


lostweek.VE
, M equipped with a linear Conn . D : 1-(v )- 1-(TM ☒ V )

n) Parallel transport induced by P .

m ) Horizontal distribution / Horizontal lift :

IÄETV s.t.TV = H ☒ Verw )
=
-

f. Tp
TM
-

Ho! : IM
→ H? c- [ ✓ s c- TLTM)

✓ c- ↳ Honky ) = : ¥ .

>
""

: r - I!" is a senior

of H ° .



Horn : 1- ✗ M→ Hu E TV

✗
'

lol → ¥+1 Pt:(g) Lu )
1-⇒

y : I→ M ↳ - Curve
, flo ) = ✗ /

-

One wie ne
wÜ%¥ horizontal distribution / horizontal lift :

Prop.3.7-letlh.eu linear connection on a wecker bundle ✓→ M
.

Then for s c- TLTM)
,
s c- TLV) one ho>

Tgs = Ts og - s
"
:S ( (Fs )

k) c- Versµ =

Proof . Check this !
-

TK



In f-och die Lae Check that a linear Connect /en T on a wecker

bundle ✓→ M is äquivalent to the do ice of avedorKebbmed@HcTVs.l
.

• TV = H ☒ Verw )

• H = Tun, Hu V-vc-V.tt c- IR
,du

-

where uns :
V → V equal > mj ( v ) = Iv Scala um / tplicoh.ae

( which is a diffeauorpw.tn for I -1-0 ) .
.

Prop.3.8-supposev.is ia linear connection on a vector knalle ✓→ M
.

Then there ex -at a unique sectien RENNT " M ① Hou LYU ))



which is chorocherized by

Ruiz) (s ) = pKs - {Bs - Es;] +
sie c- THM)
ts c- TIV) .

Proof .
The feel that R aktives a Socken of MMM☒ How Luv)

= HTM ①V
'

✓
is uerified stroightfoiwerdw → cf - affine Connection ,

in Global Analysis .

☐
More over , given a liked connection T on a woher handle ✓→ M

,we
get on induced neurechten on V '→ M

,

(7) ( s ) = d HH) ( s ) - J ( Ps) tretlvy
Ks c- TIV )
lts c- TLTM)



TV) × TV
- ) → Im .IR )

( s , d) - Gls ) : ✗ → ↳ (s " )

If we seh Ff = dfl} ) (MR )

tuen (F) ( s ) = ☒ Is ) ) + riffs ) .

I

One gets linear connection on tourer products of V and ✓
→

:

Dg (s ☒ s
' ) = Ys ☒ s

'
t s ② Ps ' s☒ s

' ETH)
→ connection

an ✓☒ ✓Dgl ☒ s
' ) - Bb ☒ s

'

t d ☒ Is
'

das ,
c- TLV:@ u)
= )
-(Hanau))



The cnn.FI Von ✓ • : R
-

(Sz) (d) (s ) =

= - h ( Rts
,2) (s ) )

÷Ü"

ts c- HV)
7s c- ITV )

.



3.3connectiousougaeerolf.herbuudj.DE/-.3.9-Sepposep
:-[→ M is a fiber bundle wir skadod f.herF .

A general Connection on p : E→ M
is a wecker subbuudle HETE

sie . TE = # ⑦Ver (E) . (* )

Devote by IT i TE → Ver LE ) and ✗ = Id - IT : TE→ H
TE

the natural projecteus wir> padieg to (#-) .

(General connection is eguiu .
to a project im IT :TEE)

( ☐ Iver (E)
= ld.ve

, #)) with Kernel H .



• General connection It iuduces a horizontal lift luop :

Hier : 1- (TM ) → 1-(H ) c- FLTE)
s 1- gnor

w him is linear ofsuodn fcls -
Swr is the unique wecker fidd an € s.li . Taps! = s ( pla ) )

tutEand for Lu) c- Hu Yu c- E .

Converseey , any
horizontal lift of radar fields with this prozentig

hauen freu u general uauectiee .

• General Connection war he uiewed o) o uoweu of parallel hang got
y : I→ M ~) Pt ( y ) : Egan , → Ey, „, difteoeuopn.am



• General connection war he seen es a general lovoriael deirdre
:

Ys = Tso S - s
"°
: s c- TLVVLE )→ M )

.

=

V-sc.ME ) ,
ts c- TLTM ) .

.

Def.3-10-Thecurvete.ie of a general Connection on a the
bundle p :

E → M is de Jihad b) follow) :

Rls , 4) = -11-(5×-42) ) ts.net ITTE)
.

a. R is horizontal
,
i.e. it marines upon Insertion of Ory decken

ef Ver (E) →E .

• TTO ✗ = ° ⇒ R is bi linear ono LE
,
IR) .



There fare R E T (MT -E ☒ Ver EL ) ) = : Rz (E ,
ver (E)) .

he f-on R c- RZLE.ve (E) ) = { ✗ c- RYE ,
VerEL)) :

vor

✗ (s
, _ ) =DV-sc-tlverk-IY.BYthe Frobenius Thun .

,
12=0 ⇐ H i ) Integrale -



3.4Priucipdwnnectiousonpriucipdbnnddef.3.tl/l-
Suppe p : P→ M is a principe G - bundle face liegrap

C- . Then o principe Connection is • general Connection an p , P→M
,

HE TP s.li . Irs Hu = Hu
,
tue P

, tg c- G ,. #)

GEGWwe rot
: P → P deudes the priuciyd right -octiae ↳Von P .

Devote by IT : TP- VerLP ) = : ✓ (P) the coney. vertical

Projects
'

en and by K = Id
,
-

p

-IT : TP→ H the Contests -

horizontal project ion .



(*) is equivaleut to ITK
-g) • Tur ] = Tur 9. TT (n ) .

p.rs =p =) Irs Y ( P) = Key ( P) .

lemuue3.AT P : P → M
principe C- - bundle wir prucirdlorrectier

HETP
.

① For
any s c- TITM) , the horizontal lift shor (w. r . ho H )

Sdi > fies (r 9) Tor = shor kg EG .

② The

pordldtnaesporvw.r.be/tsdisJresc-Ferf:I-MP-tIy)lu---g)--lPtlg) Lu)) < g ne Pn:-,
.

t.li/Ptj?ly ) : PH) → Pna ) is G- eauiv -



Proot .

① Fix ✗ C- M
.

u c- Px and Id 4 C- TITM ) .

Krajina ) Lu ) = (Ira)
-

} -rlu -g) c- H
"

-- =

c- Hug
and Tap ( Tag"

- '

shark -g) = Tags
↳ '

Ing ) = s ( plus) ) - Sx
Fürs") -Typ

=) Swr Lu ) =/(A) Thor) 4) by Uniqueness .



② Follow , also eosily doug the leere pokern .

Def.3.JP :P→ M Principe G- bundle .

For
any

✗ c-Gouda c-P

seh Eln) : =
d

u.- expltx ) = ¥ ) rexrltx
) (n ) c-TP

u

to
+⇒

Then & E T ( TP ) is a wecker fidd an P
,
Called

the fundamental uechorfield generalrat by ✗ c- of .

( In principe handle Chart & lormesp . ho left - iuv . woher Jidcd
Lx bei C-

, while impuls I, is smooth ) .



hemuue3.NL The vertical bundle of • priucipd G-bundle p : F)M

t ) triviolized by the fundamental neuer fields * i.e.

P * g
=

> VIP ) 4. × ) - Eln )
. L# )

p

p

]

1) On is amorplum of vector bundle) .

Poole p ( ↳ expltx )) = plu) n) IP Eln) = ° , i. e.
differentiation Cdu) c- Yelp)and (*) is ev identity in jedive ( Eln ) =D

ETNP
.



(u . expltx ) = n ⇐ > expltx) = e Yt ⇐ ✗ = 0
. ) .

and bence tt is on isomorph. zu ty dimensional Hosen ) .

(G-→ Ppm , g- n -

g is • dithea . oeitf . G. => Tupp ,;^)
.

i. C-→GUN)
☐

.
Nototieu3.15-ip.FM priucird C- - bundle

,
N G-

repos an
. .

•
We wr.be Suwon ( P

,
N) : = { ✗ : TLTP )× . . ✗ THP) → N : EHM

, /R) - I.neo
in each Entry and ist = 0%(-1-4)for the

space of N - velued horizontal K- fernes
.

• & ER " / P
,
N ) is called E - eguivo.at , it (red ) 2 = plj ') ☐ ✗

v9EG -



We wr.ie R
" ( P

,
N) C- = { ✗ c- RKLP.lv ) : ✗ is G - again . } .

Prop.3.AT There is a bijectieee

sün
,

IP
,
WIE =, 1- (ÄHM ① ( PEN )

= SELM
, PEN) .

Proif . Im V : = PEN
,
ä c- R" (M

,
V ) .

For u c- Px and tangere ) % , _ _ , Sie C- Tu P
,
there

is unique dauert ✗ Lu ) ( Ss
. . . . ↳ ) c- IV.s.tl) älplu )) ( TI ! . . . , Tips ) = [ u ,

✗ In ) / s . . . . , :)] -



✗ In ) : 1-
„
Px

. . ✗ IP→ N olefine , a k- Hier , alter uol.mg

Wop I while von rohes ⇐ one weder 4
;
is a verband weder

.

It i ) eosyhowitgtu.lk depeeidskuo.LK an U
.

Hehce
,
✗ c- Rkuor / P , N ) .

For 9 c- G-
,
por 9 =p inglis

Tro Tr 9s
.

.
= Tps ; und teens

tu
,
✗ In ) ( s

,
.
.

, µ) ]
- Eeg , ✗ luj ) ( tis

, . . . <
Trs)

und so ✗ In -g) ltrss
.
.
. . ,
Trgs
,
) = flog") oalu)

.

Conner >ely , given at RL
,
IP

,
N) G-

,

one on we

H ) ho de Jing a I c- nahm
,
✓ ) -

☐ -



Yesterday : . P→ M principal G - bundle
,
E - repos . N

,

V : =P V

Ver LP) → P is trivialD-ed by fundamental vector fields .

• Für LP , N )
£
=
> T (NI - M ⑦ v ) = R" (M ,

v)
-
-

Thm.317_ p :P→ M principe G - bundle

① Any principe Connection HETP war he equiuoleutcy eucoded

• s u Connection form
,
that is

,
a G- - equiv orient

1- ferne an P wim vdues in g ✗ c- R1 (P, g)
↳
Set .

✗ Lex) = ✗ + ✗ c- of .

=

One has H = Kerl g : TP → g) .



② Any principe handle, odunts o principe connection
and the

Space of all priucipd Connections is on affine Space one the

Vector Space T (TM ⑦ PEG ) = Rio. LP .g)
⇐

.

Proof

① A Principe connection HETP is äquivalent to

a vertical project ieee IT : TP→ VLP) ( TI
,

'dup ) )
that is laupdipde wir Tr 9 kg c- G .

Hlu) (s ) =
'

Eln ) for a unique gk ) c- ofHH
IFP

, sie c-TIP by Leuna 3.14 .



y
: IP → g

• ylu ) (Eln) ) = ✗
I since IT /

„I
Id
yep

'

• E - uaepahibilihy of I is equiv . ho G- eqiüvoueucy of y :

Fer any
✗EG , g.

EG
, g-

'

expltx ) g = expltadlg)
k ) )

.

⇒ ein - s ) =L , u.g-exrltay.TN/=d-u.eiiiiiEj-'
""

Adlig-1)H ) +⇒ dt |
- 1-= o

= Tür 944 ) µ);Flug) (Tursexlu ) ) =L ( a.g)
- „

Hug )(TuS Glut) ylu .g) (Turku ))III. Hlu) llxlu) ) -- TFi-en-aij.BE/-Aoiig.y.duKeiuD



② EIL ? ↳ udly Clover + partition , of Lundy ( (f . linear Connections) .

Freedom: Suppen J and I one two priucipd Connections
,

f- [ c- ALP . g)
⇐

, since y and j reproauce
her

Is the generators of fund .
wow fields .

1- (TM ☒ PEG) and Leuna 3.14
.

-

Moreau
,
for any at Rio, LP , g)

C-
,

ft ✗ ER
"
(P , g) ⇐

and ✗+a) ( ex ) = g. ( h ) + ✗ ( k )
= ✗

.

-
- × ; ☐



Prop.3.tt?-p:P-MapriucipdG-bund1eaguipreed
wir an

Principe Connection f C- R1 (
P
,g) .

Then the Curvehere

Rt RL
,

LP
,
VP)
-

Con he ioeeuhifieed wir a g- vdued two face of the t.com

f C- sina.LI?eg)?-=TlNFM0xPxGg) .

-

Koreaner
, f / sic) : = dy (Sig )

+ [ Hs) , Hy)] V-s.ge/Ti-p).
t

i) de / inedo) for R1 ( P
, IR ) = RTP ) .



PRI IT← t ✗ = Id - ey , _ , ✗ ( s ) - s - % " ,

µ) ) = dy KÄGI)eine - -

„⇒

= dolny) - idyll" ) , y ) -djls, ehe) ) +dr ICH >, /G)
-

I

TEEN FEH FEED
& ho , flow rexpltx )

rar "
-× ) *

y
= Adlexpttx ) ) • J ( G -

09mV . of y ) .

DIÄT at=Ä¥ = - odk )of

- " iei-T-T-e.si



⇒ (E) ( y ) = dglex , 2) = - [ ✗ , ylz)] TRETEN
.

(9) =/E)
'

dr ) t-r9YL-rH.tt ) ])
-

„

= droit 4974 )
,

'

g)( ) ]
|,

= d / Adlig" ) . g)
- [ Adlg

-1) • g-f) , Adljk.gl))
= Adlg" / •dy

= Adlg
-

1) • [ Jl - ) , H-)] .

= Adlj' ) of
- kg c- G .



3.5lmducedlonnectieeesouosscociabedbundles.su
ppox p .

P- M ' i ) " Principe C- - bundle .
Thou any Principe

Connection y indexes ( linear) connections on all o>societeed Hector ) bundles .

Let F he auld . equipredwih a C- - action C- ✗ F→ F .

1T .
Px F → M associated bundle
C-

Pxt PxF Top = poprn
G-

pr, t t-
P-8

, M



• TG is again a
hie group wir uultpl .

1-µ :
1-C-✗ 1-G-→ TG

(neutral elauat (e , o ) c- TEE ) .

•
TP is a priucipd TG

- bundle with Principe right action

Trs : TP→ TP

• Tq ,
TP ✗ TF → T (DEF ) indexes on identification /Banane .

TP ✗ TF = TIP-
F ) .

TE
-

-

P ↳ TP
,
G - TG vie the Zero rechnen .

Tq / : PxT
T ( Px F) induced on identification

G-
Px TF of PXGTF # Ver ( Pz) .
-



Given a principe Connection f on
P with come gp .

horizontal

distribution H .

Ty : TP ✗ TF-1

For lu.tl c- Px F
-

Ff PET) .

: Hu ✗ 1°F} → Taff P +GF )In.fi/Huxl0f}
is in on injection .

We wie Hji ;-] Füllte × tot?) -

go
rot
× lg -1 =

q
This is well -defruFTq.IS

✗ Tlg - s = TS
-

Flug , g- ' f)9 ( × 10g -y} ) =



= Tug g.µ}
( TuS Hu ✗ 30g, er} )
-

= Tin
, qf)

9 ( Hu * 473 ) .

A-
[„ µ ,

= { [ Hut , Of ] c- TP [F : "n ) c- Hu , u c- P }

Heuce , # [„g.
C- Tue!ÄG F) is a general Connection on PEE .



Tlun.3.19-supp.se p : P→
M is a Principe C- - bundle ,

& : G-→ C- LIN) e rennes . of G and seh V : = Pw → M
.

Pig ) he a principe Connection on P wihhoniz.distr.ltt

außer H
"

he the induced Connection an V → M
.

① HVETV is a linear connection on V with horizontal lift

given by

s- Faktor, o ) )
FLTM) - 1- ( v )

while Mr c- FLTP ) is the horizontal Wff W . r . ho f .



② Ler s c- TV ) wih ↳mehr. . fcl . f , c- ( P
,
N ) C- and s c-Him

then the Covenant obern . % c- TW ) ( induced by Hr)

Lorre > pads to the las . s
"! fs C- C- ( P , N)

←
.

③ Parallel treu > par on V W - r
.
ho H " (or O ) day a

a Curve C on M is Gina hy

(PE )? (c) ([u.is ) = [ Pttlggtlu) , v ] )

whve Ptt ( gg) i , tue parallel transport of & C w
. r.to f .

④ For s
, ne TLTM ) ,

> c- TIM
, RK.ie#FKs - Gps - E;]

c- MV)



Lorre >p
. ho tue E- equ.v.la . $

>

( p ( s "", yho)) of , :P→ N,
when f r , the Curve here of f .

Pr¥

① Statement ohoul horizontal lifts is Cleo .

Also
,
H
"

is a linear Connection .

.

m

,
=P [ wir] : P-ic-N-P-c.lv wir wir :

N -1N
linear

.

wo
p

um Jen

is induced by 90 ldp ✗ nem] -

lui)
° Feld

,
× Für = TG

• ldeejTue
,

µ ° ldpxü, ) = T Lu
, iu) IP

-

/die P



in nie . HI
, wie .us )

- HI-u.ru] - Tae!} HI-u.ir] -

② Follow ) frau Ps = Tso } - Shots
.

③ ( leer ✓

④ Bis ② 90ns - Gps - Ein, lernen .

to the

fuuchoe ( [Swr , 4
""] - [µ ]

"") : fs
-

e-dir
, quer) -

K Support f- C- IP
,
N) G- .

Lex .. f) In ) = .at/+=otlu.eaiEiTE-E-t?-a-ok).p/%



FLM) → M freue handle

priucipdlonnecl.eu m) Con linear Connections an

-

dt heuser handle)

Any linear Connection ☐ on a vector bundle ✓→ M

i ) induced freue le priucipdlounectiee on its

frame bundle Frlv) -1M - Louevsecy , any pnucird
kenne Chien an Frlv) → M induced u linear connection in

vi. = Frlv) × N
.

G-LUV)



lndeed
, given

☐ an ✓ → M
,
lel J c- so IFRW ) ,g)

he ony principe home (rien en Fr (v ) → M
.

Then we get
-

ten induced linear Lonnatieu Ü an ✓ = Frlv) ✗
c-„

.

Then Als.is) : = Ö
,
> - Ys . ( A c- 1- ( The ☒ Voev))

✓ • ☒ V = Frlv) × Wie
= Frlv ) %# (N)

-

6- UN)
GLAD

→ A c- 1- ( TEM ☒ Frlv ) × GIN) ) - sina.LA/utglIIvD
GLHV)
-

Wl Lou fern f : = f + A ,
which is again a

principe lonnoctia an Frlv) →M by Thin . 3.17 , which by



[aushecken iuduces
☐ an ✓→ M .

Reduction s ¥- Film ) o ) structure group of the

f- neue b. und Il of M Lan he iuherrpehed o , geometrie Studies

on M .

(TM = PER
"

Affine Lorne (Heus induced freu priulinol Connections

a) P are then uf/ in Landtiere > langsame wih tue geauetrc
structure (given by the reduction) -

EE : Olu ) - reduction ler = metals g ou M -

Affine connections induced frau principe an ) - Lonnectieees



on the ortho normal freue knalle www.hooffiocone .

☐ sie . Vg = 0 ( e -gun ) -11¥ }
, g) +gls , g)

-

-

LM.L-gJlwutermdmt.tn/am5--' 31-5
,
4.6

,
11.6


