Lecture 7: Chemical shift, one-pulse experiment



General strategy
1. Define patt =20

2. Describe evolution of p using the relevant Hamiltonians

usually several steps

3. Calculate the expectation value of the measured quantity
(magnetization components in the z,y plane) as (My) = (Mz +
iMy) = NTr{p M|



The procedure requires knowledge of

1. relation(s) describing the initial state of the system (p(0))

2. all Hamiltonians (s7)

3. the operator representing the measurable quantity (M+)
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Operator of measured quantity

My =N~Iz + ily) = NIy

My =Nv(p o)
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1. the operator representing the measurable quantity (]\L.)
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Hamiltonian of static field B
Ho jab = —vBol:

Hamiltonian of the radio-frequency field B;
Phase = 0 (x):

ﬁl,rot =(—vBo — Wrot)fz — WBlf:B = QI + Wlfx

Phase =7 /2 (y):

Hl,rot —=(—vBo — Wrot)fz — W’Blfy = QI + wlfy



Chemical shift Hamiltonian

Hs = —’Y(TxBe,x + TyBe,y + sze,z) — —’7( faz fy fz ) Be,y

~ R R / 5wx 5$y 5332 \ ( BO,Q? \ ~
\ Ozx Ozy Ozz J\ Bg )

H = Hojab + Hsj + Hsa + He



Chemical shift Hamiltonian

Isotropic component (independent of orientation):

Hsi = —vBodi(12)

Anisotropic (axially symmetric) component (depends on 4, p):

Hs 5 = —vyBpda(3sin ¥ cos v cos plz+3sin 9 cosdsin oIy (3 cos?9—1)1I,)

Rhombic (asymmetric) component (depends on 4, ¢, x):

Hs, = —yBpdr( (—cos2xsin®gcosv cosy —+ sin2xsiny cosdsin)I; +
(— cos2ysind cosvsing — sin 2Xsin0cosﬁc05¢)iy+
((cos2xsin?9)T,)



Secular approximation

Molecular motions do not resonate with the precession frequency —~vBg
= Bezly and Beyl, oscillate rapidly with frequency close to —vB
Bg > Be = much faster oscillations than precession about Be, Bey

effectively average to zero on timescale longer than 1/(vBg) (~ ns)

=Terms with Be I, and BeyI, can be neglected on timescales > ns

1 ( BO ‘|‘ Be,z Be,a:' — iBe,y )

H = —~h- |
75 Bex + iBey —(Bo + Be,z)



Averaging In i1sotropic solvent

No orientation of the molecule is preferred

= all values of x are equally probable and independent of ¢

= Ccos2xy =0

Zy = SINYCOSp
Zy = Sinvsing
Z, = COSY

Z2+Z;+2Z2=1=224+2722+272=1=322-1=(3cos?29—1) =0



Secular approximation

Isotropic component:

Hsi = —vBodi(12)

Anisotropic (axially symmetric) component:

Hg 5 = —vBpda(3sin ¥ cos ¥ cos plz+3sin ¥ cosdsin oIy (3 cos? 9—1)1,)

Rhombic (asymmetric) component:

ﬁ&r = —~vBpdr( (— cos2xsin cosyY cos e + sin2x sind cos¥sin )l +
(—cos2xsind cos¥sin ¢ — sin 2x sin ¥ cos ¥ cos @) Iy +
((cos2xsin?®)I,)



Averaging In isotropic solvent

Isotropic component:

Hs; = —~Bodi(12)

Anisotropic (axially symmetric) component:

Hg 5 = —vBpda(3sin ¥ cos ¥ cos plz+3sin ¥ cosdsin oIy (3 cos? 9—1)1,)

Rhombic (asymmetric) component:

ﬁ&r = —~vBpdr( (— cos2xsin cosyY cos e + sin2x sind cos¥sin )l +
(—cos2xsind cos¥sin ¢ — sin 2x sin ¥ cos ¥ cos @) Iy +
((cos2xsin?®)I,)



Secular approximation and averaging

Isotropic component:

ﬁél = —yBg9; (IZ)

Anisotropic (axially symmetric) component:

Hs 5 = —vBpda(3sind cosv cos plz+3sind cosd sin ply+(3 cos? 9—1)1,)

Rhombic (asymmetric) component:

Hs, = —vBpdr( (—cos2xsindcosvcosy 4+ sin 2x sin ¥ cos v sin ) I +
(— cos2ysind cosvsing — sin 2Xsim9c0519cos¢)fy_|_
((cos2x sin?¥)I,)



Hamiltonian without radio waves (Bj, §)

Ho jab = —vBo(1 + 61z = wol.
ﬁo,rot = (wg — wrot) Iz = QI

Hamiltonian with radio waves (B, §;, B1)
Phase =0 (z):

ﬁl,rot =(—vBo — wrot) Iz = ¥B1lz = QI + w11,

Phase =7 /2 (y):

Hl,rot :(—W’BO — wrot)iz — W’Blfy — Q]AZ =+ QL’11\3/



Hamiltonian without radio waves (Bj, §)

Ho jab = —vBo(1 + 61z = wol.
ﬁo,rot = (wo — wrot) Iz = QI

Hamiltonian with radio waves (Bg, d;, B1)
Phase = 0 (x), close to resonance Q2 < wq:

Ay rot =L + w1l = w11y

Phase = n/2 (y), close to resonance Q2 < wq:



The procedure requires knowledge of

1. the operator representing the measurable quantity (M+)

2. all Hamiltonians (s7)

3. relation(s) describing the initial state of the system (p(0))



T hermal equilibrium as the initial state

Classically, & = —fi; - Bo = —uBg cos¥; = —u, iBg
Boltzmann: P(9) = e €W/ksT v 1 — £(9) /kgT for £(Y) < kgT

Quantum mechanically, £ is eigenvalue of H = —~By(1+8;,)1, ~ —~vBpl.
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Mixed state: The two-dimensional density matrix does not imply

that all magnetic moments are in one of two eigenstates!



Relaxation due to chemical shift anisotropy

Bloch - Wangsness - Redfield semiclassical theory

(spin magnetic moments classically, molecular environment classically)

3 1 1 3
Ry = sz (QJ(WO> =+ 2J(—w0)> ~ szJ(wo)

1 3 1

Same equations as derived classically



One pulse experiment

HOMEWORK: Sections 7.8 and 7.9



Conclusions

Density matrix evolves as
p(t) oc (FzCos(2t + @) + #sin(£2t + ¢) + terms orthogonal to .7,
Magnetization rotates during signal acquisition as
(ML) = | Mg |e 2te? — | pry e F2lel? (cos(2t) + i sin(2t))

unimportant phase shift which is empirically corrected

Fourier transform gives a complex signal proportional to

nyQhQBO ( Ro i w — 2 )
4kgT \R5+ (w—)2  R3+ (w— Q)2




Signal

p(t) oc (FzCcos(2t + @) + #sin(£2t + ¢) + terms orthogonal to .7,

cosine modulation of .7, = real component of signal

sine modulation of .#, = imaginary component of signal

AGS

Signal in channel 1: R{y(¢)}

| o
V

Signal in channel 2: ${y(¢)}

|M+|e_R2tei¢ (cos(2t) +i sin(2t))



Spectrum

After Fourier transformation:
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Signal-to-noise ratio

ﬁQN"y|5/QBS/2 1 — e—RQtQ,max

Signal/noise = K

3/2,.3/2 1/2
kg Tsample \ 12 15 max )
Relaxation

Relaxation: ~ 1/R5 for long acquisition time t5 max

1/Ro ~ 6Dt /b2 for large rigid spherical molecules

6Dr0t — 3kBT
Arr3n(T)’

1/b2 =~ 2By 652 for chemical shift anisotropy,
but chemical shift anisotropy is usually not dominant

= High field/high ~ usually advantageous (exception: 13C=)



