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Numeric mathematics 
Search of solution by a substitution of exact numerals for 

variables. 
Large number of repeated numeric operation   

Personal computers  

Iterations and algorithms  
• algorithm – an instruction how to solve the given task 
• iteration algorithm – technique of calculation in the 

repetitious steps, at which the result from the previous step is
input into next step[1]. 

• iteration – the step in the iteration algorithm 
[1] Algorithm should „converge“ (it should approach solution). 
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Example: Calculation of square root                
It is a solution of the equation                ,  for x
We have to find, e.g., square root of 16, N = 16. 
The arrangement of the definitional equation gives              .    
Let us calculate x. 

At first (zero step), we substitute for x on the right hand of the equation its 
estimation (arbitrary number), e.g., x0 = 2, and calculate new value of x, 
i.e., x1.  We substitute the found solution for x and repeat the calculation till 
the solution is not constant.  

The solution procedure (algorithm) can be written as 

where k is step number; iteration number (we start by zero step)

N

Nx2 =

x
16x =

k
)1k( x

Nx =+
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Calculation:
As can be seen, the algorithm does not converge. It 

must be revised! 2x4
8x3
2x2
8x1
2xo

We can add x to both sides of the equation,                             ,

and rewrite it as:                 

x
Nxxx +=+





 +=+

k
k)1k( x

Nx
2
1x

The new calculation: 
Now, the algorithm does converge! 4,000004

4,001223
4,12
51
20

xiterace
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Algorithm formulation
Solution of non-linear
equations: Newton method

x

y

0

x0 x1 

y(x0)

y(x1)

Let the function y = f(x) relate to the
equation f(x) = 0, which root is x
(the intersection point of f(x) and x-axis )
(1) we estimate the root x0, 
(2) we keep the tangent through the point 

y(x0) 
(3) section point of the tangent and x-axis, 

x1, is the new estimation of root x. 
(4) the whole procedure is repeated 

(iterace). 
The equation of the tangent in the point 
x0, y(x0) is   y – y(x0) = y´(x0) (x - x0). 

Its intersection point with x-axis (y = 0) is
– y(x0) = y´(x0) (x - x0)
The rearranging yields 
and )x('y

)x(yxx
0
0
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Example:

Find the roots of the equation 
x3 – 4x2 + 5x – 2 =  0.

The derivation of f(x) for x is   
3x2 - 8x + 5

The roots are  
x1 = 2,  x2,3 = 1 12250,999553212

12240,999106211
12230,998214210
12220,99643529

0,9999992210,99289428
0,9999982200,9858862,0000437
0,9999972190,9721442,0046436
0,9999932180,9456532,0517915
0,9999862170,8959862,2043854
0,9999722160,8064832,5078173
0,9999442150,6526323,01252
0,9998882140,43,81
0,999776213050
x2 = x3x1iterationx2 = x3x1iteration

58x-3x
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Example: Equilibrium in the open system  calcite-H2O-CO2
system: CaCO3(s), CO2, H2O, Ca2+, HCO3-, CO32-, OH-, H+, H2CO3 (9 components)
activity coefficient ~ 1,   a ~ mol/l,            
4 components are given: activity of CaCO3(s) and H2O, pCO2 =  const = 3.10-4 atm

and [H2CO3] = const = KH pCO2
5 variables: x1 = [H+],  x2 = [OH-],  x3 = [Ca2+],  x4 = [HCO3-],  x5 = [CO32-]   
5 equations: (1) electro-neutrality 
and equilibrium equations for: 
(2) H2O, (3) calcite-H2O system, carbonate dissociation into (4) first and (5) second stage!
5 variables in 5 functions:
f1(x) = x1 - x2 + 2 x3 - x4 – 2 x5 = 0         (electro-neutrality) 
f2(x) = x1 x2 – Kw = 0                              (water ion product) 
f3(x) = x1 x5/x4 – K2 = 0                          (dissociation constant K2) 
f4(x) = x1 x4 – K1 KH pCO2 = 0                (dissociation constant K1) 
f5(x) = x3 x5 – Ks = 0                               (calcite dissolution product)

]CO[2]HCO[]OH[]Ca[2]H[ 2
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