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Preliminary plan/reality in the  fall term

Lecture 1 

…

Lecture 2 

…

Lecture 3 

…

Lecture 4 

…

Lecture 5 

…

Lecture 6 

…

Something about everything (see next slide)              

The textbook version of BEC in extended systems

thermodynamics, grand canonical ensemble, extended 

gas; atomic clouds in the traps – independent bosons.

atomic clouds in the traps – interactions, GP equation at 

zero temperature, variational prop., chem. potential

Infinite systems: Bogolyubov theory                              

ODLRO; BEC and symmetry breaking, coherent states

Time dependent GP theory. Finite systems: BEC theory 

preserving the particle number

Oct 4

Oct 11

Oct 17

Oct 31

Nov 14

Nov 29



Recapitulation

Offering many new details and 
alternative angles of view
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Operators
Additive observable

General definition of the  one particle density matrix – OPDM

Particle number

Momentum

Particle density

3 3 † ( ) ( )d djX Xψ ψ= → = ∫ ∫∑ r r' r r r' r'X X

3 3 † 3 3 †

3 3

( ) ( ) ( ) ( )

Tr                                

d d d d

d d

X X

X X

ψ ψ ψ ψ

ρ ρρ

= =

≡ =

∫ ∫ ∫ ∫
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r r' r r r' r' r r' r r' r r'

r r' r r' r' r r' r

X

3 †

OP, 

†

1 ( ) ( )

                                

dj

a aκ κ

ψ ψ= → =

=

∫∑
∑

r r rN N

N

( )3 †

 

†

( ) i ( )

                            

dj

a aκ κ

ψ ψ= → = − ∇

= ⋅

∫∑
∑

p r r r

k

h

h

P P

P

†

OP OP

i † i

OP 2 2

( ) ( ) ( ) ( ) ( )

1 1
                                            ( ) e e

n n

n a a n
V V

δ ψ ψ= − → =

= ≡∑ ∑ ∑

∑ j

qr qr

k -q/ k+q/ q
q k q

r r r r r r

r
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Hamiltonian

( )2
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3 †

3 3 † †
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Hamiltonian
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acts in the -particle sub-space  NN ⊂H F

acts in the whole Fock space  F
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Hamiltonian

Particle number conservation

Equilibrium density operators and the ground state (ergodic property) 

( )2

2

3 †

3 3 † †

2
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acts in the -particle sub-space  NN ⊂H F

acts in the whole Fock space  F

 but K



On symmetries and conservation laws
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Hamiltonian of a homogeneous gas

( )2

2

3 † 3 3 † †

2
1
2

1 1
( ),                 const.

2 2

d ( ) ( ) d d ( ) ( ) ( ) ( ) ( )

a a b
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Hamiltonian of a homogeneous gas

( )2

2

3 † 3 3 † †

2
1
2

1 1
( ),                 const.

2 2

d ( ) ( ) d d ( ) ( ) ( ) ( ) ( )

a a b

a a b

m

p V U V
m

UVψ ψ ψ ψ ψ ψ∆
≠

= + + − =

= − + −+

∑ ∑ ∑

∫ ∫∫

r r

r r r r r' r r' r r' r' rh

H

• conserves the particle number

•conserves the total momentum

[ , ]=0H N

, ,[ , ] 0 x y z =H P
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Summary: two symmetries compared

selection rules

unless the total  momentum transfer     

is zero

selection rules

unless there are as many       as     .

for equilibrium statesfor equilibrium states

total momentum conservationparticle number conservation

global shift in the configuration space
global phase shift of the wave 

function

specific for homogeneous systemsuniversal for atomic systems

Translational invarianceGauge invariance of the 1st kind

†

3

i /

( ) ( )

( ) e

R

−

= ∈

= a

a a a

a

T HT H,

T
hPPPP

†

i

( ) ( ) 0,2

( ) e ϕ

ϕ ϕ ϕ π

ϕ −

= ∈

= N

O HO H,

O

, ,[ , ] 0 x y z =H P[ , ]=0H N

[ ] i i, 0 e eϕ ϕ−= ⇔ =N NN P P P [ ]
i i

, 0 e e
−

= ⇔ =
a a

h h
P P P

P PP PP PP P

PPPP

† 0ψψ ψ =L
†ψ ψ

† 0a a a =
k k' k''

L

' '' 0− − + =k k kL
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Hamiltonian of the homogeneous gas

( )

2 † 1 † †

3 i

2 1
2 2

ed

m
a a V U a a a a

U U

−
+ −

−

= +

= ∫

∑ ∑k k q k q k' q k' k

kk'q

kr

k

k

r r

hH

+k q

k

−k' q

k'

( ) ( ) 0− − −k + q + k' q k k' =

Momentum  conservation

In the momentum representation

† †a a a aE5F
E555555F

 Particle number  conservation 
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Hamiltonian of the homogeneous gas

( )

2 † 1 † †

3 i

2 1
2 2

ed

m
a a V U a a a a

U U

−
+ −

−

= +

= ∫

∑ ∑k k q k q k' q k' k

kk'q

kr

k

k

r r

hH

+k q

k

−k' q

k'

In the momentum representation
For the Fermi pseudopotential

0 ( )gU U U= ≡ =q

† †a a a aE5F
E555555F

 Particle number  conservation 

( ) ( ) 0− − −k + q + k' q k k' =

Momentum  conservation



Bogolyubov method

Originally, intended and conceived for 
extended (rather infinite) homogeneous 

system.

Reflects the 'Paradoxien der Unendlichen'
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Basic idea

Bogolyubov method                                                         

is devised for  boson quantum fluids with weak interactions – at T=0 now

The condensate dominates,
but some particles are kicked out
by the interaction (not thermally)

Strange idea introduced by Bogolyubov

† †

BE 0 0 BE BE

0

0 0

no interaction weak interaction

1 1

g g

N N a a N N a a N
≠

= ≠

= = = + ≈∑ k k

k

? ?

† † † †

0 0 0 0 0 0 0 0 0

†

0

0

†
0 0 0 0

1 1

                          

like -numbers

... mixture of -numbers

  

     and  -numbers

,

N a a a a a a a a

N N a a

c

c q

a N a N

≠

⇒ −

= +

⇒= =

≈ ≈

∑ k k

k

? ?
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Approximate Hamiltonian

Keep at most two particles out of the condensate ….                               use

{ }

{ }

2

0 0

2

2 † 1 † †

2 † † † †

0

2 † † † †

0

2

2

2

1
2 2

2 2 2

2 2 2

,

4
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m V V
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a a V U a a a a
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− −
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−k k
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k −k
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0

 N N a a
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Bogolyubov transformation

( ){ } { } 2
2 † † † †21

2 2 2 2

anomaloumean field s

gNgn

m V
gn a a a a a a a a− − − −= + + + + +∑ ∑k k k k k k k k

k

kh

1 4 4 2 4 431 44 2 4 43
H

Last rearrangement

Conservation properties: momentum … YES, particle number … NO

NEW FIELD OPERATORS notice momentum conservation!!

requirementsrequirements

� New operators should satisfy the boson commutation rules

� In terms of the new operators, the anomalous terms in the Hamiltonian 

have to vanish 

† †

† † † †

b u a v a a u b v b

b v a u a a v b u b

− −

− − − −

= + = −
= + = − +

k k k k k k k k k k

k k k k k k k k k k

† † †

2 2

, , , 0,

 

, 0

  1

b b b b b b

u v

δ     = = =   

=


−


iff
k

k k' kk' k k' k k'

k
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Bogolyubov transformation

( ){ } { }

( ){ }
{ }

( )

2

2

2 † † † †

2 2 † 2 † † †

† † 2 2 † †

2 2 2

2

2

2

1
2 2 2 2

2

2

2

2 2

( )

2 ( ) ( )( )

(

            

) 0

   

gNgn

m V

m

gn

gN

V

gn

m

gn a a a a a a a a

gn u b b v b b u v b b b b

u v b b b b u v b b b b

gn u v u v

− − − −

− −

− −

= + + + + +
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+
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∑ ∑

∑

∑
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h

h

k k k k k k k k
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k k k k k k k k k k k k

k k k k k k k k k k k k

k

k k k k

k

k

k

H

( ) ( )
( ) ( )

2 2

2 2 2 2

2
22

2 2

2

2 2

2

                       1

( ) 2 ( ) ( ) 2 (

 

)

)

 

(

/ /m m

m

u v

u gn v gn

gn gn

ε ε ε ε

ε

− =

= + + = + −

= −= +

= h h

h

k k

k kk k k k k k

k k

� In terms of the new operators, the anomalous terms in the Hamiltonian 

have to vanish 



26

Bogolyubov transformation – result 

{ }

( ) ( )

2

† †

2
22 2 22 2 2

1
2

2 2 2

2
higher order c

independent quasiparticles ground state energy  

( )  

( ) 2

onstant

m m m

gN

V
b b b b

gn gn gn

ε

ε

− −= + + +

= + − = +

∑ k k k kk

k k k kh h h

1 4 4 4 44 2 4 4 4 4 41 4 4 2 4 34 4 4 3
H

E

Without quoting the transformation matrix
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cross-over

defines scale for k

Bogolyubov transformation – result 

Without quoting the transformation matrix

( )ε
↑
k

k → ( ) c k

gn
c

m

ω = ⋅

=

k sound region

quasi-particles are 

collective excitations

high energy region

quasi-particles are 

nearly just particles

k×

2

4mgn
k× =

h

asymptotically

merge

( ) ( )

2
†

2
22 2 22 2 2

1
2 2

2 2 2

higher order consta

ind. quasi-particles ground state en

( )            

( ) 2

ergy   

nt
gN

V

m m m

b b

gn gn gn

ε

ε

= + +

= + − = +

∑ k k
k

k k k kh h h

14 2 43 1 4 4 4 44 2 4 4 4 4 43
H

E

GP

22

2

              

m
gn

µ

+kh

^
22

2m
kh
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More about the sound part of the dispersion law

( ) c k

gn
c

m

ω = ⋅

=

k

Entirely dependent on the interactions, both the magnitude of the velocity 

and the linear frequency range determined by g

Can be shown to really be a sound:

Even a weakly interacting gas exhibits superfluidity; the ideal gas does not.

The phonons are actually Goldstone modes corresponding to a broken 

symmetry

The dispersion law has no roton region, contrary to the reality in 4He

The dispersion law bends upwards ⇒ quasi-particles are unstable, can 

decay

2

,"
2

" VVV gN
c

Vm n

κ
ρ

∂
= = = +

⋅
L

E
E

0† † †

† †

2 2

( )

( )

b u a v a u a a

n a a a a

→= + → +

= ≈ +

=

= ∑

k

k k k k -k k k -k

k q-k/ q+k/ k -k
q

a

b
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Particles and quasi-particles

At zero temperature, there are no quasi-particles, just the condensate.

Things are different with the true particles. Not all particles are in the 

condensate, but they are not thermally agitated in an incoherent way, they 

are a part of the fully coherent ground state

The total fraction of  particles outside of the condensate is

( )( )† † † 2 0a a v b u b u b v b v− −= − + − = ≠k k k k k k k k k k k

3/ 2 1/ 20

3

8

3

s

s

N N
a n

N

a n
π

−
≈

1 2 3
square root of the 

gas parameter

is

the expansion 

variable
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What is the Bogolyubov approximation about

The results for various quantities are

3/ 2 1/ 2

0

3/ 2 1/ 2

3/ 2 1/ 2

3/ 2 1/ 2

8

3

128

15

32

3

1

1
2

1

[ ] [ ] 1

s

s

s

s

N N a n

gn
N a n

gn a n

a n

π

π

π

π

µ

 ≈ × − 
 

 ≈ × + 
 

 ≈ × + 
 

 ≈ × + 
 L

L

E

BG GP

square root of the 

gas parameter

is  the expansion 

variable 

3

sa n

general

pattern

The Bogolyubov theory is the lowest order correction to the mean field (Gross-

Pitaevskii) approximation

It provides thus the criterion for the validity of the mean field results

It is the simplest genuine field theory for quantum liquids with a condensate



Trying to understand the Bogolyubov
method
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Notes to the contents of the Bogolyubov theory

The first consistent microsopic theory of the ground state and elementary 

excitations (quasi-particles) for a quantum liquid (1947)

The  quantum condensate turns into the classical order parameter in the 

thermodynamic limit , , /  const.n→ ∞ → ∞ = =N V N V

The Bogolyubov transformation became one of the standard technical means for 

treatment of "anomalous terms" in many body Hamiltonians (…de Gennes)

Central point of the theory is the assumption

†
0 0 0 0,a N a N≈ ≈

Its introduction and justification intuitive, surprisingly lacks mathematical rigor. 

Two related problems: 

0 00 1 0

gauge symmetry, s. rulelowering operator

, ,, 0

?

N G N a G N Na G N a− =∈ =

← →
H

Additional assumptions:   something of a crutch/bar to study of finite systems

• homogeneous system            • infinite system

Infinity as a problem: philosophical, mathematical, physical



What next ???

•• OffOff--diagonaldiagonal longlong rangerange orderorder andand thethe

BogolyubovBogolyubov groundground statestate

•• CoherentCoherent statestate as as thethe GP GP vacuumvacuum

•• SpontaneousSpontaneous symmetrysymmetry breakingbreaking



Off-Diagonal Long Range Order

Analysis of BEC on the one-particle level

ODLRO as a measure of coherence in the 
system
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Without field-theoretical means, the coherence of the condensate may be 

studied using the one-particle density matrix.

Definition of OPDM for non-interacting particles: Take an additive 

observable, like local density, or current density. Its average value for the 

whole assembly of atoms in a given equilibrium state           :

    double average, quantum and thermal
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Coherence in BEC: OPDM for non-interacting bosons
Off-Diagonal Long Range Order
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OPDM for homogeneous systems

In coordinate representation

i ( ')

( , ')

1
e

n n

n
V

ρ

−

= =

=

∑ ∑

∑

k k

k k

k r r

k

k

r r r k k r' r k k r'

• depends only on the relative position (transl. invariance)

• Fourier transform of the occupation numbers

• isotropic … provided thermodynamic limit is allowed

• in systems without condensate, the momentum distribution is smooth and 

the density matrix has a finite range.

CONDENSATE     lowest orbital with 0k



42

OPDM for homogeneous systems: ODLRO

CONDENSATE     lowest orbital with 
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3
0 ( ) 0O V
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Off-Diagonal Long Range Order

ODLRO
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From OPDM towards the macroscopic wave function

CONDENSATE     lowest orbital with 
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1 4 2 4 3

MACROSCOPIC WAVE FUNCTION

0i( )
  an arbitrary ph ee s( ) , aBEn

ϕΨ ϕ= ⋅ k r+
r K

• expresses ODLRO in the density matrix

• measures the condensate density

• appears like a pure state in the density matrix, but macroscopic

• expresses the notion that the condensate atoms are in the same state

• is the order parameter for the BEC transition
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ODLRO for interacting bosons

Basic expressions for the OPDM for a homogeneous system

† 1 i † i

1 i i † 1 i i †
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k'r' kr

k' k

kr k'r' kr k'r'

k' k k k kk'

k k k k

r r' r' r by definition

transl. invariance
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ODLRO for interacting bosons

Basic expressions for the OPDM for a homogeneous system

Off-diagonal long range order

One particle density matrix
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ODLRO for interacting bosons
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Basic expressions for the OPDM for a homogeneous system
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ODLRO for interacting bosons
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ODLRO for interacting bosons
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ODLRO for interacting bosons
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ODLRO in the Bogolyubov theory

General expression for the one particle density matrix with condensate 
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Interpretation in the Bogolyubov theory – at zero temperature

Rich  microscopic content hinging on the Bogolyubov assumption

0

1/ 2 1/ 2 † 1 i ( ') 2

0 0( , ') e    V a V a V vρ − − − −

≠

= ⋅ + ∑ k r r

k

k k

r r

† 1 i † i

1 i i † 1 i i †

, ' , '

( ) ( ) e e        

e e e e     

V a a

V a a V a a

ρ ψ ψ

δ

− −

− − − −

= = ⋅

= =

∑ ∑

∑ ∑

k'r' kr

k' k

kr k'r' kr k'r'

k' k k k kk'

k k k k

r r' r' r by definition

transl. invariance

Basic expressions for the OPDM for a homogeneous system

jus
t lik

e fo
r 

non
-

inte
rac

ting
 

bos
ons



55

ODLRO in the Bogolyubov theory

General expression for the one particle density matrix with condensate 
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ODLRO in the Bogolyubov theory

General expression for the one particle density matrix with condensate 
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Three methods of reformulating the Bogolyubov theory

In the original BEC theory … no need for non-zero averages of linear field operators

Why so important? … microscopic view of the condensate phase

quasi-particles and superfluidity

basis for a perturbation treatment of Bose fluids

We shall explore three approaches having a common basic idea:

� relax the particle number conservation  � work in the thermodynamic limit   
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Three methods of reformulating the Bogolyubov theory

In the original BEC theory … no need for non-zero averages of linear field operators

Why so important? … microscopic view of the condensate phase

quasi-particles and superfluidity

basis for a perturbation treatment of Bose fluids

We shall explore three approaches having a common basic idea:

� relax the particle number conservation  � work in the thermodynamic limit   

Bogolyubov (1960)

Hohenberg&Martin (1965)

P W Anderson (1983 – book)

spontaneous symmetry breakdown, 

particle number conservation violated
III

Cummings & Johnston (1966)

Langer, Fisher & Ambegaokar

(1967 – 1969)

the condensate represented by a 

coherent state
II

Pitaevski in LL IX  (1978)explicit construction of the classical 

part of the field operators
I



I.
explicit construction of the classical part of 

the field operators
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Quotation from Landau-Lifshitz IX



61

Quotation from Landau-Lifshitz IX
… that part of the Ψ operators, which changes the condensate particle number by 1,  

we have, then, by definition

the symbols                         denoting two "identical"  
states, differing only by the number of the particles in the system, and

is a complex number.        These statements are strictly valid
in the limit The  definition  of the quantity

has thus to be written in the form

the limiting transition is to be performed at a given fixed value of the              

liquid density
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Quotation from Landau-Lifshitz IX
… that part of the Ψ operators, which changes the condensate particle number by 1,  

we have, then, by definition

the symbols                         denoting two "identical"  
states, differing only by the number of the particles in the system, and

is a complex number.        These statements are strictly valid
in the limit The  definition  of the quantity

has thus to be written in the form

the limiting transition is to be performed at a given fixed value of the              

liquid density

If the Ψ operators are represented in the form

then their remaining ("supercondensate") parts transform the state          
to states which are orthogonal to it, that is, the matrix       

elements are

In the limit                , the difference between the states             and
vanishes entirely and in this sense the quantity         be-

comes the mean value of the operator over this state.
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Quotation from Landau-Lifshitz IX
… that part of the Ψ operators, which changes the condensate particle number by 1,  

we have, then, by definition

the symbols                         denoting two "identical"  
states, differing only by the number of the particles in the system, and

is a complex number.        These statements are strictly valid
in the limit The  definition  of the quantity

has thus to be written in the form

the limiting transition is to be performed at a given fixed value of the              

liquid density

If the Ψ operators are represented in the form

then their remaining ("supercondensate") parts transform the state          
to states which are orthogonal to it, that is, the matrix       

elements are

In the limit                , the difference between the states             and
vanishes entirely and in this sense the quantity         be-

comes the mean value of the operator over this state.



II.
the condensate represented by                   

a coherent state
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Reformulation of the Bogolyubov requirements

Bogolyubov himself and his faithful followers never speak of the many 

particle wave function. Looks like he wanted 

This is in contradiction with the selection rule, 

The above eigenvalue equation is known and defines the "ground" state ≡
Bogolyubov condensate state to be a coherent state with the parameter 

0 0

0

i, e , so   thata N

a

φΛ Λ
Λ
= =

=

Ψ ΨΨ ΨΨ ΨΨ Ψ

0 0a =

Λ

The ground state
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Reformulation of the Bogolyubov requirements

0 0

0

i, e , so   thata N

a

φΛ Λ
Λ
= =

=

Ψ ΨΨ ΨΨ ΨΨ Ψ

0 0a =
The ground state

HISTORICAL REMARK

� The coherent states (not their name) discovered by Schrödinger as the 

minimum uncertainty wave packets, obtained by shifting the ground state 

of a harmonic oscillator.

� These states were introduced into the quantum theory of the 

coherence of light by Roy Glauber (NP 2005). Hence the name.

� The uses of the coherent states in the many body theory and quantum 

field theory have been manifold.

Bogolyubov himself and his faithful followers never speak of the many 

particle wave function. Looks like he wanted 

This is in contradiction with the selection rule, 

The above eigenvalue equation is known and defines the "ground" state ≡
Bogolyubov condensate state to be a coherent state with the parameter Λ
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OUR BASIC DEFINITION

About the coherent states

If a particle is removed from a coherent state, it remains unchanged (cf. the 
Pitaevskii requirement above). It has a rather uncertain particle number, but 

a reasonably well defined phase

0 0 0

i, e ,   a N aφΛ Λ Λ= = =Ψ ΨΨ ΨΨ ΨΨ Ψ

2 †
0

0 0

2†

0 0 0 0

4 2† † 2 2

0 0 0 0 0 0 0

/ 2

i

e e vac                 

          

General coherent sta

                    e

                     

te                  Condensat

  

     

e

 

a

a N

a a n N

a a a a n N N

Λ Λ

φ

Λ

Λ Λ Λ

Λ Λ Λ

Λ Λ Λ Λ

∆

−= ⋅ =

= =

= =

= + = +

ΨΨΨΨ

0 0 0 0                                      n n N NΛ ∆= = =
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New vacuum and the shifted field operators

Does all that make sense? Try to work in the full Fock space F rather in its 

fixed N sub-space HN  This implies using the "grand Hamiltonian"

Let us define the shifted field operator

What next? Example: BE system without interactions – ideal Bose gas

Here,         is a true eigenstate,        coincides with the previous result for the 

particle number conserving state                . 

Two different, but macroscopically equivalent possibilities.

µ−H N

† † *

0 0 0 0

†

0 0 0 new vacuu

,

, 1, 0  ..  m. 

b a b a

b b b

Λ Λ= − = −

  = =  ΨΨΨΨ

( ) ( )2 †

†

0 0

2

2

0   for    0

m
a a

a a

µ µ

µ µ

− = −

= − = =

∑ k k
khH N Ψ ΨΨ ΨΨ ΨΨ Ψ

ΨΨΨΨ

ΨΨΨΨ µ
0 , 0 ,0 , ,0 ,B N= K K
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L1: Thermodynamics: which environment to choose?

THE ENVIRONMENT IN THE THEORY SHOULD CORRESPOND             

TO THE  EXPERIMENTAL CONDITIONS

… a truism difficult to satisfy

� For large systems, this is not so sensitive for two reasons

• System serves as a thermal bath or particle reservoir all by itself

• Relative fluctuations (distinguishing mark) are negligible

� Adiabatic system Real system Isothermal system

SB heat exchange  – the slowest             medium fast               the fastest
process

� Atoms in a trap: ideal model … isolated. In fact: unceasing energy exchange 

(laser cooling). A small number of atoms may be kept (one to, say, 40).  

With 107, they form a bath already. Besides, they are cooled by evaporation 

and they form an open (albeit non-equilibrium) system.

� Sometime, N =const. crucial (persistent currents in non-SC mesoscopic rings)

S       B S       B 
• temperature lag

• interface layer
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THE ENVIRONMENT IN THE THEORY SHOULD CORRESPOND             

TO THE  EXPERIMENTAL CONDITIONS

… a truism difficult to satisfy

� For large systems, this is not so sensitive for two reasons

• System serves as a thermal bath or particle reservoir all by itself

• Relative fluctuations (distinguishing mark) are negligible

� Adiabatic system Real system Isothermal system

SB heat exchange  – the slowest             medium fast               the fastest
process

� Atoms in a trap: ideal model … isolated. In fact: unceasing energy exchange 

(laser cooling). A small number of atoms may be kept (one to, say, 40).  

With 107, they form a bath already. Besides, they are cooled by evaporation 

and they form an open (albeit non-equilibrium) system.

� Sometime, N =const. crucial (persistent currents in non-SC mesoscopic rings)

S       B S       B 
• temperature lag

• interface layer

L1: Thermodynamics: which environment to choose?
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L1:  Homogeneous one component phase:
boundary conditions (environment) and state variables

  not in useS Pµ

isolated, conservativ     eS V N

isothermal  T V N

  isobaricS P N
open  S V µ

grand  T V µ
  isothermal-isobaricNT P

  not in use   T Pµ

additive variables, have dens / "extensive"ities  /    S V N s S V n N V= =

dual variables, intensities                                               "intensive  "T Pµ
b b b
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L1:  Homogeneous one component phase:
boundary conditions (environment) and state variables

  not in useS Pµ

 isolated, conservative   S V N

isothermal  T V N

  isobaricS P N
open  S V µ

grand  T V µ
  isothermal-isobaricT PN

  not in use   T Pµ

additive variables, have dens / "extensive"ities  /    S V N s S V n N V= =

dual variables, intensities                                               "intensive  "T Pµ
b b b

sharp boundary  isolated/open

At zero temperature the 

two coincide

T=0 ⇔⇔⇔⇔ S=0 (Third 

Principle)

isolated, conservativ     eS V N
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New vacuum and the shifted field operators

Does all that make sense? Yes:  work in the full Fock space F rather than in its 

fixed N sub-space HN  This implies using the "grand Hamiltonian"

Let us define the shifted field operator

What next?  … is this coherent state able to represent the condensate?

Test example: ideal Bose gas – limit of a BE system without interactions 

… a true eigenstate with           ,        the same as for the particle number 

conserving state                . 

Two different, but macroscopically equivalent possibilities.

µ−H N

† † *

0 0 0 0

†

0 0 0 new vacuu

,

, 1, 0  ..  m. 

b a b a

b b b

Λ Λ= − = −

  = =  ΨΨΨΨ

( ) ( )2 †

†

0 0

2

2

0   for    0

m
a a

a a

µ µ

µ µ

− = −

= − = =

∑ k k
khH N Ψ ΨΨ ΨΨ ΨΨ Ψ

ΨΨΨΨ

ΨΨΨΨ µ
( ) ( )

1
†

2
0 0 0

0
, 0 ,0 , ,0 , ! vac

N
B N N a

−= =K K

0=EEEE
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New vacuum and the shifted field operators

Does all that make sense? Yes:  work in the full Fock space F rather than in its 

fixed N sub-space HN  This implies using the "grand Hamiltonian"

Let us define the shifted field operator

What next?  … is this coherent state able to represent the condensate?

Test example: ideal Bose gas – limit of a BE system without interactions 

… a true eigenstate with           ,        the same as for the particle number 

conserving state                . 

Two different, but macroscopically equivalent possibilities.

µ−H N

† † *

0 0 0 0

†

0 0 0 new vacuu

,

, 1, 0  ..  m. 

b a b a

b b b

Λ Λ= − = −

  = =  ΨΨΨΨ

( ) ( )2 †

†

0 0

2

2

0   for    0

m
a a

a a

µ µ

µ µ

− = −

= − = =

∑ k k
khH N Ψ ΨΨ ΨΨ ΨΨ Ψ

ΨΨΨΨ

ΨΨΨΨ µ
( ) ( )

1
†

2
0 0 0

0
, 0 ,0 , ,0 , ! vac

N
B N N a

−= =K K

0=EEEE



76

New vacuum and the shifted field operators

Does all that make sense? Yes:  work in the full Fock space F rather than in its 

fixed N sub-space HN  This implies using the "grand Hamiltonian"

Let us define the shifted field operator

What next?  … is this coherent state able to represent the condensate?

Test example: ideal Bose gas – limit of a BE system without interactions 

… a true eigenstate with           ,        the same as for the particle number 

conserving state                . 

Two different, but macroscopically equivalent possibilities.

µ−H N

† † *

0 0 0 0

†

0 0 0 new vacuu

,

, 1, 0  ..  m. 

b a b a

b b b

Λ Λ= − = −

  = =  ΨΨΨΨ

( ) ( )2 †

†

0 0

2

2

0   for    0

m
a a

a a

µ µ

µ µ

− = −

= − = =

∑ k k
khH N Ψ ΨΨ ΨΨ ΨΨ Ψ

ΨΨΨΨ

ΨΨΨΨ µ
( ) ( )

1
†

2
0 0 0

0
, 0 ,0 , ,0 , ! vac

N
B N N a

−= =K K

2 †
0

/ 2
e e vac

aΛ Λ−= ⋅ΨΨΨΨ

0=EEEE
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New vacuum and the shifted field operators

Does all that make sense? Yes:  work in the full Fock space F rather than in its 

fixed N sub-space HN  This implies using the "grand Hamiltonian"

Let us define the shifted field operator

What next?  … is this coherent state able to represent the condensate?

Test example: ideal Bose gas – limit of a BE system without interactions 

… a true eigenstate with           ,        the same as for the particle number 

conserving state                . 

Two different, but macroscopically equivalent possibilities.

µ−H N

† † *

0 0 0 0

†

0 0 0 new vacuu

,

, 1, 0  ..  m. 

b a b a

b b b

Λ Λ= − = −

  = =  ΨΨΨΨ

( ) ( )2 †

†

0 0

2

2

0   for    0

m
a a

a a

µ µ

µ µ

− = −

= − = =

∑ k k
khH N Ψ ΨΨ ΨΨ ΨΨ Ψ

ΨΨΨΨ

ΨΨΨΨ µ
( ) ( )

1
†

2
0 0 0

0
, 0 ,0 , ,0 , ! vac

N
B N N a
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2 †
0

/ 2
e e vac
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New vacuum and the shifted field operators

Does all that make sense? Yes:  work in the full Fock space F rather than in its 

fixed N sub-space HN  This implies using the "grand Hamiltonian"

Let us define the shifted field operator

What next?  … is this coherent state able to represent the condensate?

Test example: ideal Bose gas – limit of a BE system without interactions 

… a true eigenstate with           ,        the same as for the particle number 

conserving state                . 

Two different, but macroscopically equivalent possibilities.

µ−H N

† † *

0 0 0 0

†

0 0 0 new vacuu

,

, 1, 0  ..  m. 

b a b a

b b b

Λ Λ= − = −

  = =  ΨΨΨΨ

( ) ( )2 †

†

0 0

2

2

0   for    0

m
a a

a a

µ µ

µ µ
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∑ k k
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ΨΨΨΨ
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†
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New vacuum and the shifted field operators

Does all that make sense? Yes:  work in the full Fock space F rather than in its 

fixed N sub-space HN  This implies using the "grand Hamiltonian"

Let us define the shifted field operator

What next?  … is this coherent state able to represent the condensate?

Test example: ideal Bose gas – limit of a BE system without interactions 

… a true eigenstate with           ,        the same as for the particle number 

conserving state                . 

Two different, but macroscopically equivalent possibilities.

µ−H N

† † *

0 0 0 0

†

0 0 0 new vacuu

,

, 1, 0  ..  m. 
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b b b
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  = =  ΨΨΨΨ
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New vacuum and the shifted field operators

Does all that make sense? Yes:  work in the full Fock space F rather than in its 

fixed N sub-space HN  This implies using the "grand Hamiltonian"

Let us define the shifted field operator

What next?  … is this coherent state able to represent the condensate?

Test example: ideal Bose gas – limit of a BE system without interactions 

… a true eigenstate with           ,        the same as for the particle number 

conserving state                . 

Two different, but macroscopically equivalent possibilities.

µ−H N

† † *

0 0 0 0

†

0 0 0 new vacuu

,

, 1, 0  ..  m. 

b a b a

b b b

Λ Λ= − = −

  = =  ΨΨΨΨ
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0 0
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General case: the approximate vacuum

( )23 † 3 3 † †

2
1
2

d ( ) ( ) ( ) d d ( ) ( ) ( ) ( ) ( )
m

UVψ ψ ψ ψ ψ ψ∆= − + −+∫ ∫∫r r r r r r' r r' r r' r' rhH

Trial function … a coherent state

We should minimize the average grand energy

This is precisely the energy functional of the Hartree type we met already

and the Euler-Lagrange equation is the good old Gross-Pitaevski equation 

with the normalization condition

( ) ( )ψ Ψ=r rΨ ΨΨ ΨΨ ΨΨ Ψ

( ) ( ) ( )
2

2
( )

2
V g

m
∆ Ψ Ψ µΨ

 
− + + = 
 

r r r r
h

( )'gδ −r r

( )23 *

3 3 * *
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d d ( ) ( ) ( ) ( ) ( )
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Vµ Ψ µ Ψ

Ψ Ψ Ψ Ψ

∆− = − −

′+ −

+∫

∫∫

r r r r

r r' r r r r' r' r

hH NΨ ΨΨ ΨΨ ΨΨ Ψ

23[ ] d ( )n N Ψ= = ∫ r rN

�

�
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More about the approximate vacuum
Approximate vacuum … a coherent state

What is the OPDM?

Full ODLRO with the normalization condition

Explicit form of the coherent state

NOTE: this is not a unitary transformation

( ) ( )ψ Ψ=r rΨ ΨΨ ΨΨ ΨΨ Ψ

23d ( ) NΨ =∫ r r

( ) ( ) ( ) ( ) ( ) ( )
( ) ( ) ( )

† * *

† † *

,

( ) ( ) ( )

ψ Ψ Ψ ψ Ψ

ρ ψ Ψ Ψ

Ψ

ψ ψ ψ ′

= = = =

== =r r

r r r r r r

r' r r' r' r r

Ψ Ψ Ψ Ψ Ψ Ψ Ψ ΨΨ Ψ Ψ Ψ Ψ Ψ Ψ ΨΨ Ψ Ψ Ψ Ψ Ψ Ψ ΨΨ Ψ Ψ Ψ Ψ Ψ Ψ Ψ

Ψ ΨΨ ΨΨ ΨΨ Ψ

{ } ( ){ }23 3 †1
2exp d ( ) exp d ( ) vac

1

Ψ Ψ ψ= −

=
∫ ∫r r r r rΨΨΨΨ

Ψ ΨΨ ΨΨ ΨΨ Ψ
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Define the shifed field operators and the condensate as the new vacuum

If we keep only the terms not more than quadratic in the new operators, the 

approximate quadratic Hamiltonian becomes

Now eliminate the anomalous terms by the Bogolyubov transformation.

It is required that, in terms of the new field operators,

General case: the Bogolyubov transformation

( ) ( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( )

† † *

†

,

, , 0

η ψ Ψ η ψ Ψ

η η δ η

= − = −

  = − = 

r r r r r r

r r' r r' r ΨΨΨΨ
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3 † † †
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2

2
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Vη µ η

η η η η η η
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r r r r
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hH

� �
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0
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† † †, , , 0, , 0

b b

b b b b b b

α α α
α

α α αα α α α α

ε

δ ′

= +

    = = =    

∑

' ' '

H E
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It is required that, in terms of the new field operators,

This is achieved by the Bogolyubov transformation

For u(r) and v(r)… coupled Schrödinger-like Bogolyubov-de Gennes eqs.

General case: the Bogolyubov transformation

0

†

† † †, , , 0, , 0

b b

b b b b b b
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δ ′

= +

    = = =    

∑

' ' '

H E

{ }2 23

* *

†

† †
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Detail: the mean-field for a homogeneous system
Before: minimize the energy functional with fixed particle number N, find the 

chemical potential µ afterwards

Now: minimize the grand energy functional with fixed chemical potential, find 

the average particle number in the process
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Detail: the mean-field for a homogeneous system
Before: minimize the energy functional with fixed particle number N, find the 

chemical potential µ afterwards

Now: minimize the grand energy functional with fixed chemical potential, find 

the average particle number in the process
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Detail: the mean-field for a homogeneous system
The GP equation reduces from differential to an algebraic one:

( )
2

43

minmax min min

1 1
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Detail: the mean-field for a homogeneous system
The GP equation reduces from differential to an algebraic one:
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III.
broken symmetry and quasi-averages
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Zero temperature limit of the grand canonical ensemble

( )
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Picks up the correct ground state energy,

all ground states are taken with equal statistical weight

SYSTEMS

NORMAL

"ANOMALOUS"

NON-DEGENERATE GROUND STATE

DEGENERATE GROUND STATE
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Degenerate ground state

SYSTEMS

NORMAL

"ANOMALOUS"

NON-DEGENERATE GROUND STATE

DEGENERATE GROUND STATE

Characterized by a classical order parameter … macroscopic quantity 

Typical cause: a symmetry degeneracy

Everything depends on the system characteristic parameters

Ginsburg – Landau phenomenological model
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Degenerate ground state

SYSTEMS

NORMAL

"ANOMALOUS"

NON-DEGENERATE GROUND STATE

DEGENERATE GROUND STATE

Characterized by a classical order parameter … macroscopic quantity 

Typical cause: a symmetry degeneracy

Everything depends on the system characteristic parameters

Ginsburg – Landau phenomenological model

( ) 2 4a bΨ Ψ Ψ= +E

stable equilibr

non-degen

i

0
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a >

metastable equi

d

0

egenerate

librium

a <

spontaneous    

symmetry breaking
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Equilibrium structure of the AB3 molekules

U

hH plane

U adiabatic potential energy

N

N

NH3

NNN

NNNNN

H
H

H

stable equilibrium

non-degenerate
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Equilibrium structure of the AB3 molekules
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F

F
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B

BF3

U

hrovina F

Equilibrium structure of the AB3 molekules

U

h

U adiabatická potenciální energie

N

N

NH3

NNN

NNNNN

H
H

H

Ammonia molecule

pyramidal molecule.

two minima of            

potential energy

separated by a barrier.

Different from a typical 

extended system:

� Small system:     

quantum barrier & 

tunneling              

���� Discrete symmetry 

broken:                   

discrete set of equivalent 

equilibria states

H plane
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Broken continouous symmetries in extended systems

Three popular cases

sound wavesacoustic phononsmagnonsGoldstone modes

particle 

source/drain

"empty lattice" 

potential

external magnetic 

field

Symmetry 

breaking field

macroscopic   

wave function

periodic      

particle density

homogeneous 

magnetization
Order parameter

Global gauge 

invariance
Translational

3D rotational in 

spin space
Symmetry

Bosons with short 

range interactions

Distinguishable 

atoms with int.

Heisenberg spin 

Hamiltonian
Hamiltonian

Bosonic gas/liquid
Atomic crystal 

lattice

Isotropic 

ferromagnet
System

For a nearly exhaustive list see the PWA book of 1983
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Bose condensate - degeneracy of the ground state
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Symmetry breaking – removal of the degeneracy 

The coherent ground state

degeneracy

genuinely different 

for different φ

"Mexican hat"

( )ΨE

Ψφ

Symmetry broken by a small 

perturbation picking up one φ
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Symmetry breaking – removal of the degeneracy

The coherent ground state

degeneracy

genuinely different 

for different φ

"Mexican hat"
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perturbation picking up one 

particle number NOT conserved
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How the symmetry breaking works – ideal BE gas
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Without interactions, the ground level is uncoupled from the excited levels:

The control parameter is the chemical potential µ, but it will be adjusted to yield 
a fixed average particle number in the condensate.

Transformation:
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How the symmetry breaking works – ideal BE gas

Now we determine the many-body ground state

The control parameter is the chemical potential µ, but it will be adjusted to yield 
a fixed average particle number in the condensate.

Infinitesimal symmetry breaking field 
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How the symmetry breaking works – ideal BE gas

Now we determine the many-body ground state

The control parameter is the chemical potential µ, but it will be adjusted to yield 
a fixed average particle number in the condensate.

Infinitesimal symmetry breaking field 
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• The coherent state is the exact 

ground state for the ideal BE gas

• The order parameter picks up the 

phase from the perturbing field

• The order of limits: first            , only 

then the thermodynamic limit          .  

0λ →
0N → ∞



The end


