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Chapter 1

Rank tests in linear regression model

1.1 Properties of ranks and order statistics

Let X = (Xj,...,X,) be the vector of observations; denote X,.; < X,.0... < X,,, the
components of X ordered according to increasing magnitude. The vector

Xy = (Xp,- -, Xin) is called the vector of order statistics and X,,; is called the ith
order statistic.

Assume that the components of X are different and define the rank of X; as R; =
> -1 I[X; < Xj]. Then the vector R of ranks of X takes on the values in the set R
of n! permutations (ry,...,r,) of (1,..., n).

1.1.1 The distribution of X() and of R :
Lemma 1.1.1 IfX has density p,(x1,...,xy), then the vector Xy of order statistics has
the distribution with the density

ZreRp(mn:Tn s wrn:rn) <o Tpa S s S Tnn

0 otherwise.

ﬁ(xnzla cee 7~Tn:n) - {

1) The conditional distribution of R given Xy = x() has the form
() ()

P(Tnirys - - - Trary)

P(R=rX)=x()) =
( | () ()) p(mnzl,...,l’n:n>

foranyr € R and any x,.1 < ... < Tpup.

Proof. For any Borel set B € &{ ) should hold

P(X( € B) ZP yEB,R=r)= Z/)EBRT.../p(:cl,...,:cn)dxl,...,dxn

reR rer 7 X(

= § /"'/p(xn:rla"'7xn:rn)dxn:1>"'axn:n:/ "-/p(mnzla--wmn:n)dxn:la"'axn:na
rer VB B



what proves (i). Similarly,
PXyeB,R=1)= / - /p(:)sn:,,17 ey T, )Tt e AT,
B

:/ -'-/p(mn:m""’wnzrn)p(‘rnzlu"‘7‘rn:n)d$n:17"'7d$n:n
B p

(mnzly s 7In:n)

=/B.../1P(R:r

what proves (ii). O

X() - X(.))ﬁ(‘rn:h s 7In:n>d$n:1’ s 7dxn:n’

We say that the random vector X satisfies the hypothesis of randomness Hy, if it has a
probability distribution with density of the form

n

px) =[] f(w:), x € "

i=1

where f is an arbitrary one-dimensional density. Otherwise speaking, X satisfies the hy-
pothesis of randomness provided its components are a random sample from an absolutely
continuous distribution. We say that the random vector X satisfies the hypothesis of
exchangeability H,, if

(1, xn) =0 (T, Tr,)

for every permutation (rq,...,7,) of 1,... n. If X satisfies Hy, then it obviously satisfies
H... The following Lemma follows from Lemma 1.1.1.

Lemma 1.1.2 If X satisfies Hy or H,, then X() and R are independent, the vector of
ranks R has the uniform discrete distribution

and the distribution of Xy has the density

n!p(xnrlw e awn:n) c T S S T

p(xn:h o 7xn:n> = {

0 ... otherwise.

1.1.2 Marginal distributions of the random vectors R and X,
under H, :
Lemma 1.1.3 Let X satisfy the hypothesis Hy. Then
(i) Pr(R; = j) =+ Vi,j=1,...,n.

for1 <45, k,m <n,i# 7, k#m.
(iti) ER; =", i=1,...,n.



. 2_ .
(w) var R; =", i=1,...,n.

(v) cou(R;, R;) = =2t 1 <i,j<n, i #}].

(vi) If X has density p(x1,...,x,) = [l f(xi), then X, has the distribution with
density

n—1

@) =n (321 ) ()0 F@)y ), v R

where F(x) is the distribution function of Xy, ..., Xp.

(vii) If X has uniform R0, 1] distribution, then X,.; has beta B(i,n —i+ 1) distribution
with the expectation and variance

: i1
Ean = - ’ Var X,,.; = Z(n s ) .
n+1 (n+1)%(n+2)

Proof. Lemma follows immediately from Lemma 1.1.2. O

1.2 Locally most powerful rank tests

We want to test a hypothesis of randomness Hy on the distribution of X. The rank test
is characterized by test function ®(R). The most powerful rank a—test of Hy against a
simple alternative K : {@} [that X has the fixed distribution Q)] follows directly from the
Neyman-Pearson Lemma:

1 .l QR=1)> ky
O(r)=< 0 .nlQR=r)<k,
v ol QR=7r)=ky T€R

where k., and v are determined so that
#H{ron! QR=7r)>k)}+v#{r nl QR=7r)=k,} =nla, 0 <a < 1.

If we want to test against a composite alternative and the uniformly most powerful
rank tests do not exist, then we look for a rank test, most powerful locally in a neighbor-
hood of the hypothesis.

Definition 1.2.1 Let d(Q) be a measure of distance of alternative Q) € K from the hypo-
thesis H. The a—test ®q is called the locally most powertful in the class M of a—tests of H
against K if, given any other test ® € M, there exists € > 0 such that the power-functions
of g and ® satisfy the inequality

Bo, (Q) > Pa(Q) VQ  satisfying 0 < d(Q) < e.
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1.3 Structure of the locally most powerful rank tests
of HQ :

Theorem 1.3.1 Let A be a class of densities, A = {g(z,0) : 0 € J} such that

J C R" is an open interval, J > 0.

g(x,0) is absolutely continuous in 6 for almost all .

Moreover, let for almost all x there exist the limat

g(x,0) = hm 1[ (x,0) — g(x,0)]
and hm/ (x,0)|de = /_00 |g(z,0)|dz.

[e.o]

Consider the alternative K = {ga : A > 0}, where

qa(z1, ..., xn) = Hg(a:i, Ac;),
i=1

C1,...,C, given numbers. Then the test with the critical region

n

Z cian(Ria g) Z k

=1

15 the locally most powerful rank test of Hy against K on the significance level a =
P> cian(Ri, g) > k), where P is any distribution satisfying H,

an(i,9) = FE {— ,1=1,...,n are the scores
g<Xn:i7 0)
where X1, ..., Xnm are the order statistics corresponding to the random sample of size

n from the population with the density g(x,0).

Proof. Of Q4 is the probability distribution with the density ga, then, for any permu-
tation r € R,

lim % n! Qa(R=1r) - 1] = Zci an (i, 9). (1.3.1)

A—0 -
=1

If (1.3.1) is true, then there exists an € > 0 such that
Zci an(rivg) > Z Gi an(T’;,g) = QA(R = I‘) > QA(R = I'/)
i=1 i=1

for all A € (0,e) and for different r,r' € R; then we reject Qa for r € R such that
Z?:l ¢ an(ri,g) > k for a suitable k. So we must prove (1.3.1), what we shall do as



follows: We can write

%[QA(R—r)—QO(R—r]—/Rr.../%
:;/R:r.../%( g(zi, Ac;) — g(z;,0 Hg (2, Ac;) H g(zy,0)dzy, . .., dz,

where we used the identity

A -115-Y0-mla I 5
i=1 j=1 i=1 Jj=1 k=it
If ¢; > 0, then
i—1 n
limsup/ / xZaACZ g($170))Hg(x]7ACJ) H g(gjkao)dzla"')dmn
A—=0  JR=r j=1 k=it1
/ /|g ‘TZJ |Hg x]7 dxlv” d$n7
J#
analogously for ¢; < 0. This, combining with the Fatou lemma, leads to
i—1 n
EHBZ/ / xzaACz g(fl}l,O))Hg(.T],AC]) H g<xk>0)dxl>"'7d$n
- R=r j=1 k=i+1

—Z/ /czga:z, ngj, Ydxq, ..., dz,
R=r

J#i
1 < 9(X;,0)
0)dar, ... diy = — S ;[ —‘R:
s n!;C [g(Xi,()) r]

n

&

1 n
= EZC’L an(ﬁ',g)
Ti=1

regarding that g(z,0) = 0 and §(z,0) # 0 can happen simultaneously only on the set of
measure 0. This implies (1.3.1). O

le

1.3.1 Special cases

I. Two-sample alternative of the shift in location: K; : {ga : A > 0} where

CJA(JCh.-.,xN):Hf(ﬂCi)’H flxi —A)
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with f being a fixed absolutely continuous density such that ffooo |f'(z)|dx < oo. Then
the locally most powerful rank a—test of Hy against K has the critical region

N

Z CLN(RZ‘,f) Z k

i=m-+1

where k satisfies the condition P(Zﬁimﬂ an(R;, f) > k) =«a, P € Hy and

. f/(XN:i):| .
an(i, f :E{—— ,i1=1,....N
(&.f) (X i)
where Xy.1 < ... < Xy.n are the order statistics corresponding to the sample of size N

from the distribution with the density f. The scores may be also written as

CLN(’i,f) = E(,O(UN:iaf)a 1= 1,..‘,N

B i € (D))
JFE=(w)”
corresponding to the sample of size N from the uniform R(0,1) distribution. Another

form of the scores is

where ¢(u, f) 0 < u < 1and Up.q,...,Un.n are the order statistics

wlio=n (V20 [ ror@e - reop e

Remark 1.3.1 The computation of the scores is difficult for some densities; if there are
no tables of the scores at disposal, they are often replaced by the approximate scores

CLN(Z,f):QO(N—H> ZQO(EUN:i,f),Zzl,...,N7 Z:L...,N.

The asymptotic critical values coincide for both types of scores.

II. Alternative of simple linear regression: Ko = {ga : A > 0} where ga(z1,...,2,) =

[T, f(z:i — Ac;) with a fixed absolutely continuous density f and with given constants

Cly- -y Cny Yoiy €2 > 0. Then the locally most powerful rank a-test has the critical region
> cian(Ri f) >k (1.3.2)
i=1

with the the same scores as in case I, and with k£ determined by the condition

P (i ¢ an(Ry, f) > k) +~P (i ¢ an(Ri, f) > k:) = .

i=1 i=1

In the practice we most often use the test with the Wilcoxon scores: Put
¢(u) = u — % and reject Hy provided

W, = Z ¢; R; >k, where k is such that

i=1
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P (Zci R, > k:‘HO) AP (Zci R; = k‘H()) —a, 0<~ < 1.
i=1 i=1

This test is the locally most powerful against Ky with F' logistic with the density

e—a:
r)=———"=, TER
but is rather efficient also for other alternatives. For large n we use the normal approxi-
mation of W, : If n — oo, then W,, has asymptotically normal distribution under Hy in
the following sense:

lim Py, {w < :L’} =®(2), v € R,

n—00 var W,

where ® is the standard normal distribution function.

To be able to use the normal approximation, we must know the expectation and
variance of W,, under Hy. The following Lemma gives the expectation and the variance
of a more general linear rank statistic, covering the Wilcoxon as well other rank tests.

Lemma 1.3.1 Let the random vector (Ry, ..., R,) have the discrete uniform distribution

on the set R of all permutations of numbers 1,...,n, i.e. PR =1) = L r € R; let

n

C1y...,cn and ay = a(l),...,a, = a(n) are arbitrary constants. Then the expectation and
variance of the linear statistic S, =Y ., ¢; a(R;) are

n n

var S,, = - i 1 Z(Cz —¢c)? Z(aj —a)®,

i=1 j=1

S_1\Mm . Z_1xwm
where ¢ = ~ Yo G, a= - Do i

Proof. The proposition follows from the distribution of R under Hy.

1.4 Rank tests for simple regression model
with nonrandom regressors

Let Xi,..., Xy be independent random variables with continuous distribution funtions
Fy, ..., Fy, where

E(m):F(x_ﬂo_ﬁcz)a Z-:17...,N,$€R,

F is continuous, ¢y = (c1,...,¢,) is a vector of (known) regression constants (not all
equal), and (f3y, #) are unknown parameters; we call Fy an intercept of the regression line
and (3 is called the regression coefficient. Our first hypothesis is that there is no regression,

H((]l) : B=0 against K&Y: 840 or K$> . >0, (1.4.1)
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where [ is considered as a nuisance parameter. We may be also interested in the joint
hypothesis

2. (5o, 3) = 0 against K® : (5, 3) #0. (1.4.2)
The third hypothesis is

H(3) By =0 against K& : 5,40 or K() Gy > 0, (1.4.3)

where [ is treated as a nuisance parameter.

In either case there exists a distribution-free rank test, whose critical values do not
depend on F. We can also consider 8 = (* or (6o, ) = (55, 5*); then we work with
X =X,—06y—p¢c,i=1,...,N.

1.4.1 Rank tests for H(gl)

Let Ry = (Rn1, - .., Ryy) be the ranks of X7, ..., X. Choose some nondecreasing score
function ¢ : (0,1) — R and put

N

SN = Z(C - C]\[)CL]\](RNZ CN = %; (144)

i=1

where the scores have the form

an(i) = Fo(Uy.,;) or gp(N:—l)’ 1<i<N, (1.4.5)

where Uyn.; < ...Up.n are the order statistics corresponding to the sample Uy, ..., Uy
from the uniform R(0,1) distribution. Under H(()l), it holds Fi(z) = ... = Fy(z) =
F(x — (By) = Fy(x) (say), where Fy is continuous. Because the ties between X, ..., Xy
can happen with probability 0, we have

1
P {RN = rN‘H(l)} — Vry € Ry (permutations),

N!
hence
P{Ry; = k| B} =L Vijk, 1<i,k<N
P{Ry; =k,Ry; = (| H"} = s Vidk G 1<i#j kAN,
Hence
N N N
E{Sy| Hy'} = > (e - en) Blan(Rao) By} = =D (e —en) Y an(i)
i=1 i=1 j=1
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The distribution of Sy under H(()l) does not depend on F' and on [y, hence we reject H(()l)
in favor of {KS:) : >0} when Sy > kf and reject with probability v when Sy = k7,
where k7 is determined so that

P{Sy > k| H"Y + 4 P{Sy = k}| H"} = o

and a = 0.05 or 0.01, for instance. Similarly, we reject H[()l) in favor of {KW : 3 # 0}
when |[Sy| > k, and reject with probability v € [0,1) when |Sy| = k,, where k, is
determined so that

P{|Sx| > ko| H"} + 1 P{|Sn| = ko] H} = a.

For small N we can calculate the critical values k! and k,; but for large N we must use

an asymptotic approximation. The asymptotic distribution of Sy under Hgl) is based on
the following theorems, proved by Héjek (1961):

Theorem 1.4.1 Let Ry = (Rn1,. .., Ryn) be a random vector such that

1

and let {an(i), 1 <i < N} and {cy(i), 1 < i < N} be two sequences of real numbers
such that, as N — oo,

2 2

(an(i) —an) (en(i) —en)

: N ——— — 0, max — ————— — 0 (Noether condition).
<isN 37 (an(f) — an)? 1=isN 3 7 (en(f) — en)?
(1.4.6)
Then g ES
P{ﬁgx}—ﬂp(x) as N—o0 VreR
where ® is the standard normal distribution function, if and only if, for every e > 0,
| NN
]\}lgl)o {N ZZ/{?\, i Lllen, i] > e]} =0 (Lindeberg condition) (1.4.7)
i=1 j=1

and
an(?) —an)(en(j) — € .
KN, i (an(7) ~)(en (i) N) T 1,...,N.

[N (k) = an)? S en(0) — an)?}

Theorem 1.4.2 (Projection theorem). If ay(1) < ... <an(N) and

N RRY.
max (an(i) — an) —0 as N — o0,

1<i<N Zj.vzl(aN(j) —ay)?

then Sy is asymptotically equivalent in the quadratic mean to the statistic

Ty =) (en(i) —en)aly(Us) + Neyay

=1
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in the sense that 5 T2
lim [E [M] —0.

N—oo Var Sy
Here _ )
0 /- . 1—1 7 .
ay(i) =an(i)  for I <USN’ i=1,...,N
and Uy, ..., Uy is a random sample from the uniform R(0,1) distribution.

Corollary 1.4.1 Let

(an(i) — an)(ci — cN)

ij = ) .7':17"'7N7
N N
A2 _(N_l)—IZ(a = \2 CQ _ = \2
N = p—an)’, O =) (a—en),
k=1 /=1

and let the sequences {an(1)...,an(N)} and {ci,...,cn} satisfy the Noether condition
(1.4.6). Then

S
lim P{ il gx‘Hgl)} =d(x) VzekR
N—oo AnCy

The asymptotic rank test rejects H(()l) in favor of Ksrl) on the significance level o if

> o1(1—
AnCn = (1-a)

and in favor of KW if

respectively.

1.4.2 Rank tests for H(()Z)

The hypothesis
2
H : (60,3) =0

we shall test under the condition of symmetry on F i.e.
Flz)+ F(—z)=1 for z €R.

Because the ranks are invariant to the shift in location, the test should also involve the
signs of observations. Let R}, be the rank of | X|y; among | X |y1, ..., |X|yn, i =1,..., N.
Choose a score-generating function ¢* : (0,1) +— [0, 00) and the scores a}(1),...,ax(N)
generated by x in the same manner as in (1.4.5). Under the hypothesis H(()2), the observa-
tions are independent and identically distributed with a continuous distribution function
F, symmetric about 0. Consider two statistics

N N
S{i= Za*N(RjQi)Sign Xi, Sfa= Z ciay(Ry,)sign Xi, Sy = (Sy,S%2)

i=1 i=1
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and denote

N
MY =N A =Y e M =3 A =AY

=1 i=1

i,j=1,2

Under H(()Q) and under symmetry of F, the vector (sign Xi - RY,,...,sign Xy - Riy)
can take on N!2V values, each with probability 1/(N!2V), and sign X; is independent of
R}, i=1,..., N. Hence,

E(S}[Hy) =0,
E(S{S{HY) = ARAWN),
A= D @0
Consider the following test criterion
Wi = St <JEH82>S}S}§’>1 Sh = (SYAN'Sy) JAZ. (1.4.8)

Under Hgf) and under symmetry of F, the distribution of W}, does not depend on the
unknown F. However, the exact distribution of W is very laborious to calculate, hence
we should again use the asymptotic approximation. The asymptotic behavior is described
in the following theorem:

Theorem 1.4.3 Assume that the sequences {an(i), 1 <i < N} and {cy;, 1 <i < N}
satisfy, as N — o0,

. 2 (5 ) 2
maxlj\?gj\; a]Y(z) 0, maxlizg\; Ni | 0.
Zj:l a% (J) Zj:l CNj
Denote (0
an(?)CNj ..
KNij = ~ jN a0 t,7=1,...,N.
[Nfl > k=1 ax (k) D1 C?vz}

Then, under Héz) and under symmetry of F, the sequence (Sy, — IESY,)// VarSy, is
asymptotically normally distributed N(0,1) if and only if, for every ¢ > 0,

N N
1
A}LH;O {N Z Z Kl Fna| > 5]} =0 (Lindeberg condition,).
i=1 j=1

If we further apply Theorem 1.4.3 to ¢,; = 1, @« = 1,..., N, we conclude that the ran-
dom vector S}, has asymptotically a bivariate normal distribution Ny (O, A}‘VA(N )> . This

implies that under Hé2) and under symmetry of F, W5 has asymptotically x? distribu-

tion with 2 degrees of freedom. Hence, the asymptotic test rejects HE]Q) in favor K® if
W3 > 3.0
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1.4.3 Example

A group of students, boys and girls, graduated in a summer language course. They passed
two tests, before and after the course. The responses in the table are differences in the

tests scores for each individual; ¢; = 1 for a boy and ¢; = —1 for a girl.
# response «¢; Ry R?{,i c;Ry; sign XiR}t,Z-
1 52 1 19 19 19 19
2 -0.7 1 6 63 6 -6
3 23 1 2 13 2 -13
4 32 1 16 15 16 15
5 -1.5 1 4 9 4 -9
6 4.7 1 18 18 18 18
7 1.8 1 14 12 14 12
8 04 1 8 3 8 -3
9 06 1 11 5 11 5
10 6.6 1 20 20 20 20
11 -0.9 -1 5 8 -5 -8
12 1.7 -1 13 11 -13 11
13 -0.3 -1 9 2 -9 -2
14 24 -1 15 14 -15 146
15 42 -1 17 16 -17 16
16 -1.6 -1 3 10 -3 -10
17 -4.3 -1 117 -1 -17
18 0.8 -1 12 7 -12 7
19 -0.5 -1 7 4 -7 -4
20 -0.2 -1 10 1 -10 -1

We want to test whether the course had an effect and whether there is a difference between

the performance of boys and girls. We take the Wilcoxon scores, ay(i) = ai (i) = &, i =

17
1,...,20 and get
SN

AnCy
Wy =2.368 < 5.99 = x3(0.95).

=0.9826 < 1.96 = ®1(0.95),

Hence, we cannot reject either of the hypotheses.
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1.5 Rank tests for some multiple
linear regression models

Consider the linear regression model
Vi=fo+xiB+e, i=1,...,N (1.5.1)

where 3y € Ry, B8 € R, are unknown parameters and e;,...,ex are independent errors,
identically distributed according to a continuous d.f. F' and x; € R, are given regressors,
1=1,...,N. Denote

!
X1

Xy =
Xy

the regression matrix. We shall first consider the hypotheses
O B=0 versus KV: 3+£0

and
H(2 8" = (6,8) =0 versus K& : g*+£o0.

The hypotheses and tests are extensions of those for the regression line.

1.5.1 Rank tests for H(()l)

Let Rni1,...,Ryn be the ranks of Yi,..., Yy and let an(1),...,an(N) be the scores
generated by a nondecreasing, square-integrable score functlon ¢ : (0,1) — Ry so that

an(i) = ¢ (7)., i=1,...,N.
Consider the linear rank statistics

N
Snj = Z(xw Tnj)an(Ryi), Tnj = Zx’]’ j=1...N

i=1

and the vector
N

SN = Z(XZ — )_(N)CLN(R]W) = (SNla c. ,SNp)/.

=1

The distribution function of observation Y; under H(()l) is F(y— (o), i=1,...,N. Hence,
(Rn1, - - -, Ryn) assumes all possible permutations of (1,2,..., N) with equal probability

%. Hence, the expectation and covariance matrix of Sy under H(()l) are
ESyHY)=0 and E(SySy/HY)=A4%Qu,

where
N

;_1 Z(GN(Z') —an)’, Q=) (% —xn)(xi — Xn)"

i=1
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Our test for Hél) is based on the quadratic form
Sy =AY (SvQy'Sw) , (1.5.2)

where Q' is replaced by the generalized inverse Qy if Qy is singular. We reject Hgl) if
Sy > k., where k, is a suitable critical value.

Notice that Sy depends only on xy,...,xy, on the scores ay(1),...,an(/N) and on
the ranks Ry1,..., Ryny. Hence, the distribution of Sy and thus also that of Sy under
the hypothesis H(()l) does not depend on the distribution function F' of the errors. For
small N, the critical value can be calculated numerically, but it would become laborious
with increasing N. Hence, again, we should use the large-sample approximation. This can
be derived under some conditions on the matrix Xy, and on the scores:

Theorem 1.5.1 Assume that
(i) the matriz Qy is regular for N > Ny and

1211'%}1(\7<Xi - }_(N)/Q]_\fl(xi —Xy)—0 as N — oo,

(ii) the scores satisfy the Noether condition, i.e.

N =2
max (an(i) — ax) —0 as N — o0,

1<i<N Z;,V:l(aN(j) —ay)?

(ii)

N N
1
lim [— Zzézzv,ijk]HéN,in > 5]] =0 forevery e>0, Vk=1,...,p,

N—oo N - -
=1 j=1
where
ONijk = (an (i) = an) (@ = T1) k=1,....p,4,5=1,...,N.

N2 Y0 (@ — )2

Sl

[N_l Zi]il(aN(i) — } 172

Then, under Hél), the criterion Sy in (1.5.2) has asymptotically x* distribution with p
degrees of freedom.

Remark 1.5.1 We reject hypothesis Hél) on the significance level o if
Sy > X]23<1 - Oé),

where Xf,(l — ) is the (1 — ) quantile of the x* distribution with p degrees of freedom.
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Sketch of the proof. It suffices to show that under Hél) the asymptotic distribution of
Sy is p-dimensional normal with expectation equal to 0 and dispersion matrix A3 Qy.
Then the quadratic form Sy will have asymptotically the x?(p). To prove the asymptotic
normality of Sy, we must prove that, for any vector A € R,,, A # 0, the scalar product
X'Sy has asymptotically normal distribution A(0, A’ A%, Qnx ). But

NSy =) [N(xi — xn)lan (Rn:)

i=1
and its coefficients X'(x; — X) satisfy the Noether condition (1.4.6), because

N~ — % 2 N~ — % )
i [N(x; — xn)] — mex N(x; —xn)(x; — Xn)'A

SV TN — Ry SN NQad

S 12112}1(\7 sz - )_(H2 : Hmaz<Q]_Vl) = lrélzag}](\f /imax{<xi - X)IQ71<XZ‘ - )_()} — O

Moreover, we can show by some arithmetics that the entities
N (x; —x)(an(j) — an)
NS N — 0P S (ax () — aw)?

satisfy the Lindeberg condition (1.4.7). Then the asymptotic normality of the scalar pro-
duct will follow from Theorem 1.4.3 for every X # 0. |

Onii(A) =

1.5.2 Rank tests for H(()2)

Consider again the model Y; = fy+x/B+e¢;, ¢=1,..., N, and assume that the errors e;
have a symmetric distribution function, F(z) + F(—z) = 1 Vz. Let R}, ..., Riy be the
ranks of |Yi|,...,|Yn|. Choose a score-generating function ¢* : (0,1) +— [0,00) and the
scores a’y(1),...,ay(N) generated by o*. Put 2,0 =1, i=1,...,N,and for j = 0,1,....,p
consider the signed-rank statistics

N
S, = Z$ij sign Y; ay(RY;)
i—1

and the vector
St = (Sj{,vo, Sj{,vl, . ,S;7p)’.

Then, under Hé2),
E (SMH((E)) —0 and E (s;smHg?)) — A2Qy,
where A2 = £ 3V [a%(9)]? and

N N
* * k)
Qn = E X;X; = E T
i=1 =1

3,3'=0,1,....p
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and X: = (ZBZ'O’, Lily e ,{Eip)/.
The test criterion will be the quadratic form

S = A3 (SY(Q3)'S7).

The distribution of S} (and hence of Sy;) is generated by N2V equally probable realiza-
tions of (sign Y1, ...,sign Yy) and (RY,, ..., Riy)-
The asymptotic distribution of S3; under H((JQ) will be x2(p + 1), provided

max x7(Qy) X =0 as N oo,

(ai(1),...,a%(N)) satisfy the Noether condition (1.4.6), and under the Lindeberg con-
dition (1.4.7) on some mixed terms corresponding to x; and aj (i), analogously as under
the regression line.

1.6 Rank estimation
in simple linear regression models

1.6.1 Estimation of the slope (5 of the regression line

Let Y1,..., Yy be independent random variables, Y; have a distribution function

where F' is continuous. We want to estimate the parameter § with the aid of ranks.

Denote

Let Ty (Y1,...,Yn) be a test statistics for testing Hy : = 0 and assume that under Hy
the distribution of Ty is symmetric about puy or that Ey,Tnv = un.
If T (Yi(b),...,Yn(b)) is nonincreasing in b € Ry, then we can define the estimate of

0 as
By = LBy + BL), (1.6.1)
By =sup{b: Tn(b) > pn}, B =inf{b: Tn(b) < pn}-

If Ty = SN (2, — Zn)(Y; — Yi), then py = 0 and Ty (b) is linear in b; the estimator is
the least-squares estimator 0f (3.

Lemma 1.6.1 Let T = Sy = Zfil(xz —Zn)an(Ryi) where ay(1) < ... < an(N) (not
all equal) and Ry; is the rank of Y;, i =1,...,N. Then Sy(b) is nonincreasing in b.

Proof. See Puri and Sen (1985).

The following Lemma shows that Sy is symmetrically distributed under some condi-
tions.
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Lemma 1.6.2 Let either
xi—jN:fN—xN_iH, Zzl,,N (162)

or
ai—C_LNZC_LN—CLN_i_H, Zzl,,N (163)

Then, if 3 = 0, the distribution of Sn is symmetric about 0.

Proof. Let (1.6.2) hold. Because (Rpy1, ..., Ryn) have the same distribution as

(RynN, - -, Rn1), then Sy has the same distribution as Sy = Zi]il(xi—iN)aN(RMN,iH) =
—Sn.
Similarly we proceed under (1.6.2). O

Properties of BN :
1. Bv(Yi+a1b, ..., Yy +axb) = Byv(V1, ..., YN)+b Vb eER;.
2. By(cYa, ..., cYn) =cBn(Ya,...,Yy) Ve 0.
3. P(By < a) < P(Sx(a) < pn) < P(Sy(a) < py) < P(Bx < a)

Asymptotic normality of BN:

Theorem 1.6.1 Assume that {xy1,...,xyN} satisfy the conditions
L
0< lim — z;(m —In)?=C? < 0, (1.6.4)
! tn)? — 0 N
max N(xm —Iyn) — as — 0.

Let an(i) = Ep(Uy) or = ¢ (

and

ﬁ) , i=1,...,N, where ¢ is nondecreasing on (0, 1)

1 1
A2 = / ©*(u)du < oo, / o(u)du = 0.
0 0

Let F' have finite Fisher’s information, i.e.

2 — 1 2 u)au wnere u :——f/(Fil(U)) u
Aw_/oz/;()d, h () f(F—l(u))’O< < 1.

Then {Nl/Q(B\N - ﬂ)}oo is asymptotically normally distributed
N

N (0. gt ) e = [ et
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1.6.2 Estimation in multiple regression model

Let Y1,..., Yy be independent observations, Y; have distribution function
Fi(y)=Fly— 06— (x —xn)'B), x€R, 1<i<N.

Consider the (vector) linear rank statistic

SN(b) = Z(Xz — )_(N)CZN(RNZ'(b)) = (SNl(b), ey SNN(b))/,

i=1

where Rpy;(b) is the rank of Y; — x’b, ¢ = 1,..., N, and the scores are nondecreasing.
Obviously FESy(0) = 0. Define

DN::{b:HSNQﬁHZImn,bEH%}

where || - || is either L; or the Lo-norm. If Dy is a convex set, then we can define the

center of gravity of Dy as an estimator B ~ of B.
Assume that xp; satisfy the (Noether) condition

@?}V(XM’ —In)Qy (xni —ZTy) > 0 as N — oo,

where Qy = Z?;(XM — Zn)(Xn; — Zy)'. If F has the finite Fisher’s information, then

{N 1/ 2(B N — B)} is asymptotically normally distributed

N (0 5 G )

1.7 Aligned rank tests about the intercept

1.7.1 Regression line

Let Y7, ..., Yy are independent, Y; has distribution function
Fy)=PYi<y)=Fy—0F— (vi—zn)B), 1<i< N, yeR.
Consider the hypothesis
Hy: 50=0 versus K': 8 >0 or K: By #0

where (3 is treated as a nuisance parameter. If 3 # 0, then Y, ..., Yy are not identically
distributed, and we cannot use their ranks. If we have an estimate Oy of 3, we can
consider the ranks of the residuals |Y; — (x; — Zn)0n|, i = 1,..., N (aligned ranks) and
an (aligned) signed rank statistics based on them. Under some conditions, such statistic
is asymptotically distribution-free, i.e. under the hypothesis Hq : Gy = 0, its asymptotic
distribution does not depend on F.
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Let BN be the rank estimate (1.6.1) based on the linear rank statistic
N

> (xi — Zn)an(Ryi(b)), b€ Ry,

i=1

SA/Z- =Y, — (z; — EN)B\N, i=1,..., N and the aligned signed rank statistic

N
§N = Zsign ?z a?\/(R;i)v

i=1
where R}, is the rank of |Y; — (z; — fN)BNL i=1,...,N. The test criterion for Hy will
be
N_1/2§N * \2 1 al % 7 \\2
N = Ta (AN)" = N ;(GN(Z)) :

We reject Hy in favor of KT if Ty > k', and reject Hy in favor of K if |T| > k.. The

critical values k! and k, are determined from the asymptotic normal distribution of Ty.

Theorem 1.7.1 Assume that

(i) F is symmetric about 0 and has an absolutely continuous density f and finite and

SN2
positive Fisher information, 0 < I(f) = [ (J;‘((;))> dF(z) < oc.

(it) + SN (#i—7n)? — C% 0 < C < o0, and + [maxi<i<n(z; — Zn)?] — 0 as N — oo.

(11i) ¢(t) is nondecreasing, (1 —t) = —p(t), t € (0,1), and

0< A%(p) = fol @ (t)dt < 0o. Put p*(u) = ¢ (1), 0<u <1 and

ay (i) = E@*(Uyy) orai(i) = ¢* (Nil) ,1=1,...,N.
Then, under Hy : By = 0, the criterion Ty has asymptotically normal distribution with
mean 0 and variance 1.
Sketch of he proof. Because limy_o, A% = A%(p) and NY/2(3y — 8) = O,(1), it can
be proved (not elementary) that under Hy

N~2[Sy — Sn(B8)] 20 as N — oo, (1.7.5)

where

sign(Y;(8)) ax (73, (8)),

WE

Sn(B) =
i=1
where Y;(3) = Y;—(z;—Zx) [ and Ry, (0) is the rank of Y;(3) = Y;—(z;—Zn)0, 1 <i < N.
Under Hy are Y;(8) = Y; — (z; — Zn)[ independent and identically distributed with d.f.
F symmetric about 0. It was shown earlier that

N2 (8) 5 N(0, A%()),
hence, regarding (1.7.5), also N~1/25y <, N(0, A%(p)). U

Remark 1.7.1 We reject Hy in favor of K™ on the asymptotic significance level o, pro-
vided Ty > @7 (1 — ), and we reject Hy in favor of K provided [Ty| > ® (1 — %) .
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Powers of the tests against local alternatives:

The tests are consistent in the sense that their powers tend to 1 as 8y — oo (or |Fy| — 00).
However, important is the power for alternatives close the the hypothesis, namely

Kinv: Bo=N"Y2\, MN#£0 fixed .

Such alternative is contiguous in the sense of LeCam/H4ajek, and it can be shown that the
approximation (1.7.5) holds not only under the hypothesis, but also under K;y. Hence,
N-1/28 n has the same asymptotic distribution as Sy(/3) also under K.

Denote 7, = ®7!(1 —a), 0 < a < 1. The asymptotic power of the aligned rank test is

1
P{Tn > 1,JKin} = 1—-® (Ta — AA/ gp(u)gof(u)du) one-sided test
¢ Jo

Comparison: Classical test of H

The least-squares estimator of 3 is
_ 1 X
Pon =Yy = N -5—1 Yi

and the likelihood ratio statistic is

Y,
Ly = N—N7 where
SN
R .
5?\/ “N_»3 ;[Y; — Yy — (z; — Zn) BN,
s 2N (=) (Y — V)
Oy =

If 02 = [ 22dF(z) < oo, then

S?Vﬁ)oﬂa YNiﬁ()) BNAﬁ as N — oo.

Under Hy : 3y = 0, the likelihood ratio is asymptotically A/(0, 1). The asymptotic relative
efficiency of the aligned signed rank test with respect to the likelihood ratio test is

(B etwes(u)du)
L P

< oZ(f).

1.7.2 Multiple regression model

Let Y7, ..., Yy be independent with distribution functions Fi, ..., Fy such that

Fiy)=PY;<y)=Fy—0— (xi—xn)B), 1 <i <N, ye Ry, BeR,.
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We want to test the hypothesis
Hy: 3y=0 versus K : 5y >0 or K;: (B #0,
where 3 is unspecified. We may also partition 3 as
»-(5)
where 8, € R,,, B, € R,,, p1 +p2 = p. We want to test the hypothesis
H,:38,=0 versus B8, # 0
where 3y, B, are unspecified.

Test of H;

Let ,B'N be the estimator of 3. Consider the residuals 3//\; =Y, — X;B, 1 =1,...,N and
the (aligned) ranks Ry,,..., Riy of |Yi], ¢ = 1,..., N. Similarly as in the case of the
regression line, the test is based on the aligned sign rank statistic

N
Sy = _sign(¥}) ay(R},)
i=1

and the test criterion is

Q2
Sy

Th= s (U = 5 D)’

T?% has asymptotically x? distribution with 1 d.f.
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