' LA- WEEK 11  JORDAN CawomicaL FORH

Unitary ana self adjornt operators on a spue
U have always et a1 basis in U Lormeot
by erqenvectors. é’eneml/g, this is not tree

for other opevators.

*2

Example ¢ :R°—>FR* @) = (i 2_) ()") .
Thrs opemtor has ﬁer‘genmlne 2 of algebraie
mu/t/'/a/l'c/'ég 2 amAd geometvic /nu/L‘/'p//’c/‘éﬁ ’//
Sinee. Im,(((,-zl'd) = [ (g)] %o ¢ has not

a basis p 2 formedd ba egeunvecCors That s
why ¢ cannot have any basis

(cf)o(‘oL ® oliagonay,

Motivation fi—'or\%opeméomy with the property.
that the sum of @lgebracc multip licctres

of 1ts <igenvalyes s egpual to the Arinensioy
of the gmce on which ¢ s defincd | we want
to find a ksis 'n wheh the mae tire'x o{lfo
IS 4s Simple as possible..

This  simple form s JORDAN CANowicas FORM

(We will write TCF.)
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Detinition of Jer
(1) Jordan cell J (N (s the matry &£xré

r10

Je(%) = [ oA1
oo0r. 0
A

& ONX
(2) A matwx (s (n Jordan canonical fotm (f
CE (% block. ofiagona| with Jorotah cells
on the Aizgonal :
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Charn for the eigenmalue N of e an opera-
tor ¢ : U-—>U s a Seguence
Uy d,, .. 4, of hon gero veckore from U

uch thaet
((f- ?\Id«) uy =0
@9, /}‘(09 H, =4y

(lf-— ?\lb‘() Uz : U,
-2 = M

We will write (£ <ometimes (n the Fo//ot%hg

way |
w 2 rid,, v
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Lemma  Letb a4, .. 4, be a chan for the
eigenvalue N of an operetor ¢: U—>U
Then ¥V = Clgty ..., ue] < U (s an invavant
cd b Space W1 Eh res,oecé bo‘ﬁ/ the yreckovs
Uy Uy, .. 4, form a basisaof V' and (n this

basis the mabrix of @[y V=2V S
2% -
(WQ{ =[5 - 7.(%)
: 00N
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?kOO:E ( (s MS€~FL¢[ .FOV‘ fhe Comp”&thI’)S)
The conditions from the defimon of 4 chary

W@ canbere writteyin equiva lent way :

@’ /“09 €4 = &> @)= Muy = MugtOuz4g
((f"}‘m) Uy =U; & @lu)=ltier Ayt Ottsr- ..

(- 1) bs = Up  CD PlUs) = Otyr hy e Mty v Oty

—
- — -— -— -

Heunee  @lu) eV, anot Consequently
¢lV) eV, co Vis an tnmrant cubcpace.

The vectors Uy Uy, ... 4, are l/'hedr/@ Ihde -
péndent ( (&t can be chown b@ (naluction

with respect to b, but | will not dlo k)
So o = Cugou.) (s @basisof ¥ and
y/n# Ehis basts

(#) = |

0
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Jordan Theorem

Bt U be @ vector cpace of Aimension h
and ¢ U —7UY an opera tor. Syppose
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tmt the sum of algebraic multrplicrties
of all eqenmfues of ¢ (s Gual to h.
Then there (S @ besis X (n U <such
the &

((f)«,oc =J
(s adlew matrix 1n Jordan canonical form,
This matriy (s debtermnesf é{m'fqe/g
ap to éhe order of  Jordan cells.

Kemark.  The kmsis £ from theorem above
i's  Lormed bg Chaine ¢o erjenmiues of.
the opemtor ¢ .

Jordan Theorem over compley hum bers

1 ¢: U= U and U s a complex vector
gpace, we cah omit Fhe assump tionn
on the multipliccties , since (t (s albagc
catisfieol . ( Every pelgnomial over €
of degree h  has h Iroots (ncluding mults -

p Ifcz'ﬁ/'es.)
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Matry version of Jordan Theorem

let A bealprn)- matrx o [K =RorC
Suppose thet the Sum Of multiplic tres
of (ts elgenvalues (s epue! o n. Lhey

A /s <impler to @matrix d ih JCF, i e,

there 15 @ regulr matri'y P sach €hat-
1 =P'AF

The matwy J 1s determined umyqe/ﬁ ujp

to fthe order of Jordan cells.

Rewark W The matrny P s hot deberming,
unrquely l
@ Over &€ we aan omit ¢€he Qscam/oé-/'on,

Proof- . Jordan Theorem => Matri'y version

a%fé A Ao amn (M}t/k_)—W‘t;f/ ) 'th elewmenks
in K =R or €. Then it defines <2
operator

@ : K*—> K™ (f’é)‘) = A X

which SQ&('S{P!'@S the gssumption of dordan
Theorem. Then there (s a basis « in K*

Such that sz)o( = J s a matry (n JCF
|
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I t{ hold s

I = (Pl = (’.d)o(,e(f)f,a (’d)g«:?q’d‘?

where, g -=6?1,ez_,_,]e,,) (s the staudavol SIS,

FINDING JCF  FOR OPERATDOES ANMD

MATRICES N DIMENSION R AWND Ly

S———

Zhere

Rule 1| On the dizgonal of. UCF\(ZW'&
eigenvalues of our operatbor % ( matysy 4 )
/

evera/ 2s many Cimes as Iés wew 2/ge braig,
mu /tl‘ph'q'é% .

Example 1a ¢ : BE—RS o(x)=Ay
A (3 S 3\ Chrracteristic polyromial (s

-4 -4 -6 oot (A-DE) =(2- M(1-2)*

Eigen values
/}1 = 2 Iﬂ/g.MUItI‘Ph‘Cl'él& /Il 7‘90‘”-”"“/5"#/!'6'('631
eigenveckor v = (4-2,3)T

Ny = //’ 4/@.01«/;‘. 2/ geom. mult. 2
eigenrectors v, = (3,6,-8)T
V4 = (”n"‘ f‘)T—



In the besis Vo, Va, Va) N

o = (
(D = (0@33)
007

This s @ matrixy m JCF with 3cells
of dimension 1.

Eyample 1b ¢ : B*—>R* ()= Bx

B = (Z 7 “’) Char. polynemial I's

7
P B SR CENS

Eigenvalues
Ny = 2 alﬁ.mulé- 1, qeom. mult. 1

egenvector  vi= (1,00)7
Aoy =1 Ag. mult. 2, geom. mult. 7
Elgenvector v, = (47 0)

Accor‘oh'ng to Tule1 +thne Mt'q?om/ of JCF

- z 1 , but JcF aznnot have
L three cells, othervise
the qeom. mult. of 3,=1
weould be 2.

So JEE J4as to be

2|00
- (5
o0 1
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We dve lookt‘nﬁ for a basis x (n which

(Cto)cx,oc == (20 ‘40 ;) )

A

For the C’t'ﬁ*&n velie 2 we heve e»;'qewveu’;or
Vi n . For the cigenvelue 4 we hue
to f1nd a chain of thele nath 2 for etgenalie 1

The tirst vector of this chain s an
€igenvrector v, . [he second vector
's vy Such that

(3-—’1-5) Vs = 773

-

4 1 -1 Y
0 0 2 |V =(-y
0o o 4

0
Vg = 1 In the besis o« = (v, Vz, V:s)
-1
3 ~ 210 p
(‘f)x,ot - (UO &7 4)
' ' ' 0 1
More over

(@o(,ok N @d)x.a (@6,2 (‘bﬁg.a

P’ B P

[
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Rule ZJ

The mumbevr of Joraah cells for the
eigenvalue N s egual to the geomelric

multiplicity of A

Eyplanction .  Charn

p- bt P20l PNt
Ve = Veoy -o.. —2 Vo —> 1 —>0

V, 4 an eigenvalie

Lxample 2. @: P3— R* ¢ ()= Ax
A=(43 -28 6) Lhie. poloyromeals ¢4

y -& 4 3
-1 4 4 (2',)‘)

&WWQ/ N=2 o a«quww,éé 3 anol geom. mankl. ]
QMMWU Ay = (2, 7, Z) T'

chwa»ﬂ Ao Rale 2 | ICF s only one @Zé/
o JCF Aw 4 Ao

3 =(2*/0
021
00 2

That 15 whg we have to lwt for & basis £ in
the form of & chun of length 3 gtavting

with the vector y, .
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We solve equations
(/4 - ZE) ”2 = M7

(A-2E) 4 =42
One of }oOSgt‘ble <solutions IS

5
O

In the basis x = (4 4zt )

(2,

/)
<
0
/‘\
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Example 3 ¢ - RE=FRY o)== Ax
A-=(4' 40) i, plynmnl A3 (Z-ﬂ)s.

-1 00O

-Z -4 2
Cgomatue 2 of aly. mall. 3 ard geou. matl, 2.
ke, ( A- 25) = Eu,v] whevre

u = (2,-40)T | v=/0,0,/)r

According to Rules 1 and 2. @ JCF for ¢
Containg two cells , one 97£ a1t meh S16H ’//
the other of dimension 2

2. 110
J = oXAND,
E3
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We want to find a besis x which <consisés
of two charns for the egenveluc zy
one of length 2 awA one of [ength €75
( on/g el‘gemxecéor) y Which are //heezn/éz,
I'ndependent .

We have to find an eigenyector which is
Qt the beginning o f the cham of length 2
We Jook for it (n the Lorm

au + bv
AS 4 vector for which the eguation

(A - ZE')X = au+ bv
has a Solution .
f&rr@s’/ﬂOhdzh? matvix /s

2 4 O | 2e 240 |2¢
-1 -2 0| -q@ | -71-20 |-

A solution eyists f and only f- 2até=0.
Choose @=1 b=-2, My = autbv = #-2v

_ {21_7‘_2>T¢M compute w, as a colytion
o/ (A-2E) w, = wy }
Ohe p&ss:'é/Y/’éq /s W, = (—’/, 7 ’QT“




@

We tte < = (W, w, aheigenvector which
6 ~~—~—" (s pot a multiple
a eharn o f of W, ie V:-.(O,&,{)T)

/anqth 2
o
12
|2 >

- - 2
In this hgccs (cf)“!x S e
0]
Homewort  Foud a basis o« in whieh
the oy)em&or @ 'FL'———-PE"’I rp(ﬂ-—-—bx
ha s G”)oq.x 'n VCF.

OInN=

D = 6 -9 S 4 Hink . Ergenvetues
+ -13 & 7 are. 2 of alg-mult
g -1 17 &8 3 and 1

1 -2 1 3



