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Symbolic computation

There have been a number of significant advances in symbolic computation and
computer algebra manipulation in recent years. These are systems which bring to-
gether symbolic, numerical, and graphical operations in one software package.
The mathematical methods introduced in this book are particularly appropriate
contexts in which to have a first look at such systems.

The software Mathematicat has been used extensively in the production of the
drawings of curves and surfaces, and in the checking of examples and problems, in
this text. At an elementary level, Mathematica is particularly helpful, for example,
with operations such as differentiation (including partial derivatives), the con-
struction of Taylor series, elementary algebraic operations involving matrices
and linear equations, elementary integration (including repeated integrals), and
difference equations; but most topics in this book can be approached to some
extent using Mathematica. It is also useful in curve sketching in that a quick view
of the general feature of a curve can be obtained, which can then be revised and
edited to produce detailed graphs as required.

It is not the purpose of this book to provide an introduction to Mathematica.
There are a number of texts which do, including the handbook that comes with
the system. There are other software packages including MAPLE* which can also
be used in mathematics. Apart from this chapter, Mathematical Techniques is
software-free.

Useful information about Mathematica and its applications can be found in
the following texts by Abell and Braselton (1992), Blackman (1992), Skeel and
Keeper (1993) and Wolfram (1996).

T Mathematica is a registered trade mark of Wolfram Research Inc.
+ MAPLE is a registered trademark of Waterloo Maple Software.




Projects

The following projects are listed by chapter. They are selected samples of prob-
lems and do not cover every topic in the book. The intention is that they can be
approached using mainly built-in Mathematica commands: very few problems
require programming in Mathematica. It is generally inadvisable to attempt
these problems by hand, since many could involve a great deal of manipulation,
although some projects are prompted by examples and problems in the relevant
chapters.

It is worth emphasizing that computer algebra systems usually generate out-
puts or answers without explanation of how the results are arrived at, unless
the programming within them is investigated. Outputs can go wrong for many
mathematical reasons. For example, a curve can oscillate too frequently for the
built-in point spacing to detect, which can result in a false graph. This can be cor-
rected by increasing the number of plot points, but the potential difficulty has to
be recognized at the formulation stage. Symbolic computation is not a substitute
for understanding mathematical techniques.

Mathematica notebooks for each project are available on the web at:

www.oxfordtextbooks.co.uk/orc/jordan_smith4e
Any comments should be sent to the authors at:

School of Computing and Mathematics, Keele University, Keele, Staffordshire
ST5 5BG, UK. (Email: p.smith@maths.keele.ac.uk)

42 APPLICATIONS PROJECTS USING SYMBOLIC COMPUTING

Chapter 1 () y=fl=x);

1. Draw the graphs of y=x3, y = (x — 1)3, (d) y=f(x);all for-2<x=<2.
y=l=x%y- 1,: (x—1)for-1.5 <x<2.5. 5. Define the Heaviside function H(t) and the
How do they differ? signum function sgn ¢. Plot graphs of the

2. (a) Plot the points (n, n* + 1) forn=1,2, 3,4, 5. following functions on —4 < t < 4:

(b) Plot the points in (a) but with successive (@) H(@);
points joined by straight lines. (b) sgnt;
(c) Ploty=x?between x=0and x=35. (c) H(»)+H(-t);
(d) Show the curves from (b) and (c) on the (d) sgn(sint).
same graph. 6. Plot the graphs of the curves defined by the

3. Plot curves defined by the following relations following polar equations:
between x and y. (@ r= %(1 —cos 0) for 0 < 0 < 1 (cardioid).
(@) x*+3y*’=4; -2s<x<2 (b) r=(4sin’6—1) cosOfor0 <0< 2n
(b) x*+2y*—xy+2y=4; 3<x<3; (folium).

(c) x*+2y*—xy—2xy=4; -2<x<3.
7. Express

4. Define the function f(x) = x(1 — x?). Plot the 1
graphs
@ y="flx); (x=1D(x=2)(x=3)(x—4)(x—95)

(b) y=f(1-x); in partial fractions.




Chapter 2

1. Define the function

_xsinx—1+cosx
sin2x+2—2¢e"
Find lim,_,, f(x). Plot the function for —0.5 < x

=< —0.001 and for 0.001 < x < 0.5, and check
graphically that this agrees with the limit.

2. Find the derivative of
f(x) =7x>+ 8x + 9x* + 10x° + 11x° + 1247
and its values £7(0.2) and /7(0.4).

3. Find the derivative of

f(x)
Find the approximate values of x where
f’(x) =0, using a numerical solution routine.
Plot graphs of y = f(x) and y = f'(x) on the
same axes and compare the zeros of f*(x) with
the zero slopes on y = f(x)

=x*4+2x3 - 3x2 = 2x + 4.

4. Find the equation of the tangent to the curve
y=xsin 2x
atx =0.7. Plot the graphs of the curve and its
tangent.

5. Find the first three derivatives of

f(x)

and confirm that the first nonzero higher

= x sin’x + x? sin(x?),

derivative at x =0 is f¥(0) = 6.
6. Plot the graphs of y = f(x), y = f’(x), and
y=f"(x) for
f(x) =x*(x*-3)

in the interval =2 < x < 2.5. (This should
confirm the results from Problem 2.19.)

Chapter 3

1. Display rules for the derivatives of the
following general forms:

(a) f(x)

g( )
h(x)/h ( ).

2. Find the first derivatives of

f(x) — Csmxu»s *gin x.

The function is periodic. What is its minimum
period? Plot its graph and the graph of f”(x)
over one cycle. Estimate where f(x) is stationary
and then find each of the roots of f’(x) =0 to 5
decimal places using a root-finding routine.

with respect to x of the following general forms:

@ flx?;

3. If
X2+ 2y — xy—2yxt=4, "
find dy/dx as a function of x and y. o
Chapter 4 =
1. Display rules for the first and second derivatives 8
m
(&)
—|
(72}

. Plot the graph of y = f(x)

(b) f(sin x);
(©) f(sin(x?).

. Find the first and second derivatives of

flx) =0.1x° = 0.5x* + 0.2x3 + x2 — 0.7x + 2.2.

Estimate the roots of f*(x) =0 from a graph of
¥ =f(x). Then find the roots to 5 decimal places
by a root-finding routine. Calculate f”(x) at
each stationary point, and confirm the second-
derivative test for stationary points. Points of
inflection are given by f”(x) = 0. Find their
locations on the original graph of y = f(x).

. Plot the graph of

x2—1

Y a1’

and its asymptotesy = 3x — + and x = —1
(see Fig. 4.13).

=x -2+ x2-3x+1
in the interval =1 < x < 3, and estimate the
roots of f(x) =0 in this interval. Set up a
Newton routine

_ flx,)

f(x,)’
for calculating the roots of f(x) =0, and find,
starting at x = 0.5 and 1.6, the roots to 10
significant figures. What is the smallest number
of iterations required in each case to calculate
the roots to 10 significant figures?

Xyt = X,

. Plot the graph of y = x + sin Sx in the interval

0 < x =< 25 using

(a) the default plotting routine,

(b) plotting with 20 plot points,

(c) plotting with 50 plot points.

Explain why the graphs are different for this
type of function.

Chapter 5

1.

Obtain formulae for the Taylor polynomials for
the following functions centred at x = a as far

as (x —a)*:

@ fix) 0) [0

() flx)glx);  (d) e,

State the coefficient of (x — )2 in each case.
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. Find Taylor expansions about x =0 up to and
including x° for each of the following functions:

(@ e (b) (x+1) cos x;
(c) In(1+sin x); (d) exp(sin(e*—1)).

. Find the Taylor polynomials for (sin*x)/x* up to

and including xN for N =2, 4, 6. Plot the graphs
of the function and its Taylor polynomials

for 0.001 < x < 2, and compare them. At
approximately what values of x do the Taylor
polynomials visibly part company from the
exact function?

. Find the Taylor polynomials for Inx about x =1

for N = 6. Construct an error function which is

the difference of In x and its Taylor polynomial.

Show that, at 2.159 approximately, this error
starts to exceed 0.2 as x increases. Plot this
error function against x for 1 < x < 2.2.

Chapter 6

1. Solve, for the complex number a, the equation

z=0 where

2+3i) | (a=2i)
1=35i)°  (1+35)*

. If z=x+1y, find the real and imaginary parts

of ze*cos z.

. Find the 13 roots of 2 =1 +1, and plot the roots

on the Argand diagram.

. Letz,=1-2i,z,=3+1. Plot the following

points on the Argand diagram:

21t2, Zi+2, 2= Lt 2% 2/2.

. Find |z] and Arg z, where

(L+2i)* | 23 -4’
(1+30) 1+4i

Chapter 7
1. Let
1 2 3 4
-2 3 -4 1
L 3 4 1 2/
4 -1 2 3
1 0 -1 0
1 -2 1 2
B= =3 1 -3 1p
2 1 21
3 1 2 1
|l p 1 2
Qs 1 -2 -3 2
2 1 0 -1

Find and compare
(@) ABand BA; (b) A(BC) and (AB)C;
(©) (A+B)Tand AT+BT; (d) (AB)Tand BTAT.

. Find the inverse of

2
1 x, x7
2
1 % %2
2
1 x5 x3

(see Problem 7.18). Find the equation of the
parabola of the form y =a + bx + cx* through
the points (-1, -2), (%, —1), and (%, 2).

. Let

o

Il
1l 00] = i G
Ol ] o] = i
o\l = 5] 00| A
- (USRS TN R

Find A%, A%, A3, A'. How do you expect A" to
behave as 7 — oo?

Chapter 8
1. Let
1 -1 2 3
3 10 -3
A=y 13 4
2 -1 2 4
2 4 =3 1
0 -1 4 3
B=1, 5 3 1
-2 5 6 =5

Find det A, det B, det A™', and det AB. Confirm
that

det A7t =1/det A, det A det B=det AB.

. Factorize the following determinants:

1 i i 11 1 1
@la b ocl ®|4 L ¢ d)
zbz 2 a‘b C d
4 ‘ FIN R
1111
) |la b ¢ d
2 o df
at bt d

. Find the values of 4 for which

S5 a -1 1
2 1 a 2
3 a 1 4
-1 0 a 2
is zero.




Chapter 9
1. Plot the curve which has the position vector
r=(2 cos t)i+ (2 sin £)j + 0.3tk
from =0 to t =20. What is the curve called?
The position vector represents a particle
moving along the curve. Find the velocity

vector 7 and the acceleration vector # of the
particle. Show that 7+#=0.

2. Plot the trefoil knot given parametrically by
r=(1+a cos 3t)(cos 2t i +sin 2¢ j) + a sin 3t k
witha~0.25and 0 <7< 2m.

Chapter 10

1. Show that
-3 2712 93123112
_2—3/2 _2—1/2 273/231/2
2—131/2 0 2—1

defines a rotation of axes. If each row defines
the direction of the X, Y, Z axes in the x, y, z
frame, find the equation of the plane
x+2y—2z=11n the new axes.

Chapter 11
1. The area of a triangle whose vertices are the
points with position vectors a, b, and ¢ is given
by the formula
HbXc+cxXa+axb).

Devise a program based on this formula

to determine the area for general vertices.
What is the area ifa= (1,0, 1), b= (2, -1, 1),
and ¢=(1, 1, 2)? Plot a diagram showing the
triangle.

2. A tetrahedron has vertices with position vectors
d:(l,—1,2), b:(_17233>;
c=(2,-1,3), d=(1,3,-2).

Find its surface area. Draw a three-dimensional

plot showing the tetrahedron viewed from the
point with position vector (2.1, -2.4, 1.5).

Chapter 12

1. Use a row-reduction routine to solve the linear
equations

x+2y-3z=gq,
2x+py+ z=-1,
x—=2y— z=4,
where p and q are two parameters. Determine
for what values of p and g the equations

have (a) a unique solution, (b) no solution,
(c) an infinite set of solutions.

2. Use a row-reduction method to solve the linear

equations I
N
x+2y+pz=35, )
3x+2y+ z=gq, -
2x— y+4z=7, (:g
where p and g are two parameters. Confirm that r‘ﬁ
(@)
- -
=83 ) Z
1+7p
and discuss the nature of solutions for all values
of p and g.
3. Using a row-reduction instruction, show that
x,+ 3x; = 3§,
X+ x—  x3t+x,=-1,
x;+2x, + 11x; = 4,

—x;+2x,+ 3x;+x,= 3
is an inconsistent set of equations.

Chapter 13

1. Find the eigenvalues and eigenvectors of

-6 1 2 0
10 -3 -1
A= 21 -6 0F
-2 2 0 -3
How many linearly independent eigenvectors
does A have?
Find the eigenvalues of the following
matrices:
(@) A™; (b) A% (c) A+kL

2. Find the eigenvalues and eigenvectors of
1 21
A=12 1 1]
11 2

Construct a matrix C of eigenvectors and
confirm that

A=CDC,

where D is a diagonal matrix of eigenvalues.
Obtain the general formula for

A"=CD"C™\.

3. Find the inverse and transpose of

1 2 2
A=1{2 1 =2,
2 =2 1

and verify that A is an orthogonal matrix. Find
the cigenvalues of A. What expected property
do they have?
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4. Find the eigenvalues of

5 S5 -6 2
-3 13 -6 2

A= -3 7 0 2y
3 -15 12 2

Find the expression det(A — 11,), and
demonstrate the Cayley—Hamilton theorem
of Problem 13.21.

Chapter 14
1. Plot the graphs of the derivative dy/dx = sin 2x
and the equation of the curve through (m, —1) of
which this is the derivative (see Example 14.7).
2. Plot the graph of
d—y=x e +sin x — x? cos 2x,
dx
for 0 < x < 10. Show that an antiderivative
which is zero when x =0 is
y=2+ %[—4(1 +x) e*—4cos x—2x cos 2x
+ sin 2x — 2x? sin 2x].
Plot the graph of the signed area between x =0
and x =10.
Chapter 15
1. Setup a program to compute the area under the
curve y = f(x) between x = g and x = b using the
approximation
N-1
by flx,),
=0
where b = (b —a)/N and x,=a + nh. Apply the
method to the following functions, limits, and
subdivision numbers:
(@) flx)=x%1<x<3,N=200;
(b) flx)=xe*0<x<3,N=20;
() flx)=xsinx,0<x=<m, N=30;
(d) flx)=cos(e™,0<x<1,N=25.
In cases (a), (b), and (c), compare the numerical
result with the areas obtained by integration. In
these cases, how many subdivisions are required
to obtain a numerical result correct to 3 decimal
places? In (a), show that over 10 000 steps are
required. Why is this?
2. Use a symbolic integration program to obtain

the following indefinite integrals:

(a) J (In x)? dx; (b) J sin’x cos’x dx;

(¢) J x2e* sin x dx; (d) J V(1 = x?) da;

© dx )
x(x+ D (x+2)(x+3)

dx
0 58

Check each answer by recovering the integrands
by differentiation.

. Evaluate the following definite integrals:

x dx

. |
(a) J’1 x(In x)? dx; (b) L m;

: 100
(d) J > Sdx
. !

T oxidx
© L (L-2% ) 7=0

. Find

I(a) = J (In x)? dx.

Find the limit

im bI(1/b)
b—0 (—h‘l b)} ’

How does I(a) behave as a — «? Does

J’ (In x)? dx
i

exist?

5. A cylindrical hole of circular cross-section and

radius b is drilled through a sphere of radius
a > b, the axis of the hole passing through the
centre of the sphere. Find the volume of the
remaining object. Display a diagram of the
object for some values of 2 and b.

Chapter 16
1. Plot the graph of the polar equation »=sin 56

for 0 < 6 < 2. Find the area enclosed by the
five ‘petals’ of the curve.

Show that the area of the 212+ 1 petals of
r=sin(2n+1)0 (n = 1) is independent of n.

. Devise a program to generate the trapezium rule:

b—a
N

+ (Fln-a)) + 5£()]-
Apply the program to the integral

b
Jf(x) dx = [3£(@) + (Flxr) + flag) + -+

2
‘[ e sin’x dx,
0

and compare the result with the exact value of
the integral. Investigate how many steps are




required to obtain a result accurate to 3 decimal
places.
Apply the program also to Problem 16.20.

. A thin plane metal plate consists of an isosceles
triangle of height » and base length 24 with a
semicircle of radius a attached symmetrically by
its diameter to the base of the triangle. Find the
location of its centroid on its axis of symmetry.

. Set up a program to generate Simpson’s rule

Jf dx =

b (I[ ) +£(b) +42fx7kl +22fx?k)

where N is an even number. Apply the method
to f(x) =™, withb =1, a=0. Compare results
with the trapezium rule above.

Chapter 17

1. Illustrate the substitution method in integration

by writing a program to integrate

X2 dx
VS +H4x—x2)
using the substitutions x =« +2, # =3 sin t.
Integrate directly and through the substitutions.

. Integrate the following, and compare your
answers with computer-integrated ones:

x dx
(@ J4xl+ ik
(c) J cos*x dx; (d) f\/(fc—cixl)’

(@) sin’x dx
cosx

. Computer-integrate the infinite integrals

IlO:f 0 dt, I“:J e de,
0 0

and confirm that I;,/I,,=11.

(b) J tan x dx;

. Computer-integrate the following infinite
integrals:

(@) J e*sinxdx; (b) J ln—lfdx;
0 %

(c) J X e dx,
1

5. Evaluate the integral
” 6
f(a) =J (In f) dx
. x
for a > 1. Find £(10), £(20), and f(es). The
results indicate that f(a) tends to a limit very
slowly as @ — 0. Find where
In x)¢
gl =10
X
has a maximum value, and plot the graph
y=g(x) for 1 < x < 100.

Chapter 18

1. Solve the differential equation x + x =0, for
the initial conditions (a) x(0) =0, (b) x(0) = 1,
(c) x(0) =2, and plot the solutions on the
same axes for 0 < ¢ < 2.

2. Solve the differential equations
(@) 2&+3k+x=0, (b) ¥+2%+2x=0,
() ¥+2x+x=0,
each for the six sets of initial conditions:

(i) x(0)=0, x(0)
(i) x(0)=0,x (0>
(iii) x(0) =0, x(0) :3,
(iv) (0)=0,x(0)=1;
V) £(0)=0, x(0) = 2:
(vi) x(0)=0, x(0)=3.
Plot all solutlons on the same axes for each
differential equation, for 0 < ¢ < S.

Chapter 19

1. Solve the differential equation 2 + 3% + x
= cos ¢ subject to %(0) =0, x(0) = 1. Plot the
solution for 0 < ¢ < 50.

2. Solve the differential equation % + x = cos ¢
subject to x(0) = 0, %(0) = 0. Plot the solution
for 0 < r=20.

Chapter 20

1. Solve the differential equation % + x = 0 subject
to the initial conditions x(0) = 1, %(0) = 0. Also
solve X + sin x = 0, by a built-in numerical
solution method for 0 < ¢ < 10 subject to the
same initial conditions. Plot both solutions for
0 < ¢=10. Comparison of the plotted solutions
will indicate by how much the period decreases
when the linear approximation is used. Rerun
the programs for different amplitudes x(0).

Chapter 21

1. Draw the phasor diagram of the sum of the

three phasors of

S103rodd zczevy
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u(t)=2cos 10¢, v(t) =cos(10¢— %n),
w(t) =3 cos(10¢ + 4m)

(see Example 21.6).

Chapter 22

1.

Draw the lineal-element diagram of dy/dx = xy,
produced by a standard package in the square
{0=x=<1,0=<y=1} (seeSection 22.1).
Compare this with the exact solutions (see
Section 22.1) drawn through the points (0, 0.2),
(0, 0.4), and (0, 0.6).

. Repeat the above process for the differential

equation dy/dx = x —y of Example 22.1.

Design a program for Euler’s method
(Section 22.2) for the initial-value problem

% =xy, y(0)=1

B

(see Example 22.4) with step length 5 =0.2 and
five steps. Run the program for the cases #»=0.1
and /» =0.01 and compare the results.

Plot numerical solutions for

ﬂ=3y—x
dx 3x-y

(Example 22.14 and Fig. 22.11) using built-in
routines. As with many equations of this type
it is often easier to solve the equivalent
simultaneous equations
dx dy

—=3x-1, =2,

.
dt dg 2%

numerically for various initial values of x(0)
and y(0).

Chapter 23

1.

By splitting the differential equation % +2x*=0
into the system

X=Y, y= =23,
and plotting four phase paths respectively
through the four points

(x(0), ¥(0)) = (0.3, 0), (0.6, 0), (0.9, 0), (1.2, 0)

over the interval —1.5 < x < 1.5, show that the
solutions appear to be periodic.

2. Plot phase paths for the van der Pol equation

$+10(x2—1)x+x=0

showing the limit cycle. Also show the
corresponding (¢, x) graph of the periodic
solution (the periodic solution has an initial
value close to x(0) =2, x(0) = 0).

Chapter 24

1.

Computer algebra systems are quite efficient
at finding Laplace transforms of complicated
expressions involving standard functions. Test
the system with the following transforms:

(@ L{t*e"};

(b) L{t*e*cost};

d?x }
() L{_dﬁ— ;

d) L)Y wh n=dl if0st=<c

(d) LiF®) where £t {O o=

(e Lielt;

(f) L{cosh at}.

Solve

x(0) =3,

using a Laplace-transform package, and
compare the answer with that of Example 24.12.

Plot the input e™ and the output against ¢ for
0st=<3.

x+2x=¢e",

Using a Laplace-transform package, solve the
system

X +2x+x=acos 0t, x(0) =0, x(0) =0.
Plot the input and output functions for a=1,
w=1,and 0 < ¢ < 30. Estimate the eventual
amplitude of the periodic output.

Find the functions whose Laplace transforms
are:

ot e
s(s+ 1) (s+2)(s+3)’ (SP+A)(s+1)°

(@)

Plot the functions in each case.

Consider the function f(¢) =In £. Show the
Laplace-transform package produces the
transform
l(7/ +1Ins),
s

where v is Euler’s constant given by
(N1

= lim ( =—=In mj

4 Z, .

Derive a program to calculate Euler’s constant.
It should give y=0.577215....

Chapter 25

1.

Find the Laplace transform of the solution of
it@x=adt—1), x(0)=x(0)=0,
which has impulse input applied at time ¢ = 1.

Invert the transform and plot the output for
w=4,a=1 (see Example 25.3).




2. Following the previous project, solve the more

complicated problem with two impulses:
2%+3x+2x=ad(t—T) cos t+ b §(¢t — 2m),
x(0) = %(0) =0.

Plot the output fora=b=1.

. Let f(¢) =%, g(t) = cos t. Find the convolution

f £t —)g(ue) du.

0

Then verify that

Lifin} Ligt)} = L{J f(t—u)g(u) du }

0

- A transfer function with a parameter a is given
by (Section 25.10)
427 =822 — 2z + 4

z)= .
G 62 — 62° — 2a%2% + 32% + 2a% — 24>
Find the locations of the poles of G(z). For what
values of 4 do all poles lie within the unit circle

(indicating transient stability)? Plot the poles on
an Argand diagram for a =2.

Chapter 26

1. Consider the period-2 sawtooth function

defined over its fundamental interval

—1 <t=<1by f(¢) =¢ Find its general
Fourier coefficient and output its first four
terms. Plot and compare the graphs of
this truncated series and the sawtooth for
-3 <t=<3.

- Repeat the previous problem but with the
function

1 0=e<),
’((t)‘{—1 (~1<t<0).

Plot the graphs of f(¢) and the first 12 terms of
its Fourier series. The graph should show the
Gibbs’ phenomenon, in which the Fourier series
approximation overshoots the function at
discontinuities. You can try it with (say) 20
terms or more, but you should include more
interpolating points in these cases.

- Find the Fourier coefficients of the 2nt-periodic
function defined by

flx) = x5 — Smx*t + 7mix?
on the interval -1t < x < 1. What is the sum of
the series

o (),

n&

Chapter 27

1. Find the Fourier transforms of the following
functions:
(a) the top-hat function I(z);
(b) the one-sided exponential e*H(t);
(c) el
(d) et
(e) 1/(1+1¢3).
Plot the graph of the transform in (e).

2. Find the functions whose Fourier transforms are

(@ e

(b) 1/(4+1%);
(©) 2;

(d) 2cos(f—a).

Chapter 28

1. Plot the saddle surface z= x> — y? in the cylinder

x*+y* =<1, using a three-dimensional
parametric plot routine with parameters r
and u where

(%,9,2)=(rcosu, rsinu, 72cosu).

Also draw a contour plot of the surface in
the (x, y) plane on the square -1 < x < 1,
-1sy=<1.

2. Plot the surface z = xy(x* — y?) in the cylinder
x%+y* < 1 using the same routine as in
Project 28.1 above, but with the parametric
equations

(x, 9, 2) = (r cos u, r sin u, 17 sin 4u).
How would you describe this saddle? Draw
its contour plot in the square —1 < x <1,
“lsy=<1.

3. For the function

flx, y) =€ sin(xy) + x In(x? + y7),

verify that
P _ ¥
dydx Oxdy’

4. Plot the surface given by z = cos xy over
~ < x < T, —37T < y < 17 Find the partial

derivatives at (37, 1) and construct the equation

of the tangent plane there. Finally plot the
surface and its tangent plane.
5. Find the stationary points of

flox, ) =0.3x3 + 0.2% — x>y — xy + 2y
numerically by solving

of _of

SO .

ox dy
Plot the contours on the (x, y) plane for
3=<x<3,-9<y<3.
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Find the values of the second derivatives at
each stationary point and check the second
derivative tests (28.9) at each point.

6. Find the least-squares straight line fit to the
points
0,1.1), (1,2), (2,2.9), (3,3.9),
(4,4.5), (5,5.1),
in the (x, y) plane. Plot the data and the least-
squares straight line fit. If you are using a

built-in routine, check your results against
that given by (28.10).

Chapter 29
1. Find the family of curves orthogonal to that of

dy _ .
dx—yC A

Plot both families of curves for |x| < 2, |y| < 2.

Chapter 30

1. Find where the function
flx, y) =2 = 2xy —x + 3y

is stationary subject to the condition x* + 2y?

=1. Devise a program which uses the Lagrange-

multiplier method (30.4): here is a suggested
line of approach. First plot the contours of
z=f(x, y) and the curve x*+ 2y* = 1. Locate
the approximate coordinates of any point of
tangency. Then use a built-in root-finding
scheme to locate the stationary values.

There should be four.
Chapter 31

1. Find the equation of the tangent plane to the
surface

Xy +zx + xy’z=-3
at (1,2, -1).

2. Show graphically the intersection of the
cylinder x> +y*=1and the planex +y+z=1
(Example 31.9).

3. Find the envelope of the family of curves

y(@*—1+ax)=x
with parameter a. Plot the envelope and a
sample of touching curves in =3 < x < 3.
Chapter 32

1. By repeated integration, evaluate the integral

1 1
J J (x +ye™+xy) dx dy,
-1J0

using a symbolic routine. Plot the surface

z=x+ye+xy
over 0 < x <1,-1=<y=<1.Interpret the
integral as the volume under the surface. Does
the integral contain ‘negative’ volumes under
the surface? Plot the positive part of the surface
over the same rectangle.

. Evaluate the repeated integral

a ((@~y)/a
J J' x%y dx dy.
0J —V(@*~y*)a
Plot the region of integration in the (x, y)
plane, and then check that the integral has the

same value with the order of the integration
reversed.

Chapter 33
1. Let

f(x, ¥, 2) =xyi+y2j + (2 y)xk.
Find fas a function of ¢ on the line x = ¢, y =t,
z=t. Evaluate the line integral

jf-dr

on this line between (0, 0, 0) and (1, 1, 1).

Repeat the process with the curve x = £,
y=1t, z=1t*, and the same end-points. Plot
both paths of integration.

Chapter 34
1. Plot the surfaces defined parametrically by the

following position vectors:

(@ r= (3+cosv) cosui+ (3+cosv)sinuj+
sinv k (see Section 34.3);

(b) 7= (1+asin(bu)) cosv i+ (1+asin(bu))
sinvj+uk, wherea=0.3and b=3.5
(see Section 34.3).

. Given that

flx,y,2) = e+ z cos(xy)j + (x> + )k,
find
(@) divf
(b) curlf;
(c) divcurl f;
(d) curl curl fat the point (1, 0, —1).

. Using symbolic computation test the validity of

the following identities:

(@) (F-grad)F=1grad(F-F)—F X curl F;

(b) div(FXG)=G-curl F—F-curl G;

(c) curl(FXG)=(G-grad)F— (F-grad)G -G
div F+ Fdiv G;

(d) div(U grad V-V grad U)=UV?*V - VVU;

(e) curl curl F=grad div F— V?F.




Chapter 35

1. A and B are the sets of integers defined by
A={2n+5-1)"neN 1< n=<100},
B={n’—n+1lneN,1<n<10}.

Produce lists of the elements in A U B and
A M B. How many elements do cach of these
sets have?

2. Let A, B, and C be the following sets:
A={nn—-1)|neN*,2<n=<100},
B={|n*-100n||neN*, 1 < n =< 160},
C={4n|lneN* 1< n=<2200}.

Verify the first distributive law
AN(BUC)=(ANB)U(ANC).

How many elements are there in the set

AN (BUA)

Chapter 36

1. Design programs to generate the truth tables
for the or gate, the AND gate, the NOT gate, the
NAND gate, and the NOR gate.

2. Design a program to simulate the truth table in
Example 36.3 which has the output
f=a*b®b®¢

for inputs a, b, and c.

Chapter 37

1. In the cutset method applied to the circuit in
Fig. 37.23, the currents 7, i,, 73, iy, i; and the
voltages v, v, v,, ; satisfy the nine equations

o

i —i3+14,=0,
—iy+is—iz+i,=0,

iv—iy+i,=0,

—Q+Q+A=O
=(y,—v,)/R,,
ihL=(v,—v,)/R,,

= (v, —v,)/R;,

iy= (v, —y)/R,,

is=yy/Rs,
whereiy=2A,iy=2A,and R, = 1Q0,R,=3Q,
R;=1Q,R,=2Q, R;=2Q. Solve this set of

linear equations for the currents and voltages.

2. Draw the labelled drawings of the bipartite
graphs K, and K ;. Answer the following for
each graph by the built-in diagnostic test.

(a) How many edges has each graph?

(b) Is the graph eulerian? If it is, list an eulerian
walk.

(c) Isit hamiltonian? If it is, list a hamiltonian
cycle.

3. Check the complete graphs K,, 2 < n < 7, and
the bipartite graphs K, 2 < i < 5 ISj<6)
for planarity, using a built-in diagnostic test.

Chapter 38

1. Rework Example 38.2 using a symbolic package
for solving difference equations. Solve the
mortgage difference equation

Q,—(1+10, 1 =-A,
with I=0.08 and Q,=P =50 000 (in £). Given
that Q,;=0, find A. List the outstanding debt
Q,, each year m to the nearest £. Plot (a) the
outstanding debt against years and (b) the
annual interest repayments A — IQ,, against
years.

2. Solve the following homogeneous difference
equations:
@) 1y = thyy — 120, =0;
(0) vy + 204, +2u,=0;
(c) Upy + 4,0 + 4u, =05
(d) Upss +3un+2 + 3un+1 + u,= 03 Uuy= 09 u = 1a
u,=—1.

3. Solve the following inhomogeneous difference

equations:
(@) sy =ty — 120, =2+ n+n%
(b) Uy = Uy +4u, =27

(©) thyys+3ttyy + 3ty + 11, =12, 1y =0, 1, =1,
u,=-1.

4. Devise a program to generate cobweb plots
for the first-order difference equation

Uy =—ku,+k
for (a) k=1, (b) k=3, (c) k=1, with initial

value #, =2 in each case (see Example 38.3).

5. Display cobweb plots for the logistic difference
equation
Uy = Ot (1= 11,)
for selected values of . Some suggested values
are:
(a) a=2.8to show a stable fixed point;
(b) o= 3.4: find the period-2 solution;
(¢) a=3.5: find the period-4 solution;
(d) a=3.7: chaotic output;
(e) a=3.83:should be able to locate a stable
period-3 solution.

6. Design a program to generate the period-
doubling display shown in Fig. 38.11 for the
logistic equation u,,, = o, (1 — u,) for a
increasing from a=2.8 to a=4.

Chapter 39

1. (See Example 39.8.) A box contains 40 balls of
which 7 are red, 12 are white, and 21 are black.
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In each of the cases n=2, 3,4, 5, 6,7, nballs
are drawn at random from the box without
replacement. What is the total number of n-ball
selections which can be made? What is the
probability that there are n (=2, 3,4, 5,6,7)
balls of the same colour? Show the probabilities
graphically in a bar chart.

Chapter 40

1.

List the probabilities of the binomial
distribution for # =12 and p =0.7. Check that
their sum is 1. Plot this discrete distribution as
a bar chart.

Plot graphs of the probability density function
(pdf) and the cumulative distribution function
(cdf) for the standardized normal distribution
N(O, 1).

Model a sequence of n Bernoulli trials with
success/failure equally likely, in which the
number of successes is recorded. You could try
n =50 run 500 times and count the number of
successes i fori=0, 1,2, ..., n. This should
approximate to the binomial distribution
LC.p'q"™". Plot this distribution and compare

it with the simulation.

Chapter 41

1. Devise a program to draw comparative
box plots for the examination data given
in Problem 41.2.

2. Produce a histogram and frequency polygon

for the pipe length data given in the table
accompanying Problem 41.4.

3. Some randomized points (x;, y;) are generated

by the Mathematica command

Table[{x+0.2*Random[],x+2+
1.2*Random[]},{x,0,6,0.5}].

Find the regression lines of y on x, and of
x on v, for the data. Plot the data and both
regression lines. Also find the mass centre of
the data, and add this point to the graph.
Where does the mass centre lie in relation
to the regression lines?

4. Two dice are rolled and the average scores
recorded. Compute the probabilities of the
possible average scores, and plot them in a bar
chart. Repeat the program for four and six dice.
Plot bar charts in each case to illustrate the
development normal distribution predicted by
the central limit theorem.




Self-tests: Selected answers

Chapter 1

11 ) < x =3

1.2 AB=BC=126, AC="52; ABC is a right angle.
1.3 Thecircles intersect at the points (0, 1) and (2, —1).

1.4 The graph is

_{t lt=<1
0 |t=>1.
15 cos;%n:’—ﬁzﬁ, sin f—zn=%2—l-.

1.6 sin(2arctan x) = 2x/(1 + x2).
1.7 r=1+cos 0, which is a cardioid.
1.8 y=1/(1-x%™).

1.9 Time T = (In 10)/k.

(Z b
1.11 (b) f<x)_(g—b)2(x““d) = (a—b)(x—b)?

a

(@—b)(x—b)’

1.12 Sum to infinity is

.
(1—x)

1-x
1.13 (a) 50405 (b) 9990.

1.14 2[1+,,C0% +,,Cox* + - +,,.C,, x27].

Chapter 2

2.1 Tangent: y=—2x+2; normal: y =—4x + 2
313
Sy

intersection point (£, 2

2.2 ay =47,
dr

23 4y =70(x® + x°).
dx

24 (a)2; (b)2; (c)3.
2.5 d(cosh x)/dx = sinh x: d(sinh x)/dx = cosh x.
26 20V,

Chapter 3
3.1 dy/dx = e*(sin x + cos x).

5 dy 1+x-2¢'Inx
dx x(1 + %2

3.3 dy/dx = 1728e'2*(1 + 12¢'%)12,

3.

3.4 dy/dx=ka*In a.
3.5 dy/dx =2xe* cos(e”).

3.6 dy/dx=3x3cos x[(2+In x) — 4x sin x In x].

3.7 dy/dx = (x— 3)/[3x(1 +29)]. At (1, 1), dy/dx =2,
3.8 dy/dx=2/(1 - tanh®x).

3.9 dy/dx =—(bla)cot t. Tangents with slope (~1)
occur at (a%, b)N(a? + b?) and (~a%, —b)N(a? + b?).

Chapter 4

4.1 (a) f'(x) = e*[cos(x?) — 2x sin(x?)];
(b) f(x*) = e*’[cos(x*) — 2x* sin(x¥)];
(c) df(x?)/dx) = 2xe*"[cos(x*) — 2x2 sin(x¥)].

4.2 x=11s amaximum, and x =2 is a minimum.

4.3 x=0is a minimum, and x = 1 is a point of
inflection (using a slope test).

4.4 The area change is 8A = 8mrdr = 5.027: the exact
change is 5.152.

4.5 Solution is x = 0.7686 to four decimal places,
requiring three steps.

Chapter 5
5.1 1+ 20+ 2%+ 303 + 2xt + o5,
5.2 Required accuracy needs terms as far as x°.

Sl Lo 3
5.3 1—3-—sx’+a>

x> oo xt S xZn
54 1-%+4+2 24 . =§(—1) o
5.5 —2.
Chapter 6

6.1 (a)4+3i; (b)i; (c)2i.

62 z=1+tiz=1-—1,22=21 2°=-21,2:=7 + )},
22212 z2—)
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6.3 z=2(cos Z+isinL), z=2(cosZ+isinE),
2z=4(cos L +i sin L), 22 = 2V7(cos O+ sin 6),
where cos 8=2/A7, sin 6=—(3/7).

6.4 2'9=32i.
6.5 cos 40=8 cos*0— 8§ cos’0+ 1.
6.6 z=2nmi, z=1n(2 £V3) + 2nmi, (n=0,%1,%2, ... ).

6.7 S(0) = cos(cos 0) cosh(sin 6).

Chapter 7

7.1 In full the matrix is
-1 1 1
-2 4 =8].
-3 9 =27
4

7.2 AB:“) 2:" BA=|-1 -2 .
1 S

7.3 2A + 3B, A%, AB+ BA are symmetric: AB and BA
are not symmetric.

7.4 A*=abcdl,, so that A = A’/(abcd).

Chapter 8
81 det A=2(k—-1%k=1.
8.2D,=(x—a)"\(x+ na).
8.3 The adjoint and inverse are given by
-3 —k-2 -2k+2
adia=p 4 ol 6
-1 k+1 -2k-1

L3 k2 22
A']:—k— 4 -1 -6
oA e

The matrix is singular if £ =—2. The product A adj(A)
will always be zero for a singular matrix.

Chapter 9

9.1 AD = (29, 35); direction is 0.878... rads to x
direction.

9.3 Relative speed = 86.02 Im/hr; direction is 35.5° E
of S.

9.4 Planeisx—1=A-2u,y+1=2A,2—2=3A+ 4.

9.5 The point of intersection is (—1, =2p/(1 —p),
(1+p)/(1—p)); the locus is the straight line x =0,
y+z=1.

9.6 ¥=—@’r.

Chapter 10

10.4 (b) —45°.

10.5 (b) (1N2,1~2,0).
10.6 Angle is arccos (—3).

10.7 (b) Perpendicular distance are 1/14, 414,

10.8 (b) Line is =

Chapter 11
1.1 [c|=v26.

11.4 (a)—7i+6j+Ek.

Chapter 12

12.1 Solutionis x; =2, x,=-2, x;=-3.

-2 1 -5 )
5 2 9 4

i .
e ’ 3 13 6
-8 -3 -15 -7
123
(a) If a #-3/2, the system has the unique solution
x=(a+b)/(3+2a),
y= (=3 +2b)/(3 £24),
z=(a+b)/(3+2a).

(b) If a=-3/2 and b #3/2, the system has no
solutions.

(¢) Ifa=-3/2and b =3/2, then the system has the set
of solutions x =24, y=—1+24,z= .

Chapter 13

13.1 Eigenvalues: =1, 1—2, 1 +2.
Eigenvectors (—1,2, 2)T, (-1 + (1A2), 1N2,1)T,
—1-(1A2), =12, 1)7.

13.2 k#=l.

13.3 Eigenvalues are —2, 1, 3. The corresponding
eigenvectors are

2,52y, O -1 1)L @12

A possible matrix C is given by

2 2 3
c={ 1 -1 1}
2. 1.0

1!
1!

1

1€
1€

1€




13.4
o e
Ars Lion ol 105 10
Ui 2ol b5 o
L[5 6 10
el
Blis ¢ s

13.5 The eigenvalues are -8, 3, 5, and the
eigenvectors are (—1,-3, )T, (=3, 2, 3)", (1,0, 1)T.

Chapter 14

141 x=2-2cos 3¢ +4t1.

14.2 (a)1e* —cos 2x+ C; (b) =3x7' + C;
(c)4In|x|+C.

14.3 (a) —3¢™; (b) cos x esin,

14.4 Signed area=e — ¢! — 2; geometrical area
Screl 7

Chapter 15

15.1 Approximate area =1%; exact area = L
15.2 (a) 3(b* = a); (b) (¥’ —e*)/x.

15.3 —sin'®x + C.

15.4 rms[f(t)] =a/N2.

15.5

=

15.6 1/(1+b?).

15.7 sinh®x cosh?x is an odd function; cos’ is odd
about ¢ =1m.

15.8 I(x) =2xe™ cos(x?) —e* cos x.

Chapter 16

16.1 Volume =Zr.

16.2 Area=1r.

16.3 §=2[0yV(1—y)dy/f',(1 - x2) d.

Chapter 17

17.1 Jx— L sin(6x +8) + C.

17.2 —1cos(x?) + C.

17.3 [ =—1cos*x+C, I, = —Lcos*(3x+2) +C.
17.4 I,=1n2,,=1(In 2).

17.5 (a)4—21n 3; (b) m.

17.6 3(x+3) " +1In|x+ 1| +2In|x +3|+C.

#n+1
1y = (lnx—

n+1 n+

178 =X [2=2(0t+ 1) In x+ (ot + 1)X(In x)7).
(a+1)

Chapter 18

18.1 x=cl®2,
18.2 (a) x=Ac’+ Be*; (b) x = (A + Bt)e'.

18.3 x =e* (A cos 3¢+ B sin 3z).

Chapter 19

19.1 (a) x=2e? (b) x =2 cos 2t —Lsin 5t;
5 5 5

()x=r+£2-%

10
=5

19.2 The complex solution is x = — /(2 + i).
(a)x— e"(—% cost— } sin t);
(b) x = e”(% cos t— % sin ).

19.3 A particular solution is x = —1¢ ™.
19.4 x=3(-e'+e¥) —dre,

19.5 x= —%(cos t—sin t)e ot + C g0,

Chapter 20
20.1 x(t) =2 cos(3t+ éﬂ:).

20.2 The amplitude of the superimposed waves is
C cos 3(¢, — ¢,). Cancellation occurs if O —¢,=m.

20.3 x=(A+Bt)e®.

20.4 The resonant phase occurs at the polar angle
given by (2k2, —2kN(w3 — 2k%).

20.5 Nodes occur at z=[(2n+ 1) + (¢, — ¢,)]/2k.

Chapter 21
211 X=2em,
21.2 X =-0.1319 - 0.00141i.

21.3 p(t) =V(14 + 4V2) cos(5t + @) where ¢ is the
polar angle of (2V2, 2 +2).

Chapter 22

22.1 The isoclines are given by the hyperbolas
x* — y*= constant.

22.2 General solution is x*(x*— 2y%) = constant.

1 l)’ (n#—1);1(In x)%, (n=-1).
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22.3 General solution is x*y + xy* + sin xy = constant.

22.4 General solution is xy* = C(y — x)*, where Cis a
constant.

Chapter 23

23.1 The origin is the only equilibrium point. The
equation of the phase paths is y> =1x*+ C, where C is
a constant.

23.2 For ¢ <0, the origin is a saddle; for 0 < ¢ <1,
the origin is a stable node; and for ¢ >  the originis a
spiral.

23.3 Equilibrium points are at (0, 0), (1, 1), (-1,-1),
(1,-1), (-1, 1). Solutions are x =+1, y =£1.

23.4 The origin is a centre, the points (1, 1), (-1,-1),
(1,-1), (-1, 1) are all saddle points.

23.5 Since 7> 0 for r # 1, the limit cycle is stable.

Chapter 24

24.1 (a) 2/(s+4).

24.2 (b) 2(1 —e2e™)/(2s +1).
24.3 L{fe*} =6/(s+ k)"
245 (s2—2s—6)X(s)—2s—3.
24.6 x(t) =—e*+2e*.

24.8 L{(e*—1)/t} =In[s/(s +1)].

Chapter 25
25.1 i(t) = (K/L) cos(tNLC).

25.2 x(t) =—e'+2e*.

Chapter 26

26.1 The Fourier coefficients are a,= 87%3, a, = 4/n?,
b,=—4n/n, (n=1,2,...).

26.2 3w

26.3 Sine series is z S—n sin 2nt.
i dn? 1)

Chapter 27

27.1 2/(1+4m2f?).

Chapter 28

28.1 (a) df/dx =-2y cos(xy) sin(xy),

9f19dy =—2x cos(xy) sin(xy);

(b) 9f/dx=-2x sin(x>—y*), 0f/dy =2y sin(x* — y?);
(¢) 9f/9x= (xy)*[1+In(xy)], If/dy = ¥*(xy)™";

28.3 Tangent planes are given by txty—z=2.
The tangent planes intersect the x, y plane in
a square.

28.4 For maximum volume a = 2N[A/(3V3)].

623 ny,—(N+1)3y,]

28.5 a= 5
N(N2-1)
,_ 23Ty, + N+ 1Ty,
N(N-1) .

where all summations are from 1 to N.

28.6 K(o) =3m/(1607°).

Chapter 29

29.1 At (3,4), 82 =28x +18y. The approximate
change is —0.02.

29.2 Percentage increase in volume is
approximately 9%.

29.3 In terms of x, the rate can be expressed as

s =\2(x — 2)e 2
ds

for0s<x=<1.

29.4 dy/dx =—(x+vy)/(x + 4y). The maximum occurs
at (-2/N3, 2/7/3) and the minimum at 2/N3, -2/4/3).

29.5 The direction of the normal is
G +1V13,2 +23413).

29.6 dfids=215.

Chapter 30

30.1 dz/dt =-3 sin #(sin’ — 3 cos’t). Stationary at
t=0,1m, 3%, W, 47, in.

30.2 Stationary points are at (1, 1), (-1, -1), (1,-1),
(—13 1)

30.3 The families curves are confocal ellipses and
hyperbolas.

Chapter 31

31.1 Maximum error = 0.261 units for an
area A = 1.5 units.




31.3 The pointis (3,3,1).
31.4 The tangent plane is 5x + 2y + 3z = 10.
31.5 The directional derivative (-2, -2, 1).

31.6 Restricted stationary values occur at (1, 1, 2),
(_1’ _1s _2)’ (17 _21 _1)’ ('—23 15 _1>

31.7 The envelope is the parabola y? = x +1.

Chapter 32
321 [=]=28.

322 [=im.

32.3 Volume =152/3.
324 [=¢l.

32.5 The moment of inertia is +M(a? + b?), where M
is the mass of the plate.

32.6 The volumeis V=1m.

32.7 Both areas=1;.

Chapter 33
33.2 9/10.

Chapter 34

34.1 The field lines are ellipses being the intersection
of circular cylinders and inclined planes.

34.3 Surface area is é(S\/S —1).

34.4 Volume =$Ab; volume of tetrahedron = +a’
volume of octahedron = gla3\/2.

345 curl F= (x — 2yz)i — yzj — xk;
curl G= 2y — 1)i — 2xj — k.

Chapter 35
35.1 (a) S,={1,2,3,4,5,6,7,8};

(b) Sl= %a %a%s%a%a 13%}
352 AUB={x|xeRand-1sx<2,x=3x=4};
ANB={1,2}.

35.3 (a) Same as Fig. 35.9b; (b) same as Fig. 35.9d;
(c) elements which are not only in A or B or C.

Chapter 36

36.1 The outputis a * b which has the truth table:
a b a*b

0 0 1

0 1 1

0 0 1

1 1 0

36.2 f=(a*b) D c. The truth table is

Q
o
Th

[ - U S G o B > B )
e e =) el e )
RO RO OO O
O O = O = O = O

36.3 f=(a*b)® (a* b) D (a* b): this problem and
Self-test 36.1 have the same truth table.

Chapter 37

371 (a) {1,2,2,2,3};(b) {2,2,3,3};(c) {1,1,1,2,
3}5(d) {3,3,3,3,3,3}; () {4,4,4,4,4}.

37.2 21 are connected of which three are regular with
degrees 0, 2 and 4.

37.3 (b)(ii) A spanning tree could be the graph with
edges {ba, bf, bg, be, ge, cd}.

37.4 ad(b+c)+eb(g+f).

37.5 By Euler’s theorem: (a) the dodecahedron has
20 vertices; (b) the icosahedron has 30 edges.

Chapter 38

38.1 At6.5% the repayment is £8198.15; at 7% the
repayment is £8526.64.

38.2 The fixed pointis (V3 — 1), 1(¥3 = 1)). The
iteration gives #, = 0.460, u, = 0.288, u, = 0.417,
#;=0.326 to 3 decimal places, which indicates
stability.

38.3 u,=(A+Bn+in?)2".
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SELF-TESTS: SELECTED ANSWERS

Chapter 39

39.1 P(A,) = (i) P(A) =3; (ii) P(4;) = 15

39.2 P(A U BU C) =P(A) + P(B) + P(C) — P(B N C)
~P(CNA)-P(ANB)+P(AN BN C).

39.3 The probability of six red cards is 0.0113.
39.4 Component is faulty with probability 0.942.
39.5 (a) 0.000125; (b) 0.1354; (c) 0.1426; (d) 0.1425.

39.6 £, the same as the probability for the second
drawn component.

Chapter 40

40.1 The probability that the sum 7 occurs at throw i
isp;=¢@, (i=1,2, ...).

40.2 The probability p; that i individuals are
over-height is given by

1By 7\
e — C.’ '=O,1,2,...,8.
b (zo) (20) L )

40.3 Expected value is 2.8, and the variance is 1.82.

40.5 With 7 =20, A =2 the distributions are
compared in the following table:

i 0 1 2 3 4 ) 6

Binomial 0.122 0.270 0.285 0.190 0.90 0.032 0.009
0.135 0.271 0.271 0.180 0.090 0.036 0.012

Poisson

40.6 y=a/(af+ 1); the probabilities are (a) ¥ty

(b) o {ﬁ_’_ l e—a(to—ﬁ)]_

ofi+1 o

Chapter 41

41.1 The medians and quartiles are as follows:

1st quartile median 3rd quartile mean

Paper1 41.5 47 56 47.7
Paper2 47.5 58 63.5 54.9
Paper3 43.5 50 59.5 525
Paper4 45 49 65 54.3

41.2 m, = 1966; m, = 2034. m, — m, behaves like n
asn — oo,




Answers to selected problems

Full solutions of these end-of-chapter problems can be found at the website:

www.oxfordtxtbooks.co.uk/orc/jordan_smith4e

Chapter 1

12 (a)y=-2x+3; (b)y=1; (c) y=3x— 1.
Intersections are A : (2,1), B: 4,3, C: (1, 1).

AB=4\13, AC=1, BC=I5.

3 (b) Slope = 1. Intersection with axes at (2, 0),
(Os _%)

1.4 (b) (y+2)/(x+1)=-2,s0 y=—2x—4.
(d) (y=2)/(x—1)=3,s0 y=3x—1.

7 (b) Centre (1, 0), radius 2.
(d) Centre (3,-1), radius %\/11.

1.9 (b) x =—3 + V14, y = L + 114,
1.14 (b) 1. (d)—1A~2. (f) —V3/2.

1.16 (b) cos x; (d) —cos x.

117 (b) 2 cos L(x + y)sin +(x — ¥).

1.18 In the following, 7 represents any integer:

(b) Im + nw; (d) L+ 1n (f)2n.

1.19 (b) amp. = 1.5; ang. freq. =0.2; period = 31.41;
phase =—0.48.

1.20 (b)ix — 3; (d) arcsin%x, 0=sx<2.
(f) arccos(arcsin x), 0 < x < sin 1.
(h) %+ (1+4x)?, x> -1

1.22 (b)fe%: (d)2Ind, or—LIn3; (f)2; (h) V2,
() Hint: write sinh 2x = ——(ez“ — e *)and obtain a
quadratic equation for e*. x = L In(4 + V17).

1.26 Hint: x =tanhy= (¢’ —e7)/(e” + ¢). Form an
equation for e” and solve it.

1.28 5 cos(wt—0.927).
1.29 C=2,x=1.386,f(2) =1/8.

1.30 Tidal period = 12.57 h. It floats for 9.20 h.
Hint: it floats when sin 0.5¢ = —0.666. Sketch
y=sin 0.5¢ and y = 0.666 and find the intersections.

1.33 The vertex is (—4, 7).

1.36 (b) 2/(x+2) — 1/(x +1).
(d) 1/2% = 1/(x+1) + 1/2(x +2).

(£) 1/4x — 1/4(x +2) — 1/2(x + 2)2.

(h) 1/2(x — 3) + 1/2(x + 1).

1.37 (b) 1/[2(x — )] + 1/[2(x*+ 1)] — x/[2(2 + 1)].
1.38 (b) x—3—1/(x+ 1)+ 8/(x +2).

1.39 (b) 1+1/2+1/5+1/10+1/17.

6
140 (b) D (1) = (3 + (1) + -+ (b
n=2
= (%)2[1 + % ey (&)4].
Now (1.31) gives the sum in the brackets. Finally we

obtain 121/729.
(e) —341/1024.

1.44 (c) 1/99; (e) 30/11.
1.45 (b) 10/9; (d) 2/3.
1.47 b)()mev
c) 256; (d) 20; () 59.
a)72; (b) 360.
b) 24; (d) 164.
1.54 (a) 2880; (b) 720.
a) 120; (b) 720; (c) 220; (d) 1000.

(
1.49 (
1.50 (
1.51 (

(a)
1.55 (

Chapter 2

2.1 (b)0.5; (e)2; (g) 1.
2.2 (¢)6; (e) =L (g)—4.
2.3 (c)—1/x% (f) 4x.
24 (c)-8.

5 (c) 32,-32.

8 (c) dE/AT =4k T>.
9 (b) 7x*—18x° + 1.

)
<)
)
)

2.11 Use the formula for tan(A — B) in Appendix B(b).

2142 (b)3; (d) 1; (g)2; (i) ©/180=0.0175.
2.15 (a) 2 cos x + 3 sin x.

2.16 (b) y=24x-39; (d) y=e'x.

217 (b)6x—2,6,0.

2.20 y=(—x +xo+ 2a%x})/ (2ax,).




ANSWERS TO SELECTED PROBLEMS

Chapter 3

3.1 (b) xcos x+sinx; (f) 2xInx+x.

2 (b) 1/(1+x)% (f) (x> — 2x sin x cos x)/x* cos’x.
(m) nx"L.
dg df @ & df dg
P o fd 2

3 2

(OGS e o Es s

+ :
dx dx? dx dx dx? dax?

3.3 (d)

3.4 (b) —2 cos x sin x; (e) 2 sin x/cos’x;
(j) 12x%(x* + 1)3; (n) =3 3.

3

35 (f)4x7% (i) —3x 7%
3.6 (f)e(cost—sint); (k)2 sin x(cos x —sin x)/x>
3.9 (c) (=2x sin x¥/cos x2. The original function only
has a meaning when cos x> > 0.

3.10 (b) ef(cost+tcost—tsint).

3.11 (b) dy/dx= —y%/x%. This can be written in other
ways; for example, put y% =1 — x from the equation
of the curve.
345 (b) 5.

3.16 (b) dy/dx=%x/[2V(1 = (x/2))].

Chapter 4

4.1 (b) 2t% (c) 4.

4.2 (c) x=¢" (min); (g) x=0 (min);

(i) x =—=1/3 (min), x = 1/¥3 (max);

(t) Points of inflection at x = #T; maxima at

x = (2n + )T minima at (2n — T

4.5 If base = x and rectangle height =y, then

A =xy + $7x? (constant), and P = (1 + IT0x + 2y.
Substitute for y from the formula for A to express P

in terms of x only. The minimum of P is reached
when x = 2A/(1 + 1.

410 (b) 8y =—0.2 (exact value —0.227...).

(d) 8y =—0.4 (exact value —0.5).

441 (a) v ~—0.11; (d) 8A =—0.08.

Chapter 5

51 (b) (1 + x)% =1+ $x — +x? + £-x° For 2 decimal
places, we need |7¢x*| < 0.005, or —0.43 < x < 0.43.
(d) To four terms,

sin 2x = 2x — 1.333x3 + 0.267x° — 0.025x7,

where (for this context) the coefficients are rounded
to 3 decimal places. For two-decimal accuracy, we
need —0.79 < x < 0.79.

5.3 (b) The terms in the expansion of sin x are of size
|x|2Y(2n—1)! with n=1,2,... . We need to choose n
so that this is less than 0.000 05 when x =£2. The first
value within the limits is #=7. The polynomial is
x—;x +5,x ——x+ x——ﬁx +1—3,x

54 (b) ST —Xx.

2<x<2.

,valid for all x.

55 (b) L+ 3x +gx?+ -,
() 1—tx+Lx?—...

56 (b) 1+ 3x — 3x%
5.7 (b) tan x = (x — 2x* + ox%)(1 — 2% + 5x*)!
=x+3ix’ + 25
5.8 (d) In(1+x+x%) =In[x*(1 + 1/x + 1/x%)]
=2Inx+In(1+1/x + 1/x%).
Then treat 1/x + 1/x* as the small variable.

5.11 (b) Suppose that the first nonzero derivative is
the N th : f™M(c) #0. C0n31der whether N is even or
odd, and whether £

lS pOSlthC or neganve.

Chapter 6
6.1 (b)3+i.
3 (b)3—Si; (d)9+3i; () 1+6i.
86 (d) = i
8 (a) 4i; () — t i
7 (a)1-1; (¢) -2
8 (b) 16.233—0.167i; (d) 88.669.
9 (b) |z,|=8; Argz,=—1m. (d)]z,|=3; Argz,=T.

6.10 (b) y=2; (d) the parabola, y*>=4x;
() y=x (x=0).

6.11 (a) V2t (d) 147 (g) e2€; (j) V2™
6.16 (a) 2nmi (n=0,%1,%2, ...); () 2n+1)mi
6.18 (a) cos(In2) +isin(In 2).

6.23 (a) x> —y>+ 2xyi.
(d) cos x cosh y —i sin x sinh y.

6.28 2+1,2—1i,—1—1,—1+1.
6.29 (b) 2% cos(2 sin ).

Chapter 7

72 x=—-2,y=1.

10 5
7.6 =
B [ 20 10]'




- 6 e
77 A+ =[-8 11 2
=6 -6 7

711 A7

716 x=—-17,y=-2,z=8.

Chapter 8

8.1 () 1; (e)—1.

8.4 (b) 1728; (d)—8132.

86 (b—c)(c—a)a—b)a+b+c).

814 x=a,b,c,—a-b—c.

7 1 -5
8.16 det(AB)=-36,A"'=1/-2 0 2|.
11 1

Chapter 9
9.1 (a) PO=(5,-3), OP= (=S, 3).
9.2 (f) Length=35, 6 =126.9°.

03 (b [3%}
2 2

9.4 BE=(0,—4); BE = 4; bearing south.

9.5 (c) V6.

7 (b)2a=(6,4,6),3b=3,3,6),2a-3b=(3,1,0).

9.10 (a) (3,3,—6). (b) (X+2)2+(Y—-1)2+(Z+3)*=1.

9.16 Speed 10V2; direction towards north east. (Hint:

use v, = v, — v, in components, with vy = (u, v).)
9.22 (b)$a+ 1b; (c)2a—1b.

9.23 (a) (a+Ab)/(1—A). (b) (a— Ab)/(1+ ).
(c) The point is on the extension of AB in the
direction of AB.

9.26 (a)y+z=1. (b)3x—2y—2=0.

9.27 2.

9.28 (a) £(3/V34,4/34,3v34). (b) £(2,2,%).

9.29 (a) —37+2j + 4k. Length \29.

9.36 = l[i + —b—J (Hint: draw a diagram
2al b involving 4 and b.)

9.37 The minimum separation occurs when
t=123s.

Chapter 10
10.1 (a) 10. (e) zero.

10.3 If your diagram is a parallelogram ABCD,

the theorem obtained is AC?+ BD?>=2(AB? + AD?).
If you use the triangle rule the result gives the median
of a triangle in terms of the sides.

10.5 (a) 6. (b)-S5.

10.6 (a) 35.3°.

10.8 54.7°.

10.9 33x2+ 1392 — 9522 + 48xy — 144yz + 962x = 0.
10.10 32.5°,78.9°, 68.6°.

1012 F= —Ba+ Xp + Zc.

1016 o=-%, =1, 7y=2

1017 x=0,y=0,z=1.

) 1Y
10.18 (a) (2¥2,0). (b) (X_Tz') +(Y+Ej =1

10.19 (c) (L, m,n) = (3, -3, —3).

10.21 (a) (3, &, 3).

10.26 (a) 19.1°.

10.30 (a) Pis—y+z=4,Pis2x—2y+z=S5.
(b) 45°. (c) 2N2. (d) and

(e). The line L is given by = A(1, 4, —4). Show that
intersection with P, and P, occurs when A=—1.

10.34 Begin by finding any two points on the line of
intersection. (The resulting form is not unique.)

Chapter 11
111 (a) (4,7,5). (d)=9. (h) (=24, 3, 15).

11.9 Hint: the determinant is equal to a+ (b X ¢),
where QA = 4, etc.

112 X=—1Y=-27=_3
113 () A=p=—3,v=—2.L,meets L,
at (~1,0,—D and L, at (2, -3, -1,

2

115 (a) (B, %, -4, (b) (4,2, -1 (4.
(Note: the unit vector in the direction of # — 2j — 2k
is 3(7— 27— 2k).)

11.16 (a)—6. (b)6. () 0. (d) 0. (e) —2V3.

Chapter 12

124 (c)x =1, %=1, x,=-5.
()i =2,2%,——1,50.=2 x,=2.
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ANSWERS TO SELECTED PROBLEMS

12.7 x, =40, x, =88, x;=—68, x,=—59.

5 0 5

129 (b)5|-6 10 1
7 53

L0 0 00
1 1 0 00
e}f 0 1.1 0 0
0.0 1 1.0

0 0 0 1 1

12.12 The shadow on the z plane has vertices at the

points (-1, 0, 0), (1, -2, 0), (1,0,0).
12.16 Non-trivial solutions if k=1, -1, 4.
12.18 Non-trivial solutions if k=—6,-1, 3, 4.

12.22 x,=1.398, x,=1.090, x, =—0.2844,
x,=—0.3697.

Chapter 13

13.1 (b) Eigenvalues 4, 9. Eigenvectors {—;:l, [

(e) Eigenvalues 3 — 42,3 + 42, Eigenvectors

ool iap
7 1

13.4 (c) Eigenvalues (-2, 2, 3). Eigenvectors

0 1 0
=1l 0L 2]
2 0 1

13.7 a=—2and a= -2

13.12 The matrix C is given by

7 1
c—t-1 -1 [
1 0 )

n—o0

11 1
1316 limA"=1|1 1 1|.
101

13.22 Eigenvalues are 0,4, 4, 12.
13.26 A¥=1,, A=A, A2 =A%

Chapter 14

144 (a) 1 + G 3’ + G 3x* + G 3x° + G
3x2+C;3x+C; C.
Be b et 0

1

e +C2e " +C —3e ™ +C.

1.
i

|

K x+Inx+C ((x+1)/x=1+x7");
2x = 2x* + Gy In|x| = 2x7' — 3x2 + C.

142 (b) ‘
L - %) +C-28 -3 + G 1 -x)° +C.

14.3 (b) -In|1 — x|+ C; -+ In|4 — 5x| + C.
14.4 (c) 3x + +sin2x + 5 sin4x + C.
145 x*e*—2xe*+2e*+C.

146 (2)2 (h)—In2.

14.7 ()4—x*=0if-1 <x<2,and
4— x> <0if 2 < x < 3. The geometrical area is

|F(x) |2, + | E(x)[3,
where F(x) = 4x — 3x°.

14.8 (a) At+B; (b) +> + At + B.

Chapter 15

o 1
15.1 (b) slig}) 2 x° Ox =J x>dx = [%xé]l_1 — 0
: x=-1 =

15.2 (b) J(x+1);dx:§(x+1)§ L C

153 (c) J dx = [x3 =2 )22t -1,

0

-
15.6 (c) 2/m; (h) J l-efdt=T+e” -1
0

1
?(T+e’7—l):1+T“‘e’T-T“-—)l

as T —> oo,

15.7 The integrands are (a) even; (b) odd; (c) odd;

(d) odd.
15.9 (b) The exact result is Vrt/2.

15.10 (e) 3(x + 1) sin (x + 1) — }Z—x% sin x.

15.41 (b) x < —1:% (constant); -1 < x <1:5x%

x=1: % (constant)

15.14 6.

1€

1€

16

16



Chapter 16
16.1 5.3x1073.

4
16.2 f (20 — 10¢) dz = =20, x(4) =—17.
2

16.3 (b)1m; (g) 7.

16.5 (a)2mab?.

2 2
16.6 1/=J' Tl:xzdyzj (2y)* dy = 287/3.
1 |

L

16.7 Put x=0at A; moment =J mxdx = ml*.
0

16.8 1.18.
16.9 0.015g.

16.12 A sketch showsthatx(x—1) = —xif 0 < x < 2.

Therefore the area is

x=2 2
lim 3" [x(x — 1) = (~x)]8x = J wrdx =%,
0

dx—0
7 =0

16.13 2.
16.14 (b) 7.

16.15 In a plane perpendicular to the end, y is
downward and x is horizontal; the origin is at the
top. Area elements are horizontal strips of width &y
in the end face. Force = 3pgLH2. Moment =1pgLH’.

16.16 Distance of centre of mass from vertex is2H.
16.17 {>02°b(0 = mass per unit area).

16.18 (a) +0BH’; (b) £0HB’, where G'is mass per
unit area.

16.23 8a.

Chapter 17

171 (c) 3¢ +GC; (f) —5(3-2x) + G
() 2x = 3)* + C; (n) L1n|2x + 3|+ C;
(0) In|1—x|+1/(1-x) +C.

17.2 (b) —3cos 13t —1)+C; (e) —%(ﬂ:)% +C;
17.3 (d) 3sin(x®> +3)+ C. (j) 2In(l + x?) + C.

17.4 (c) £ sin’2x + C. (g) Put cot 2x = cos 2x/sin 2x,
then # = sin 2x, giving +In|sin 2x| + C.

(j) 3cos’x —cos x + C.

17.5 (b) 205/32; (€)—In2; (h) iln2;

(k) zero; (n) (2/®) cos ¢.

17.6 (b)gm; (d) 4w+ 3, (f) im.

17.7 (e)tanx—x+C; (f) —x' —arctan(x ") + C;
(k) Larcsin x + x(1 — x2)2] + C.

17.8 (b) +1In|x/(x +2)| + C.
(d)Injx+1|—3In|2x+1]|+C.

(f) In|x|—1ln(x*+ 1) + C.

@) Ln[(1 + sin x)/(1 — sin x)] + C.

17.9 (b) Hn(x2—2x+3)+C. (¢) In(e*+e™) + C.

) 2ln(x* +1) + C.

17.10 (b) xc* — 3 ¥ + C.

(f) 2x sin 3x + 4 cos +x + C.

1) 2x*Inx — 222 + C. (j) 2™ [Inx = 1/(n+ D)/ (n+ 1).
(k) Hint: bring together the two terms [(In x/x) dx.

17.11 (a) Hint: there are two stages required; see
Example 15.20.

17.12 Hint: the same integral occurs on both sides
but with a different factor.

17.13 (b) zero; (d)1; (h) .
17.15 F0)=4m F(l)=1, F4) =2, F(S) = £.

17.16 (a)2(In2)°—6 (In2)2+121n2—6.
(b) F(0) =2, F(1) =T, F(4) = T* + 122 + 48,
F(5) = + 207 + 120m.
17.23 (c) (a/b) arctan [(a tan x)/b] + C;
d) In(tanix) + C;

In|sec x + tan x|+ C; (j) In[(1 +V5)/2];

(
(g)
(k) 8(6V3 +1)/15.

17.25 Coordinates of centroid: (2h, 0).

Chapter 18
18.2 (b) x = Ae?; (e) x = Ac™™; () x=Ac.

18.3 (b) x =5, (d) x =10,

>

18.4 I(t) =1,e™". | reduces to a fraction 1/n of itself
in any interval of length (L/R) In 7.

18.5 (a) A(¢) = C e (C arbitrary).
(b) The half-life T = i—ln 2 years. The information

implies that e 2% =1—0.175 = 0.825, so k = 0.0096.
Therefore T =72 years.

18.6 If N(z) is the number, then 8N = 20(3N) 8¢ so the
equation is dN/dt = 10N. In the second experiment
there is an average death-rate of 1 per rabbit per year,
so dN/d¢t =9N.

18.7 (b) Ac'+Be?. () AP 4BV,
(1) Ae*+Bte?.
(n) A + Bt (this is an exception to (18.10)).
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ANSWERS TO SELECTED PROBLEMS

18.9 (b) 3(e'— ).
(d) The general solution is A €+ Bx e,
y=e(x—1je”.

18.10 (b) A cos 3t + B sin 3¢.

(d) A cos @yt + B sin @yt. (f) /(A cos t + Bsin t).

(i) e ¥(A cos 42t + B sin ++/24).

18.11 (c) a cos @t + (b/w,) sin w,t.

1812 8=« cos(g/l)%t.

18.13 The initial angular velocity d8/d¢ is v/l;

1

0= Ul sin(gjkt.
gz \!

18.14 6=0.0719 e sin 0.696¢.
18.18 A= (Mg/P) ePsb-H)F,

Chapter 19

19.1 (b) -3 — 32 — 3¢ — 4L
(d) 2e¥. (i) —& sin 3.

(k) =2 cos 2t + = sin 2¢.

19.2 (d) +(=6 cos t—3 sin t).
(f) —3(4 cos 2¢ + 11 sin 2¢).
(h) 2e'(4cos2t+7 sin 2t).

19.3 (b) —3¢cos 2¢.
19.4 (b)1£2e4 (e) 2te!sint.

19.5 (c) Ae? +Be ¥ —1— < cos2t.
(i) Acosx+Bsinx+x2—1+ +e*.

19.6 (c) -1+ Ae”.
(g) (sinx—cosx—xcosx+A)/(x+1).
) (x+1) In|x+ 1]+ 1+ Ax+1).

19.9 113 minutes.

Chapter 20

20.1 (b) 3 cos(wt+m). (e) 3 cos(2t+1m).
(h) 5 cos(2t + @), p=—arctan 4.

20.2 (c) x leads y by m.

20.3 (b) (i) 0.318 cycles/s. (ii) 0.316 cycles/s.
(iii) About 3 cycles.

20.4 (b) C=V(4—6), ¢=arctan(1/(V6 — 1)),
(—3m < ¢ <0).

20.7 The solutions are of exponential type.
20.8 x=c*—4¢*.
209 Ae*+Bte*.

20.10 (a) Period =1.0508.

(b) Amplitude = 10/[(36 — ®?)? + @],
phase =—arctan[®/(36 — @?) ].
(c) Resonance: o= 5.958.

Chapter 21
21.1 (b) —2e™ (2¢ ™ in standard form).

21.2 (d) 2¢7™; 2 cos(@t — 37).
(i) e*; cos(wt + 1.97).

213 (b)1-e=1+i=+2e"™

214 (b)1—3e ™+ei™=1+4i= \17 e, where
¢=arctan 4=1.33.

21.6 (b) R+ wLi. (d) R/(1+ ®RCi).
(i) R +ioL/(1— @’LC).
(k) ioRL/[R(1 — @’LC) +iwL].

21.7 V=ZIand V=2.
(d) I=2(1+1wRC)/R;|I|= 21 + ®*R*C?)?/R;
argI=arctan(@WRC).

21.8 (b) V/V, = 2(3 - 2i); V,/I, = 1(5 - i).

Chapter 22

22.4 (b) 2x*—y*=C. (g) y=x/(1+Cx).

(k) x =+273C— ¥ T fort’ <C.

(n) arctan y + arctan x = +1. Take the tangent of this
expression and use the formula for tan(A + B); we
find that y= (x+ 1)/(x —1).

226 (b) y=:(x?+C)*forx*+ C>0.y=0isalsoa

solution. (d) Those parts of the curves y =sin(In | x|
+ C) for which x and dy/dx have the same sign. Also
y =11 are solutions.

22.7 (b) y*—3xy=C. (d) xy—y*—x*=C.
)y’ +y—x*=C. (h) y+cosy+sinx=C.
(e +y—x=C.

22.8 (b)xy+y/x=C; (d) x/y+y—x=C;
(e) y/x — x/y—1/x=C; (f) x*/(2y?) + 1/(xy) = C.

2212 (b) x(1 + 2y%/x%)7 =C.
(d) x> —4y>=Cy>.

Chapter 23

23.2 (b) y = Cx (this is not covered by (23.22)).
(d) xy = C (a saddle).

23.4 (b) Saddle (i.e. unstable). m = 4(-3 £ 13).
(f) Stable spiral; directions are clockwise round
origin.

23.5 (b) Equilibrium points at (1, 1). (1, 1) is a stable
)

(
spiral, anticlockwise about (1, 1). (d) Equilibrium

AR

Sy



points at (-1, 0), (0, 0), (0, 1); (0, 0) is a centre and
(=1, 0), (1, 0) are saddle points.

Chapter 24
24.1 (b)4/(s+1); (d) 6/s*—1/s; (g) B—s)/(s*+1).

24.2 (b) 1/s=2/(s+2); (e) Bs—4)/(s>+4);
(g) 2[1/s —s/(s>+4)].

24.3 (b) 1/(s+2)%
(i) (= 9) /(s> +9)%

(d) (s=2)/(s*—4s+35);
(1) 24/(s + 1)°.

1,

24.5 (b) 15 (d) §t% (g) 3¢ (k) ze'+3e
(0) 2 cos 2t — $sin 2t; (s) $ €'’ (u) +(cos t — cos 2).

24.6 (e) (2s>+3s—2)X(s) —10s—9.

247 (b)2et+e?; (e)3ecos 2t
f)y=+e*++e*+Lcosx

24.8 (b)3— 3 cos t+sint.
(e) —3e'+3 Ttel +1tte

(i) —%e’—;c + 362‘——6’2’

249 b)x=3+3e" +tety=—2 + et + 1ret.

24.10 (b) e”(;A + TB + 7) + C_t(TA = %B + %) -3
where A and B are arbitrary. This is the same
as Ce'+D e — 3, where C and D are arbitrary.

24.13 eZe=[(s+1)2— 1]/[(s + 1)2+ 12
=e?e X s(s+2)/(s?+2s+2)%

24.14 (b) H(t) sint—H(t—1) cos(t —1).

2415 (b) (3e* +1 -2'—%)H(t),
—( H 4 LD _ L — 1),
(d) H()tsmt+—H(t— ) (¢t — T) sin(t — T).

Chapter 25

25.3 Hint for working: s? + 2ks + @ has real factors
when k? > @?; so put s>+ 2ks + @*= (s — @) (s — ),
where o, f=—k + (kz — w?*)?. Then x(¢) is given by
(o= B)'[(a+ k) e* — (B + k) P IH(2)
+I(a— [3 “’O*Cﬁ“O]Ht—to),
where Kk =1+ Zk.

25.4 By proceeding as suggested, we obtain
u(x) = Ax + +Bx> + (Mg/6K) (x — 2IPH(x — 1.

The conditions at x = [ give A = Mgl*/16K,
B=-Mg/2K. This problem could be solved by
integrating the equation four times, and linking the
solutions over [0, 3/] and [3/, [] by the condition

that u(x), #/(x), u”(x) are continuous at x = 3/, but
this is automatically secured in the Laplace-transform
method.

25.5 (b)2s/(6s*+s+1).
25.6 (b) V,/V,=3/(20s+12s + 5); V,/1 = 3/(4s> + 1).
25.7 (b)t; (f

() ntamtery

1-cost; (h) 2(~tcost+sint);
n+m+ 1)

)
(
25.8 (b) %J F(T)(e20-7) — e=0l-7) d 7.

25.9 (b) cosh t.

25.19 (a) x(t) =06(t) +28(t—T) + (¢t — 2T),
X(s)=1+2eT+e>.

2521 (a)z'+2z72-23. b)l1—-zl+z2—--
=2z/(z+1). (c)22/2z—1). (d) z/(2—1).

25.22 (a) Tz/(z— 1)

25.23 (a) (z—1)/(z+1),g(t)={1,-2,2,-2,...}.
25.27 (a) Unstable. Poles at z=%2, giving growth 32~

and +(—1)"2. (c) Stable. Poles at z =

11 1
—— cos —Ttn.
42 2

+1i, giving decay

Chapter 26
26.1 (b) a,=0,b,=-2(~1)"/n.

- —[1+ (-1)" — 2 cos(3nm)].
Tn

2
26.2 (b) b, =0, a0=3§—,a - e

26.5 Series sum is %‘lt.

26.8 F=2.

4[3

26.10 2,=0,2,=0,b,= ——[1— (-1)"}(n=1,2, ...).
n

26.16 (a) 2—2—%

sin(2n — 1T,
n=1 ( n: )TC

26.18 — — z cos 2nmt.

o édn

26.23 (b) R(t) = 12 - %

1
COSTtt +— cos 37t
32

1
+—cos STt + - |.
52
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ANSWERS TO SELECTED PROBLEMS

-1 n?
26.26 (b — =
(b) ZO ==

i1,
2630 1+ 5 et
: on ,,ZL, n

Chapter 27

274 X (f)=4nfl(1 +4mf2); X (f)=2/(1+ AT2f2).

27.8 x(t)= ZJ' X(f) cos 2rft dt where

0

X(f) = ZJ' x(t) cos 2mft dt.

0
27.11 (c) 2¢ sinc ¢f cos 2mbcf.

27.12 (a) 3 sinc’5f. (b) 4 sinc?Lf e ™.

2717 {1/[a+iQnf+B)] + V/[a+i2nf- B)]}.
27.49 (b) 1/(1 +i2mf)2

27.20 (b) The Fourier transform is sinc?( f) e 2=e)f
< Alt—(a+b)].

Chapter 28

283 (c)4x—2y—1:-6y2x- 1.
E)y—2;x—1. (i) 2y/(x +y)% —2x/(x + y)*.
(k) x(x? + yz)'Ll; Yl + yz)f%‘

W e

28.4 (c) e g’(r) cos 6; Sy_ = g’(r)sin 6.

28.8 0%f/0x?, 9*f/0y%, and 0*f/dx dy = d*f/dy dx
are given in order: (b) 2,4, 3. (d) 2y/x%, 0, -1/x%
(h) 108(3x — 4y)%, 192(3x — 4)2, —144(3x — 4y)%.
(k) =77 + 3x%r7°, =1 + 3y*r, 3xyr=, where

r= (2 +9h) z,

28.10 (b) 2x + 2y —z=4; one normal is (2,2, -1).
(d) 3x + 4y + 82 =29; one normal is (-3, =2, —1).

2811 789  or 101.1°,

28.12 (b) (1,-1), min; (d) (#7, mm); min if 7 and
m odd, max if # and m even, otherwise saddle;
(h) (0, 0) saddle; (1, 1) minimum; (k) (0, 0), saddle.

2814 (a)a=b=c=7; b)a=b=c=4.

28.15 The maximum is 9, attained at (2, £1).
28.16 Minimum distance = V2.

28.18 (b) Depth = 23V %; square base, side 2V

28.23 Lowest pointis z = 2a at (0, ) and (a, a).

Chapter 29

29.1 (b) 82=0.0718... (exactly). The incremental
approximation gives 8z = 0.0784. Error =9.1%.

29.3 (b) —8y(dn + dy)/(1 + dy).
29.6 —5.7%.
29.7 1.67% reduction, approximately.

29.9 (b)—2V2; (d) zero (it is the same in all
directions).

20.10 (b) —2; (&) —%; (i) 1.

29.12 (b) x,x/a®+y,y/b*=x}/a* + yi/b>.
() axyx + h(yix +x1y) + byy, + glx +x,) + fly+y)) +¢
=0.

29.16 (b) x' — y~!=constant; (d) e*+ ¢” = constant.
20.17 (b) y?—x*=b>—da’.

20.19 (b) 49.8° or 130.2°.

(d) Hint: compare Problem 29.12f.

29.21 (b) (0, 3); (d) (=% 1)

29.22 (b) 2, D/NS.

29.23 (b) p=0.

Chapter 30
30.2 (b)—4sintcost; (d) 2 sin(?) + 44> cos(t?).

30.3 It is easiest to start by expressing the distance D
in terms of polar coordinates (r, 8), (R, ¢) by using
the cosine rule (Appendix B(f)). Then

dD (Rv—rV)sin(¢p — 0)

de [R? + r2 — 2Rr cos(p — O) ] ’
where 6=uvt/r, p=Vit/R.

30.4 (b) x=y=23. (e) The coordinates of the nearest
point on the given line are (2, 1). Distance = 2S.

30.5 (b) (0,0), (2, 0). (A suitable parametrization is
x=1+cost,y=sint.)

(d) (=65, £4/\5). (A suitable parametrization
would be x=2/cost,y=2tant.)

30.8 (b) ¥ =—270 sin O+ 7 cos O— 6% cos O— Br sin 6,
3 = 276 cos O+ 7 sin @— 0% sin O+ Or cos 0.

30.9 (c) f/du=—-2v*u’, of/dv = 2v/u.

30.10 (b) 0*f/0u? = 124 — 202, *f/du dv = —4uv,

0/ ov? =—2u* + 1202

30.11 It is easiest to put x> —3? in terms of uv. Finally,
0 f/9u? = 161°g" (4uv), 0*f/dv? = 16u*¢” (4uv),

0’/ 0udv = 4¢’ (4uv) + 16uvg” (4uv).




Chapter 31

311 (b) 8f =~ —x(x? + ) Te ' 8x
— Y2+ YD) et Sy — (k2 + y2) Tet Bt
(€) 8f = 2(xx; — x,) Ox, — 2(x, — x,) Ox,

+2(y1 = y) 8y, = 2(y, — 3,) By
31.2 —0.07.

31.3 It is casiest to write 8(1/R) = —dR/R% We obtain
8R ~0.198 8R, +0.018 SR, + 0.334 8R,. The required
SR, is 0.108.

31.4 Putax’—bx—c=f(a, b, c, x) and use (31.1).

31.5 (b) Hint: use logarithmic differentiation:
O =—3 8x + 3 8z and Sw = 2(+0.6). What is the
significance of the absence of a term in 8y?

31.8 (b) 26x + 48y — 68z = 0. For dz/9dx, put &y = 0:
0z/0x =1. Similarly 0z/dy =3.

31.11 (b) (2,-3,5); (d) (3x2, 0, 92%);

(£) (=x/r3, —y/r}, —2/r)), where r= (x? + y* + 2?)%.
31.12 (b) (0, 2y, 22). Unit vector = (0, y/(y* + 22)°,
2 + 2.

31.13 (b) cos ¢=11/(3V14), s0 = 11.5° (i.c. the
angle of intersection of smallest magnitude).

31.15 (b)$- (2%, ~2y,-3).

31.16 (b) (Check that § as given is a unit vector.)
4
ds

31.17 (b)—2i—2k.

=7.51.

31.18 (b) (£1,0,0) and (£1,4, 2).

(d) x=y =z is a line of stationary points (excluding
the origin). (¢) x=y=z=#1,V3, A=+13.

31.19 Stationary at (1, 0, 0), (-1, 0, 1), (-1, 0, —1).
31.21 (b) (3,3,3); (e) (N3, b3, cN3); (8) 4,4 1).

31.26 (b)4xy=1; (d) x*+y*=1.

Chapter 32
321 (b)e~-2; (d) (d—c)(b—a); (i) —%; (m)4iln2.

32.2 (b) Zero. Refer to the signed-volume analogy
(30.2b). (f) In(27/16).

324 4

32.5 (b) j J flx, ) dy dx.
0Jo

1 (1=x?)
(d) J J flx, y) dy dx.
1o

1

0 1+y 1 (fl-y
(g)J j flx, y) dx dy+f J f(x, y) dx dy.
-1 J0 0Jo

32:6 (b) 3; (d)3; (h) &.

32.7 (b) 1.

32.8 (b) im (d) ¥ () .

32.9 243(4+3m)/9.

3210 (a) 2w’ +1%); (b)2; (c) 1/5; (d)—2 coshv.

32.11 The value of the integral is 2(257 — 129v2)/5.

32.12 Area=1/12.
32.13 1/e.

32.14 Volume = 64/3.
32.15 1/4.

32.18 (a) Vn(|b|—|al).

Chapter 33

33.11 Put x=x(u, v) and y=y(u, v), where u
and v are the new coordinates. Then put

dx= Z—Zdu + 3—?](11/ etc.

33.14 ir.

33.16 (b) Non-conservative.

Chapter 34

341 n[d* - (a—h))/a.

34.2 (a) 1/84; (b) 1/24; (c) 13/384.

34.5 2\6+2 sinh ' (\2).

34.6 Scalar potential is e¥* + cos xy + zx + C.
34.7 Scale factors are b, = h, = (u? + 1), by = uv.
34.11 (b) div F=2z.

34.12 (b) curl F=2xi+ (x —2y)j+ k.

34.14 (a) 5% (b) 0; (c) 3rr; (d)0; (e) 0; (F) 127,
34.18 0.
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ANSWERS TO SELECTED PROBLEMS

Chapter 35
35.1 (c)-2,-1,0,1,2,3,4; () 1,4,9.
358 () AUB={-4,-3,-2,-1,1,2,3,4}.

35.4 (b)) AnB={x|xe Nfand -5 <= x < 2}.
(d) AnB={1}.

35.5 (b) B\A U C); (d) (BN D)\A.
35.6 (b) S\SUS,U---US,).

35.7 (b) [(A\A)\B,] U B,.

35.10 A’= {(1,1),(1,2), 2,1), (2,2)}.

35.12 (b) 66.

Chapter 36
36.6 See table below.
36.10 (a) (a=b)+(b® ¢); (d) (@+b ® axb)(c*d).

36.15 (a) If 4, represents the state of switch S, etc.,
then the switching function is

(2, ® a)) @ [(a; D ay) »as].

36.16 See the table below.

Solution for 36.6 Solution for 36.16

a b ¢ @®b)*a®c) a 4 a4
00 0 1 0 0 0 0
0 0 0 0 0 1 it
0 1 0 0 0 1 0 1
0 | 1 0 0 1 1 0
1 0 0 1 1 0 0 1
T 0 1 1 1 0 1 0
L 1 0 1 1 1 0 0
1 1 1 1 1 1 1 1
Chapter 37

37.3 Twenty are planar.

37.4 Five are connected.

37.8 Six not including reversed order.

37.13 There are three different paths between a and e.
37.14 Five vertices.

8715 i = —2i, i, = —arig, iy = — 34y, iy = — 34y,

.
Is= nilntle = it b = = o ly:

37.17 The transfer function is
PG,G,G,
1-GH +GGGH,

0=

37.19 (a) The transfer function is
e
1+G,H, - GG,G,H,

9 —

GG,
37.20 (a) .
(- GG,H,){ + GH,)
GGGG, | GGG,

1+GGH, 1-H,

(d)

37.24 SAFT, length 12.

37.25 2tics

37.27 (b) Framework is overbraced.
37.28 Two ties.

37.29 Waiting times are 137/3 and 4T.

Chapter 38

38.1 £1790.85, 0.487%.
38.2 (b) 16.9 years.
38.3 (b) 0, (-1 +13)/6.
38.6 f(n) = (Inn)/In 2.

38.8 (b) u,=A3"+ B(-3)".
(c) u, =3"(A cos +nm + Bsin nT).

3817 d,= k(N —k).

38.19 s, =114 (1+n)%

3822 0< a<l.

38.23 Oscillates between 0.4953 and 0.8124.

38.24 The periodic values of the 2-cycle are 0.4
and 0.8.

Chapter 39

39.1 (d) 63.

39.2 The probability that the score is 7 or less is 7/12.
39.5 n(A v B) =10.




39.6 (b) Ace of clubs or ace of spades drawn;

(d) any ace or any heart or any black card drawn;

(f) any heart except the ace of hearts; (h) ace of hearts
or any black card.

39.7 (b) 1/221; (b) 0.004 166... .

39.9 (b) 5040; (d) 7.

39.11 (a) 27 216; (c) 3360.

39.12 (b) 156 849.

39.15 270725;0.010 56... .

39.17 (a) 9/209; (c) 16/665; (d) 683/1463.
39.18 (b) 0.872; (c) 0.4.

39.19 (b) 0.37; (c) 0.82.

39.20 With the same probability of failure 0.98,
probability that circuit fails is 0.963.

39.21 (b) 1/495; (c) 4/99.
39.22 Overall probability is approximately 1/53.7.

39.23 Mean number of plays to the end of the game
is 2" /n.

Chapter 40

40.1 P(X =1)=0.833.

40.2 P(X = 6)=1/32.

40.3 Mean = 4; standard deviation = 1.633.

40.4 Mean = (a + b)/2; standard deviation =
(b-a)/2V3).

40.6 Mean number of non-faulty components to
failure is 82.33; standard deviation of the number
of components to failure is 82.83.

40.7 1/2°.

40.9 Probability that a bottle fails the test is 0.000 67.
40.10 (a) 0.777; (c) 0.223.

40.11 (b) 0.528.

40.13 (b) P(Z <0.7)=0.758.

40.14 On average 30% of operations take longer
than 40 seconds.

40.15 Standard deviation of 1 if =5 and
A=3/20V5).

40.16 Maximum value of standard deviation is 121.6.

40.17 Probability that just two bulbs will be still
working is 0.242.

Chapter 41

41.1 (b) Mean =24.1; median = 24.5;
interquartile range = 17.

41.3 Sample mean =25.3; mode =25.1; variance
=0.0644.

41.5 About 11 intervals.

41.6 Estimated variance of the sample is 1/12.
41.8 k,=-1.1337; k,= 1.1337.

41.9 For full data 4=-0.0071; b = 18.76.

©
S
N
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Appendices

me algebraical rules

(a) Index laws for real numbers

(iv) (a?)? or (a9)? = aP? (so a? = (a?)"7 or (a'9)?).
(v) atb? = (ab)?
Conventionally, > and Va represent the positive root when we are talking about
real numbers (for complex numbers, see Chapter 6). For all the rules to hold in all
. . 1
cases, a must be positive so that a?'7 is a always real number. For example, (-8)* or

V(=8) is not real: there is no real number whose square is equal to —8. But (—8)%
orV(-8) =-2.

(b) Quadratic equations
ax*+ bx + ¢ =0 has the solutions
xy, %, = [-b £ (b — 4ac)]/2a.
(i) Interms of x, and x,, the factors are
ax?+bx+c=alx—x;)(x —x,).
(i1) Sum and product of solutions:

x, +x,=—bla, x,%,=cla.
1+ x 1%2

(c) Binomial theorem
(i) If nis a positive integer (or whole number)

(n—1)

(a+b)y'=a"+na'b+ " nn=Din=2) 1)'(71 i

n
a2 + @3B 4eer=t b7

where the binomial coefficients are denoted by

()t
r) (n =

There are (n+ 1) terms in this sum, and it is symmetrical in @ and b.
An important special case is

nn—1)

)
1+x)"=1+nx+ 2 x? + nn = Din )

3!

x4t




(i1) Pascal’s triangle. Each entry (apart from the numerals 1) is the sum of two
previous entries — that above, and that above and to the left — as illustrated

by the underlined group:
n=1 1 1
n=2 1 2 1
n=3 1 3 3 1
n=4 1 4 6 4 1

and so on. Thus
(1+x)*=1+4x + 6x*+4x> + x*.
(iii) Permutations and combinations (see Section 1.17).
n! n!

P = y L=
(n —7)! (n — )

(d) Factorization
a?—-b>=(a+b)a-0b),
@—b=(a—b)(@+ab+b?),
@B+b=(a+b)(a*—ab+b).

(e) Constants
e=2.71828182...,
T=3.14159265...,

1 radian=57.29578...°,
1°=0.01745... radians,
360° = 2w radians.

(f) Sums of powers of integers

Nr=1+243++n=1nn+1)

r=1

27,2 =P +22+ R+ +n=tnm+1)2n+1)
r=1

P=P+22+3 + -+ nd =22+ 1)
4

r=1

Trigonometric formulae

(a) Relation between trigonometric functions
sinA + cos’A =1,
tan A=sin A/cos A; sec A=1/cos A; cosec A=1/sin A.

(b) Addition formulae

sin(A * B) =sin A cos B+ cos A sin B,
cos(A £ B) =cos A cos BF sin A sin B,
tan(A = B) = (tan A £ tan B)/(1 ¥ tan A tan B).
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APPENDICES

(c) Addition formulae: special cases

sin2A =2sin A cos A,

cos 2A = cos’A —sin?A
=2cos’A—1=1-2sin%A,

tan 2A =2 tan A/(1 — tan®A),

sin 3A =3 sin A —4sin’A,

cos 3A =4 cos’A — 3 cos A.

(d) Product formulae

sin A sin B=1[cos(A — B) — cos(A + B)],

cos A cos B=3[cos(A — B) + cos(A + B)],

sin A cos B= %[sin(A — B) +sin(A+ B)].

sin C +sin D = 2 sin +(C + D) cos 3(C — D),
1(C - D) cos 3(C + D),
cos C+cos D =2 cos +(C + D) cos 7(C — D),
cos C—cos D = -2 sin 3(C + D) sin 1C-D).

sin C—sin D = 2 sin

(e) Product formulae: special cases
sin?A = 3(1 — cos 24),

cos’A = %(1 + cos 2A),

sin’A = (3 sin A —sin 3A),

cos’A =1(3 cos A+ cos 3A).

(f) Triangle formulae
(i) ¢+ B+ y=180°.
(i1) Cosine rule: a* = b> + ¢* — 2bc cos Q.

sina _sinf3_siny

(iii) Sine rule:
a b c

(g) Trigonometric equations

In the following, # represents any integer (i.e. any whole number, positive or

negative); x is in radians.

(i) sin x=0and tan x =0 when x = #T; cos x =0 when x = 70 + n1.

(i1) The following formulae show how to obtain all the solutions of certain
equations when one solution has been obtained (e.g. a hand calculator or




a computer gives only one solution of sin x = —3, namely x = arcsin(—3) =

—0.5236... ).

If sin ot=c, then all the solutions of sin x = ¢ are x = nw + (—1)"cx.
If cos B= ¢, then all the solutions of cos x = c are x = 2nm + 8.
If tan y = ¢, then all the solutions of tan x =c are x = nm + .
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(h) Hyperbolic functions

coshx =3(e* + €™); sinhx =1 (e* — e™); tanh x = sinh x/cosh x;
sech x = 1/cosh x; coth x = cosh x/sinh x; cosech x = 1/sinh x,
sinh(x * y) = sinh x cosh y & cosh x sinh y,

cosh(x £ y) = cosh x cosh y + sinh x sinh y,

cosh’x —sinh’x =1,

sinh 2x =2 sinh x cosh x,

cosh 2x = cosh?x + sinh?x,

cosh ix = cos x; sinh ix =1 sin x;

sinh™x =In[x + (x* + 1)%],

cosh'x=In[x+ (x> —1)1] (x= 1),

tanh'x =1In[(1+x)/(1 —x)] (-1 <x<1).

' Areas and volumes

(a) The area of a triangle is 3bh, where b is the length of one side and 5 its
height from that side.

(b) The circumference of a circle is 27tr, where 7 is its radius.

(c) The area of a circle is 72, where 7 is its radius.

e

The area of a circle sector is 3726, where 7 is its radius and 6 the angle of the
sector in radians.

(e) The volume of a sphere is 173, where 7 is its radius.
(f) The surface area of a sphere is 4772, where 7 is its radius.

(2) The volume of a cone is $Ah, where 5 is its height and A the cross-sectional
area of its base.

(h) The area of an ellipse is Tab, where a and b are the lengths of its semi-axes.

(i) The area of a regular n-sided polygon of side-length 4 is ina’ cot(n/n).
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A table of derivatives

d

¢ (constant) 0
x" (n any constant) nx" 1
o 4e%
k* (k> 0) k¥ In k
In x (x > 0) x!
sin ax a cos ax
cos ax —a sin ax
tan ax alcos*ax
cot ax —alsin’*x
sec ax (a sin ax)/cos’ax
COsec ax —(a cos ax)/sin*ax
arcsin ax al(l- alxz)é
arccos ax —al(1 - a?x?):
arctan ax al(1 + a*x?)
sinh ax a cosh ax
cosh ax a sinh ax
tanh ax alcosh’ax
sinh™ax al(1+ ax):
cosh™lax al(a’x’ — 1)11
tanh™ax al(l—a?x?)
u(x)v(x) ug-r Ud_u

x  dx
ulx) 1( du dvj
v(x) AV Ydx
1 1dv
v(x) v? dx

dy du

V(u(x)) o
y{vlu(x)) coki




Tables of indefinite and definite integrals

>
U
3

f(x) Jf(x) dx (C is an arbitrary constant.) %
)
o

x™ (m#-1) x™+ C

m+1

™ In|x|+ C, or In|Cx|

e™ (1/a) e+ C

k* (k> 0) k*/Ink+C

In x (x > 0) xlnx—x+C

sin ax —(1/a) cos ax+ C

cos ax (1/a) sinax+ C

tan ax —(1/a) In|cos ax|+ C or —(1/a) In|C cos ax|

cot ax (1/a) In|sin ax|+ C or (1/a) In| C sin ax|

sec ax —(1/2a) In[(1 = sin ax)/(1 + sin ax)] + C

cosec ax (1/2a) In[(1 — cos ax)/(1+ cos ax)] + C

arcsin ax (Va)(1 — a*x?): +xarcsinax+C

arccos ax —(1/a)(1—a’x?) + x arccos ax + C

arctan ax —(1/a)In(1 — a*x*)?> + x arctan ax + C

sinh ax (1/a) cosh ax + C

cosh ax (1/a) sinh ax + C

tanh ax (1/a) In{cosh ax} + C

1/(x* + a?) (1/a) arctan(x/a) + C

1/(x*— a?) (172a) In|(x — a)/(x+a)|+ C or

(1/a) tanh™Y(x/a) + C
1/(a? — x?)z arcsin(x/a) + C (or —arccos(x/a) + C)
1/(a® + x?) (1/a) sinh™(x/a) + C or In[x + (x2 + a2)?] + C

1
2
1
B

1/(x2 — a?) In[x+ (x2 — 22)2]+ C

x% e (1/a*(ax—1) e+ C

X COS ax (1/a*(cos ax + ax sin ax) + C

x sin ax (1/a%)(sin ax — ax cos ax) + C

xInx ixlnx—1x*+C

e cos bx [1/(a+ bH)] e*(a cos bx + b sin bx) + C
e™ cos bx [1/(a*+ b?)] e™*(—b cos bx + a sin bx) + C
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A table of definite integrals

J @+ x*
in &
J’ slnxdx—J cosxdx=1
O, m#n .
sin mx sin nx dx = (m, n positive integers)
ETC, m=n

0, m#n

m, n positive integers
ix, m:n} (m,np gers)

J cos mx cos nx dx =

=)

m+ neven

m, n positive integers
—n?), m+nodd} (m, np gers)

sin mx cos nx dx = 0,
2m/(

x"e*dx=n! (n=0,1,2,...)

0

|
I
J ’”"de—'—ﬁ (a>0)
I
|-

—ax a
cos bx dx = o (a>0)

—ax _b—
sin bx dx = e (a>0)

Gradshteyn and Ryzhik (1994) is a useful source of hundreds of indefinite and definite

integrals.




Laplace transforms, inverses, and rules

>
In the following tables, 7 and 7 represent a positive integer or zero. The constants 3
k and ¢ are arbitrary unless otherwise indicated. E
v}
Transforms Inverses %
»
f(z) F(s) =J ef(t)dt E(s) ft)
0
Al 1 1
n _ "
g & (m — 1)
ekt 1 1 ekz
s—k s—k
" ekz n! 1 1 ekt
(s — k)t (s — k)" (m = 1)!
S S k
cos kt EpD ED cos kt
in k k _1 lsin kt
sin R 2+ k? 2+ k? k
52 _ kz 52 — kz
t cos kt m m t cos kt
in k _dbs S — Lt sin kt
Fein ki (s + k22 (s + k2)? 2k
H(t—c¢) (¢ >0) e /s e /s (c > 0) H(t—¢)
8(t—c¢) (c>0) e e (c>0) o(t—¢)
Summary of rules: In the following rules, F(s) < £(2).
1 s 1 t
Scale rule (24.5) f(kt) > —F| —| and F(ks) <> —f|—|(k>0).
k \k k' \k
Shift rule, or multiplication If k is any constant, e¥f(t) <> F(s — k).
by et (24.7)
. o dF(s)
Powers of t (24.8) If n is a positive integer, then t"f(t) <> (1) .
S'Vl
df(t d2f
Derivatives (24.12) %l > sE(s) = f(0), dii ) <> s*F(s) — sf(0) = £/(0).
z
Delay rule (24.15) If ¢ > 0, then eF(s) <> f(t — ¢)H(t — ¢) (where H is the

Heaviside unit function).

1/s as an integration If F(s) <> f(t), then 1F(s) HJ f(r) dr.
operator (25.1) s 0

Convolution theorem (25.11) If g(#) & G(s) and f(¢) <> F(s), then

gt — 1)f(r)dz [=J go)fit — 1) dT]-
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ponential Fourier transforms and rules

Signal (time function)

Transform (frequency distribution)

Fourier transform pair x(t) = J X(f) cixnft df

Linearity Ax,(£) + Bx,(¢)
Time scaling x(At)
Time reversal x(—t)
Time delay x(t—B)
Frequency scaling |C[x(C™)
Frequency shift x(t) et
Modualtion x(t) cos 2nK¢
x(t) sin 2Kt
Differentiation dx(t)/dt
drx(t)/de
Duality X(¢
Convolution J X, ()2, (¢t — 1) du = x(2) * x,(2)
= J x,(t — u)x,(u) du
Multiplication X, (8)x,(2)

Periodic function x,(t) xp(t) (period T)

X(f)= J”" x(t) e~i20t dt

AX,(f) +BX,(f)
|AFX(AYf)

X(-f)

X(f) e—iZan

X(Cf)

X(f-D)

X (f+K) + X(f-K)]
HX(f+K) - X(f-K)]
(i2r)X(f)
(i27f)"X(f)

x(—f)

Xi(H)Xx(f)

J'w X,(f —v)X,(v) dv
:Jw XWX, (f —v) dv

i X, O(f — nf,), where fp=1/T,

Nn=—co

Xn = fOII)criode(t) eflniﬁ)tdt

Short table of Fourier transforms

Signal Transform Signal Transform
I(t)=Ht—3)—Hr+3) sincf ! 70 e2nlfl
sinc ¢ I1(f) 1+

14¢ —-1<t<0 e el
AR)=41—1¢, 0<t<1 sinc?f o(t) 1

0, elsewhere 1 8(f)
sinc’t A(f) cos 2mfit HS(F+£,) +8(F—f)]
e"H(t) 1/(1 +1i2xf) sin 27ft LI8(F+£) - 8(f—f)]
teH VA+27% )= 8- aT)(T>0) AL (f=1/T)
el 2/(1 +4m3f?) —




Probability distributions and tables

(a) Distributions, means, and variances

(1) Discrete distributions

Distribution Probability Mean (u) Variance (6?)
VT yn—T
Binomial i np np(l—7p)
(n—r)tr!
1 1-
Geometric (1-p)~'p — ; 4
P p
n A=A
Poisson e A A
n!
1—
Pascal —1Cry pk(] —p)k E l > D)
p p
. CoCoss nb nwb(b + w + n)
Hypergeometric =
zz'+[)Cy1 w +b (w + b>2(w +b - 1)

(11) Continuous distributions

Distribution Density Mean (u) Variance (6?)
E il Aet x=0 1 1
xponentia 0. <l n E
. Ub-a), a<x<b . 5 { ,
Uniform {0’ clsewhere s(a +b) (b —a)
Standardized 1 .. 0 1
e

normal \/E

(b) Cumulative normal distribution tables

Standardized cumulative normal distribution giving the values of

for 0 < x < 3.0 at 0.01 intervals. For x < 0, @(x) can be calculated from D(—x) =

1-D(x).

©
a
N

>
T
o
m
Z
=
0o
m
n
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x 0 1 2 3 4 5 6 7 8 9

0.0 0.5000 0.5040 0.5080 0.5120 0.5160 0.5199 0.5239 0.5279 0.5319 0.5359
0.1 0.5398 0.5438 0.5478 0.5517 0.5557 0.5596 0.5636 0.5675 0.5714 0.5753
0.2 0.5793 0.5832 0.5871 0.5910 0.5948 0.5987 0.6026 0.6064 0.6103 0.6141
0.3 0.6179 0.6217 0.6255 0.6293 0.6331 0.6368 0.6406 0.6443 0.6480 0.6517
0.4 0.6554 0.6591 0.6628 0.6664 0.6700 0.6736 0.6772 0.6808 0.6844 0.6879
0.5 0.6915 0.6950 0.6985 0.7019 0.7054 0.7088 0.7123 0.7157 0.7190 0.7224
0.6 07257 0.7291 0.7324 0.7357 0.7389 0.7422 0.7454 0.7486 0.7517 0.7549
0.7 07580 0.7611 0.7642 0.7673 0.7704 0.7734 0.7764 0.7794 0.7823 0.7852
0.8 0.7881 0.7910 0.7939 0.7967 0.7995 0.8023 0.8051 0.8078 0.8106 0.8133
0.9 0.8159 0.818 0.8212 0.8238 0.8264 0.8289 0.8315 0.8340 0.8365 0.8389
1.0 0.8413 0.8438 0.8461 0.8485 0.8508 0.8531 0.8554 0.8577 0.8599 0.8621
1.1  0.8643 0.8665 0.8686 0.8708 0.8729 0.8749 0.8770 0.8790 0.8810 0.8830
1.2 0.8849 0.8869 0.8888 0.8907 0.8925 0.8944 0.8962 0.8980 0.8997 0.9015
1.3 09032 0.9049 0.9066 0.9082 0.9099 0.9115 09131 09147 0.9162 0.9177
1.4 09192 0.9207 0.9222 09236 0.9251 0.9265 0.9279 0.9292 0.9306 0.9319
1.5 0.9332  0.9345 0.9357 0.9370 0.9382 0.9394 0.9406 0.9418 0.9429 0.9441
1.6 0.9452  0.9463 0.9474 0.9484 0.9495 0.9505 0.9515 0.9525 0.9535 0.9545
1.7 0.9554 0.9564 0.9573 0.9582 0.9591 0.9599 0.9608 0.9616 0.9625 0.0633
1.8 09641 0.9649 0.9656 0.9664 0.9671 0.9678 0.9686 0.9693 0.9699 0.9706
1.9 09137 09719 09726 0.9732 0.9738 0.9744 0.9750 0.9756 0.9761 0.9767
2.0 09772 09778 09783 0.9788 0.9793 0.9798 0.9803 0.9808 0.9812 0.9817
2.1 0.9821 0.9826 0.9830 0.9834 0.9838 0.9842 0.9846 0.9850 0.9854 0.9857
22 09861 09864 09868 0.9871 0.9875 0.9878 0.9881 0.9884 0.9887 0.9890
23 09893 0.9896 0.9898 0.9901 0.9904 0.9906 0.9909 0.9911 0.9913 0.9916
2.4 09918  0.9920 0.9922 0.9925 0.9927 0.9929 0.9931 0.9932 0.9934 0.9936
2.5 09938 0.9940 0.9941 0.9943 0.9945 0.9946 0.9948 0.9949 0.9951 0.9952
2.6 0.9953  0.9955 0.9956 0.9957 0.9959 0.9960 0.9961 0.9962 0.9963  0.9964
2.7 0.9965 0.9966 0.9967 0.9968 0.9969 0.9970 0.9971 0.9972 0.9973 0.9974
2.8 0.9974 0.9975 0.9976 0.9977 0.9977 0.9978 0.9979 0.9979 0.9980 0.9981
2.9 0.9981 0.9982 0.9982 0.9983 0.9984 0.9984 0.9985 0.9985 0.9986 0.9986
3.0 0.9987 0.9987 0.9987 0.9988 0.9988 0.9989 0.9989 0.9989 0.9990 0.9990

Table giving x for specified values of @(x) for 0.50 < P(x) < 0.99 at 0.01 intervals

D(x) «x d(x) x D(x) «x

0.50 0.0000 0.67 0.4399 0.84 0.9945
0.51 0.0251 0.68 0.4677 0.85 1.0364
0.52 0.0502 0.69 0.4959 0.86 1.0803
0.53 0.0753 0.70 0.5244 0.87 1.1264
0.54 0.1004 0.71 0.5534 0.88 1.1750
0.55 0.1257 0.72 0.5828 0.89 1.2265
0.56 0.1510 0.73 0.6138 0.90 1.2816
0.57 0.1764 0.74 0.6433 0.91 1.3408
0.58 0.2019 0.75 0.6745 0.92 1.4051
0.59 0.2275 0.76 0.7063 0.93 1.4758
0.60 0.2533 0.77 0.7388 0.94 1.5548
0.61 0.2793 0.78 0.7722 0.95 1.6449
0.62 0.3055 0.79 0.8064 0.96 1.7507
0.63 0.3319 0.80 0.8416 0.97 1.8808
0.64 0.3585 0.81 0.8779 0.98 2.0537
0.65 0.3853 0.82 0.9154 0.99 2.3263
0.66 0.4125 0.83 0.9542




Dimensions and units

Physical quantities of different types, such as acceleration, force, momentum,
electrical potential, can be classified by expressing them as simple combinations
of certain primary dimensions such as mass, length and time. These expressions
determine how we can state the magnitude of a physical quantity — for example
any velocity can be expressed in metres per second, but never in metres per
kilogram. Five primary dimensions provide a basis sufficient for all common
purposes. Their names, the algebraic symbols denoting their dimension, and
appropriate units (the international (SI) system) are shown in the following table.

Basic quantity Dimension symbol SI unit Unit symbol
length L metre m

mass M kilogram kg

time T second s

electric current I ampere A

absolute temperature 6 Kelvin K

We can now assign dimensions to any derived physical quantity, which classifies
it without indicating its magnitude. For example, the velocity at any moment of any
particle, substance, electromagnetic wave, etc., could in principle be measured as
(a distance travelled)/ (time taken). Symbolically we write:

[velocity] = LT,

where the square brackets mean ‘the dimension of’. The form LT of the right-
hand side indicates that an appropriate SI unit of measurement would be metres
per second. The following table comprises mechanical and electromagnetic
quantities, their dimensions, and conventional SI terms for certain special units
of measurement. Notice how known dimensional forms may be multiplied and
divided to obtain more complicated ones.

Derived quantity Dimension ST unit Symbol Name
angle dimensionless — rad radian
velocity (displacement/unit time) LT ms™! - -
acceleration (velocity/unit time) LT? m s - -

force (mass X acceleration) MLT" kgms? N newton
momentum (mass X velocity) MLT™ kgms?! - -
moment of momentum ML2T™! kgm?s™ - -
pressure (force/unit area) MLT2 N m™ Pa pascal
work, energy (force X distance) ML?T Nm ] joule
area 12 m? - -
volume | m? - -
power (work/unit time) ML2T> Js! W watt
angular frequency (radian/unit time) T s Hz hertz
charge (current X time) IT As C coulomb
potential (work/unit charge) MLPI! JjCc! \% volt
resistance (potential/unit current) ML*TI?2 VAT Q ohm
magnetic flux (work/unit current) ML*T JA? Wb weber

inductance (magnetic flux/unit current) ML*T[2 WbA' H henry
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For comprehensive tables of units and constants, consult Kaye and Laby (1995).

If two physically meaningful expressions are equal, then both sides must obvi-
ously have the same physical dimensions. This often provides a useful check on a
calculation. Also, in any expression containing the sum of two or more terms, the
terms must all have the same dimensions if it is to make any physical sense. For
example, expressions equivalent to the form (energy + momentum), or (current +
voltage) can have no physical significance. However, in such cases the dimensions
of any letters used as constant factors must not be overlooked: the expression
(momentum + (k X energy)) could be meaningful provided [k] = TL™.

The dimensions of quantities that appear as derivatives and integrals are
treated in the following way. Suppose for example that ¢ is time ([t] = T) and x(z)
is a function representing displacement ([x] =L). Then

[ dx d2x
=\ =LT, =LT2,
L dt} [ dtl}

and so on. Also

B d
LJ x(t) dt}=LT, and U tdt}sz.

a

These follow from the definition of the integral as a sum.

Dimensional analysis is helpful in checking the validity of equations. For
example, in the pendulum equation (see eqn 20.22)

d’0 ¢

@‘f‘jsin 020

all terms should have the same dimensions, which is true since
2
[9—9} =T and {5 sin 9} =LT2L'=T>,
ds l

where g is the acceleration due to gravity, / is the length of the pendulum, and the
angle O and sin O are dimensionless. Physically the equation

with the same definition of symbols could not represent a general physical law
because the dimensions of the two terms are different.

Dimensionless analysis indicates how equations can be simplified by making
them dimensionless. In the pendulum equation above, let 7 = t(g/l). Then the
dimensionless pendulum equation becomes

2
9+sin 0=0

2

which includes pendulums of all lengths, in any uniform gravitational field.
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Index

Pages of the main topics are given in heavy type for quick reference.

Abscissa 6
absolute value 6
acceleration 68,212
polar components 216
radial 216
transverse 216
vector 213
adjacency matrix 837
adjoint (adjugate) matrix 189,
190
admittance 536
algebra, Boolean 801-813 (see
also Boolean algebra)
algorithm, (numerical) 118, 464
(see also approximation)
amplitude 22, 414
complex 453
angle 16
degree 16
dimension 959
polar 12
radian 16, 949
angular (circular) frequency 22,
415,428
angular momentum 258
angular spectrum function 612
angular velocity 258
antiderivative 307-318
and area 314
bracket notation 316
composite 317
table of 313
antidifferentiation 307-318 (see
also antiderivative)
approximations
algorithm 118, 464
bisection method 122
Fuler method 463, 499
Gauss—Seidel method 273
incremental 115, 645, 683
iterative process 118
Jacobi method 274
lineal element diagram 461,
926

linear 646
Newton’s method (for
equations) 116-119
rectangle rule 322, 347
Simpson’s rule 355, 925
step-by-step 108
Taylor polynomials 125, 922
trapezium rule 347, 924
arccos, arcsin, arctan functions
25
arc length 355
area (see also integrals)
analogy for integrals 333, 346
as a definite integral 323
geometrical 344
as a line integral 761
parallelogram 248
in polar coordinates 345
signed 314, 320, 327
as a sum 285
of a surface 343
table 951
trapezium rule 347
of a triangle 951
Argand diagram 144
imaginary axis 144
parallelogram rule 145
for phasors 443
real axis 144
argument
complex number 146
function 13
principal value 146
asymptote 11, 109, 113, 114
attenuation 611
attractor 858
strange 858
augmented matrix 263
autonomous differential
equations 481
axes, cartesian 6
abscissa 6
coordinates 6
left-handed 6, 198, 246
oblique 257

ordinate 6

origin 6

right-handed 6, 198, 246
rotation of 223, 226229

bar chart 888
basis
differential equations 385-390
vectors 210
Bayes’ theorem 880
beam problem 354
beats 431-437
frequency 432
period 432
Bernoulli
equation 478
trial 887
binary
operation 801
set 789, 802
binomial distribution 887—-888
mean 889
Poisson approximation 893
variance 8§90
binomial theorem 51-54, 120,
948
coefficient 51
Pascal’s triangle 52
Taylor series 131
bins (statistics) 904
bipartite graph 832
complete 832
bisection method 122
block diagram 827
reduction 828
Boolean algebra 801-813
absorption laws 802
algebra 802
AND gate 804
associative laws 802
binary addition 813
binary operation 801
binary set 802



Boolean expression 803
commutative laws 802
complement 801
complement laws 802
conjunction 804
de Morgan’s laws 802
disjunction 804
disjunctive normal form 808
distributive laws 802
duality principle 812
exclusive-OR-gate 808
expression 803
EXOR gate 808
identity laws 802
join 801
logic gates 803
logic networks 805
logically equivalent gates
812

meet 8§01
NAND gate 805
negation 804
NOR gate 805
NOT gate 804
OR gate 804
product 801
reflexive law 802
sum 801
switches in parallel 810
switches in series 810
switching circuits 809
switching function 810
truth table 803
truth table, inverse 808
variables 802

box plot 906, 930
interquartile range 907
median 907
quartiles 906
outliers 907
whiskers 907

branch (graph theory) 821

Capacitor 447, 528
complex impedance 447, 533
phasor 446
cardinality (of a set) 798
cardioid 57, 355, 920
carrier wave 432, 585, 598
caustic 707
Cayley-Hamilton theorem 302

cdf (cumulative distribution
function) 895
cells (statistics) 904
central limit theorem 911
centre (phase plane) 484, 485,
492, 497
centre of mass 348, 350
centroid 349, 363
chain rules 86, 91, 101, 631, 664,
668, 676
more than one parameter 668,
676
one parameter 664, 668
chaos 857, 861, 865, 929
characteristic equation
difference equations 850
differential equation 385-391
matrices 279
circle 10
area 951
cartesian equation 10
circumference 951
vector equation 207
circuits(electrical) 105, 380, 418,
446-453, 823—-827, 838,
839, 878
balanced bridge 451
cutset method 823
LCR 418
Laplace transform nethods
535
parallel 448, 878
RL 380
series 448, 878
signal flow graphs 827
switching 809
cobweb diagram 847-849
cofactor 180
combinations 49—-51, 949
common ratio (geometric series)
43
compatibility
linear equations 267
complement (of a set) 781
complementary function (see
also difference
equations; differential
equations)
difference equations 852
differential equations 405
complete graph 817
completing the square 11, 140,
367

complex impedance 446—451
(see also impedance)
complex numbers 140—156 (see
also Argand diagram)
argument 146
conjugate 142, 143
de Moivre’s theorem 150
difference 142
division 142
exponential form 148, 151
Euler’s formula 149
imaginary part 141
logarithm 142
modulus 141, 145
ordered pair 144
parallelogram rule 145
polar coordinates 146
principal value 146
product 142
quotient 142
real part 141
reciprocal 142
rules for 141
standard form 141
sum 141
compound interest 122, 842—843
conditional probability 875-877
cone 241, 625
surface area 342
volume 342, 951
conic sections 12
conjunction 804
conjugate, complex 142, 143
connected graph 817, 820
conservative field 752-759, 775
potential 754,775
continuity equation 772
contour map 625-626, 636, 927
convergence
of infinite series 129
of integrals 330
convolution 541, 927 (see also
Fourier transform;
Laplace transform;
z-transform)
discrete 552
Fourier transform 535-538,
956
Laplace transform 541, 726,
927
memory and 544
theorem 541, 535,726
z-transform 490
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coordinates, three-dimensional
(see also axes)
cartesian 623
curvilinear 672
cylindrical polar 777
orthogonal systems of 675
paraboloidal 785
rotation of 226—229
spherical polar 780
coordinates, two-dimensional
(see also axes)
cartesian 6
origin 6
orthogonal systems 675
polar 28—30
rotation 223
coplanar vectors 218, 251
cosh function 37
Taylor series 131
cosine function 18 (see also
trigonometric functions)
antiderivative 313
derivative 76
exponential form 150
Taylor series 130
cosine rule 58, 116, 950
cosine/sine transforms 587—-590
inverse 589
atajump 589
counting index(series) 43
Cramer’s rule 260, 262,270
cross product (see vector
product)
cumulative distribution
function(cdf) 895
curl 773-776
in curvilinear coordinates 780
determinant formula 774
identities 785
curvature 238, 243
centre of 122
radius of 123, 239
curves
angle between intersecting 658
asymptotes 11, 109, 113, 114
caustic 707
chord 62-65
convex/concave 239
curvature of 238,243
envelope 475,702, 928
gradient 62
length 355
normal to 238, 657, 658

orthogonal systems of 928

parametric equations 95, 664

point of inflection 93, 238

radius of curvature of 123, 239

sketching 108-114

slope 62—65

tangent line 62—66

tangent vector 212
curvilinear coordinates 672

curl 780

cylindrical polars 777

divergence 780

elliptic system 674

gradient 780

paraboloidal 785

scale factor 780

spherical polars 780
cutset (graph theory) 822, 929

fundamental 824
cycle(graph theory) 820
cylindrical polar coordinates

704,777

damper 418
damping 419
critical 439
heavy 420
weak 420
dash notation for derivative 100
deadbeat 420, 488
decay, radioactive 36, 393
definite integral 320—338
degree(of angle) 16
degree (of a vertex) 817, 818
delay rule (second shift rule) 522
del (grad) operator 659
delta function (impulse function)
530, 599
and discrete systems 546
Fourier transform of 599
and Heaviside unit function
532
Laplace transform of 531
de Moivre’s theorem 150
de Morgan’s laws 795, 802
derivative, directional (see
directional derivative)
derivative, ordinary 65 (see also
derivative, partial)
and antiderivative 307
chain rule 86, 91

dash notation 100
definition 65
dot notation 215, 480
function of a function rule 86
higher order 77, 102
implicit 93
and incremental
approximation 115
index notation 125
of inverse functions 94
logarithmic 92
material 690
notations 65, 100
parameter, in terms of 95
of polynomials 126
of product 83, 101
of quotient 85, 101
and rate of change 67
of reciprocal 85, 101
second 79
of sums 70
table of derivatives 76, 91, 952
total 665
of vectors 213
of flax + b) 90
of 75
of In x 76
of cos x, sin x 75
of x" 69, 89
derivative, partial 627
higher 629
mixed 630
second 629
determinants 173, 175, 179-190,
922
2x2173,179
3%x3175,180
cofactor 180
cofactor, sign rule 181
expansion by first row 180
expansion, general 185
factorization 191, 922
Jacobian 728
minor 303
notation 179
product 188
rules 182—188
suffix permutation 180
tridiagonal 192
zero 186
diagonal dominance 274
diagonalization of a matrix
286-289, 923



difference (sets) 794
difference equations 842—861
attractor 858
bifurcation 857
chaos 857
characteristic equation 850
cobweb 847-849
complementary function
852
compound interest 843
constant coefficient 849
difference 843
equilibrium 846
Feigenbaum sequence 858
first-order 847
fixed point 846
forcing term, table
generating function
homogeneous 849—852
inhomogeneous 852—853
linear, constant coefficients
logistic equation 8435,
854-858, 861
order 845
particular solution 852-853
period-2 cycle 858
period-3 cycle 858, 861
period-4 cycle 858
period doubling 856
recurrence relation 843
stability 847, 854
strange attractor 858
z-transform 556
differential-delay equation 560
differential equations, first order
379-382, 407—-410,
460—-479
Bernoulli equation 478
change of variable 473
and differentials 469—473
direction field 461
direction indicators 461
energy transformation 473
Euler numerical method 463
graphical method 460
integrating factor 408—410
isoclines 462
lineal-element diagram 461
logistic 478
numerical solution 473
separable 466—469, 474
singular solutions 468, 475
solution curves 461

variable coefficients, linear

407
differential equations, linear

constant coefficient
379-412

basis 385, 388

characterstic equation
385-391

complementary function 405

damped oscillator 390

first-order 382

forced equations 395—407

general solution 382, 386, 404,
405, 420

harmonic forcing 399

homogeneous (unforced)
equations 379

initial conditions 384, 391

particular solutions 395404

second-order, unforced
384-392

second-order, forced 395-412

superposition principle 399

unforced equations 379—394

differential equations, nonlinear

(qualitative methods)
480-502

autonomous 481

centre 484, 494

direction of paths 488,
492—-493

Duffing equation 502

equilibrium point 484, 493

Euler’s method 500

initial value problem 481

instability 486

limit cycle 497

linearization 494

linearized systems,
classification of 494, 496

node 488, 494

numerical method 499

orbit (phase path) 484

periodic motion 484

phase diagram 482

phase paths (trajectories,
orbits) 484, 488, 493

phase plane 483

saddle 484, 494

self-similar systems 495

separatrix 491

spiral 487, 494

stability 486, 487

state of the system 482
trajectory (phase path) 484
van der Pol equation 480, 492
differential form 469, 679
for differential equation
469-473
integrating factor 472
and line integals 744
perfect 472,744
table of 470
differentiation 61-80 (see also
derivative)
chain rule 86, 91
function of a function rule 86
implicit 93
of integral with respect to
parameter 640
of inverse functions 94
logarithmic 92
partial (see also derivative,
partial)
product rule 83, 101
quotient rule 85, 101
reciprocal rule 85
reversing 307
of vectors 213
diffraction 417, 608618
angular spectrum 610
array distribution 617
attenuation 611
convolution 616
interference 615
pattern 610 e
phase change onray 609, 611
radiating strip 608
radiation 613
radiation rules 614
source distribution 612
digraph (directed graph) 816
weighted 828
dimensions 959-960
directed graph 816
directed line segment 198
direction cosines 225
direction ratios 229, 230
directional derivative 651-654,
661, 692—696
discrete systems 545-558 (see
also z-transform)
impulsive input 545
input/ouput 545
sampling 546
signal 545
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time invariant 545

transfer function 549
disjunction 804
disjunctive normal form 808
dispersion 436
displacement 193

relative 195
displacement vector 195

addition 197

components 196
distance 7

of point from plane 234
distribution, sampling 908
distributions, probability (see

probably distributions)

divergence (of a vector field) 764,

779,780
in curvilinear coordinates 780
in cylindrical polars 779
identities 785
in spherical polars 781
theorem 771
divergent series 129
dodecahedron 833
Doppler effect 437
dot product (see scalar product)
double integration 708—734
change of variable 727-731
changing order, constant
limits 712
changing order, non-constant
limits 715
constant limits 709-713
double integrals 717
inner integral 709
Jacobian 727
Jacobian, inverse 734
non-rectangular regions 713
outer integral 709
polar coordinates 721
repeated integral 709
region of integration 718
separable type 724
signed volume analogy
duality principle 596, 800, 812
Duffing equation 502
dummy variable 13

e, numerical value 949

echelon form 264
edge (of graph) 814

eigenvalues 279-304
characteristic equation 279
complex 280
in differential equations 496
orthogonal 293
repeated 283
vibrating system 298
zero 283

eigenve ctors 279-304
in differential equations 279
orthogonal 293
for repeated eigenvalues 283

elementary row operations 262

ellipse 11
area 951
parametric equations 99
polar coordinates 29
semi-axes 11

empty set 791

energy transformation 475, 501

envelope 475,702 928,

equilibrium (forces) 236

equilibrium point 484, 493
centre 484, 494
node 488, 494
saddle 484, 494
spiral 487,494
stability of 487

errors 649, 683—685 (see also

approximation)

escape velocity 479

estimate (statistical) 906, 909

estimator of parameter 909
biased/unbiased 909
sample mean 905, 911
sample variance 911
standard error 910

ethanol molecule 816

eulerian graph 821

~ Euler’s constant 926

Euler’s formula (complex
numbers) 149
Fuler’s method (differential
equations) 463, 499
Euler’s theorem (graph theorem)
832
events 866
exhaustive 869
independent 877
intersection 869
mutually exclusive 869
partitioned 870
union 868

exp(x) (see exponential function)
expected value (mean,
expectation) 889, 897
exponential distribution 897, 957
exponential function 30-33
derivative 75
doubling period 35
doubling principle 35, 36
growth, decay 32, 35
half-life period 36
Laplace transform of 507, 509
limit of ax"e=* 110
Taylor series 130
value of e 32
expression 5

face(of a graph) 832
factorial function 48, 78, 372
feedback 827
Feigenbaum sequence 858
fibonacci sequence 860
field (see also vector field)
conservative 752-759,775
intensity 753
potential 754,775
fixed point 846
stability 847-849
fluid flow 662, 690, 706, 772,774
material derivative 690
flux 770
focal length 121, 662
force
at a point 235
components 236
equilibrium 235
moment 251, 254
resultant 235
Fourier coefficients 564—576
Fourier series 562—585
average value 567
carrier wave 585
coefficients 566
complex coefficients 580
cosine series 572
even functions 572
extensions 576
fundamental frequency 562
Gibbs’ phenomenon 927
half-range series 574-576
harmonics 562
atajump 572




Laplace transform of 585
odd functions 572
Parseval’s identity 585, 608
period 27 568
period T 564
periodic function 563, 567
pitch 562
sawtooth wave 5
sine series 572
spectrum 577
switching functions 573
symmetry 572
two-sided 579—-582
Fourier transforms 587-620, 956
(see also diffraction)
convolution 601-605
cosine transform 586, 589
definitions 588, 589, 591
delta function 599
of derivative 596
Dirac comb 605
duality 596
exponential 591, 592
of exponential function 595
Fourier transform pair 591
frequency distribution
function 588
frequency scaling 596
frequency shift 596
fundamental frequency 587
generalized functions 600
inverse transform 589, 591
jump discontinuity 591
modulation 596
notations 527
Parseval theorem 608
periodic function 599
Rayleigh’s theorem 607
rules, table of 596, 956
shah function 605
sidebands 598
signal energy 607
sinc function 593, 594
sine transform 587, 588
spectral density 588
table 956
time scaling 596
top-hat function 593,
594
triangle function 605
frameworks 834-835
bipartite graph 834
minimum bracing 834

frequency 22, 414

angular 22, 415
domain 451

forcing 376

polygon (statistics) 903

friction 418
function 12 (see functions of one

two and N variables)
complementary 405, 852
generating 860
implicit 12

functions of one variable 12-35

(see also derivative;
differentiation)
argument 12
delta 530, 599
dependent/independent
variables 12
discontinuous 14
even 13
exponential 30, 33
harmonic 21, 413
Heaviside 14
hyperbolic 36, 153, 951
implicit 12
impulse 530
incremental approximation
115, 645, 683
input/output 12
inverse 23-25
inverse hyperbolic 38
inverse trigonometric 25-28
logarithm 33
maximum/minimum 102
mean value 339
odd 13
periodic 22
point of inflection 93
rational 14
signum (sgn) 15
stationary points 102
switching 810
translation of 13
trigonometric 17-22, 25-27,
949(table)
unit step 14

functions of two variables

623—-642, 645—-683

chain rule, one parameter
664—665

chain rule, two parameters
676—679

contour map 625

967

curves, angle between

curvilinear coordinates 672

dependent/independent
variables 623

depiction of 624

derivatives, mixed 630

directional derivative 652, 681

errors 648—650

gradient vector 659

higher derivatives 629

implicit differentiation
654—656, 666

incremental approximation 645

Lagrange multiplier 667—672,
681

least squares method 638—640

level curves 625

linear approximation 646

maximum/minimum 635
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maximum/minimum,
restricted 667—672

normal to a curve 658, 660

normal to surface 632

orthogonal systems of curves
656

partial derivatives 627

saddle point 637

stationary points, Lagrange
multipliers 670

stationary points, restricted
667

stationary points, tests for 637

steepest ascent/descent
653—-654

surface 624

tangent plane 632

functions of many variables

683-707

chain rule 688

derivative, mixed 684

directional derivative 692, 693

envelope 702, 703, 707

errors 685

gradient vector 688, 689

higher derivatives 684

implicit differentiation 686

incremental approximation
683, 684

Lagrange multipliers 699-701,
706

level surface 696

material derivative 690

normal to surface 690




X
w
(@)
<

partial derivatives 683

restricted stationary points
697-702

stationary points 696

tangent plane 691, 692

gamma function 372
gas, equation of state 687
gate (logic) 803
AND 804
EXOR 808
NAND 805
NOR 805
NOT 804
OR 804
Gauss-Seidel method 273
diagonal dominance 274
Gaussian elimination 263, 264
back substitution 263
echelon form 264
inverse matrix 265
pivots 264
generalized function 600
geometric distribution 891, 957
mean 891
variance 892
geometric sequence
(progression) 43
geometric series 43
common ratio 43
infinite 45
sum of 44, 46
geometrical area 314
in polar coordinates 344
Gibbs’ phenomenon 927
gradient (curve) 9, 61
gradient vector (grad) 659, 688
curvilinear coordinates 780
in cylindrical polars 778
identities 785
in spherical polars 781
graphs (see also curves) 7
gradient 61
sketching 108
slope 61-65
graph theory (networks)
814-841
bipartite graph 832
branch 821
circuits, electrical 821,
824—-827, 838, 839

compatibility graph 836
complete graph 817, 833
connected graph 817, 820
cotree 822

cutset 822,929

cutset, fundamental 824
cutest, proper 823

cycle 820

degree of a vertex 817, 818

digraph (directed graph) 816

disconnected graph 817
edge 814

eulerian graph 821
Euler’s theorem 832
face 832

frameworks 834—835
hamiltonian graph 821
handshaking lemma 818
labelled graph 818—820
link 822

loop 817

multigraph 817

node 815

path 820

path, shortest 816
planar graph 815, 831
regular graph 817, 820
signal flow graph 827-831
simple graph 817
spanning tree 8§22
subgraph 821

traffic signal phasing 835, 841

trail 820

tree 821

unlabelled graph 818—820

vertex 814

walk 820

weighted digraphs 828
gravitational field 755
Green’s theorem 748
group velocity 436—437

Half-life 36

hamiltonian graph 821

handshaking lemma 818

harmonic forcing 399

harmonic function 21, 414
standard form 414

harmonic oscillation 413
phase diagram 483
phasor 443

harmonic oscillator 413—425
amplitude 414
angular frequency 415
damped 419
lead and lag 415
period 414
phase (difference) 415
wavelength 415
wave number 415
harmonics 562
Heaviside unit function 14
Laplace transform of 519
histogram 903
homogeneous linear equations
271 (see also linear
algebraic equations)
Hooke’s law 417
hyperbola 11
asymptotes 11
rectangular 626
hyperbolic functions 36, 153
derivatives 88,952
identities 37, 38, 951 (table)
inverse 38
inverse as logarithms 38
trigonometric functions,
relation with 153
hypergeometric distribution 895
mean 895
variance 895, 957

Icosahedron 833
identity 5
impedance 446—451, 533-535
capacitor 447, 533
complex 446—451
in frequency domain 446, 533
inductor 447, 533
parallel 448, 534
resistor 447, 533
series 448, 534
in s-domain 533
implicit differentiation 654, 666,
686
implicit function 12
improper integral 328
convergence 330
divergence 330
impulse function 530, 599 (see
also delta function)
impulsive input 544




increment 63
incremental approximation 115
645, 683
indefinite integral 324
table 953
identity matrix 170
index laws 4, 948
induction 843
inductor
impedance 533
phasor 446
complex impedance 447
inequality 5
infinite series 128
convergence 129
divergence 129
geometric 43
partial sums 129
sum 128
Taylor series 130
inflection, point of 93, 238
inner product (see scalar
product)
integer floor function 560
integers 4
sums of powers of 949
integrals 320-378 (see also
antiderivative;
integration; double
integral; line integral)
and area 323, 333, 327
area, polar coordinates 345
area analogy 327, 346
of complex functions 331
definite 323
differentiation of (variable
limits) 336
differentiation with respect
to parameter 374
even function 334
improper 328
indefinite 324
infinite 329
as limit of a sum 341-353
limits of integration, variable
336
numerical evaluation of 322,
339, 346, 355
odd function 334
rectangle rule 322, 347
Simpson’s rule 355, 925
solid of revolution 343
square bracket notation 316

>

surface 765
symmetrical 335
table of integrals 953-954
trapezium rule 346, 347
variable limits 336
volume 765
integral equation 529, 559, 560
Volterra 559
integrand 324
integrating factor 407—410
integration 320—-378 (see also
integral; double
integration)
change of variable 362-366
of inverse function 370
partial fractions 366
by parts 368—373
reduction formulae 373
by substitution 356-366, 378
of trigonometric products
362
interference 417, 456, 615
fringes 457
intersection (sets) 791
interval §
infinite 5
inverse function 23-25
derivative of 94
integration of 370
reciprocal relations 23
reflection property 24
inverse matrix 172, 190
Gaussian elimination 265
Inverse trigonometric functions
25
principal values 26
irrotational field 775
isocline 461, 493
iterative methods (see
approximation)

Jacobi method (for linear
equations) 274

Jacobian (double integration)
728

jump (discontinuity) 14

Kirchhoff laws 449, 824, 825
Kuratowski 833

Lagrange multipliers 667-672,
681,955
Laplace equation 785, 786
Laplace transforms 505-561,
926-927, 955 (see also
z-transform)
convolution theorem 541, 726,
927
cosine function 507
definition 505
of derivatives 515
delay rule(second shift rule)
522
delta function 530
differential-delay equation 560
differential equations 516519
differential equations,
variable coefficients 560
discrete systems 545
division by s 528
division rule 524
of Fourier series 585
Heaviside unit function 519
impedance, s-domain 530
impulse function 530
impulsive input 543
integral equations 529, 559,
560
inverse 505, 512
inverses, table of 955
multiplication by % 510
multiplication by # 510
notation 506
of powers, t" 507
partial fractions 513
quiescent system 517
rules, list of 955
s-domain 529
scale rule 508, 955
shift rules 510, 955
sifting 531
sine function 507
square wave 521
table of 513
and transfer function,
s-domain 535
and transfer function,
®-domain 540
Volterra integral equation 559
and z transform 548
lead and lag 415
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least squares
estimates 914
method 638—640, 928
Leibniz’s formula 123
level curve 625
normal to 657
level surface 696
normal to 696
I’'Hopital’s rule 136-138
light switches (Boolean
application) 811, 813
limit 65,72, 98,110, 111
for derivative 65
important limits 72-76
left /right 111
limit cycle 497, 926
stability 499
line integrals 735-761
closed path 746
definition 736
evaluation 736
field, conservative 752,
753759
field intensity 753
Green’s theorem 748
non-conservative potential
field 757
as an ordinary integral 736
parametric form 740-742
path 735
path dependence 736, 738
path independence 744,
747-750
paths parallel to axes 743
of perfect differential 744—745
potential 755,756
potential field 756
in two and three dimensions
739
work 750,753,755
linear algebraic equations
259-278
augmented matrix 263
back substitution 263
compatible 267
Cramer’s rule 229
diagonal dominance 274
echelon form 264
elementary row operations 262
elimination 259
Gauss-Seidel numerical
method 273
Gaussian elimination 263, 265

geometrical interpretation 268
homogeneous 271
ill-conditioned 640
incompatible 267
Jacobi numerical method 275
pivots 264
trivial, nontrivial solutions
271
linear dependence 185, 285
linear independence 286
linear oscillator 418—425 (see
also harmonic oscillator;
oscillations)
circuit model 418
damping 419
deadbeat 420
free (natural) oscillations 419
overdamped (heavy damping)
420
resonance 423
transient 420
underdamped (weak
damping) 420
link (graph theory) 822
In (see logarithm)
logarithm 33-35
of complex number 157
derivative of 76
properties 34
Taylor series 131
logarithmic differentiation 92
logic gates (see Boolean algebra;
gate) 803
logic networks (see Boolean
algebra) 805
logistic equation 478, 845,
854-858, 860, 929
loop (of graph) 817

mass-centre 348, 350
mass-spring system 418
material derivative 690
Mathematica projects 920—930
matrices 161-176 (see
eigenvalues;
cigenvectors; matrix
algebra; matrix, inverse)
adjacency 837
adjoint (adjugate) 189, 190
augmented 263
characterstic equation 279

determinant of 175, 190 (see
also determinants)

diagonal 170

diagonalization of 286-289

echelon 264

eigenvalues 281

eigenvectors 285

idempotent 301

identity 170

inverse 172

leading diagonal 169

lower triangular 274

non-singular 173

null 163

order 161

orthogonal 295-298, 923

positive-definite 295

powers of 171, 289-292

quadratic form 292

rank 304

rectangular 162

row-stochastic

singular 173

skew-symmetric 169

square 162

symmetric 169, 294

trace of 301

transpose 168

unit 170

upper triangular 274

vector 162, 169

zero 163

matrix algebra 161-178 (see also

matrices; matrix,
inverse)

associative law 164

Cayley-Hamilton theorem 302

conformable for
multiplication 165

difference 163

elementary row operations 262

equality 162

linear equations 259278

multiplication 165

multiplication by a constant
163

multiplication on left/right
167

postmultiplication 167

premultiplication 167

row-on-column operation 165

sum 163

summation notation 166



matrix, inverse 172, 189, 923 (see
matrix; matrix algebra)
by Gaussian elimination
of a product 174
rule for 2x2 173
rule for 3x3 175
maximum/minimum
local 103
N variables 696
one variable 102
one variable, classification 104
restricted 107, 670, 697, 699
(see also Lagrange
multipliers)
two variables 635-638
two variables, classification 637
mean (expected value,
expectation) 889, 897
median 906
mode 906
modulus 6
moment (see also force)
about an axis 253
of force 251, 255
vector 252
moment of inertia 348, 350352
cone 377
disc 352,377
rectangle 354
sphere 377
triangle 351
moment of momentum 258
mortgage 844
moving average 620
multigraph 8§17
mutually exclusive events 869

nabla (gradient) 659
negation (Boolean algebra) 804
negative binomial (Pascal)
distribution 894, 957
mean 894, 957
variance 894, 957
Newton cooling 412
Newton’s method 116-119
nodal analysis (circuits) 824
node (graph theory) 815
node (phase plane) 488, 494
nonlinear differential equations
(see differential
equations, nonlinear)

normal
to curve 238, 657, 658
to plane 232
to surface 632, 690
normal coordinates 299
normal distribution 898—900
standard normal curve 899
standardized 899, 957
table 958
number line §
number 3
complex (see complex
numbers)
exponent (index) 4
exponent rules 4
index laws 948
infinity sign 4
integer 4
irrational 4
modulus 6
powers 4
rational 4
real 3
recurring decimal 4, 46
set notations 790
numerical methods (see
approximation)

Ohm’s law 824
operator 66
ordered pair 144
ordinate 6
origin of coordinates 6
orthogonal matrix 295298,
923
rotation of axes 296
orthogonal systems
of coordinates 675
of curves 654, 928
oscillations
addition 417, 454
beats 431-437
compound 431
damped 419
deadbeat 420, 488
forced 420
harmonic 413, 427
longitudinal 298
overdamped (heavy damping)
420
transients 420

underdamped (light damping)
420
oscillator, linear 419—425
outcome 866
outlier 907

parabola 12
paraboloidal coordinates 785
parallelepiped
volume (determinant) 257
volume (vector) 251
parallelogram
area (determinant) 734
area (vector) 248
parallelogram rule
complex numbers 145
vector addition 201
parameter (statistics) 903
parametric equations of a curve
95, 664
Parseval identity 585, 608
partial derivative 627 (see
functions of N variables)
higher 629
mixed 630
second 629
partial differentiation 623—-705
partial fractions 39—42
in integration 366
and Laplace transforms 513
rules 40
and z-transforms 554
partial sum 129
Pascal distribution 894, 957
Pascal’s triangle 52, 949
Path, phase (see line integral;
phase plane)
path (graph theory) 820
pdf (probability density
function) 895
pendulum 71, 394, 425, 489-491,
648, 960
perfect differential form 471-473
line integrals 744
period 9,22, 414
period doubling 856
periodic functions 22 (see also
harmonic functions;
Fourier series)
amplitude 22, 414
and Fourier series 563, 567
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angular frequency 22, 415
frequency 22, 414
integrals of 564
lead/lag 415
mean value 328
period 22, 414
phase 22, 415
phase difference 415
spectrum 577
wavelength 19, 415
wave number 428
permutations 46—51, 949
circular 49
perspective 243
phase (angle) 22, 415
phase difference 415
phase planc 483, 488, 491 (see
also differential
equations, nonlinear)
equilibrium points 484, 488,
493
general 491-497
limit cycle 497, 926
numerical method 499
path direction 484, 488, 493
phase diagram 483
phase path 484, 488, 493
phase velocity 429
phasors 442—-459
addition 444
algebra of 444
Argand diagram 443
capacitor 447
complex amplitude 453—454
complex impedance 446—451
definition 443
of derivative 444
diagram 445
frequency domain 447, 451
harmonic oscillation 443
inductor 447
of integrals 444
interference 456
oscillations 453
resistor 447
time domain 447
transfer function 451
and waves 453
pitch 562
pivot 264
planar graph 815, 831
plane
cartesian equation 208

normal vector 231
tangent 632, 691
vector equation of 207, 232
Poisson distribution 892, 957
mean 893
variance 893
approximation to binomial
distribution 893
polar angle 17
polar coordinates 28—30
complex numbers 146
cylindrical 704, 777
in double integration 721
geometrical area in 344
motion in 214-216
spherical 780
polygon
regular, area 951
polynomial 40
derivative 126
Taylor 125
population (statistics) 903
estimated mean 906
population problems 36, 393,
478, 491, 560, 643
position vector 206
derivative of 213
positive definite matrix 295
potential 755
energy 71,755
field 756
single-valued 670
probability 865-883
addition law 871
axioms 870
Bayes’ theorem 880
conditional 875-877
event 866
frequency 872
mutually exclusive event 869
and sets 868
total 879
Venn diagrams 868
probability distributions
884-902, 957
Bernoulli trials 887
binomial 887888
continuous §95-900
counting method
cumulative distribution
function (cdf) 895
density function (pdf)
discrete 884—-895

expected value 889

exponential 897

geometric 891

hypergeometric 895

independent event 877

mean 889, 897

negative binomial 894

normal 898

normal, standardized 899

Pascal 894

Poisson 892

probability density function
(pdf) 895

relative frequency 865

sample space 866

standard deviation 890

table 957

trial 865

uniform 901

variance 890, 897

product rule (differentiation) 83,

101

quadratic equation 140, 948
quadratic form 292
positive definite 295
quartiles 906
quotient rule (differentiation) 85,
101

radian 16, 949
radiation problems 613—618 (see
diffraction, interference)
radioactive decay 393
random sample 903, 910
random variable 884-902 (see
also probability
distributions)
continuous 895
discrete 884
mean (expected value) 889, 897
probability distribution
(function) 885
standard deviation 890
variance 890, 891, 897
random walk 860
rank (of a matrix) 304
rational function 40
Rayleigh’s theorem 607




reciprocal rule (differentiation)
85
rectangle rule (integration) 322,
347
recurrence relation 464 (see also
difference equations)
recurring decimal 2, 46
red shift 438
reduction formula 373
regression 913-915
controlled variable 913
least squares estimate 914
linear model 914
line 915
response 913
scatter diagram 913
straight line fit 914
unbiased estimators 916
relaxation oscillation 499
repeated integral 709-717 (see
double integration)
separable 724
resistor
impedance 533
phasor 447
complex impedance 447
resonance 423
restricted stationary values 106,
667,697
resultant of forces 235
root mean square (rms) 328
rotation of axes (see also axes)
223,226
row operations, elementary 262

saddle (phase plane) 484, 494
saddle (surface) 625, 635-638,
927
sample 903
mean 905, 910
standard error of mean 910
variance 911
sample space 866 (see also
events)
countable 866
discrete 866
elements of 866
event 866
exhaustive 869
partitioning of 870
Venn diagram 868

sampling distribution 908
sawtooth wave 584, 927
scalar 219
scalar function 659
scalar (dot, inner) product
218-240 (see also
vectors)
angle between vectors 221
of basis vectors 222
invariance 248
perpendicular vectors 222
scalar triple product 249
cyclic order 250
scale rule (Laplace transform)
508,955
scatter diagram 913
separable differential equations
466—469
separation of variables 466—469
separatrix 491
sequence 43, 129, 845
of partial sums 129
series (see Fourier series;
geometric series; infinite
series; Taylor series)
sets 789—-800
associative laws 793
binary 789
cardinality 798
cartesian product 800
commutative law 793
complement 791
complementary laws 794
de Morgan’s laws 795
difference 794
disjoint 791
distributive law 794
duality 800
clements 789
empty 791
equality 790
finite 790
identity laws 794
infinite 790
intersection 791
number sets 790
ordered pairs 800
proper subset 792
subset 792
union 791
universal 791
Venn diagram 792
sgn (signum) function 15, 920

973

shah function 605
shift rule (Laplace transform)
510, 955
shoulder (surface) 635
sidebands 585, 598
sifting function 531
signal 545, 589
signal energy 607
signal flow graphs 827-831
block diagram 827
cycle 830
edges in series 829
feedback 827, 828
loop 830
multiple edges 829
stem 830
weighted digraph 828
signed area 314, 320
signum (sgn) function 15, 920
simple harmonic motion (see
harmonic oscillator)
Simpson’s rule 355, 925
sinc function 594
sine function 18 (see also

X3ANI

trigonometric functions)
antiderivative 312
derivative 75
exponential form 150
rectified 582
Taylor series 130
sine rule 950
sine transform (see cosine/sine
transform)
singular matrix 173
singular solutions (of differential
equations) 468
sinh function 37
Taylor series 131
sinusoid 22
slope 9, 61-65, 66 (see curve;
functions of two
variables; straight line)
solenoidal field 775
solid of revolution 343
surface area integral 343
volume integral 343
spectral density 588
spectrum (Fourier series) 577
speed 98
sphere
surface area 951
volume 951
spherical polar coordinates 780
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spiral (curve) 28
archimidean 57
equiangular 57

spiral (phase plane) 487, 494

square root 4

standard deviation 890

standard error 910

stationary points (see also

maximum/minimum)

N variables 696

one variable 103

one variable, classification 104

restricted 107, 667, 697

two variables 635

two variables, classification
637

statistic 903

statistical inference 903

statistics 903-916
bins 904
box plot 906
cells 904
central limit theorem 911
controlled variable 913
estimate 906, 909
estimator 909, 911
frequency polygon 903
histogram 903
interquartile range 907
least squares estimate 914
mean 905
median 906
mode 906
outlier 907
parameter 903
population 903
quartiles 906
regression 913-915
regression estimator 915
regression line 915
response variable 913
sample mean 905, 910
sample variance 911
sampling distribution 908
scatter diagram 913
standard error 910
statistic 903
variates 903
whisker 907

steepest ascent/descent 654

stem 830

stiffness of spring 298, 417
Hooke’s law 417

Stokes’s theorem 784
straight line 8
cartesian form in three
dimensions 235
cartesian form in two
dimensions 8, 230
determinant equation of 191
direction ratios 230
gradient 9
parametric form 235
perpendicular 9
slope 9
vector equation 235
strange attractor 858
streamline 706
subgraph 821
subset 792
substitution, method of
(integration) 356-366,
378
summation sign 43
sums of integer powers 949
superposition principle 399
surface 625, 690
area 767
cone 625
contour map 625, 927
hemisphere 625
integral 765
maximum/minimum 635, 637
normal to 632, 690
parametric form 768
saddle 625, 635, 637, 927
shoulder 635
stationary points 635
stationary points classification
637
tangent plane 632, 691
switches
light 811, 813
in parallel 810
in series 810
truth tables 810, 811
switching circuits (Boolean
algebra) 809
switching function 713

tangent (to a curve) 65
equation 66
vector 212,238
tangent plane 632, 691

Taylor polynomial 125, 921, 922
Taylor series 124—138
binomial series 131
composite functions 132
general point, about 134
large variable 134
polynomial approximation
125
table 130
tetrahedron 773, 785, 923
thermodynamic equations 687
top-hat function 593
Fourier transform 593
torque 253
torus 768
total derivative 665
total probability 879
total waiting time 837
traffic signals 835-837, 841
compatibility graph 836
phasing 836
subgraph 836
total waiting time 837
trail 820
transfer admittance 452
transfer function 535, 536, 549
frequency domain 451
s-domain 535
transfer impedance 452
transform (see Laplace
transform; z-transform;
discrete systems; Fourier
transform; cosine/sine
transform)
transient 421
translated function 13
transpose 168
trapezium rule 346, 347
travelling waves 427, 430, 434,
454
complex amplitude 454
tree (graph theory) 821
spanning 822
trefoil knot 923
trial 865
Bernoulli 887
triangle function 605
Fourier transform 605
triangle rule 200 (vectors)
triangle, vector area 923
trigonometric functions 17-21
derivatives 18
exponential form 150




identities 20, 155, 566,
949-950(table)

integrals of products 362

inverse 25

Taylor series 130

truth tables 803 (Boolean

algebra)

for gates 803

inverse method 808

for switches 809

uniform distribution 901
union (of sets) 791

unit step function 14
units (SI) 959-960

unit vector 211, 223
universal set 791

valency 816

van der Pol equation 499, 926

variable, random (see random
variable)

variable, dependent/independent

12
variance 890, 897
variance, sample 911
variate 793
vectors 193-258 (see also axes;
vector field)
acceleration 213
addition of 200
angle between 220
basis 210
column 162, 169
components 199
coplanar 203, 251
cross product (see vector
product)
and curvature 238
differentation 212-214
directed line segment 198
displacement 193, 197
dot product (see scalar
product)
equality 199
gradient 659-661, 688
(see also gradient)
invariance 248
magnitude (length) 199

multiplication by a scalar 200

normal to curve 680

normal to plane 231

normal to a surface 632, 690

parallel 199

parallelogram rule 201

perpendicular

plane equation 208, 231

position 206

and relative velocity 204

right/left-handed system of
198

row 162, 169

rules of vector algebra
199-202

scalar (dot, inner) product
220

scalar triple product 249

straight line 209, 230, 234

subtraction 200

sum of 181

tangent to curve 213,238

triangle rule 200

unit 211, 223

vector product 244 (see vector
product)

vector triple product 255

and velocity (see velocity) 213,
216

vector fields 762-786 (see also

curl; divergence;
gradient)

cylindrical polar coordinates
777

curl 773-777

curvilinear coordinates
779781

divergence 764

divergence theorem 770773

field lines 762-764

fluid flow 772,774, 775

flux 770

gradient 780

identities 785

integral curves 762

irrotational 775

Laplace’s equation 786

orthogonal coordinates
(general)

paraboloidal coordinates 785

scale factor 778

spherical polar coordinates
780

solenoidal 772, 775
Stokes’s theorem 781-784
surface area 767
surface integral 765
triple integral 769
volume integral 765, 769
vorticity 782
vector (cross) product 244258
direction of 246
invariance 248
rules 245
of unit vectors 245
vector space 285
base vectors 285
vector triple product 255
velocity 67,212,213
angular
polar components 216
relative 204
Venn diagram 792, 868
vertex 814
vibrations (see oscillations)
volume
of cone 342,951
ellipsoid 353
integral 769
parallelepiped 251, 257
of solid of revolution 343
table 951
tetrahedron 785

walk (graph theory) 820
walk, random 860
water clock 354
wave (see also diffraction;
interference;
oscillations)
antinode 427
attenuating 629
beats 431, 432, 434
carrier 432, 585, 598
complex amplitude 453—454
compound oscillation 431
diffraction 417
dispersive 436
Doppler effect 437
equation 631
frequency modulation 435
group velocity 436
intensity 455
interference 417
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modulation 432, 43§
node 427

number 415

phase velocity 429
plane 429, 430
progressive 428
sinusoidal 427
standing 427
stationary 427

train 429

travelling 428, 430, 434

wavelength 19, 415

wave number 428

wave packets 432

wave train 429

Wheatstone bridge 122, 449, 451
whisker 907

work 341, 750-752

z-transform (see also discrete
systems) 548—561
convolution theorem 552

complex plane 522-556
definition 549

delay circuit 547

difference equations 556
differentiation analogue 561
discrete signal 561

inverse 549

linear system 555

poles of 554

stability of discrete system 554
time-delay rule 561

transfer function 549
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