
Lecture 10: J-coupling, spin echoes



Direct dipole-dipole coupling



J-coupling (indirect, through-bond)
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J-coupling Hamiltonian

θ

ĤJ = 2π(JxxÎ1,xÎ2,x + JxyÎ1,xÎ2,y + JxzÎ1,xÎ2,z

+JyxÎ1,yÎ2,x + JyyÎ1,yÎ2,y + JyzÎ1,yÎ2,z

+JzxÎ1,zÎ2,x + JzyÎ1,zÎ2,yJzzÎ1,zÎ2,z



Classical nucleus-electron interaction
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Classical nucleus-electron interaction
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Classical nucleus-electron interaction
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Classical nucleus-electron interaction
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Classical nucleus-electron interaction



Fermi interaction
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J-coupling



Stationary state of unperturbed σ electrons



Favorable state of electron-coupled nuclei



Unavorable state of electron-coupled nuclei



Scalar coupling

ĤJ = 2π
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J = (JXX + JY Y + JZZ)/3 isotropic constant (scalar)

(2JZZ − JY Y − JXX)/6 = 0 no anisotropy

(JXX − JY Y )/2 = 0 no rhombicity

ĤJ = πJ
(
2Î1zÎ2z + 2Î1xÎ2x + 2Î1yÎ2y

)



J-coupling constants

• 1J(31P-1H) < 700 Hz

• 1J(13C-1H) 140 Hz to 200 Hz

• 1J(15N-1H) −90 Hz

• 1J(13C-13C) 30 Hz to 60 Hz

• 3J(1H-1H) < 15 Hz torsion angle



Secular approximation

• isotropic J: no ensemble averaging is needed

• γ1 = γ2 and δi,1 ≈ δi,2 (strong coupling):

ĤJ = πJ
(
2Î1zÎ2z + 2Î1xÎ2x + 2Î1yÎ2y

)

• γ1 6= γ2 or |δi,1 − δi,2|B0� 2π|J | (weak coupling):

ĤJ = 2πJÎ1zÎ2z = πJ
(
2Î1zÎ2z
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Density matrix at thermal equilibrium
Diagonal elements:
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πJ < 0.00001 γB0,

|δi,1| < 0.00002 (1H), |δi,2| < 0.0002 (13C,15N)

ρ̂eq = 1
2
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)
, κj =
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Density matrix evolution

H = Ω1I1z + Ω2I2z + πJ
(
2I1zI2z + 2I1xI2x + 2I1yI2y

)

Ω1 = −γ1B0(1 + δi,1), Ω2 = −γ2B0(1 + δi,2)

Weak coupling: H = Ω1I1z + Ω2I2z + πJ (2I1zI2z)

I1z, I2z, 2I1zI2z commute ⇒

[Ij, Ik] = iIl ⇒ ρ̂ = cIj −→ cIj cos(ωt) + cIl cos(ωt)
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Density matrix evolution
ρ̂ after a 90◦ pulse: ρ̂(b) = 1

2It + 1
2κ(−I1y − I2y)

I1t −→ I1t −→ I1t

−I1y −→



−c1I1y −→

−c1cJ I1y
+c1sJ 2I1xI2z

+s1I1x −→


+s1cJ I1x
+s1sJ 2I1yI2z

−I2y −→



−c2I2y −→

−c2cJ I2y
+c2sJ 2I2xI1z

+s2I2x −→


+s2cJ I2x
+s2sJ 2I2yI1z

c1 = cos(Ω1t) s1 = sin(Ω1t)

c2 = cos(Ω2t) s2 = sin(Ω2t)

cJ = cos(πJt) sJ = sin(πJt)



Spectrum
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Homo- and heteronuclear pairs

Homonuclear: γ1 = γ2, I1j,I2j, e.g. 1H–1H

Heteronuclear: γ1 6= γ2, Ij,Sj, e.g. 1H–13C
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HOMEWORK:

Spin echoes

Sections 10.5–10.8



Spin echoes
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