ ❚② ❥s♦✉ ✈ ❩á❦❛✲
❞❡❝❤ ③❤♠♦t♥➙♥② ✈ t③✈✳ ❊✉❞♦①♦✈➙ ♠❡t♦❞➙✱ ❦t❡rá ❥❡ ③❛❧♦➸❡♥❛ ♥❛ ✈②↔❡r♣á✈á♥í ❞❛♥é❤♦ t➙❧❡s❛ t➙❧❡s②
❥❡❞♥♦❞✉➨➨í♠✐✱ ♦ ♥✐❝❤➸ ✈➨❡❝❤♥♦ ✈í♠❡✳ ❖❜❥❡♠ ❦♦✉❧❡ ✭❛ t❛❦té➸ ♦❜s❛❤ ❦r✉❤✉✮ ❥❡ ③❞❡ ❞✐s❦✉t♦✈á♥ ✈❡
st❡❥♥é♠ ❞✉❝❤✉✳

❱②✈r❝❤♦❧❡♥í♠ t♦❤♦t♦ ❜❧♦❦✉ ✖ ❛ s♦✉↔❛s♥➙ ❝❡❧ý❝❤ ❩á❦❧❛❞➲ ✖ ❥❡ ❦❧❛s✐✜❦❛❝❡ ❛ ❞➲❦❧❛❞♥ý r♦③❜♦r
♣r❛✈✐❞❡❧♥ý❝❤ ❦♦♥✈❡①♥í❝❤ ♠♥♦❤♦st➙♥➲✱ t③✈✳ P❧❛tó♥s❦ý❝❤ t➙❧❡s ✭♦❞st✳ ✹✳✷✶✮✳ ❚➙❝❤ ❥❡ ❝❡❧❦❡♠ ♣➙t✱
♣♦❞r♦❜♥➙❥✐ ❥s♠❡ s❡ ✈➙♥♦✈❛❧✐ ♣♦✉③❡ ❞✈➙♠❛ ♥❡❥❦♦♠♣❧✐❦♦✈❛♥➙❥➨í♠ t➙❧❡s➲♠✿ ♣r❛✈✐❞❡❧♥é♠✉ ❞✈❛♥á❝✲
t✐st➙♥✉ ❛ ❞✈❛❝❡t✐st➙♥✉✳ ❱③t❛❤②✱ ❦t❡ré ❥s♠❡ ✈ t➙❝❤t♦ t➙❧❡s❡❝❤ ♦❜❥❡✈✐❧✐ ✭❛ ✈❡ ❦t❡rý❝❤ s❡ ♦♣❛❦♦✈❛♥➙
♦❜❥❡✈♦✈❛❧ ③❧❛tý ➦❡③✮✱ s✐ ♣♦t➦❡❜✉❥❡♠❡ ③❛♣❛♠❛t♦✈❛t ♣r♦ ❦♦♥str✉❦❝❡ ❥❡❥✐❝❤ r➲③♥ý❝❤ ♣r➲♠➙t➲✳ ❚♦♠✉
s❡ ✈➙♥✉❥❡♠❡ ✈ ③á✈➙r✉ ❝❡❧é❤♦ ❦✉r③✉✳ ✳ ✳

❉♦t②❦♦✈é ú❧♦❤②

❉♦t②❦♦✈ý♠✐ ú❧♦❤❛♠✐ ♠②s❧í♠❡ ú❧♦❤②✱ ✈ ♥✐❝❤➸ s❡ ❞♦tý❦❛❥í ❦r✉➸♥✐❝❡✱ ♣➦í♣✳ ❦r✉➸♥✐❝❡ ❛ ♣➦í♠❦② ✭♣♦❞✲
❦❛♣✳ ✺✮✳ ❘♦③➨✐➦✉❥❡♠❡ ❞✐s❦✉③✐ ③ ♦❞st✳ ✹✳✶✷ ❛ ♥❛➨í♠ ❝í❧❡♠ ❥❡ ✈②➦❡➨✐t ♦❜❡❝♥♦✉ ❆♣♦❧❧ó♥✐♦✈✉ ú❧♦❤✉✳
P➦✐t♦♠ ✈②➦❡➨✐t ♥❡③♥❛♠❡♥á ♥➙❥❛❦ ✈②↔❛r♦✈❛t ➦❡➨❡♥í✱ ❛❧❡ ♣➙❦♥➙ ❡✉❦❧❡✐❞♦✈s❦② s❡str♦❥✐t ③❡❥♠é♥❛ ❞♦✲
t②❦♦✈é ❜♦❞②✦

◆❡❥③á❦❧❛❞♥➙❥➨í ❞♦t②❦♦✈é ú❧♦❤② ❥s♦✉ ❞✈➙✿

• ❦♦♥str✉❦❝❡ t❡↔♥② ③ ❜♦❞✉ ❦❡ ❦r✉➸♥✐❝✐✱

• ❦♦♥str✉❦❝❡ s♣♦❧❡↔♥ý❝❤ t❡↔❡♥ ❞✈♦✉ ❦r✉➸♥✐❝✱

♣➦✐↔❡♠➸ ❦❛➸❞♦✉ ③ t➙❝❤t♦ ú❧♦❤ ✉♠í♠❡ ➦❡➨✐t ✭❛❧❡s♣♦➡✮ ❞✈♦❥í♠ ③♣➲s♦❜❡♠ ✭♦❞st✳ ✺✳✶✮✳
P♦té ❥s♠❡ s❡ ✈➙♥♦✈❛❧✐ ❞❛❧➨í♠ ❞♦t②❦♦✈ý♠ ú❧♦❤á♠✱ ❦t❡ré ♣♦st✉♣♥➙ ✈②❣r❛❞♦✈❛❧② ❦ ♠♦➸♥é♠✉

➦❡➨❡♥í ♦❜❡❝♥é ❆♣♦❧❧ó♥✐♦✈② ú❧♦❤② ✭♦❞st✳ ✺✳✷✕✺✳✹✮✳ ❱ ✉✈❡❞❡♥ý❝❤ ❦♦♥str✉❦❝í❝❤ s❡ ♦♣❛❦♦✈❛♥➙ ♦❞❦❛✲
③✉❥❡♠❡ ❥❡♥♦♠ ♥❛ ♥➙❦♦❧✐❦ ③á❦❧❛❞♥í❝❤ ♣r✐♥❝✐♣➲✿

• ♠♦❝♥♦st ❜♦❞✉ ❦❡ ❦r✉➸♥✐❝✐✱

• s♦✉♠➙r♥♦st✐✱

• st❡❥♥♦❧❡❤❧♦st✐✱

• ❞✐❧❛t❛❝❡✳

❯ ❞✐❧❛t❛❝í s✐ ✉✈➙❞♦♠✉❥❡♠❡✱ ➸❡ ❥❡ ♥✉t♥é ✉✈❛➸♦✈❛t ❞♦t②❦ ✈ s♦✉❤❧❛s❡ s ♦r✐❡♥t❛❝❡♠✐ ✈②st✉♣✉❥í❝í❝❤
♦❜❥❡❦t➲✳ ❱ ♦st❛t♥í❝❤ ♣➦í♣❛❞❡❝❤ t♦ ♥✉t♥é ♥❡♥í✱ ❛❧❡ ♣♦♠á❤á t♦ ✈ ♦r❣❛♥✐③❛❝✐ ➦❡➨❡♥í ✭③❡❥♠é♥❛ ✉ ú❧♦❤
s ✈í❝❡ ➦❡➨❡♥í♠✐✮✳

❑❡ ③♠✐➡♦✈❛♥ý♠ tr❛♥s❢♦r♠❛❝í♠ ❥❛❦♦ t❛❦♦✈ý♠ s❡ ❥❡➨t➙ ✈r❛❝í♠❡ ✈ s❛♠♦st❛t♥ý❝❤ ♦❞st❛✈❝í❝❤
✭✈ ❦❛♣✳ ■■■✮ ❛ ♣➦✐❞á♠❡ ❦ ♥✐♠ ❥❡❞♥✉ ❞❛❧➨í ✖ ❦r✉❤♦✈♦✉ ✐♥✈❡r③✐✳ ◆➙❦♦❧✐❦ ❞♦❞❛t❦➲ ❦ ❆♣♦❧❧ó♥✐♦✈➙
ú❧♦③❡ ❧③❡ ♥❛❥ít t❛❦é ✈ ♣♦❞❦❛♣✳ ✷✵✳

❯➸✐t❡❦

◆❛ ❦♦♥❝✐ t♦❤♦t♦ ❜❧♦❦✉ ✉♠í♠❡ s❡str♦❥✐t ↔t✈❡r❡❝✱ ❦t❡rý ♠á st❡❥♥ý ♦❜s❛❤ ❥❛❦♦ ❧✐❜♦✈♦❧♥ý ❞❛♥ý ♠♥♦✲
❤♦ú❤❡❧♥í❦✳ ◆❛✈í❝ s✐ ✉✈➙❞♦♠✉❥❡♠❡✱ ➸❡ ✈❡ s♣❡❝✐á❧♥í❝❤ ♣➦í♣❛❞❡❝❤ ❥❡ ♠♦➸♥é ♥❛➨❡ ♦❜❡❝♥é ❦♦♥str✉❦↔♥í
♥á✈②❦② ③❛❥í♠❛✈➙ ③❥❡❞♥♦❞✉➨✐t ✭str✳ ✺✸✮✳

❱í♠❡ ✈➨❡❝❤♥♦ ♦ ③❧❛té♠ ➦❡③✉ ❛ ③ ❥❡❤♦ ❛❧❣❡❜r❛✐❝❦é❤♦ ✈②❥á❞➦❡♥í s✐ ✉♠í♠❡ ❦❞②❦♦❧✐ ♦❞✈♦❞✐t s✈♦❥✐
✈❧❛st♥í ❦♦♥str✉❦❝✐✳ ❖❜❡❝♥➙❥✐✱ ✉♠í♠❡ ✈②♠②s❧❡t ❦♦♥str✉❦❝✐ ❦♦➦❡♥➲ ❧✐❜♦✈♦❧♥é ❦✈❛❞r❛t✐❝❦é r♦✈♥✐❝❡✳
❙♦✉↔❛s♥➙ s✐ ✉✈➙❞♦♠✉❥❡♠❡✱ ➸❡ ♥❡ ✈➨❡❝❤♥② r❡á❧♥é ✈❡❧✐↔✐♥② ❥s♦✉ ❡✉❦❧❡✐❞♦✈s❦② s❡str♦❥✐t❡❧♥é✱ ❛ ❜❡③✲
♣❡↔♥➙ ✉♠í♠❡ r♦③♣♦③♥❛t ♣rá✈➙ t② s❡str♦❥✐t❡❧♥é ♦❞ ✈➨❡❝❤ ♦st❛t♥í❝❤✳



✶✺✷ ❙❤r♥✉tí

❯♠í♠❡ s❡str♦❥✐t ♣r❛✈✐❞❡❧♥ý ♣➙t✐ú❤❡❧♥í❦ ❛ ♥➙❦♦❧✐❦ ❞❛❧➨í❝❤ ♣r❛✈✐❞❡❧♥ý❝❤ ♠♥♦❤♦ú❤❡❧♥í❦➲✳
❚❡♦r❡t✐❝❦② ✉♠í♠❡ ➦❡➨✐t ♦❜❡❝♥♦✉ ❆♣♦❧❧ó♥✐♦✈✉ ú❧♦❤✉✱ ♣r❛❦t✐❝❦② s❡ ♣r♦③❛tí♠ s♦✉st➦❡❞í♠❡ ♥❛

ú❧♦❤②✱ ❦t❡ré ❥s♦✉ ✈ ✉r↔✐té♠ s♠②s❧✉ s♣❡❝✐á❧♥í ✭str✳ ✺✻✮✳

●❡♦♠❡tr✐❝❦á ③♦❜r❛③❡♥í ✭❦❛♣✳ ■■■✮

❱ tét♦ ❦❛♣✐t♦❧❡ ❥s♠❡ ❞✐s❦✉t♦✈❛❧✐ ♥➙❦♦❧✐❦ s❦✉♣✐♥ ❣❡♦♠❡tr✐❝❦ý❝❤ ③♦❜r❛③❡♥í✳ ❍❧❛✈♥í ✈ý❦❧❛❞ s❡ ♦❞✈í❥❡❧
♣♦❞❧❡ ♦s②

s❤♦❞♥á✖♣♦❞♦❜♥á✖❛✜♥♥í✖♣r♦❥❡❦t✐✈♥í

✭♦❞st✳ ✼✳✷✖✼✳✹✖✼✳✽✖✼✳✶✵✮✳ ❯ ❦❛➸❞é s❦✉♣✐♥② ❥s♠❡ ♥❡❥❞➦í✈❡ ③♠í♥✐❧✐ ♥➙❦♦❧✐❦ ❦♦♥❦rét♥í❝❤ ❛ ✈➙t➨✐♥♦✉
❞♦❜➦❡ ③♥á♠ý❝❤ ♣➦í❦❧❛❞➲✱ ♣♦té ♥ás❧❡❞♦✈❛❧❛ ♦❜❡❝♥á ❞❡✜♥✐❝❡✱ ♣➦í♣✳ ❞❛❧➨í ♦❜❡❝♥é ✈❧❛st♥♦st✐ ❛ ❛♣❧✐❦❛❝❡✳
▼❡③✐ s❤♦❞♥á ❛ ❛✜♥♥í ③♦❜r❛③❡♥í ❥s♠❡ ❥❡➨t➙ ③❛➦❛❞✐❧✐ s❦✉♣✐♥✉ ❡❦✈✐❛✜♥♥í❝❤ ③♦❜r❛③❡♥í ✭t❥✳ t❛❦♦✈ý❝❤
❛✜♥♥í❝❤ ③♦❜r❛③❡♥í✱ ❦t❡rá ③❛❝❤♦✈á✈❛❥í ♦❜s❛❤②✴♦❜❥❡♠②✮✳

❖❜❡❝♥á ♣r♦❥❡❦t✐✈♥í ③♦❜r❛③❡♥í ❥s♦✉ ❞♦❜➦❡ ❞❡✜♥♦✈á♥❛ ♣♦✉③❡ ♠❡③✐ ♣r♦❥❡❦t✐✈♥í♠✐ ♣r♦st♦r②✱ ❦t❡ré
❥s♠❡ ♣♦♠➙r♥➙ ✈♦❧♥➙ ✈②♠❡③✐❧✐ ❥❛❦♦ ❡✉❦❧❡✐❞♦✈s❦é ♣r♦st♦r② r♦③➨í➦❡♥é ♦ ❜♦❞② ✒✈ ♥❡❦♦♥❡↔♥✉✏ ✭str✳ ✼✽✮✳
❚♦t♦ r♦③➨í➦❡♥í s s❡❜♦✉ ♣➦✐♥á➨í ♥➙❦♦❧✐❦ t②♣✐❝❦ý❝❤ ③á❧✉❞♥♦stí ❦t❡ré s♦✉✈✐sí s ✉s♣♦➦á❞á♥í♠ ❜♦❞➲ ♥❛
♣➦í♠❝❡ ✭♥❛♣➦✳ ♣r♦❥❡❦t✐✈♥í ♣➦í♠❦❛ ♥❡r♦③❞➙❧✉❥❡ ♣r♦❥❡❦t✐✈♥í r♦✈✐♥✉ ♥❛ ❞✈➙ ♥❡s♦✉✈✐s❧é ↔ást✐✮✳

❑r♦♠➙ t♦❤♦ ❥s♠❡ ❞♦ ✈ý❦❧❛❞✉ ③❛↔❧❡♥✐❧✐ ❥❡➨t➙ ❥❡❞❡♥ ♦❞st❛✈❡❝ ♦ ❦r✉❤♦✈é ✐♥✈❡r③✐ ❥❛❦♦➸t♦ ③á❦❧❛❞✲
♥í♠ ❦♦♥❢♦r♠♥í♠ ③♦❜r❛③❡♥í ✈ r♦✈✐♥➙ ✭♦❞st✳ ✼✳✻✮ ❛ ❥❡❞❡♥ ♦❞st❛✈❡❝ ♦ ❞✐❧❛t❛❝✐ ❥❛❦♦➸t♦ ♣➦❡❞st❛✈✐t❡❧✐
♠♥♦❤❡♠ ♦❜❡❝♥➙❥➨í t➦í❞② ❦♦♥t❛❦t♥í❝❤ ③♦❜r❛③❡♥í ✭♦❞st✳ ✼✳✶✮✳ ❙♠②s❧❡♠ t➙❝❤t♦ ❞✈♦✉ ♦❞❜♦↔❡❦ ❜②❧♦
❞♦♣❧♥➙♥í ❞✐s❦✉③❡ ♦ ✈ý➨❡ ③♠✐➡♦✈❛♥ý❝❤ ❞♦t②❦♦✈ý❝❤ ú❧♦❤á❝❤✳

❈❡❧❦♦✈á r❡❦❛♣✐t✉❧❛❝❡ ❛ ❤✐❡r❛r❝❤✐❡ ✈➨❡❝❤ ♣r♦❜ír❛♥ý❝❤ s❦✉♣✐♥ ③♦❜r❛③❡♥í ❥❡ ✈ ♦❞st✳ ✽✳✸✳

❱❧❛st♥♦st✐

❩♦❜r❛③❡♥í ✈➨❡♦❜❡❝♥➙ r♦③❞➙❧✉❥❡♠❡ ♥❛

• r❡❣✉❧ár♥í ✭✐♥❥❡❦t✐✈♥í✱ ♥❡❜♦❧✐ ♣r♦stá✮✱

• s✐♥❣✉❧ár♥í ✭♥❡✐♥❥❡❦t✐✈♥í✮✳

❚r❛♥s❢♦r♠❛❝❡ ♥➙❥❛❦é❤♦ ♣r♦st♦r✉ ❥❡ ③♦❜r❛③❡♥í t♦❤♦t♦ ♣r♦st♦r✉ ❞♦ s❡❜❡✳ ❘❡❣✉❧ár♥í tr❛♥s❢♦r♠❛❝❡
❡✉❦❧❡✐❞♦✈s❦é❤♦ ♣r♦st♦r✉ r♦③❧✐➨✉❥❡♠❡ ♥❛

• ♣➦í♠é ✭③❛❝❤♦✈á✈❛❥í ♦r✐❡♥t❛❝✐✮✱

• ♥❡♣➦í♠é ✭♠➙♥í ♦r✐❡♥t❛❝✐✮✳

❏❛❦é❦♦❧✐ s❤♦❞♥é✱ ♣♦❞♦❜♥é✱ ↔✐ ❡❦✈✐❛✜♥♥í ③♦❜r❛③❡♥í ❥❡ ♥✉t♥➙ r❡❣✉❧ár♥í✳ ❆✜♥♥í ❛ ♣r♦❥❡❦t✐✈♥í ③♦❜r❛✲
③❡♥í ♠♦❤♦✉ ❜ýt ❥❛❦ r❡❣✉❧ár♥í✱ t❛❦ s✐♥❣✉❧ár♥í✳ ❘❡❣✉❧ár♥í ❛✜♥♥í tr❛♥s❢♦r♠❛❝❡ ❥❡ ❜✉↕ ♣➦í♠á✱ ♥❡❜♦
♥❡♣➦í♠á✳ Pr♦ ♦❜❡❝♥é ♣r♦❥❡❦t✐✈♥í tr❛♥s❢♦r♠❛❝❡ ♥❡♠á t♦t♦ ❞➙❧❡♥í s♠②s❧✳

❩ ♦❜❡❝♥ý❝❤ ✈❧❛st♥♦stí ♣r♦❥❡❦t✐✈♥í❝❤✱ r❡s♣✳ ❛✜♥♥í❝❤✴♣♦❞♦❜♥ý❝❤✴s❤♦❞♥ý❝❤ ③♦❜r❛③❡♥í ✉♠í♠❡
✈②❞❡❞✉❦♦✈❛t ♥➙❦♦❧✐❦ ❞➲❧❡➸✐tý❝❤ ✈➙t ♦ ❥❡❥✐❝❤ ✉r↔❡♥♦st✐ ✭✈✐③ ✈➙t② ❛ ♣♦③♥á♠❦② ♥❛ str✳ ✽✹✱ r❡s♣✳ ✼✻✮✳
❚②t♦ ♣♦st➦❡❤② s♦✉↔❛s♥➙ ♣➦❡❞st❛✈✉❥í ✈ý❝❤♦③í ♣♦③♥❛t❦② ♣r♦ ♥ás❧❡❞✉❥í❝í ❦❛♣✐t♦❧✉ ♦ ③♦❜r❛③♦✈❛❝í❝❤
♠❡t♦❞á❝❤✦ P➦❡❤❧❡❞ ✈➨❡❝❤ ♣♦✉➸✐t❡❧♥ý❝❤ ✐♥✈❛r✐❛♥t➲ ❥❡ ✉✈❡❞❡♥ ✈ t❛❜✉❧❝❡ ♥❛ str✳ ✽✽✿

• ♣r♦ ♦❜❡❝♥é ♣r♦❥❡❦t✐✈♥í ③♦❜r❛③❡♥í t♦ ❥❡ ♣♦✉③❡ ❦♦❧✐♥❡❛r✐t❛ ❛ ❞✈♦❥♣♦♠➙r② ↔t✈❡➦✐❝ ❦♦❧✐♥❡ár♥í❝❤
❜♦❞➲❀

• ♣r♦ ❛✜♥♥í ③♦❜r❛③❡♥í ♥❛✈í❝ ♣♦♠➙r② ✈③❞á❧❡♥♦stí tr♦❥✐❝ ❦♦❧✐♥❡ár♥í❝❤ ❜♦❞➲ ❛ ✭❡❦✈✐✈❛❧❡♥t♥➙✮
r♦✈♥♦❜➙➸♥♦st❀



❙❤r♥✉tí ✶✺✸

• ♣r♦ ♣♦❞♦❜♥á ③♦❜r❛③❡♥í ♥❛✈í❝ ♣♦♠➙r② ✈③❞á❧❡♥♦stí ❥❛❦ý❝❤❦♦❧✐ tr♦❥✐❝ ❜♦❞➲ ❛ ✭❡❦✈✐✈❛❧❡♥t♥➙✮
♦❞❝❤②❧❦② ♣➦í♠❡❦❀

• ♣r♦ s❤♦❞♥á ③♦❜r❛③❡♥í ♥❛✈í❝ ✈③❞á❧❡♥♦st✐ ❥❛❦ý❝❤❦♦❧✐ ❞✈♦❥✐❝ ❜♦❞➲✳

❩á❦❧❛❞♥í ❦♦♥str✉❦↔♥í ❞♦✈❡❞♥♦st✐ t❡❞② ❥s♦✉✿ s♣♦❥♦✈á♥í ❞✈♦❥✐❝ ❜♦❞➲ ♣➦í♠❦❛♠✐ ❛ ♣➦❡♥á➨❡♥í ❞✈♦❥✲
♣♦♠➙r➲❀ ♣➦❡♥á➨❡♥í ❞➙❧✐❝í❝❤ ♣♦♠➙r➲ ❛ ❦♦♥str✉❦❝❡ r♦✈♥♦❜➙➸❡❦❀ ♣➦❡♥á➨❡♥í ú❤❧➲❀ ♣➦❡♥á➨❡♥í ús❡↔❡❦✳
P➦❡♥á➨❡♥í ❞➙❧✐❝í❝❤ ♣♦♠➙r➲ ❥❡ ♦❞✈♦③❡♥♦ ③ ✈➙t② ❱■✳✷ ✭str✳ ✸✶✮✱ ♣➦❡♥á➨❡♥í ❞✈♦❥♣♦♠➙r➲ ③ ✈➙t② P❛♣✲
♣♦✈② ✭str✳ ✽✶✮❀ ✈➨❡❝❤♥② ♦st❛t♥í ❦♦♥str✉❦❝❡ ❥s♦✉ ❡❧❡♠❡♥tár♥í✱ r❡s♣✳ tr✐✈✐á❧♥í✳

❩á❦❧❛❞♥í ③♦❜r❛③❡♥í

❩á❦❧❛❞♥í ✭r❡❣✉❧ár♥í✮ ♣r♦❥❡❦t✐✈♥í tr❛♥s❢♦r♠❛❝❡ ✈ r♦✈✐♥➙ ❥s♦✉ t❛❦♦✈é✱ ❦t❡ré ♠❛❥í ♦s✉ ❛ st➦❡❞✳ ❚r❛♥s✲
❢♦r♠❛❝❡ ♠➲➸❡ ♠ít ♥❡❥✈ý➨❡ ❥❡❞♥✉ ♦s✉ ❛ ♥❡❥✈ý➨❡ ❥❡❞❡♥ st➦❡❞❀ ③ ❉❡s❛r❣✉❡s♦✈② ✈➙t② ✭str✳ ✽✼✮ ♥❛✲
✈í❝ ♣❧②♥❡✱ ➸❡ ❡①✐st❡♥❝❡ st➦❡❞✉ ❥❡ ❡❦✈✐✈❛❧❡♥t♥í ❡①✐st❡♥❝✐ ♦s②✳ ◆❡❥③á❦❧❛❞♥➙❥➨í ♣r♦❥❡❦t✐✈♥í tr❛♥s✲
❢♦r♠❛❝í ✈ r♦✈✐♥➙ ❥❡ ♦s♦✈á ❦♦❧✐♥❡❛❝❡✱ ♦st❛t♥í ❞➦í✈❡ ❥♠❡♥♦✈❛♥é ♣➦í❦❧❛❞② ✭♦s♦✈á ❛✜♥✐t❛✱ ❤❛r♠♦✲
♥✐❝❦á✴s✐❦♠á✴♦s♦✈á s♦✉♠➙r♥♦st✱ ❡❧❛❝❡✱ st❡❥♥♦❧❡❤❧♦st✮ ❝❤á♣❡♠❡ ❥❛❦♦ ❥❡❥í s♣❡❝✐á❧♥í ♣➦í♣❛❞② ✭str✳ ✽✻✮✳

❩á❦❧❛❞♥í♠ s✐♥❣✉❧ár♥í♠ ♣r♦❥❡❦t✐✈♥í♠ ③♦❜r❛③❡♥í♠ ❥❡ st➦❡❞♦✈é ♣r♦♠ítá♥í❀ s♣❡❝✐á❧♥í♠ ✭❛✜♥♥í♠✮
♣➦í♣❛❞❡♠ ❥❡ r♦✈♥♦❜➙➸♥é ♣r♦♠ítá♥í ✭❂ st➦❡❞♦✈é ♣r♦♠ítá♥í s❡ st➦❡❞❡♠ ✈ ♥❡❦♦♥❡↔♥✉✮✳

❯➸✐t❡❦

◆❛ ❦♦♥❝✐ t♦❤♦ ❜❧♦❦✉ s✐ ✉✈➙❞♦♠✉❥❡♠❡✱ ➸❡ ✉♠í♠❡ s❡str♦❥✐t ♦❜❡❝♥ý ♣r♦❥❡❦t✐✈♥í ♥❡❜♦ ❛✜♥♥í ♦❜r❛③
♥❛♣➦✳ ♣r❛✈✐❞❡❧♥é❤♦ ♠♥♦❤♦ú❤❡❧♥í❦✉✱ ❤r❛♥♦❧✉ ♥❡❜♦ ❥✐♥é❤♦ ♦❜❧í❜❡♥é❤♦ út✈❛r✉ ✭str✳ ✾✶✮✳ ❑♦♥str✉❦❝❡
♣♦❞♦❜♥é❤♦ ↔✐ s❤♦❞♥é❤♦ ♦❜r❛③✉ ♠♥♦❤♦ú❤❡❧♥í❦✉ ❥❡ ❥❡❞♥♦❞✉❝❤á✱ ❤r❛♥♦❧✉ ♥❡❜♦ ❥✐♥é❤♦ tr♦❥r♦③♠➙r✲
♥é❤♦ ♦❜❥❡❦t✉ ♥❡♠♦➸♥á ✭③♦❜r❛③❡♥í tr♦❥r♦③♠➙r♥é❤♦ ♣r♦st♦r✉ ❞♦ r♦✈✐♥② ❥❡ ✈➸❞② s✐♥❣✉❧ár♥í✮✳

❙♦✉↔❛s♥➙ s✐ ✉✈➙❞♦♠✉❥❡♠❡✱ ➸❡ ♣r➲♠➙t r♦③❧✐↔♥ý❝❤ ♣r♦st♦r♦✈ý❝❤ ❦♦♥✜❣✉r❛❝í ❥❡ ♠♦➸♥é ✐♥t❡r♣r❡✲
t♦✈❛t ❥❛❦♦ ③á❦❧❛❞♥í tr❛♥s❢♦r♠❛❝❡ ✈ r♦✈✐♥➙✱ ❝♦➸ ✈➸❞② ♣♦❞st❛t♥➙ ③❥❡❞♥♦❞✉➨✉❥❡ ❦♦♥str✉❦❝❡ ✭✈✐③ ♥❛♣➦✳
✈③t❛❤ ♠❡③✐ ♣♦❞st❛✈♦✉ ❛ ➦❡③❡♠ ❤r❛♥♦❧✉ ♥❛ str✳ ✾✷✮✦

P♦♠♦❝í ❦r✉❤♦✈é ✐♥✈❡r③❡ ♥❛✈í❝ ✉♠í♠❡ ➦❡➨✐t ♠♥♦❤é ♣➦❡❞❝❤♦③í ❞♦t②❦♦✈é ú❧♦❤② ❛❧t❡r♥❛t✐✈♥➙
❛ s♦✉↔❛s♥➙ ✈❡❧♠✐ ❡❧❡❣❛♥t♥➙ ✭str✳ ✽✾✮✳ P♦♠♦❝í ❦r✉❤♦✈é ✐♥✈❡r③❡ ❛ ❞✐❧❛t❛❝❡ ✉♠í♠❡ ➦❡➨✐t ♦❜❡❝♥♦✉
❆♣♦❧❧ó♥✐♦✈✉ ú❧♦❤✉ ✭str✳ ✶✸✾✮✳

❩♦❜r❛③♦✈❛❝í ♠❡t♦❞② ✭❦❛♣✳ ■❱✮

❈❡❧á t❛t♦ ❦❛♣✐t♦❧❛ ❥❡ ♠♦t✐✈♦✈á♥❛ t♦✉❤♦✉ ✉♠➙t s❡str♦❥✐t ❞♦st❛t❡↔♥➙ ♦❜❡❝♥é ✭t❥✳ ❞♦st❛t❡↔♥➙ ♥á✲
③♦r♥é✮ ❛ ❦♦r❡❦t♥í ❞✈♦❥r♦③♠➙r♥é ♦❜r❛③② r♦③❧✐↔♥ý❝❤ tr♦❥r♦③♠➙r♥ý❝❤ ♦❜❥❡❦t➲✳ ❍❧❛✈♥í♠ ú❦♦❧❡♠ ❥❡
♣♦r♦③✉♠➙♥í ❛ ❦♦♥str✉❦↔♥í ♦✈❧á❞♥✉tí ❦♦r❡s♣♦♥❞❡♥❝❡ ♠❡③✐ s❦✉t❡↔♥ý♠✐ ✈③t❛❤② r➲③♥ý❝❤ ♦❜❥❡❦t➲
✈ ♣r♦st♦r✉ ✭✈③á❥❡♠♥á ♣♦❧♦❤❛✱ ✈③❞á❧❡♥♦st ❛♣♦❞✳✮ ❛ ❥❡❥✐❝❤ ♦❜r❛③②✱ ❦t❡ré ❥s♦✉ ✈➸❞② ♥➙❥❛❦ ❞❡❢♦r♠♦✲
✈❛♥é✳ ❩♦❜r❛③♦✈❛❝í♠✐ ♠❡t♦❞❛♠✐ s❡ ♦❜✈②❦❧❡ ♠②s❧í ♠❡t♦❞② ♦✈❧á❞♥✉tí tét♦ ❦♦r❡s♣♦♥❞❡♥❝❡ ✈③❤❧❡❞❡♠
❦❡ ③✈♦❧❡♥é♠✉ t②♣✉ ③♦❜r❛③❡♥í✳

❚é♠➙➦ ✈ý❤r❛❞♥➙ ✉✈❛➸✉❥❡♠❡ ③♦❜r❛③❡♥í✱ ♣➦✐ ❦t❡rý❝❤ s❡ ♣➦í♠❦② ③♦❜r❛③✉❥í ♥❛ ♣➦í♠❦②✱ r❡s♣✳ ♥❛
❜♦❞②✳ ❚♦ ③♥❛♠❡♥á✱ ➸❡ s❡ ③❛❜ý✈á♠❡ s✐♥❣✉❧ár♥í♠✐ ♣r♦❥❡❦t✐✈♥í♠✐ ③♦❜r❛③❡♥í♠✐✱ ❛ t♦ t➙♠✐ ③á❦❧❛❞♥í♠✐✳
P♦❞❧❡ ③♣➲s♦❜✉ ♣r♦♠ítá♥í ❞➙❧í♠❡ ♥❛✿

• st➦❡❞♦✈é ♣r♦♠ítá♥í✱

• r♦✈♥♦❜➙➸♥é ♣r♦♠ítá♥í✱ ❦t❡ré ❞á❧❡ ❞➙❧í♠❡ ♥❛

{

➨✐❦♠é,
❦♦❧♠é.

❙t➦❡❞♦✈é ♣r♦♠ítá♥í ❥❡ ♦❜❡❝♥é ♣r♦❥❡❦t✐✈♥í ③♦❜r❛③❡♥í✱ r♦✈♥♦❜➙➸♥é ♣r♦♠ítá♥í ❥❡ ❛✜♥♥í✳ ❏✐♥é ♠♦➸♥é
❞➙❧❡♥í ❥❡ ♣♦❞❧❡ ③♣➲s♦❜✉ ③❛❞á♥í✿



✶✺✹ ❙❤r♥✉tí

• ✈♦❧♥é ♣r♦♠ítá♥í✱

• ✈á③❛♥é ♣r♦♠ítá♥í✳

❱ ♣r✈♥í♠ ♣➦í♣❛❞➙ ❥❡ ♣r♦♠ítá♥í ✉r↔❡♥♦ ✈♦❧♥➙✱ t❥✳ ♦❜r❛③② ♥➙❦♦❧✐❦❛ ♠á❧♦ ❜♦❞➲ ✖ t❛❞② ♥ás ♥❡↔❡❦á ♥✐❝
♥♦✈é❤♦ ✭♣♦❦✉❞ ❥s♠❡ ♣♦❝❤♦♣✐❧✐ ❤❧❛✈♥í ♣♦s❡❧st✈í ❦❛♣✳ ■■■✮✳ ❱❡ ❞r✉❤é♠ ♣➦í♣❛❞➙ ❥❡ ♣r♦♠ítá♥í ✉r↔❡♥♦
♣➦❡s♥ý♠ ✈②♠❡③❡♥í♠ ♣r➲♠➙t♥② ❛ st➦❡❞✉✴s♠➙r✉ ♣r♦♠ítá♥í ✈③❤❧❡❞❡♠ ❦ ③♦❜r❛③♦✈❛♥é♠✉ ♦❜❥❡❦t✉✱
♣➦í♣✳ ❦ ♣♦♠♦❝♥é s♦✉➦❛❞♥é s♦✉st❛✈➙ ✖ t❛❞② ❥❡♥ ♣➦❡❞❝❤♦③í ❦♦♥str✉❦❝❡ ③❡❢❡❦t✐✈♥í♠❡✳

P➦❡❤❧❡❞

❯✈❛➸♠❡ ♣♦♠♦❝♥♦✉ ❦❛rté③s❦♦✉ s♦✉➦❛❞♥♦✉ s♦✉st❛✈✉ s ♦s❛♠✐ x, y, z✱ ✈③❤❧❡❞❡♠ ❦ ♥í➸ ❜✉❞❡♠❡ ✈➨❡
✈③t❛❤♦✈❛t✳ ❇♦❞ ✈ ♣r♦st♦r✉ ❥❡ ❥❡❞♥♦③♥❛↔♥➙ ✉r↔❡♥ s♦✉➦❛❞♥✐❝❡♠✐✱ A = (xA, yA, zA)✳ ❑♦❧♠ý ♣r➲♠➙t
❜♦❞✉ A ❞♦ r♦✈✐♥② ✉r↔❡♥é ♦s❛♠✐ x, y ③♥❛↔í♠❡ A1 ❛ ♥❛③ý✈á♠❡ ♣➲❞♦r②s❡♠✱ A1 = (xA, yA)❀ ❦♦❧♠ý
♣r➲♠➙t ❞♦ r♦✈✐♥② x, z ③♥❛↔í♠❡ A2 ❛ ♥❛③ý✈á♠❡ ♥ár②s❡♠✱ A2 = (xA, zA)✳ ▼íst♦ ❛♥❛❧②t✐❝❦é❤♦ ✈②❥á✲
❞➦❡♥í ♣♦♠♦❝í s♦✉➦❛❞♥✐❝ s❡ ✉➸í✈á ♥➙❦♦❧✐❦ ❣❡♦♠❡tr✐↔t➙❥➨í❝❤ ③♣➲s♦❜➲ ✉r↔❡♥í ♣♦❧♦❤② ❜♦❞✉ ✈ ♣r♦st♦r✉✳
❇♦❞ A ❥❡ ❥❡❞♥♦③♥❛↔♥➙ ✉r↔❡♥

• ♣➲❞♦r②s❡♠ A1 ❛ ❦ót♦✉ ✭❂ s♦✉➦❛❞♥✐❝í zA✮✱

• ♣➲❞♦r②s❡♠ A1 ❛ ❝②❦❧❡♠ ✭❂ ❦r✉➸♥✐❝í s ♣♦❧♦♠➙r❡♠ |zA| ❛ ♦r✐❡♥t❛❝í ♣♦❞❧❡ ③♥❛♠é♥❦❛ zA✮✱

• ♣➲❞♦r②s❡♠ A1 ❛ ♥ár②s❡♠ A2✳

Pr✈♥í ③♣➲s♦❜ ✈②❥❛❞➦♦✈á♥í ③♥á♠❡ ③ ♠❛♣❀ ♦❞✈♦③❡♥á ③♦❜r❛③♦✈❛❝í ♠❡t♦❞❛ s❡ ♥❛③ý✈á ❦ót♦✈❛♥é ♣r♦♠í✲
tá♥í ✭♣♦❞❦❛♣✳ ✶✸✮✳ ❉r✉❤ý ③♣➲s♦❜ ✈②❥❛❞➦♦✈á♥í ❥❡ ♣♦♠➙r♥➙ ♥❡♦❜✈②❦❧ý✱ ❛✈➨❛❦ ♠á ✈❡❧♠✐ s②♠♣❛t✐❝❦é
❛♣❧✐❦❛❝❡ ✭③❡❥♠é♥❛ ✉ ú❧♦❤ s ❝②❦❧②✴❦r✉➸♥✐❝❡♠✐ ❛ ❥❡❥✐❝❤ ❞♦t②❦❡♠✮❀ ♦❞✈♦③❡♥á ③♦❜r❛③♦✈❛❝í ♠❡t♦❞❛ s❡
♥❛③ý✈á ❝②❦❧♦❣r❛✜❡ ✭♣♦❞❦❛♣✳ ✶✻✮✳

❚➦❡tí ③♣➲s♦❜ ✈②❥❛❞➦♦✈á♥í ❥❡ ♥❛♦♣❛❦ ✈❡❧♠✐ ❜➙➸♥ý ❛ ❧③❡ s❡ s ♥í♠ s❡t❦❛t ♦❞ ❞➙ts❦ý❝❤ ❦♥í➸❡❦ ♣♦
❞♦s♣➙❧á❝❦é t❡❝❤♥✐❝❦é ✈ý❦r❡s②✳ ❱③❤❧❡❞❡♠ ❦ t♦♠✉✱ ➸❡ ♣➲❞♦r②s A1 ❛ ♥ár②s A2 ♠❛❥í s♣♦❧❡↔♥♦✉ ♣r✈♥í
s♦✉➦❛❞♥✐❝✐✱ ❥❡ ♠♦➸♥é ♦❜❛ ♣r➲♠➙t② ✈③❤❧❡❞❡♠ ❦ tét♦ s♦✉➦❛❞♥✐❝✐ ✒s❞r✉➸✐t✏ ❀ ♦❞✈♦③❡♥á ③♦❜r❛③♦✈❛❝í
♠❡t♦❞❛ s❡ ♥❛③ý✈á ▼♦♥❣❡♦✈♦ ♣r♦♠ítá♥í ✭♣♦❞❦❛♣✳ ✶✷✮✳ ❚❛t♦ ③❞á♥❧✐✈á ❞r♦❜♥♦st ♠á ✈❡❧✐❝❡ ✉➸✐t❡↔♥é
❦♦♥str✉❦↔♥í ❞➲s❧❡❞❦②✱ ❦t❡ré ❥s♠❡ s❡ ✉↔✐❧✐ r♦③✈í❥❡t✳ ❩❛❞á♥í ✈➙t➨✐♥② ú❧♦❤ ❢♦r♠✉❧✉❥❡♠❡ ♣rá✈➙ ♣♦♠♦❝í
▼♦♥❣❡♦✈ý❝❤ s❞r✉➸❡♥ý❝❤ ♣r➲♠➙t➲✳

❉♦s✉❞ ✉✈❡❞❡♥é ♠❡t♦❞② ✉✈❛➸✉❥í t♦❧✐❦♦ ❦♦❧♠é ♣r➲♠➙t② ❞♦ r♦✈✐♥ ✉r↔❡♥ý❝❤ s♦✉➦❛❞♥ý♠✐ ♦s❛♠✐✳
❩♦❜r❛③♦✈❛❝í ♠❡t♦❞❛ ♦❞✈♦③❡♥á ③❡ ➨✐❦♠é❤♦ ♣r♦♠ítá♥í ❞♦ r♦✈✐♥② x, z s❡ ♥❛③ý✈á ❦♦s♦ú❤❧é ♣r♦♠ítá♥í
✭♦❞st✳ ✶✹✳✸✮✳ ❩♦❜r❛③♦✈❛❝í ♠❡t♦❞②✱ ❦t❡ré ♣r❛❝✉❥í s ♣r➲♠➙t♥♦✉ ✈ ♦❜❡❝♥é ♣♦❧♦③❡ ✈③❤❧❡❞❡♠ ❦ s♦✉➦❛❞✲
♥ý♠ ♦sá♠✱ ❥s♦✉ ❛①♦♥♦♠❡tr✐❡ ✭❛ t♦ ❦♦❧♠á ♥❡❜♦ ➨✐❦♠á✱ ♣♦❞❦❛♣✳ ✶✹✮ ❛ ❧✐♥❡ár♥í ♣❡rs♣❡❦t✐✈❛ ✭t❡❞②
st➦❡❞♦✈é ♣r♦♠ítá♥í✱ ♦❞st✳ ✶✺✳✶✮✳

❱♦❧♥é ♣r♦♠ítá♥í

❩ ♦❜❡❝♥ý❝❤ ✈❧❛st♥♦stí ♣r♦❥❡❦t✐✈♥í❝❤✱ r❡s♣✳ ❛✜♥♥í❝❤ ③♦❜r❛③❡♥í❝❤ ❥s♠❡ ❥✐➸ ✈ ❦❛♣✳ ■■■ ✈②❞❡❞✉❦♦✈❛❧✐
♥➙❦♦❧✐❦ t✈r③❡♥í ♦ ❥❡❥✐❝❤ ✉r↔❡♥♦st✐✳ ❙t➦❡❞♦✈é ♣r♦♠ítá♥í ❥❡ ♣r♦❥❡❦t✐✈♥í✱ t❛❦➸❡✿

• ♦❜❡❝♥é st➦❡❞♦✈é ♣r♦♠ítá♥í ❥❡ ✉r↔❡♥♦ ♦❜r❛③② ↔t②➦ ❜♦❞➲ ✈ ♦❜❡❝♥é ♣♦❧♦③❡ ✭♥❛♣➦✳ ♣♦↔át❦✉
❛ ❥❡❞♥♦t❡❦ ♥❛ ♦sá❝❤ ♣♦♠♦❝♥é s♦✉➦❛❞♥é s♦✉st❛✈②✮ ❛ ú❜➙➸♥í❦② t➦í ♦❞♣♦✈í❞❛❥í❝í❝❤ ♣➦í♠❡❦
✭s♦✉➦❛❞♥ý❝❤ ♦s✮✳

❘♦✈♥♦❜➙➸♥é ♣r♦♠ítá♥í ❥❡ ❛✜♥♥í✱ ú❜➙➸♥í❦② ❥s♦✉ ♣r♦t♦ ❛✉t♦♠❛t✐❝❦② ✈ ♥❡❦♦♥❡↔♥✉✱ t❛❦➸❡✿

• r♦✈♥♦❜➙➸♥é ♣r♦♠ítá♥í ❥❡ ✉r↔❡♥♦ ♦❜r❛③② ↔t②➦ ❜♦❞➲ ✈ ♦❜❡❝♥é ♣♦❧♦③❡ ✭♥❛♣➦✳ ✳ ✳ ✳ ✮✳



❙❤r♥✉tí ✶✺✺

❑♦♥str✉❦❝❡ ♦❜r❛③✉ ❧✐❜♦✈♦❧♥é❤♦ ❜♦❞✉ ✈ ♣r♦st♦r✉ ❥❡ ③❛❧♦➸❡♥❛ ♥❛ ♦♣❛❦♦✈❛♥é♠ ✖ ❛ t✉❞í➸ ♦tr❛✈♥é♠
✖ ♣➦❡♥á➨❡♥í ❞✈♦❥♣♦♠➙r➲✱ ✉ r♦✈♥♦❜➙➸♥é❤♦ ♣r♦♠ítá♥í ❞➙❧✐❝í❝❤ ♣♦♠➙r➲ ❛ r♦✈♥♦❜➙➸❡❦✳

◆❡ ❦❛➸❞é ♣r♦❥❡❦t✐✈♥í ✭r❡s♣✳ ❛✜♥♥í✮ ③♦❜r❛③❡♥í ❥❡ st➦❡❞♦✈é ✭r❡s♣✳ r♦✈♥♦❜➙➸♥é✮ ♣r♦♠ítá♥í✱ t❛❦➸❡
♦❜r❛③② ③♠✐➡♦✈❛♥ý❝❤ ♥➙❦♦❧✐❦❛ ❜♦❞➲ ♥❡♠♦❤♦✉ ❜ýt ú♣❧♥➙ ❧✐❜♦✈♦❧♥é✳✼ ■ ♣➦❡s t❛t♦ ♦♠❡③❡♥í s✐ ❧③❡
♣➦❡❞st❛✈✐t s✐t✉❛❝✐✱ ❦❞② ❥s♦✉ ♥❛➨❡ ❦♦♥str✉❦↔♥í ♥á✈②❦② ♥❡❞♦st❛t❡↔♥é ✭♦❞st✳ ✶✶✳✶✮✳✽ ❱ t❛❦♦✈é♠
♣➦í♣❛❞➙ ♥❡③❜ý✈á ♥❡➸ ✐♠♣r♦✈✐③♦✈❛t✱ ❛♥❡❜♦ s❡ ♥❛✉↔✐t ♥➙❝♦ ♥♦✈é❤♦✱ ♥❛♣➦✳ ♥➙❝♦ ♦ ✈á③❛♥é♠ ♣r♦♠ítá♥í✳

❱á③❛♥é ♣r♦♠ítá♥í

❚②♣✐❝❦á ✈ý❝❤♦③í s✐t✉❛❝❡ ❥❡ t❛❦♦✈á✱ ➸❡ ❥s♦✉ ❞á♥② ▼♦♥❣❡♦✈② s❞r✉➸❡♥é ♣r➲♠➙t② ♥➙❥❛❦é❤♦ ♦❜❥❡❦t✉✱
st➦❡❞✉ ✭r❡s♣✳ s♠➙r✉✮ ♣r♦♠ítá♥í ❛ r♦✈✐♥❛ ✭♥❡❥↔❛st➙❥✐ ♣♦♠♦❝í st♦♣✮✳ Ú❦♦❧❡♠ ❥❡ s❡str♦❥✐t ♣r➲♠➙t
❞❛♥é❤♦ ♦❜❥❡❦t✉ ③ ❞❛♥é❤♦ st➦❡❞✉ ✭r❡s♣✳ ✈ ❞❛♥é♠ s♠➙r✉✮ ❞♦ ❞❛♥é r♦✈✐♥②✳

❱❡ s♣❡❝✐á❧♥í❝❤ ♣➦í♣❛❞❡❝❤ ✉♠í♠❡ ♣r➲♠➙t s❡str♦❥✐t ✈❡❧✐❝❡ r②❝❤❧❡✱ ♥❛♣➦✳ ❦❞②➸ ♣r♦♠ítá♠❡ ❞♦
♥➙❦t❡ré ③ ▼♦♥❣❡♦✈ý❝❤ ♣♦♠♦❝♥ý❝❤ ♣r➲♠➙t❡♥ ✭str✳ ✶✶✾✮ ♥❡❜♦ ❞♦ r♦✈✐♥② ❦♦❧♠é ❦ ♥➙❦t❡ré ③ t➙❝❤t♦
r♦✈✐♥ ✭str✳ ✶✷✵✮✳ ❖❜❡❝♥é ➦❡➨❡♥í s❡stá✈á ③ ♥➙❦♦❧✐❦❡ré❤♦ ♦♣❛❦♦✈á♥í ❞✈♦✉ ❦r♦❦➲✿

• ✉r↔❡♥í ♣r➲♠➙t✉ ❜♦❞✉✱ t③♥✳ ♣r➲♥✐❦✉ ♣r♦♠ít❛❝í❤♦ ♣❛♣rs❦✉ s ❞❛♥♦✉ r♦✈✐♥♦✉✱

• ✉r↔❡♥í s❦✉t❡↔♥ý❝❤ ✈③❞á❧❡♥♦stí ♣r➲♠➙t✉ ❜♦❞✉ ♦❞ ♥➙❦♦❧✐❦❛ r❡❢❡r❡♥↔♥í❝❤ ❜♦❞➲✴♣➦í♠❡❦ ✈ ❞❛♥é
r♦✈✐♥➙✳

❖❞t✉❞ ❥❡ ③➦❡❥♠é✱ ❥❛❦é ❥s♦✉ ♥❡❥③á❦❧❛❞♥➙❥➨í ú❧♦❤②✱ ❦t❡ré s❡ ✈ tét♦ ❦❛♣✐t♦❧❡ ♠á♠❡ ♥❛✉↔✐t✦
P♦❞❧❡ ♣➦❡❞❝❤♦③í❤♦ ♣♦❞♦❞st❛✈❝❡ st❛↔í ❦ ✉r↔❡♥í ♣r➲♠➙t✉ ❧✐❜♦✈♦❧♥é❤♦ ❜♦❞✉ ✈ ♣r♦st♦r✉ ③♥át

♣r➲♠➙t② ♣♦↔át❦✉✱ ❥❡❞♥♦t❡❦✱ ♣➦í♣✳ ú❜➙➸♥í❦➲ s♦✉➦❛❞♥ý❝❤ ♦s✳ ❚♦ ➦í❦á♠❡ ♣r♦t♦✱ ➸❡ ❥❡ ✈❤♦❞♥é r➲③♥é
♣♦st✉♣② ❦♦♠❜✐♥♦✈❛t✱ t② stá✈❛❥í❝í ❥s♦✉ ✈➨❛❦ ③♣r❛✈✐❞❧❛ ❡❢❡❦t✐✈♥➙❥➨í✿ ❞➦í✈➙❥➨í ♦♣❛❦♦✈❛♥é ♣➦❡♥á➨❡♥í
❞✈♦❥♣♦♠➙r➲✱ r❡s♣✳ ❞➙❧✐❝í❝❤ ♣♦♠➙r➲ ❥❡ ♥②♥í ♥❛❤r❛③❡♥♦ ♦♣❛❦♦✈❛♥ý♠ ♣➦❡♥á➨❡♥í♠ ✈③❞á❧❡♥♦stí✳

❚♦t♦ ♦♣❛❦♦✈❛♥é ✉r↔♦✈á♥í ❛ ♣➦❡♥á➨❡♥í ✈③❞á❧❡♥♦stí ❧③❡ ♥❛✈í❝ r❡❛❧✐③♦✈❛t ♥❛rá③ ♣♦♠♦❝í ♦t♦↔❡♥í
❞❛♥é r♦✈✐♥② ❞♦ ♥➙❦t❡ré ③ ▼♦♥❣❡♦✈ý❝❤ ♣♦♠♦❝♥ý❝❤ ♣r➲♠➙t❡♥ ✭str✳ ✶✵✾✱ ✶✷✺✮✿ st❛↔í ③♠➙➦✐t ✈③❞á✲
❧❡♥♦st ❥❡❞♥♦❤♦ ❥❡❞✐♥é❤♦ ❜♦❞✉ ♦❞ st♦♣② ✭❂ ♦s② ♦tá↔❡♥í✮ ❛ ♥ás❧❡❞♥➙ ✈②✉➸ít ♦s♦✈♦✉ ❛✜♥✐t✉✱ ❦t❡rá
♠❡③✐ ♦t♦↔❡♥ý♠ ♦❜r❛③❡♠ ❛ ♦❞♣♦✈í❞❛❥í❝í♠ ▼♦♥❣❡♦✈ý♠ ♣r➲♠➙t❡♠ ✈❧á❞♥❡✳

❚❛tá➸ ♠②➨❧❡♥❦❛✱ ❛❦♦rát r❡❛❧✐③♦✈❛♥á ♦♣❛↔♥➙✱ t③♥✳ ❥❛❦♦ ♦t♦↔❡♥í ▼♦♥❣❡♦✈② ♣♦♠♦❝♥é ♣r➲♠➙t♥② ❞♦
❞❛♥é r♦✈✐♥②✱ ✈❡❞❡ ❦ t③✈✳ ③á➦❡③♦✈é ♠❡t♦❞➙ ✭str✳ ✶✶✻✱ ✶✼✺✮✳ ❚♦ ❥❡ ♥❡❥❡❢❡❦t✐✈♥➙❥➨í ♠❡t♦❞❛ ❦♦♥str✉❦❝❡
❦♦❧♠é❤♦ ♣r➲♠➙t✉ ❞♦ ♦❜❡❝♥é r♦✈✐♥②✱ ❦t❡r♦✉ ❥s♠❡ ❞✐s❦✉t♦✈❛❧✐✳

❩á❦❧❛❞♥í ú❧♦❤②

◆❡❥③á❦❧❛❞♥➙❥➨í ❦♦♥str✉❦↔♥í ú❧♦❤② ❥s♦✉ ❞✈➙ ✭❛➸ t➦✐✮✿

• ♣r➲♥✐❦ ♣➦í♠❦② ❛ r♦✈✐♥②✱

• ✈③❞á❧❡♥♦st ❞✈♦✉ ❜♦❞➲✱

• ❦♦❧♠✐❝❡ ③ ❜♦❞✉ ❦ r♦✈✐♥➙✳

❖❜❡❝♥é ➦❡➨❡♥í ♣r✈♥í ú❧♦❤② s❡ ♥❡♦❜❡❥❞❡ ❜❡③ ♠②➨❧❡♥❦② ♣♦♠♦❝♥é r♦✈✐♥②✱ ❦t❡rá ❞❛♥♦✉ ♣➦í♠❦✉ ♦❜✲
s❛❤✉❥❡✳ ❚✉t♦ ú❧♦❤✉ ✉♠í♠❡ ❜❡③ ♣♦❞st❛t♥é❤♦ r♦③❞í❧✉ ➦❡➨✐t ❥❛❦ ✈❡ ✈♦❧♥é♠ ♣r➲♠➙t✉✱ t❛❦ ♣♦♠♦❝í
▼♦♥❣❡♦✈ý❝❤ s❞r✉➸❡♥ý❝❤ ♣r➲♠➙t➲ ✭str✳ ✶✵✵✱ ✶✵✸✱ ✶✶✶✱ ✶✶✼✮✳ ❙♣❡❝✐á❧♥í♠ ♣➦í♣❛❞❡♠ tét♦ ú❧♦❤② ❥❡
❦♦♥str✉❦❝❡ st♦♣♥í❦➲✳ P➦í❜✉③♥é ✭♣♦❧♦❤♦✈é✮ ú❧♦❤② ❥s♦✉✿ ✈③á❥❡♠♥á ♣♦❧♦❤❛ ♣➦í♠❦② ❛ r♦✈✐♥②✱ ♣r➲♥✐❦
❛ ✈③á❥❡♠♥á ♣♦❧♦❤❛ ❞✈♦✉ r♦✈✐♥✱ ❞✈♦✉ ♣➦í♠❡❦ ❛♣♦❞✳ ✭♦❞st✳ ✶✷✳✷✮✳
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✭✻✮ ♥❛ str✳ ✶✼✹ ♣➦❡❤❧❡❞ ❑❡♣❧❡r♦✈ý❝❤ ♣r❛✈✐❞❡❧♥ý❝❤ ♥❡❦♦♥✈❡①♥í❝❤ ♠♥♦❤♦st➙♥➲ ❬❇❡❪❀

✭✼✮ ♥❛ str✳ ✶✼✺ ❦♦❧♠ý ❛①♦♥♦♠❡tr✐❝❦ý ♣r➲♠➙t str♦❥♥í s♦✉↔ást❦② s❡str♦❥❡♥ý ③á➦❡③♦✈♦✉ ♠❡t♦❞♦✉
❬❯❪❀

✭✽✮ ♥❛ str✳ ✶✼✻ ♣r➲♠➙t ♥➙❥❛❦é❤♦ ♣♦rtá❧✉ ✈❡ ❞✈♦❥ú❜➙➸♥í❦♦✈é ♣❡rs♣❡❦t✐✈➙❀

✭✾✮ ♥❛ str✳ ✶✼✼ ♣➦í❦❧❛❞ ❝②❧✐♥❞r✐❝❦é ♣❡rs♣❡❦t✐✈② ✖ ♣❛♥♦r❛♠❛t✐❝❦ý s♥í♠❡❦ ▲♦r❡t② ♥❛ ❍r❛❞↔❛♥❡❝❤
❬❉❱❪❀
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