
Lecture 9: 2D spectroscopy, NOESY
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ρ̂(d) = 1
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2κ (−c11I1z + s11I1x − c21I2z + s21I2x)

Mz relaxes with R1, Mx,My relax with R2:

τm = 0.2 s, R1 = 1 s−1, and R2 = 20 s−1

⇒ e−R2τm = e−20×0.2 = e−4 ≈ 0.02

I1x, I1y, I2x, I2y contributions reduced to 2 % ≈ 0

⇒ e−R1τm = e−1×0.2 = e−0.2 ≈ 0.82

I1z, I2z contributions survive (82 % ≈ 1)
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MODULATION IN 2D EXPERIMENT

M̂+ = N
(
γ1(Î1x + iÎ1y) + γ2(Î2x + iÎ2y)

)

Tr {Inx(Inx + iIny)} = 1

Tr {Iny(Inx + iIny)} = i

〈M+〉 = Tr{ρ̂(t2)M̂+}
= Nγ~A1

(
ie−R2,1t2 cos(Ω1t2)− e−R2,1t2 sin(Ω1t2)

)

+ Nγ~A2

(
ie−R2,2t2 cos(Ω2t2)− e−R2,2t2 sin(Ω2t2)

)

Y (ω) = Nγ~


A1R2,1

R2
2,1 + (ω −Ω1)2

+
A2R2,2

R2
2,2 + (ω −Ω2)2



− iNγ~


A1(ω −Ω1)

R2
2,1 + (ω −Ω1)2

+
A2(ω −Ω2)

R2
2,2 + (ω −Ω2)2
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Relaxation due to dipolar coupling
Bloch-Wangsness-Redfield theory applicable

dipolar coupling: different Hamiltonian, large effect

dipolar b = −
µ0γ1γ2~

4πr3

d∆〈M1z〉
dt

=−
b2

8
(6J(ω0,1)+2J(ω0,1 − ω0,2) + 12J(ω0,1 + ω0,2))∆〈M1z〉

+
b2

8
(2J(ω0,1 − ω0,2)− 12J(ω0,1 + ω0,2))∆〈M2z〉

= −Ra1∆〈M1z〉 −Rx∆〈M2z〉
d∆〈M2z〉

dt
=−

b2

8
(6J(ω0,2)+2J(ω0,1 − ω0,2) + 12J(ω0,1 + ω0,2))∆〈M2z〉

+
b2

8
(2J(ω0,1 − ω0,2)− 12J(ω0,1 + ω0,2))∆〈M1z〉

= −Ra2∆〈M2z〉 −Rx∆〈M1z〉
d〈M1+〉

dt
= −

b2

8
(4J(0) + 3J(ω0,1)+6J(ω0,2)

+J(ω0,1 − ω0,2) + 6J(ω0,1 + ω0,2))〈M1+〉

= −
R0,1 +

1

2
Ra1

 〈M1+〉 = −R2,1〈M1+〉



NOESY
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〈M+〉 = Nγ~ (

A1

(
e−R2,1t2 cos(Ω1t2)− ie−R2,1t2 sin(Ω1t2)

)
+

A2

(
e−R2,2t2 cos(Ω2t2)− ie−R2,2t2 sin(Ω2t2)

)
+

)

<Y = Nγ A1
R2,1

R2
2,1 + (ω −Ω1)2

+Nγ~ A2
R2,2

R2
2,2 + (ω −Ω2)2
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−
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dt
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dt
= Ra2∆〈M2z〉+Rx∆〈M1z〉
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Sections 9.4, 9.5.1, 9.5.2





NOESY

−
d∆〈M1z〉

dt
= Ra∆〈M1z〉+Rx∆〈M2z〉

−
d∆〈M2z〉

dt
= Ra∆〈M2z〉+Rx∆〈M1z〉

A1 =
κ

2
((1− ζ)e−R2,1t1 cos(Ω1t1) + ζe−R2,2t1 cos(Ω2t1))e−(Ra+Rx)τm

A2 =
κ

2
((1− ζ)e−R2,2t1 cos(Ω2t1) + ζe−R2,1t1 cos(Ω1t1))e−(Ra+Rx)τm
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10 kDa protein:
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NOESY CROSS-PEAK HEIGHT Ymax

If τm < 1/Rx :

Ymax ∝ −
1

2

eRxτm − e−Rxτm
 e−Raτm ≈ −Rxτm

=
µ0

8π


2 γ4~2

r6
(J(0)− 6J(2ω0))τm

J(0) =
2

5
τC J(2ω0) =

2

5

τC

1 + (2ω0τC)2

Slow motions, long τC:

2ω0τC� 1⇒ J(0) = 2
5τC > 6J(2ω0) ≈ 0⇒ Ymax > 0

Fast motions, short τC:

2ω0τC� 1⇒ J(0) = 2
5τC < 6J(2ω0) ≈ 6× 2

5τC⇒ Ymax < 0
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NOESY CROSS-PEAK HEIGHT Ymax

Ymax

Ymax,ref
=

rref

r


6

r = rref
6

√√√√√√√√
Ymax,ref

Ymax

Reference protons distance

geminal in methylene H–C–H 0.17 nm
vicinal in aromatic ring H–C=C–H 0.25 nm
meta in aromatic ring H–C=CH–C–H 0.42 nm


