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Sbirka uloh z matematiky pro fyziky (J. TesaF) — FeSené priklady

Soustavy linearnich rovnic

Piiklad 2 / strana 6
Reste soustavu rovnic:
3x, + 6x, - x5, = 4
-X, + 2x, + 3x;, =
2x, + x, — 2x; =0
3 6 -1/4 -1 2 3|2 -1 2 3|2 -1 2 3|2 -1 2 3
-1 2 3|12|~1 2 1 2|10|~] 0 5 44| ~| 0 5 4{4(~] 0 5 4
2 1 =210 3 6 -1|4 0 12 &|10])/2 0 6 4|5 OO—ﬂ
5
h,=h =n=3 = soustava m4 jedno feSeni
1 1
—§X3:— /-5 —4x, =1 = X3=—Z
5x,+3-x,=4 5X2+4-(—%J:4 5x,-1=4  5x,=5 = x,=1
1 3 3
—X, +2x,+3-x;,=2 - X, +2-1+3- 2 =2 —X1+2—Z=2 = X, =——
- , . .. . 3 1
Soustava rovnic ma jedno feSeni _Z; 1, - Z .
Priklad 3 / strana 6
Reste soustavu rovnic:
2x, — X, + 3x, = 3
3X, + X, 5, = 0
4, - x, + X, = 3
X2 X3 Xl
X X, X3 X, X3 X X, X3 X
2 -1 3|3 1 -5 3|0 1 -5 310 1 -5 310
3 1 =50 -1 1 4|3 0 -4 7|3 0 -4 713
4 -1 1(3 -1 3 2|3 0 -2 513 0032
2 12
h,=h, =n=3 = jedno feSeni
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Sbirka uloh z matematiky pro fyziky (J. TesaF) — FeSené priklady

%Xlzg /-2 3x,=3 = x, =1
—4x,+7x,=3 —4x,+7-1=3 —4x,+7=3

—-4x;,=-4 =

X, =1

X, =5x,+3x,=0 x,-5:1+3-1=0 X,-5+3=0 x,-2=0 = x,=2
Soustava rovnic ma jedno feSeni (1; 2; 1).
Priklad 4 / strana 6
Reste soustavu rovnic:
3x, + 2x, = 12
5x, + 4x, - x; = 17
X, + 2x, + 5x, = 33
1 2 5|33 1 2 5 33 I 2 51 33 1 2 50 33
5 4 -1(17|~/0 -6 -26|-148(/2~{0 -3 -13|-74|~|0 -3 -13|-74
3 2 0/12 0 -4 -15| -87 0 -4 -15|-87 0 0 71 35
3] 3
h,=h,=n = jedno feSeni
ZX3:3— /3 Tx;=35 = x;=5
3 3
-3x, —13x,=-74 -3x,-13-5=-74 -3x,-65=-74 -3x,=-9 = x,=3
X, +2x,+5x;,=33 x,+2-3+5-5=33 x,+31=33 = x,=2
Soustava rovnic ma jedno feSeni (2; 3; 5).
Priklad 5 / strana 6
Reste soustavu rovnic:
X, + X, + 5x;, =
3x, + 4x, + Tx; = 2
6x, + 8, + 9x; = 4
I 1T 5|1 1 1 501 1 1 5|1
3 4 7(2|~{0 1 =8|-1|~|{0 1 -8|-1
6 8 9|4 0 2 -21(-2 0 0 =50
h,=h =n= = jedno feSeni
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Sbirka uloh z matematiky pro fyziky (J. TesaF) — FeSené priklady
-5x;,=0 = x,=0

X,-8x,=-1 x,-80=-1 = x,=-1

X, +x,+5x;,=1 x,-1+5-0=1 x,-1=1 = x,=2

Soustava rovnic ma jedno feSeni (2; —1; 0)

Priklad 6 / strana 6

Reste soustavu rovnic:

X, + X, + 2x; = 1
2x, - x, + 2x;, = -4
4x, + x, + 6x; = =2

I 2| 1 I 1 2|1 I 1 2|1
2 -1 2/4|~/0 -3 2|-6|~|0 -3 -2|-6
4 1 6|2 0 -3 -2|-6 0 0 0] 0

h,=h =2 n=3 h =h <n = nekonecn€ mnoho feSeni
zvolime x, =1 =  -3x,-2x;,=-6 -3x,-2:-1=-6 -3x,=-4 = Xzzg
X, +X,+2x, =1 x1+§+2-1=1 x1+¥:1 = Xlz_%

(SR |

Soustava rovnic ma oo feSeni napf.: (—

;i; lj.
3

Piiklad 7 / strana 7

Reste soustavu rovnic:

2%, + x, — X, + x, =1

3x, - 2x, + 2x, - 3x, = 2

5x, + x, - X, + 2x, = 1

2%, - X, + x; - 3x, =4

Xl X2 X3 X4 XZ X3 X4 X1 X2 X3 X4 Xl X2 X3 X4 1
2 1 -1 1/1 1 -1 1 2|1 1 -1 1 1 1 -1 1 2|1
3 2 2 3|12|~-2 2 -3 3{2|~(0 O -1 7(4|~10 0 -2 4|5
5 1 -1 2]1 1 -1 2 5|1 0 0 1 1|0 0 0 1 1]0
2 -1 1 3|4 -1 1 -3 2|4 0 0 -2 45 0 0 -1 714
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Sbirka uloh z matematiky pro fyziky (J. TesaF) — FeSené priklady
Piiklad 8 / strana 7

Reste soustavu rovnic:

3x, + +  2x, — 2x, =
2%, — X, + 5x, + 2x, =
X, — 2x, + 12x, - 2x, + 4x, = 17
6x, - 3x, + 15x; + 6x, = 15
X, X, X; X, X X, X; X, X5 X X, X; X, X5 X
3 0 2 =2 07 -1 5 0 2 2|5 -1 5 0 2 2|5
2 -1 5 0 2|5|~(-2 12 -2 4 7|17|~ 2 =2 0 37|~
7 =2 12 =2 4|17 -3 15 0 6 6|15 0O 0 0 0 0|0
6 -3 15 0 6|15 0 2 -2 0 3|7 0 2 -2 0 3|7
X, X; X, X5 X X, X; X, X5 X
-1 5 0 2 2|5 -1 5 0 2 2|5
~0 2 -2 0 3|7/~ 0 2 -2 0 3|7
0 2 -2 0 37 0O 0 0 0 0|0
0O 0 0 0 0|0 0 0 0 0 0|0
h,=h =2 n=5 h =h <n = nekone¢n€ mnoho feSeni
zvolime 3 neznamé: x, =§; X :g; X, =-1

2x, —2x, +0x,+3x, =7 2x3—2-(—1)+0-§+3-§:7 2X,+2+0+5=7 = x,=0

—X, + 5%, +0x, + 2%, + 2%, =5 —x2+5.0+0-(—1)+2-§+2-§:5 —x2+§+&:5

-X,+—=5 -x,+6=5 = x,=I

e uY . (5 4
Soustava rovnic ma oo feSeni napf.: 5; 1,0, -1;,— |.

Piiklad 9 / strana 7

Reste soustavu rovnic:
2x + 3y + z = 4

X + 2y + 2z = 6
5x + y + 4z = 21
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Sbirka uloh z matematiky pro fyziky (J. TesaF) — FeSené priklady

2 3 1| 4 1 2 216} (1 2 26 1 2 216) (1 2 26
1 2 2{6|~-/5 1 4/21|~|10 -9 -6|-9|/3~|0 -1 -3|-8|~|0 -1 -3|-8
5 1 421 2 3 114 0 -1 -3|-8 0 -3 -2|-3 0 0 7|21
h,=h,=n=3 = jedno feSeni
7z=21 = z=3
-y-3z2=-8 -y-3:3=-8 -y-9=-8 = y=-1
X+2y+2z2=6 x+2-(—1)+2-3:6 Xx—2+6=6 x+4=6 = x=2
Soustava rovnic ma jedno feSeni (2; —1; 3).

Piiklad 10 / strana 7

Reste soustavu rovnic:

3x + 5y -z =0

X — 2y + z =5

4x + 3y = 5

3 5 -1|0 I -2 1|5 1 -2 1| 5 1 -2 1| 5

1 -2 1(5|~(4 3 0(5(~/0 11 —4|-15|~/0 11 —-4|-15

4 3 0}5 3 5 -1]0 0 11 -4|-15 0 0 o0 O

h,=h, =2 n=3 h,=h <n = nekonecn€ mnoho feseni

volime napt.: z =1

lly—4z=-15 Ily—4-1=-15 lly—4=-15 1ly=-11 = y=-1

X—2y+z=5 x—2-(—1)+1:5 X+2+1=5 x+3=5 = x=2

Soustava rovnic ma oo feSeni napf.: (2; -1 1).

Piiklad 11 / strana 8

Reste soustavu rovnic:

3x - Sy + z =

2x - 2y + 3z =5

X + y — z =

3 -5 1/0 1 1 -1/4 1 1 -1 4 1 1 -1 4

2 -2 3|5(~|/3 -5 1j0|~|0 -8 4{-12|~|0 -8 4|-12|~

1 1 -1/4 2 -2 3|5 0 -4 5 -3 0 -4 5] -3

David Michalek strana 5



Sbirka uloh z matematiky pro fyziky (J. TesaF) — FeSené priklady

1 1 -1 4 1 1 -1 4 1 1 -1 4
~10 -4 5 -3|~{0 4 53 ~10 —4 5|3
0 -8 4{-12 0 0 —6—6/:(—6) 0 0
h,=h =n=3 = jedno feSeni
z matice vyplyva:
z=1
—4y+5z=-3 —-4y+5-1=-3 —-4y+5=-3 —-4y=-8 = y=2
x+y—-z=4 x+2-1=4 x+1=4 = x=3
Soustava rovnic ma jedno feSeni (3; 2; 1).
Piiklad 12 / strana 8
Reste soustavu rovnic:
x — 3y + 5z = -8
X + y - z = 1
2x + y + z = 3
1 -3 5/-8 1 -3 5]-8 1 -3 5] -8
-1 1 -1} 1|~|0 -2 4|-7|~|0 -2 4| -7
2 1 13 0 7 -9/19 0 0 5 11
2
h,=h =n=3 = jedno feSeni
z matice vyplyva:
11
sp=- s o o2 1y
2 5 10
—2y+4z=-7 —2y+4-(—1,1):—7 -2y—-44=-7 -2y=-2,6 = y=13

x—-3y+52=-8 x—3-1,3+5-(—1,1)=—8 x—3,9-55=-8 x-94=-8 = x=14

Soustava rovnic ma jedno feseni (1,4;1,3; - 1,1).

David Michalek strana 6



Sbirka uloh z matematiky pro fyziky (J. TesaF) — FeSené priklady

Piiklad 13 / strana 8
Reste soustavu rovnic:
X, — 2x, + 3x;, — 4x, = 4
X, — X3 + x, = 3
x, + 3x, - 3, = 1
- 7x, + 3x; + x, = 3
1 -2 3 4|4 1 -2 3 4|4 1 -2 3 4| 4
0 1 -1 13 0O 1 -1 1-3 O 1 -1 1] 3
1 3 0 =31/ |0 5 =3 13/ ]0 0 2 -4 12|
0 -7 3 13 0O -7 3 13 0O 0 -4 8|-24)/:2
1 -2 4| 4 1 -2 3 4| 4
o 1 -1 1] 3 0O 1 -1 1|3
1o 0 <4l 12110 0 2 —4[12
0 0 -2 4|-12 0O 0 0 0] 0
h,=h =3 n=4 h =h <n = nekonecn¢ mnoho feSeni
volime x,=-2 a  z matice vyplyva:
2x, —4x, =12 2X3—4'(—2)=12 2x,+8=12 2x,=4 = x,=2

X,—X;+X,=-3 X,-2-2=-3 Xx,-4=-3 = x,=I

X, —2X, +3x,—-4x,=4 X1—2+3-2—4-(—2)=4 X, —2+6+8=4
x,+12=4 = x,=-8

Soustava rovnic ma oo feseni napf.: (—8; 1; 2; - 2).

Piiklad 15 / strana 9

Reste soustavu rovnic:

X + 2y

zZ

3x
11x

1

w

11

h,=h, =2

+

2
-1
1

y + 2z
y + 4z
110 1
210|~(0
410 0
n=3

=0
2 -1/0 1 2
-7 5/0 ~0 -7
21 15(0)/:(-3) (0 7
h,=h <n

-1{0 1 2
50~ 0 -7
=50 0 O

— nekone¢né mnoho feSeni

-1{0
5(0
010

David Michalek
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Sbirka uloh z matematiky pro fyziky (J. TesaF) — FeSené priklady
volime z=1, z matice vyplyva:

5
—Ty+52=0 —-T7y+5:1=0 -7y+5=0 -Ty=-5 = y:7

X+2y-z=0 X+2'§—1=0 X+2'§—1=0 x+§=0:> x:—E
7 7 7 7

M r v oW r W 3 5
Soustava rovnic ma oo feSeni napf.: (—;; ;; 1]

Priklad 16 / strana 9
Reste soustavu rovnic:
3, + x, - x5 + x, =0
X, — X, + 3x, + 2x, =0
5x, + 2x, + x; - x, =0
3x, +  5x, = 0
3 1 -1 1]0 1 -1 3 2|0 1 -1 3 210
1 -1 3 2|0 5 1 -1(0 0 -14 -11|0
5 2 1 -1/0| |3 0 5 olo] o 3 -4 —6l0|
3 5 0]0 3 -1 1|0 0 -10 -5|0
1 -1 3 20 | 1 3 210
N i I A C e R Y I PP
0 7 -14 -11|0 9
“lo 3 4 6lo]7]0 0 2 =1%o o 2—%
L A L %o 0 0 0 0o
h,=h =3 n=4 h =h <n = nekonecné¢ mnoho feseni
volime x, =-2,8 ,  z matice vyplyva:

2x3—%x4:0 2x3—%-(—2,8):0 2x,+3,6=0 2x,=-3,6 = x,=-1,8

7x,—14x,-11x,=0 7x,-14-(-1,8)-11-(-2,8)=0  7x,+25,2+30,8=0
7x,+56=0 7x,=-56 = x,=-8

X, —X, +3x;+2x,=0 x1+8+3-(—1,8)+2-(—2,8):0 X, +8-5,4-5,6=0
X,—3=0 = x,=3

Soustava rovnic ma oo feSeni napf.: (3; -8; —1,8; - 2,8).

David Michalek strana 8



Sbirka uloh z matematiky pro fyziky (J. TesaF) — FeSené priklady

Piiklad 17 / strana 9

Reste soustavu rovnic:

2x, + 3x, + 4x; + 5x, = 26

3x, + 4x, + 5x; + 2x, = 25

4x, + 5x, + 2x, + 3x, = 24

5x, + 2x, + 3x;, + 4x, = 23

2 3 4 5|26 2 3 4 51 26 2 3 4 51 26
3 4 5 2|25 0 -0,5 -1 -55|-14 0 -1 -6 -7|-28
45 2 3(24| |0 -1 -6 -7|-28] |0 -0,5 -1 -55|-14|
5 2 3 4|23 0 -55 -7 -85|-42 0 -55 -7 -85|-42
2 3 4 5| 26 2 3 4 5| 26 2 3 4 5| 26
0 -1 -6 -7|-28 0 -1 -6 -7|-28 0 -1 -6 -7|-28

o 0o 2 =2 of o 0o 2 -2 o]0 0o 2 -2| 0
0 0 26 30/|112)/:2 (0 O 13 15| 56 0O 0 0 28| 56

h,=h =n=4 = jedno feSeni

Z matice vyplyva :

28x,=56 = x,=2

2x,-2x,=0 2x,-2-2=0 2x,-4=0 2x;,=4 = x,=2

-X, —6x,-7x,=-28 -x,-6:2-7-2=-28 -x,-12-14=-28
-X,—26=-28 -x,=-2 = x,=2

2x, +3x, +4x,+5x, =26 2x,+3-2+4-2+5-2=26 2x,+6+8+10=26
2x,+24=26 2x,=2 = x, =1

Soustava rovnic ma jedno feSeni (1; 2;2; 2).

Piiklad 18 / strana 9

Reste soustavu rovnic:

Xx + 3y + 2z =0
2x - y + 3z =0
3x - Sy + 4z =0

x + 17y + 4z = 0

David Michalek strana 9



Sbirka uloh z matematiky pro fyziky (J. TesaF) — FeSené priklady

1 3 2|0
2 -1 3]0
3 -5 4|0
17 410
h,=h =2
volime z=-7,
—Ty—z=0
x+3y+2z=0

Xx+3-1+2-(-7)=0 x+3-14=0

1 3 210

0 -7 -1|0

0 -14 -2[0|

0O 14 210

3 h=h <n

z matice vyplyva :
-7y+7=0

1
0
0
0

— nekone¢né mnoho fesSeni

3
~7
0
0

2
-1
0
0

~Ty=-7 = y=I

Soustava rovnic ma oo feSeni napf.: (11; 1, -7 )

David Michalek
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Sbirka uloh z matematiky pro fyziky (J. TesaF) — FeSené priklady

Vektory

Piiklad 1/ strana 17
Zjistéte, zda vektory a (2; 3; 0), b (5;7;0), ¢ (-6; 0; 1) ad (1; 10; 1) jsou linearné

zavislé.

110 1 0

2300\ (11010 (1 10 10 |g_17 2 o (110 1 0)(1 10 I

s 700/ |2 300/|0-17=20 : 0 -17 2 0| |0 -17 =

6010|6010/ loea 701%% 7%l0o 0 <700 0 =

1010/ ls 7000w 40| , 18 |loo o loo o
17

Hodnost matice h =3 a pocet uvazovanych vektori n =4 = h <n = vektory jsou

linearné zavislé.

Priklad 2 / strana 17
Zjistéte, zda vektory @ (3;2;0; 1), 5 (1;0;0; 1), ¢ (2;4;2; 1)ad (5; 2; 3; 1) jsou

linearné zavislé.

1 001)(100 1Y(100 1) (100 1
3 201/]020 =2|1]020-=2/1]020 =2
2 4 21,1042 <1/ ]002 3] 1002 3
52311023 =4) 1003 =) o000 -65

Hodnost matice h =4 a pocet uvazovanych vektori n =4 = h =n = vektory jsou

linearné nezavislé.

Piiklad 3 / strana 17
Zjistéte, zda vektory a (1; 0; 0), b (2; -1; 1) ac (1; 1; 3) jsou linearn¢ zavislé.
1 0 O 1 0 O 1 0 O
2 -1 1|~|0 -1 1|~|0 -1 1
1 1 3 0O 1 3 0O 0 4
Hodnost matice h = 3 a pocet uvazovanych vektorin =3 = h = n = vektory jsou

linearné nezavislé.

0
0
0
0

David Michalek strana 11



Sbirka uloh z matematiky pro fyziky (J. TesaF) — FeSené priklady
Piiklad 4 / strana 17
Zjistéte, zda vektory a (1; 0; -2), b (3; 1; 0) a ¢ (-2; 1; 10) jsou linedrné zavislé.

1 0 -2 1 0 -2 1 0 -2
31 0(~0 1 6 |~0 1 6
-2 1 10 01 6 0 0 O

Hodnost matice h =2 a pocet uvaZzovanych vektori n =3 = h <n = vektory jsou

linearné zavisleé.

Piiklad 5 / strana 17

Zjistéte, zda vektory a (5; 2; -2), b (3; 1; -1) a ¢ (-1; 0; 0) jsou linedrné zavisle.

5 2 =2 -1 0 O -1 0 O -1 0 O

31 -1{~3 1 -1|{~0 I —-1{~0 1 -1

-1 0 O 5 2 =2 0 2 -2 0 0 O

Hodnost matice h = 2 a pocet uvazovanych vektorin =3 = h <n = vektory jsou

linearné zavislé.

Piiklad 6 / strana 18
Zjistéte, zda vektory a (3; 2; 1), b (1; -2; 2) a ¢ (1; 2; -3) jsou linearn¢ zavislé.
3 2 1 1 2 =3 1 2 -3 1 2 3
1 -2 2 |~|1 =2 2 |~/0 -4 5 |~/0 -4 5
1 2 -3 3 2 1 0 -4 10 0O 0 5
Hodnost matice h =3 a pocet uvazovanych vektori n =3 = h =n = vektory jsou

linearné nezavislé.

Piiklad 7 / strana 18
Zjistéte, zda vektory a (2; 3; 0), b (5; 7; 0) a ¢ (0; 1; 2) jsou linedrné zavislé.

X Yy Z y zZ X yzxyZX
> 3 0|1 201 2 of |t 2 0
s 7 01170 5|70 —14 5|70 71 3
01 2) 1302 o =6 2 00—%

David Michalek strana 12



Sbirka uloh z matematiky pro fyziky (J. TesaF) — FeSené priklady
Hodnost matice h = 3 a pocet uvaZzovanych vektori n =3 = h =n = vektory jsou

linearné nezavislé.

Piiklad 8 / strana 18
Zjistéte, zda vektory a (2; 1; 0), b (3; 3; 2) a ¢ (1; 2; 1) jsou linedrné zavislé.
2 1 0 I 2 1 I 2 1 1 2 1
3 3 2|~(3 3 2|~/0 -3 —-1|~|0 -3 -1
1 2 1) (2 1 0 0 -3 -2 0O 0 -1
Hodnost matice h =3 a pocet uvaZzovanych vektori n =3 = h =n = vektory jsou

linearné nezavislé.

Piiklad 9 / strana 18
Urcete z-ovou soufadnici vektoru a tak, aby vektory a (4; 1; a,), b (2;-1;-3)ac (-1; -

1; -1/2) byly linedrné zavislé.

4 1 a -1 -1 —=| [-1 -1 -= -1 -1 ——

2 2 2 2
2 -1 =3|~|2 -1 =3(~|0 -3 -4 |~ 0 -3 —4 =a,-2+4=0
-1 -1 —% 4 1 a, 0 -3 (a,-2)| [0 0 [(a,-2)+4]

a,—2+4=0 a,+2=0 = a, =-2

Piiklad 10/ strana 18
Urcete soutadnici x vektoru a tak, aby vektory a (ay; 1; -2), b (1; 2; -3/2) ac
(2; 2; 1) byly linearnég zavislé.

XYy z z y X zy X z 'y X

a, 1 -2 1 2 2 1 2 2 1 2 2 o, +4)-4]=0

TR I “los 4 7o s 4 = R mA=
2 2

2 2 2 1 a ) \0 5 (a,+4)) (0 0 [a,+4)-4]

a, +4-4=0 = a_=0

David Michalek strana 13



Sbirka uloh z matematiky pro fyziky (J. TesaF) — FeSené priklady
Piiklad 12 / strana 19

Je dan bod M (5; -3; 4) [m], urCete délku lOM| a jeho smérové uhly a vysledek

oveérte.

[OM| = /3 +(-3)" +4* =25+9+16 =150 =7.0711 m

COSOL = —— = > =0,7071 o =45°
‘OM‘ 7,0711
2 -3 o’
cosP=—== =—0,4243 B=115°6
‘OM‘ 7,0711
; 4 .
COSY =—== =0,5657 vy =55°33
‘OM‘ 7,0711
Piiklad 15 / strana 19

Sila F (2; 3; 2) [N] posunula téleso z bodu A (3; 0; 1) [m] po ptimce do bodu B (1; 2;
3). Jakou pfitom vykonala praci?
s=AB=B-A=((b,-a,);(b,—a,);(b;—a,))=((1-3);(2-0);(3-1)) =

=(-2;2;2)

W=Fs=(Fs,)+(Es,)+(Es;)=2.(-2)+32+22=-4+6+2=6J

Piiklad 16 / strana 19
Urcete praci, kterou vykona sila F (5; 3; 1) [N] ptisobici z bodu X (0; 0; 1) [m] po piimé draze do
bodu Y (1; 1; 3) [m] a urete tihel, ktery svira sila F a drdha s.

s=XY =Y-X=((y,-%)i(y,-%,)i(y; = x;)) = ((1-0);(1-0);(3-1)) =
= (1 1; 2)[N]

W=Fs=(Fs,)+(Es,)+(Fs,)=51+3.1+1.2=5+3+2=10J

W:‘f:‘.H.coscp = cosQ= #Wﬁ = 10 = 10 =

FlJ§| V543 P42t V254941414144
_ 10 10 _ 10
J35.6  5,9161.2,4495 14,4915

=0,6901  ¢=46°21'
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Sbirka uloh z matematiky pro fyziky (J. TesaF) — FeSené priklady

Piiklad 17 / strana 19

Chlapec tahne sanky do kopce silou F (100; 0; 20) [N] po draze s (20; 0; 1) [m]. Jakou vykona praci
a jaky tihel svird F a s?

W=Fs= (Fl.sl)+(F2.sz)+(F3.s3) =100.20+0.0+20.1=2000+0+20=2020 J

W:‘F‘.‘g‘.cosm = COSQP=10=5= 2020 = 2020 =
[FIJs| V100> +0° +20° /207 +.0° +1* 10000 +400./400 +1

B 2020 2020 2020
v10400.4/401 101 9804.20,025 2042 1575

=0,9891 @=8°28%

Piiklad 18 / strana 19
Urcete praci, kterou vykona sila F = 6 N o smérovych thlech 45°; 60°; 60° jestlize pisobi po draze
s= (5\/5;— 6; 3)[m] . Déle urcete jaky uhel sviraji F a s.

E.

cos oL = = f =cosoc.‘13‘=cos45°.6— 6= 6—

BT

cosf = = f, :cosB.‘F‘:cos60°.6:O,5.6:3

B E

cosy=—= = f3=cosy.‘13‘=cos60°.6=0,5.6=3

‘F

F=[67;3;3][N]

5

W:13.5:(Fl.s1)+(F2.sz)+(F3.s3)=6%.5x/§+3.(—6)+3.3:30—18+9:21J
- W 21
W:‘F‘.‘s‘.cosq) = cosq):‘f:‘.‘g‘: G = : =
\/[62J +32 43 .\/(sﬁ) +(-6) +3?
21 2121 21

=0,3591 ¢ = 68°57

J18+9+49./50+436+9 /364095 6.9,7468 58,4808

Piiklad 19 / strana 20
Vypocitejte praci, kterou vykona sila F (3; 2; 1) [N] ptsobici po draze s (1; 2; 3) [m]. Urcete uhel,
ktery sviraji F as.

W =Fs=(Fs,)+(Es,)+(Es ):3.1+2.2+1.3 =3+4+3=10J

10 10 10
\Fm S04 PP 1213 O+ari1+4+9 J1a 14

W= ‘F‘.H.cosq) = CcosQ=

-0 W g7143  g-aae2a
(Via) 14
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Sbirka uloh z matematiky pro fyziky (J. TesaF) — FeSené priklady
Piiklad 20 / strana 20

Vypocitejte praci, kterou vykona sila F (5; 1; 1) [N] plsobici po draze s (3; 5; 5) [m] a urcete thel,
ktery sviraji F a s.

W=Fs=(Es,)+(Fs,)+(Fs;)=53+1.5+1.5=15+5+5=25J
25 _ 25 _
22432+ 55 45 V25+1+149+25+25

Wz‘f?‘.‘g‘.coscp = COS(P:‘?T}‘:

__» B 25 _0.6064  ¢=51°13
2759 5,1962.7,6811 39,9128

Priklad 21 / strana 20

Jakou potencialni energii (v homogennim gravitacnim poli) ziska t€leso o hmotnosti m = 5 kg,
pohybuje-li se z poc¢atku soufadnicového systému do bodu X (3; 1; 2) [m] ? Jaky thel svira draha
uvedeného pohybu svislym smérem dany osou z? Orientace gravitacniho pole je dana kladnym

smérem 08y Z.

E, =mgh [J]

g=(0;0;10)ms™ = F=mg=5.(0;0;10)=5.0+5.0+5.10=(0; 0; 50)[N]
h=0X =X-0=((x;=0);(x,=0);(x,=0)) = ((3-0);(1-0);(2-0)) =(3:1,2) [ m]
E,=Fs=(Fs,)+(Es,)+(Fs,)=03+0.14+50.2=0+0+100=100 J

Piiklad 23 / strana 21

Sila F =4 N o smérovych uhlech (60°; 60°; 45°) zptisobi posunuti s= -L 2;\/5) [m]. Jakou pfi tom

vykona praci?

cosoc=‘%‘ = fl=cosoc.‘lE‘=cos60°.4=0,5.4=2
cosB:‘%‘ = f2:cosB.‘f:‘:c0s60°.4:0,5.4:2
cosy:‘%‘ = f—cosy‘F‘—c0s45°4 \/—4 4£

F= [2 2; 4‘/_j[N]

W=Fs=(Fs,)+(Es,)+(Es,)=2.(- 1)+22+4£J—__2+4+4 6J
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Piiklad 24 / strana 21
Sila F (-3; -1; 0) [N] zplsobi posunuti hmotného bodu po dréze s (-1; -3; 2) [m]. Jakou vykona
praci, jaky thel svird F a s.
W =Fs=(Es,)+(Es,)+(Fs,)=-3.(-1)+(=1).(-3)+02=3+3+0=6 J
6 B 6 B
\/(_3)2 +(=1)+0? _\/(_1)2 +(-3) +22 9140414944

Wz‘f?‘.‘g‘.coscp = coscp:‘f:mg‘:

6 6 6
10415 3,1623.3,873 12,2476

=0,4899 ¢ =60°39’

Piiklad 25 / strana 21
Hmotny bod se pohybuje z pocatku do bodu M (10; -10; 20) [m] za plisobeni stalé
sily. Urcete velikost této sily, jestlize svira se smérem drahy uhel o = 60° a vykona

praci W =161J.

s=0M=M-0=((m,—0);(m,—0);(m; —0))=((10-0);(~10-0);(20-0)) = (10;-10;20)[m]

- LW 6 6
W:‘FHS‘.COSG - ‘F‘:‘g"cosa:\/102+(—10)2+202.cos600:\/100+100+400-0’5:
6 6 6

= = = =0,4899 N
J600.0,5 24,4949.0,5 12,2475

Piiklad 26 / strana 21
Urcete skalarni a vektorovy soucin vektorti a (3; -2; 0) a b (3; 0; 2).

a-b=a b +a,b,+a,b,=3.3+(-2).0+02=9+0+0=9

i j k
- - a a a a a a
axb=la, a, a;|=1 ’ 3_j' vk =
b b. b b, b, by b, b,
1 0y by

—i.
3 2

2 0o o B -2 . . L
0 2‘—1-‘ ‘+k-‘3 O‘=(—4+0)1—(6—0)J+[0—(—6)}k=—41—6J+6k=(—4;—6;6)
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Sbirka uloh z matematiky pro fyziky (J. Tesar) — FeSené priklady
Piiklad 27 / strana 21

Vypocdtéte: (5+B)x(5—5) ,proa(2;-3;1)ab (3;0;0).

a+b=(a,+b;a,+b;a,+b,)=(2+3-3+0;1+0)=(5-3;1)

a-b=(a,—b;a,-b,;a,-b)=(2-3-3-0;1-0)=(-1;-3;1)

a+b= (a1+b1,a2+b2,a3+b3) (243 -3+0;1+0)=(5;-3; 1

a-b=(a,~b;a,- b,)=(2-3;-3-0;1-0)=(-1;-3;1)

i j k

Ly - 301 51 |5 -3

(a+b)x(a-b)=|5 -3 1|=i ‘—J-‘ +k-‘ ‘:
301 Tl -3

=[-3=(=3)]i-[5-(-1)]j+[(~15-3) ]k = 0i — 6j— 18k = (0;— 6;—18)

Piiklad 28 / strana 21
Vypoététe: (axe)xz ,prou(1;2;3),v(2;3; ) az(3;1;2).
(ﬁx;)xg nejprve vypocitame (ﬁx ;/)

2
2 3

‘:(2—9)i—(1—6)j+(3—4)k=

-7 -1
3 2

Piiklad 29 / strana 21

Urcete vektorovy a skalarni soucin vektorti a (-1; 2; 4) a b (5; 4; 8)

i i k| |i j k

- - Cla, a,
axb=l|a, a, a,|=|-1 2 4|=1-

b2 b3

b, b, b [5 4 8

-1 2

4

L 8

a] aZ
"o, b,

k- =
bl b2

(16—16)i—(—8—20)j+(—4—10)k:0i+28j—14k:(0; 28; —14)

a-b=a,b +a,b,+a,b, =(~1).5+2.4+4.8=-5+8+32=35
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Sbirka uloh z matematiky pro fyziky (J. TesaF) — FeSené priklady
Piiklad 30 / strana 22

Urcete vektorovy a skalarni soucin vektorii u (1; 2; 3) av (2; 3; 4).

u-u=u.v,+u,v, +u;.v; =1.2+23+34=2+6+12=20

i j k| |1 j k
- - u, u u u u u
uxv=, u, ul=[1 2 3|=i|> l-j " l+k| " ?

V, V3 Vi V3 Vi v,

Vi vV, V4| 2 3 4

12 3 1 3 1 2 i . <t 1 (1. _
=1-3 4—]-2 4‘+k-‘2 3‘—(8—9)1—(4—6)34—(3—4)k——1+2‘|—k—( 1; 2; 1)
Piiklad 31 / strana 22

Urcete vektorovy a skalarni soucin vektorti x (-1; 2; 3) ay (2; 0; 5).

S X x| X X X, X,
XXy=[X, X, X;|=[-1 2 3|=1- - +k- =
Yo Y3 i Ys i Y2
i Y2 Vi |2
23 -1 3 -1 2
=1 -j- +k- =(10-0)i—(-5-6)j+(0-4)k=10i+11j—4k =(10; 11; — 4
o i el g 00050 0= 4k 0re k= (1014

X-y = XY, XY Xy =(=1).2+2.043.5=-2+0+15=13

Piiklad 32 / strana 22

Jsou dany vektory a(-2;—4;1) a b(0;—3;8). Vypocitejte (axB)xé a (Bxa)xB.
(axf))xa nejprve vypocitame (axB)
ij k| i ok
axf):al a, a;|=-2 -4 1|=1-
b, b, b |0 -3 8
=[-32-(-3)]i—(~16-0) j+(6—0)k =—29i+16j+ 6k = (-29; 16;6)

-3 8 0 8 0 -3

—4 1‘ _‘—2 1‘ ‘—2 —4‘
- +k- —

]
(5><B)><5=—29 16 6|=i-
2 4 1

=[16-(-24)Ji~(-29+12) j+ (116 +32)k = 40i +17j+ 148k = (40;17;148)

-29 6
-2 1

~29 16
2 -4

+k-

16 6
4 1)

(Bxa)xﬁ nejprve vypocitdme (Bxa)
ij k| |i j k
b, b, bl=l0 -3 8§=i
a, a, a, [2 -4 1
=[-3-(-32)]i—-[0—(~16)]j+(0—6)k =29i —16j— 6k = (29;~16; —6)

-3 8
4 1

()

(o]

X

1o 8
"l

+k-

2 4
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Sbirka uloh z matematiky pro fyziky (J. TesaF) — FeSené priklady

o

-y - ! |-16 -6 |29

(bxa)xb=29 16 —6|=i- s s
0 -3 8

=(~128-18)i—(232-0) j+(~87-0)k = —146i - 232j— 87k = (~146;,— 232, 87)

Priiklad 33 / strana 22

—6 29 -16
+k- =
8 0 -3

Pomoci vektorového poctu dokazte, ze trojiihelnik ABC, s vrcholy A (3; 6), B (-4; 3)

a C (1; 1), je pravouhly a vypoctéte jeho obsah.

A=(36),B=(-43), C=(1~ 1)
a=BC=C-B=(1-( -3)=(
b=CA=A-C=(3-1;6- 1):( )
c=AB=B-A=(-4-33-6)=(-7;-3)
Diikaz, Ze je trojihelnik

pravouhly provedeme s pomoci .
Pythagorovy véty c” =a®+b”.
Nejprve zjistime velikosti

al, |b),
B‘=\/b§ +b; =22 +5> =29
>fa] @ e

Bude-li se |a

el

‘B‘ = E=pfepona

2 2

+|b| =

B =k () (39 = ()
a| +[o :\52

0zt

B (-4;3)

=45° = aCAX je opét pravouhly rovnoramenny = v_=

\a\.@zﬁ.f—g ] (¥55)

29+29=58 = 58=58

a zaroven H = ‘B‘ = aABC je pravothly rovnoramenny = o =3 =45°

2

2 _38

Sa=—2 = =—2¢ = Sa=
2 2

2

o _[A8

A (3; 6)

David Michalek
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Sbirka uloh z matematiky pro fyziky (J. Tesar) — FeSené priklady
Priklad 35 / strana 23

Urdete obsah rovnob&zniku ABCD, je-li strana a=AB=(3; -2;1) a thlopticka

D C

Nejprve vypocitame thel ¢ , kter}? sviraji strana as uhlopftickou e:

a-e 3.5+(-2).(-1)+1.3 ~ 15+2+3 B
e \/32 IESE \/52 1) 43 9441254149
:W:O’%% = ¢=25°22 a|=14; [d]=35
sinQ = ‘TT‘ ‘TC‘ =|v.|= sin Q- H = §in25°22"+/35 =2,5345

v
o=a]-|v. = 3+ (<2) 12 -2,5345 =0+ 4+1-2,5345 = /14-2,5345 = 9,483
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P¥iklad 36 / strana 23

Urcete vnitini Gthly a plochu trojuhelniku ABC, je-1i A (2; -4; 9), B (-1; -4; 5);
C (6; -4; 6).

Nejprve z bodil A, B a C uréime vektory AB, BC a AC:
a=BC=C-B=(6-(-1);-4-(-4);6-5)=(7;0,1)
b=AC=C-A=(6-2-4—(-4);6-9)=(4;0,-3)
E:A—B'=B—A:(—1—2;—4—(—4);5—9):(—3;0;—4)
4.(=3)+0.0+(-3).(-4) ~ —12+0+12

cosa = \/42+02 \/(_3) 07+ () ~J1640+9940+16

=—F=0 o =90° =  aABC je pravouhly
N

7( 3)+00+1( 4) C (6; -4; 6)
cosP = =
\ Ny N(=3) 402+ (-4

21-4 25 ﬁ

T 4919116 50425 2

N 24

B=135° = B =je vné¢jsi thel vektorh a,c
B'=180°—-B =180°—-135°=45°

B=135°

pro souCet thli v AABC plati: o+ 3'+7 =180°
Y =180°—a —B'=180°—-90°—45°=45°

A Q4 9) ¢=AB B/
B'=v=45° = aABC je pravouhly rovnoramenny B ¥

a-v, b-v, c-v, . “r
Sa= 5 = 5 = > musime vypocitat v,

.oV o
sinf== = Va:smB-‘c‘
c

v, =sinfy | =sindse 25 =225
e V2
2 2 2

v 7" +0° +1 2@_@\55 50

- = =—=12,5
2 4 4

—

a

Sa=
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Sbirka uloh z matematiky pro fyziky (J. Tesar) — FeSené priklady

2. zpusob vypoctu obsahu ~aABC:
Vektorovy soucin dvou
vektorii je obsah
rovnobézniku, pricemz
polovina obsahu

rovnobézniku je obsah

trojuhelniku tvoreny

témito vektory.

1 ] k 0
So=bxc=|4 0 —3:i0
3 0 -4

= 0i + 25+ Ok = (0;25;0)

Sol=10+252+0=+/25> =25

SA=@=§:12,5
2 2

Priklad 37 / strana 23
Vypoctéte obsah trojuhelniku uréeného vektory a (3;-2; 1) ab (-2; 1; -1).

i j ok
So=axb=| 3 —2J =il 1‘—1" >l _2‘:(2—1)i—(—3+2)j+
DO I IR e -
+(3-4)k=i+j-k=(LL-1)
Se[=\P+P+(-1) =3 = Sac DA 33 4 866
2 2
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Sbirka uloh z matematiky pro fyziky (J. Tesar) — FeSené priklady

Piiklad 38 / strana 23

Urcete plochu trojuhelnika uréeného vrcholy A (1;-2; 3), B (2; 1; 0) a C (0; 2; 1).
b=AC=C-A=(0-1;2—(-2);1-3)=(-1;4;-2)
c=AB=B-A=(2-11-(-2);0-3)=(1;3;-3)

1 ] k
. 4 =20 -1 =2 -1 4
So=bxc=|-1 4 -2|=i1 -] +k =
-3 1 -3 1 3
1 3 -3

=(-12-(=6))i—(3—(-2))j+(-3-4)k =—6i - 5j— Tk = (—6; - 5; - 7)
S| =J(=6)" +(=5) +(=7)" =36+25+49 =110

So| 110 =
sA—‘z‘— 1210:10";881:5,24405£5,24 C c=AB

Piiklad 39 / strana 23
Jsou dany vektory a (3; 1; -2) a b (0; -2; 1). Urcete vektor ¢, ktery je kolmy na
rovinu, v niZ lezi vektory a a b. Urcete thel, ktery spolu sviraji vektory a a b a plochu

trojuhelnika vymezeného vektory a a b.
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Sbirka uloh z matematiky pro fyziky (J. Tesar) — FeSené priklady
i Kl K

-~ .- 11 =20 |3 =2 3 1
c=So=axb=la, a, ay|=|13 1 -2|=1 ‘—]‘ +k ‘:
- 1 710 1 0 -2
b, b, by |0 2 1
:(1—4)i—(3—0)j+(—6—0)=—3i—3j—6k:(—3;—3;—6)
a-b 3.0+1- ( ~2)+(-2)-1 0-2-2
COSP = === = =
a-b‘ \/32+12 \/()2 ) +12 VO+1+4-4+1
—4
= =-0,4781 =118° 33’
NN P
§ - B _q)? )2 _
o7l ax :\/( 3)" +(-3) +(-6) :,/9+9+36:\/5—4_3’6742
2 2 2 2
Piiklad 40 / strana 23

Ur&ete obsah, obvod a tihel o v aABC, je-li dano: A (1; 1), B (3;4) a C (-1; 4).
a=BC=C-B=(-1-3;4-4)=(-4,0)
b=AC=C-A=(-1-1;4-1)=(-2;3)
c=AB=B-A=(3-1;4-1)=(2;3)
a| =[BC|=/(-4) +0* =16 =
b|=[AC|=(-2) +3* =V4+9 =13

c :‘E‘:\/zusz ~J4+9=13

coser b-c —2.243-3 419
ol J(-2y+3V2Pez V1313

__ 2 _32:03846 a=67°22

(Viz) 13

v, =sina|b|=sin112°37/13 = 3,3283

Ve \13-3,3283
2

2

OA:‘5‘+‘B‘+H:Jﬁ+\/§+4£11,2

—

C

Sa= =6

Priklad 41 / strana 23
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Vypoctéte pomoci vektorového soucinu vektorového soucinu plochu aABC, je-li
A3;-1:5),B(2;1;4)aC (-3;2; 1).

a=BC=C-B=(-3-2;2-1;1-4)=(-5;1;-3)
b=AC=C-A=(-3-3;2—(-1);1-5)=(-6; 3;—4)

c ( 4-5)=(-1;2;-1)

So| |axb 52 4 (=2)" +(-9Y) T

SA:\ \: _ (=2) +(-9) _25+4 81:\/110:10,49i5’245
2 2 2 2 2 2

Piiklad 44 / strana 24

Urcete objem rovnobéznosténu, ktery je tvofen vektory a (3;2; 1), b (-1;2;3) a
c(1;-3;2).
V= (5 X B) c (smiSeny soucin vektorl, kdeV je redIné Cislo)

i j k i j k
a, a, a=3 2 I=i
b, b, by |-1 2 3
=(6-2)i—(9-(-1))j+(6—(-2))k =4i—10j+ 8k =(4; - 10; 8)

2 1 3 1 3 2
2 3 -1 3 -1 2

—

V=(axb)-c=4-1+(-10)-(-3)+8.2=50

Piiklad 45 / strana 24
Urcete objem trojbokého hranolu ur¢eného vektory a (3;-2; 1), b (1; 3;-1) a
c(1;1;5).
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Vobecné = Spodstavy vV
Sz axb
Strojbokéhohranolu = SA: 7 = 2
i j kK |i j k
So=axb =2 1 p o1 B -2
So=axb= a, a, 3,3:3 -2 1l=1 — ] +k _
3 -1 1 -1 13

b, b, b| |I 3 -1
=(2-3)i—(-3-1)j+(9+2)k=—i+4j+11k = (-1; 4; 11)

§A=S—D:(—l; 2; EJ
2 2

V:(axf))-é:(—%j-1+2-1+1—21-5:—%+2+§:29

Piiklad 46 / strana 24

Urcete, zda vektory a (1; -3; 0), b (2; 1; -2) a ¢ (-1; -4; -2) jsou linearné zavislé.

Pokud nejsou, vypoctéte objem Ctyfsténu, ktery urcuji.

X Yy z
1 =3 0) (1 =3 0) (1 =3 0
Sy 1 al<lo 7 200 7 22
b, b, b,
-1 4 =2) (0o -7 =2) {0 o0 -4
c, ¢ ¢

Hodnost matice h = 3 a pocet uvazovanych vektorin =3 = h = n = vektory jsou

linearné nezavislé.
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1
:_.a.
6

—

C

— —

b

Styisténu -sin@, - cos @,

:\/(ax)2 +(ay)2 +(az)2 :\/12 +(—3)2 +0> =J1+9 =10

b= y(b,) +(b, ) +(b,) =2+ P (2) =Var1+4=9
J=yf(e, ) +(e,) +(c,) =y(-1) +(~4) +(-2) =+ 16+ 4 =21

¢, je uhel, ktery sviraji vektory aab

—

a

¢, je uthel, ktery svird vektor cs (5 X B)

Pk
L 3 o |1 o |1 -3 . .
axb:21 _? 221 1 _2‘—_]‘2 _2+k 1‘:(6—0)1—(—2—0)J+(1—(—6))k:

=6i+2j+ 7k =(6;2;7)

‘axﬁ‘:\/62+22+72 —J36+4+49 =/89

a-b 1:2+(-3)-1+0-(-2) 2-3 1 :
= - —_ —0.1054 ~96°03
ST J10-9 0.4368  9.4868 i
(axb)-c 6.(~1)+2-(-4)+7-(-2) 28
S —_ =-0,6477 —~130°21
P axB|-[d NG 43.2319 ?
L R J10-4/9 -4/21-5in(96°03") - cos(130°21')
Syksténu :_"a‘ : ‘b‘ ‘C‘ -SIn@, - CosP, = =
6 6
—21.2008 _ |-4,6651/=4,7
Priklad 48 / strana 24

Vypoctéte objem Ctyisténu s vrcholy 0 (0; 0; 0), A (5;2; 0), B(2;5;0)a C (1; 2; 4).
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a=0A=A-0=(5-0,2-0;0-0)=(5;2;0)
b=0B=B-0=(2-0;5-0;0-0)=(2;5;0)
c=0C=C-0=(1-0;2-0;4-0)=(1;2;4)

Styfsténu % : (5 X B) E

<

o
ox}
N =
N
o o K~

12 0 |5 0 5 2
1 -] +k
5 00 )2 0 2 5

‘:(O—O)i—(O—O)j+(25—4)k:
2 5
=0i - 0j+ 21k =(0; 0; 21)
0-1+0-2+21-4 0+0+84

Vetyfsténu :%(Z{XB)E: 5 = p =14

Piiklad 49 / strana 24
Urcete objem jehlanu ABCO, je-li A (3; 2; 1), B (-1; -2; -3); C (0; 0; 5) a O (0; 0; 0).

1 S axb
Vjehlemu 5 Sp'V Sp:SAZTD: 2
a=0A=A-0=(3-0;2-0;1-0)=(3;2;1)
b=0B=B-0=(-1-0;-2-0;-3-0)=(-1;-2; - 3)
c=v=0C=C-0=(0-0;0-0;5-0)=(0;0;5)
i j k
B 2 1 |3 1 |3 2
axb=3 2 I|=1 ‘—J‘ +k ‘:
I e | I Q)
-1 2 -3
=(-6-(-2))i—(-9—(-1))j+(-6—(-2))k =—4i + 8 — 4k = (—4;8;—4)
axb
Sp:SA:S_’:’:u:(ﬂ;§;ij:(2;4;2)
2 2 2’27 2

~-(0+0-10)= ‘ 1919533
313

Priklad 50 / strana 25
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Vypoctéte moment sily F (3; 4; 2) [N] plisobici v bod¢ A (3; 1; 0) vzhledem
k pocatku a jeho velikost.

r=0A=A-0=(3-0;1-0;0-0)=(3;1;0) [m]

1 j k
— - - q1 0 3 0 3 1 : .
M:erzi i 2:1‘4 2‘—]‘3 2‘+k‘3 4‘—(2—0)1—(6—0)_]+(12—3)k—

=2i-6j+9k=(2;-6;9)[N-m]

M| = Jm? +m +m? =2 +(=6)' +9° =\4+36+81 = 121=11N-m

Piiklad 51 / strana 25

Urcete vysledny moment M sily Fi=i+ 23 ~3k [N] , ktera plisobi v bod¢

Ay (2;-1;3) [m] asily F2 =2i—3j+k [N] s piisobitém v bodé A, (3; 5; 1) [m]
vzhledem k bodu O (1; 1; 1) [m].

M1=;1XF1 F1:T+23—31;
l\_/iz:;zxiz
o AI(Z;—I;3)
M12=M1+M2 ri=0A F2=2i—3j+k
- — A, (3;5;1
O(l;l;l) 2 = 0A, 2( T )
n=0A=A -0=(2-5-1-1;3-1)=(1;-2;2) [m]
n=0A=A,-0=(3-1;5-1;1-1)=(2;4;0) [m]
N
.. 2 2 to2 it =2
Mi=nxF =]l -2 2/=1 ‘—J‘ +k ‘:
2 -3 3 g 2
1 2 -3

=(6-4)i—(-3-2)j+(2—(-2))k=2i+5j+4k =(2;54)[N-m]
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1 j k
— . - 4 0 12 0 2 4
M:=r2xF2=|2 4 0|=1 -] +k =
-3 1 |2 1 2 -3
2 3 1

=(4-0)i—(2-0)j+(-6-8)k =4i-2j-14k =(4; - 2; —14) [N -m]
M2 =M +M: =(2+4; 5+(-2); 4+(-14))=(6;3; —10) [N -m]

‘Mu :\/62 +3+(=10)" =36 +9+100 =+/145 =12,0416 =12 N-m

Piiklad 52 / strana 25
Na téleso piisobi tii sily Fi =(3;2;-5)[N], Fa=(1;-1;3)[N] a Fs =(-1; - 1;2) [N]
v bodé A (3; -2; 3) [m]. Urcete celkovy moment sil vzhledem k bodu B (3; 0; 1) [m],

jeho velikost a jeho smérové uhly.

Fi=(3;2;-5)
1 F=(1;-1;3)
F123=F1+F2+F3
Mm:;XFm ;:ﬁ N N
® r g rd
B(3;0;1) A(3-23) Fi=(-1-12)

r=BA=A-B=(3-3-2-0;3-1)=(0;-2;2) [m]

Fis =Fi+F2 + Fs=(341+(=1); 2+(=1)+(=1); - 5+3+2) =(3;0;0) [N]
I

Mis =rxFiz=|0 -2 2|=i1
300

=(0-0)i—(0-6)j+(0—(-6))k =6j+6k =(0;6;6) [N-m]

-2 2/ [0 2
=] +
0 0 13 0

3

‘Mm —J0? +62+ 6> =/0+36+36=+72=8,4853=8,5N -m
m m
cosa=mm 0 g 5 _gpe COSP = —2 6 o707 B =45°
‘M123 894853 ‘M123 8,4853
m
COSY = ot = 6 =0,7071 vy =45°
‘ | 8,4853
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Priklad 53 / strana 25

Urdete velikost a smér momentu sily 15(21;14;— 8) [N], ktera piisobi v bodg
Q (0; 1; 3) [m] vzhledem k P (6; 5; 1) [m]. T
r=PQ=Q-P=(0-61-53-1)=(-6;—4; 2) [m]

1 ]k
Mo B J =4 2 -6 2 -6 —4 1=PQ
M=o =4 2=, g7 gt ar 147
21 14 -8 P(6;5:1) Q(0;1;3)

=(32-28)i—(48—42)j+ (-84 —(-84))k = 4i - 6j+ 0k = (4;—6; 0) [N -m]

[M|=J4* +(~6)’ +0* =\16+36+0 =52 =7.2111 N-m
m

CosSQL =—=r= 4 =0,5547 o=56°1%
‘M‘ 7,2111
m -6

cosp=—= =-0,8321 [(=146°1%
M| 7,2111

cosy:IEZ: 0 =0 y=90°
M| 7,2111

Piiklad 54 / strana 25

Vypocitejte souradnice a velikost momentu sily F, ktera vychdzi z bodu

A(6; 0; 0) [cm], vzhledem k pocatku, je-li ‘13‘ =5 N a thel o, ktery svira sila F

s rovinou Xy je 60° v kladném sméru osy z, pficemzZ sila F je rovnobézna

S Tovinou yz.

4

r=0A=A-0=(0,06—0,0-0;0—0)=(0,06; 0;0) [m]

H —/0,06> =0,06 m M = (mx;my;n%)

M:SN

X

1

. 1
rovina yz !
1

‘M‘:H-‘F‘:0,0GS:OJN-m

rovina xy -

____________________
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M svira s osou x thel oo = z obr. o =90°, protoze M Lt

COSOLZ‘HITX = m, :cosa-‘ﬁ‘:cos(90°)-0,3:0-0,3:0N-m

M
M sviré s osou y thel = z obr. B=¢+90°=60°+90°=150°, protoze MLF

cosﬁz‘%y = m, =cosp-[M|=cos(150°)-0,3=-0,8660-0,3=—0,2598 N-m

Msv1rasosouzuhely = v=60°, protoze y=[3-90°=150°-90°=60°

cosy=r=% = m,=cosy:[M|=cos(60°)-0,3=0,5-0,3=0,15N-m
M

—_—

M= (mx; m; mz) :(0; —0,2598; 0,15) [N-m]

Piiklad 55 / strana 25

Uréete celkovy moment sily a jeho velikost, jestlize na téleso piisobi sily
Fi(1;-2;3)[N] a F2(3; 2; 0) [N] v bod& B (2; 0; 2) [m] vzhledem k bodu
A (0;-1; 1) [m].

r=AB=B-A=(2-0;0—(-1);2-1)=(21;1) [m]
Fo=Fi+F=(1+3-2+2;3+0)=(4;0,3) [N]

1 ]k
.. g 21 P . .
M=rxFno=2 1 =1‘0 3‘—]‘4 3‘+k‘4 0‘2(3—0)1—(6—4)J+(0—4)k:
4 0 3
:3i—2j—4k:(3;—2;—4)[N-m]
M| = /3 +(-2) +(-4) =v9+4+16=129 25,3852 N-m
Fi=(1;-2;3)
'T\ 1522(3;2;0)
r=BA
@ >
AL 1) B(2;0;2)

David Michalek strana 33
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Limity
Piiklad 6.1 / strana 39
3 x-(x*+3 2 2
Lo x(xX043) L xe3 0243 3

o0x”—2x =0 x-(x=2) =0x-2 0-2 2

Piiklad 6.2 / strana 39

sin X

. te2x 2 . tex 2 .. cosx 2 .. sin X 2 . 1
lim g =—-1lim g =—-lm——=—lm——=—-1lim =
x>08InS5x 5 x0sinx 5 x0gmx 5 x0sinx-cosxX 5 x20cosx

21 212

:g.cosOO 51 5
Piiklad 6.3 / strana 39
sin X
limtg—le-limtg—le-limmzl-lim Sin X :l-lim I _
x>0 3x 3 x50 X 3 x>0 X 3 x20x-.cosXx 3 x20cosSxX
1 1 11 1 . sinx
—_. —— . == lim =1
3 cos0° 31 3 x>0 X
Piiklad 6.4 / strana 40
) (X+1)3—1 X H3x74+3x+1-1 . x*+3x7+3x
lim———=1im =1lim =
x—0 X x—0 X x—0 X
_ X°(X2+3X+3) ., )
:hng :hngx +3x+3=0"+3-0+3=3
X—> X X—>

(x + 1)3 jsme rozlozili podle vzorce (a + b)3 =a’+3a’b+3ab’ + b’

Piiklad 6.5 / strana 40
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lim( L 2 j—lim( L2 )—lim L _ 2 =
oilx—1 x*-1) »=ilx-1 x*-1) =i x-1 (x+1)-(x—1) -

_lim Xx+1-2 lim x—1 im 1 _ 1 :1
o (x+1)-(x=1) ) =t (x+1)-(x—=1)) =1 (x+1) 1+1 2

x’ =1 jsme rozlozili podle vzorce a’ —b*=(a+b)-(a—b)
Piiklad 6.6 / strana 40

Yx -1

lim do rovnice dostadime x = t°
x—1 \/_ 1

O e S T B/ W (t- )(f”) :nm(t_l)'(ﬁﬂ):
SN N N H(J_ 1)-(Verer) o0 e

(t—l)-(\/t>3+1) (\/t73+1) (\/t73+1) (\/§+1)

=lim =lim~—%-=lim———=1lim =
S (t=1)-(C+t+1) (P +t+]) oTe(t+141) ng/;(g/gﬂﬂ)
(vi+1) 112 L

= - == x=t' = t=Ux

gﬁ.(gﬁHH) 1-(1+1+41) 3

Piiklad 6.8 / strana 40

Hm 33X 3 imSPX 323 im S

x—0 X x—0 X x—0 X

Piiklad 6.9 / strana 40

sin2x sin X \/X+2+\/—_21 sinx-(\/x+2+\/§)

22 k22 kr24v2 S (Jxr2—2)-(Vxr2++2)
sinx-(\/x+2+\/§) sinx-(\/x+2+\/§)

=2 (x+2)-2 =2-lim X =2-lim(Vx+2+42)=
:2.(\/()+—2+\/§):2.(\/§+\/§):2.(2\/§):4\/§ josinx
x>0 X

Piiklad 6.10 / strana 40
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2 - 2 . . .

. l-cos2x . 1—(005 X —sin X) . l—cos’x+sin’x .. sin’x+sin’x
lim - =lim , =lim , =lim - =
x=>0 X .SInX x—=0 X.S1ln X x—=0 X.Sln X x—=0 X.SIn X

. 2sin’x . sin’x . sinx-sinx . sinx
=lm——=2-lim——=2-llim——=2-lim =2-1=2
x=0 X SIn X x=0 X . S1n X x=0 X SIn X x>0 x
cos2xX = cos’ X —sin’ x sinx+cos’x=1 = 1-cos’x=sin’x

Piiklad 6.12 / strana 40

sint
i i 1 .. sint 1 .. 1
lim— zhm.CO—St:—-hmﬁ:—-hm —=
-0 gin2t 20 2.sint-cost 2 t0sint-cos’t 2 t0cost
1 1 1 1 1

2 (cosO")2 2 (1)2 2
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Derivace

Priklad 7.1 / strana 41

Uréete derivaci funkce y=x"—3x" —5x+6:
y=x"-3x>-5x+6

y=4x’ —6x -5

Piiklad 7.2 / strana 41
Urcete derivaci funkce y=x-(x—1):
y=x’-(x-1)  (uwv)=uv+u-v

y':2x-(x—1)+x2 =3x* - 2x

Priklad 7.3 / strana 41

Urdete derivaci funkce y=x"-3x" :

3
y=X2'</;=X2-X4 (u.v)’zu'-v+u-v'
3 1 12 21 7 71 !
y’=2X-X4+X2'§X 4=2x( 4j+éx( 4):2x4+éx4:—x4
4 4
Piiklad 7.4 / strana 41
y . 1 1 1
Urcete derivaci funkce y =—+—+—:
X X X
y:—+—2+—:x_l+x_2+x_3
X X° X
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Piiklad 7.5 / strana 41

W . . - 2
Urcete derivaci funkce y =cos2x +sin” x :

y =c082X +sin’ x

y=-sin2x-2+2-sinX-cosx =—sin2x-2+sin2x =
=sin2x [ (-1)-2+1]=sin2x-(~1)=—sin2x
Piiklad 7.6 / strana 41

UrCete derivaci funkce y=x-(Inx)—x:

y=x-(Inx)—-x y=u-v+u-v

Y’:{(l-lnx)Jr(x-lﬂ—l:(Inx+ij—1:mx+l—1:lnx
X X

Piiklad 7.7 / strana 41
Urcete derivaci funkce y = %sin (3x-2):
y:%sin(3x—2) sin(3x —2) je funkce sloZena

;1 3
y'= E[cos(3x -2)- 3] = Ecos(?’x -2)

Priklad 7.8 / strana 42
2
Urcete derivaci funkce y = 2x” ~1 :
x+4
_2X2—1 (Ej/_u'-v—u-v'
Y 3x+4 \% e
(2-2x)-(3x+4)—(2x7 -1)-3  4x-(3x+4)-3-(2x* -1
y = = =
(3x+4)2 (3X+4)2
12x +16X—(6X2 —3) C12x7 +16x—6x7+3 67 +16x+3  6x” +16x+3
(3x+4) (3x+4) (3x+4) 99X’ +24x+16
Piiklad 7.9 / strana 42
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Sbirka uloh z matematiky pro fyziky (J. Tesar) — FeSené priklady

Urcete derivaci funkce y = (ZZ_X;)Z :

y= (22_x;)2 (%) :“V;# pfidemz (2-x) je funkce slozena

@20 2% |-[2¢ 2(2-x)- ()] [(4x)-2-x)" |-[4x*-(2-%)-(-1)]
y'= ; = : -

[(2-x)'] (2-x)
_ |:(4X).(4—4X + XZ):| —[—4){2 '(2— X):| _ [16)(—16)(2 +4X3j| —[—8){2 +4X3:| _
(2-x) (2-x)’
_lox—16x7 +4x +8x° —4x’ _16x-8x> _8x-(2-x) 8
(2-x) (2-x)  (2-x)  (2-x)

Piiklad 7.10 / strana 42
Urcete derivaci funkce y = l:ii;

y= (1:222 (%j/ :uv;# piicemz (1—2x)2 je funkce slozena

(=) (1=2x)" <[ (1-2¢°) -2 (1-2%)-(-2) |

y'= — _

[(1-2x)’ |
i [(=4x)-(1-2x)-(1-2x) ][ (1-2x7) -2+ (1= 2x)-(-2) i
(1-2x)*
(1-2x){[(=4x)-(1-2x) ][ (1-2x") -2 (-2)
(1-2x)’ B
_[(+4x)-(1-24)] ~[(-4)(1-2x¢7)] _(Ax 8 ) (480
(1-2x)’ (1-2x)

_ Ax+8x*+4-8x>  4-4x  4-(1-x)
O (1-x) (1-2x) (1-2x)

Priklad 7.11 / strana 42

David Michalek strana 39
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Urcete derivaci funkce y =+/1+ Jx

1
12
y= 1+\/;=(1+X2j

12
(1 + XZ} je funkce sloZena

y,:g(l“;}z_lx;: R U
2 2 4-1++/x -Vx " X+X§ 4-x+x-/x

Piiklad 7.12 / strana 42

1

1
X-Vx’ -1 =X-(X2—1)5 (u.v)': u-v+u-v'  priemz (xz —1)E je funkce slozena
1 1
|:1~\/X2—1:|+|:X- -(xz—l)_z-ZX}:\/XZ—1+%x-2x-(x2—1)_2
1 %2 (\/Xz—l).(\/xz—l)+x2 X —14x2 2% -1
=vx’=1+x*- =vx’ -1+ = = =
Vx® -1 \/Xz—l \/Xz—l \/X2—1 \/xz—l

Urdete derivaci funkce y=x-vx* —1:

y
y

N | —

Priklad 7.13 / strana 42

. .. 1+¢”
Urcete derivaci funkce y = o :
—e
X / I4 I4
I+e u u-v—u-v
y B * (_] B ’
l-e \% \%

Priklad 7.14 / strana 42
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Urcete derivaci funkce y=+/1—-x:

y=+1-x = (l—x); (1 —x); je funkce slozena

! 1
2-J1—-x

Priklad 7.15 / strana 42

Urcete derivaci funkce y=x"-log,x:

y=x"-log, x (u.v)': u-v+u-v

1 X X 1
'=(2x-log,x)+| x" - =2x-log,x + —=x"-log,x* + —=x-| log,x* + —
Y ( & ) ( x-lnaj & In3 & In3 [ B ln3]

Piiklad 7.16 / strana 42

Urcete derivaci funkce y = ln(tg gj ;

y= ln(tggj =1In(tg0,5x)

.1 | B 1 1 _cos 0,5x 1 B
Y= tg0,5x ' cos>0,5x  sin 0,5x " cos? 0,5x  sin 0,5x " cos? 0.5x
cos 0,5x
1 1

=— =— sin2x =sinx-cosx = sin 0,5x-co0s0,5x =sinx
sin 0,5x -cos0,5x  sinx

Piiklad 7.17 / strana 43

Urcete derivaci funkce y =

+tgXx:
CcoSX
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/ ' 4

1 1 u u-v—u-v

y = +tgx ===

COS X COS X \% \%
, O.cosx—l-(—sinx) 1 sinx 1 sinx+1 sinx+1  sinx+1
y= 2 + 2. 2 + 2. 2 - 2 . 2
COS” X COS“X COS"X COS"X cos"x 1l—-sin“x 1—(s1nx)
sinx +1 B 1

(1-sinx)-(1+sinx) " 1—sinx

1- (sinx)2 jsme rozlozili podle vzorce a’ —b* =(a+b)-(a—b)

Piiklad 7.18 / strana 43

X

Urcete derivaci funkce y =In

X+1

y=—%

e ( N

< 1) e’ (+1) e (x* +1)]

e (X )(X —2X+1) X2—2X+1_(X—1)2
et (X +1) (x +1) XX+1 x*+1

1 [e (X +1} 2[6 2X} X _|_1 e (X2+1—2X) e (X +1) (x2—2x+1)

x*—2x+1 je vzorec a’ —2ab + b’ =(a—b)2

X N / A
y=In 26 je slozena funkce, kde 26 = (_j _uvmuv
x +1 x +1

Piiklad 7.19 / strana 43

y . sin X
Urcete derivaci funkce y=—:
sinX + cosX

David Michalek strana 42
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. / ’ ’

Sin X u u-v—u-v

y:.— - :—2
SInX + CosX A% A%

, [ cosx-(sinx +cosx)|~[sinx-(cosx —sinx) |
y'= =

(sinx + cosx)2

. 2 . .2
(Sll’lX'COSX'FCOS x)—(smx-cosx—sm X)

(sinx +cos x)2

_sinx-cosx +cos’x —sinx-cosx +sin’x _ sin’x+cos’x 1 B
o . 2 T 27 . 2
(sinx +cosx) (sinx+cosx)”  (sinx+cosx)
1 1 1

sinx+2-sinx-cosx+cos’x 1+2-sinx-cosx 1+sin2x

) 2 . .
sin“x+cos“x=1 2-SINX-COSX =SIin2x

Piiklad 7.20 / strana 43
Urcete derivaci funkce y =+/4x —1 +arccotgv4x —1:

1 1
y=+4x—1+arccotgv4x —1=(4x—-1)2 +arccotg(4x—1)2  (u+v)=u+Vv
V4x —1 je funkce slozend; arccotgv/4x —1 je dvojita slozena funkce

1 ol -1 1 N
y'=[—-(4x—1)2-4}+ Lax—1y7.4|-
2 1+(Vax—1) 2
2 2 2 2 _
Jax—1 m_[H(mﬂ Jax—1 ax—1-(1+4x-1)
2 2 2-4x-2 8x -2 2-(4x-1)

T VAx—1 ax—1-4x dx-VAx—1 4x Jax—1 4x-ax—1
C(x-1) ) Vaxo1 o (x-1)ax-1 o (Ax-1)dx -1
Coxax—1 ax—1 2x-ax—1-ax-1 2»(@)2 -
(4x—1)-Vax—T_Jax—1

2X -(4X —1) 2x

Piiklad 7.21 / strana 43

David Michalek strana 43



Sbirka uloh z matematiky pro fyziky (J. Tesar) — FeSené priklady

. . 1—-cosx
Urcete derivaci funkce y =—:
1+sinx
/ , ’
1—cosx u u-v—u-v
1+sinx \Y% \Y%

y'= [0 - (—sin x)] : [1 + sin x] — [(1 —COSX ) (0 + COSX):|
(1+ sinx)2

. . . .2 2
s1nx-(1+smx)—[(l—cosx)-cosx} sin X + sin x—(cosx—cos x)

(1+sinx)2 (1+sinx)2

B sinx +sin’ X —cos X + cos’ x B sin” X 4+ cos” X + sin X — cos X _ 1+sinx—cosx

(1+sinx)2 (1+sinx)2

sinx +cos’x =1

Piiklad 7.22 / strana 43

Uréete derivaci funkce y=x"-Inx:
y=x"-Inx (u.v)'z u-v+u-v

y=2-x-Inx +x°-

%=

Piiklad 7.23 / strana 43

2
. . X" +4
Urcete derivaci funkce y =———:
e
2 / 4 14
_x" +4 u) u-v-u-v
y=—7"2 I N
e \% A%

=2-X-1nX+X=X-(21HX+1)=X°(IHX2+1)

Piiklad 7.24 / strana 43

Urcete derivaci funkce y =1In

(1+sin x)2
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Xx—2 : . o oox=2 . (uY) uwv-u-v
y=In (X - 3)2 jde o slozenou funkci, pfiCemz (x - 3)2 je [—) =
o | .[1-(X—3)1—[(){—2)-2-(){—3)-1]_(X_3)2.(X_3)2_2.(X_2).(X_3)
X—2 272  x-2 < —3)*
(X_3)2 |:(X—3) } ( 3)
1 .(X—3)2—2-(X—2)-(x—3):(X—3)'[(X—3)—2'(X—2)]: X—3-2x+4 _
x -2 (x=3) (x-2)-(x-3)’ (x-2)(x-3)
B 1-x

(x-2) (x-3)

Piiklad 7.25 / strana 43

Urcete derivaci funkce y =1In, /T—X :
—X

1+x l1+x . (uj/ u-v—u-v
Je =

je funkce slozena, pficemz

=In
Y 1-x 1-x

>
N | =

)

1
y=In 1+x :ln(1+xj2 :ln(1+
I-x I-x (I—X)

N —
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1

1 .[2.(1”)-3.1.(1_x)i}_[(1+x)i.;(1_X)-3.(_1)L

| (1—x)%+(1+x)% (l—x)%+(l+x)?
:(1—X)? (1+X)5 (1—)2()2 _ (1+x)5 1 (1—)()21 _
(1+X)5 2-{(1—){);} 2-(1+X)5-(1—x)5
(l—x);-(l—x)%+(1+x)}-(1+X); -x+lex
_ (1+X)21-(1—X)21 _ (1+X)2;(1—X)21 _
2-(1+x)2-(1-x)2 2-(1+x)2-(1-x)2
2
) (1+X)il.(1_x)§1: | 2 | _
2 (14 x)-(1=x)2 2-(1+x)2-(1=x)2-(14x)2 -(1-x)2

- = (I+x)-(1-x)=1-x" podle (a+b)-(a—b)=a’-b’
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Piiklad 7.26 / strana 43

sin2x ,

Urcete derivaci funkce y=¢""":

sin2x

e jde o sloZenou funkci

y

. . /
y=e"""*.2.cos2x =2-cos 2x - ™" > (ez") =e™.2

Piiklad 7.27 / strana 44

Urcete derivaci funkce y =/1+tg2x :

1

y =1+tg2x =(1+1tg2x)2 je funkce slozena
y'—l(1+tgzx)_;# — 1 . 1 — 1
2 cos’2x  Jl+tg2x cos’2x . /1+tg2x -cos’2x

Piiklad 7.28 / strana 44

Urdete derivaci funkce y=x-vx* -1
1
y=X-\/X2—1=X-( 2—1)E (u.v)':u'-v+u-v'

1 L x? \/Xz—l-\/xz—l+x2
=14x =14+ x-—(x*=1) 2-2x=+/x* -1+ = =
y X X > (x ) X X m m

_X2—1+X2 2x% -1

- Vvx?—1 :\/xz—l

Piiklad 7.30 / strana 44

Urcete derivaci funkce y=x"-tgx:

y=x"-tgx (wv)=u"-v+u-v
— X - tgx + X° 1 2X-sinx+ x> 2.X-sinX-cosx+Xx> X-sin2x+ x’
y: X- X X . = = =

cos’ x COSX cos’x cos’x cos’x

2-SINX-COSX =SIin2x
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Piiklad 7.31 / strana 44

Urcete derivaci funkce y =1In, /r—x + arctg x :
—X

1+x

=1In
Y 1-x

1

1+x )2
+arcth:ln(1—j + arctg x
X

(1+x) 2 (1-x

| .[2-(1+x)‘§-1-

X . .
je funkce slozena

David Michalek
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2
(L+x)2-(1-x)2 1 2 I
= T T T T T T
2-(1+x)2 - (1-x)? 2 (T+x)2 - (1-x)2 - (1+x)2 - (1-x)> X
1 1 1 1 1+x>+1-x> 2
_ N _ N _ _

_(1+X)-(1—X) l+x* 1-x° 1+X2_(1—X2)-(1+X2)_1—X4

Piiklad 7.32 / strana 44

Uréete derivaci funkce y =sin®(cos3x):

y =sin*(cos3x) je trojité slozena!!!
y'=2-sin(cos3x)-cos(cos3x)-(—sin3x)-3=(—-3-sin3x)-sin(2- cos 3x)

2-sin(cos3x)-cos(cos3x)=sin(2-cos3x) podle 2-sinx-cosx =sin2x

Piiklad 7.33 / strana 44

Urdete derivaci funkce y =+/sin’x :
1
y=+/sinx’ = (sin X’ )2 je sloZena funkce
1

N -1 X - COS X°
y:E‘(SlnX2)2'008X2-2X=

1 )
=X COSX" = -
A/sin X \/sinx

Piiklad 7.34 / strana 45

Urdete derivaci funkce y =sinv1+x” :

1

y=sinvV1+x’ = sin(l +x° )2 je funkce slozena

! 2
'(1+X2)_5-2x:cos Nox?. 1 _ x-cosvV1l+x

.X_

VI+x? V1+x*

y'= cos(l +x’ ); :

1
2
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Piiklad 8.1/ strana 45

v ’ . . 2 _
Urcete prvni a druhou derivaci funkce y=x"-¢™":
y=x"-¢" (u.v)': u-v+u-v

y=2x-e+x> e (-1)=2x-e" -x"-¢" :e_"-(Zx—xz)

y=e" -(2x—x2) (u.v)': u-v+u-v
y":e_"-(—1)-(2){—){2)+e_"-(2—2){)26_x -(2—2X)—e"‘~(2x—x2):
:e_"-(2—2x—2x+x2):e_"-(x2—4x+2)

Piiklad 8.2 / strana 45

Urcete prvni a druhou derivaci funkce y=1In, /1 X :
—X

I+x . e e X
y=In je funkce slozena, pticemz
1-x 1-x

o [;.(1+X);.1.(1—X);}—[(1+x);.;(1_)();.(_1)}
y'= : _

[(1—)();}2
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(I=x)-(1=x)2 +(1+x)2-(14x)2  1-x+1+x
) (14 %) (1-x)? C(1x)(1-x)
2-(14x)2 - (1-x)? 2-(14x)2 -(1-x):
2
1 I
B (1+X)2-(1—x)2 B 2 B
2-(1+x)§-(1—x)§ 2-(1+x)§-(1—x)§-(1+x)§.(1—x)§
1 1
:(14_)()'(1_)()=1_Xz (I+x)-(1-x)=1-x" podle (a+b)-(a—b)=a’ —b’
1 (EJ/_U vV—-u-v
y_l—x2 v) v
Lo (=) ][ (20)] - s
y = 2\2 = 5\2
(l—x) (l—x)
Piiklad 8.3 / strana 45
Urcete prvni a druhou derivaci funkce y=In— | :
X
X X / G e
y=In 26 je slozena funkce, kde Ze :(Ej == 211 Y
x“+1 x“+1 \v \4
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y'= 1 [e"-(xz+1)]—2[ex.2x}:X2_|_1.e (X +1- 2x) e* '(X2+1)'(X2—2x+1)

e’ (X2 + 1) e’ (x + 1) - e -(x2 + 1)2
x*+1
_ex-(x2+1)-(xz—2x+1)_X2_2X+1_(x_1)2
- ex-(x2+1)-(x2+1) X2+l X241

>-2x+1 je vzorec a’ —2ab + b’ :(a—b)2

y'= ( 2 (%) = ;Zu Y , kde (x - 1)2 je funkce slozena

y”:[z(x—lyl(xz+1ﬂ-{xx—1f-2x}:2.@p-0.ﬁx2+1y—x(x—1ﬂ::

(X2 +1)2 (X2 +1)

2-(X—1)-(X2+1—x2+x)_2.(X_1).(X+1)_2-(x2—1)

(x2 + 1)2 (x2 + 1)2 (x2 + 1)2

Piiklad 8.5 / strana 45

Urcete prvni a druhou derivaci funkce y =arccos R

1+x
1 2 . S 1 Y uv-u-v
y = arccos ~ =arccos > jde o funkci sloZzenou s=|—| = 5
I+x I+x + X \% \%
1
) 1 1( 1 j‘z |:0-(1+X2):|—2X
= — 2 (1+x° () |
1—
1+x’
_1 —2X _ _1 . 1+X2- —X 2:
1+x* -1 (1+x2)

1 1
1 E \/— 1+x°
\/l_l+x2 Ji+x2 ( ) \/ 1+ x°
1 { x-V1+ ] 1 -X'\/1+X2:\/1+X2-X-\/1+X2:
(1+X (1+X2)2 X (1+X2)2

X
1+x? 1+ x>
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IR N S b S
(1+X2)2 (1+X2)'(1+X2) 1+x°
1 (EJ/_u'-V—u-V'
14X’ v) v
) [0 (1+x2)]—(1-2x) 2y
y = 22 = 5\2
(1+x ) (1+x )
Piiklad 8.6 / strana 45
Urcete prvni a druhou derivaci funkce y= e_2 :
X
_e (EJ/_U’-V—U'V’
T v) WV
¢ -x’)=(e-2x) e x(x-2) |, (x-2)
y= 2 = 4 =€ - 3
(XZ) X X
I ,
y’=e"-(x_32) (u.v)'zu'-v+u-v’,pﬁéem2 (X:z) podle (Ej =w
X X \ \%
e 2 (0D o) 2o oo
X (x3) X X

_GX_{(X_2)+X3—3X3+6X2}_ X,X3.(X_2)+X3—3X3+6X2 )
= = -

2 2
. X4—2x3+x3—3x3+6x2_ex X4—4X3+6X2_ex X ‘(X _4X+6)—e" X' —4x+6
x° x° x° x*

Priklad 9 / strana 45

W r W Ve . . 2
Urcete prvni, druhou a tfeti derivaci funkce y=x"-¢":
y=x"-¢e" (u.v)': u-v+u-v

y'=2x-e"+x2-e":e"-(x2+2x)
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y=¢" -(x2 +2X) (u.v)': u-v+u-v

y'=¢e -(X2+2x)+e"-(2x+2):ex-(xz+2X+2x+2):e"-(x2+4x+2)

y'=¢e" -(x2 +4x+2) (u.v)'z u-v+u-v
y'=e" '(X2+4X+2)+ex~(2x+4):ex -(X2+4X+2+2X+4):e"°(x2+6x+6)
David Michalek
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Neurdity integral

Priklad 1/ strana 54
Vypoctéte:

j(l XXJ dx

J-(I;XJZdX:J.(l_?)Z :J1—2X2+x2 dxzj.%dx—jz—);dxﬂfz_zdx:

X X X X
—2+1 -1

X 2
—2ln‘x‘+x+c=—1—lnx +X+c=

=J‘X72dX —Zjidx +Idx = _X2+1

=x———Inx*+¢
X

Piiklad 2 / strana 54
Vypoctéte:

dx ) 1
= dx substitu¢ni metoda = t=1+Vx+1=1+(x+1)2
j1+\/x+1 J.1+\/x+ ( )

dt 1
—=0+—-(x+1 = dx=2-vx+1dt dosadime za t aza dx
dx 2 ( ) 2 VX +1
1 2-4x+1
dt 1+vVx+1=t = “x+1=t—-1 pro dvojnasobek plati
".1+\/X+ I t P ) p

= 2- \/: (t— ) misto 2-m dosadime 2~(t—1)
1 2x+1 2-(t-1 2t—2 2 2

J‘mdx:I%dtzj‘%dt:J‘Tdt:ITtdt—J‘?dt:

=2J-dt—2f%dt:2-t—2-ln‘t‘+c=2-(1+x/x+1)—ln‘1+x/x+lr+c

Priklad 3 / strana 55
Vypoctéte:
j2x -e¥ dx volime metodu substituéni

J.ZX e¥dx = za exponent x” dosadime t  t=x"
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o dt dt
t=x" zderivujemet = . =2x = dx = P dosadime vyrazu
X X

t 2
J.2X-et§—:J.etdt:et+c=e" +c
X

Piiklad 4 / strana 55
Vypoctéte:
[x -e*dx jde o soucin = pocitdme pomoci metody per partes

X X

u'V:uV—Iu-V' u=e" u=e v=x v=1

.X-e"dX=e"-X—J‘e"-1-dX=(eX-X—ex)+c:e"-(x—1)+c

Piiklad 5 / strana 55

Vypoctéte:

:XZ -e*dx jde o soucin, feSime metodou per partes
..u'Vqu—ju-V' u=e¢" u=¢" v=x" Vv=2x
:Xz e'dx=x"-¢e" —Iex 2xdx =x"-¢* —2I6X -xdx =

op¢t metoda per partes = u'=e¢* u=e’ v=x v=1
:xz-e"—ZIx-exdx:xz-ex—2-(ex-x—jex-1-dx):
:xz-ex—2-(ex-x—e")+c:x2-e"—2ex-x+2ex+c:

:ex-(x2—2x+2)+c

Piiklad 6 / strana 55
Vypoctéte:

2x -sinx dx jde o soucin, feSime metodou per partes

u'V:uV—Iu-V' u'=sinX U=-COSX v =2Xx v=2

[2x - sinx dx =—cosx-2x—f—2-cosx dx =—2X-cosx+2j.cosx dx =

=-2X-cosX+2-sinx+¢
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Priklad 7 / strana 55

Vypoctéte:
[ X2 -sinx dx jde o soucin, feSime metodou per partes
.u'V:uV—J.u-V' u'=sinx u=-cosx Vv=x> V=2X
[ %2 .sinx dx = —cosx - x> — j—cosx 2x dx =—cosx - X’ —J.—2x -cosx dx =

:—cosx-x2+2jx~cosx: opét per partes u'=cosx u=sinx v=x v=I
:—cosx-x2+2-(sinx-x—jsinx-l-dx):—cosx-xz+2-(sinx-x+cosx)+c:

=—X2-COSX +2X-SinX+2-COSX +¢

Piiklad 8 / strana 55
Vypoctéte:

X -cosx dx jde o soucin, feSime metodou per partes

u'V:uV—Iu-V' u=cosx u=sinx v=x v=1

X - COSX dx:sinx-x—jsinx-l-dx:sinx-x—jsinx dx =x-sinx+cosx+c¢

Priklad 9 / strana 55
Vypoctéte:

x* -cosx dx jde o soucin, feSime metodou per partes

4 4 r . 2 I4
UVIUV—IU-V u=cosx u=sIinx V=X v'=2x

f . 2 . . 2 .
X“-cosx dx =sinx-Xx —jsmx-Zde:sz-X —2_[sz->< dx =

opét per partes u'=sinx u=-cosx v=x V=1

. 2 . . 2
=sIinX-X —2J.smx-x dx =sinx-x —2-(—COSX'X—J.—COSX'I-dX)=

=sinx - x’ —2-(—cosx-x+jcosx dx):sinx-x2 —2-(—cosx-x+sinx)+c:

=x’-sinx+2Xx-cosX —2sinx + ¢
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Piiklad 10/ strana 56
Vypoctéte:
[x - e dx jde o soucin, feSime metodou per partes
- ’ 4 2x 1 2x ’
uV:uV—Iu-V u=e uza-e v=x V=1
[ 2x 1 2x L dt
e = 5 e = odvozeno ze substitu¢ni metody t=2x —=2 dx = B
X
e dt 1 1 1 5 5 , ~ 1
et-—:—j “.dt=—-e'=—-e”™ obecné tedy plati Iek =—-e"
2 2 2 2 k
1 1 1 1 1
x-edx =—-e* -x—j—-ezx 1-dx=—-€** -x——Iezxdx:—-ezx X——-—" e +c=
. 2 2 2 2 2
1 1
=—-e7| x—— |[+¢
2 2
Piiklad 11 / strana 56
Vypoctéte:
[sinx - cosx dx jde o soucin, feSime metodou per partes
.U.'VZLIV—J‘U-V’ u'=cosXx U=sinX V=sinX V=c0SX
[sinx - cosx dx =sinx -sinx —jsinx-cosx dx /+ Isinx -cosx dx
2Isinx-cosx dx =sinx-sinx +c¢ /2
. sinX -sinx sin’x
Jsmx-cosx dx=————+c= 5 +c
Piiklad 12 / strana 56
Vypoctéte:
c 2
sin” x . 1
Itgzx dx:J 5 dx='[51nzx- —dx
COs™ X COS™ X
u'=—-: u=tgx v=sin’x v'=2-sinX-cosX =2sinx
Cos” X
2 . 2 SinX . . 2 . 2
jtg X dx =tgx-sin X—J. -2-sinx-cosx dx =tgx-sin X—2jSlIl x dx =
COSX
. .3
sinx . : : sin” X : :
= -sin’ x — 2Is1nx -sinx dx = — 2Is1nx -sinx dx  znovu per partes
COS X COS X
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u'=sinXx U=-COSX V=SINX V=C0SX

.2 . . 2
jsm xdx=—cosx-smx—_[—cosx-cosx dx:—cosx-smx+jcos x dx =

:—cosx-sinx+_[(1—sin2x) dx :—cosx-sinx+jdx—jsinzx dx =

=—COSX-SINX + X — Isinz X dx [+ _fsinz X dx dostavame rovnici
) .
2Js1n X dx =—cosx-sinX + X /:2
) —COSX-SINX + X ) , . , )
I sin” x dx = 5 za j sin’ x dx dosadime do ptedchozi rovnice
) sin X i : )
Itgzx dx =tgx -sin’x —j -2-sinx -cosx dx = tgx -sin’ x —2_[sm2 x dx =
COS X
sin® x . ) sin’ x —COSX -SINX + X sin’ x )
= —2_[51nx-81nde: -2 +c= +CosSX-SINX—X+Cc=
COS X COS X 2 COS X
sin’ X + oS X - COSX - sin X sin’ X + cos® X - sin x
= —X+Cc= —X+Cc=
COS X COS X

sinx-(sin2x+coszx)
= —Xx+c=tgx-l-x+c=tgx—x+c¢

COS X
SinX:‘[gx sin’x +cos’x =1
cos

Piiklad 13 / strana 56

Vypoctéte:

_[0053 x dx

cos’ x dx = _[ cosx-cos’x dx  jde o soucin, fe§ime metodou per partes

u'V:uV—Iu-V' UW'=cosXx u=sinX V=cos’X V':2cosx-(—sinx)

| cosx -cos’ X dx :sinx-coszx—jsinx-Zcosx-(—sinx) dx =

:sinx-coszx—jsinxdcosx-(—sinx) dx :sinx-cos2x+2_|.sin2 X-cosxX dx =
:sinx-coszx+ZIcosx -(l—cos2 x) dx = SinX-COSZX+2J(COSX—COS3X) dx =
:sinx-coszx+2j.cosx dx—2jcos3x dx =sinx-cos’ X + 2 -sinx —2.[0053 x dx

3Icos3x dx =sinx -cos’ x +2sinX +¢ = sinx-(l—sinzx)+2sinx+c:sinx—sin3x+2sinx+c

sin’x

3Jcos3xdx:3sinx—sin3x+c /3 = J.COSSX dx =sinx —
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Piiklad 14 / strana 56

Vypoctéte:

:sin2 x dx

:sin2 x dx = J sinX -sinx dx jde o soucin, feSime metodou per partes

u'V:uV—Iu-V' u'=sinX U=-COSX V=SInX V=c0SX

sin X - sin X dx:—cosx-sinx—j—cosx-cosx dx =

= —cosXx-sinX + | cos® x dx = —cosX -sin x +J‘(1—sin2 x)dx =

. * .2
=—COSX-SINX + dx—jsm x dx =

= —COSX-Sinx + dx—jsinzx dx

2jsin2XdX=—cosx-sinx+IdX /2 = Isinzxdx:%(x—cosx-sinx)+c

cos’x +sin’x =1 = cos’x =1—sin’x
Priklad 15 / strana 56
Vypoctéte:

[cos? x dx

cos’x dx = J.cosx -cosx dx  jde o soucin, feSime metodou per partes

)
4

u'V:uV—J‘u-V' U'=CcosX u=sinX V=cCO0SX V=-sInXx

cos’ x dx :sinx-cosx—jsinx '(—sinx)dx :sinx-cosx+Jsin2X dx =
:sinx-cosx+I(l—coszx)dx:sinx-cosx+.fdx—jcoszxdx /+Ic0s2x dx

) . 5 1 .
2Icos xdx=s1nx-cosx+jdx /:2 = _[cos de:E-(x+smx-cosx)+c

Priklad 16 / strana 57
Vypoctéte:

jesmx -cosx dx  exponent obsahuje goniometrickou funkci = substitu¢ni metoda

) dt
sinx=t = —=cosx = dx=

za dx dosadime do vyrazu
dx COSX

dt
COSX

jet-cosx :Ietdt:et+c:e5inx+c
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Piiklad 17 / strana 57
Vypoctéte:
[ X2 - cosx dx jde o soucin, feSime metodou per partes

u'v=uv—ju-v' uW=cosx u=sinx v=x° V=2x

) . 2 . . 2 .
X“-cosx dx =sinXx-Xx —Ismx-2x dx =sinx-x —2Ismx-x dx

opét per partes u'=sinx u=-cosx Vv=x V=1

sz .cosXx dx =sinx - x> —2-(—cosx°x—I—cosx-1dX):

=sinXx - x° —2-(—cosx~x+J.cosx dx):[sinx-x2 —2-(—cosx-x+sinx)}+c:

=sinx-x> +2X-cosX — 2sinXx + ¢

Priklad 18 / strana 57
Vypoctéte:
Isin\/; dx feSime substitu¢ni metodou
1 1
t=\/—=X2 E:l-x2 = dx= dt = dt = dt :dt-2\/;
dx 2 1 L 1 1 1

)Y 2K ok
dx=dt-2Jx  z ptedchoziho vime, sex =t = dx=dt-2t
Isin&dx:jsint-2t dt:2jt-sintdt= feSime metodou per partes
u'=sint u=-cost v=t Vv

=1
:2-(—c0st-t—J—cost-1dt):2-(—cost-t+Jcost dt):Z-(—cost-t+sint)+c:

:2-(sin\/;—\/;-cos\/;)+c

Priklad 19 / strana 57
Vypoctéte:
1
jsin X -v/cosx dx = I sinx - (cosx )2 dx feSime substitu¢ni metodou
I dt 1 1 . dt
t:(cosx)2 d—:—-(cosx) 2-(—s1nx) = dx= 1 =
X ——-(cosx) 2 -sinx
2
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dt dt 2 -+/cosx dt 2-tdt , ,
= 0 =T mx : =—— dosadime do vyrazu
b ~sinx sin X sin X

2 (COSX)E 2-+/cosx
3
jsinx-\/cosxdx:jsinx-t-(— %.t jdt:—ZJt-tdt:—2jt2 dt:—2%+c=

1P 3
——%ﬁ +c=—= [(cosx)ﬁ +c= —%—(cosx)2 +c=—=-\cos’X +¢
Piiklad 20 / strana 57
Vypoctéte:
(x2 +1)2
L
X

3

(Xz"‘l)z x4 2xP+1
S

x* 2x’ 1
dXZdeX+I?dX+I;dX=

-2 2
=jxdx+2jldx+jx_3dx =x’ +21n|x|+X—2:X7+1nX2 _Lerc
X _

Piiklad 21 / strana 57

Vypoctéte:

jex -cosx dx jde o soucin, feSime metodou per partes

ju'v :uv—ju-v' u=e" u=e' Vv=cosx V=-sinx

=¢" -CosX — Iex -(—sinx)dx =¢" -CoSX + Iex -sinx dx  opét per partes
u=e u=e* v=sinx V'=cosx

=¢" -cosx+¢e -sinx — Je" -cosx dx /+ Iex -cosx dx dostavame vyraz

2IGX -COS X dx:ex'cosx+ex-sinx+c:e"-(sinx+cosx)+c /:2

e .
jex .cosx dx :?-(smx+cosx)+c
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Piiklad 22 / strana 57

Vypoctéte:

[ -sinx dx jde o soucin, feSime metodou per partes

X 4 X

u'V:uV—Iu-V’ u'=sinX U=—COSX V=¢ v=e

e" -sinx dx =—cosx-¢" —j—cosx-eX dx =—cosx-¢” +jcosx-eX dx = opét per partes

u'=cosx u=sinx v=e° Vv=¢
=—cosx-¢ +sinx-e” —jsinx-eX dx /+Jsinx-eX dx  dostavame vyraz

2Iex-sinx dx =—cosx-e* +sinx-¢e” +c=ex-(sinx—cosx)+c /:2

X
) ) e .
Iex -sinx dx =—cosx-e" +sinx-e" +c=?-(s1nx—c0sx)+c

Priiklad 23 / strana 57
Vypoctéte:
dx L, o
j rfeSime metodou substitucni
2X+5

t=2x+5 i:2 :>dx:% dosadime
X

dx dt 1,1 1 1 1
I2X+5 = E—§I¥dt—Elnt+c—Eln|2x+5|+c—ln|2x+5|2 +c—ln1/|2x+5| +c
Piiklad 24 / strana 58
Vypoctéte:

x-In*x dx jde o soucin, fe§ime metodou per partes

2
i r r I4 X 2 r 1

UVIUV—ju-V u=x uz; v=Inx v=2-lnx-—
J X

2 2 2
x-lnzxdx:x—-lnzx—jx—-2-lnx~ldx:X—-lnzx—Jx-lnx dx = op¢t per partes
2 2 X
, X’ ,
u=x u=— v=Inx Vv=—
2 X
2 2 2 2 2
:X—-lnzx—X—-lnx—J.X—-ldx:x—-lnzx—x—-lnx—lj.x dx =
2 2 2 X 2 2
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2 2 2 2
SRS IV S PR . IS S RS VR ) I
2 2 2 2 2

Piiklad 25 / strana 58
Vypoctéte:

x’ L , s
j rdx  feSime pomoci substitu¢ni metody

I-x
s dt =-3x? = dx= dt > dosadime do vyrazu
dx -3x

t=1-x

IXTZ _;1;2 = —%I%dt = —%lnt +c= —%ln‘l—x3‘+c

Priklad 26 / strana 58
Vypoctéte:

jsin(3x -5 ) dx feSime metodou substituéni

t=3x-5 i:3 = dx:g dosadime do vyrazu
dx 3
jsin(3x—5) dx:_[sint-%:%jsintdt:%-(—cost)+c=

:—é-cost+c:—g-cos(3x—5)+c

Priklad 27 / strana 58
Vypoctéte:
¢ sinx sin X ) 1 Lo,
———dx :I —dx = I sinx -——— TfeSime metodou per partes
1—sin"x COS” X CoS” X
( 4 4 14 1 . 14
uVIUV—IU'V u'= 5 u=tgx v=sinX V=c0SX
' COS” X
sin X ) ) sin X
ezdx:tgx-smx—'[tgx-cosx dX=th-sz—I -cosx dx =
1—sin"x COS X
sinx . ) sin’ x sin’ x
= -smx—jsmx dx = —(—cosx)+c: +COoSX +C=
COS X COS X COS X
sin” X + COSX - COS X sin’ X + cos” x 1
= +c= c= +c
COS X COS X COS X
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Piiklad 28 / strana 58

Vypoctéte:

jzz)(—+7dx feSime pomoci parcidlnich zlomk
X' —x-2

Nejprve vypocitame kofeny kvadratické rovnice :

bbi—dac TE\(-1) —4-1:(=2) 12458
2

X, X, =
2a 2-1
A B
:1i2\/§ 1;3 : = x,=2x,-1 = (X—2)-(X+1)
A , B _A-(x+1)+B-(x-2) Ax+A+Bx-2B_Ax+Bx+A-2B _
(x—2) (x+1) (X—2)-(X+1) (x—2)-(x+1) (X—2)-(X+1)
x-(A+B)+A-2B 2x +7
J— : -
(x—2)-(x+1) x*—x—2
A+B=2 reSime soustavu rovnic = B=2-A dosadime do 2. rovnice
A-2B=7 A—2-(2—A)=7 A—-4+2A=7 3A=11 :>A:13—1
B=2-A dosadime za A: B= 2—%:—2 za A a B dosadime a zintegrujeme
11 5

2x +7 - A B ‘o 3 dxa 3 =
sz—x—2d J( 2 I(x+1)d I(X_z)d Ix+1)d
E
3

ln|x 2|—— ln|x+1|+c

Priklad 29 / strana 58
Vypoctéte:

J(tgx +cotgx )dx

sinX COSX sin X COS X
J‘(tgx+cotgx)dx:j +— dx:j dx+_[ ——dx=2x subst. metoda
COosX sinx COSX sin x

sin X , CcoSX , .

\% J dx nahradime a = cosx a v _[ ——dx nahradime b=sinx
COSX sin X

da . da db db

—=-sinXx = dx=—o —=cosx = dx=

dx —sinXx dx COSX
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_J—sinx da +J~cosx
—sinx b cosx

—ln|b| 1n|a|+c 1n|s1nx|—1n|c0sx|+c ln

+c 1n|tgx|+c
COSX

sin X

lna—-Inb= 1n% = ln‘sinx‘ —1n‘cosx‘ =In

COSX

Piiklad 30 / strana 58
Vypoctéte:

X

dx

Jsin’x

X 1 B~
——dx = I X -——dx = feSime metodou per partes
7 sin” x sin” x

. ;o1 ,
U.V=llV—jU.~V u'=——7 u=-cotgx v=x V=1
sin” X

:IX- _12 dx =—cotgx - X—I cotgx -1-dx =—cotgx - X+I
sin

X smx
) dt dt
subst. metoda t=sinx —=cosx = dx =
dx COS X
COSX dt 1
=—cotgx- X+J. :—cotgx-X+I—dt:—cotgx-x+ln|t|+c:
COSX t

:ln|smx|—cotgx-x+c

Piiklad 31 / strana 59
Vypoctéte:
X
—dx
7 cos” x
1
—dx = J X -———dx feSime metodou per partes
Y cos” X COS™ X
.u'VZU.V—J.LI'V' uU=——— u=tgx v=x V=1
: Cos” X
F X sin X
> dX=I —dx =tgx- X—IthldX—th X—J‘
Y cos” X COs™ X cosx
o dt . dt
substituéni metoda t=cosx —=-sinx = dx=—
dx —sinx

:—J. da + I db——ln|a|+1n|b|+0—

David Michalek

strana 66



Sbirka uloh z matematiky pro fyziky (J. Tesar) — FeSené priklady

sinx  dt |
:tgx-x—J. X -_SinX:tgx-x+J‘¥dt:tgx-x+ln|t|+c=

:tgx+ln|cosx|+c

Priklad 32 / strana 59
Vypoctéte:
j \/Xiz dx feSime substitu¢ni metodou
1-x
t=1-x* E:—2X = dX:i
dx -2x

1

1 1,1 1. L
FEST ES I T

1
2 2 1
I +c:—l-t—+c:—l-2-t2+c=—\/¥+c:—\/1—x2+c
2 1 2 1 2
_i_f_l _
2
Priklad 33 / strana 59
Vypoctéte:
j X dx reSime substitu¢ni metodou
J1+x?

t=1+x’ g:2x = dx=£

dx 2x

Jm J j\[ I dt__Jt_Edt_

1
2 1
:l. +c:l-t—+c:l.2.t2+c:\/¥+c:\/1+x2+c
2 1 2 1 2
2
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Piiklad 34 / strana 59

Vypoctéte:

jt .e'dt  fedime metodou substituéni
2 dx_ _dx
dt
dx 1 1 e
It-ex—:—jexdx:—ex =—+¢
2t 2 2 2

X=t 2t = dt

Piiklad 35 / strana 59
Vypoctéte:

x-In’x dx jde o sou¢in, fesime metodou per partes

.u'VZUV—J.u-V’ W=x u=— v=In’x V':Z-lnx-l
. 2 X
2
x-lnzxdx=X—-ln2x—J-X—-2-lnx-ldx=X—-lnzx—jx-lnxdx: opét per partes
. 2 2 X
2
u=x u=— v=Inx V=—
X
2 2 2 2 2
=—.In’x-— lnx—IX— ldx=x— In®x — = lnx—ljx dx =
2 x 2 2
2 2 2 2
LS IV S PASRE . NS S NS VO ) I
2 2 2 2 2
Piiklad 36 / strana 59
Vypoctéte:
dx 1 " s , o1 .
I = I —dx feSime pomoci parcialnich zlomki
x“ -1 x“ -1

x’=1=(x+1)-(x—1) podle a’-b’=(a+b)-(a—Db)
A B A-(x-1)+B-(x+1) Ax-A+Bx+B Ax+Bx-A+B

x+1 x—1  (x+1)-(x=1)  (x+1)-(x=1)  (x+1)-(x=1)
x-(A+B)+B-A o _
= dostavame soustavu rovnic
(X + 1) . (X — 1)
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A+B=0 = A=-B dosadime do 2. rovnice

14 14 14 1
B—A=1 podosazeni dostdvame: B+B=1 2B=1 :>B:§; A=-B = A=——

1 1

P 1 1
dX—J 2 dX+Ix2—1dX:_EIx+1 X+§Ix—1 X =

d A
J‘xz)ilzj‘x+1dx+'[

1 1 1 1 1 1 1
=—|—dx—— —dx:—1n‘x—1‘——ln‘x+1‘+c:ln‘x—1‘2 —ln‘x+1‘2 +c=
2Yx—1 29 x+1 2 2

:1n4/‘x—1‘—lnﬂl‘x+1‘+c=lnﬁm+c=ln

lna—lnb:ln% = lnﬂl‘x—l‘—ln\/mzln VtJrj

x—1

2 e
x+1

Priklad 37 / strana 59

Vypoctéte:

I%dx feSime pomoci parcidlnich zlomk
X +x—-6

Nejprve vypoéitame kofeny kvadratické rovnice x* +x —6:

—b+yb?—dac 1+ —4.1.-6 —1++/1+24 —1£+/25

X13X2: = = = —
2a 2-1 2 2
_1+5 ) r A 1T B 1
5 =(; =>x=2 x,=-3 = (X—2)~(x+3)
A , B _A(x+3)+B-(x-2) Ax+3A+Bx-2B_Ax+Bx+3A-2B _
(x—2) (X+3) (X—2)-(X+3) (X—2)'(X+3) (x—2)-(x+3)

_x-(A+B)+3A—2B
(x—2)-(x+3)

A+B=0 = A=-B dosadime do 2. rovnice

3A—-2B =5 po dosazeni dosdvame: —3B-2B=5 -5B=5=B=-1

za B dosadime do 1. rocnice: A=—-B = A=1

1 -1
dX:I(x—2)dX+-[(x+3)dX:

dostavame soustavu rovnic:

5 B A .
J‘xz+X—6dx_-[(x—2)d -[(x+3)
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1 1 x—2
:I(X_Z)dx—j(x+3)dx:ln‘x—2‘—ln‘x+3‘+c=ln — +c
lna—lnbzln3 = ln‘x—2‘—ln‘x+3‘:lnx_2

b X+3
Piiklad 39 / strana 60
Vypoctéte:
J‘#dx feSime pomoci parcialnich zlomki
X —=3x+2

Nejprve zjistime kofeny kvadratické rovnice x> —3x +2:

bbiodac 3E((3)-412 32008 3a4i

R 2 21 2 2

3+1 I A 1 T i 1

:?:(12 = Xx,=2; x,=1 = (x—2)-(x—1)

A B _A-(x-1)+B-(x-2) Ax-A+Bx-2B_Ax+Bx-A-2B _

x-2 x-1 (x-2)-(x-1) - (x—2)-(x-1) - (x—2)-(x—1)
x-(A+B)-A-2B
T (x=2)-(x-1)
A+B=0 = A=-B za A dosadime do 2. rovnice
—A—-2B=2 podosazeni: B-2B=2 -B=2 = B=-2
do 1. rovnice dosadime zaB: A=-B = A=2

dostavame soustavu rovnic:

2 A B 2 -2 1 1

I—Xz_3X+2dx:IX_2dx+JX_1dx=JX_2dX+IX_1dX=2IX_2dX—2IX_1dX:
(x-2) 2

:2ln‘x—2‘—21n‘x—1‘+c:ln‘x—2‘2—ln‘x—l‘z+c:1n > +e=In—2| +¢
(x—l) x—1

Piiklad 40 / strana 60

Vypoctéte:

J‘Z?’_idx feSime pomoci parcidlnich zlomkt

X" —5x+6

Nejprve vypo&itame koteny kvadratické rovnice x* —5x +6:

bb —dac 5Ey(-5) =416 543524 5T _

2a 2-1 2 2

X, X, =
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5+1 3 T - 1T - 1
:?:<2 = x,=3; x,=2 :>(X—3)-(X—2)
A B _A(x-2)+B-(x-3) Ax-2A+Bx-3B_Ax+Bx-2A-3B_

(X—3) (X—Z) (X—3)'(X—2) (X—3)'(X—2) - (X—3)-(X—2)

_x-(A+B)-2A-3B
(X—3)-(X—2)
A+B=-2 = A=-2-B dosadime do 2. rovnice
—2A -3B=3 po dosazeni —2-(—2—B)—3B:3 4+2B-3B=3 = B=I
A+B=-2 zaBdosadime: A+1=-2 = A=-3
dX=I = dx+j !

3-2x .t A ¢ B
J d =[5y I(x_z) TE Ty

x> —5x +6 (x—3)
L dx=-3Infx—3[+Infx—2+c=In[x 2|~ In|x 3] +c=
(x-2)

dostavame soustavu rovnic:

dx =

=3[ ——dx+|

(x-3)
X—2
(x-3)

k-lnx=Inx* = 3ln|x-3|=In|x -3

=In

+C

Ina—Inb :ln% = ln‘x—2‘—ln‘x—3‘3 =In

(x-3)
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Urdity integral

Piiklad 1 / strana 64
Vypoctéte:

j(x3—3X2+1)dx:jx3dx—j3x2dx+j1dx:jx3dx—3jx2dx+jdx:
-1 -1 -1 >

-1 -1

:{’ﬂll —3{%3] +[x],, :%—3%% {(_i)4 3. (_31)3 +(—1)1] =

:l—1+1—(l+1—1j:l—l:0
4

-1

4 4 4

Piiklad 2 / strana 64
Vypoctéte:

sinx dx

sinx dx = [—cosx]g :—cos(n)—[—cos(O)J = ——1—(—1) =1+1=2

O Y O

Piiklad 3 / strana 64
Vypoctéte:

x-cosx dx  feSime metodou per partes

b
, b , , . )
U'VZ[U'V]a—J.U,'V u=cosx u=sinx v=x v=1

a

sinx -1 dx :[sinx . x]2 —[—cosx]
0

O eV [ P e T O 0|

S A

S-‘D'—-.I\)\:l

X - COSX dx=[sinx-x]g -
0

T T

—[simx-x]" +[oosx]: = sin(gj L cos@ [sin(0)-0+ cos(0)] =

—1.Z240-[1-0+1]=2-1
2 2
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Piiklad 4 / strana 65
Vypoctéte:

sinx -cos” x dx feSime metodou per partes

b
, b , ’ . ’ .
U'VZ[U‘V]a—ju'V u=Smx uU=-—C0SX V=COSZX v'=-2-c08X-sInX

a

T

. 2 2 .
sinx - cos XdX=|:—COSX°COS le — | —cosx-(—2-cosx-sinx) dx =

O 10 2 O e T O 10 [ 3
O 0 | 3

n n
n 2 2
:[—cos3xlf —2.[ sinx - cos” x dx /+2I sinx - cos” x dx
0 0
n
2 n
3J.sinx'coszx dX:[—cos3 x]g /:3
0

3

=~ 3T
sinx-coszxdx=[_COSSX]g - - (2){(:083(0)} O_[ 1}
3

o!—.[\)\;]

Piiklad 5 / strana 65

Vypoctéte obsah obrazce vymezeného kiivkami y=Inx, x=e, y=0.

Z obréazku jsou patrny meze 1 a e,

S= jlnx dx = I l-Inx dx = pouzijeme metodu per partes
1 1

05 | | =[X-lnx]?—Ix-%dx=[x-lnx]le—de:[x-lnx]f—[x]f
1

1

:[e-lne—l-lnl]—[e—l]:e-1—0—6+1=1
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Piiklad 6 / strana 65

Vypodtéte obsah obrazce vymezeného kiivkami y=x°, y=2-x".

y=x’ Zjistime meze tak, ze porovname ob¢ rovnice:
1
y=y = x’=2-x’ 2x*=2 x’=1 = x:< |

1 1

NN jy y dx = jydx jydx szdx—jz—xzdx:

-1
1

L \'5 —J.X dx—(iZdX x dxj—jx dx — Ide+Ix dx =

y:Z—x2 -1 -1

:2j1x2 dx2_1[dx:2{ x? dx - jdx} 2. {{ } ~[x]. }

Piiklad 7 / strana 65

Vypoctéte obsah obrazce vymezeného kiivkami
y y=x, y=2-x", x=42a0s0u X.
Musime vypocitat plochu S, kterd je vySrafovana

modrie. Nejprve vypocéteme celkovou plochu S; pod

kiivkou x° vmezich od 0 do 4 a od ni odedteme

plochu S, pod ptfimkou x-2 v mezich od 2 do 4, ktera

/ 0 2 4% je vySrafovana fialové.

x“ 440 256
Cde=| 2] =22 220 g_64 0.
T4 44

S1

|
]

X — 2dX=IXdX I2dx jxdx—2idx=
2 2
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:{%2}4—2-[)(];:[472—272]—2.(4—2):(8—2)—2-2:6—4:2j.o.

S=S,-S,=64-2=62 j.o.
Priklad 8 / strana 65

. . 1
Vypoctéte obsah obrazce vymezeného kiivkami y = Jx , Y= Ex )

Nejprve si musime vypocitat meze:

S T "
1% Y72 Jx =—x x=(—xj
2 2
12
: N X
118 y:\/; : 4 4
1 : 4x =x’ x> —4x=0
105 : X-(X—4):O p— X:O’ X:4
L LI O S L I [
0.5 1.5 258 2.5 4.5

Musime vypocitat plochu S vymezenou kiivkami y:\/; , y:lx, kterd je
vySrafovand modfe. Tu vypocteme tak, ze od cel¢ plochy S; pod kiivkou y:\/;

v mezich od 0 do 4 ode¢teme plochu S, pod kiivkou y = lX v mezich od 0 do 4.
4
0

4
3
4 1 2 B
SIZJ.\/;dXZJ.XE dx = Xz} = %\/?} =§\/E—§\/073=?J’-0-
0 L

Piiklad 9 / strana 65

: ) 1
Vypodtéte obsah obrazce vymezeného kiivkami y=+/x, y= sz.

Nejprve zjistime meze:

strana 75
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&:lxz /X /-4

1 1

1 1 3
4=x*.x2 4:x22 4=x°> = X=%/F=%/E

Musime vypocitat plochu S vymezenou kiivkami y=\/; , y:%x2

, kterd je
vysrafovana modie. Tu vypocteme tak, ze od celé plochy S; pod kiivkou v mezich od

0 do 316 musime odedist plochu S, pod kiivkou y:ixz, ktera je vySrafovana

zeleng.
T : | 3 Ve s 5 (%); 13
Ve 1 2 2 3 : 1632
SlzszdX:X— x| _2e | 2 WNIO) 201672
) 3 3 3, 3 3
2 o 0
1
2162 2416 24 8
3 3 33
s g 4 LT 1 (16) et 116 4
Szzj—xzdx:—szdX:— 21 == —0=—- =—-—=—]Jo0
) 4 49 4013 4 3 4 3 43 3
8 4 4
S=S, -S,=———=—=1—j.o.
1T TR TS J
Priklad 10/ strana 65

Vypodtéte obsah obrazce vymezeného kiivkami y =0, y=x-¢*, pro x €(0; 4).
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4
xe(0;4) = meze<0
4 b
SZIX’CXdX metoda per partes Iu'-V:[u-V
0
u=e* u=e" v=x v=1
4
s=]
[0 0

Il
]
¢}

e [e (o -0 -e)-

=4.¢"—e*+1=3e*+1

Piiklad 11 / strana 66
Vypoctéte plochu vymezenou kiivkou

y=X-sinX a o0sou X pro xe<0;n>.
y =X-sinx

/&Tﬂ 3 . .

0

+Icosx dx =[—x-cosx] +[sinx] = (—7:-(—1) — O-l)+ (0-0)

Piiklad 12 / strana 66

Vypoététe délku kiivky y=+v1-x* pro xe(-11).

X'eXdXZ[X-eX:E—i1°eXdX=[X-ex}z—
0

T
S= Ix -sinx dx feSime metodou per partes
0

b

]:—Ju-v'

a

4
Iex dx =
0

0 2T 0sa X Iu'-V:[u-v]:—Iu-V' u=sinXx u=-cosx v=Xx V=1
a a
\/ h [
Szjx-sinxdX=[—X-cosx]g—I—cosxdx=[—x-cosx]g+
0

T

David Michalek
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B X ’ x’

. . . B \ll_xz _1—X2

0.5 0,5 | > 1 NE S PRI
s:J-],/1+(y) dX:J:«/1+1_X2 dX:J}/TdX:

o1 SN | !

= dx = | ——dx = | —=dx =|arcsinx| =arcsinl —arcsin(—1) =

J1 1-x* l[\/l—xz 1[1\/1—)(2 [ ]_1 (=)
T

T -T T T
= =—a4—=
2 2 2 2
Piiklad 13 / strana 66

+x°

2
X

b 6\ T 6x°-8x2—(2+x°)-16 ’ 1res P
S:J‘ 1+(y')2dx l:(2+xljl: X" -8X (+x) X :{ 12X}:

) 8x’ (8X2)2 64x*

Vypoctéte délku kiivky y = 2 pro x €(1; 2).

64x* 64x* 64x*

:{48{ ~32x-16x T :{32{ —32x}2 :[32x (x° 1)]2 {f —1}2 _(x-1)’
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2 ST T
I 1+ dX J 1+ dX J 1+ ~—dx = I 1+—dX:

6
1
2
=f\/l —2x +1dX j\/4x +x2 2x +1dX I /x +2x 1
1

2 [x2 x4, 3 (x°+1 2\ (x0+1) 1 o 3
Py )dx:.lf dx_jxﬁdX:!%dxq%dX:

\/4X6 1 2x

Funkce dvou a vice proménnvych

Piiklad 6 / strana 76
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Vyjadrete bod A[6; 3; 2] v cylindrickych a sférickych soufadnicich.
Cylindrické soutadnice:

p=yx’+y =6 +3 =36 +9 =/4526,7

y

X

¢ = arctg arctg% =26° 33

z=2=2 = A[6,7,26°33;2]

Stérické souradnice :

r=x’+y +2> =67 +3° +2> =36 +9+4 =49 =7

g= arcosE = arcos% =73°23%
r

¢ =arctg Y = arc tg% =26°33 = A[7;73°23;26°33']
X

Piiklad 7 / strana 76
Vyjadiete bod B, ktery ma sférické soutradnice r=2; 3 =45° ¢ =30°, v kartézskych
soufadnicich.

Kartézské souradnice :

X=r-8In3-cosP = 2-sin(45°)'cos(30°) = 2-%-73£1,22
y:r-sinS-sin(p:2-sin(45°)-sin(30°):2-72-%:g£0,71

z=r1-cos9=2-cos(45°)=2 g =2z141 = B[1,22;0,71;1,41]
Piiklad 8 / strana 76
Vyjadiete bod B, ktery ma sférické soutadnice r =3; 3 = 60°;, ¢ =30°, v kartézskych

soufadnicich.
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Kartézské souradnice :

V3 3

X =I'-Sin3'COS(p=3-Sin(60°)-COS(30°)=3-7-7= 2,25

393 1.4

y:r-sinS-Sin(P=3'Sin(600) s1n(30o) >3

z:r'cosS:3-cos(60°):3- =1,5 = B[2,25; 1,3; 1,5]

1
2

Piiklad 9 / strana 76

W 14 M4 4 . . 2
Urcete prvni parcialni derivaci funkce z=3x"y +¢e"

oz ) i\ 5 0z
—=3x"y+eV =6xy+e” -y=y-(6x+e" e ) =27 => —=e"=e"-
o =X y+eV y=y-( ) (e7) ~ y
—Z:3x2y+e"y=3X2+e"y-x:x-(3x+e"y) (ezx)/:2.ez":>% Y=eV.x
oy
Piiklad 10 / strana 76
y . 4 X—y
Urcete prvni parcidlni derivaci funkce z = :
X+y
0z _X—y (EJ/_u'-V—u-V'
oX X+y \% v ’
ou ov
kde u=x-y; u=—=x-y=1-0=1;, v=x+ v=—=1+0=1
y P y y P
@_x—y_1-(x+y)—(x—y)-1_x+y—x+y_ 2y
ox  x+y (x+y) (x+y)  (x+y)
!!!u':?:x—y:I—Ozl = je—1li y samotné v souctu nebo rozdilu,
X
bereme jej jako konstantu!!!
0z _X—y (E)/_u'-v—u-v'
oy X+y \% v ’
kde u=x-y; u':@:x—yzO—lz—l; V=X+Yy V'=@=0+1=1
oy ox
%_X—y_— (X+y) ( )1_—x—y—x+y_ -2x
oy X+vy (X+y) (x+y)2 (X+y)2
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Piiklad 11 / strana 77

Urcete prvni parcialni derivaci funkce z =arc tgZ :
X
y . . /
z=arctg> je funkce slozend, (arctga) = -
X l+a
Gz__ 1 Ox-yl 1 -y 1 -y %X -y -y
8X 1+ X 2 XZ 1+L2 X2 X2+y2 X2 X2+y2 X2 X2+y2
X X2 X2
0z 1 l-x-y-0 1 X 1 1 x’ 1 X
P 2 2 = 2 2T 2,2 LT 2, 2 T 2,2
oy 1+(y) X 1+ij x+2y X X +y X X 4y
X X X
Piiklad 12 / strana 77
< , o4 X-y
Urcete prvni parcialni derivaci funkce z =
X-y
0z _ X'y [E)/_u'-v—u-v'
oX X-Yy \% v ’
kde u=x-y; u'=@=X-y:1~y=y; V=X-—Y V’=@=1—O=1
ox ox
oz _x-y _y(x-y)-xyl xy-y'-xy -y
ox x-y  (x-y) (x-y)"  (x-y)
0z _ X-y (E)/_u'-v—u-v'
oy X-y \% v ’
kde u=x-y; uzﬁzx y=x-l=x; v=x-y V=@20—1=—1
oy oy
Oz _xy x(x-y)=xy(-]) _x’-xy+xy ¥
- - 2 - 2 2
oy x-y (x-y) (x-y)  (x-v)

Priklad 13 / strana 77

y dz ) _ :
Uréete o Pro funkci z=¢""", kde u=sinx, v=x_.
X
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-2 4 ’ . .
z=¢""" do vyrazu dosadime za u a za v a zderivujeme

dz i x inx_2x° . . .k
d_:esmxx :esmx 2x '(COSX—6X2) ekX:ekX'(k'X):ekX'k
X

Piiklad 14 / strana 77
o dZ . 2 2 2t :
Urcete p pro funkci z=x"+xy", kde x=¢”', y=sint.

2 2 ’ ’
z=X"+xy do vyrazu dosadime za x a za y

dz 2 ) ) )

d_:(GZt) +e?.sint=2-e*"-e*-2+e” - 2-sint+e*-2-sint-cost=
t

=2e* '(Ze“ + sinzt) + e .sin 2t

2-sinX-COSX =sin2x = 2-sint-cost=sin2t

Piiklad 15 / strana 77
Urdete % pro funkci z=¢"-In(x +y), kde x =2t*, y=1-2t>.

z=¢”-In(x+y) do vyrazu dosadime za x a za y

dz 202 (1-2¢)

i e In(x+y)=e - 1n(2t2 +1- 2t2) _ ), In(1)= SR W

Priklad 16 / strana 77

Urcete prvni a druh¢ parcidlni derivace (vetné smiSen¢) funkce

z=4x" -2y* +3xy’ +5y°.

1. parcialni derivace z podle x : =12x> - 0+3y’ +0=12x" + 3y’

Z
19).¢
2

2. parcialni derivace z podle x : % =24x +0=24x
X

1. parcialni derivace z podle y: % =0—4y + 6xy +15y° =4y + 6xy + 15y’

0’z

2. parcialni derivace z podle y: — =—4+6x + 30y
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2

smiSend parcidlni derivace podle x : o 2 =4y +6xy+15y> =0+ 6y + 0 = 6y
- 0X
s g1 . 0’z 2 2
smiSend parcidlni derivace podle y: =12x" +3y" =6y
0’z 0’z
oy-0x Ox-0y

SmiSenou parcialni derivaci podle x ur¢ime jako parcialni derivaci 1. parcialni
derivace podle y.
SmiSenou parcialni derivaci podle y ur¢ime jako parcialni derivaci 1. parcialni
derivace podle x.

0’z 0’z

By-ox  ox-0y

SmiSené parcialni derivace podle x a y jsou si rovny!!!

Piiklad 17 / strana 78

Urcete prvni a druhé parcialni derivace (véetné smisené) funkce
2 2
z=xX"y" +2x’y’ —Xxy.

0z

1. parcidlni derivace z podle x: — =3x’y” +4xy’ —y

ox

r1r . 0’z 2 3 2 3

2. parcidlni derivace z podle x : P =6xy" +4y —0=06xy" +4y
X

1. parcialni derivace z podle y: 24 =2x’y + 6x’y’ —x

2
2. parcialni derivace z podle y: 07 s 12x*y - 0=2x" +12x’y
8y2
s r1 s . 0’z 2 2
smiSena parcialni derivace podle x : =6x"y+12xy" -1
oy - OX
0’z

smiSend parcialni derivace podle y: =6x"y +12xy’ -1

0’z B 0’z
Oy-0x 0x-0y

=6x"y +12xy’ -1
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Piiklad 18 / strana 78

W 14 /4 M4 14 . W W rw 14 X
Urcete prvni a druhé parcialni derivace (vCetné smiSené) funkce z =xy + —.
y

/
: C o u
Nejprve si ur¢ime derivaci zlomku : (—J

\%

u-v—u-v

2
A"

a)opodlex u=x u=1 v=y v=0

o X
y)_ly-x0_y _1

ox y’ y' oy

b)yopodley u=x u=0 v=y v=1

o X
y)_0y-x-1_ x

oy y’ y’

1. parcidlni derivace z podle x: o _ y+ 1
OX y
0’ a(lJ 0 1.0 0
2. parcidlni derivace z podle x : —§:O+O:O Y/ - -yt : =—=0
ox ox y y
R z X
1. parcialni derivace z podle y: —=x-—
ay y
2 2
2. parcidlni derivace z podle y: a—f =0- 0y 4X 2y _ 0- ny = 2_)3‘
oy y A

2 2 2
. . 1.y —x- 1
smiSenda parcialni derivace podle x : 0z =1-—r % 0

Y
y4
P /
smiSend parcialni derivace podle y: 85 Z@y =l+y’=1+ 1 (lj = (y_1 )/ =y’ =
: y

0’z 0’z 1
oy-0x Ox-0y y
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Piiklad 19 / strana 78

Urcete prvni a druhé parcialni derivace (v€etné smisené) funkce z=¢" .

: . 0 .
1. parcialni derivace z podle x : 8_Z =eV.y (ek"l)/ =e (k- a)/ =e“" .k
X
: : 0’z 5
2. parcialni derivace z podle x : pee) =e¢V.y-y+ev-0=e"y
1. parcialni derivace z podle y: % =e” -x smiSenaderivace = (u.v)': u-v+u-v
y
’z
2. parcialni derivace z podle y: —=¢*-x-x+e”-0=€"- x’
2
smiSena parcialni derivace podle x : 85 2 = y-x+e¥-1=e"-(xy+1)
- 0X
2
smiSend parcialni derivace podle y: 85 Z@y =¥ x-y+e¥ 1= (xy+ 1)
2 2
0z _ 0z =e" - (xy+1)
oy-0x O0x-0y

Piiklad 20 / strana 78
Urcete prvni a druhé parcialni derivace (vCetné smiSené) funkce

z=x"y' —xy’ +x’y +5.

1. parcialni derivace z podle x : % =2xy’ -y’ +2xy+0=2xy’ —y* + 2xy
X
cr . 0’z 3 3
2. parcialni derivace z podle x : P 2y —0+2y=2y" +2y
X
1. parcidlni derivace z podle y: % =3x"y’ —2xy+x* +0=3x"y’ - 2xy + x’

2
2. parcialni derivace z podle y: % =6x’y—2x +0=6x"y — 2x

2

smiSena parcialni derivace podle x : 0 2 =6xy” — 2y +2x
X

2

. : 0
smiSend parcidlni derivace podle y: Z@y =6xy” — 2y +2x
X

d’z 0z
0y-0x 0x-0y

=6xy”° — 2y + 2x
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Priiklad 21 / strana 78

Urcete prvni a druhé parcialni derivace (vCetné smiSené€) funkce

z=xy' —y-Inx-5x’y’ +1.

: : 1
1. parcidlni derivace z podle x: Z—Z =y' - (O ‘Inx+y- —j ~15x°y’ +0=y"* - y_ 15x’y’
X X X
2
: : Xx—-y-1
2. parciélni derivace z podle x : % =0- OXTy ~30xy’ = % —30xy’

1. parcialni derivace z podle y: % =4xy’ —(1-Inx —y-0)-15x’y* + 0=
y
=4xy’ —Inx - 15x°y’
2

2. parciélni derivace z podle y: % =12xy’ —0-30x’y =12xy” — 30x’y

— =
0’z
oy - OX

. . o
smiSena parcialni derivace podle y: = Z - 4y’ —(

. . 1
smiSena parcialni derivace podle x : =4y’ —— —45x%y’
X

x—y-0

2
X

j —45x%y* =4y’ - i —45x°y?

2 2
Oy-0Xx Ox-0y X

Piiklad 22 / strana 79

W 14 4 M4 14 . W W 184 r X
Urcete prvni a druhé parcialni derivace (vCetné smisené) funkce z =1In /— .
y
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1

1 1
2 2 2 / ' TV
z=In |2 =In| 2 =1nX—1 funkce je slozena, kde X—lz(gj :w
y y ) 5 \% \%

y y?
1 L1 1 S L
-x 2,y2_x2,0 5 —X 2,y2
1. parcialni derivace z podle x : %: 11 .2 > :y—l- 2
— 1 -
X 2 X
S y
y5
I 5. 5.2 4 1 11
20 T xrx2eyreyreyt xyt 1
X;.y 2 2 2
. . 2 (1Y | , -1
2. parcialni derivace z podle x: —=| — :(2x ) —2X7T =—5
X 2x
1 1 1 1 1
> 5 1 = R
0-y*-x?-—y? 53 — X’y
1. parcialni derivace z podle y: %: ! 2 - .2
1 1 2 1
% x2 2 x2 Y
S y
y5
R LR S |
:_EX y“ 'y :_X2 X 2.y2.y 2 yflz_X y71:;1
1
X2y 2 2 2y
2. parcialni derivace z podle _8_2z_ -t /—(—2 *1) 2 o1
-P p y: o |\ 2y y y 2y’
2
smiSend parcialni derivace podle x : oz = ( 2y~ )/ =0
dy - 0x
. . 0’z 5\
smiSend parcialni derivace podle y: = :(—ZX* ) =0
0’z B 0’z B
0y-0x 0x-0y

Priklad 25 / strana 79

2 2
oz oz pro funkci z:xy-lnz

Dokazte, ze plati: =
oy-0x O0X-0y X

David Michalek
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s g oz 1 0-x 1 X —
1. parcialni derivace z podle x: —=y- nY + Xy — —y—y-lnz+ xy-—-—gl—
' X y x’ X y X
X
2 2
—X" -
Ly Y Yy
X X -y X
2
v 1 z I 1-x-y-0 X
smiSena derivace podle y: 1. In2+ y-— 2y =L+ ——-1=
OX - Oy X y X X y X
X
—nYr1-1=mY
X X
i 0z I 1-x 0 X X
1. parcialni derivace z podle y: —=x- InY + Xy — —y —x-InL+ Xy —+— =
oy X y x” X y X
X
=x-In y + X
X
PRI 0’z 1 0-x 1 X -
smiSena derivace podle x : =1-InZ+x —2y l=lnL+x.2. —21 +1=
X X X X y X
X
0’z 0’z
—mY-1+i=InY = = ~InY
X X Oy-0Xx Ox-0y X
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VEKTORY 11
PRIKLAD 1/ STRANA 17 oottt ettt e et e e e e e et e e s emaa e e e enaae e e eenaeeesenteeesenaaeesennseeesananeeeanneeas 11
PRIKLAD 2/ STRANA 17 oottt e et e e e e eaae e e s emae e e e enaaeeeeeateeesenteeesenaaeesennseeesarareeeanneeeas 11
PRIKLAD 3/ STRANA 17 oo ettt e e e e e e e e e e e e e e e e aaeeeeeaaeeeeentaeeeenneesenaseeeeennneeeenneens 11
PRIKLAD 4 / STRANA 17 .ot e e e e e e e e e e et e e e e aaeeeeeaseeeeeteeeeeneeesenaseeeeennneeeenneens 12
PRIKLAD 57 STRANA 17 .ottt e e e e e e e e e e e et e e e e aaeeeeeaseeeeenteeeeeaneesennseeeeennneeeennneens 12
PRIKLAD 6/ STRANA 18 ...ttt ettt ettt e e e e e et e e e e e e e maaaeeeeeeesaasnaaaeeeeesseassaataeeeesssennnsasseeesesnnnnnrees 12
PRIKLAD 7/ STRANA 18 ...ttt e ettt e e e e e e ettt e e e e e e s aaa et e eeeessassaaseeeeessessnaataeseesssennnsaeseeesesannnanrees 12
PRIKLAD 8 /STRANA 18 ...ttt ettt ettt e e e e ettt eeeeeesmaaa et eeeeesaasnaaaeeeeessesnnaasaeeeesssennssaeseeessssnnansees 13
PRIKLAD 9/ STRANA 18 ..ottt ettt et e et e e e e e e s et e e s saeaeesemeaeeesateeesantaeesenaaeessnseeesananeesanneees 13
PRIKLAD 10/ STRANA L8 ...ttt ettt et e ettt e e e e e e s et e e s emaaeesemeaeeesaaaeeesanteeesenaaeesssseeesananeesanneees 13
PRIKLAD 127 STRANA 19 ..ottt ettt e e e e et e et e e s e e e e eaae e e eeateeesenteeesenaaeesenaaeeesenaneesaaeeeas 14
PRIKLAD 157 STRANA 19 ..ot ettt e e e e e e e at et e s e e e e eaae e e eeaaeeesenteeeeenaaeesenaseeesenaneeeaaneeas 14
PRIKLAD 16/ STRANA 19 ..ot ettt e e e et e e et e s emaa e e e eaae e e eeateeesenteeeseaeeesennseeeseraneeeannneeas 14
PRIKLAD 17 /STRANA 1O ..o et e e e e et e e e et e e e e aaeeeeeateeeeeaeeeeeaneesenaseeesennneeeennneens 15
PRIKLAD 18/ STRANA 19 ..o e e e e e e e e e et e e e eaaeeeeeaseeeeenteeeeenneesennseeeeenneeeenneens 15
PRIKLAD 19/ STRANA 20 ....ooiiiiieiiee et e et ee e e e et e e et e e eaaeeeeeaaeeeeeaaeeeesneeeeeaseeeeeteeeeenneesennseeesenseeeanneens 15
PRIKLAD 20/ STRANA 20 ...eeeiiiieiiieeeeeieeeee ettt e e e e ettt e e e e e eeaaaeeeeeeesssessaaeeeeesesaasasseeeeesssssnassaeseesssasnssseseeesesnnnensees 16
PRIKLAD 21 7 STRANA 20 ...eeeiiiiiie ettt ettt e e ettt e e e e e e et et e e e e eeeesaaaeeeeesesaannasseeeeeeseessasseeseessssnnnsseseeesesnnnenrees 16
PRIKLAD 23 /7 STRANA 21 1.ttt ettt e e ettt e e e e e et e et e e e e e esmaaaeeeeeeessassaaseeeesessennasseeseesssannssasseeesesnnnnenrees 16
PRIKLAD 24 / STRANA 21 ..ottt ettt e ettt e e ettt e e et e e s eat e e e s smaa e e e eaaaeeesateeesanteeessnaaeessnseeesnseneesaaneeas 17
PRIKLAD 25 7 STRANA 21 .ottt ettt e ettt e e et e e e e e e eae e e e s eaaaeeseneaeessneeeesanteeesenaaeessnseeesananeesanneeas 17
PRIKLAD 26 7/ STRANA 21 ..ottt et e ettt e e et e e e e e e s eaa e e e s emeaeesemeaeeesnaeeesanteeessnaaeesssseeesananeesanneeas 17
PRIKLAD 27 / STRANA 21 .ottt e e eaa e e e eaae e e s emae e e e enaaeeeeeaaeeesenteeesensaeessnnseeesanareesannneeas 18
PRIKLAD 28 / STRANA 21 ..ottt ettt e et e e e e e e e eaae e e s emae e e e eaaeeeeeaseeesenteeeeenaaeesenaseeesananeesanneeeas 18
PRIKLAD 29 7/ STRANA 21 ..ottt ettt e et e et e e e e e e eaae e e s emaa e e e enaaeeeeeaaeeesenteeesenaaeessnnsesesananeeesnnneeas 18
PRIKLAD 30/ STRANA 22 ... e et ee e e e et e e e et e e e e e e e eeaseeeeeaaeeeesneeeeenseeeeensseeeeaneesenaseeesennneeeennneens 19
PRIKLAD 31/ STRANA 22 ...t e et e e e e e e et e e e et e e e e e e e e eaaeeeeenaaeeeeaneeeeenseeeeenseeeeeaneesenaseeesenseeeennneens 19
PRIKLAD 32/ STRANA 22 ...t e ettt ee e e e et e e et e e e e e e eeaaeeeeeaeeeeeeaneeeeenseeeeeteeeeenneesensseeeeennreeeennneens 19
PRIKLAD 33 7 STRANA 22 ..eeeeeeeieee oottt e ettt e e e e e ettt e e e e e eeaaaeeeeeeesssensaaaeeeeeesaansasseeeesesaannanseeseessssnnnsaeseeesssnnnnenrees 20
PRIKLAD 35 /7 STRANA 23 ..ottt ettt e e e e ettt e e e e e eeaaaa e e e eeeeseanaaaaeeeeeesaannasaeeeesessannaaseeseessssnnnsseseeesesnnnensees 21
PRIKLAD 36 7/ STRANA 23 ...ttt ettt e e ettt e e ettt e s ettt e e e ae e e s eaaaeeesaaateesameaeesensaeessnseeesanteeessnsaeessanteeesaneneesanneess 22
PRIKLAD 37 7 STRANA 23 ..ottt ettt e et e e et e s ettt e e ete e e s eaaeeeesaaateesameaeesensaeeesnaeeesanteeesansaeessnsseeesananeesanneeas 23
PRIKLAD 38 7/ STRANA 23 ... iieieie ettt ettt ettt e et e e et e e e ettt e e et e e e eaaeeeesaaaeeesameseesensaeessneeeesanteeessnsaeessnsseeesaneseesanneess 24
PRIKLAD 39 7/ STRANA 23 ..ottt eeae e e ettt e e et e e e e e e e eaaeeesemaaeeeenaaeeeennaeeesanteeeseaeeesensseeesanareeeanneeas 24
PRIKLAD 40 / STRANA 23 ..ottt e e e e et e e ettt e e et e e saae e e s eaaeeesemaaeeeenaaeeeenaseeesanteeeseaaeesensseeesarareesaneeeas 25
PRIKLAD 41/ STRANA 23 ..ottt e e e eeaae e e ettt e e et e e saae e e s eaaeeesemaeeeeensaeeeenaseeesanteeesesaeessnsseeesaraneesannneeas 25
PRIKLAD 44 / STRANA 24 ... e et e e e ettt e et e e e e e e e e e e et e e e eeaaeeeeeaseeeeeteeeeeneeesennseeeeennneeeennneens 26
PRIKLAD 45/ STRANA 24 ...ttt e et e e et e e e e e et e e e et e e e e aaeeeeeateeeeentaeeeeaneesenaseeeeenreeeennneens 26
PRIKLAD 46 / STRANA 24 ... e et ee e et e e et e e e e e e e e e e eaaeeeeeaneeeeeateeeeeteeeeeaneesennseeesenneeeennneens 27
PRIKLAD 48 / STRANA 24 ...ttt ettt e e ettt e e e e e e e et e e e e e e senaaaaeeeeeesaanaaseeeeeessassaataeseessssnnssaaeeeesesannnenrees 28
PRIKLAD 49 / STRANA 24 ...ttt ettt e ettt e e e e e e e et e e e e e e e s maaaeeeeeeesaassaaaeeeeesseansaateeseessssnnssaeeeeesssannenrees 29
PRIKLAD 50 7/ STRANA 25 ..ottt ettt e e e e ettt e e e e e e et e et e eeesesassaaaeeeeeesaansasseeeeeeseansnssaeseessssnnnsaseeeesesnnnnenrees 29
PRIKLAD 517 STRANA 25 ..ottt ettt et e et e e ettt e e et e e e e e e s eaateesemaaeesemeaeeesnteeesanteeessnsaeessnseeesnseneesanneess 30
PRIKLAD 52 7/ STRANA 25 ..ottt ettt e e e e et e e et e e ettt e e e e e e s eaeteesemeaeeseasaeessaaeeesanteeesenaaeesssseeesaneseesanneess 31
PRIKLAD 53 7 STRANA 25 ...ttt ettt e e e et e e et e e et e e et e e s eaateesemaaeesemeaeeesneeeesanteeessnaaeesssseeesnnaneesaaneeas 32
PRIKLAD 54 7/ STRANA 25 ..ottt e e ettt e e et e e e e e e eaae e e s emaaeeeeaaeeseenteeesenteeeeeaaeesenasesesananeesanneeas 32
PRIKLAD 557 STRANA 25 ..ottt et e et e e et e e e e e e eaae e e s emaa e e s eaaeeeeanaeeesenteeeseseeessnaseeesananeeeannneeas 33
LIMITY 34
PRIKLAD 6.1/ STRANA 39 ...ttt e et e e e e et e e e et e e e e aaeeeeeaseeesenteeeeeaeeesenaseeeeennneeeennneens 34
PRIKLAD 6.2/ STRANA 39 ...ttt e e e e e e e et e e e e e e e eeaneeeeeaseeeeeaeeeeeaneesennseeeeennneeeenneens 34
PRIKLAD 6.3 7 STRANA 39 ...ttt ettt ettt e e e e ettt e e e e e e s maaa et e eeeesaasaaaaeeeeesseensaaseeeeesssssnsaseseeesesnnnnansees 34
PRIKLAD 6.4 / STRANA Q0 .....ooiiiiiiiieeieeeee ettt ettt e e e e e et e et e e e eessessaaaeeeeeesaasasaeeeeeeseansaateeeeesssasnssseseeesesnsnenrees 34
PRIKLAD 6.5 7 STRANA Q0 .....eeiiiiiieieeieeeee ettt ettt e e e e e e et e et e e e eessasaaaaeeeeeessasaaaeeeeesseassaateeeeesssssnssseseeessssnnnenrees 34
PRIKLAD 6.6/ STRANA 40 .....oiiieiiieeeee ettt ettt e e et e e et e e e e e s s eaateessaaaeeseneaeeesaeeeesanteeessnaaeesssseeesaseneesanneeas 35
PRIKLAD 6.8/ STRANA 40 .....oiiieiiieeeiee ettt e et e e et e e et e e eaae e e e s eaateeseaeaeeseneaeeesaeeeesanteeessnaaeesssseeesananeesanneess 35
PRIKLAD 6.9/ STRANA 40 ....ooiiieiieeeeeee ettt e e et e e ettt e e et e e e e e e s eaateeseaeaeesensaeeesaneeeesanteeessnsaeesssseeesaneneesaaneees 35
PRIKLAD 6.10 / STRANA QO ..ottt et e e e et e e e e e e eaaeeesemaeeesenaaeeeeeateeesenteeeseaeeesensseeesaraneessnnneeas 35
PRIKLAD 6.12 / STRANA QO ..ot et e et e e et e e e e e e eaae e e e emaaeeeeaaeeeeenteeesenteeeeeaaeesennseeesnraneeeannneeas 36
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DERIVACE 37
PRIKLAD 7.1 /STRANA 41 ..ottt ettt e ettt e et e e eae e ete e e eaeeeateeeaeeeeteeanseeenteeeseeeaseeenseeenseesseeanes 37
PRIKLAD 7.2 / STRANA 41 ...c.ooiiiiietie ettt ettt et ettt e et e et e eteeeaeeeaeeeabeeesaeeaseesbaesasessasaesasessasaesaseesnseeeaseesreennns 37
PRIKLAD 7.3 /STRANA 41 ....uoiiiiiitie ettt ettt et e et e et e et e e etaeeteeetaeeabeeeaeeeaseesbaesssesseseesasessasaesaseeeaseestressreeanns 37
PRIKLAD 7.4/ STRANA 41 ....uviiiiietie ettt ettt et ettt e et e et e e eteeeaee e teeeabeeeseeeabeesbeesssesaasaesasessasaesasessaseesssessseennns 37
PRIKLAD 7.5 /STRANA 41 ....voiiiiiitieeiie ettt ettt e et et eete e e teeeaveeebeeeabeeeabaaesseseasaesssaesasaessseesssaesasessassesaseessseesssessnseennns 38
PRIKLAD 7.6/ STRANA 41 ....uoiiiiiitie et ettt et ette ettt e e vt e e vt e eateeebeeeabeeeabeaaasessassesssaesasaessseesssaesasessasaessseessseesssessnseennns 38
PRIKLAD 7.7 / STRANA 41 ....viiiiiieiieeiie ettt et ettt e ete e e veeeaveeebaeeabeeeabeaaasessasseeeseesasaesssessssaesssessasaessseessseesssessnseennns 38
PRIKLAD 7.8/ STRANA 42 ...t e et e e et e e et e e e et e e e et e e e eeaae e e e eateeeeeaeeeeeaeeeeeeaseeeeeneeeeennneens 38
PRIKLAD 7.9/ STRANA 42 ...ttt e e e e e e e et e e e et e e e e aae e e e eaeeeeeeaeeeeeaeeeseenseeeeenneeeeenneens 38
PRIKLAD 7.10 / STRANA G2 ...ttt e et e e et e e et e e e et e e e eeaaeeeeeateeeeeaeeeeeaeeeeeesseeeeesneeeeenneens 39
PRIKLAD 7. 11/ STRANA A2 ..ottt et ettt ettt e et e et e et e e eae e e te e aaeeeteeeteeeeteeanseeensessseeeaseeenseeenseeeseeanes 39
PRIKLAD 712/ STRANA A2 ..ottt ettt ettt e ettt e et e et eete e e eaeeeteeeaeeeateeeteeeetesanseeenvessnseeeaseeenseeenseeaseeanes 40
PRIKLAD 7,13/ STRANA A2 ..ottt ettt et ettt ettt e e ete e et e eeteeeteeeteeeabeeesaeeaseeeaseesabesaasaesasesenssesaseesaseentsessnraennns 40
PRIKLAD 7.14 / STRANA A2 ..ottt ettt ettt ettt e oot e et e e eteeeaeeeaeeeabeeetaeeaseestaesabesaasaesasessassesaseeenseestbeesnraeanns 40
PRIKLAD 7,15/ STRANA A2 ..ottt ettt et ettt ettt e oot e et e e teeeaeeeaeeeabeeeeseeeabeeeataesasesaaseesasesenssesaseesaseentressnsaennes 41
PRIKLAD 7.16 / STRANA 42 ...ttt ettt ettt et e e vt e e vt e eaveeebeeeabeeeabaaaaseseasaesasaesasaesssessssaesssessasaessseessseesssessnseennns 41
PRIKLAD 7.17 / STRANA 43 ..o oottt ettt ettt ettt et e vt e vt e e vt e e teeeabeeeabaeeabeesabaeeabeesasaessseesssaessseesasaessseessseenssessnseennns 41
PRIKLAD 7.18 / STRANA 43 ..ottt ettt ettt et e et e e vt e e vt e e teeeabeeeabeeeabeseasaeseseesasaeseseesssaessseesassesaseesasaenssessnseennns 42
PRIKLAD 7.19 /STRANA A3 ..ottt e e e e e e e e e et e e e e eaae e e e eateeeeeteeeeeaeeeeeeateeeeeaneeeeenneens 42
PRIKLAD 7.20 / STRANA A3 ..o et e et e e e e e e et e e e et e e e e aae e e e eateeeeeteeeeeaeeeeeesseeeeenneeeeenneens 43
PRIKLAD 7.21 /STRANA A3 ..o et e et e e e e e e e e e et e e e e aae e e e eaaeeeeeaeeeeeaeeeeeeaseeeeenneeeeenneens 43
PRIKLAD 7.22 / STRANA 43 ..ottt ettt ettt et e ettt e et eeete e ete e eeaeeeateeeteeeetesanseeentessseeeasesenseeenseeeseeanes 44
PRIKLAD 7.23 / STRANA 43 ..ottt ettt ettt e et e et e et e e eae e ete e eaeeeateeeteeeetesanseeentessseeeareeenseeenseeeseeanes 44
PRIKLAD 7.24 / STRANA 43 ..ottt ettt ettt ettt e e e et e et e e ete e e te e eaeeeateeeteeeetesanseeentessseeeasesenneeenteseseeanes 44
PRIKLAD 7.25/ STRANA 43 ..ottt ettt ettt ettt et e et e e ete e e te e e veeeabeeesaeeateesbaesateeeasaesasessnsaesaseeenseesasesanseennes 45
PRIKLAD 7.26 / STRANA 43 ..ottt ettt ettt ettt e et e e eteeete e e veeeabeeebaeeaseeeteesebeeaaseesasessaseesaseesnseestbessnsaennes 47
PRIKLAD 7.27 / STRANA A4 ...ttt et ettt e et e et e e ete e e ae e e aeeeabee e aeeeateeeteeeabessaseesaseseesaesaseesaseestbessnseennns 47
PRIKLAD 7.28 / STRANA A4 ...ttt ettt ettt e et e e ve e e vt e e teeeabeeeabeeeabeesasaesabeesasaessseesssaesssassasaessseessseenssessnsaennns 47
PRIKLAD 7.30/ STRANA A4 ...ttt ettt ettt et e et e e eteeeave e e beeeabeeeabeeeabessasaesaseesasaessseesssaesssessasaessseesnseensseesnseennns 47
PRIKLAD 7.31 /STRANA A4 ...ttt ettt ett e et e vt e e ve e et e e te e e bt e e aaeeabeeeasaesabeesasaessseesssaesssessasaessseesaseeassessnseeanns 48
PRIKLAD 7.32 /STRANA G4 ..o et e e e e e e e e e e et e e et e e e et e e e e aeeeeeateeeeesseeeeesneeeeenneens 49
PRIKLAD 7.33 /STRANA G4 ... et e e e e e e e e e e e et e e e et e e e e teeeeeateeeeesseaeeeaneeeeenneens 49
PRIKLAD 7.34 / STRANA 45 ..ottt ettt ettt ettt e et e e ete e e te e e eaeeeteeeteeeateeeseeetessseeeareeeaeeenteeereeanns 49
PRIKLAD 8.1 /STRANA 45 ...ttt ettt ettt ettt e et e et e e ete e e ete e eeaeeeteseeaeeenteeeteeeetesanseeensessnseeeaseeeseeenseeanseeanes 50
PRIKLAD 8.2 /STRANA 45 ...ttt ettt ettt ettt e ettt e et e et e e eaeeete e e eteeeteeeeaeeeteseteeeetessnseeensessnseesareeeseeenseeereeanes 50
PRIKLAD 8.3 /STRANA 45 .. .ottt ettt ettt et e et e e ete e ete e e eteeeteeeveeeabeeebaeeaseesseesasesaesaesasessasaesaseesaseesasesssaennns 51
PRIKLAD 8.5 /STRANA 45 ..ottt ettt ettt et e ettt e e ete e e vt e e eteeebe e eteeeabesesaeeasessbeesasesaeseesasessasaesaseesaseesabessseennns 52
PRIKLAD 8.6/ STRANA 45 ..ottt ettt ettt et e et e e eteeete e e eteeeteeeaeeeabesesaeeaseesseesesesaaseesasessassesareesaseeetbeesreennns 53
PRIKLAD O/ STRANA 45 ...ttt ettt ettt et e et e e vt e e vt e e aveeebaeeabeeeabseeabessasaesaseesasaessbeesssaesasessassesaseessseesssessnseennns 53

NEURCITY INTEGRAL 55
PRIKLAD 1/ STRANA 54 ...ttt ettt ettt ettt e et e et e e vt e e veeeaveeebeeeabeeeabseeasessasaeeasassasaessseesasaessseesasaessseesasaenssessnseennns 55
PRIKLAD 2/ STRANA 54 ...ttt e et e e e e e et e e e et e e e e ae e e e eateeeeeteeeeeateeeeesseeeeenneeeeenneens 55
PRIKLAD 3/ STRANA 55 oottt e e e et e e e e e e et e e e et e e e e aaeeeeeateeeeeteeeeeeseeeeeeaseeeeeaneeeeenneens 55
PRIKLAD 4 / STRANA 55 .ottt e et e e e e e e et e e e et e e e e aae e e e eateeeeeteeeeeaneeeeesteeeeenneeeeenneens 56
PRIKLAD 5/ STRANA 55 ...ttt ettt ettt e et e et e et e e eteeeeae e e eaeeeeteeeaeeenteseseeeetesanseeensessseeearesenseeenteeereeanes 56
PRIKLAD 6/ STRANA 55 ...ttt oottt et ettt et e v e te e et e e te e e eteeeteeeeaeeeateseaeeenseseseeeetesanseeensessseesasesenseesnseeeseeanes 56
PRIKLAD 7/ STRANA 55 ..ottt oottt ettt ettt e e et e et e et e e eteeeae e e eaeeeateseaeeenteeeseeeetesanseeenseesseesaresenseeenseeeseeanes 57
PRIKLAD 8/ STRANA 55 ..ottt ettt ettt ettt e et e et eete e e eteeeteeeaeeeabeeeaaeeaseesbeesesessasaesasessasaesaseesaseestreseraennes 57
PRIKLAD O/ STRANA 55 ..ottt ettt ettt ettt et e et e e vt eete e e teeeateeeveeeabeeesaeeaseessaesasesssseesasessasaesasessaseessbessreeanns 57
PRIKLAD 10/ STRANA 56 ...utiiiiiietee ettt ettt ettt et e e eteeete e eeteeeaaeeeaeeeabeeeaaeeasessseesasesasseesasessaseesaseesaseestresansaennns 58
PRIKLAD 11/ STRANA 56 ..uiiieiiiitie ettt ette et e eeteeeve e evteeaveeebaeeabeeeabaaessessassesssaesasaesssessssaesssessasaessseessseenssessnseennns 58
PRIKLAD 12/ STRANA 56 ...utiieiiiitie ettt ettt et ettt e et e et e e vt e eabeeebaeeabeeeabaaessessasaeesseesasaessseesssaesssessnsaessseessseessseesnseennns 58
PRIKLAD 13/ STRANA 56 ... ettt e et e e e e e e et e e e e e e e eeateeeeeateeeeeteeeeeeaeeeseeaseeeeensneeeennneens 59
PRIKLAD 14/ STRANA 56 ...t e e e et e e e e e e et e e e et e e e eeaaeeeeeateeeeeteeeeeaeeeseenseeeeesneeeennneens 60
PRIKLAD 15/ STRANA SO ...ttt e et e e e e e e e e e e e e e e e aaeeeeeateeeeeteeeeeeaeeeseenseeeeenneeeeennneens 60
PRIKLAD 16/ STRANA 57 ..ottt ettt ettt ettt et e et e e ete e e te e e eaeeeate s eaeeeateeeseeeeteeanseeensessnseesaseeenseeenteeareeanes 60
PRIKLAD 17 /STRANA 57 .ottt ettt et ettt ettt et e et e et eete e e eteeete e e aeeenteeeteeeeteeanseeensessseeeaseeenseeenteeereeanes 61
PRIKLAD 18/ STRANA 57 ..ottt ettt et ettt ettt et e et e et e et e e eaeeeate e e aeeeateeeteeeeteeanseeensesenseesaseeenseeenseeareeanes 61
PRIKLAD 19/ STRANA 57 ..ttt ettt ettt ettt ettt et e et e e eteeeate e eteeeabeeeesaeeaseesbeeseresassaesasessaseesaseeeaseessreeenreeanns 61
PRIKLAD 20 / STRANA 57 ..ttt ettt ettt et ettt e et e e eteeete e e eteeeateeeveeeatesebaeeasassebeesesessaseesasessassesareesaseesesesereennns 62
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PRIKLAD 21 7/ STRANA 57 ettt ettt e e et e e s ettt e e et e s eaaa e e e s eaateesemaaeesemsaeeesnteeesanteeessnaaeessnnseeesnsaneesaaneeas 62
PRIKLAD 22 7/ STRANA 57 ettt oottt ettt e et e et e e ettt e e et e s e e e e s aaateesemaaeeeeasaeeesateeesanteeessnaaeessanseeesasaneesanneeas 63
PRIKLAD 23 7/ STRANA 57 .ottt ettt eete e e et e e et e e e e e e s eaaeeesemaeeeseaaeeeeeaaeeesenteeesenaaeesensseeesananeeeanneeeas 63
PRIKLAD 24 / STRANA 58 ...ttt ettt et e et e et e e e e e e e eate e e s emaaeeeeaaeeeenateeeeenteeeseaaeesenaseeesananeesenneeas 63
PRIKLAD 25 /7 STRANA 58 ...ttt ettt e et e e et e e e e e e e eaaeeesemaaeeeesaeeeeeaaeeesanteeessnaaeesensseeesaraneeeanneeas 64
PRIKLAD 26 / STRANA S8 ...t e et e e e et e e e et e e e e e e eaaeeeeeaaeeeeaseeeeeaseeeeenteeeeenseesennseeeeennreeeennneens 64
PRIKLAD 27 / STRANA S8 ...ttt e e e e et e e et e e e e e e e eaae e e e eaaeeeeaneeeeeaseeeeenteeeeeaseesensseeeeennneeeennneens 64
PRIKLAD 28 / STRANA S8 ...ttt e e e et e e et e e e e e e eaaeeeeeaaeeeeaseeeeeaseeeeenteeeeeaseesenaseeeeenneeeennneens 65
PRIKLAD 29 / STRANA 58 ..ottt ettt e e ettt e e e e e e et et e eeeeeesmaaaeeeeeeessasnaaseeeeesseansassaeseesssennssaeseeesesnnnnenrees 65
PRIKLAD 30/ STRANA 58 ..ottt ettt e ettt et e e e e e et e et e e e eeesamaaaeeeeeeessassaaseeeeesseensaasaeeeessssnnssasseeesesnnnenrees 66
PRIKLAD 31 /STRANA 59 ..ottt ettt ettt e e e e ettt e e e e e e s aeeeeeee s e nnaaaeeeeesssasaateeeeesssesnssaaseeesssnnnnnarees 66
PRIKLAD 32 7/ STRANA 59 ...ttt ettt e et e ettt e e et e e et e e e s eaa e e e s saaaeeseaaaeeesnteeesanteeesanaaeessnsseeesaneneesaaneeas 67
PRIKLAD 33 7 STRANA 59 ...ttt ettt e e et e e et e e et e e s eaa e e e s emaaeeeeaeaeeesamteeesamteeessnaaeessnsseeesnseneesanneeas 67
PRIKLAD 34 / STRANA 59 ..ottt e et e e e e e e e et e e e emaa e e e eaaeeeeeateeesanteeeeeaaeesenaseeesananeesannneeas 68
PRIKLAD 357 STRANA 59 ..ottt ettt e e e e e e e e aae e e s emae e e e eaaeeeeeateeesanteeeesaaeesensseeesaraneesanneeas 68
PRIKLAD 36/ STRANA 59 ..ottt e et e et e e e e e e eaae e e s emaa e e e eaaeeeeeateeesenteeesenaaeesenaseeesananeesannneeas 68
PRIKLAD 37 /STRANA 59 ..ottt e e e e e e e e e e e e eaae e e e aaeeeeeaseeeeeteeeeeneeesennseeeeennneeeennneens 69
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