Applied Hydrogeology
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Iterative methods

Iterative methods need initial values at iteration level m, h; /™ and the purpose is to calculate
Hi _m+1.
I.l

Jacobi iteration

Resulted values from previous level of iteration are used in actual iteration — not often used
hir,nj+1 = (h, it hiTl,j +h", + hir,nj—l)/ 4

i, j+1

Gauss-Seidel iteration

Newly computed values in the iteration formula are used: iteration level m+1 values are
available for nodes (i-1,j) and (i,j-1) when calculating h for node (i,j) - more efficient than
Jacobi iteration

m+l _ m+1 m+1 m
hi,j = (hi+1,j + hi—l,j + hi,j+l

+h" )14

Succesive over relaxation (SOR)

Convergence rate of Gauss-Seidel iteration method can be improved by relaxation factor w,
which is obtained by trial and error and optimal value is between 1,5 - 1,8

hir,nj+l =(l-o) hir,nja) (huTIlJ + hir,njtll +hly j

+ hir,nj+1) / 4
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Initial vlaue

Iterative methods

Let’s try iterative method
in spreadsheet by hand

iteration

indices
4.00
3.25
3.31
3.30
3.30
3.30
3.30
3.30
3.30
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Convergetion criteria is reached in 5th iteration
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Steady-state flow without leaves and/or enters

Darcy’s law in x
and y direction

Water balance Laplace’s
k. oh equation K is constant equation
RN a9 o9 0 ( ahj 5 ( ahj o°h  6%h
=0 — | K= |+=| K 0 _
—k@ + PPy = xU &) oyl oy > 6X2+ay2 0
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Finite difference approximation of Laplace’s equation
Ghin= 021 7031 + 41 T 054 > Kh hlAZ-i—Kh3 hlAX+KMAZ+K@AX=O —_>
AX Az AX AZ
< hl _ (AZ)Z (h2 N h4) " (AX)2 (h3 n h5) providing dx and dz is the s;tme
2(A2)? + 2(AX)?
Central difference
3 i j-1
® @
—_ h1 — (h2+h3+h4+h5) i 1. ﬁ i._1 ’j g i.+1’j h o hi+l,j +hi—1,j +hi,j+1+hi,j—1
4 b 4
5 I ij+1
@ dz ®
v N0
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Boundary conditions — mesh centered grid

g A
No-flow boundary ox o7
providing dx and dz is the same 3
oh, +h +h) [dz
h,,;+h,;=0 h1=( 25 > [ 1 | 4
4 ® o o
providing dx and dz is the same dx
7
corner No-flow boundary  h, = (2h, +2h,) o Idz
4 1 3
& e

Constant head boundary

Simply enter appropriate head value in the boundary cell and use central difference



Steady-state flow with leaves and/or enters

62h+52h Poisson equation
o( ohY of. oh x> oy° Confined aquifer
(kb J+ kb ]

— --R
OX ox) oy oy , ,
0 h+5 h Poisson equation
ox* oy’ Unconfined aquifer

Finite difference approximation of Poisson equation

providing dx and dz is the same i
(h2+h3+h4+h5—Q) > 4
K Q
h, = ® ] @
4 /
5
. . . : ® dz
Note — from mathematical expression implies: l
* Negative sign means recharge (e. g. injection well) 7

» Positive sign means discharge (e.g. pumping well)



Groundwater divide

Cross-section model — Toth problem

2-D simulation, steady-state flow
Unconfined, isotropic aquifer

Physical model conception Mathematical model conception
+ water tab\e ........... Z h=cx+ Z, water tab\e* ------
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Water balance at Mesh and Block centered grid

Mesh centered boundary
o——o——T

Tl +
<
Area needed in water
balance calculations

Grid node

Groundwater flow
hydraulic head (m)

ZoragoZ 1 201.7787 | 202.1511

ZOTBUR01202.0173 | 202.2845

Z0Z.0032Z 1 202.2021 | 202.3917

Only 2Q at —t—o —NZRoT—7077aTE+202.3363 | 202.4719
no-flow 2028573 208850 | 2023610 [202.4292 [ 202.5287
boundary 202.4243 | 202%149 | 202.4379 | 202.4908 | 202.5670
diti 202.4626 | 202.%25 | 202.4849 |202.5291]202.5910
condition 202.4818 | 20244 | 202.5101 [202.5499 | 202.6040
202.4886 202.5180 | 202.5565 | 202.6082

202.49%

Cell in grid

Water Balance
T (m2/s)
0.0001

Q(m3/s)

Block centered boundary

Imaginary node

Imaginary

nodes in no-

flow
boundaries

Grid node

200.7190f 2009190 | 2009651 | 201.3058 | 201.6882 | 202.I
201.1918| 2019918 | 2019355 | 201.5699 | 201.8568 | 202.
201.5210f 2019210 | 2019152 § 201.7817 | 201.9970 | 202..
777561 2019561 | 2Q19225 | 201.9446 | 202.1078 | 202..
201.9249] 201.9249 2&9740 202.0663 | 202.1921 | 202..
202.0444] 202.0444 202.0N 202.1546 | 202.2540 | 202.
202.1260] 202.1260 | 202.1568\ 202.2155 | 202.2970 | 202..
2UN68| 202.1768 | 202.2032 02.2537 | 202.3240 | 202.

202.2255 20&2721 202.3371 | 202.

202.2011 32.2011
202.2011 202.2011

Water Balance
T (m2/s)
0.0001

202.2255 202. 202.3371 | 202.

Q(m3/s)




Cross-section model — Téoth problem

2-D simulation, steady-state flow
Unconfined, isotropic aquifer

z h=cx+z, wggt?\’“."‘.‘?\?-* ......
------------- Water balance in mesh centered grid
oh § Ti oh - _
2-0§ h, Oh_ § 20 Qy = k(Axb)(Ah - Ay)
3 o o 5 AX = Ay
19 o
Qy=TAh
Impermeable bottom X Qy :TAh/Z Qy T
%zo \
oz AXI2 A AX
L I Qx=TAh/2
Spreadsheet approach — groundwater flow l .}Aylz/-’
& &
Y Qx>

Qx = k(Ayb)(Ah - Ax)

A B AX = Ay
¢ . ¢ Qx=TAh

_(hy+2h,)
' 4

active, flow area
inactive, no-flow area



2-D flow in Excel spreadsheet

+h4J+h
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2-D water balance in Excel spreadsheet

Water balance in mesh centered grid
Qy =k(Axb)(Ah - Ay)

AX = Ay
Qy =TAh
Qy =TAh/2 QyT
A
Axlz A & Qx=TAh/2
\ \ X =
(_L L . P
® l ‘ }Aylz
& QX —>
oo | o
Qx =k(Ayb)(Ah — Ax)
; A Ax=ay
¢ 4 Qx=Tah

Difference between input and output = error of numerical approximation -
related to (among others) Convergence criteria and grid spacing



Block-centered grid in Excel spreadsheet

Block centered boundary

a8

Imaginary node

Groundwater flow
draulic d m)

0| 200.7190 200.9651 | 201.3058 | 201.6882 | 202.0901 | 202.5000 | 202.9099 | 203.3118 | 203.6942 | 204.0349 | 204.2810 | 204.2810
201.1918 201.3355 | 201.5699 | 201.8568 | 202.1721 | 202.5000 | 202.8279 | 203.1432 | 203.4301 | 203.6645 | 203.8082 | 203.808
201.5210 201.6152 | 201.7817 | 201.9970 | 202.2416 | 202.5000 | 202.7584 | 203.0030 | 203.2183 | 203.3848 | 203.4790 | 203.4730
201.7561 201.8225 | 201.9446 | 202.1078 | 2 ]1 1;_*_’,4 +h. . +h. . 25]202.8922 | 203.0554 | 203.1775 | 203.2433 243
i A -
201.9249 201.9740 | 202.0663 | 202.1921 | 21 ;= 1 35 | 202.8079 | 202.9337 | 203.0260 | 203.0751 5
202.0444 202.0824 | 202.1546 | 202.2540 | 2Lc.vice | cvervvuw | cve.ve /8 | 202.7460 | 202.8454 | 202.9176 | 202.9556 9556
202.1260 202.1568 | 202.2155 | 202.2970 | 202.3944 | 202.5000 | 202.6056 | 202.7030 | 202.7845 | 202.8432 | 202.8740 | 202.8740
202.1768 202.2032 | 202.2537 | 202.3240 | 202.4084 | 202.5000 | 202.5916 | 202.6760 | 202.7463 | 202.7968 | 202.8232 | 202.8232
202.2011 202.2255 | 202.2721 | 202.3371 | 202.4152 | 202.5000 | 202.5848 | 202.6629 | 202.7279 | 202.7745 | 202.7989 | 202.7989

'!"") j');; MY 9791 207 2271 pla )

202.2011| 202,2011 202.2255 202.2721 | 202.3371 | 202.4152 @ 202.5000

202.5848 | 202.6629 | 202.7279 202.7745  202.7989 @ 202.7989
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