Lecture 6: Ensemble of non-interacting spins
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Classical interacting spin magnetic moments
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Classical interacting spin magnetic moments
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Classical interacting spin magnetic moments
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QM Interacting spin magnetic moments
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QM interacting spin magnetic moments
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1 particle:

\U(aj7 Y, <, COé)



1 particle:
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1 particle:
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2 particles = 1 pailr:
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2 particles = 1 pair:
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2 particles = 1 pair:
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2 particles = 1 pair:
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2 particles = 1 pair:
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2 particles = 1 pair:
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2 particles = 1 pailr:




2 particles = 1 pailr:
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2 particles = 1 pair:




Direct product of wave functions (vectors)
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Direct product of matrices

Ao B = (A11 A12>®(311 BlQ)

An1 Aoo

B>1 Boo

( B B B B )
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2 particles = 1 pair:
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( Caacza Caacaﬁ CaaCﬁa CaaCﬁB

5= caﬁcga CaBCaB CaBCBa CaBCBA
CBaCovon cﬁaczﬁ CBaC%a Cﬁoﬁ%ﬁ

\CBBCaa CBACaB CBBCBa CBACAA

4 x4 matrix = 16 4 x 4 basis matrices



Products of spin operators in Hamiltonian
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Product operators as basis

2- (1) ® #(2)

2. I2(1) ® #(2)
2. 2y(1) ®@ #(2)
2. .7:(1) ® F(2)
2. 7(1) ® I2(2)
2 2(1) @ Sy(2)
2. 7(1) ®@ F2(2)
2. I2(1) ® J2(2)
2.
2
2
2
2
2
2
2

Ir(1) ® Fy(2)

- I2(1) ® 22(2)
- Iy(1) @ Fx(2)
- Iy(1) @ Hy(2)
- Iy(1) @ F2(2)
- (1) ® F2(2)
- I(1) @ Fy(2)
- I2(1) @ F2(2)

S (12)
I1(12)
I1,(12)
S1.(12)
I2,(12)
I2,(12)
I2,(12)

291 4922(12)
291 4-924(12)
291 492,(12)
291y I2,(12)
291y I24(12)
291y92,(12)
291 ,92,(12)
291 ,92,(12)
2.91.92.(12),

(1)
(2)
(3)
(4)
(5)
(6)
(7)
(8)
(9)
(10)
(11)
(12)
(13)
(14)
(15)
(16)



Product operators as basis: examples
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Density matrix: interpretation

>k
[ CanCh CaaCpg caac%a caacﬁﬁ\

CafCaa CaBCaB CaBCBa CaBSCRB
CBaCovon cﬁaczﬁ Cﬁa(%a cﬁoé(%ﬁ

| CB8Cha CBBCaB CBBCBa  CBBCAA

)
|

p=Cia+Crp51: 1+ C1ys1y T C1271, T Cop s + Oy

Matrices 7, 714, S1ys 12> 205 2y - - - -
features (polarizations) of the mixed state

Coefficients Cy, C14, C1y), Oz, COog, Oy - - -
how much individual features contribute to the actual state



Density matrix: populations

4 populations (real numbers),
3 independent (caac),, + caﬁczﬁ + cﬁac;@ -+ c55c§5 = 1):

>k X
(CaaCha CaaChp CaaChy Caalhp)

CaBCho CaBCof CozBCEa caﬁcﬁﬁ

5=
CBaClan Cﬁaczﬁ CﬁaC%Oz Cﬁacgﬁ
b S X % >k
\ €B8B8Caa  CBBCaB CBBCRa  CBBEBRS )
or
(+1 0 0 0) (+1 0 0 0)
_ 0 +1 0 O s — 1] 0o+1 0 o0
ft—g 0 041 0O 1z= 5| 0o 0-1 o0
L 0 0 0 41, . 0 0 0 -1/
(41 0 0 0) 1(+1 0 0 0)
o 0 -1 0 0 . 0 -1 0 O
f2z—5 0 041 O 2j12f22—5 0 0 -1 O
. 0 0 0 -1/ . 0 0 0 41,



NO

polarization




Longitudinal polarization of /i,
regardless of >




Longitudinal polarization of /i,
regardless of >




Longitudinal polarization of i,
regardless of i




Coupled longitudinal polarizations
of /i1 and jis




Density matrix: coherences
12 coherences (complex numbers: 12 real, 12 imaginary),
6 independent (caac) 3z = capcha €tC.):

( CaaCho Cozozczﬁ Cozozcga CozozCEB )
5 — CaBCho caﬁcgﬁ caﬁcé(x caﬁcgﬁ
CBaCovon CﬁoﬁZﬁ CﬁaCEa Cﬁacfaﬁ
\CB8Caa CBBCaB  CABCBa CBACBA

or purely real/imaginary

0 0 +1 O 0 0 +1 O
1/ o o o+1| 1f o 0o 0 -1
> +1 0o o o] 2|41 0 O

0
0O —1 O O

0O +1 0 O 0O +1 0 O O —i 0 O O —i 0 O
1l 4+1 0 0 O 1f+1 0 0 O 1f{ 4+ 0 0 O 1l +i 0 0 O
2 O 0 0 +1 2 O 0O 0 -1 o 0 0 0 —i 2| 0 0 0 +i
O 0 +4+1 0 O 0 -1 0 O 0 +i O 0O 0 —i O
O 0 0 +1 O O 0 -1 O 0 0 —i O 0O 0O —i
1 O 0 4+1 0 1 O 0 +4+1 O 1 O 0 +i O 1 0O 0 —i O
2 O +1 0 O 2 0O +1 0 O >l 0 —-i 0 O >l 0 +4+i 0 O
+1 0 0 O -1 0 0 o0 +i 0 0 O +i 0 0 O



Transverse polarization of /i, (direction z),
regardless of [i>




Transverse polarization of /i; (direction x)
coupled with longitudinal polarization of /-




Transverse polarization of /i, (direction vy),
regardless of [i>
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Transverse polarization of ;i; (direction y)
coupled with longitudinal polarization of /-
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Transverse polarization of /> (direction z),
regardless of /i




Transverse polarization of /> (direction x)
coupled with longitudinal polarization of /iy




Transverse polarization of /> (direction vy),

[i1

regardless of




Transverse polarization of /> (direction vy)

coupled with longitudinal polarization of /iy




Coupled transverse polarization of /1 and /[
In direction «




Coupled transverse polarization of /1 and /[
In direction y




Transverse x polarization of ;1 coupled with
transverse y polarization of ;i




Transverse y polarization of ;i; coupled with
transverse x polarization of />

[0 O 0 —1)
g g 1| 0 0-1 0
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WHAT REMAINS?
WHAT CHANGES?



Hamiltonian

In the absence of radio waves:

H = Hy+ Hp

H = —v1Boli. - WzBovfzz Hsq1+ Hso
Ho
In the presence of radio waves (B1 > B»):

H%ﬁl



Hamiltonian of chemical shift

I

I/

1
»




Hamiltonian of

chemical shift anisotropy
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Hamiltonian of dipolar coupling
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Chemical shift Hamiltonian

Isotropic component (independent of orientation):

Hsi = —vBodi(12)

Anisotropic (axially symmetric) component (depends on 4, p):

Hs 5 = —vyBpda(3sin ¥ cos v cos plz+3sin 9 cosdsin oIy (3 cos?9—1)1I,)

Rhombic (asymmetric) component (depends on 4, ¢, x):

Hs, = —yBpdr( (—cos2xsin®gcosv cosy —+ sin2xsiny cosdsin)I; +
(— cos2ysind cosvsing — sin 2Xsin0cosﬁc05¢)iy+
((cos2xsin?9)T,)



Secular approximation and averadging

Recall chemical shift Hamiltonian:
Isotropic component:

Hsi = —vBodi(12)

Anisotropic (axially symmetric) component:

Hs 5 = —vBpda(3sind cosv cos plz+3sind cosd sin ply+(3 cos?9—1)1,)

Rhombic (asymmetric) component:

H(S,r = —~vBadr( (= cos2xsin cosy cos e + sin2x sind cosV¥sin )l +
(— cos2ysind cosvsing — sin 2Xsinz9cosﬁcos¢)fy_|_
((cos2xsin?9)T,)



Hamiltonian in presence of dipolar coupling

In the absence of radio waves in isotropic liquid
(on time scales > ns, not relaxation!):

H = —v1(1 + 8i1)Bo — v2(1 + di 2) Bo = Hg
A=,

In the presence of radio waves (B > B»):

P S P

H%Hl



Liouville - von Neumann equation

dp ., _ . . o
i i(pr — p) = ip, #] = —i|x, p]
If p=cs;, » =ws, and |s;, 5| = iz, p evolves as

p=cy; — cg;C08(wt)x csysin(wt)

THE SAME FORM

= new commutators:

:fn:v, fny] = 1.7n2, [fny, fnz] = 1z, [f’n,z, fna:] — ifny

:fnja ankfn’l] - Q[fnj, fnk]fn’l

:anjfn/l, ank‘jn’m] - [ﬂnj, fnk’]5lm + [ﬂn/l, jn’m]éjk’

5, I, 7] are product operators

— rotation in 3D subspace of 16D operator space
Discussed later in the course (not needed now because

dipolar coupling averages to zero in isotropic liquids)




Operator of measured quantity

My =My + Moy = My, + 1M1y + Moy, + 1Moy

My =N (vi(I1, +ilyy) + v2(l2p +il2,))

My =N (vili472024)

MINOR INTUITIVE MODIFICATION



T hermal equilibrium as the initial state

(G Sy T ey 0 0 0 \

0 1 ’YlBOh_’YQBOh 0 0

~( __ 4 8kgT 8kgT
’0 T 0O 0O l_’YlBOh | 723071 0
4~ 8kgT T BkgT o .

\ 0 0 0 1 8haT — Shal /
1000) (41 0 0 O (41 0 O O
_1l0100|, mBh| 041 0 0|, 92Bh| 0 -1 0 O
4/0010| 8kgT| O O0—-1 0| ' 8kT| O O0+1 O
0001, . 0 0 0 -1} . 0 0 0 -1}

= ; (jt + k171 .+ Hszfz,z) :

SAME APPROACH AS FOR ISOLATED NUCEI,
just applied to both magnetic moments
No effect of dipolar coupling (exact in isotropic liquids)



Relaxation due to dipolar coupling
Bloch-Wangsness-Redfield theory applicable
dipolar coupling: different Hamiltonian, large effect

. noy1y2h
dipolar b =
P 247T7°3
dAa(M; b
<dt = —5 (6J(wo,1)+2J(wo,1 —wo,2) +12J(wo,1 + w0,2)) A(M1z)
b2

+ §(2J(WO,1 — WO,Q) - 12J(w0,1 + WO,Q))A<M2z>
= —Ry1A(Mq,) — RxA{(M>.)

dA (Mo, b2
el _5(6J(wo,2)—|—2J(wo,1 —wp2) + 12J(wp 1 + wp 2) ) A{(M2,)

dt
b2
—+ §(2J(w071 — w072) — 12J(WO,1 + WO,Q))A<M12>
= —Rza2A<M22> — RxA (M)
d<]\£+> — —;(4J(O) + 3J(wo,1)+6J(wp,2)

+J(wp 1 —wo.2) +6J(wo 1+ wo2)){Myy)
1
- (Roa+ JRa1) (M14) = ~Ro 1 (M)




Differences of dipole-dipole relaxation

Hamiltonian of dipolar coupling vs. chemical shift:
2f1$f2272f1yj2272f12f233:2f12j2y like s Iy T2z 2y
291 492 2flyf2ya leaijya QflyJQxa 291,92, NEW

2
b2 = (“%Tl?}?h) > (fleo(Sa,l)Q If 2 is attached proton

+2J(wo,1 —wo,2) + 12J(wp,1 +wp,2) IN Ra1 and Rao
The whole Rx « 2J(w071 — w072) — 12J(w071 + w072)

cross-relaxation (mutual dependence)
Nuclear Overhauser Effect (NOE)

+6J(wp2) in Rg 1



