INTRODUCTION TO ALGEBRAIC TOPOLOGY

MARTIN CADEK

3. SIMPLICIAL AND SINGULAR HOMOLOGY

3.1. Exact sequences. A sequence of homomorphisms of Abelian groups or modules

over a ring

fn—1 frn—2

...fni)Anf—n>An,1—>An,2—>

is called an exact sequence if
Im f,, = Ker f,,_1.

Exactness of the following sequences

O0-ALsB B2Cc—=0 05025 D—=0

means that f is a monomorphism, ¢ is an epimorphism and h is an isomorphism,
respectively.
A short exact sequence is an exact sequence

0—A-B-210—0.
In this case C = B/A. We say that the short exact sequence splits if one of the
following three equivalent conditions is satisfied:

(1) There is a homomorphism p : B — A such that pi = id4.
(2) There is a homomorphism ¢ : C'— B such that jq = id¢.
(3) There are homomorphisms p: B — A and ¢ : C'— B such that ip + ¢j = idp.

The last condition means that B = A & C' with isomorphism (p,q) : B - A® C.

Exercise. Prove the equivalence of (1), (2) and (3).

3.2. Chain complexes. The chain complez (C,0) is a sequence of Abelian groups
(or modules over a ring) and their homomorphisms indexed by integers

On+2 On+1 0, On—1
. ? Cn+1 Cn . Cnfl —

such that

On-10, = 0.
This conditions means that Imd, C Kerd,_;. The homomorphism 0, is called a
boundary operator. A chain homomorphism of chain complexes (C,9%) and (D, 9) is
a sequence of homomorphisms of Abelian groups (or modules over a ring) f,, : C,, — D,,
which commute with the boundary operators

agfn = fn—183~
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3.3. Homology of chain complexes. The n-th homology group of the chain complex
(C,0) is the group
Ker 0,
Im an-i-l ‘
The elements of Kerd,, = Z, are called cycles of dimension n and the elements of
Imd,1 = B, are called boundaries (of dimension n). If a chain complex is exact,
then its homology groups are trivial.

The component f,, of the chain homomorphism f : (C,9°) — (D, ") maps cycles
into cycles and boundaries into boundaries. It enables us to define

Hn(C) =

H,(f) - Hu(C) = Hn(D)
by the prescription H,(f)[c] = [f.(c)] where [c] € H,(C,) and [f.(c)] € H,(D*) are
classes represented by the elements ¢ € Z,,(C) and f,(c) € Z,(D), respectively.

3.4. Long exact sequence in homology. A sequence of chain homomorphisms

A LlsB Yo

is exact if for every n € Z

= A, B, 0 —

is an exact sequence of Abelian groups.

Theorem. Let 0 — A 5 B 2 C — 0 be a short evact sequence of chain complezes.
Then there is a connecting homomorphism 0, : H,(C) — H,_1(A) such that the
sequence

o Hyp_1 (i)

. H,(A) Hn (7) ()

0, By 22 |7o(0) 2 H,_1(A)
18 exact.

Proof. Define the connecting homomorphism 0,. Let [¢] € H,(C) where ¢ € C,, is a
cycle. Since j : B, — C, is an epimorphism, there is b € B,, such that j(b) = c.
Further, j(0b) = 0j(b) = Oc = 0. From exactness there is a € A,_; such that
i(a) = 0b. Since i(0a) = Ji(a) = J0b = 0 and ¢ is a monomorphism, da = 0 and a is
a cycle in A,,_;. Put
Oi[c] = [a].

Now we have to show that the definition is correct, i. e. independent of the choice of ¢
and b, and to prove exactness. For this purpose it is advantageous to use an appropriate
diagram. It is not difficult and we leave it as an exercise to the reader. U

3.5. Chain homotopy. Let f,g : C — D be two chain homomorphisms. We say
that they are chain homotopic if there are homomorphisms s, : C;,, — D,,,1 such that

8,?“5” + sn_lﬁf = fn—gn forall n.

The relation to be chain homotopic is an equivalence. The sequence of maps s, is
called a chain homotopy.



Theorem. If two chain homomorphism f,qg: C — D are chain homotopic, then

H,(f) = Hu(g)-

Exercise. Prove the previous theorem from the definitions.

3.6. Five Lemma. Consider the diagram

A B C E
f1i% f2

D
J/% fal f4l'=” f5 |
A B C D E

If the horizontal sequences are exact and fi, f2, fi4 and f5 are isomorphisms, then f3
is also an isomorphism.

Exercise. Prove 5-lemma.

3.7. Simplicial homology. We describe two basic ways how to define homology
groups for topological spaces — simplicial homology which is closer to geometric in-
tuition and singular homology which is more general. For the definition of simplicial
homology we need the notion of A-complex, which is a special case of CW-complex.

Let vg, vy, ..., v, be points in R™ such that v; — vy, v9 — vg, v, — vy are linearly inde-
pendent. The n-simplex [vg, vy, ..., v,] with the vertices vy, vy, ..., v, is the subspace
of R™

{itﬂiz‘; iti =1, t; >0}
i=0 i=1

with a given ordering of vertices. A face of this simplex is any simplex determined by
a proper subset of vertices in the given ordering.

Let A,, a € J be a collection of simplices. Subdivide all their faces of dimension
7 into sets F ﬁz A A-complez is a quotient space of disjoint union [, ., A, obtained
by identifying simplices from every F; into one single simplex via affine maps which
preserve the ordering of vertices. Thus every A-complex is determined only by com-
binatorial data.

A special case of A-complex is a finite simplicial complex. 1t is a union of simplices
the vertices of which lie in a given finite set of points {vg, v1,...,v,} in R™ such that
v — Vg, Vg — Vp, ..., U, — Vg are linearly independent.

Example. Torus, real projective space of dimension 2 and Klein bottle are A-complexes
as one can see from the following pictures.
In all the cases we have two sets F?> whose elements are triangles, three sets F!
every with two segments and one set F° containing all six vertices of both triangles.
These surfaces are also homeomorhic to finite simplicial complexes, but their struc-
ture as simplicial complexes is more complicated than their structure as A-complexes.

To every A-complex X we can assign the chain complex (C, 9) where C,,(X) is a free
Abelian group generated by n-simplices of X (i. e. the rank of C),(X) is the number



FIGURE 3.1. Torus, RP? and Klein bottle as A-complexes

of the sets F™ and the boundary operator on generators is given by
Olvo, v1, ..., 0] = Z(—l)i[vo, RN S T
i=0
Here the symbol 9; means that the vertex v; is omitted. Prove that 90 = 0.
The simplicial homology groups of A-complex X are the homology groups of the
chain complex defined above. Later, we will show that these groups are independent
of A-complex structure.

Exercise. Compute simplicial homology of S? (find a A-complex structure), RP?,
torus and Klein bottle (with A-complex structures given in example above).

Let X and Y be two A-complexes and f : X — Y a map which maps every simplex
of X into a simplex of YV and it is affine on all simplexes. Using appropriate sign
conventions we can define the chain homomorphism f, : C,,(X) — C,(Y") induced by
the map f. This chain map enables us to define homomorphism of simplicial homology
groups induced by f.

Having a A-subcomplex A of a A-complex X (i. e. subspace of X formed by some of
the simplices of X') we can define simplicial homology groups H,,(X, A). The definition
is the same as for singular homology in paragraph 3.9. These groups fit into the long
exact sequence

= H,(A) - H(X) » Hy(X,A) - Hy 1 (A) — ...
See again 3.9.

3.8. Singular homology. The standard n-simplez is the n-simplex

A" ={(to,t1, ... tn) ER™L D "t =15 t; > 0}
i=0
The j-th face of this standard simplex is the (n—1)-dimensional simplex [eq, ..., €;, ..., €]

where e; is the vertex with all coordinates 0 with the exception of the j-th one which
is 1. Define
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as the affine map &/ (to, t1,...,tn-1) = (to,--.,tj-1,0,¢j, ..., t,—1) which maps
€y —> €0y .-y €j—1 7 €51, € =7 €541, ..., €p_1 —7 Ep.
It is not difficult to prove

Lemma. ¢t e =&/ *lek for k < j.

A singular n-simplex in a space X is a continuous map o : A" — X. Denote the
free Abelian group generated by all the singular n-simplices by C,,(X) and define the
boundary operator 9, : Cy,(X) — C,—1(X) by

n

Ou(0) = ) (~1)'oe,,

i=0
for n > 0. Put C,,(X) =0 for n < 0. Using the lemma above one can show that
an+18n - 0

The chain complex (C,,, d,) is called the singular chain complex of the space X. The
singular homology groups H, (X) of the space X are the homology groups of the chain
complex (C,(X),0y), 1. €.

Ker g,
N Im an-i-l ‘

Next consider a map f : X — Y. Define the chain homomorhism C,(f) : C,(X) —
C,(Y) on singular n-simplices as the composition

Cn(f)(0) = fo.
From definitions it is easy to show that these homomorphisms commute with boundary
operators. Hence this chain homomorphism induces homomorphisms

fe = Hu(f) - Ho(X) = Hn(Y).

Moreover, H,(idx) = idu,(x) and H,(fg) = H,(f)H,(g). It means that H, is a
functor from the category Top to the category Ab of Abelian groups and their ho-
momorphisms. This functor is the composition of the functor C' from Top to chain
complexes and the n-th homology functor from chain complexes to abelian groups.

Prove the lemma above and 0,,10,, = 0.

Show directly from the definition that the singular homology groups of a point are
Hy(x) = Z and H, (%) =0 for n # 0.

H,(X)

3.9. Singular homology groups of a pair. Consider a pair of topological spaces
(X,A). Then the C,(A) is a subgroup of C,(X). Hence we get this short exact
sequence

Ca(X)
CulA)
Since the boundary operators in C,(A) are restrictions of boundary operators in
C,(X), we can define boundary operators

Cu(X)  Cy(X)
Cu(A) " Cli(A)

0= Co(A) 5 Ch(X) L — 0.

Oy :
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We will denote this chain complex as (C'(X, A), 9) and its homology groups as H,, (X, A).
Notice that the factor C,,(X)/C,(A) is a free Abelian group generated by singular sim-
plices 0 : A" — X such that o(A") € A. We will need it later.

A map f: (X,A) — (Y, B) induces the chain homomorphism C,(f) : C,(X) —
C,(Y) which restricts to a chain homomorphism C,,(A) — C,(B) since f(A) C B.
Hence we can define the chain homomorphism

Co(f): Ch(X,A) — C,(Y, B)
which in homology induces the homomorphism
fo=H,(f): Hy(X,A) — H,(Y, B).

We can again conclude that H, is a functor from the category Top? into the category
Ab of Abelian groups. This functor extends the functor defined on the category Top
since every object X and every morphism f : X — Y in Top can be considered as the
object (X, ) and the morphism f=f: (X,0) — (Y,0) in the category Top® and

Hn(Xv @) = Hn(X)> Hn(f) = Hn(f)

3.10. Long exact sequence for singular homology. Consider inclusions of spaces
i:A— X, 7 :B =Y and maps j : (X,0) = (X,A), j/: (Y,0) — (Y, B) induced
by idx and idy, respectively. Let f : (X, A) — (Y,B) be a map. Then there are
connecting homomorphisms 9X and 9Y such that the following diagram

X i X i
—=H, (A)—*>Hn(X1)—>H (X,A) —= H, 1(A) ——
J/(f/A)* if* J/f* l(f/A)*
oY il ! Y i

e Hu(B) S Hu(Y) —~ H,(Y, B) 2~ H,_1(B) ——

commutes and its horizontal sequences are exact.
An analogous theorem holds also for simplicial homology.

Remark. Consider the functor I : Top® — Top® which assigns to every pair (X, A)
the pair (A, (). The commutativity of the last square in the diagram above means
that 9, is a natural transformation of functors H,, and H,_; o I defined on Top?.

Proof. We have the following commutative diagram of chain complexes

0— C(4) —L ox) =2 o(x, 4) — 0
lC(f/A c(f) ic(f)
C(y")
0—c(B) 2L o) 22 oy, B) —=0

with exact horizontal rows. Then Theorem 3.4 and the construction of connecting
homomorphism 0, imply the required statement. O

Remark. It is useful to realize how 0, : H,(X,A) — H,_1(A) is defined. Every
element of H,(X,A) is represented by a cham r € Cn(X) with a boundary dz €



Ch-1(A). This is a cycle in C,,(A) and from the definition in 3.4 we have
Oiz] = [0x].

3.11. Homotopy invariance. If two maps f,¢g : (X, A) — (Y, B) are homotopic,
then they induce the same homomorphisms

fe=9.: Hy(X,A) — H,(Y, B).

Proof. We need to prove that the homotopy between f and g induces a chain homotopy
between C.(f) and C,(g). For the proof see [Hatcher|, Theorem 2.10 and Proposition
2.19 or [Spanier|, Chapter 4, Section 4. O

Corollary. If X and Y are homotopy equivalent spaces, then
H,(X)= H,(Y).

3.12. Excision Theorem. There are two equivalent versions of this theorem.

Theorem (Excision Theorem, 1st version). Consider spaces C C A C X and suppose
that C C int A. Then the inclusion

i (X—-C,A-C)—= (X, A)
induces the isomorphism
iyt Ho (X —CLA—C) S Hy(X, A).

Theorem (Excision Theorem, 2nd version). Consider two subspaces A and B of a
space X . Suppose that X =int AU int B. Then the inclusion

i:(B,ANB)— (X,A)
induces the isomorphism
iy : Hy(B,AN B) = H,(X,A).

The second version of Excision Theorem holds also for simplicial homology if we
suppose that A and B are A-subcomplexes of a A-complex X and X = AU B. In this
case the proof is easy since the inclusion

Cn(i): Cr(B,ANB) = C,(AU B, A)

is an isomorphism, namely the both chain complexes are generated by the same n-
simplices.

Exercise. Show that the theorems above are equivalent.

The proof of Excision Theorem for singular homology can be found in [Hatcher],
pages 119 — 124, or in [Spanier|, Chapter 4, Sections 4 and 6. The main step (a little
bit technical for beginners) is to prove the following lemma which we will need later.
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Lemma. Let U = {U,; a € J} be a collection of subsets of X such that X =
Upesint Us. Denote the free chain complex generated by singular simplices o with
o(A") € U, for some a as CY(X). Then

CL (X)) = Cu(X)
induces isomorphism in homology.

Proof of Ezcision Theorem. Consider Y = {A, B}. Then the inclusion

CH(X)

Cn.(i): Ch(B,ANB) » ———=

() : Cu( ) ()
is an isomorphism and, moreover, according to the previous lemma, the homology of
the second chain complex is H,(X, A). O

3.13. Homology of disjoint union. Let X = HaeJ X, be a disjoint union. Then

H,(X) =D H.(Xa).

aed

The proof follows from the definition and connectivity of o(A™) in X for every
singular n-simplex o.

3.14. Reduced homology groups. For every space X # () we define the augmented
chain complex (C(X),0) as follows

~ Cn(X) for n # —1,
7 forn = —1.

with 9, = 8, for n # 0 and 80(2521 n;o;) = Zgzl n;. The reduced homology groups
H, (X) are the homology groups of the augmented chain complex. From the definition
it is clear that
H,(X)=H,(X) forn#0
and
H,(x) =0 for all n.

For pairs of spaces we define H, (X, A) = H, (X, A) for all n. Then theorems on long
exact sequence, homotopy invariance and excision hold for reduced homology groups
as well.

Considering a space X with distinguished point * and applying the long exact
sequence for the pair (X, *), we get that for all n

H,(X) = Hy(X, %) = Hy(X, ).
Using this equality and the long exact sequence for unreduced homology we get that

Ho(X) = Ho(X, %) @ Ho() = Hy(X) ® Z.



Lemma. Let (X, A) be a pair of CW-complezes, X # (). Then
H,(X/A) = H,(X,A)
and we have the long exact sequence
oo Hy(A) = Hy(X) = Hy(X/A) = Hy_((A) — ...
Proof. According to example in Section 2
(X,A) > (X UCA,CA) —» (XUCA/CA, %) = (X/A, )

is the composition of an excision and a homotopy equivalence. Hence H,(X/A) =
H,(X,A). The rest folows from the long exact sequence of the pair (X, A). O

Exercise. Prove that H,(\/ Xa) = ®H,(X,).

H,, can be considered as a functor from Top, to Abelian groups.

3.15. The long exact sequence of a triple. Three spaces (X, B, A) with the
property A C B C X are called a triple. Denote i : (B, A) — (X, A) and j : (X, A) —
(X, B) maps induced by the inclusion B — X and idy, respectively. Analogously as
for pairs one can derive the following long exact sequence:

B HL(BA) S Hy (X, A) S Hy(X,B) S Hy y(B,A) & ..

3.16. Singular homology groups of spheres. Consider the long exact sequence
of the triple (A™ 9A"™ A"~1 = 9A™ — A" 1):

oo Hy (A", A = Hy(A", 0A™) 25 H, 1 (0A™, A1) — Hy (A", A1) — ...

The pair (A", A"~1) is homotopy equivalent to (*,*) and hence its homology groups
are zeroes. Next using Excision Theorem and homotopy invariance we get that
H;(A", A"™1) = H, (A" 0A™ ). Consequently, we get an isomorphism

Hi(A™, 0A™) = H,_(A™!, 0A™ 1),

Using induction and computing H;(A',0AY) = H;([0,1],{0,1}) = H; 1({0,1},{0})
we get that
7 for i = n,

H;(A", 0A™) = _
( ) {0 for i # n.

Doing the induction carefully we can find that the generator of the group H, (A", 0A™) =
7 is determined by the singular n-simplex idan.

The pair (D", S"!) is homeomorphic to (A", JA™). Hence it has the same homology
groups. Using the long exact sequence for this pair we obtain

i . 0 for i # n,
H;1(Sp-1) = Hy(D",8"7") = {Z fori=n
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3.17. Mayer-Vietoris exact sequence. Denote inclusions ANB — A, ANB — B,
A — X, B X by iga, i, ja, jB, respectively. Let C' — A N B and suppose that
X =int AU int B. Then the following sequence

2 H (AN B, 0) A (A C) @ Hy (B, O)

Ja2dve 11 (X, C) -2 Hy 1(ANB,C) — ...
1s exact.
Proof. The covering U = {A, B} satisfies conditions of Lemma 3.12. The sequence of
chain complexes
C(ANnB) A ;oY
(ANB) i CM) _CB) , C“X)
c(0) c(C)  Cle) C(C)
where i(z) = (z,2) and j(z,y) = = — y is exact. Consequently, it induces a long

exact sequence. Using Lemma 3.12 we get that H,,(CY(X),C(C)) = H,(X, C), which
completes the proof. Il

0— — 0

3.18. Equality of simplicial and singular homology. Let (X, A) be a pair of
A-complexes. Then the natural inclusion of simplicial and singular chain complexes
CA(X,A) — C(X, A) induces the isomorphism of simplicial and singular homology
groups

HA(X,A) = H,(X, A).
Outline of the proof. Consider the long exact sequences for the pair (X* X*71) of
skeletons of X. We get

Hp o (X8, X —— Hp(XF) —— H(XF) —— H(XF, X571 —— H (X5
Hn+1<Xk,Xk_1) . Hn(Xk—l) . Hn<Xk> . Hn(Xk,Xk_l) o n_1<Xk—1>

Using induction by k we have HA(X*~1) = H;(X*1) for all i. Further, C~(X*, X*~1)
is according to definition zero if ¢ # k and free Abelian of rank equal the number of i-
simplices A!, if i = k. The homology groups H~(X*, X*~1) have the same description.

Since
[Tak/T]oak = x*/x+
we get the isomorphism

HA (XM X5 = H(J Ak T oAk = Hi(x"/x*).

Applying 5-lemma (see 3.6) in the diagram above, we get that H>(X*) — H,(X*) is
an isomorphism.

If X is finite A-complex, we are ready. If it is not, we have to prove that H2(X)
H,(X). See [Hatcher], page 130.

ol
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