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CHAPTER 1
Lie groups

1. Lie groups
DEFINITION 1.1. A Lie group G is a group, which is at the same time a smooth
manifold in such a way that

e the multiplication p: G x G — G is smooth,
e the inverse v : G — G is smooth.

By a homomorphism of Lie groups we understand a smooth group homomorphisms.

NOTATION. We denote by e the unit and write a~! instead of v(a). We will be
using the left and right translations A4, p, : G — G defined by

Aa(b) =ab  pa(b) = ba

THEOREM 1.2. The smoothness of the inverse follows from the smoothness of
the multiplication.

PROOF. The defining equation for the inverse is p(a, v(a)) = e. By the implicit
function theorem it is enough to verify that the derivative of u(a,—) at a=! is
invertible. This follows from the fact that u(a, —) = A, has an inverse A, -1. O

REMARK. Every Lie group is a topological group, i.e. a group and a topolog-
ical group such that the multiplication and the inverse are continuous. The fifth
Hilbert problem states that every topological group G that is at the same time a
(topological) manifold admits a smooth structure for which G becomes a Lie group.
This was proved in 1952 (in fact the structure is even analytic). If time permits we
will get to the implication C? = C*°.

Let M, N be smooth manifolds. Then the projections p : M x N — M and
q: M x N — N provide the canonical isomorphism

(Pas @) = Ti gy (M x N) = T, M x T, N.
The inverse isomorphism is obtained from the inclusions
iy: M — M x N Je: N = M x N
a (a,y) b (x,b)

Under the above identification the pair (X,Y) € T,M x TyN corresponds to
(iy)« X + (ju)+Y € T(zy)(M x N).

LEMMA 1.3. The following formulae hold for A, B € T.G:
u«(A,B) = A+ B, v, A= —A.
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PROOF. These are just simple calculations
ps (A, B) = p((ie)s A + (Je)« B) = (pic)s A + (nje)«B = A+ B
and by differentiating e = u(a,v(a)) in the direction A € TG we get
0=p(A,vA)=A+v, A

EXAMPLES 1.4. The classical gropups:

e The general linear group GL(n,R) - the group of invertible matrices (a;).
Since GL(n,R) € R™ ™ can be described as GL(n, R) = det (R — {0}) it
is an open subset and hence a manifold. Multiplication is clearly smooth
(even algebraic).

e The general linear group GL(n,C) with coefficients in C. We think of
GL(n, C) as a subgroup of GL(2n,R) via the identification C" = R"®iR".
The embedding becomes

) A -B
A+zBl—><B A)

On the other hand GL(n,C) C C™*" is again open and hence a manifold.
e The special linear groups
SL(n,R) = {A € GL(n,R) | det A =1}
SL(n,C) = {A € GL(n,C) | det A =1}
are certainly closed submanifolds and also subgroups. Later we will prove

THEOREM. Ewvery closed subgroup of a Lie group is a submanifold and
with the submanifold smooth structure a Lie group (i.e. a Lie subgroup).

o Let B : R" XR™ — R be a bilinear form represented by a matrix B = (b;;).
A linear map « : R™ — R" is said to preserve g if

Blaz,ay) = B(x,y) <= ATBA=B

Such linear automorphisms clearly form a closed subgroup of GL(n,R).
— Specifically for 8 = (, ), the scalar product, we have B = E, the
identity matrix and we obtain the orthogonal group

O(n,R) = {A € GL(n,R) | ATA = E}
and also the special orthogonal group
SO(n,R) = O(n,R) N SL(n,R)

— Consider on R?" the (nondegenerate antisymmetric) bilinear form
n
Z(xiynJri - yi$n+z‘)
i=1
s . 0 F . .

with its matrix J = | E o) The group of linear automorphisms
preserving this form is called the symplectic group Sp(2n,R). Anal-
ogously we obtain Sp(2n, C).
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e The unitary group U(n) = {4 € GL(n,C) | ATA = E} and the spe-
cial unitary group SU(n) = U(n) N SL(n,C). There is also a complex
orthogonal group which is different from the unitary group. One of the
main qualitative differences is that O(n,C) is a complex manifold and a
complex Lie group (reason being that the defining equation ATA = E
is holomorphic unlike that for the unitary group - it contains complex
conjugation).

e The spin group Spin(n). We will say more about it later. It is related to
SO(n,R) by a short exact sequence of groups

1 —Z/2 — Spin(n) — SO(n,R) — 1.

e Sp(n) = {A € GL(n,H) | ATA = E}, the group of linear automorphisms
of the quaternionic space H" preserving the scalar product. Also Sp(n) =
Sp(2n,C) N U(2n).

2. Lie algebras

DEFINITION 2.1. A vector space L over R is called a Lie algebra if there is
given a bilinear map [, | : L x L — L satisfying

e the antisymmetry: [X, X] =0,
e the Jacobi identity: [[X,Y],Z] + [[Y, Z],X] + [[Z,X],Y] = 0.

From bilinearity we obtain
0= [X +Y,X +Y] = [X, X] + [X, Y] + [V, X] + [¥, Y] = [X, Y] + [V, X]
implying [V, X] = —[X,Y].

ExAMPLE 2.2. The vector fields on a smooth manifold M with the bracket
[X,Y]:

X:ZXi%,Y:ZYi% = [XYI=) (55 Y5 o

2%

Let L be a finite dimensional Lie algebra and ey, . . ., e, its basis. Then [e;, e;] =

>k cfjek. The numbers cfj are called the structure constants of L with respect to

the basis. They satisfy the following identities:

|
* _I:Cij, k k
o > (ceq + et + aers) = 0.
Conversely, by giving the basis eq, ..., e, and the structure constants cfj satisfying

the above equalities we obtain a Lie algebra L. The complete classification of Lie
algebras is not yet known.

EXAMPLE 2.3. Let V be a vector space and denote L = hom(V,V). On L we
define a bracket
[figl=feog—gof.
In this way we obtatin a Lie algebra gl(V').

For a Lie group G we define g = Lie(G) = T.G as a vector space. Now we
proceed to introduce a bracket on g.



2. LIE ALGEBRAS 4

DEFINITION 2.4. A vector field X : G — TG is called left-invariant if (X\;)« o
X =Xo)\, forany a € G.

Aa)x
76 2 ra

S
G>\4>G

a

In other words X is A,-related with itself which we denote by X ~,, X.

REMARK. The f-relatedness of vector fields X and Y has the following char-
acterization via the flow lines, easily verified by differentiating both sides.

FER (2)) = FI (f(2))
In other words f transfers the flow lines of X into the flow lines of Y. We will use
this property quite often.

REMARK. Let A € T.G be an arbitrary vector. It defines a vector field A4 :
G — T'G by the formula A4(a) = (Ag)+A. This vector field is clearly left-invariant
as
Aa(ah) = ) A = (hads)oA = (M) ()2 A4) = () (Aa(B))
It remains to verify its smoothness. Since (Ay)+A = p«(04, A) this is achieved by
the following diagram

TG x TG —5 TG

(o,Aﬁ /
Aa
G

with (0, A) being the map with components the zero section 0 and the constant
map sending everything onto A.

THEOREM 2.5. Let X,Y be left invariant vector fields. Then X +Y, kX and
[X,Y] are again left-invariant.

PROOF. Since X and Y are )\, related with X and Y respectively, the same is
true for their sum, multiples and bracket. ([

DEFINITION 2.6. The vector space g = Lie(G) = T.G together with the bracket
[A, B] = [Aa, Ag]e is called the Lie algebra of the Lie group G.

REMARK. For every finite dimensional Lie algebra g there exists a Lie group
G for which Lie(G) = g.

We would like to explain now why this is a reasonable object of study. We have
seen that the first derivative at e does not see anything from the structure of the
Lie group. The second derivative does but in order to make sense of the second
derivative one has to fix the coordinate charts (which we will do later and for them
the second derivative will be described exactly by the Lie bracket). Without a fixed
choice of the charts the second derivative only makes sense when the first derivative
vanishes at that point which is not the case for the product. The way out is to
“subtract from g the sum of the two coordinates” by considering

[,]:GxG—G

(a,b) — aba~'p?
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We will see shortly that the first derivative of the commutator vanishes at e and
the essential part of the second derivative is exactly the Lie bracket.

NoTATION. Let X, Y be two vector fields on a manifold M. Then we denote
(FL)Y (2) = (F1Y,).Y (FIY () € T,
the pullback of Y along the flow FIX of X. For each = € M it is defined for ¢ small.
LEMMA 2.7, $5|,_, (FIF)"Y (2) = (FI3)*[X, Y](2).

PROOF. First assume that tg = 0 and let f : M — R be a smooth function.
We differentiate f in the direction of the left hand side:

(&l Y'Y (@) 1 = &,y (P V(@)
= &,y (F%).Y (R (2)7)
= &l (YOF @) (0 FIY))
—Y(@)(=XJ) + ]y (VDE @)
= —(YXf)(@) + (XY f)(2) = (X, Y](@)) f

For a general t, we have (FIX)*Y (z) = (Flfg)*(Flfito)*Y(a:). Since (Flig)* is a
linear map we can interchange with %. O
COROLLARY 2.8. The following conditions are equivalent:
e [X,Y]=0,
o (FIX)*Y =V, i.e. Y is FI.* -related with itself for all t,
e FI F1Y (z) = F1IY FI¥(2), i.e. the flow lines commute.

In general we have F1¥  FI*, F1Y FIX (z) = z + st[X,Y](z) 4 o(s, t)2.
PRrOOF. Differentiating twice we get

9 9

ot lt=0 %L:o

FIY, FIY, FY FIY (2) = 2, (fY(x) + (FLY )*Y(:@) - [X,Y](z)

The remaining derivatives of order at most two are clearly zero. O
EXAMPLE 2.9. Let M = G, a Lie group. What does [4, B] for A,B € g
express? Let us consider the following integral curves

e o(t) the flow line of A4 with p(0) = e,
e (t) the flow line of \p with ¥(0) =e.

A flow line of A4 through a general a € G is easily a - ¢ : ¢t — ap(t). This follows
from the A,-relatedness of A4 with itself: & (ap(t)) = (Aa)s¢(t). In other words
FI* = ey

This implies that (t; +t2) = @(t1)p(t2) and it is a homomorphism of groups. We
now compute

FIXE FIM FIZ2 FIM () = o(8)3(s)p(—t)(—5) = @(0)v(s)p(t) " b(s) 7.
In other words the group theoretic commutator [¢(t), 1(s)] has a Taylor polynomial

[o(1), 9 (5)] = [A, Blst + o(s, t)?
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This can also be rewritten as d?[ , ](,¢)((4,0),(0,B)) = [A, B]. The Lie bracket
thus measures the non-commutativity of the Lie group. More precisely [A, B] = 0
if and only if all the elements ¢(t) commute with all ¢(s). We will see later that
the connection between commutativity of G and vanishing of the bracket works
perfectly for connected Lie groups.

DEFINITION 2.10. Let L, L’ be two Lie algebras. A linear map ¢ : L — L' is
called a homomorphism of Lie algebras if p[A, B]r = [pA, ¢B]L.

THEOREM 2.11. Let f : G — H be a (smooth) homomorphism of Lie groups.
Then its derivative f, : g — b at e is a homomorhpism of Lie algebras.

PROOF. Let us rewrite f(ab) = f(a)f(b) using the left translations as

fo)‘a :)\f(a)of
Differentiating in the direction A € g we obtain f.(Aq)«A = (Af(a))«fcA or

Jeda(a) = Mg, a(f(a))

which means that A4 is f-related to As 4. Since the bracket respects relatedness,
[Aa, Ap] must be f-related to [Af, 4, s, ). Evaluating at e yields the result. O

DEFINITION 2.12. A smooth map f : G — H between Lie groups is a local
isomorphism if it is both a homomorphism and a local diffeomorphism at e (i.e. the
derivative fi. : g — b is an isomorphism).

Two Lie groups G, H are called locally isomorphic if there exist neighbourhoods
U>seandV >e, in G and H respectively, together with a diffeomorphism f : U —
V' which satisfies:

e f(ab) = f(a)f(b) whenever a,b,ab € U,

o f~Y(ab) = f~1(a)f~1(b) whenever a,b,ab € V.
Clearly if there exists a local isomorphism f : G — H then G and H are locally
isomorphic.

THEOREM 2.13. Locally isomorphic groups have isomorphic Lie algebras. O

EXAMPLE 2.14. The additive groups R and T = SU(1) (the group of complex
units in C) are locally isomorphic. We think of the first as the group of translations
of the line while the second is the group of rotations of the circle (or C for that
matter). This is because there exists a local isomorphism R — T sending t + €27,

DEFINITION 2.15. Let L, L’ be Lie algebras. On their product L x L' we
consider the bracket
(X1, Y1), (X2, Y2)] = ([X1, XL, [V1, Ya] 1)
We call L x L’ together with this bracket the product of Lie algebras L and L'.
THEOREM 2.16. Lie(G x H) = Lie(G) x Lie(H).

PROOF. The projections p : G x H — G and q : G x H — H are homomor-
phisms and hence they induce homomorphisms of the Lie algebras in question. This
means

p*[(le Yl)v (X27 YQ)] = [p*(Xlﬂ Y1),p*(X2, YZ)] = [Xh X2]
and similarly for ¢. The canonical isomorphism (p.,q.) : Lie(G x H) — g x b is
then an isomorphism of Lie algebras. (I
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REMARK. With the above Lie algebra structure L x L’ forms a product in the
category of Lie algebras. The previous proof is then just a demonstration of the
fact that Lie is a functor and preserve products (which is obvious from the fact that
this happens already at the level of tangent vector spaces at e).

What happens if we change sides? Denoting p4 the right-invariant vector field
with value A at e the next theorem asserts that the Lie bracket defined via the
right-invariant vector fields agrees with the usual one up to the minus sign.

THEOREM 2.17. For A, B € g the following holds: [pa, pBle = —[\a, AB]e-

ProOF. Consider the opposite group G* with multiplication a * b = ba. The
inverse v : G* — G is a group homomorphism and

[A, B]" =[N3, ABle = [pa, pBle
Thus _[pA7pB}€ = V*[AaB}* = [V*Aa V*B] = [_A7 _B} = [)‘A7>\B]€' U

COROLLARY 2.18. For a commutative group G the bracket on its Lie algebra is
identically zero.

3. Subgroups and subalgebras

DEFINITION 3.1. A Lie subalgebra L' C L is a vector subspace closed under

[ ]

THEOREM 3.2. If H C G is both a submanifold and a subgroup then h C g is a
Lie subalgebra.

PRroOF. In the diagram

HxH-YsH

[ ]

GxG——G

the map p (which exists since H is a subgroup) is smooth since H is a submanifold.
Hence H is a Lie group and the inclusion ¢ : H — G is a homomorphism. Thus its
derivative ¢, : h — g is a homomorphism of Lie algebras (saying that the bracket of
b is a restriction of the bracket on g) and its image is therefore a subalgebra. [

EXAMPLE 3.3. Consider R%2. Then every line {(z,kz) | z € R} (for k € R) is
a subgroup (and a submanifold). Now consider the torus T? = R?/Z2. Again we
get subgroups for any k£ € R. For k € Q this subgroup is a submanifold but not for
irrational k£ when this subgroup is dense.

DEFINITION 3.4. A subset A C M of a smooth manifold M is called an initial
submanifold (of dimension k) if for each x € A there exists a chart

0:U =5 R™ =RF x R™*

such that ¢~!(R* x {0}) is exactly the path component of U N A containing z.
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THEOREM 3.5. Every initial submanifold is the image of an (essentially unique)
injective tmmersion i satisfying the following universal property:

N —f> M
For every smooth map f : N — M with the property f(N) C i(A) the unique map
g: N — A satisfying ig = f is also smooth.

PrROOF. Let ¢ : U — R™ be a chart on N from the definition of an initial
submanifold. Declare its restriction

C.(UNA) =5 R* x {0}

to the path component of UN A containing x to be a chart for A. This does endow A
with a smooth structure. It differs from the subspace topology (which is inevitable)
but the inclusion is clearly an injective immersion.

We verify the universal property for inclusions of initial submanifolds. Let
y € N with f(y) =« and V a path connected neighbourhood of y which maps into
U. Since its image is also path connected it must be contained in U N A. Thus g
in the chart provided by % is just a restriction of f and hence smooth.

Suppose now that ¢/ : A’ < M is another injective immersion with the same
image as ¢. Then there exists a factorization

Ah{jA
XA i
M
with h an immerison and a bijection at the same time. Since its inverse is also an
immersion by the same argument h must be in fact a diffeomorphism. O

REMARK. It is also true that any injective immersion ¢ satisfying the above
universal property is in fact an inclusion of an initial submanifold but we will not
need this fact.

REMARK. We have not proved that A has a countable basis for its topology.
In fact A might well have an uncountable number of components. However each of
the components of A is second countable.

DEFINITION 3.6. A Lie subgroup H C G is an initial submanifold which is at
the same time a subgroup.

THEOREM 3.7. A Lie subgroup H C G with its canonical smooth structure (and
multiplication) is a Lie group. Moreover h C g is a Lie subalgebra.

PRrROOF. The whole proof is contained in the diagram

HxH-Y“sH

[ ]

GxG——G
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Our new definition includes the wild subgroups of the torus T2. In fact we
are able to construct a Lie subgroup for any Lie subalgebra of g. To motivate
our construction observe that for a Lie subgroup H C G and a € H we have
T.H = (\y)«bh and H is an integral submanifold of the left invariant distribution
determined by b.

More generally for a linear subspace P C g of dimension k the left translations
(M)« P =: Ap(a) C T,G form a k-dimensional distribution Ap on G. This distri-
bution is smooth: if Ay, ..., Ay is a basis of P then A4, (a),..., A4, (a) is a basis of
)\p ((l)

A distribution S on M is called involutive if for every two vector fields X, Y € §
their bracket [X,Y] also lies in S.

THEOREM 3.8 (Frobenius theorem). If S is involutive then for every x € M
there exists a local coordinate system y',...,y™ in a neighbourhood U of x such that
the vector fields Biy17 ey % form a basis of the distribution S on U. In particular
S is integrable.

PROOF. Let Xi,..., Xy be local vector fields which, near x, span the distribu-
tion S and let us choose a coordinate system around z in which X;(z) = %. We
then define a map

e:R" DU — M
(..., t™) — FIY - FLI*(0,..., 0,677 L t™)

9
ozt

The partial derivatives at the origin clearly consist of the vectors
a local diffeomorphism.

Let us compute the partial derivative with respect to t* for i < k at a general
point.

and thus ¢ is

9 . ,
= () (PR X (PR P (o)

To conclude the proof it is therefore enough to show that for any Y belonging to S
the pullbacks (F1)')*X; also belong to S. Denote this pullback by

Yi(t) = (FI, )" X, (x)

and write [V, X;] = > a;; X,;. By Lemma 2.7 the paths Y;(¢) satisfy the following
system of differential equations

Y1) = )V X = 3 ay (FLY (2)Y; (1)

We have Y;(0) = X;(z) € S(x) and since the system is linear we must have Y;(t) €
S(x) for all t. Namely applying any linear form « to this system we see that a(Y;(t))
satisfy the very same linear system of differential equations. Using the uniqueness
and the existence of the zero solution we see that a(Y;(0)) = 0 for all ¢ implies
a(Y;(t)) =0 for all ¢ and t. O

By an integral submanifold we will now understand a connected initial subman-
ifold A C M for which T, A = S, for all x € A. A maximal integral submanifold is
one that is not contained in any bigger.

THEOREM 3.9. If S is involutive then to every point x € M there exists a
unique maximal integral submanifold going through that point.
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ProOF. We will obtain this initial submanifold as the set A of all points y € M
which can be joined with = by a path v : I — M tangent to the distribution S,
i.e. with the properties

* 7(0) =z,7(1) =y,

° y= %7 e€S.
We need to verify that A is indeed an initial submanifold, maximality should be
obvious. In a coordinate chart ¢; : U; — R™ from the Frobenius theorem U; N A
is clearly the disjoint union

|_| Rk X {(Ck+17~-~;cm)}

(Cht1s--rcm)ECH

It is enough to show that each C} is at most countable since every countable subset
of R™~* is totally disconnected (in between any two distinct z,y in a countable set
X C R there lies some z ¢ X). First we prove an auxiliary fact:

Let B be an integral submanifold which is second countable. Then B intersects
each U; in at most a countable number of leaves R* x {(cki1,...,cm)}: if, by
contradiction, the number was uncountable then choosing a point from B in each
leaf we would find an uncountable discrete subset of B.

In particular every leaf of ¢; intersects at most countable number of leaves
of . Now start with Ag = {z} and at each step “leaf complete” A; to obtain
A;yr1. Then A =|J A; and it is second countable, hence intersects only a countable
number of leaves of each ;. O

Let us return to a linear subspace P C g and the distribution Ap on G.
LEMMA 3.10. Ap is involutive if and only if P is a Lie subalgebra.

PrOOF. Since (X, fY +9¢Z] = fIX, Y]+ (X /)Y +9[X, Z]+ (Xg)Z it is enough
to check the brackets of vector fields of the form A4 with A € P. But [Ag, A\g] =
)\[A,B]- (Il

THEOREM 3.11. Let h C g be a Lie subalgebra. Then the mazimal integral
submanifold H passing through e is a Lie subgroup.

PRrROOF. Let a € H. Since (Ag-1)«Ap = Ap, the map A -1 preserves integral
submanifolds. As A\,-1(a) = e and both a,e € H we must have A\,-1(H) = H and
thus a='b € H for all a,b € H. 0

Now we tackle the uniqueness issue. First a lemma.

LEMMA 3.12. Let f : G — H be a homomorphism of Lie groups whose deriv-

ative at identity is surjective. Then the image of f is a union of components of
H.

PROOF. The image is certainly a subgroup which is open. Since any open
subgroup is necessarily also closed (its complement being a union of cosets which
are open) the assertion follows. (]

REMARK. Later we will use a simple variation of this lemma: Let U be a
connected neighbourhood of e in a Lie group G. Then the subgroup generated by
U is exactly the connected component G, of G containing e. Here G, is a subgroup
since the pointwise product of a path from e to a and a path from e to b is a path
from e to ab.
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THEOREM 3.13. Let H C G be a connected Lie subgroup. Then H is the
mazimal integral submanifold of Ay .

Proor. Let Hy be the maximal integral submanifold of Ay passing through
e. Since both H is also an integral submanifold it must be contained in Hy and
the inclusion H < Hy is both injective and surjective by the previous lemma (the
derivative at e is the identity on h) and thus H = Hj. ([

4. Homomorphisms of Lie groups and algebras

LEMMA 4.1. A group homomorphism f : G — H which is smooth near e is
smooth everywhere.

Proor. This is a classical homogeneity argument. Denoting by U the neigh-
bourhood of e where f is smooth pick any a € G and consider the diagram

U
A{
alU T}

f
—

=

Af(a)

—

T

in which aU is a neighbourhood of a and thus f is smooth everywhere. O

The essential idea of this section is to construct homomorphisms through their
graphs. Let us consider ¢ : g — 0, a linear map between Lie algebras. The graph
of ¢ is the subset Graph(y) = {(4,p(4)) | A € g}.

LEMMA 4.2. Graph(yp) is a Lie algebra if and only if ¢ is a homomorphism of
Lie algebras.

PrROOF. By the definition of the bracket in the product

[(4,0(A)), (B, ¢(B))] = ([A, B, [¢(A), ¢(B)])

which lies in Graph(yp) if and only if [p(A), ¢(B)] = ¢[A, BJ. O

Let ¢ : g — b be now a homomorphism of Lie algebras, Graph(p) C g x b its
graph, a Lie subalgebra. There exists a unique connected Lie subgroup F' C G x H
with Lie(F) = Graph(yp). Assuming that the composition F' — G x H — G is a
diffeomorphism F' will be a graph of a homomorphism f : G — H with f, = ¢. In
general however this projection is only a local diffeomorphism: its derivative at e is
the isomorphism Graph(p) — g and at other points this follows from the diagram

nF—T 16

(/\a){u “l(/\fm))*

ToF —— TG
7. 1@
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DEFINITION 4.3. A continuous map f: X — Y is a covering if for each y € Y
there exists its neighbourhood U such that

—>|_|U

\ P

LEMMA 4.4. Every local isomorphism of Lie groups is a covering.

PROOF. Let f : G — H be the local isomorphism, U > a, V 3 b open neigh-
bourhoods for which f|y : U — V with inverse g. Then we will show that

|| kU
keker f
Therefore let x € f~1(V). Then z = (x- g(f(z))™') - g(f(x)) is the decomposition.
Also kx = k'z’ implies that z(2')"! = k~1k’ € ker f and thus f(z) = f(z'). Since
f in injective on U, x = 2’ and necessarily k = k’.
The proof is finished by recalling that the image of f is a union of components
(so that for any b the a above exists). O

THEOREM 4.5. Let X be a path connected and locally simply connected topo-
logical space. Then X is simply connected if and only if every connected covering
of X is a global homeomorphism.

Before going into the proof we draw a corollary:

THEOREM 4.6. Let G be a simply connected Lie group, H any Lie group. Then
for every homomorphism ¢ : g — b of Lie algebras there exists a unique homomor-
phism of Lie groups f : G — H with the property fi. = w. For connected G the
uniqueness part is still valid.

ProOOF. The above constructed homomorphism F' — G is a covering and ac-
cording to the previous theorem a diffeomorphism. Thus F' is the graph of f. O

COROLLARY 4.7. Two simply connected Lie groups G and H are isomorphic if
and only if their Lie algebras are isomorphic. O

The assumption of simple connectivity is essential: the canonical projection
map R — R/Z =T is a homomorphism but there is no non-trivial homomorphism
in the opposite direction despite the fact LieR = LieT.

PRrROOF OF THEOREM 4.5. Let us construct the universal covering of X. Set

X={bll~:(,0) = (X,2)}
where [v] denotes t}~1e class with respect to homotopies preserving both endpoints.
The projection p : X — X sends [y] — y(1). Then clearly
o pi(z) =m(X,2).
e pis a covering: Let U be a simply connected neighbourhood of z’. Then

p U= L] M {lE]16:(1,0) = (Uy)

]
v(O’;:ac in bijection with U by

y(1)=a' simple connectivity
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This bijection defines a topology on X for which p is a covering. Therefore
X is a smooth manifold if X was to start with (again we leave out the
proof that X is second countable).

REMARK. We have shown that (X, ) is at most countable since
p~1(x) is discrete and X second countable.

e p is universal: let ¢ : Y — X be a covering with connected Y and let

y € ¢~ (x). Then there exists a unique f : X — Y satisfying ¢f = p and
f(Z) =y where Z = [z] € X is the class of the constant path

This is about the path lifting property: the path v : (I,0) — (X, x)
has a unique continuous lift to (X, ), namely t [7lj0,4]- Denote the
unique lift to (Y, y) by 4. Since the lifts must be preserved f must send
]~ 3(1). i

o If m(X,z) = {e} then X — X is a homeomorphism: it is a local homeo-
morphism from the definition of a covering and surjective from the path
connectedness of X. We will prove injectivity. Let p[y] = p[d], i.e.

7,8 :(1,0,1) = (X, z,2")
The concatenation v * §~' is a loop in X, hence contractible to a point
which gives [y] = [4].
O
5. The exponential map

DEFINITION 5.1. By a one-parameter subgroup in G we understand a homo-
morphism v : R — G.

THEOREM 5.2. For every A € g there exists a unique one-parameter subgroup
74 : R — G such that 44(0) = A.

PRrROOF. R is simply connected and Lie R = R with the trivial bracket and thus
a homomorphism R — g of Lie algebras is the same thing as a linear map. (Il

The one-parameter subgroup 74 is an integral curve of A4 and more generally
for every a € G the curve t — a - y4(t) is:

%|t:to aya(t) = %!t:tg ava(to)ya(t —to) = ()\G'YA(tO))*A = Aa(a-va(to))
THEOREM 5.3. The flow of the left-invariant vector field A4 is
FIM (a) = ava(t) = pya(a)
Moreover A4 is complete (the integral curves are defined for allt € R).

DEFINITION 5.4. The map exp : g — G sending A — ~4(1) is called the
exponential map of the Lie group G.
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EXAMPLE 5.5. For G = (R*,-) the associated Lie algebra is LieG = R, the
left-invariant vector field A4(a) = (A\y)+A = aA. The equation for the flow is

$va =744
and its solution is clearly y4(t) = 4. Hence exp(4) = e?.
EXAMPLE 5.6. More generally for G = GL(n,R) the exponential map is

exp : gl(n,R) — GL(n,R)

=1
A _ k
A — e = EA
k=0
THEOREM 5.7. It holds exp(tA) = va(t).
PROOF. 74(t) = FI}4(e) = FI{ 4 (e) = FI}*4 (e) = exp(tA). O

THEOREM 5.8. The map exp : g — G is smooth and a diffeomorphism on a
neighbourhood of 0.

ProOOF. The vector field A4 depends smoothly on A and thus also exp. We
compute the derivative of exp by considering a curve t — tA in g. Its image under
exp is t — exp(tA) = va(t) whose derivative at 0 is 74(0) = A. We conclude that
exp, =id: g —g. O

THEOREM 5.9. For every homomorphism of Lie groups the following diagram

commutes.
H
Texp
b

PROOF. f(va(t)) is a one-parameter subgroup with initial speed f.A and thus
equal to vy, 4(t). Evaluating at ¢ = 1 yields the result. [

/
—

Q

exp

a—

—
I

LEMMA 5.10. Let f : G — H be a homomorphism of Lie groups with G con-
nected and let K C H be a Lie subgroup. Then f(G) C K if and only if f.(g) C ¢.

PROOF. Suppose that f.(g) C t. Then f(exp(g)) = exp(f«(g)) C exp(t) C K.
Since exp(g) is a neighbourhood of e in G, f~1(K) is an open subgroup of G. As
G is connected f~1(K) must equal G. O

THEOREM 5.11. Let ¢ : R — G be a continuous group homomorphism. Then
@ s smooth.

PRrROOF. In a neighbourhood of 0 € R we can write uniquely ¢(t) = exp(A(t))
with X (¢) a continuous path in g starting at 0. We would like to show that X (¢)
is linear. Let ¢[—tg,to] C expU where U is a ball centered at 0 and such that exp
is a diffeomorphism on 2U. Let n € N. We will show that kX (%‘)) =X (k’%’) for
0 < k < n by induction on k. For k = 0 or k = 1 this is clear. Assuming the
statement true for k write

(k+1)X (L) =kX (2)+ X (2)e2U

n n
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Since
exp ((k+1)X (1)) = (exp X ()" = o (&)

= ¢ ((k+1)%) = exp (X ((k+1)32))
and exp is injective on 2U this finishes the induction step. As a particular case
nX (1) = X (to) and thus X (£¢¢) = £ X (ty) which easily holds also for all integers
k with |k| < n. From continuity X (rtg) = X (to) for all » € [—1,1]. Since @|[_,+,]
is now linear and hence smooth, it is smooth everywhere by the usual argument
(homogeneity). O

THEOREM 5.12. Let G, H be Lie groups and f : G — H a continuous group
homomorphism between them. Then f is smooth.

PROOF. Pick a basis A1,...,A,, in g and define a map ¢ : R™ — G by
(t1y. . tm) —> exp(t1 A1) - - exp(tmAm)

Clearly ¢ is a diffeomorphism near 0. It is called a coordinate chart of a second
kind (the first kind is exp itself). The composition f¢ is the map

(s tm) = fexp(tiAr)) - - fexp(tm Am))

which is smooth: each continuous one-parameter subgroup f(exp(t;A;)) is smooth
by the previous theorem and so is their product. Again we can globalize by homo-
geneity. ([l

THEOREM 5.13 (The closed subgroup theorem). Let H C G be a subgroup (in
the algebraic sense) which is also closed as a subspace of a Lie group G. Then H
is a submanifold and thus a Lie subgroup.

Proor. We divide the proof into a few steps:
e Define

h={%(0)]~v:(R,0) — (G,e) a smooth curve}

Then b is a linear subspace since 41 (0) +42(0) = % |t:0 (71(t) - v2(¢)) and
B3(0) = &1 ,_o (k).

e Let A, € g be a sequence converging to A and let ¢, > 0 converge to
0 € R. We claim that if exp(t,An) € H then exp(tA) € H for all t € R.
We may suppose that t > 0. Choose m,, € N in such a way that |t —m,t,|
is minimal. Then |t — m,t,| — 0 and consequently m,t, A, — tA. But
exp(mntnAy,) = exp(t,A,)™" € H and since H is closed it follows that
exp(tA) € H too.

e We show that h = {A € g| exp(t4) € H Vt € R}. The inclusion D follows
from the definition of . For the reverse inclusion let A € g be 54(0) for
some curve 7 : R — H. For ¢ small we write v(r) = exp(A(t)). Then

A=4(0) = exp,(A(0)) = A(0) = lim —n=

Setting A, = nA (%) — Aand t, = % we have

exp(t,Ayn) = exp (A (%)) =7 (%) € H.
and by the previous point exp(tA) € H for all t € R.
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e Let £ C g be a linear subspace complementary to h. We claim that there
exists a neighbourhood 0 € W C ¢ such that exp(W) N H = {e}. By
contradiction let B, — 0 be a sequence in ¢ such that exp(B,) € H.
With respect to some norm on ¢ consider A, = %. By passing to a
subsequence we may assume that A, converges to some A € ¢. Putting
t, = |By| we have exp(t,A,) = exp(B,) € H and thus exp(tA) € H for
all t € R. By the previous point A € B, a contradiction to A € €.

e Define ¢ : h x £ — G by (A, B) — exp A - exp B. We will show that there
exists a neighbourhood 0 € V' C § for which the restriction

0:VxW —5UCG
is a diffeomorphism onto its image U (which is easy) and such that
UNH=pV x{0}).
Therefore let * € U N H be in the image, x = exp A - exp B. As both
x,exp A € H, also exp B € H. By the previous point B = 0.

Thus we found a chart at e which flattens out H. Charts at other points are
obtained by translation. |

6. Homogeneous spaces

DEFINITION 6.1. By a left action of a Lie group G on a smooth manifold M we
understand a smooth map ¢ : G x M — M satisfying ¢, = id and £, 0/, = {,; where
we write £, = {(a, —). The algebraic content is a homomorphism G — Diff (M).

The right action v : M x G — M has to satisty r. = id and r, o rp = Tpa.

We will write ¢, (z) = a -z and rq(z) = za.
REMARK. A right action of G is the same as a left action of the opposite group
G*.

DEFINITION 6.2. The orbit of a point € M is the subset Gz = {az | a € G}.
We call the action transitive if there is only one orbit in M or equivalently if
Gz = M for every z € M.

The stabilizer subgroup of a point x € M is the (closed) subgroup

Sy ={a€G|ax =z}
The action is called free if the stabilizer subgroup of each point is trivial, S, = {e}
for every x € M. The action is called effective if £, = ¢, implies a = b, i.e. if the
homomorphism G — Diff (M) is injective.
Set theoretically the action yields a diagram

£(— )

b
e
P 7 a8, — ax an injective ma
% x ] p

G/S,

and if the action is transitive then G/S, — M is even a bijection. Naturally G/S,
is a topological space, a quotient of G:

UCG/S, isopen <= p '(U)C G is open.
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THEOREM 6.3. Let H C G be a closed subgroup of a Lie group G. Then there
exists a unique smooth structure on G/H for which p: G — G/H is a submersion.

Proor. First we will demonstrate uniqueness in a more general context. The
idea here is that surjective submersions are quotient objects:

M2 p

If f is a surjective submersion and g any smooth map which factors through f set-
theoretically, i.e. such that ker f C ker g (or more concretely f(z) = f(z') implies
g(x) = g(z')), then the unique map h satisfying g = hf is smooth. This follows
easily from the fact that f admits smooth local sections (and h is thus a composition
of g with such a section).

The uniqueness now follows formally since in the diagram

VAR

T re—cll
id

+— possibly different smooth structures

the unique factorization maps are the identity maps and the fact that they are both
smooth means precisely that the two smooth structures coincide.
It remains to prove the existence. Let £ C g be a linear subspace complementary
to . There are neighbourhoods 0 € V C ¢ 0€ W C h and e € U C G such that
p: VW —U

(A,B)— expA-expB
is a diffeomorphism and U N H = ({0} x W). Let 0 € V' CV be such that
(exp V)™t (expV) CU

which is possible by continuity of the operations. Suppose now that A;, As € V'
are such that (exp A1) - H = (exp A3) - H. Then (exp A1)~!-exp A; € UN H and
is equal to exp B for a unique B € W. Multiplying back
SD(A% 0) = 4,0(1417 B)
which implies A; = As and B = 0. This says that the map
f:V'xH—G
(A,b) — (exp A) - b

is injective. Since it is also a local diffeomorphism on V' x (exp W) by translation
it is so everywhere and f is in fact a diffeomorphism onto its image.

We have now identified a neighbourhood of H C G with a product V’ x H and

in such a way that the cosets a - H lying in this “chart” are of the form {A} x H.
Thus the map

V' 2V x{el >V xH— G2 G/H
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embeds V' as a neighbourhood of the coset eH € G/H. We therefore declare it a

chart on G/H. In this way the map p becomes the projection V' x H — V' and
thus a submersion. To get a chart near arbitrary aH redefine f as

fo:V xH—G
(A,b) — (expA)-a-b
The transition map between the resulting charts 1, and 1, is the composition

v’ exp U Pala—1

-1
UL v xH-—V
with all arrows smooth and p,/,—1 only locally defined.

DEFINITION 6.4. The manifold G/H is called a homogeneous space.

THEOREM 6.5. The orbit of each point is an immersed submanifold (i.e. image
of an injective immersion).

ProOF. Counsider the diagram

with the map f smooth by the previous theorem. We need to show that it is

an immersion (on the other hand it is injective almost by the definition of S,).
Suppose first that for A € g its image p,A is sent to 0 € T, M by f.. Then
%’t:o exp(tA)x = 0. On the other hand

% ’t:to exp(td)x = %|t:t0 exp(toA) exp((t — to)A)x

= (gexp(toA))* %’t:to eXp((t - tO)A)JT =0

0
Thus exp(tA)x = z for all t € R and exp(tA) € S, implying that A € kerp, and

p«A = 0. This finishes the proof that f is an immersion at eS,. At other points
this is guaranteed by the homogeneity:

¢S, G/S, —L s m
I f ﬂ

EXAMPLE 6.6. Fix v € R? and consider the following action of R on R?
R x R? — R?
(t,u) — u+ tv

Clearly the orbit of u is the line u 4+ Rv. Passing to the torus T? = R?/Z? we see
that orbits need not be embedded submanifolds.

REMARK. In general every orbit is an initial submanifold.
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COROLLARY 6.7. For a transitive action the map [ : G/S, — M is a diffeo-
morphism.

PrROOF. From Sard’s theorem it easily follows that smooth bijections exist only
between manifolds of the same dimension. Hence the immersion f is in fact a local
diffeomorphism. Being also bijective it is a diffeomorphism by the inverse function

theorem.

O

ExAMPLES 6.8. Examples of homogeneous spaces:

Let V be a vector space. Then GL(V) acts transitively on V' — {0} and
thus V — {0} = GL(V)/S, where v € V — {0}.

The sphere S"~! with the action of O(n) is a homogeneous space, S" ! =
O(n)/O(n — 1) where O(n — 1) is thought of as a subgroup of O(n) con-
sisting of block matrices

0@-1)%{(6‘ ?) eO(n)‘ AeO(n—l)}

The n-dimensional affine space is acted upon by the group

GAn) = { (‘3 11’) € GL(n +1)

of affine transformations, namely we identify a point z € R™ with a vector
(%) in R™*! and then

A v\ (z\ [(Az+wv
0 1/\1) 1
The origin is preserved exactly by the subgroup

GL(n) = { (’3 ?) € GA(n)

describing R™ as GA(n)/ GL(n). Similarly with GL(n) replaced by O(n)
we arrive at R™ 2 Fuc(n)/O(n) with Euc(n) denoting the group of (not
necessarily origin preserving) isometries of R™.

The Stiefel manifold (of orthonormal k-frames in V')

Se(V) = {(v1,- - vk) | (vi,v5) = 045}

has as examples S1(V), the unit sphere in V, S,,(R™) = O(n). For general
Sk(R™) there is a natural action of O(n) componentwise:

A(vy, ... vk) = (Avq, ..., Auy)

The stabilizer of the k-tuple (e, ..., ex) of the first k vectors of the stan-
dard basis is clearly

O(n — k) = { (g g) € O(n)

Thus Sx(R™) 2 O(n)/O(n — k).
The Grassmann manifold Gy (V) of all k-dimensional subspaces of V' is
naturally a quotient of S (V'), namely by the means of the map

Sk(V) — Gr(V)

(v1,...,vk) — span(vy, ..., V)

A € GL(n),v € ]R}

Ae GL(n)}

CGO(n—k)}
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The O(n)-action on Si(R™) passes to G (R") with the stabilizer of R¥
being

O(k) x O(n — k) = { <§ g) € O(n) ‘ BeO(k),CeO(n—k)}

and thus providing G (R™) =2 O(n)/O(k) x O(n — k).

THEOREM 6.9. Let N C G be a closed normal subgroup. Then G/N with its
canonical smooth structure is a Lie group.

ProoOF. The left vertical arrow in

GxG—L @

ol ]

G/N xG/N - - +G/N
is a surjective submersion therefore the dotted arrow (the multiplication in G/N)
is smooth. O
7. The adjoint representation

DEFINITION 7.1. By a representation of G we understand a left action of G on
a vector space V by linear maps (automorphisms), i.e. for which each ¢, : V =V
is linear. Equivalently p : G — GL(V) is a (smooth) homomorphism of Lie groups.

DEFINITION 7.2. A representation of a Lie algebra L on a vector space V is a
homomorphism 7 : L — gl(V') of Lie algebras. More concretely = is a linear map
for which 7[X,Y](v) = 71X oY (v) — 7Y o 7 X (v).

DEFINITION 7.3. A linear subspace W C V is called invariant with respect to
a representation p if p(a)(W) C W for all a € G. Analogously it is called invariant
with respect to a representation 7 if #(X)(W) C W for all X € L.

THEOREM T7.4. Let G be a connected Lie group and p its representation on V.,
P« 1 § — V the induced representation of g. Then W C V is invariant with respect
to p if and only if it is invariant with respect to py.

PRroOOF. Consider the following subgroup of GL(V)
GL(V,W) ={p € GL(V) | o(W) € W}.
It is easy to show that
gl(V, W) = Lie(GL(V, W)) = {¢ € gl(V) [ o(W) C W}.
The statement then becomes a special case of Lemma 5.10. [

Let ¢ : G x M — M be a left action and z € M its fixed point (i.e. S = G).
Then p : G — GL(T, M) given by a — ({4)., is smooth by

TG x TM —2 s TM

Oxidj /
ot

GxT,M
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and consequently a representation of G on T, M. We apply these general consider-
ations to the action of G on itself via conjugation (inner automorphisms):

(a,b) — int, b = aba™*
Now e € G is a fixed point and we define Ad : G — GL(g) as above
Ad(a)B = (int,).B
Moreover Ad(a) € Autrie(g) since int, is a homomorphism of Lie groups. We denote
the induced representation by ad : g — gl(g) (in fact Der(g)).
THEOREM 7.5. For each A, B € g it holds ad(A)(B) = [A, B].
ProOOF. We compute

ad(4)(B) = Ad(exp(sA))(B)

s=0
s=0 % |t:0 Ntexp(sa) exp(tB)
exp(sA) exp(tB) exp(—sA)
o D], FIM FIE F124 (e)

|
|
|s:0 %|t:0
|
oo (FI24). A (F12* (e) = [Aa, Agle = [A, B]

|
Flo Flo Fo Fo Fo

O

THEOREM 7.6. If H C G is a normal subgroup then h C g is an ideal, i.e. a
linear subspace such that [g,h) C h (meaning [A,B] € b for all A€ g and B € ).

PROOF. Since aHa ! C H or int, H C H we differentiate to get Ad(a)(h) C b
and finally ad(g)h C b. O

THEOREM 7.7. Let H be a connected Lie subgroup of a connected Lie group G
such that b C g is an ideal. Then H is a normal subgroup.

ProoF. We have ad : g — gl(g, ). Since G is connected Ad : G — GL(g, ). It
is enough to show that int,(exptB) € H for all B € § since the subgroup generated
by such elements is the whole group H. But exptB is a one-parameter subgroup
and int, a homomorphism, thus int, exp¢B is also a one-parameter subgroup in G
with initial speed %|t:0 int, exptB = Ad(a)B € §. O

THEOREM 7.8. Let ¢ : G — H be a homomorphism of Lie groups. Then its
kernel is a closed normal subgroup K C G and its Lie algebra £ is the kernel of

P« g —b.
Proor. A e tiff exptA e K iff exp(t- p.A) = p(exptA) =eiff p,A=0. O
DEFINITION 7.9. The centre C of a Lie group G is the set
C={aeG|ab=baVbe G}
In other words, C' is the kernel of int : G — Aut(G).

THEOREM 7.10. The centre of a connected Lie group G is the kernel of the
adjoint representation Ad.

PrOOF. a € C iff int,(G) = e iff Ad(a)g =0 iff Ad(a) =0. O
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DEFINITION 7.11. The centre of a Lie group L is the ideal
Z={XeL|[X,Y]=0VY €L}
In other words, Z is the kernel of ad : L — gl(L).

THEOREM 7.12. For a connected Lie group G, the centre Z of g the Lie algebra
of the centre C' of G.

PRrROOF. Since C = ker(Ad), its Lie algebra Lie(C) = ker(ad). O

REMARK. If the centre of L is zero then L can be embedded into gl(L) via the
representation ad.

THEOREM 7.13 (Ado). Ewvery Lie algebra can be embedded into gl(V') for some
finite-dimensional vector space V.

COROLLARY 7.14. FEvery Lie algebra is induced from some Lie group.

ProoF. By Ado’s theorem L C gl(n). Since gl(n) = Lie(GL(n)) one can find
a Lie subgroup of GL(n) corresponding to L. O

8. Fundamental vector fields

Consider a left action £ : G x M — M. To every vector A € g we associate a
vector field £4 on M by £4(z) = ({(—,x))«A. As usual £, is smooth and is called
the fundamental vector field on M corresponding to A € g. Analogously we define
fundamental vector fields for right actions.

THEOREM 8.1. In the case of a left action of G on M it holds [(a,{p] = {_{4 B
For the right action we obtain [ra, 7] = [ B

PROOF. On M x G consider the vector field (0, Aa)(z,a) = (0, Aa(a)).
Pa(a.a) (0, A4) = (1(#, =))wara = (r(za, =))we A = ra(za)
says that (0,\4) is r-related to 4. As the same is true for B we obtain for the
brackets that [(0,A4), (0, Ap)] is r-related to [ra,r5]. But
[(0,A4), (0, Ap)] = ([0, 0], [Aa, AB]) = (0, Ara, 1)
which is r-related to r4, 5. Thus [ra,rB] = 74, 5] O

The last theorem can be expressed by saying that r : g — XM, A rys is a
homomorphism of Lie algebras. The left action gives an antihomomorphism.

DEFINITION 8.2. By a right infinitesimal action of a Lie group G on a manifold
M we understand a homomorphism R : g — XM of Lie groups. A right infinitesimal
action is called complete if R4 is a complete vector field for each A € g. Analogously
a left infinitesimal action is an antihomomorphism.

EXAMPLE 8.3. The fundamental vector fields are complete: r(z,exptA) =
xexptA is an integral curve through x defined for all t € R.

REMARK. A left action is a homomorphism of Lie groups G — Diff (M) (with
infinite dimensional target). The induced Lie algebra homomorphism is g —
Lie(Diff (M)), the latter being XM but with the opposite bracket. As for finite
dimensional Lie groups we can “integrate” a homomorphism of Lie groups but here
under additional requirements - the completeness.
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THEOREM 8.4. For a complete right infinitesimal action R : g — XM of a
simply connected Lie group G on M there exists a unique right actionr : M x G —
M of G on M such that R4 is its fundamental vector field r 4.

REMARKS.

e The simple connectivity is necessary: for the action of G = R on itself
by translations the infinitesimal action r; = ¢ passes to an infinitesimal
action of R on the quotient R/Z for which no action exists.

e The theorem holds locally without the assumptions of completeness and
simple connectivity.

e The usual translation between left and right yields an analogous statement
for left actions.

PRrROOF. Let first r be an action of G on M. Let S, denote the following
submanifold

Sy ={(za,a) |ac G} C M xG
The tangent space of S, is
TS, = {(ra(za), a(a)) |a € G, A€ g}

Thus S, is an integral submanifold of the distribution {(ra,A4) | A € g).
Let us now start the actual proof of the theorem by considering the distribution
D = {((Ra,Xa) | A€ g). Then D is involutive since

[(Ra,Aa), (RB, AB)] = ([Ra, RE|,[Aa, Ap]) = (R(a,B), Aa,B)-

Let S, be the maximal integral submanifold of D through (z,e) € M x G. We
claim now that p, : S, — M X G — G is a diffeomorphism.

First we show that it is a covering. Fix a € G and consider an arbitrary
(y,a) € M x G. The computation

Sl (FL (y),aexptA) = (Ra(FI4 (y)), Aa(aexptoA)) € D
y(t)
shows that y(t) € S4 since it is tangent to the distribution D. Let U C g be
an open ball centered at 0 on which exp is a diffeomorphism. If (y,a) € S, then
also (F1{4(y),aexp A) € S, for all A € U and such points form an open neigh-
bourhood on which p, is a diffecomorphism onto aexpU. If (z,b) € S, is arbi-
trary with b € aexp U then b = aexp A and thus the above subset considered for
(Fl?’A(z),bexp(—A)) contains (z,b). This finishes the proof that p, is a covering
and in fact a diffeomorphism as G is simply connected.
We define for z € M and a € G the action by the requirement

(ra,a) € Sy

By the previous part there is a unique choice for xa. We need to show that r
is smooth but first let us prove the axioms of an action. Clearly ze = z as
Sy is an integral manifold through (x,e). Consider now a left action of G on
M x G by a(y,b) = (y,ab). The distribution D is invariant under this action (as
(id, Aa)«(Ra,Aa) = (Ra,A4)) and thus also its maximal integral submanifolds.
The requirement for our action r can be then rewritten as

Se = aSza = a(bS(zayp)) = (ab)S(zays
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As also S, = (ab)Sy(ap) the maximal integral submanifolds S(;q), and Sy (qp) must
also be equal proving (za)b = z(ab).
A word about smoothness... [l

DEFINITION 8.5. Consider two actions r and r’ of a Lie group G on manifolds
M and M'. A map f: M — M’ is called equivariant if f(za) = f(z)a.

THEOREM 8.6. If f : M — M’ is equivariant then r4 is f-related to r'y.

PROOF. The requirement from the definition is f o r(z,—) = 7'(x,—) o f. Ap-
plying the derivatives of both sides to A we get f.ra =14 f. O

THEOREM 8.7. Let f : M — M’ be a smooth map such that r4 is f-related to
r'y. If G is connected then f is equivariant.

PRrROOF. Consider the set H C G of all a € G for which f(za) = f(z)a for
all z € M. Then H is clearly a subgroup and thus we only need that it contains
a neighbourhood of e. But f(zexptA) = f(FI}*(z)) = FI;*(f(x)) = f(x)exptA,
hence expg C H and H is open and therefore equal to G. ([

9. Locally isomorphic Lie groups

Let G be a connected Lie group. Recall that the universal covering of G is

G=——={D]|7:(1,0) = (G,e)}

]

G 7(1)
with [y] the homotopy class of v relative to the boundary. G is simply connected:
firstly mG — w1 G (this works for any covering) since we can lift homotopies and
constant paths lift to constant paths. The image consists exactly of the classes of
loops that lift to loops. For G if v : I — G lifts to a loop its endpoints must be
equal € = [y] and the image is therefore trivial.

We give G a structure of a Lie group: let v,6 : (I,0) — (G, e) be two paths.
Define their product to be the path

(- 8)(t) = »()d(t)
which easily passes to homotopy classes rel 1.

THEOREM 9.1. The above multiplication on G describes a structure of a Lie
group for which the projection p: G — G is a local isomorphism (i.e. a homomor-
phism and a local diffeomorphism).

PRrROOF. The unit and inverses are also pointwise. The diagram

Go——5a

X
J{ Jlocal diffeomorphism

GxG——G

smooth

shows that the dotted arrow (the multiplication in G) is smooth. g
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There is an action of m;G on é, TG X G—G given by
(la], W) ¥ [a] - 7] = [a %]
which respects the projection p: G — G. Let I' C m1G be a subgroup and consider
pr: G /T =G
where G /T is the space of orbits of the restriction of the action to I'. Locally
UxmG—s@q

i

and the action of I' is by left multiplication in 71G. Thus the projection pr from
G/T to G is locally of the form

Ux (mG/T)—=U
and in particular is a covering of G.

THEOREM 9.2. Let G be a connected Lie group. Then the mapping

local isomorphisms p : G' — G} .
{subgroups I' € mG} — {with G’ any connected Lie group /iso

L'—s (pr:G/T = G)
is a bijection with inverse p — im(mp: m G — mG).
PROOF. The image of mpr consists of those loops that lift to loops in é/F

These are precisely those in I'. In the opposite direction any p fits into the diagram

G

rr

G

with I' = im(m; p). The top arrow exists by universality of G. The dotted arrow
exists since loops in T lift to loops in G’. It is an isomorphism of Lie groups. O

REMARK. We will show in the tutorial that m G — Gisa homomorphism and
the action of m1G on G is by left translations, i.e. G/I' is a quotient of G by (a
central subgroup) I

EXAMPLE 9.3 (The universal covering of a commutative connected Lie group
G). Since Lie G = R™ with zero bracket it is also the Lie algebra of the simply
connected Lie group R” (with vector addition) and thus G = R”. Therefore G =
R"™ /T where I is some discrete subgroup of R”. We will show now that I' = Z* C R"
in some coordinates on R”.

First reduction is to the case n = k, namely we have spanT’ = RF C R and T
is still discrete in R¥. We must show that I' = Z* in some coordinates on R¥.

We start an induction by & = 1 which we proved in the tutorial. For the
induction step we may assume that I' C R x R¥ = R*¥*! is such that the intersection
I' MR # 0 with the first coordinate axis is nonzero. Since it is also discrete it is
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generated by some ag. In R¥ = R¥1/R consider its subgroup I'/{ag). We show
by contradiction that it is discrete. Namely assume the existence of a sequence
an = (Bn,7m) € I with 4, — 0 in R*. By adding a suitable multiple of agy to
each a,, we may assume that 8, € [—ao/2,ao/2] and by extracting a subsequence
we may further assume that a,, converges. But then a,11 — a;, € I' converges to
0, a contradiction with T' being discrete. By the induction hypothesis IT'/{ag) =

(a1,...,ax). We choose for each a; an element a; € T" representing it. Then the
suitable basis in which I' = Z*+! is formed by (ag, a1, ..., ax).
0 Zayg Z{ao,al,...,ak}%Z{&l,...,ék}—)O
0——TI'NR r r/CnR)——0

COROLLARY 9.4. The only compact connected commutative Lie group of di-
mension k is the torus TF = (S1)k.

EXAMPLE 9.5. For n > 3 we have m; SO(n) = Z/2. Therefore SO(n) possesses

a two-sheeted universal covering which is denoted by Spin(n) = SO(n). We will
show geometrically that m SO(3) = Z/2 in the tutorial. For higher n we have a
fibration

SO(n) — SO(n+1) —» S

whose long exact sequence of homotopy groups contains the following portion

0 = m(8™) = 11 (SO(n)) = m(SO(n +1)) = m 8" =0

10. Problems

PROBLEM 10.1. An algebra is a vector space A together with a bilinear map
-1 Ax A— A. Let A be now an associative algebra and define [, ]: Ax A — A
by [a,b] = a-b—b-a. Show that with this operation A forms a Lie algebra.

A special case of the previous is the algebra End(V) of endomorphisms of a
vector space V together with their compositions. The induced Lie algebra is denoted
by gl(V'). The bracket of two endomorphisms ¢, v is

[, ] =potp—tpog

PrOBLEM 10.2. Let A be an algebra. A linear map D : A — A is called a
derivative if for all a,b € A

D(a-b)=D(a)-b+a-D(b)
Show that derivatives form a Lie subalgebra Der(A) C gl(A).

PROBLEM 10.3. Let C*°M = C°°(M,R) denote the algebra of all smooth
functions on M. Then every vector field X on M determines a mapping

C°M — C*(M)
f e Xf = df(X)

Show that this mapping is a derivative (in the algebraic sense). Also show that all
derivatives of C>°M are of this form.
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Let us now describe the Lie bracket of vector fields from this point of view:
[X, Y] is simply the vector field corresponding to the bracket of the two derivatives
X and Y of C°°M. This means that [X,Y]f = XY f — YXf and this formula
determines a unique vector field [X,Y].

It also holds that algebra homomorphisms C*°N — C°°M are in bijection with
smooth maps M — N. One may then rewrite the f-relatedness of vector fields X
and Y as

coN L oo
1l
C>*N T C>*M
It is then a simple matter to show that X; ~; Y; implies [ X1, Xo] ~¢ [Y1,Y2].
PrOBLEM 10.4. Compute the Lie algebra of the additive Lie group R™.

ProOBLEM 10.5. Compute the Lie algebra of the Lie group GL(n,R) from the
definition.

PROBLEM 10.6. Compute the Lie algebra of the Lie group GL(n,R) from the

formula [A, B] = %;t (5)—(0.0) e(t)(s)p(t)tep(s) L.

PROBLEM 10.7. Compute the Lie algebra of the Lie group S = Sp(1) of unit
quaternions and show that it is isomorphic to R? with the vector product x.

PrROBLEM 10.8. Let B : R™ x R™ — R be a bilinear form and denote by
G(B) = {A € GL(n,R) | ATBA = B} C GL(n,R)

the closed subgroup of all automorphisms preserving the form B. Compute the Lie
algebra of G(B).

PROBLEM 10.9. Compute the Lie algebra of SO(n,R).

PrOBLEM 10.10. Let A be an algebra and denote by Aut(A) the group of all
algebra automorphisms of A. Compute its Lie algebra.

PrROBLEM 10.11. Determine all Lie algebras of dimension 2 over R.

PROBLEM 10.12. Prove that the element (> ) of GL(2,R) lies in the com-
ponent of the unit E but not in the image of exp.

PrOBLEM 10.13. Let

1
G= 0
0

o = Q

b
c¢| € GL(3,R) | a,b,ceR
1

denote the Heisenberg group. Show that the bracket on Lie(G) is non-trivial and
exp is a global diffeomorphism.

PROBLEM 10.14. Show that for G = S® = Sp(1) the map exp is not a local
diffeomorphim at all points of g.

PRrROBLEM 10.15. Show that discrete subgroups of R are exactly those of the

form Za for some positive real number a. Deduce that the only Lie groups of
dimension 1 are R and T = R/Z.
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PROBLEM 10.16. Show that a discrete normal subgroup of a connected Lie
group must Lie in the centre.

PrOBLEM 10.17. Let f: M — G be a smooth map from a manifold M to a Lie
group G. Denote by §;f the g-valued 1-form called the left logarithmic derivative
of f given by

5lf(l‘, X) = ()\f(m)*l )*f*X
(with (z, X) denoting a tangent vector X € T, M). For example

6;id(a, A) = ()\a—l)*A = W(A)
the Maurer-Cartan form. Compute &y, 8108, 0141y, S1p and &;(f - g~ 1).

As a corollary, for a connected manifold M two maps f,g : M — G satisty
01f = 07g if and only if f = ¢ - g for some ¢ € G. There exists also a criterion for
determining whether a g-valued one-form is a left logarithmic derivative of a map
into G. This generalizes the integral calculus of functions.

PROBLEM 10.18. Let G be the universal covering of G. Show that m G C G is
a discrete and normal subgroup thus lying in the centre of G.

PrOBLEM 10.19. Show that the image of the adjoint representation Ad :
Sp(1) — GL(3,R) is SO(3,R) and that its kernel is the subgroup {£1}. Thus
Sp(1) is the 2-fold (universal) covering of SO(3,R).

PROBLEM 10.20. Let ¢ : Sp(1) x Sp(1) — SO(4,R) be the map sending (a, b)
to the orthogonal transformation of the quaternions = — axb™1. Show that this
map is a 2-fold (universal) covering.

PRrROBLEM 10.21. Compute the centre of SO(n,R) or even better the centralizer
Cso(n,r) GL(n,R) . Try to determine all connected Lie groups with Lie algebra
so(n, R).

PROBLEM 10.22. Try to determine the first few terms in the Baker-Campbell-
Hausdorff formula for
loglexp X -expY):gxg—g
where log is the (locally defined) inverse to exp.

A semidirect product of groups is a split short exact sequence

p
—

i

H 1

1 K G

The subgroup K C G is normal being a kernel of p. The map f : H BNNEIRLN
Aut(K) given by f(z)(y) = zyz~! is a group homomorphism. For a € G there are
uniquely determined k € K and h € H such that a = k- i(h). Namely h = p(a)

and k = a-i(h)~!. Therefore as sets G = K x H and the multiplication is given by
(k1, h1)-(k2, he) = k1-i(h1)-k2-i(h2) = k1~ f(h1)(k2)-i(h1hs) = (k1-f(h1)(k2), h1-h2)
The resulting group is denoted by K x H = K xy H.

PROBLEM 10.23. Show that GA(n,R) is a semidirect product GA(n,R) =
R™ x GL(n,R) where the action of GL(n,R) on R™ is the standard one.

PRrROBLEM 10.24. Let G be a Lie group. Show that p. : TGxTG — TG endows
TG with a structure of a Lie group.
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PrROBLEM 10.25. Show that T'G is a semidirect product TG = g x G and
identify the involved action of G on g.
ProBLEM 10.26. Compute the Lie algebra of a semidirect product K ¢ H.
PROBLEM 10.27. Determine the Lie algebra of T'G.



CHAPTER 2

Bundles

1. Bundles
The tangent bundle p : TM — M has the following property
(Vx € M)(3U >  nbhd) : p~(U) 2 U x R™

DEFINITION 1.1. By a bundle (or fibre bundle) we understand a triple (E, p, M)
where E and M are smooth manifolds and p : E — M is a smooth surjective’ map
such that for each x € M there exists its neighbourhood U and a diffeomorphism
0 :p t(U) 2 U x F with F some smooth manifold and such that

commutes. The space F is called the total space, M the base, p the projection,
E, = p~!(z) the fibre over x € M and F the standard fibre.

DEFINITION 1.2. The bundle pr; : M x F — M is said to be trivial (or product).
The map ¢ : p~H(U) 2 U x F is referred to as a local trivialization.

THEOREM 1.3. Let H < G be a closed subgroup of a Lie group G. Then the
projection G — G/H ‘is a bundle with standard fibre H.

PRrOOF. This is exactly the proof of Theorem 6.3. (]

ExXAMPLES 1.4.

e T'S? is not globally trivial (“nelze ucesati jezka”).

e The Mobius band R — L — S is also globally nontrivial.

e The Hopf bundle: let S* C H = C? be the group of unit quaternions. The
complex units S! form a subgroup of S and the Hopf bundle is

St 8% 5 §3/8t = CP = 52
as S? = CU{oc}. Again the bundle is not trivial: 7153 = 0 while
7T1(Sl X 52) = 7I'1S1 X 7T152 =7

More generally the Hopf bundle S' — S§?7+1 — CP" is nontrivial.

n principle surjectivity is not essential.
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Let us consider a bundle p : E — M, i.e. we have a cover U, C M and local
trivializations ¢, : p~1(Us) — U, X F. Denoting U,s = U, N Ug we obtain

Usp X F 22 p" N Upp) —s Ung x F
Uap
composing to

Gop i Usg X F———— 3 Upg x F

N

Easily

* Pap = (Psa) ",

® By O Pap = Pay over Uypy = Uy NUg N U, (the cocycle condition) and

o Uy, =1id.
On the other hand given a covering U, and a collection of maps ¢,s satisfying the
above conditions there exists a bundle p : ® — M obtained from S = || Uy x F
by passing to the quotient ® = S/ ~ by the relation

Uy X F 3 (x,a) ~ (z,008(a)) € Ug x F

whenever x € Uyg.

DEFINITION 1.5. A bundle p : E — M is called a vector bundle if each fibre E,
is given a vector space structure and local trivializations ¢ : p~1(U) — U xR* could

be chosen in such a way that each E, — {z} x RF = RF is a lincar isomorphism.

EXAMPLES 1.6.
o TM, T*M - the tangent and cotangent bundles,
e For a submanifold M C R™ the normal bundle is
v(M) = {(z,v) | x € M,v € T, M+ CR"},
e Let p: E — M be any bundle. The vertical tangent bundle VE C TFE is
“the kernel of p.”, V, E = T, Ep,),
e Consider the Grassmann manifold

Gr(R™) =0(n)/O(k) x O(n — k)
of linear subspaces of R™ of dimension k. Over G, (R™) we have a canonical
vector bundle 7} — G (R™) where
W =A{(V,v) € Gp(R") xR" [v e V}.
For example 72 is the Mobius band.
The transition maps @qg : Uag X RF — Uapg % R* take form

(m, ’U) = (wiaﬁ(x) ’ U)
where Y5 : Usg — GL(k) is a smooth map: the (7, j)-entry of 1,s(z) is the i-th
coordinate of the second component of ¢, (z, e;). The cocycle condition 5,as =
Yo~ 1s expressed via multplication in GL(k).
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REMARK. GL(k) C Diff(R¥). A general bundle has Diff(F) as a “structure
group”.

Every bundle projection is a submersion: locally it is a projection. The converse
is not true.

THEOREM 1.7 (Ehresmann). If p: E — M is a proper surjective submersion
then it is a bundle.

PROOF. Let us identify some neighbourhood of x € M with a disc whose centre
is #. By properness, p~(D™) is compact and hence every vector field is complete
(when we take care of the boundary). Consider now % and lift it to a vector field

X; on p~1(D™), i.e. X; is such that p.(X;) = %. This is possible locally by p

being a submersion and globally is achieved by a ptartition of unity. Define
¢ : D™ xp~H(0) — p~H(D™)
(t1y -t y) — FIX - FLY ™ (y)
which is well-defined by the completeness - it lies over
FI/%%F1/97 (0) = (b1, )

by the p-relatedness of X; and %. It is easy to verify that ¢ is a local diffeomor-

phism at {0} x p~1(0), it is identity on {0} x p~1(0) and %gﬁ = X; there. Since
p~1(0) is compact, ¢ is a diffeomorphism onto its image on some neighbourhood
U x p~1(0). The surjectivity follows by integrating backwards, namely y is the

image of (p(y), Fl)—(;n(y)m o Fl)—(;(y)l (y)) -

2. Basic operations with bundles

DEFINITION 2.1. Let p: E — M and p’ : E/ — M’ be bundles. A pair of maps
[:E' — Eand f: M — M is called a morphism if the diagram

- E

1)

M’T>M

commutes or in other words if f preserves fibres, f(£]) C Ey(,). This determines
J and is automatically smooth when f is. If moreover M = M" and f = idy; then

f is said to be base-preserving.

DEFINITION 2.2. A product of bundles p and p' ispx p' : E x E' — M x M’
with standard fibre F' x F’.

DEFINITION 2.3. An induced bundle (or pullback) from p along a smooth map
g : M’ — M is the submanifold?

GE={(zy) e M'xE | g(z) =p(y)} SM' xE

2This is so since g is transverse to any submersion p.
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together with the projection onto the first factor. We have a diagram

The universal property

can be expressed by saying that a morphism from E’ to E is the same as a base-
preserving morphism from E’ to the induced bundle f*E.

If i : N — M is a submanifold inclusion then i*FE = F|y is the restriction of
E to N,ie. i*E = p~}(N).

DEFINITION 2.4. Let p: E — M and p’ : E/ — M be bundles over the same
base. Their fibre product is
ExyE =A"(ExE)=(ExE)|a

where A : M — M x M is the diagonal.
ExyE ——FE

_
m )
E—M

P

It is the categorical product in the category of bundles over the fixed base M.

THEOREM 2.5. If two maps go,g1 : M' — M are homotopic then the induced
bundles g3 E and g7 E are isomorphic.

PROOF. See Differential topology lecture notes. (]
THEOREM 2.6. Fvery bundle over R™ is trivial.

PROOF. The identity map idg» on R™ is homotopic to the constant map 0. By
the previous theorem
E=id;.E=20*"E=R" x p *(0)
giving a global trivialization. (]
DEFINITION 2.7. A section of a bundle p: E — M is a smoothmap s: M — E

for which po s =idy,.

EXAMPLES 2.8.

e A section of T'M is a vector field, a section of T*M is a 1-form.
e A section of a trivial bundle M x F — M is a smooth map M — F.
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DEFINITION 2.9. A local section is a smooth map s : U — E satisfying po s =
idy where U C M is an open subset.

EXAMPLE 2.10. Local sections always exist (since F # {}) global sections need
not. Define TM = TM — {(x,0) | z € M}, the space of all nonzero vectors. Easily
TM is a bundle over M and a global section of TM is a nowhere zero vector field
which does not exist for example on S2.

THEOREM 2.11. If the standard fibre is diffeomorphic to R* then global sections
always exist.

PROOF. Local sections are glued together via a partition of unity (which has
to be utilized in a chart). More precisely one inductively extends a section, starting
with a local section in a bundle chart... FINISH!!! (]

Let s and s’ be sections of p : E — M and p' : E — M respectively. They
determine a section (s, s’) of the fibre product E x s E'. A section s of p determines
a section g*s of any induced bundle g* E:

More generally any map ¢t : M’ — F satisfying pot = g (a section of E along
g) induces a section of the induced bundle ¢g*E. In fact this describes a bijection
between sections along g and sections of the induced bundle.

Let now p : E — M and p’ : E' — M’ be vector bundles. A morphism
[ E"— Eis called linear if every f|g: : B, — Ey(,) is a linear map. Locally

UxRE—L 7 xR

J J fla,v0) = (f(2),9(x)v)

V—ry

where g : U — hom(R*,R!) is a smooth map as g(x);; = fa(z,¢;);.

Let p : E — M be a vector bundle, {U,} a cover of M and ¢up(z,v) =
(x, Yap(z)v) the transition maps with 5 : Uyg — GL(V') smooth into the group of
linear automorphisms of the standard fibre V. Let there be given a homomorphism
f: GL(V) — GL(W) (e.g. W = V® SkV AkV). The compositions f o 1,z :
Uap — GL(W) then yield back a vector bundle with standard fibre W which we
denote f(E). In the construction of the dual vector bundle we obtain from ¢,g a
linear map

U X V* L Uy x V*

going in the wrong direction. This is remedied by considering its inverse. In general
we may pass from a homomorphism f : GL(V)°? — GL(W) to the composition

GL(V) ER GL(W)°P X GL(W) and apply the previous construction to get a vector
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bundle f(E) with standard fibre W. Examples are E*, E. The most general case
is that of a homomorphism

f: GL(Up)®P x -+ x GL(Ug)®? x GL(V1) x -+ x GL(V;) — GL(W)

which produces a vector bundle f(FE, ..., Ey, F1, ..., F}) from arbitrary vector bun-
dles Fy ..., Ey, Fy, ..., F; with standard fibres Uy, ..., Uy, V1,..., V.

EXAMPLE 2.12. The vector bundle hom(E, F') has as fibres hom(E, F), =
hom(E,, F;) and as a special case hom(E,R) = E* where R here stands for the
trivial bundle M xR — M. This example is obtained from the general construction
via the homomorphism

GL(U)°? x GL(V) — GL(hom(U,V))
(o, ) — (¢ Boypoa)
3. Jet bundles

Let us consider the algebra C*°(R™) of smooth maps on R™. By the inductive
use of the formula

g(z) = g(0) + Z a;(x)z;

for a function g : R™ — R we derive

g = T’r‘g + Rrg
a decomposition of g into its Taylor polynomial T,.g of order r and a remainder
lying in the ideal mSH generated by the monomials 2/ = zi'---zi of degree

|[I| =41+ -+ i, =7+ 1. It is the (r 4+ 1)-st power of the ideal my generated by
the coordinate functions. The association of the Taylor polynomial or order r gives
a surjective linear map
T, : C*[R") » P.(R")

onto the vector space of all polynomials of order at most r on R™. Clearly the kernel
is the ideal m6+1 and hence P,.(R™) is naturally isomorphic to the quotient algebra
C*(R™)/mjy ™. The multiplication in this algebra is the truncated multiplication
of polynomials. Let f : R™ — R" be a smooth map sending 0 to 0. Then f induces
by composition an algebra homomorphism

f* : COO(RTL) % COO(R'”’L)
with the property f*(mg) C mg and thus f*(mSH) C m6+1.

C>(R™) LC‘X’(R"‘) g———gof
| A
P.(R™) — 7 - P.(R™) T.g——T.(gof)

Therefore T,.(go f) only depends on T;.g rather than on g. Since P,.(R™) is generated
as an algebra by the coordinate functions z1, ..., z, we have f*(z;) = T.(z;0 f) =
T,(f:), the Taylor polynomial of order r of the i-th component f;. Therefore if f
and f’ have the same Taylor polynomial of order r then f* = (f’)* on P,.(R") and
thus T.(go f) = T.(g o f') only depends on T, f.
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We have just proved that the Taylor polynomial of order r of a composition
go f of maps g and f depends only on their respective Taylor polynomials as long
as they preserve the origin. In particular we have

THEOREM 3.1. The property of having the same Taylor polynomial of order r
for maps (R™,0) — (R™,0) does not depend on the coordinates (as long as their
changes preserve the origins).

DEFINITION 3.2. Let M and N be two manifolds and f, f' : M — N two maps
defined in a neighbourhood of x € M. We say that f and f’ determine the same
r-jet at x (with r € N) if f(z) = f'(z) = y and for some (any) pair of charts ¢ on
M cenetered at x and 1 on N centered at y the maps ¥~ fp and =1 f'¢ have
the same Taylor polynomial of order r at the origin. We write j. f for the class
determined by the map f and

J'(M,N)={jif|zeM,f: M — N defined in a neighbourhood of z}.

For X = j7f we write aX = z for the source and X = f(z) for the target of
the r-jet X. Without coordinates we can identify r-jets with source = and target y
with algebra homomorphisms

C®(N)/mi Tt — C®(M) /m} !
There are obvious canonical projections 7 : J"(M,N) — J*(M,N) for 0 < s <r.

For s = 0 we have JO(M, N) = M x N via the map (o, 3). Therefore 7 = (a, 3).
We denote

J;:(M’ N) = ail(x)’ JT(M’ N)y = 671(?/)’ ‘];(M’ N)y = ail('x) mﬁil(y)

the last being the fibre of J"(M, N) over (z,y) € M x N via («, ).
For X € J;(M,N), and Y € J; (N, Q). we define their composition ¥ o X €

JI (M, Q) either as a composition of algebra homomorphisms or via representatives
YoX=ji(gof)if X =j;f and Y = j;g.

DEFINITION 3.3. We say that X € J7(M, N), is invertible if there exists X ! €
Jy(N, M), for which X" o X = jridp and X o X' = jridy.

For » > 1 we obtain X is invertible iff its linear part 77X is invertible. In
particular for this to happen we must have m = n.

Let us denote Ly, , = Jgj(R™,R")y which we know can be identified with
hom,is (P (R™), P.(R™)) or with the set of polynomials of order at most r and
without constant term, X = Elgmgr arx!. Here a; € R™ are constant. The
composition of jets

Ly g% Loy = Loy
is the truncated composition of polynomials (i.e. the normal composition followed
by ignoring all the terms of order bigger than r). In particular it is smooth and

Gy, =inv(Ly, )

is therefore a Lie group with respect to the composition of jets, invertible jets
forming an open subset (they are those where aq, ..., a,, are linearly independent).
As a special case GL, = GL(m).

Let us consider now X € L7

m,n

and consider a translation by v

Ap i T =X+
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The following are mutually inverse diffeomorphisms

R™ x LT, ,, x R" = J"(R™,R")
(u, X, v) ¥ jgAu 0 X 0 Ay,
(u=aY,jgA—y oY ojghy,v=PpY) =Y

Now we can define on J" (M, N) a smooth structure so that the projection
(o, B) : J'(M,N) = M x N

becomes a bundle. We choose charts on U C M and V C N giving us an identifi-
cation

a'UNBHV)=U XL, ,, xV

Declaring these to be diffeomorphisms we are left to show that the effect of another
choice of charts differs by a diffeomorphism preserving the projection onto U x V.
But this is rather easy to see using the concrete description of the involved maps.

A smooth map f : M — N induces a section j"f : M — J"(M,N) sending
x + 57 f of the bundle J"(M, N) = M.

EXAMPLE 3.4. For r = 1 we have J'(M,N) = hom(TM,TN) or rather
hom(p*TM,q*TN) withp: M x N — M and ¢ : M x N — N the two projections.
The map in one direction is provided by jlf + T, f and is a diffeomorphism by an
inspection in charts. As special cases J} (R, M) = TM and J'(M,R)q = T*M.

We denote by Ty M = J§ (R, M) Z, M the bundle which we call the bundle
of k-dimensional velocities of order r. In particular 77 M is called the tangent
bundle of order r. A smooth map f : M — N induces a morphism of bundles
T0f : T/ M — T; N via the composition jjg — j§(f o g)

i
TrM — TIN

BJ ls

M — N
Dually 77*M = J"(M,R¥)g, the bundle of k-dimensional covelocities of order 7. In
particular 77*M is called the cotangent bundle of order r. The bundle T7*M is a
vector bundle with respect to the addition j7p+ji¢ = jI(¢+1) and multiplication

A-jre = j72(Ap), A € R. On the other hand only local diffeomorphisms induce
morphisms of bundles:

T f
Tr*M =5 Tr*N

l l Jre s hwleo £
N

M—7

REMARK. For any smooth f we have a map on the section spaces

01 N) L v
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Let P"M = invJj(R™, M) C T7, M with m = dim M denote the “bundle of
r-jets of maps (R™,0) — (M, z)”. The group G}, = invJj(R™,R™)q acts on P"M
from the right via the jet composition: for a map u : R™ — M and a change of
coordinates ¢ : R™ — R™ we have a new map uo ¢ : R™ — M

P"M xG,, — P™M
(Jous jop) — Jo(uo @)
The situation is summarized in: P"M is a bundle, the action of G, preserves the

fibres and is simply transitive on each of them: for jiu and jjv with w(0) = v(0)
there exists a unique a € G, for which jjv = jju - a.

EXAMPLE 3.5. For r = 1: P'M = invhom(R™, T M) which at the fibre over
x € M is the same as a basis of T,, M (namely the image of the standard basis in
R™). We say that P1M is the bundle of frames in TM. We then think of P"M as
a bundle of higher order frames.

DEFINITION 3.6. Let p: E — M be a bundle. The r-th jet prolongation J"FE
is the space of all jets of local sections of p. It is a manifold and bundle over M.
One can either see this locally - a local section is equivalent to a map U — F and
thus J"F is locally in bijection with J" (U, F) but it is not quite obvious what the
transition maps look like. A global definition is via the pullback diagram

J'EC— J'(M, E)

_
M s J7 (M, M)

describing it as a restriction of J"(M, F) — J"(M, M) along j"id. Locally
J'(M,E)=J(U, V) xy J(U,F)— J(U,V)
which is a bundle and the restriction “forgets the first component” to get J" (U, F).

A prolongation of sections: s : M — E induces j"s : M — J"E but not every
section of J"E — M comes from a section of £ — M.

REMARK. A differential equation/inequation (relation) is a subset R C J"E.
A solution of R is a section s : M — E for which j"zs € R for all x € M. A formal
solution is a section of J"E — M with image in R. The jet prolongation restricts
by definition to a map sol — fsol between the space of solutions and the space of
formal solutions with fsol being much bigger. Nevertheless this map is quite often
a homotopy equivalence.

4. Principal and associated bundles

DEFINITION 4.1. Let us consider a bundle 7 : P — M and a Lie group G
having a right action r : P x G — P on P. We say that P is a principal bundle
with a structure group G if

e the action r preserves fibres, 7(u - a) = w(u) and

e (G acts on each fibre P, simply transitively, u,v € P, = 3la € G : v = u-a.
We write P(M,G) to mean that P is a principal bundle over M with structure
group G. We also say that P is a principal G-bundle.
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THEOREM 4.2. Let H < G be a closed subgroup of a Lie group G. Then the
projection G — G /H is a principal H-bundle.

ProOOF. This is contained in the proof of Theorem 6.3. (]

EXAMPLES 4.3.

e The frame bundle P"M (M, G7},).
e Consider a vector bundle E — M with standard fibre R¥. Denote by
PE — M the following bundle over M

PE = invhom(R*, E) C hom(R*, E) 2 E xp; --- xy E
—_—

k times
In the last isomorphism we identify (uq, ..., u;) with a unique linear map
sending e; to u;. Clearly this map is invertible iff uq, ..., u, are linearly

independent. The right action of GL(k) is either via composition u - a =
uoaoras (u-a); = ), ujaj;. We obtain a principal bundle PE(M, GL(k))
of frames in the vector bundle F.

A local section s : U — P determines a trivialization 7=}(U) = U x G in the
following way

UxG— 7 YU)
(z,a) — s(z) - a

This is easily a smooth bijection. We need to verify that it is a local diffeomorphism.
This is so because the restriction to U x {a} is a section and hence an immersion.
The restriction to {x} x G is an immersion by Theorem 6.5. The images of the
respective derivatives are complementary. Another feature of this trivialization is
that it is equivariant.

Alternatively we may thus characterize principal G-bundles as right G-spaces
P for which there exists in a neighbourhood of every point an equivariant diffeo-
morphism with R™ x G.

THEOREM 4.4. A principal bundle is trivial if and only if it admits a global
section.

PRrROOF. Obvious from the preceding arguments. O

DEFINITION 4.5. A manifold M™ is called parallelizable if it admits an m-tuple
of linearly independent (pointwise) vector fields.

EXAMPLES 4.6.

e S? is not parallelizable since it does not admit even one linearly indepen-
dent (i.e. nowhere zero) vector field.

e Every Lie group is parallelizable via left translations: G x g — T'G is given
by (a, A) — (Aax)A.

REMARK. Obviously M is parallelizable if and only if P1M is trivial.
THEOREM 4.7. The bundle P"M is trivial if and only if M is parallelizable.
PRrROOF. A section of P"M determines by composition M — P"M I PIM a

section of P!M and hence M is parallelizable. Assume on the other hand P M ad-
mits a global section. The projection P"M — P'M is a bundle with standard fibre
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R*, the polynomials of degree at most r with zero linear part which is easily seen
locally as the canonical projection 7} : G7 — G} is a surjective homomorphism of
Lie groups hence isomorphic to a projection G}, — GI /ker 7] which is a bundle by
Theorem 4.2. We know that such bundles always admit sections. The composition
M — P'M — P"M is then a section of P"M and hence it is trivial. (I

The local description of principal bundles via charts and transition maps sim-

plifies as follows

gDag:UangHUang

(x,a) = (z,e)a — pag(x,€)a = (x,Pap(x)a)
with ¥ag : Usg — G smooth. In other words the transition map is a left multiplica-
tion by the map 1ns. Again we have 1o = id and ¥g41as = Ya~, the maps form
a so-called G-valued cocycle. In the opposite direction from a G-valued cocycle one
can construct a principal G-bundle.

We will now address the question of when two principal G-bundles P, P’ are
isomorphic. Let they be given by transtion maps 1,s and d);ﬁ respectively. Then

f:P = Pis locally given by
fa:UyxG—U, xG
(z,a) = (z,e)a— fol(z,€)a = (z,g.(x)a)

For a different chart @3 we have a comparison diagram
UaB x G L) UQB x G

Yo %EJ Pap @
f
Uag x G 413) Uag x G

P ! P

In the small square we see that (z,a) at top left is mapped to (z, go(z)1as(z)a) at
bottom right via bottom left corner and to (x, %, 5(x)gs(z)a) via top right corner.

Thus we have ¢, ; = gawaﬁgﬁ_l'

THEOREM 4.8. Let {U,} be a cover of M such that both P and P’ are trivialized
over each U,. Then P = P’ if and only if there exist go : Us — G such that
Waﬂ = gawaﬁgﬁ_l (in this case we say that the cocycles are equivalent).

DEFINITION 4.9. Let p: E — M be a bundle. A subbundle of E is a subspace
E' C E for which there exist local trivializations of E which also trivialize E':
pt(U) = UxF
Ul Ul
E'np ' (U) = UxF'

DEFINITION 4.10. Let H C G be a Lie subgroup. A subbundle @ C P of a
principal bundle P is called a reduction of P to the subgroup H if for each u € @
we have u-a € Q < a € H.

EXAMPLES 4.11.
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e A reduction to the trivial subgroup {e} C G is the same as a section of
P, that is a trivialization of P.

e Consider a Riemannian manifold (M, g). Then P'M = PTM is a princi-
pal GL(m)-bundle possessing a reduction to O(m):

PTM = invhom(R™, TM) D iso(R™, TM),

the subspace of isometries. They are clearly closed under the action of
O(m) and more over the action is transitive so that we obtain a reduction
to O(m).

In the opposite direction let @ C inv hom(R™ T M) be a reduction to
O(m). It defines a metric on M in the following way: every u € @, is an
isomorphism v : R™ — T, M and we declare it an isometry or in other
words we transport by u the standard metric from R™. The result does
not depend on q.

More generally metrics on a vector bundle p : E — M are in bijection
with reductions of PE to O(k).

e Consider an arbitrary Lie subgroup G < GL(m). A G-structure on a
manifold M is a reduction of P'M to the subgroup G. Similarly for
subgroups G < GJ, of higher order frame bundles. A reduction is then
called a G-structure of r-th order.

DEFINITION 4.12. Let P(M,G) and Q(N, H) be two principal bundles. A
bundle morphism f : P — @ is called a morphism of principal bundles with respect
to a homomorphism ¢ : G — H of Lie groups if

(Vue P)Va e G): fu-a)= f(u)-p(a)
If o = id then we speak simply of a morphism of principal bundles or a G-morphism.

ExXAMPLES 4.13.

e A reduction Q C P can be equivalently described as follows: the em-
bedding Q — P is a morphism of principal bundles with respect to the
embedding H — G.

e Let f: M — N be a local diffeomorphism. Then

JER™ M) =TI M =Ly 17 N
restricts to fi : P"M — P" N, a morphism of principal bundles.

Let P(M,G) be a principal bundle and consider a left action £ : G x F — F of
G on F.

DEFINITION 4.14. A bundle p : E — M with a standard fibre F is said to
be an associated bundle to P if to each u € P, there is given a diffeomorphism
u: F — E, (aso-called frame map determined by the frame u on F) such that the
total frame map

p:PxF—E
(u, z) — a(z)

is smooth and w-a = @of,. In terms of the total frame map p(u-a,z) = p(u, a-z2).
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REMARK. The idea is that we think of the principal bundle as consisting of
coordinates choices each of which gives us an identification of the standard fibre
F with the geometric fibre F,. Hence P parametrizes these possible identifica-
tions allowing us to make constructions in coordinates in such a way that they
automatically do not depend on the choice. EXPLAIN BETTER!

EXAMPLE 4.15. Let p: E — M be a vector bundle and PE = inv hom(R™, F)
the frame bundle of E, a principal GL(m)-bundle. We will show that E is associated
to PE. For that we need an action of GL(m) on the standard fibre of E. This being
R™ we will use the standard action of GL(m). Each u € (PE), is by definition an
invertible map R™ — E, and this is our frame map 4. The equivariancy condition
is then obvious since

U-a=uoa="1uol,.
Also the total map PE x R™ — E is smooth since it sends (u, v) — u(v).
EXAMPLE 4.16. The bundle g : J"(M,N) — N is associated to P"N. The
standard fibre is J"(M,R")p and the left action of G, = invJj(R™,R™)q is by
composition. The total frame map is (as P"M = invJj(R", N))
invJT(R™, N) x J"(M,R")g — J" (M, N)
(u, X)—uoX

Again the equivariancy is verified easily.

EXAMPLE 4.17. Analogously « : J"(M,N) — M is associated to P"M via the
action of GT, on J§(R™,N),a-X = Xoa~! and (o, 8) : J"(M,N) — M x N is
associated to P"M x P"N.

THEOREM 4.18. For a given principal bundle P(M,G) and a G-space F' there
exist an associated bundle. Any two such are canonically isomorphic.

PROOF. Let us start with any associated bundle F and its total frame map
p:PxF—=FE

By definition p factors through (P x F')/ ~ with ~ denoting the equivalence relation
(u-a,z)~ (u,a-2). It is a simple matter to show that the resulting map

p:PxF/~—E

is a bijection: p(u,z) = p(v,2’") implies that 7(u) = m(u) and hence v’ = u - a so
that p(v',2") = p(u,a - 2’) and hence z = a - 2’ since @ is a diffeomorphism.

We denote the quotient space P[F| = P x¢ F the latter expressing a similarity
to the tensor product of modules over a ring. Now we will verify that P[F] bears
a canonical smooth structure (as a quotient of P x F') for which the projection
P[F] — M is a bundle with standard fibre F. This is done locally:

TN UQ)[F] — (Uy X G) xg F —> Uy x F
[(z,a),z] — (x,a2)

(2, €), 2] «— (2, 2)
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the first arrow being the trivialization ¢, x id. We use these to put a smooth
structure on P[F]|. We are left to exhibit the effect of changing a trivialization:

(x,lz) Upp x F———— Uy x F (x,Yap(z) - 2)
112 I% T
[(z,€),z] (Uap X G) xg F —— (Uap x G) xg F [(z,%ap(x)), 2]

These are clearly smooth but we see how the associated bundle P[F] is constructed

from local charts using the transition maps Uqap IR Diff (F).
It remains to show that P[F] is really associated to P. But this is provided by
the quotient map P x F — P xg F = PI[F]. O

REMARK. From now on when we speak about “the associated bundle” we mean
the canonical bundle P[F] constructed in the proof.

A particular case is that of a bundle associated to a principal G-bundle P via
a representation p : G — GL(W) of G on a vector space W. In this case P[W] is
canonically a vector bundle with standard fibre W.

Let us consider two principal bundles P(M, G) and Q(N, G) and a G-morphism

P$>Q

]

M T> N
with respect to ¢ : G — H. Let E — M be associated to P and D — N associated
to @ with the same fibre F'.

DEFINITION 4.19. We say that a bundle morphism g : E' — D over the same f
as above is a morphism associated to f if for each u € P the diagram

"

E, 4> D,
commutes.

THEOREM 4.20. A morphism g : P[F] — Q[F] associated to f is unique,

9= fF]: [u, 2] = [f(u), 2]
O

REMARK. In a similar way one can consider a morphism f x h: P[F] — Q[L]
with respect to a homomorphism ¢ : G — H of groups and a G-map h : I — L
between a G-space F' and an H-space L.

DEFINITION 4.21. By a natural bundle E over m-dimensional manifolds we
understand a rule (a functor) which associates to each m-dimensional manifold M
a bundle pys : EM — M and to each local diffeomorphism f : M — N a morphism
of bundles Ef : EM — EN over f in such a way that
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e localization: for any open subset U C M we have EU = EM|y = py} (U),
e functoriality: Fidy; = idgy and E(go f) = Ego Ef.

REMARK. From the two properties it follows that E f is also a local diffeomor-
phism. The association f +— Ef is called a lifting of local diffeomorphisms.

EXAMPLES 4.22.

e The tangent and the cotangent bundles.

o T, T7* or more generally J"(—, N) and J" (M, —).

e For a left action ¢ of the group G), on a manifold F' we can construct a
natural bundle over m-dimensional manifolds as

EM =P'M[F| M  (f:M— N)— (Ef = P"f[F))

THEOREM 4.23 (Palais-Terng). For every natural bundle there exists r > 0, a
smooth manifold F' and a left action ¢ : G}, x F' — F so that EM = P"MI[F| and
Ef = Prf[F].

5. Further properties of principal and associated bundles

Let P(M,G) be a principal bundle and F' a left G-space. A map o : P — F' is
called equivariant if o(u-a) = a= ' - o(u).

Consider a section s : M — P[F] = P xg F of the associated bundle. For each
u € P there is a unique z = o(u) € F so that s(x) = [u, z] where x = 7(u). This
defines a smooth map o : P — F which is equivariant by

[u,o(uw)] =s(x) =[u-a,0(u-a)] =u,a- o(u-a)

Another point of view is that each u € P, gives an identification 4 : F' — E, and
o(u) is simply (@) !s(z). This also explains why o should be equivariant.
If on the other hand o : P — F is equivariant then in the diagram

ub—— [u, o(u)]

there exists a (unique) factorization since M = P/G and u, u - a are carried both
to the same point in P x¢ F. This factorization is a section of P[F].

THEOREM b5.1. The above construction describes a bijection between sections
of the associated bundle P[F] and equivariant maps P — F.

EXAMPLE 5.2. Let P = P1M and F = R™ with the standard action of GL(m).
Hence P*M[R™] = TM and a section X : M — T'M (i.e. a vector field) determines
an equivariant map & : P'M — R™, the so-called frame form. It sends a basis
(U1, ..., um) of T, M to the coordinates of X (z) in this basis, u - £(u) = X (x).

EXAMPLE 5.3. Morphisms of principal bundles P — @ are exactly equivariant
maps. By the preceding they are in bijection with sections of P[Q] — M.
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Let H < G be a closed subgroup. The action of G on itself via left translations
passes to the quotient G/H. The associated bundle is
P[G/H|=P x¢G/H — P/H
[u,aH] — (ua)H
[u,eH] +— uH

THEOREM 5.4. There is a canonical bijection between sections of P|G/H]| and
reductions of P to H.

PROOF. Let a section s : M — P[G/H] determine an equivariant map o : P —
G/H. Easily o is a submersion on every fibre and thus Q = o~ 1(eH) is the desired
reduction.

Let, on the other hand, @ C P be a reduction to H. Then in the diagram

QP ——P/H
M/

the dotted factorization exists, since M = @@/ H, providing a section. DETAILS! O

EXAMPLE 5.5. Let G < GL(m) be the stabilizer of e; € R™, the group of
matrices of the form (}#). Then GL(m)/G = R™ — {0} and thus reductions of
P'M to G are in bijection with sections of TM =TM — 0, the tangent bundle with
the zero section removed. These are clearly nowhere zero vector fields.

6. Problems
PROBLEM 6.1. Determine P[*] and P[G].

PRrROBLEM 6.2. Let P be a principal G-bundle that admits a reduction @ to
the subgroup H C G. Show that P = @Q Xy G as principal G-bundles where the
right G-action on Q x g G is [u, a]b = [u, ab].

PROBLEM 6.3. Bundles associated to P are precisely those associated to @ via
an action of G.

m(m—1)

PROBLEM 6.4. Show that GL(m)/O(m) R~ =  and apply this to the case
of reductions to O(m) C GL(m).

One possibility is to note that the mapping exp induces a diffeomorphism be-
tween the manifold of all symmetric matrices and all positively definite matrices
(regardless of the fact that these are not Lie algebra/group pair).

PROBLEM 6.5. Show that n7_; : J"(M,N) — J"~1(M, N) is an affine bundle.

This may be solved on the models: Ly, , — L:,;}l is an affine bundle (with a
fibre-preserving affine action of G}, x G},).

PROBLEM 6.6. Show that T(G/H) = G x g g/h where the action of H on g/h
is induced by the adjoint action of H on g.

PROBLEM 6.7. Show that each sphere S™ is stably parallelizable, i.e. that there
exists an isomorphism 7'S™ @ RF = R™** for k> 0.
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PROBLEM 6.8. Show that TRP™ is stably isomorphic to the direct sum of m
copies of the canonical line bundle over RP™.

PROBLEM 6.9. Show that the canonical bundle over the Stiefel manifold Sy (R™)
of orthonormal k-frames in R™ is associated to the trivial representation of O(n—k)

on R¥ while its orthogonal complement is associated to the standard representation
of O(n — k) on R"~*.

PROBLEM 6.10. Show that the Stiefel manifold Si(R™) is parallelizable for
k> 2.

The main idea is that T'Sg(R™) = O(n) X o(n—k)0(n)/0(n—k) and the O(n—k)-
representation o(n)/o(n—k) is a direct sum of a trivial representation of dimension
k(k—1)/2 and k copies of the standard representation R"~*. Then one observes that
the sum of a trivial representation of dimension k and the standard representation
induces a trivial bundle. Similarly for the Grassmann manifold Gy (R™) but this
time none of the two bundles is trivial.

PROBLEM 6.11. Let E — M be a vector bundle associated to a principal GL(k)-
bundle P. Define the orientation bundle (a 2-sheeted covering) P[GL(k)/ GL4 (k)]
(which is isomorphic to (A*E — 0)/R,). Show that if M is connected E possesses
an orientation if and only if this orientation covering is trivial.



CHAPTER 3

Connections

1. Connections

Let f : M — N be a smooth map which we think of as a section (id, f) of
the trivial bundle M x N — M. The derivative of f is obtained by differentiating
the section and composing with the canonical projection TM x TN — T'N. For a
bundle which is not trivial there is no obvious way of projecting onto the tangent
space of the fibre. This projection is the content of a connection on the bundle.

DEFINITION 1.1. Let p: E — M be a bundle. A connection on p is a smooth
linear projection v : TE — V E onto the vertical subbundle VE = |J,.,, TE, =
ker(p. : TE — TM).

We call v the vertical projection. An associated horizontal projection is h =
id — v. There is a short exact sequence of bundles over £

0—>VE—-STE—=pTM =0

A vertical projection, i.e. a retraction of TE onto V E, is equivalent to a section of
the projection TE — p*T'M. This is our second definition of a connection.

DEFINITION 1.2. A connectiononp: E — M is a “lifting map” I' : ExyTM =
p*T'M — TE which is smooth, linear and satisfies p.(I'(y, X)) = X.

Equivalently T'(y, —) is a 1-jet of a section M — E. The mapping y — T'(y, —)
is then a section £ — J'E.

DEFINITION 1.3. A connection on p : E — M is a smooth sectionT' : E — J'E
of the jet prolongation J'E — E.

REMARK. The bundle J'E — FE is affine since J! (M, E) — M x E is a vector
bundle, hence so is its pullback along (p,id) : E — M x E and the condition
j;p o jls = jlid is affine.

THEOREM 1.4. Every bundle admits (globally) a connection.

For our next formulation observe that the lifting map is completely determined
by its image, a subbundle of TE.

DEFINITION 1.5. A connection on p: E — M is a smooth distribution I" on E
which at each point y € E is complementary to the vertical distribution V, E.

47
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DEFINITION 1.6. A vector field £ : B — T'E is called projectable is there exists
a vector field £ : M — T'M such that the diagram

TE -2 TM

O

ET>M

commutes, i.e. such that & is p-related to §. Loosely speaking from the top one sees
only one vector over each point 2 € M. In coordinates ' on M and 3P on the fibre
i 1%} 1%}
§= Z §(z) 5 + pr(wv y)aT/p

————
3

DEFINITION 1.7. Let X : M — T'M be a vector field and X : E — TE given
by X (y) = I'(y, X) using the lifting map of a connection. Then X is a projectable
vector field on E over X. We call this vector field the I'-lift of X (or the horizontal
lift when I' is understood from the context).

When the section E — J'FE is given by
dy? = Z FP(x,y)da’

the horizontal lift is X = 3 X* 2+ 3 FP(a, y)Xi%

DEFINITION 1.8. Let p: E — M be a vector bundle. Then so is J'E — M. A
connection I' : E — J'E is called linear if it is a linear morphism of vector bundles.

In coordinates the function FP(x,y) must be linear in y. We write
FP(x,y) =) TP (x)y".
q

Thus in this case dy? =},  T?,(z)y?dz". The functions T'}; are almost exactly the
classical Christofell symbols.

We are now able to write formally the definition of the derivative of a section.
Consider an arbitrary connection I' on a bundle p: E — M and a section s : M —
E. We define

VFS(,%) T M — ‘/S(z)E
X = 5.(X) — X(s(z))
The result lies in the vertical subbundle since both s, X and X (s(z)) are lifts of X.
In the first case this follows from the section property. Equivalently Vrs(z) is the
vertical projection v(s,X) of the derivative s.X. Using an easy adjunction
VFS(LE) € VQ(I)E ® T:M = (VE ® p* (T*M))g(z)

For short we write VE @ T*M instead of VE ® p*(T*M). It is a bundle over E
and by composing with p also over M.

DEFINITION 1.9. The section Vps : M — VE ® T*M is called the covariant
derivative of s with respect to the connection I'.

I'THE QUESTION IS WHAT IS WRONG WITH iq???
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and

. . P 5
In coordinates for s given by y? = sP(z) we have s,, = 3. 25 . dz? 2

ozt oyr
further
ZF” (z,s(z)) - da’ ayp

yielding

Vrs(z) = > (35 (x) — FP(x, 5())) da' 52

DEFINITION 1.10. Let v : R — M be a path on M defined in some neighbour-
hood of 0. A section of E along 7 is a map s : R — E for which p(s(t)) = ~(¢)

E 'y*EL*>E
A= A ]
RﬁM RﬁM

or equivalently a section of the pullback bundle.

DEFINITION 1.11. We say that the section s(t) along a path ~(t) is parallel if
5(t) € T'(s(t)) for all t. We will see shortly that there is an induced connection on
~*E and the condition says that the covariant derivative is 0.

In coordinates for v given by xl(t) and s(t) by (x(t),y"(t))
$(t) = dt 811 +Z ar afyp

s is parallel if and only if

ZFP a:

From the theory of differential equations we know that for each y?(0) there
exists locally a unique solution, i.e. every choice of s(0) extends to a unique parallel
section along ~(t). Moreover this notion does not depend on reparametrization of
v - if s(t) is parallel along (t) then s(¢(7)) is parallel along ~(¢(7)).

Let us consider now a vector bundle p : E — M. We know that for a vector
space W we have TW = W x W. For the vertical bundle V E this means VFE =
E xp E. An isomorphism from E x ps F to VE is given by (u,v) — %’tzo (u+tv).
Further VE Q@ T*M = (E xpy E)®@T*M = E xp (E®T*M) and for a section
s: M — E we write

Vrs = (5, V's)
where V%'s is now a section of E®@ T*M — M.
DEFINITION 1.12. The section V' is called the covariant differential of s.
In coordinates for a linear connection as above V%s(x) is
S (5 - T do'

For a vector field X : M — T'M we might evaluate the covariant differential
on X to obtain

Vis(z) = (Vis(@)(X(x)): M - F

DEFINITION 1.13. We call this section the covariant derivative of the section s
with respect to the vector field X.
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Vis = Z (8 — %) X2

Ox? yP

In this way we obtain a map
V' XM x C¥E — C*E
(X,s) — Vis
THEOREM 1.14. The following equalities hold
(1) VE((SI + 82) = VE(Sl + v&SQ,
2) VL (f-5)=(Xf) s+ f Vs, (the Leibniz rule
X X
(3) Vi, 4x,5 =V s+ Vis,

PROOF. We compute (2) from the coordinate expression
V(- 9)(@) = (G (f - sP) = TP fs9) X7 52
=Y (S B T X
=(Xf)-s+f-Vis

O

THEOREM 1.15 (The Koszul principle). Let V : XM x C*°E — C*°FE be a map
satisfying the conditions (1)-(4). Then there exists a unique linear connection T’ on
E for which V = V.

PRrOOF. Locally F = U x V where V is a vector space, C*E = C*(U, V).
Let v € V and we think of it as a constant map U — V, i.e. a section = — (z,v)
whose derivative at X € T, U is (X,0). Thus we are forced to put

X(z,v) = (id,v)+ X — (0,Vxv) = (X,-Vxv)

in order to ensure at least Vxv = Vi v. This formula on the other hand describes
a bilinear map E Xy TM — TFE, i.e. a linear connection I' on E. It remains to
show V = VI, But a general section is locally of the form

s(z) = Z a’(x)v;
and thus the formula (2) yields
Vis(z) = Z (Xa")v; + a'Viv;)
which reduces the general case to v. [
REMARK. Let UxV —— UxV be an isomorphism of the trivial vector bundle

over U. It is given by a smooth map A: U — GL(V) as (z,v) — (z, A(z) - v). The
ordinary derivative ds of a map s : U — V is changed to

d(A-s)=A-ds+dA-s

with the first part being the ordinary derivative transformed by the vector bundle
morphism and the second term amounts to a map E Xy TM — F,

((IL’,U), (an)) = dA(an) v

a linear connection. We will see now that only certain connections (so-called flat
ones) arise in this way.
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Let us investigate now for an arbitrary bundle p : E — M whether a given
connection in the form of a distribution is integrable (i.e. involutive). For vector
fields X,Y : M — TM we consider their horizontal lifts X,Y : E — TE. Since X
and Y are p-related to X and Y, also [X,Y] is p-related to [X,Y]. In other words
[X,Y]is alift of [X,Y]. Is T is to be involutive it is necessary that [X,Y] = [X,Y].
As also the vector fields of the form X generate I it is at the same time a sufficient
condition. We have proved

THEOREM 1.16. A connection T' (considered as a distribution) is involutive if
and only if [X,Y] = [X,Y].

DEFINITION 1.17. The mapping CT : E x 3, AT M — V E given by the formula
CT(y,X,Y) = ([X,Y] — [X,Y])(y) is called the curvature of the connection T'. By
a dualization we think of it as a section CT : E — VE @ A2T*M

REMARK. To make this definition correct we have to prove that the defining
expression does not depend on the extension of X and Y to local vector fields. We
will do this in the coordinates

X= ZXia(z“ Y= Zyiaim (X, Y] = Z (nggji —Yj%f;> o

The horizontal lifts are given by

Z Xz Ox’ + FPXZ oyr? Y Z YZ ozt + Fle oyr

and finally
XY= Y (X8 - Vi)
On the other hand
9= (X5 - v gfj) o2+ YUY - XYY
DR (XG5 YIS o+ D G OOY - VX
giving our final formula

Cr'(y,X,Y) =

+FP(X795 —yi9X) 0

ozt

(XY — XY )5 —YIXh 2

T

Using the convention dz’ A da/ = dz? ® do? — da’ ® dz’ we rewrite it as
OF? OF

Cr(y) =Y ( o+ Fi 5 ) da A dad 2

This computation shows that CT indeed depend only on the values of the vector
fields X and Y at the point p(y) and is thus correctly defined.

61:7

For a linear connection on F = T'M we get the classical theory of connections
on a manifold. The curvature is in this case a tensor of type (1,3), i.e. a section
M —TM® (T*M)®3 (or in fact M — TM ® T*M ® A*T*M). The classical
definition is VxVyZ — VyVx 2 — VixyZ. One can verify that this agrees with
our (more general) definition up to the change of sign and indices of the Christoffel
symbols Ffj as mentioned before.

THEOREM 1.18. A connection I is involutive if and only if the parallel transport
does not locally depend on the path.
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Proor. When I' is involutive there is an integral manifold L, through each
point y € E. The composition ¢, : L, — E 2y M is a local diffeomorphism and the
parallel transport of 7 is simply obtained by composition = ¢, 1o~ the endpoint
depending only on (1). The converse is also true. O

The integrability of I' says that locally in E one can find charts of the form
U x V such that the projection p becomes the projection U x V. — U and such
that the distribution is T, U x {0}. To extend this trivialization globally we need
the following notion.

DEFINITION 1.19. A connection T is called complete if the parallel transport
exists globally.

A sufficient condition is for example that the fibre is compact. Also a linear
connection is always complete (a proof in the tutorial).

THEOREM 1.20. If a connection T is complete and involutive then there exist
local trivializations p~'(U) = U x F such that T'(z,y) = T,U x {0}.

PROOF. The trivialization is given by the following construction. Choose a

basis X1,..., X, of the base M and use their lifts X1,..., X,, to define
R"x F— FE

(t = (tlv e 7tm)7 y) — Fltlx (y) = PtFltX (z) (yv 1)

where we denote for simplicity tX = t'X; + --- + t™X,,. The right hand side
is only defined when FI'*(z) is defined on the interval [0,1] but such ¢ form a
neighbourhood of 0, independently of y. (]

2. Principal connections

Let us consider a principal bundle P(M,G). We take A € g which we may

express as A = % ’ —o exp(tA). The fundamental vector field on P is

A*(u) = (r(u, —))«(4) = %|t20 (u-exp(tA)) e VP

The reason it lies in the vertical subbundle is that u - exp(tA) is a curve in Pr(y.
Globally we get a map

Pxg—VP
(u, A) — A™(u)

and it is clearly an isomorphism of vector bundles, i.e. a trivialization of V P.

A connection on P thought of as a vertical projection v : TP — V P then yields
a 1-form wr : TP % VP = P x g — g. The defining equation is wr(X)* = vX and
the vertical projection is obtained uniquely from a g-valued 1-form w provided that
w(A*) = A for all A € g (expressing that the map v is really a projection onto the
vertical subbundle, vA* = A*).

THEOREM 2.1. The following conditions are equivalent for a connection I' on
a principal bundle, where we abbreviate Xa = (rq)«(X) for a vector X € TP (this
in fact defines an action of G on TP)
(1) v(Xa) = (vX)a,
(2) h(Xa) = (hX)a,
(3) X(ua) = X(u)a,
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(4) the horizontal distribution is equivariant, T'(ua) = T'(u)a,
(5) wr(Xa) =Ad(a ')wrX,
(6) the section T : P — J1P satisfies I'(u) = jls = T'(ua) = jl(sa).

A connection satisfying these conditions is called principal.

PRrooF. (1) and (2) are equivalent since v+ h = id and id is equivariant. (2) is
also equivalent to (3) since they both say that the action of G preserves horizontal
vectors (it preserves lifts by definition). For point (4) note that the condition (1)
is automatically satisfied on vertical vectors and on horizontal ones (those in the
kernel) it is plainly (4).

The most interesting is (5), we compute

v(Xa) = (w(Xa))*

(vX)a = (wX)*a= ((%|t:0u~exp(t~wX)) ca= %|t:0u~exp(t~wX)a
ua) - (a”exp(t-wX)a) = %|t:0 (ua) exp(Ad(a™1)(t - wX))

ua) exp(t - Ad(a ™ wX) = (Ad(a™HwX)*

= ilimo (
= %’tzo(

Thus v(Xa) = (vX)a iff w(Xa) = Ad(a™ " wX. )
~ For (6) observe that the lift X (u) can be expressed as X (u) = s,X. Therefore
X(u)a = (s4X)a = (sa)«X and this equals X (ua) iff sa represents I'(ua). O

COROLLARY 2.2. For every g-valued 1-form w on P satisfying

(1) w(ua) = Ad(a™)w(u)
(2) wA*=A

there exists a unique principal connection I' on P whose connection form is w.

ProoOF. T' = kerw. (]

Let us consider a left G-space F' and the associated bundle E' = P[F| = PxgF.
Let T" be a principal connection on P.

DEFINITION 2.3. An associated connection I'p : E — J'E is defined as follows.
Suppose that I'(u) = jls. Then

FF([”? yD = j;[& y]
where [s,y] : M — P x¢ F' is the mapping = — [s(z), y].

We have to verify that the definition does not depend on the choice of the
representatives. Firstly [s,y] is the composition

M- py P P Py F

and so it only depends on the 1-jet of s. It remains to verify that starting with
[ua,y] or [u,ay] yields the same results. But I'(ua) = jl(sa) by principality and
thus the two jets in question are jl[sa,y] and jl[s, ay].

We will now describe the associated connection in terms of the horizontal lifts.
Let X € T, M and compute

X[uay] = [Say]*X = [S*X’ 0] = [X(U),O}
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The bracket is not meant to be the Lie bracket. To explain the notation:

MY py P Py F

M e 7R LN (P xg P

X —— (X(u),0) — [X(u),0]

We will now bring the equivalence of vector bundles and principal GL(k)-
bundles further. We now know that a principal connection induces a (linear as
we will see shortly) connection on the vector bundle. To get back consider a vector
bundle £ — M and a linear connection I' : E — J'E on it. The total space of the
frame bundle PF is naturally an open subset

PEQEXM“'XME

in the k-fold fibre product of E with itself. Let u = (uq,...,u;) € PE be a frame
in E, and let us represent I'(u;) = jls;. Define I'(u) = jl(s1,...,s). Easily T is
a connection on PE. We will verify now that it is principal. The GL(k)-action on
PFE is given by the matrix multiplication-like formula

ua = (U1,...,ug) - (aij) = (Z U@Ly - - s Zuiaik)
By linearity I'(>" u;a;5) = j1(3° s;a;5) and thus
T(ua) = (2 (O siain), -, 32(Y_ siaix)) = ja((s1,- .-, sx) - (aij))
where (sy,...,s;) represents I'(u). We have proved

THEOREM 2.4. The connection T is principal. (I

If on the other hand f‘~is a principal connection on PE then we will show that
the associated connection I'gx is linear: let u € B = PE xqrs) R* be represented

by u = [(ug,-..,u), (al,...,;a¥)], ie. u =Y a’u;. Then
Tpe(u) = jals, (@',...,a")] =1 a's)
where s = (s1,..., ) and this expression is clearly linear in the .

THEOREM 2.5. The associations T — T and T+ Tpi give a bijection between
linear connections on E and principal connections on PE.

3. The covariant differential on associated bundles

A section s of the associated bundle P[F] — M can be described via an equi-
variant map o : P — F using the diagram
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Now for X € T, M we have 5, X = [id, 0], X = [X, 0, X] and so
Vrs(X) = v(s.X) = [X,0,X] — [X,0] = [0, 0. X]

since [X,0] is the horizontal lift of X. The moral is that the covariant differential
is no more than “a derivative in the direction of horizontal vectors”.

REMARK. Let 0 : P — F be equivariant and Y : P — TP an invariant vector
field, i.e. we require Y (ua) = Y (u)a, the most important example being ¥ = X.
Then the composition

0.Y : P5TP "5 TF

is equivariant since 0., (ua) = 0.(Y (u)a) = a=!(0.Y (u)) where again the action
is via (¢,-1)«. Schematically

GxTF——TF

Oxidj

TGXTFT>TF

Therefore by the general theory 0.Y determines a section of the associated bundle
P[TF]=PxgTF2V(P[F]) — M
[, 3] ~ g |, [w.7]

where V' denotes the vertical subbundle. This section is exactly the covariant
differential when Y = X which is seen from

(04, 0+ X) ———1[0,0.X] = Vrs(X)

TP xTF ——T(P xg F)=TE
4\
I

the inclusion of the vertical subbundle

J
P——PxTF —PxgTF=VE

u— (u, 0,X)

The part of the diagram on the right is the restriction of T(P xg F) £ TP xprgTF
from the base T'M to the zero section M.

In fact o, : TP — TF is already appropriately equivariant and hence deter-
mines a section of TP[TF] = TE — TM which is “surprisingly” just s.. Here
TP — TM is a principal TG-bundle and TF is naturally a TG-space. To sum-
marize we have explained the following passages between equivariant maps and
sections of associated bundles.

c:P—-F¢+—s:M—-FE
0 TP = TF ¢+ s,:TM = TFE
0,X:P—TF +— Vrs(X): M - VE
We have expressed the covariant derivative as an ordinary derivative in the

direction of horizontal vectors. The derivative along vertical vectors is already
determined by equivariancy.
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LEMMA 3.1. 0,A*(u) = —La(o(u)), where L4 is the fundamental vector field
corresponding to A € g on the G-space F. In particular the derivative along vertical
vectors does not depend on o, but only on o(u).

NOTE. As 0,A* is not equivariant it does not induce a section of V E.

Proor. This is an easy computation

0. A% (u) = %|t:0 o(u-exp(tld)) = exp(—tA) - o(u) = —La(o(u))

d
dt |t:0
O

Now we will specialize to vector bundles. Let p : G — GL(V) be a linear
representation so that P[V] is a vector bundle. We replace o, by do, i.e. by the

composition TP —Z TV Y V where wy is the Maurer-Cartan form on V (or
more simply just translation to 0, TV = V x V 22 V). Evaluating at X we

obtain do(X) : P — V which is again equivariant and thus induces a section of
P[V], namely the covariant derivative Vi s.

REMARK. The differential do is not T'G-equivariant but merely G-equivariant.
Hence one has to pass to a G-reduction of TP — T'M which is plainly H P thought
of as a horizontal subbundle (any principal connection produces a choice of such).

do|lgp: HP -V +— (id,V's) : TM — HE =TM x; E
do(X): P =V = Vhs: M - E

We will now generalize this form of the covariant differential to forms of higher
degree. We start a bit more generally with a smooth manifold M and a vector
space W.

DEFINITION 3.2. A W-valued k-form on M is a smooth antisymmetric multi-
linear map

@0:TM xpr--xy TM —W  or  @:A"TM — W
We write ¢ € QF(M;W).
Let o = > ple; where ¢/ € (M) and (e;) a basis of W. We define
dp = (dp!)e;

which is a W-valued (k + 1)-form that does not depend on the choice of the basis
since a change of basis is linear as is the differential.
Let p : G — GL(W) be a representation and P(M,G) a principal bundle.

DEFINITION 3.3. We say that ¢ € QF(P; W) is of type p if
o(Ara, ..., Ara) = p(a (A, ..., Ap)
If this is the case we write ¢ € Q(P;p).
EXAMPLE 3.4. The form wr of a principal connection I' is of type Ad

DEFINITION 3.5. We say that ¢ is horizontal if ¢(Aq, ..., Ar) = 0 whenever
one of A; is vertical. In this way ¢ can be thought of as a map

AYHP = A¥(TP/VP) — W
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THEOREM 3.6. Horizontal k-forms of type p are in bijection with P[W]-valued
k-forms on M, i.e. vector bundle morphisms

AkTM4>P

\/

PROOF. A horizontal k-form ¢ : A*T'P — W of type p induces, as we observed,
a G-map A*HP — W or equivalently a G-map @ : P x 3y A¥TM — W. We have
seen how to identify any equivariant map P — W with a section of P[W] and in
the present situation we just carry A*T'M over to obtain ¢ : A¥TM — P[W]:

f(X:l?"'?Xk) = [u7¢(u7X17"'7Xk)] = [u7<p(X1(u)7"'7Xk(u))]
wehre u € P is any point lying over the same point as all the vectors Xj. O
REMARK. When the representation p is trivial, Va € G : p(a) = id, then

©(X1(u),..., Xx(u)) does not depend on the choice of u over z and defines a map
A*TM — W. This corresponds to A¥TM — P[W] = M x W 25 Ww.

Let o € QF(P,p) then ¢ € Q¥F1(P,p) is of the same type. The horizontality
on the other hand needs not be preserved.

DEFINITION 3.7. An exterior covariant differential of a W-valued k-form on P
is a (k + 1)-form
D(,O(Xo, s 7Xk) = ng(hX07 L) th)

Clearly D is horizontal. If ¢ is moreover equivariant (of type p) then we get
a diagram

Qk(Pa p) 4d> Qk+1(P7 IO)

] .

Qhor('P p) —> QkJrl P7p

hor

{ }

QF (M, P[W]) — — » QF1(M, P[W))
with h*(Xo, ..., Xg) = ¥(hXo, ..., hXk).
REMARK. The dotted arrow can be described explicitly: either write locally
Y= Zsidfi,l VACERIVAN df@k and then Dg = Z Vs; A dfi71 VANRERAN dfi,k or

Dp(Xo, ..., Xi) = Z(* )V 0(Xos s Xiy ooy Xi)

+Z D™ o([Xs, X1, Xow ooy Koo ooy Xy oo, Xi)
1<J
Consider a principal connection I' on P and its curvature
CT : P xy A*TM — VP
defining a g-valued 2-form 2 on P by the formula
(Y, Z) := wCT (u, 7Y, 7. Z)
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THEOREM 3.8. ) = Dw, i.e. the curvature £ is a covariant derivative of the
form of the connection.

PRrROOF. We first express 2 using the defining equation for w:

0 (Y, Z2) =CT(u,m.Y,m.Z) = —v[m.Y,m.Z] = —v[hY, hZ]
Therefore Q, (Y, Z) = —w[hY, hZ]. Now we compute
Dw(Y,Z) = dw(hY,hZ) = (hY)w(hZ) —(hZ)w(hY) —w[hY,hZ] = Q(Y, Z)
S—— ~——

0 0

4. The structure equation

Let U, V, W be vector spaces and f : U®QV — W alinear map. Let ¢ : TM — U
and ¢ : TM — V be 1-forms. Consider the antisymmetrization of

TMeTM 2225 U eV,

a 2-form ¢ A : A°TM — U ®@ V. By composing with f we obtain a 2-form
flp, ) : A°TM — W, explicitly

e, ¥)(X,Y) = fe(X) @ p(Y)) = f(e(Y) ® (X))
Applying this construction to the Lie algebra bracket g® g — g and w € Q' (M, g)
[w,w](X,Y) = [wX,wY] — [wY,wX] = 2[wX,wY]

On a principal bundle with a principal connection I' we have the form of the con-
nection w € Q1 (P, Ad).

THEOREM 4.1 (The structure equation). dw + 3w, w] = Q.

COROLLARY 4.2 (The second Bianchi identity). dQ = [Q,w]. In particular
DQ =0.

PRrOOF. Applying a linear map f to d(¢ A¢) = dp A — ¢ A d one obtains
d(f(p,¥)) = f(de, ) — flp,dv)
Thus using the structure equation
dQ = d(dw + 1w, w]) = L {dw,w] — 3w, dw] = [dw, w]

since w A dw = twodw Aw and [, ] is anticommutative, [, |otw = —[, ]. Using
the structure equation again

dw,w] =[Q — %[w,w],w] = [Q,w]

since [[w,w],w] = 0 by the Jacobi identity:
[[w, ], (X, Y, Z) = [[w,0](X,Y),wZ] = [[w,0](X, 2), wY] + [[w, @] (Y, Z), wX]
= 2([[wX,wY],wZ] — [[wX,wZ],wY] + [[wY,wZ],wX]) = 0.
The last part follows from D) = h*dQ = [A*Q, h*w] and h*w = 0. O
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THE PROOF OF THE STRUCTURE EQUATION. First we deal with a Lie group
G thought of as a principal G-bundle over a point. The vertical projection in this
case is the identity and thus there exists a unique connection. Since

A*(a) = C%|t:0a cexp(tA) = (M)A

the unique connection form is wg(a, X) = (Ay-1)«X. This is the canonical g-valued
1-form on G called the Maurer-Cartan form. The structure equation reduces in this
case to

THEOREM 4.3 (Maurer-Cartan equation). dwg + 3[we,wa] = 0.
NoOTE. The curvature must be zero since T'M = 0.

PrOOF. Observe that any X € T,G extends to a left-invariant vector field
Awex and denote for short wgX = A and wgY = B. Thus

de(X, Y) = de()\A,/\B) = )\A(WG)\B) — /\B(WG)\A) —wg[)\A,)\B]
= Aa(const) — Ag(const) — wG/\[AB] =—[A,B] = —%[wc,wc](X, Y).
]

Let us now proceed to the general case with P a principal G-bundle over M and
a principal connection on P. For A € g the fundamental vector field A* : P — V P
is given by

A*(u) = & 1o U exp(tA)

The derivative at a general tg is

4w exp(td) = $|,_, u-exp(tod) - exp((t — to)A) = A" (u - exp(toA))

In particular FI" = u - exp(tA) or in other words FI&~ = Texp(tA)-

LEMMA 4.4. For arbitrary horizontal vector field Y on P, [A*,Y] is also hori-
zontal.

Proor. We determine the Lie bracket by
A% Y)() = &g BV (I () = &,y (rpiea))Y (1 - exp(tA))

Here Y (u - exp(tA)) is horizontal by assumption and the action preserves horizon-
tality. Therefore the curve lies in H, P and so does its derivative. O

The proof of the structure equation splits into three cases by bilinearity

e both X and Y vertical: then Q(X,Y) =0 as Q is horizontal. The restric-
tion w|rp, of the connection form to the fibre is the Maurer-Cartan form
wg and the Maurer-Cartan equation finishes this case.

e X = A* vertical and Y horizontal: still Q(X,Y) = 0 by horizontality.
The left hand side is

dw(A*)Y) = A" (wY ) - Y (wA*) —w [A",Y] =0
—~— <~ o

0 const.
Lw,w](A*)Y) = [wA*, wY | =0

3 wY
N
0

horizontal
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e both X and Y horizontal: then 1[w,w](X,Y) = 0 and the structure equa-
tion says
"
dw(X,Y) = Dw(X,Y) = dw(hX,hY)
which is satisfied by the horizontality of X and Y.
([l

LEMMA 4.5. A differential k-form ¢ on P projects to a k-form ¥ on M (i.e. p =
7 ) if and only if the following two conditions are satisfied

(1) ¢ is horizontal and
(2) p(X1a,...,Xra) = @(X1,...,X), i.e. @ is of the type given by the trivial
representation e : G — GL(1), a — e = id.

PRrOOF. This is a special case of the bijection QF (P, p) = QF(M, P[W]) for
W = R with the trivial action so that P[W] = M x R. O

Now we will construct k-forms on M from the curvature 2. We denote by
T*(@) the set of all symmetric multilinear maps

frgx---xg—R

satisfying f(Ad(a)Ay,...,Ad(a)Ax) = f(A1,..., Ag). In other words f is equivari-
ant with respect to the trivial action of G on R. The curvature form Q : A°TP — g
then induces

NTP® @A TP 2202, 4o o g Lo R
Antisymmetrizing we obtain f(Q) : A2*TP — R.
THEOREM 4.6. The (2k)-form f(2) on P projects to a (2k)-form f(2) on M.

PrOOF. Easily f() is horizontal since 2 is and

F)(Xq,..., Xox) Zf o(1)r Xo(2))s - -+ U Xo@2r-1)5 Xo(2k)))
the sum being taken over (2,...,2)-shuffles. The equivariancy follows from Q being
of type Ad and f being equivariant. O

DEFINITION 4.7. The form f(Q) is called the Chern-Weil form.

LEmMMA 4.8. When an r-form ¢ on P projects to an r-form ¢ on M then
dp = Dy for any connection on P.

PRrOOF. First we express
D(Xo,..., X,) = DKo, ..., Xy) = dg( Ko, ..., X,)
To compute dy we use p(Xo,...,X,) = ©(Xo,...,X,) and differentiate

dp(Xo,..., X,) =Y (1)’ X; - o(Xo,.... Xi,. .., X,)
+Z 1 o([Xi, X5, Xos ey Xay ooy Xy ooy Xy)

—~

=3 (-1 o(Xo,..., X, ... X,)

— —~

+Z Vi o(1X0, Xi), Kov oo Koy Xy oy Xy)

This is exactly dg(X, ..., X,) when [Xi, X;] is replaced by [X;, X;]. But since the
difference is a vertical vector and ¢ is horizontal this makes no difference. (]
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THEOREM 4.9. All Chern-Weil forms f(Q) are closed.
PROOF. By the previous lemma df(Q) = df(Q2) = Df(Q2) and

DF(Q)=D(fo(QA--AQ))=> fo(QA-—-AQADAAQA---AQ) =0
0
with D) = 0 by the Bianchi identity. O

LEMMA 4.10. Let ¢ be a horizontal 1-form of type p. Then
De(X,Y) = dp(X,Y) +w(X) - o(Y) —w(Y) - o(X)
where the dot stands for the infinitesimal action A - w = p.(A)(w) with px : g —
gl(W) the derivative of p. We may write simply
Dp=dp+w-p

PrOOF. Again we split the proof into three cases.

e both X and Y horizontal. Then Dp(X,Y) = de(X,Y) and w(X) =0 =
w(Y).

e both X = A*| Y = B* vertical. Then Dp(X,Y) =0 and
dp(A", BY) = A" o(B") =B" p(A") —¢[A", B"] = —¢[A, B]" = 0

0 0

As p(A*) = 0 = ¢(B*) the equality holds trivially.

e X = A* vertical and Y = Z horizontal. Still Dp(X,Y) = 0 and

dp(A*, Z) = A*o(Z) — Z p(A") —p[ A", Z]
——
0

In the last term

(A7, N] = dt’t 0 (Texp(—t4) ) (u exp(tA)) = dt‘t:OZ(u) =0
so that
dp(A*,2) = A"p(Z) = §|,_yp(Z(u-exp(tA)) = §,_, #(Z(u) - exp(tA))
= i li—o P(exp(—tA)p(Z(w)) = —p(A) - p(Z(u))
Since A = w(X) this equals —w(X) - (Y). As w(Y) - ¢(X) = 0 the
equality holds.
U

We are now aiming at the independence of the cohomology class of the Chern-
Weil form under the choice of the principal connection. Therefore let T'y and T’y
be two principal connections with associated forms wg and wy. Put a = w; —wq €
QL. (P, Ad), horizontal by wy(A*) = A = wo(A*). Then a covariant derivative with
respect to some principal connection w is

Da =da+ [w,a]
since « is of type p = Ad and p, = ad = [, ]. We consider a 1-parameter family of
connections
wr = wp + ta = (1 — t)wo + twy
(note that principal connections form an affine space in Q!(P, g) as both conditions

- being of type Ad and the reproduction of vertical vector fields - are affine). We
denote by €; the curvature associated to w; and D, the covariant differential.
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LEMMA 4.11. £, = D;a.

PrOOF. To explain the formula Q;(u) € hom(A%T, P, g) and the derivative is
taken in this vector space. Differentiate the structure equation

Qt = dUJt + %[wt,wt]
to obtain
%Qt = %d(wt) + %[%wt,wt] =+ %[Wt, %wt]
1
2

= d(%wt) + s[a, we] + %[wt,oz] =da+ [w, o] = D

DEFINITION 4.12. Define a horizontal (2k — 1)-form on P
fla, Q) = fo(aANUA---AQ): A*ITP R
———
k—1
It projects onto a (2k — 1)-form f(a, €y, ..., Q) € Q**71(M). Let

1
d=k / o, Q... Q) € QM)
0

THEOREM 4.13. It holds d® = f(Q1) — f(Qo) so that the forms f(Qo) and

f(Q4) determine the same class in the de Rham cohomology.

PROOF. Since f(1) — f(0) = fol 4 £(Q) dt we compute
i, Q) = Zf(Qt,...,%Qt,...,Qt) =k f(LQ Q.. Q)
=k f(Dyo, ..., Q) =k Dy f(a, Q..o )
= kd(f(anh)Qt))

Thus

1 1
I(Ql)_I(QO) :A kd(f(a,ﬂt,,ﬂt)) dt_d(/o kf(Oé,Qt,,Qt) dt> =do
(]

THEOREM 4.14 (reformulation). For each f € IF(G) the de Rham class of the
Chern-Weil form f(S) does not depend on the connection T O

ExXAMPLE 4.15. Consider the example G = GL(k), i.e. the example of vector
bundles of dimension k. Here g = gl(k) and Ad(a)(A4) = aAa~!. The trace of
a matrix is a map tr : gl(k) — R satisfying tr(aAa=1) = tr(A). Therefore tr €
T'(GL(k)) and yields a class [tr(Q)] € H*(M). In the tutorial we will show that
TY(GL(k)) = (tr). There exist higher traces

tr:glk)®---@gl(k) — R
J
X1®-“®le—>tr(X1---Xj)

which exhibits a cyclic symmetry. Fully symmetrizing we get sym(tr;) € Z7(GL(k)).
“A bit of representation theory” implies that all Chern-Weil forms are generated
by tr; via the wedge product and linear combinations.

We will show now that for j odd these classes are zero. This will follow from the
fact that every principal GL(k)-bundle P admits a reduction @ to O(k). This means
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that for the connection induced from a principal connection on @ the curvature
Q) takes values in o(k) (this will be shown at the tutorial), the algebra of anti-
symmetric matrices. Since an odd power of an anti-symmetric matrix is again
anti-symmetric the trace tro;—1(2) must be zero.

For complex vector bundles there are non-zero classes in all even dimensions
up to the dimension of the vector bundle.

5. The canonical form on P'M (solder form)

Let 7 : P'M — M be the bundle of frames on M, P'M = PTM > u =
(u1,...,um) a basis of T, M, x = w(u). It is a principal GL(m)-bundle whose fibre
can be described as inv hom(R™, T, M ). The action of GL(m) on P*M is then given
as precomposition. Alternatively (ug,...,um)a = (O ui@i1,. .., Uilim)-

DEFINITION 5.1. The canonical form on P'M is the R™-valued 1-form 6 de-
fined by
T X =01 (X)uy 4+ + 0™ (X)um
In other words, the components of §(X) are the coordinates of 7, X in the basis
u. Using the frame map p : PM x R™ — TM, (u,a) + > a'u; the definition
becomes
p(u, 0(X)) = 7 (X)

THEOREM 5.2. 0 € QL (P,id) where id : GL(m) — GL(m) is the standard

hor
representation of GL(m) on the vector space R™.

PROOF. The horizontality is obvious since m,X = 0 for a vertical vector X.
Since the action preserves fibres we have

(ua) - 0(Xa) = m(Xa) =m X =u-6(X)

implying af(Xa) = 6(X) as both are coordinates of 7, X in the basis u. Finally
0(Xa) =a t0(X). O

LEMMA 5.3. Under the identification

XM = C*TM = C*P'M[R™] = mapGL(m)(PlM, R™)

a vector field X corresponds to 6(X).

PROOF. The section of P*M[R™] corresponding to u — 6(X (u)) sends z to

[0, 0(% ()] ~ u- 6(X () = X(2)

where u € P! M, is arbitrary and ~ denotes the identification PM[R™] =~ TM. O

DEFINITION 5.4. Let I' be a principal connection on P'M. The covariant
differential D@ is called the torsion form of the connection I'.

THEOREM 5.5. DO = 0 if and only if the connection I' has no torsion.
PROOF. We will show that the section corresponding to DO(X,Y) is
VxY — Vy X — [X,Y]
for any vector fields X and Y on M. But
DO(X,Y)=X(0Y) - Y(#X) — 0[X,Y]
where Y =Y by the last lemma and hence X(G)}) = VxY. By horizontality of 6

the last term can be simplified 0[X,Y] = 0[X,Y] = [X,Y]. O
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For the next theorem denote by dot the following pairing
—-—:gl(m) @ R™ - R™
THEOREM 5.6 (The first structure equation). It holds DO = df+w-6 where w €

QY (PLM, gl(m)) is the form of the connection and 6 € Q' (P,R™) is the canonical
form.

ProOOF. We have shown this more generally, Dy = dy + p.w - ¢. O
REMARK. By differentiating covariantly once more we obtain
D?*0=h*d(dd+w-0) =h*(dw-0 +w-df) = h*dw-h*§ =Dw-0 =Q-0

We have not used any specific property of 6 and thus for ¢ € QF_ (P, p) it holds
generally that D?p = p,{) - ¢. In particular the covariant differential does not
generally square to zero.

6. The second tangent space TTM

What is TTM = T(TM)? Locally one has
TTR™ = T(R™ x R™) =R™ x R™ x R™ x R™
—_———— — ——
base fibre

Let us write the coordinates as (z, X,Y,a). For o : R?> — R™ with coordinates s
and ¢t on R? we have

c:R— TR™
s+ (0(s,0), %O’(S,O))

il
ot [t=0

Differentiating again we obtain % o € TTR™ with coordinates

|s=0 % ’t:O

(0(0), 50(0), £0(0), 52570(0))
We have a well defined map TTR™ — TTR™ by
75 lso ] G P
s ls=0 Ot lt=0 Ot lt=0 0sls=0
which plainly swaps the middle coordinates but in this form it clearly does not
depend on coordinates and thus induces a map

k:TTM —TTM

on the second tangent bundle of any manifold M.

Let ": TM xp TM — TTM be a lifting map of a linear connection on T'M.
Locally ((z,X), (z,Y)) — (z,X,Y, (I‘ijin)). We can use  to introduce a new
lifting map " via the diagram

g

k 7 ] k 1 j
(z,Y, X, (T3 Y X7)) (z,X,Y, (T}, X'Y7))
TTM r TTM
1\

TMxMTM«—ii——TMxLTM
((z,Y), (z, X)) ((z, X), (z,Y))

with ex denoting exchanging the two factors.
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THEOREM 6.1. "= ko oex prescribes a linear connection on T M, the so-called
conjugate connection I'. In coordinates ffj = F;‘?i.
Let us denote the “translation” map by
tr: VIM = TM x TM 22 TM
(2, X,0,2) — (z,2)
LEMMA 6.2. For any vector fields X, Y € XM
tr(TY o X —koTX oY) =[X,Y]
PROOF. In coordinates X : z — (x,X), Y : x — (x,Y) so that

TY oX 1w (2,Y, X,y X719V 00

TXoY :x— (2,X,Y,Yy VIG5 2
TY oX —koTXoY :x— (2,Y,0,[X,Y]) = (z,[X,Y))
where e.g. the last coordinate of TY o X is the derivative of Y along X. ]
THEOREM 6.3. The following holds
(1) VxY =VyX +[X,Y], o .
(2) the section corresponding to DO(X,Y) is VxY — VxY.
PROOF. Once (1) is proved, (2) follows from DO(X,Y) = VxY -Vy X —[X,Y].
To prove (1) we observe that by definition
VyX =tr((TX oY) =tr(TX oY —Y(X)) =tr(k o TX oY — (Y (X)))
using tr ok = tr and analogously
VxY =tr(TY o X — V(X)) = tr(TY o X — k(Y (X)))

Subtracting the two formulas reduces the theorem to the previous lemma. O

7. Morphisms of connections

Let p; : E; — M, ¢ = 1,2 be two bundles and also ¢; : D; — N. Further let
Ji : E; = D; be bundle morphisms over the same base map f : M — N. We obtain
Jix fa=f1Xg fa: By Xp By = Dy Xy Dy

the so-called fibre product of fi and fs.

Let now ™ : E Xy TM — TFE be a lifting map for a connection I' on £ — M
and”: D xy TN — TD a lifting map for a connection Aon D - N, f: D — F a
bundle morphism over f: N — M.

DEFINITION 7.1. Connections A and I' are calles f-related if the diagram

TD—" TR

T FX fu T
DXnyTN — ExyTM

commutes. In other words f is required to preserve horizontal vectors, i.e. f*X (y) =

LX(f(y)) or foA®y) CT(f(y)).

We also say that f is a morphism of connections A and I
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DEFINITION 7.2. An induced connection g*I" on the pullback bundle g*E
Iy AN
| ]
N — M
is determined by the requirement that the horizontal distribution ¢*T" is the preim-
age of the horizontal distribution I, i.e. g*I'(x,y) = (Gu(z4)) T (¥)-
THEOREM 7.3. The distribution g*I' gives a connection on g*E.
PrOOF. By the diagram
(X, Y)———>Y

[

X+—g.X =pY

for (X,Y) € ¢*T'(z,y) necessarily Y = g. X (y) so that for each X € T, N there is a
unique Y € T, E with (X,Y) € ¢g*T'(z,y). O

Another characterization of ¢*I" is via the jets of sections: a section s : M — E
representing the horizontal subspace of T, i.e. I'(sg(z)) = j;(m)s, induces a section
g*s: N — g*'F

sog

N--+3g"FE——F
g*s
N — M
and g*T'(x,sg(z)) = jL(g*s). In this way one obtains the horizontal spaces at all
points.
THEOREM 7.4. The connections g*T' and I" are g-related.

ProOOF. Follows immediately from the definition. (]

THEOREM 7.5. In the diagram
f
D= fE—SF
|
N=——N M

the connections A and I' are f-related if and only if A and f*I" are f—related.

—
f

Proor. Easy. (I
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THEOREM 7.6. If A and ' are f-related then the following diagram commutes

VD I VE

] ]

D xnA’TN ——— E x3; A°TM
FXA?S,

We say that CA and CT are f-related.

ProoOF. Let y € D, X, Y € Ty, )N where ¢ : D — N is the bundle projection.
Suppose first that it is possible to extend X and Y to vector fields X and Y that
are f-related to vector fields X’ and Y’ on M. Then

CT(f(y), X", Y") = —o[X",Y'|(f(y))
But X and Y are f-related to X’ and Y’ so that [X,Y] is also f-related to [X’, Y]

-

and also [X,Y] is f-related to [X’,Y"]). Subtracting we obtain that CA(—, X,Y)
is f-related to CT'(—, X’,Y”’) which is exactly the commutativity of the diagram
from the theorem.

In general the extensions X’ and Y’ might not exist. They do exist for f an
immersion and a submersion. But it is possible to decompose f into a composition
of such, namely

prsll —— F

T

NxMwM

(id,f)
The graph (id, f) of f is obviously an immersion while the projection pry is a
submersion. The extensions are easy to construct. (I
8. Problems

PROBLEM 8.1. Show that a linear connection is complete.

PROBLEM 8.2. Show that for a vector bundle E — M the vector space C*°FE
of all smooth sections of E is naturally a bundle over C°°M. Further show that
if £ and F are two vector bundles over M then there is a bijection between linear
morphisms £ — F and C*° M-linear homomorphisms C*FE — C*°F.

PROBLEM 8.3. Show that if ¢ : C*FE; x C*Ey — C°°F is bilinear over
C*°M then the value of ¢(s1,s2) at = depends only on s1(x) and sz(z) and this
dependence describes a bilinear morphism F; Xy EF5 — F of bundles over M.

One may reduce to the previous problem by showing that
C®E ®@cooy CCEy = C(Ey @u E»)
PrROBLEM 8.4. Apply the previous problem to the curvature

CT : C®(p*TM) x C®(p*TM) — C*VE
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PROBLEM 8.5. Show that an exterior derivative of a 1-form ¢ € Q!(M) satisfies
dp(X,Y) = Xo(Y) = Yip(X) — o[ X, Y]
for any two vector fields X, Y € XM. Generalize to higher degrees.

PROBLEM 8.6. An exterior derivative of a form ¢ € Q¥(P, p) of type p is also
of type p. The same holds for the covariant derivative.

PROBLEM 8.7. Show that Z'(GL(k)) = (tr).

Decomposition into symmetric and antisymmetric matrices yields an easy re-
duction to linear forms on symmetric matrices which are O(k)-invariant. Since each
is equivalent to a diagonal one this gives the result.

PrOBLEM 8.8. Let Q C P be a reduction of a principal G-bundle P to H C G.
Prove the following two characterizations of principal connections on P induced
from principal connections on Q:

e I is a principal connection tangent to @, i.e. I'|g C TQ,
e w is a principal connection whose restriction w|g to @ takes values in b.

PROBLEM 8.9. Show that the canonical form 6 : TP'M — R™ corresponds to
id: TM —TM.

PROBLEM 8.10. Show that under the identification of sections s € C*°(P[W])

and equivariant maps o : P — W we get that V xs corresponds to Do (X). Maybe
not a good problem. ..
PRrROBLEM 8.11. Let E, F be two vector bundles associated to P(M,G) and let
s € C®F and t € C°°F be two sections. Then Vx(s®t) =Vxs®t+ s® Vxt.
PROBLEM 8.12. Let P — M be a principal GL(k)-bundle and @ C P a reduc-
tion to O(k) which is equivalent to a scalar product g € C*°(E ® E)*. Let I" be a
principal connection of P. Show that the following conditions are equivalent.
e I reduces to Q,
e Vg =0 (g is then called covariantly constant),
e the parallel transport on E preserves the scalar product.
PrOBLEM 8.13. Let P(M, G) be a principal bundle with a principal connection

w and let p : G — GL(W) be a representation, ' = P x¢ W the associated vector
bundle. Describe the curvature CT'y of the associated bundle in terms of €.

PrROBLEM 8.14. Describe for X,Y € XM and s € C*°FE the expression
VvaS — VyVXS — V[X7y]S
in terms of the equivariant map o : P — W corresponding to s.

PrOBLEM 8.15. Let ¢ : Q < P be an inclusion of a reduction @ of P to a
subgropu H C G. Let I'g be a reduction of a principal connection I'p on P. Show
that I'g and I'p are t-related and that (g is a restriction of Qp to Q. Deduce that
Qp|g takes values in b.

As a consequence for a principal GL(k)-connection w the curvature is trace-free,
tr 2 = 0, when the connection reduces to O(k). Namely any element of P may be
expressed as u - a with u € @ and a € GL(k). Then

tr QX (u-a),Y(u-a) =tr(a” QX (u),Y (u))a) = tr X (u),Y (u) =0

since Q(X (u),Y (u)) is an antisymmetric matrix and as such has zero trace.



CHAPTER 4

Riemannian geometry

1. Interpretation of Riemannian geometry

Let us start with a motivation which I presented in the tutorials. Let P — M be
a principal GL(k)-bundle, @ C P a reduction to O(k) and I" a principal connection
on P. The question arises how to recognize whethet I' is associated to a principal
connection on @ here we think of P as @ xo) GL(k) to make sense of this. In
such a situation we say that the connection I' reduces to Q. In this special case a
reduction to O(k) is the same as a choice of a scalar product

g: FEQF =R
on the associated bundle E = P xgp,) R

THEOREM 1.1. The following conditions are equivalent

(1) T reduces to Q,
(2) Vg =0 (we say that g is covariant constant),
(3) the parallel transport on E preserves the scalar product.

LEMMA 1.2. Let Ey and Es be two vector bundles associated to P(M,G), s1 €

C®FE, s3 € C®FEy two sections. Then
Vx(sl & 82) =Vxs1 ® 8+ 51 ® Vxss

PROOF. Let s; be associated to an equivariant map o; : P — V;, i.e. s;(n(u)) =

[u,0;(u)]. We have an isomorphism
(P xc V1) ® (P xg Vo) — P xg (Vi ® V&)
[u,v1] ® [u, va] — [u, v ® Vo]

under which the section s; ® sy becomes 01 ® 05 : P — V] ® V5, since

(s1 @ s2)(m(u)) = [u,01(w)] @ [u, 02(u)] = [u, (01 @ 02) (u)]

In our correspondence V x s; becomes do;(X) and thus Vx(s1 ® s3) corresponds to

d(O’l X O'Q)(X) = dO’l(X) XKoo +01 X dUQ(X)
because the coordinates of oy ® oy are products of coordinates of o1 and of o5. The

right hand side then corresponds to the formula from the statement. O

PROOF OF THE THEOREM. We start with “(1) = (2)”. The scalar product
section g of (B ® E)* = Q Xo) (R* @ R¥)* corresponds to an equivariant map
7:Q — (RF @ RF)* which we now identify. Let u € Q, be an orthonormal basis of
E, thought of as a map u : R* =N FE.. Then

g(m(u) = [u,y(u)] : B, ® E, wTouT!  pkopk YW R

69
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Thus (u) is the scalar product g expressed in the orthonormal basis u, i.e. y(u) is
the standard scalar product (independently of u) and + is constant. Thus dy =0
and hence Vg = 0.

We now reformulate (2) slightly. Let ev : (R* ® RF)* @ R¥ @ R¥ — R be the
evaluation map h ® v ® w — (h(v ® w). Then ev induces a (linear) morphism of
induced vector bundles

P xarp (RF@R*)* @R* @ RF) — P xgLpy R=M xR
For sections g, s; and sy we therefore obtain
Vx(g(s1®82)) =Vxev(g®s1 ®32) =evVx(g® s ® s2)
=ev(Vxg®s1 R8s+ 9 Vxs1 ®s2+g®s1 ®Vxss)
=Vxg(s1 ®82) +9(Vxs1 ®s2)+ g(s1 @ Vxsa)
In other words
Vx(s1,52) = Vxg(s1 ® s2) + (Vxs1,52) + (51, Vxs2)

Now we are ready to prove “(2) = (3)”. For vectors v1,vs € F, and a path
v : R — M through z let us denote the parallel transport of v; along v by 7;. The
definition gives V47; = 0 and thus

G (71 92) = V5 (1. 92) = (Vadn, 32) + (31, Vade) = 0

The scalar product (%1, 72) is therefore constant which is exactly what (3) asserts.

Finally we prove “(3) = (1)”. Let x € M and represent X € T,M as the
velocity 4(0) of a path v : R — M. Choose an orthonormal basis v = (uy, ..., u)
of E,. By (3) the parallel transports 4; of u; along v form an orthonormal basis at

the points v(t) on the path. The derivatives % | .o Vi are the horizontal lifts X (u)
and they constitute a horizontal lift

X(u) = (X(wr), o X(up)) = G l,g Gasee o)
of X at u. Since the path takes place in Q, X (u) € T, Q and therefore the connection
reduces to Q. O

A second exercise was to identify the curvature of the associated connection.
The idea is that this should be determined by the curvature of the principal con-
nection which is equivalent to the curvature form . Thus one should be able to
express the curvature CTy translated from V E to to the zero section E using ).
More precisely tr CT is a bundle morphism

trCTw : E xa N2TM — W
and as such is induced by an equivariant map

P xpr A°TM — map(W, W)
In fact we will see that the curvature is linear and map(W, W) can be replaced by
hom(W, W) = gl(W).

THEOREM 1.3. Let P(M,G) be a principal bundle equipped with a principal
connection w, p : G — GL(W) a linear representation, E = P xg W the associated
vector bundle. Then the curvature tr CT'w(—,X,Y) : E — E of the associated
conmection, is induced by the map P — gl(W), u— p.QX,Y)(u).
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PrOOF. As we do not want to confuse the Lie bracket with points in £ =
P xg W (i.e. classes [u,v] of pairs (u,v) € P x W) we will use the quotient map

q:PxW —PxgW=E

to denote the latter. The horizontal lifts X on E are given by

X(Q(u’ U)) = G« (X(U')a Ov)

using the horizontal lift X for P. We need to compute their Lie bracket. For this
we observe that via we have (X,0) ~; X and (Y,0) ~, Y. Therefore

[(X,0), (Y,0)] ~ [X,Y]

Since ¢ is a submersion this determines [X,Y]:

[, Y@, 0)) = dugun[(X,0), (Y, 0)] = ugun) ([X,Y],0)
Subtracting from [X/,\Y](q(um)) = q*(um)([X,/\?], 0) we get
CTw (q(u,v), X,Y) = ¢.(CT (4, X,Y),0,) = ¢:(QX,Y)*(u), 0,)
The last step is to use A*(u) = %|t=0 u - exp(tA) to simplify to
il imo 0(u - exp(t- QXY (u), v) = |, alu, exp(t- QX Y)(u) - v)
When composed with the translation this can be written as
a(u, §il,g exp(t - X, Y)(w)) - v)) = g(u, pu(UX,Y)(u)) - v)

O

The last exercise was to express the section VxVys — VyVxs — Vix,y]s via
an equivariant map

THEOREM 1.4. The following formula holds.
VxVys—VyVxs— V[X,y]s =tr CT(S,X, Y)

PrOOF. If s corresponds to o then Vxs corresponds to Xo and the whole
formula to

(XY - VX — [X,Y))o = (X, 7] - [X,Y))o = —CT(—, X,Y)o
Now we express the result using 2 to get
—OD(u, X, Y)o = —(QXK, V) (1)) 0(0) = lo 150y (0(0) = pu( QXK V) (w))-0(u)
By the previous theorem this corresponds to the section

tr CT(¢(u,o(u)), X,Y) =trCT(s, X,Y)
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2. The curvatures of a Riemannian space

For a smooth manifold M a Riemannian structure is a section g : M — SiT *M
of the bundle of symmetric positive definite bilinear forms. We say that (M, g) is
a Riemannian manifold (a manifold M equipped with a Riemannian metric g).

DEFINITION 2.1. A Levi-Clivita connection V on TM is characterized by its
three properties

(1) it is linear,

(2) torsion-free, i.e. DO =df +w -6 =0,

(3) Vg =0, ie. V comes from a connection on the subbundle Q*M C P*M
of orthonormal frames.

Let us consider the curvature of the Levi-Civita connection
R(X,Y)Z =VxVyZ —-VyVxZ— Vixy)Z

a section R of TM ® A2T*M ® T*M with factors corresponding to the value of R,
the X and Y entries, and the Z entry. We have shown that the equivariant map
inducing R is

Q'M — R™

where 0Z is the map corresponding to Z. The map corresponding to g is the
constant map with value the standard scalar product.

THEOREM 2.2. For X,Y,Z U € XM the following holds
9(R(X,Y)Z,U) = —g(R(X,Y)U, Z)
Proor. By what we have said the left hand side corresponds to
(Q(X,Y)-0Z,00)

As Q takes values in the Lie algebra o(m) of all skew-symmetric matrices (anti-self-
adjoint maps) the result follows. O

The tensor field R of type (0,4) sending
(X,Y,Z,U) — R(X,Y,Z,U) = —g(R(X,Y)Z,U)

is called the covariant form of the curvature tensor field R of type (1,3). In coor-
dinates

R=) Ry da' @ da’ @ da* @ da’
and we have so far proved
Rijri = —Rjim Rijri = —Rijik
THEOREM 2.3 (The first Bianchi identity). R;jr + Rjkit + Reiji = 0.

PROOF. Our previous (more general) first Bianchi identity claimed D% = Q-6.
Since in our case DO = 0 we have

0=(Q-0)(X,Y,2)=QX,Y)-0Z+QY,Z) - 6X +QZ,X)-0Y
Multiplying by 90U and converting to the section form yields the result. (I
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THEOREM 2.4. As an algebraic consequence of the previous identities
Rijii = Ryiij
PRrROOF. Consider two instances of the first Bianchi identity
Rijri + Rjkit + Riiji = 0
Rijir + Rjiik + Riije =0
Subtracting we obtain
2R + Rjrat + Rypsji — By — Rigj =0
Changing the indices according to ( ,’C f ’f ;) one gets
2Ry + Risky + Riryj — Rijis — Rjkts =0
and finally subtracting the last two equalities one obtains
2Rk — 2Ry =0
O

REMARK. This should be expressible as an identity in the group algebra R[X4]
and its right ideal I generated by id + (12), id + (34) and id + (123) + (132). We
will show that ((13)(24) —id) € I.

0=id + (123) + (132) = id + (12)(23) + (21)(13) = id — (23) — (13) mod I
Multiplying by (12)(34) on the right yields
0 = (12)(34) — (1342) + (1234) = id — (14) — (24)
On the other hand multiplying the first equality by —(24) we get
= —(24) + (13)(24) + (23)(24) = (13)(24) — (24) — (23)
while the second multiplied by —(13) leads to
0=(13)(24) — (13) — (14)
Together
2-id = (13) + (23) + (14) + (24) = 2 - (13)(24)
and ((13)(24) —id) € I. This should be interpreted as follows: there is an action
algebra homomorphism
R[¥4] — End(@W™)
and R € ®*W* is annihilated by the above generators of I. This means that the
kernel of the homorphism of right R[¥,]-modules
R[S4] 5= End(e*W*)

contains those and thus must contain also I.

DEFINITION 2.5. For a linear connection on M we define its Ricci tensor field
of type (0,2) by the formula

Ry =Y Ry
k

ie. R(X,Y) is the trace of R(—, X)Y : TM — TM.

THEOREM 2.6. The Ricci tensor field of the Levi- Civita connection is symmetric
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PROOF. Let u; be an orthonormal basis of T, M. Then tr(R(—, X)Y') equals
Zg ’U,Z, Yuz Zg Yuz uza Zg ’U,Z, X7uz)

which is tr(R(—, Y)X). O

DEFINITION 2.7. The function s =}, ; G R;; is called the scalar curvature of
the Riemannian space.

st M T M @T*M =5 TM @ T*M -2 R
Using an orthonormal frame u; we can write
S—Zg (g, wj)ug, u;) ZR(ui,uj,ui,uj)
4]
Observe that the covariant form of the curvature is a section
M — AN°T*M @ A*T*M
For a pair of vectors u,v consider R(u,v,u,v). Changing the basis to (u/,v') =
(u,v) - A we obtain v’ Av' = det A-u A v and thus
R/, v, u',v'") = (det A)? - R(u,v,u,v)

THEOREM 2.8. Let p C T, M be a two-dimensional linear subspace, u,v € p a
basis. Then the number
R(u,v,u,v
K(p) = ——— et

g(ua ’LL)g(’U, U) - g(“’v U)

does not depend on the choice of the basis u,v of p.

DEFINITION 2.9. The number K (p) is called the sectional curvature of (M, g)
in the direction of the two-dimensional subspace p.

Proor. We know that
2 g(u7 ’LL) g(uv U)
u,u)g(v,v) — glu,v)* =
sl lglo.) - gl = O] 40
equals the square of the volume of the parallelpiped determined by u, v. In particu-
lar by passage to (u’,v’) = (u,v) - A this expression gets multiplied by (det A)2. O

REMARK. If u,v € p is an orthonormal basis then K(p) = R(u,v,u,v) since
the denominator is 1.

INFORMATION 2.10. (without proof) Using geodesics to transport the disc
D(r,p) cetred at 0 € p and of radius r to M. We obtain a two-dimensional sub-
manifold V (r,p) = exp(D(r,p)) C M. It holds

2 _
K(p) = 12 lim T— =YLV (p)

r—0 mrd
The normalization is chosen so that for the unit sphere K (p) = 1.

DEFINITION 2.11. We say that a Riemannian space (M, g) has constant curva-
ture if its sectional curvature is the same at all points and in all directions.

THEOREM 2.12 (Schur). Let (M,g) be a connected Riemannian space of di-
mension at least 3. If K(p) depends only on the point x then M has a constant
curvature.
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PRrROOF. Later. O

REMARK (The Cartan’s viewpoint). The curvature
Qe Q2 .(P,gl(m)) = Q*(M,End(TM))

hor

corresponds to an equivariant map
P — hom(A?R™, gl(m))

with its image in fact lying in the GL(m)-submodule homz(A2R™, 0(m)) of tensors
satisfying the Bianchi identities. This submodule happens to decompose into three
irreducible components and thus the curvature decomposes correspondingly. The
components are respectively the scalar curvature, the traceless Ricci and Weyl
curvature.

THEOREM 2.13. Let (M,g) be a Riemannian manifold, QM the principal
O(m)-bundle of orthonormal frames. Then on Q'M there exists a unique torsion-
free principal connection. It is called the Levi-Civita connection.

PROOF. We are searching for w : T(Q'M) — o(m), it is already determined
on the vertical subbundle V(Q'M). To determine the horizontal distribution we
need to solve

0=D0=d0+w-06
expressing that w is torsion-free. As D@ is horizontal independently of # this condi-
tion is automatically satisfied for vertical vectors. We use 6 to make an identification
H,(Q*M) = R™. In this way the above equation becomes

AZR™ <= A2H,(Q M) 24wl g

The mapping w +— df + w - 8 is affine with the associated linear map w +— w - 6.
We will now show that it is surjective. Then there exists a unique w for which
w -0 = —df verifying the theorem. At each u € Q'M the map w, > w, - O,

becomes under our identification the map
hom(R™, o(m)) — hom(A*R™ R™)
ar— (B:vAw— a)w — alw)v)
Since the vector spaces have the same dimension it is sufficient to prove injectivity.
Denoting a(e;)e; = Y af;e), we have the antisymmetry relation af; = —a, and the
coordinates of the image /8 are simply

by = Blei Aey)* = (alei)ey)” — (alej)e)’ = afy —af;

Clearly the kernel consists precisely of those afj symmetric in the lower indices.

Thus afj = a?i = fa;:k and repeating this cyclic permutation three times
afj =—afy, = +ai, = *afj
In the end afj = 0 and the map is injective.
The equivariancy of w follows by uniqueness from
0=ri(d04+w-0)=d(r:0)+riw-r.0 = a~1do + rw - a=lo
(where we use equivariancy of ) and

0=a'(df+w-0)=a'dd+ Ad(a Hw-a 10
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3. Normal coordinates

Let V be a linear connection on M. A path v : 1 — M, where I C R is an
interval, is called geodesic if the tangent vector field 4 along ~ is parallel. We will
now express this condition in coordinates using the classical Christoffel symbols

Vi) = erjaxk
If y(t) is given in coordinates by functions z*(t) then ¥ is given by dd—ﬁi(t) and the
differential equation describing geodesic paths becomes

d2a* k dz’ dad _
ar T =0
We see immediately from the shape of the equation that the geodesic paths are

preserved by affine reparametrizations t = at +b, a # 0. For X € T, M there exists
a unique geodesic path v with 4(0) = X which we denote by ~vx.

THEOREM 3.1. The rule exp,(X) = vx (1) defines on some neighbourhood Uy
of 0 € T,M a smooth map exp, : U, — M which is a local diffeomorphism at 0.

PRrROOF. Let us denote the unit ball in T, M by B, and observe that by com-
pactness the geodesic paths yx are defined on [—¢,¢| for X € B,. For X € B,
they are defined on [—1, 1] by affine reparametrization. Since

(expm)*O(X) = %|t:0 expm(tX) = %|t:0 fYX(t) = X

the derivative at 0 is (exp, )0 = id. O
DEFINITION 3.2. This map is called the ezponential map of the connection V.

REMARK.

e exp, needs not be defined globally. For R™ with the classical connection
(the Levi-Civita connection of the standard metric) exp, = idgm and thus
also for any open subset U C R™. In this case exp, is not defined globally.
For compact manifolds exp, : TM — M is always defined globally.

e exp, needs not be a global diffeomorphism, e.g. for S with the standard
connection the whole sphere of radius m centred at 0 € T,,5™ is mapped
to the opposite point —zx.

DEeFINITION 3.3. The local coordinate chart determined by exp, for a linear
torsion-free connection V on M is called the normal coordinate chart.

THEOREM 3.4. In the normal coordinate chart at x it holds Ffj(x) =0.

PRrROOF. The geodesic going through z = 0 with speed X has a coordinate
expression a't. Then the differential equation for the geodesic becomes

0= L2t | > rk(a) da’ da’ _ > rk(tat)ata’

For t = 0 we get Y T'¥;(0)a’a’ = 0 for arbitrary a’. Since I'}; is symmetric in the

lower indices Ffj(()) prescribes a symmetric bilinear form with vanishing associated
quadratic form. Hence it must be zero itself. [l

Let us compute the coordinate expression of the curvature tensor

R(X.Y)Z =VxVyZ -VyVxZ-Vixyv|Z
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We first compute
art
Vo Vor 02" = Vo Y Thoah =3 Z2k02 + ) T T, 0af

Ca . _— art,
which in the normal coordinates is simply > 2 dz!. Thus

L
Rl — Ok _ or,

ijk = Ozt oz

THEOREM 3.5 (First Bianchi identity). For any torsion-free connection it holds
Rl»jk + R;ki + Rfﬁj =0 or equivalently R(X,Y)Z + R(Y,Z)X + R(Z,X)Y =0.

?

Proor. We compute in the normal coordinates where

o _ 8F9k art,
Rijk T 9zt T Oai
1 _ 0T, 8].“3-1-
Rjni = gai — ok
Rl — ary, ar;c_j
kij ozk oz’
Adding up all terms cancel by symmetry. (I

We will now explain what is meant by Vx R. Here R is a tensor of type (1, 3),
i.e. a section of P'M X GL(M) hom(®3R™, R™). Using the evaluation map

ev : hom(2°R™, R™) @ R™ @ R™ @ R™ — R™
the corresponding linear map on the associated bundles is
ev : hom(@*TM, TM) 2 TM @ TM @ TM — TM
The covariant derivative commutes with linear maps thus
Vx(RY,Z)U)=(VxR)(Y,Z,U)+ R(VxY,Z)U+ R(Y,VxZ)U + R(Y,Z)VxU

THEOREM 3.6 (Second Bianchi identity). For every torsion-free linear connec-
tion it holds (VxR)(Y,Z,U)+ (VyR)(Z,X,U) 4+ (VzR)(X,Y,U) = 0.

PROOF. In the normal coordinates we write the components of VR as Rﬁjk;h.
To compute them we plug

X=0z" Y=0 Z=0a U=0a"
into our formula for (VxR)(Y,Z,U). At the origin
VxY(0) =Y T},(0)9z' =0

and similarly for the other covariant derivatives. Thus

ort Tt
Rl (0) = (VxR)Y. Z,0)(0) = V(R 2)0)0) = o (5 - 52 ) 0
Summing with the cyclic permutations we obtain the result. [

REMARK. To relate this version of the second Bianchi identity to the more
general one D) = 0 we will show that the tensor!

(VxR)(Y,Z,U)+ R(T(X,Y), Z)U + cyclic permutations in X,Y, Z

1Thinking of VR as a section of T*M ® A2T*M ® T*M ® TM the summation over cyclic
permutations corresponds to the antisymmetrization in the first three variables.
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corresponds to an equivariant map DQ(X,Y, Z) - 0U. We have
R(Y,Z)U ~ QY ,Z) - 60U
which when differentiated along X yields
Vx(R(Y,2)U) ~ XY, Z)-0U +Q(Y,Z) - X0U
R(VxY,Z)U ~ Q(VxY, Z) - 00
R(Y,VxZ)U ~ Q(Y,VxZ) - 00
R(Y,Z)VxU ~Q(Y,Z)- XU
Subtracting one obtains
(VxR)(Y,Z,U) ~ XQY,2) - 00 — Q(VxY,Z) - 00 — QY,VxZ) - 0U
For torsion one has T'(X,Y) = VxY — Vy X — [X,Y] so that
R(T(X,Y), Z)U ~ Q(VxY,Z)- 00 + Q(Z,Vy X, Z) - 00 — Q([X,Y]), Z) - 0U

Adding up all the cyclic permutations (with respect to X, Y, Z only) of the last two
correspondences one gets

S (VxR)(Y,2,U) + R(T(X,Y), 2)U ~ 3 (XQ(V, 2) - (X, V]), 2)) - 60
On the right it is easy to recognize the formula for DQ(X,Y, Z) - 0U.

REMARK. We have derived a general form of the second Bianchi identity
(VxR)(Y,Z,U)+ R(T(X,Y), Z)U + cyclic permutations in X,Y,Z =0
Analogously one can prove for a general connection that
R(X,Y)Z + cyclic=T(T(X,Y), Z) + (VxT)(Y, Z) + cyclic
by showing that the right hand side corresponds to D28 = € - § which we know
that corresponds to the left hand side.
LEMMA 3.7. Let V be a finite dimensional vector space and Ry, Ry : @V — R
to linear maps satisfying
(a) Ri(z®@y®z0@u) = —Ri(y®r®z@u),
(b) Ri(zQ@y®2®@u)=-Ri(zQ@yQu® z2),
() Ri(z®@y®z20u)+ Ri(yRz0xu)+ Ri(2@xy®u) =0.
IFRi(z®y®z®y)=Ri(zQy®x®y) then Ry = R;.
ProOF. We set R = Ry — Ry. Multiplying out 0 = R(z ® (y+u) @2 ® (y+u))
we obtain
0=RzRy®Rzy)+Rrzukzeu)+Rzyzeu)+ Rezulzr®y)

where the first two terms are zero hence so must be the sum of the last two.
According to Theorem 2.4 this sum equals 2R(z ® y ®  ® u). Thus

R(z+tz2)@y@(x+tz)®@u) =0
and taking derivative we obtain that
%‘tZOR((x—i—tz)®y®(x—|—t2)®u) =RzRy®:z0u)+RzQyRz®u)=0
Thus R is fully anti-symmetric in the first three indices and thus

Rzey®20u)=RyR:z0rz0u)=REZQRrQyu)
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We can now rewrite (¢) as 3R(z @y ® z®u) =0 and R =0, i.e. Ry = R;. O

THEOREM 3.8 (Schur). Let (M, g) be a connected Riemannian space of dimen-
sion at least 8 such that K(p) depends only on the point x for which p C T, M.
Then M has constant curvature.

ProOOF. The tensor field Ry(X,Y,Z,U) = g(X,2)g(Y,U) — g(Y,2)g9(X,U)
satisfies (a), (b) and (c). At each point x € M it holds
R(X,Y,X,Y)
Kx)= ——F——-7-%
(x) RI(X7Y7X5 Y)
where we denote by K(z) the common value of K(p) for all p C T, M. By the
previous lemma R = K (x)R; since they agree on tensors of type X @ Y @ X ® Y.
We want to show that K (x) is a constant function.
To determine in what sense is R; constant we get back to the curvature tensor
of type (1, 3).
RI(X,Y)Z =g(Y,Z2)X — g(X,2)Y ~ (0Y,02)0X — (0X,02)0Y
This is summarized in the diagram

OXQR0YR0Z

Pl " R"@R™ QR™ TRYR 2
R™ (y, z)x — (z,2)y

showing that the map form of R; is the constant map
P'M — hom(®*R™ R™)

sending everything to the above tQy®z — (y, z)x—(x, z)y. In particular Vx Ry =0
and thus

VxR=Vx(K-R)=XK -Ri+KVxR =XK- R,

Now we use the second Bianchi identity

(VxR)(Y,Z,U) + (VyR)(Z, X,U) + (VzR)(X,Y,U) =0
which in our case takes form

XK -(9(2,0)Y —g(Y,U)Z) + YK - (9(X,U)Z — 9(Z,U)X)

+ZK - (g, U)X —g(X,U)Y)=0
Take an orthonormal system X,Y, Z = U and substitute to obtain
XK - Y-YK-X=0

Since X and Y are linearly independent XK = 0 = Y K. As they were also
arbitrary the derivative of K is zero and K is locally constant. By connectedness
it is globally constant. [

THEOREM 3.9. For an arbitrary Riemannian space with constant curvature K
R(X,Y)Z = K(9(Y,Z2)X — g(X, 2)Y)

PRrROOF. See the proof of the last theorem. O
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4. The second fundamental form of a hypersurface

THEOREM 4.1. Let (N, g) be a Riemannian manifold, M C N its submanifold,
VY and VM the Levi-Civita connections on N and M. Then for all X € T, M and
Y € XM and any extension Y € XN of Y the following holds

VMY = VXY mod v,

where v, is the orthogonal comp!ement of TyM in T, N. In other words V%Y is
the orthogonal projection of VXY onto T, M.

PROOF. Let us define V by the formula from the statement, i.e. VxY is the
orthogonal projection of VXY onto T,M. We will show that V is metric and
torsion-free?. This will imply VM = V by uniqueness.

Vx(g(Y,2)) = X(g(Y, 2)) = X(9(Y, Z))
and the other terms of (Vxg)(Y, Z) are
—9(VxY,Z) = —g(VYY,Z)
since the difference of VxY and VYV XY is orthogonal to Z. Similarly
—9(Y,VxZ) = —g(Y,VXZ)
and adding these three equalities we obtain
(Vxg)(Y,Z) = (VXg)(Y,Z) =0
so that V is metric. - - -
Projecting the equality V%Y — VgX = [X,Y] onto T, M we obtain
VxY — Vy X = [X,Y]
since [X,Y] is already tangent to M: in effect X is t-related to X (for ¢ : M < N

the inclusion), analogously for Y and thus the same holds for their bracket. 0

The normal projection of V%Y only depends on the value of X and Y at x.
Before we start with the verification let us denote the normal projection by m and
B(X,Y) =7VYY. Then we compute

B(X,[Y) =7VX(fY) =n(XF-Y +[-VXY) = f(z) - n(VXY) = f(2)B(X,Y)
tangent

Thus B is tensorial. Moreover it is symmetric as
B(X,Y) - B(Y,X) =n([X,Y]) =7[X,Y] =0
so that B : S2T'M — vM with the target being the normal bundle of M.

DEFINITION 4.2. The tensor B is called the second fundamental form of the
submanifold M C N.

Let us consider a special case M C E,,, 11, a hypersurface in a Euclidean space
with its standard metric and orientation. An orientation of a manifold M is a
continuous choice of an orientation of T, M for all x € M. The normal bundle v is
one-dimensional and the orientation of M determines an orientation of v by declar-
ing u € v, positive iff (u,eq,...,e,) is positive in E,, 11 with (eq,..., e, ) positive

2Verifying that it is a linear connection is easy.
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in T, M. The unique unit positive vector n, then provides a global trivialization of
v

MxR-—v
(z,t) —> t-ny

Let us denote by D the covariant derivative on E,,;; and V the covariant derivative
on M. Then

B(X,X), =(DxX,ng) ng
where X € T, M. We represent X by a path v : R — M with 4(0) = X and extend
X to a vector field in such a way that X (v(t)) = 4(t). Then
DxX = G,y X(v(1) = &I, 7(H) = 4(0)
and consequently B(X, X), = (§(0),ng) - ng.
THEOREM 4.3. The normal acceleration 4(0), ny)-n, depends only on(0) = X
and equals B(X, X). O

DEFINITION 4.4. In the case of an oriented hypersurface M in E,,; by the
second fundamental form we understand the map

h:S*TM - R  h(X,Y)=(B(X,Y),n.)
or in other words B(X,Y) = h(X,Y)n,.
In a local coordinate chart f(ui,...,um) : R™ — M the basis of T, M is

formed by f; = ET{" We denote f;; = afgﬂj. A path v(t) on M ha a coordinate

expression u; = u;(t), we obtain §(t) € T the velocity, ¥ = ‘fT;Y the acceleration

and (%,n@ the normal acceleration. Since v(t) = f(u(t)) we may write

& =D filu®)

and thus
. U; uj zui
50) = (s (wl) - 45 S+ i () )
————
tangent to M
so that

Fona) = 3 (fig (ult)), ny) -G L
hij

REMARK. The first fundamental form is g;; = (f;, f;) or more geometrically
the scalar product g on M.

Let X,Y be vector fields on M C E,,,; and X,Y their extensions to vector
fields on E,, 1. Then DgY = VxY + h(X,Y) - n where n is the (choice of a) unit
normal vector field on M. The curvature of E,,;; is zero while the curvature for
the hypersurface M is

g(R(X,Y)Z,U) = g(VxVyZ - VyVxZ —VxyZ,U).
THEOREM 4.5 (Gauss formula). For a hypersurface M C E,, 11 it holds
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PrOOF. By the metricity of the connection
9(VxVyZ,U)=Xg(VyZ,U)—g(VyZ,VxU)
= X(DyZ,U) —(DyZ,DxU) + WY, Z)h(X,U)
and similarly
9(Vix1Z,U) = (D2, 0) = (Dyse 1 2, 0).
Therefore g(R(X,Y)Z,U) equals
(R(X,Y)Z,U) + WY, Z)h(X,U) — h(X, Z)h(Y,U)
with the first term zero since the curvature of E,,;1 vanishes. O

The sectional curvature in the direction of a plane p C T,, M spanned by v; and
vg is defined by
_ —g(R(v1,v2)v1,v2)
K(p) =
g(v1,v1)g(v2,v2) — g(v1, v2)
Consider now a surface M C E3 with a local parametrization f(uq,us) : R> — M
and compute the sectional curvature K (z) = K(T, M) by substituting 8%1, a%bz into
the Gauss formula
K(z) = h(aigl, %gl)h(%w%) - h(%é;? _ haiha — h§2 _ deth
9o 5009 50y 72s) — 9 Gar 52;)° 9ng2 —gix  detyg
This is the classical Gauss curvature from the differential geometry of curves and
surfaces.

2

COROLLARY 4.6 (Theorema Egregium). The Gauss curvature belongs to the
inner geometry of a surface, i.e. it does not depend on the isometric embedding
M — Es.

REMARK. The Gauss curvature is a product of the curvatures in the principal
directions - the eigenvectors of h.

5. The geodesic curves of a Riemannian space

DEFINITION 5.1. Let f: N — M be a smooth map. A wvector field along f is
a smooth map F for which the diagram

™
|
N — M
commutes. In other words it is a section of the pullback bundle f*T'M — N.

For a linear connection V on M the induced connection on f*IT'M will be
also denoted by V. Then VF : TN — f*T'M and for a vector field X € XN,
VxF:N — f*T'M,ie. VxF : N — TM is again a vector field along f.

TN —Z5TTM —* s VTM = TM %y TM

[

N TM
VxF
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DEFINITION 5.2. Let v : R — M be a path and v : R — T'M a vector field
along . It is said to be transported parallelly along v if Vv = 0 or equivalently

Viyv:=Vgqv=0
dt

DEFINITION 5.3. A path ~(¢) is geodesic if 4(¢) is parallel along ~.

REMARK (on Cartan’s point of view). Consider the principal bundle P1M —
M of frames on M. There are two forms on P'M, the connection form w and the
canonical form 6. Combined together they provide

(w,0) : TP*M — ga(m) = R™ x gl(m)

a trivialization of the tangent bundle TP'M. Here ga(m) is the Lie algebra of
matrices of the form
0 0
(o 3)

i.e. the Lie algebra of the Lie group GA(m) of all affine isomorphisms of R™. This
is an example of a Cartan connection of type (ga(m), gl(m)). Taking v € R™ and
thinking of it as the matrix (29) in ga(m) we obtain a vector field (w,8)!(v) on
PL1M, horizontal by definition. Let 7(¢) be its integral curve and () = o ().
Then %’? is a horizontal vector field along ~ and hence is transported parallelly.

We will now show that 7 is a geodesic. By definition 0(5/) = v, the coordinates
of the projection m,5(t) = 4(t) in the basis 4(t) = (u;(t)). Since u;(t) are parallel
along 7(t) so is their constant linear combination 4(¢) and thus Vs = 0.

Now we draw some consequences of the geodesicity of v. Firstly

GO = Fa(3(1),9() = 29(V55(1), (1)) = 0
implying that |¥(¢)| is constant. By a reparametrization we may assume that
|9(t)] = 1. In this case we say that v is parametrized by the arc length and use s
for the parameter instead of ¢.
Let now C be a curve, i.e. a 1-dimensional submanifold. Locally we parametrize
C by the arc length as v : R — C. The geodesic curvature of C is defined as

K,(C) = [V54l.

DEFINITION 5.4. A curve C is called a geodesic if its parametrization by the
arc length is a geodesic curve, i.e. K,(C) = 0.

REMARK (the Frenet’s formulas). For a planar curve we define e; = 4(s) the
tangent unit vector field along C' and es (a choice of) the unit normal vector field.
Then V4% = K, - e5 since

9(Vsh 1) = 9(9) = §1=0
and thus V47 is a vector field perpendicular to § and of length K.

For a connected Riemannian manifold (M, g) we define
d(z,y) = nf{l() [ 7 [0,1] = M,5(0) = z,7(1) = y}

where ((v) = ff |¥(t)| dt is the length of a (piecewise) smooth curve v. Easily
d(z,y) > 0 and d(z,z) < d(z,y) + d(y,z) (when considering smooth curves only
one needs to use smoothing of the concatenation).
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Let us choose z € M and using the scalar product g, on T, M we denote by
N(z,r) the open ball centred at 0, of radius r. For small r the exponential map
exp, is defined on N(z,r) and is a diffeomorphism onto U(z,r) C M.

THEOREM 5.5. For any r > 0 for which exp, : N(z,r) — U(z,r) is a diffeo-
morphism the following holds
(a) Every point y € U(x,r) may be joined with x by a unique geodesic inside
U(z,r).
(b) The length of the geodesic from (a) is exactly d(zx,vy).
(c) U(z,r) is the set of all y € M for which d(x,y) <.
REMARK. It follows that d(x,y) = 0 iff = y and d is a metric on M, U(z,r)
being the ball in this metric.

PRrROOF. Firstly (a) follows from the fact that geodesics emanating from x are
exactly the images under exp,, of the rays from 0,. For (b) we will need the following
lemma in which we denote by ¢° the Riemannian metric on T, M given by the scalar
product g, at each v € T, M.

LEMMA 5.6 (Gauss lemma). Let v € T, M lie in the domain of exp,. Then for
arbitrary w € T, M

9°((v,0), (v, w)) = g(exp,. (v,v), exp,, (v, w))
i.e. exp,, preserves the scalar product whenever one of the vectors is radial.

We will prove the lemma later. Let us denote by pr : TT, M — TT,M the

radial projection,
pr(v,w) = (v, <<Z”Z)>> .1)) .

Let v:[0,1] = N(z,r) be a path and § = exp,, -y its image in M. The length is

1 .
:/ 1] dt
0

Decomposing #(t) into the radial part and the complement the orthogonality is
preserved by exp,, by Gauss lemma. In particular

[6()* = | expy, 4(8)1 = | expy. pry(1)* + | exp,, (4(t) — pri(t))?
> |exp,, pry(t)]* = | pri(t)[?
with equality only for 4(t) radial. Therefore

/Iprv )| dt > / | pry(t)|or dt

where we write | pr(t)|or for the oriented length (the sign being that of w/v)

(v, w)[or = [pr(v, w)or = dn(v, w)

where n : N(z,r) — {0,} — Ry is the norm |- |. Thus

1
/0 dn(7(t)) dt‘ = [n(v(1) = n(v(0)] = A (1)]

The equality occurs iff 7y is radial and positively oriented hence a reparametrization
of a linear path in N(z,r). The path ¢ is then a reparametrization of a geodesic
taking care of paths staying inside U(z,r). But if § left U(x,r) then its beginning

() =
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would be a path from x to a point z of the same geodesic distance from x as that of
y. The length of this part of § would then be at least this geodesic distance proving
(b). The very same argument proves (c). O

DEFINITION 5.7. A space with a linear connection, i.e. a manifold M together-
with a linear connection on T'M, is called complete if every geodesic path v : I — M
extends to the whole R.

REMARK. Equivalently the vector fields (w,#)~!(v) are complete.

THEOREM 5.8. If (M, g) is complete as a metric space then it is complete with
respect to the Levi-Civita connection.

PrOOF. Let v : (a,b) — M be a geodesic path parametrized by the arc
length and let b,, be a sequence in (a,b) converging to b. By the previous theorem
d(v(bn),¥(bm)) < |bp — by | and thus v(b,,) is Cauchy. Let € M be its limit point.
In a neighbourhood of x every geodesic parametrized by the arc length is defined
on an interval of a uniform radius by compactness. Thus v can be prolonged. [

We will later prove the reverse implication.

Let M be an oriented 2-dimensional Riemannian manifold. The sectional cur-
vature is a function K : M — R, K(z) = K(T,M). Further there is a volume
2-form vol, = e] A e where e], e3 is an oriented orthonormal basis of 7M.

DEFINITION 5.9. The 2-form k = K -vol, is called the curvature 2-form on M.

Consider on M a oneparameter family of curves v: I x J — U C M for which

e v is a diffeomorphism I x J = U,
e for each s € J the curve vy(—,s) is parametrized by the arc length,
|5 (=.8)| = 1.
Let us denote (¢, s) = %'y(t, s), a vector field on U. Then g(V4¥,%) =0. We
denote by v the unit vector field orthogonal to 4, namely that for which (¥,v) is a
positive basis. On U define a 1-form w = g(V#,v), i.e. w(X) = g(Vx?,v).

LEMMA 5.10. dw = —k.

PROOF. It is enough to verify on the basis, dw(%,v) = —k(%,v). To determine
the right hand side voly(%, ) = 1 and

K = R(Y,v,9,v) = —g(R(Y,v)¥,v).
Putting together —x(¥,v) = g(R(¥,v)¥,v) while dw(5,v) is
Yw ) —vw(y) —wly, V]
= V59V, v) = Vog(Vsy,v) = (V507 v)
=9(V5Vi4,v) = g(Vo Vit v) — 9(Vis ¥, v) + 9(Vod, Viv) — (Vi Vo)
= g(R(¥,v)%,v) + g(Voy, Viv) — g(V47, Vov)

and the last two terms are zero by the following argument. Since g(¥,%) = 1 the
derivative V x+ is orthogonal to 4 and thus Vx4 || v. Similarly Vyv || 4 and so

9(Vx¥,Vyr) =0
for arbitrary vectors X,Y. [
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Let us denote by B(r) the open disc in R? of radius r and by S(r) the circle of
radius r both centred at the origin.

DEFINITION 5.11. We say that a curve C' is simple closed if there exists a
diffeomorphism ¢ : B(1 +¢) - U C M onto a neighbourhood U of C such that
©(S(1)) = C. The set p(B(1)) is called the interior of the curve C.

NoTATION. For a curve C' we have the curve integral fc f ds and for a 2-
dimensional region D we have [, p f do both defined by multiplying a function f
by the respective volume form associated to the induced metric.

The oriented geodesic curvature is K; = g(V5%,v). This depends on the choice
on v which we make in such a way that (¥, v) is positively oriented.

THEOREM 5.12 (Gauss-Bonet). Let C' be a simple closed curve with the oriented
geodesic curvature Ky and let D be its interior. Then

/Kgds:27r—/ K do
C D

PROOF. Let us choose ¢ : B(1+6) — U with ¢(S(1)) = C and ¢(B(1)) = D.
We may assume® that in a small neighbourhood of the origin ¢ = exp,,(gy- Around
the origin we consider a small circle C. and on the annulus D, we construct the
1-form w corresponding to the (local) parametrization of C' by the arc length

D.=8"x[g1]—=U
By the Stokes theorem

/wf/ w:/ dw:f/ n:f/ K do

c C. . D. D.

/w—/ ds—/ g(Vy’y,l/)ds:/Kgds
51 st c

Clearly lim._,¢ [/, p. K do= [/, K do and thus it remains to show that

and also

lim Ky (C:)ds=27
e—0 C.

The rough idea is that in the Euclidean plane K,(C.) = 1/¢ and thus

2m-e
/ Ky( ds-/ 1/e dt = 2m.

As ¢ — 0 the geometry approaches the Euclidean geometry and thus the limit
formula holds. Now for a more precise proof.

First we need a lemma about describing the geodesic curvature when the
parametrization is not by the arc length.

LEMMA 5.13. Let v : S' — M be an embedding. Then

Kgov =g(Vsy,v)/15?

3This is the classical disc isotopy theorem which we probably want to avoid.
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PROOF. By definition
Kyovy=g(Vs51(7/17):v) = g(V5(3/13D), v) /171
=g/ Vv + £1/1AD -4, 0) /3]
and the proof is finished by observing that g(¥,v) = 0. O

Then we can compute [, Ky(C;) ds in the coordinate chart given by ¢ and
using the parametrization 7. : S' — R2, y(2) =¢- 2

/C KQ(CE) ds = /51 g(v"’fs"yavl/)/l%‘Q : |'YE‘ ds

= [ i/l ast [ 0 Tis e as

Easily the second term tends to zero while the first tends to the situation where*
gij = 0; is constant and thus the integrand tends to 1, the limit being 27. O

We will now interpret geometrically [, K, ds. Let v : [a,b] — M be a path
parametrized by the arc length and (u(t),v(t)) be a positive orthonormal basis at
~(t) obtained by transporting u(a) and v(a) parallelly along ~(t). Express ¥(t) in
this basis as

A(t) = cosp(t) - u+sinp(t) - v
Then v(t) = —sinp(t) - u + cos p(t) - v and we may compute
Viy = Vs(cosp(t) - u) + V4 (sinp(t) - v)
= L(cosp(t)) - u+cosp(t) - Viu+L(sing(t)) -v+sing(t) - Vi
—~— —
0 0
= @(t) - (=sinp(t) - u+cos (t) - v) = (t) - v
Therefore Ky, = g(V4%,v) = ¢ and finally

/ K, ds = / §dt = (1) - @(0) = Z(¥(a), 4(1))
C C

measured by transporting parallelly to any point along ~.
Let us consider now a curved triangle. We can use Gauss-Bonet formula after
smoothing the corners to obtain

Kyds+(m—ag)+ [ Kgds+(m—a1)+ | Kyds+(m—a) = 27r—// K do
Cl 02 C3 D

the terms m — «; being exactly the angle differences (in limit). We obtain
THEOREM 5.14. IBA Kyds= (g +as+ag—m)— ffA K do.
When all the sides C; of the triangle are geodesic then K, = 0 and we obtain

THEOREM 5.15. The sum of the internal angles in a geodesic triangle is

a1+a2+a3:7r+//Kda.
A

When the curvature is constant the defect (o1 + ag 4+ a3 — ) is proportional to
the area of the triangle. For the Euclidean geometry K = 0 and oy + as + a3 = 7.
For K =1 we have triangles with defect up to 4.

4Thus it is convenient to assume that the derivative @x0 at zero is an isometry.
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LEMMA 5.16. Let 7y : [a,b] — M be a piecewise smooth path such that ly =
d(v(a),v(b)). Then v is a reparametrization of a geodesic path.

PROOF. We have proved this when v(a) is sufficiently close to v(b). For an
arbitrary - the statement holds locally. But geodesics are described locally thus v
must be itself a reparametrization of a geodesic. O

THEOREM 5.17 (Hopf-Rinow). Let (M, g) be a connected geodesically complete
Riemannian space. Then arbitrary x,y € M can be joined by a geodesic path ~y
satisfying €(y) = d(z,y). Such paths are called minimal geodesics.

PROOF. Let us define the “shell” Sh(z,r) = exp,(S(z,r)) where S(x,r) is a
sphere in T, M cetred at 0, and of radius . We choose r small enough so that exp,,
is a diffeomorphism on the closed ball of radius r. Since Sh(z,r) is compact there
exists p € Sh(x,r) such that d(p,y) is minimal. Then p = exp,(r - v) with |v| = 1.
We will show that y = exp,(d - v) where d = d(z,y). This will prove the theorem.
But first observe that d(p,y) equals exactly d(z,y) — r for it cannot be smaller as
that would give

d(z,y) < d(x,p) +d(p,y) <r+ (d(z,y) —r)

and it cannot be bigger either as that would contradict the minimality of d(z, p).
Now we will prove that the set

T ={to €[0,d] | VO <t <ty:d(exp,(t-v),y) =d—t}

equals [0,d]. Clearly T is closed in [0, d] and contains 0. It remains to show that
it is open by connectedness. Therefore let ty € T', po = exp,(to - v) and again let
p1 be the closest to y of the points from Sh(pg,r9). We have shown in the first
paragraph that d(p1,y) = d(po,y) — ro = d — to — 1o and thus the concatenation
of the geodesic from z to py and that from pg to p; is a path having the minimal
length tg + ro = ¢(x,p1). By the previous lemma it must be a geodesic and in
particular p; = exp,((to + 7o) - v). Since ro was arbitrary (small) to+ro € T. O

REMARK. For a simply connected geodesically complete Riemannian space of
non-positive sectional curvature the minimal geodesic is unique and the exponential
map exp, : I, M — M is a diffeomorphism.

COROLLARY 5.18. A geodesically complete Riemannian space is complete as a
metric space.

PrOOF. Pick a point x € M and let z,, be a Cauchy sequence. The set
d(z,x,) is necessarily bounded by some 7 and hence z,, lie in a compact subspace
exp, (B(z,r)) which implies the convergence. O

6. Geodesic variations

Let F' be a vector field along f as in

FTM 22— TM

| |

NﬁM



6. GEODESIC VARIATIONS 89

and write VF for the covariant derivative using the induced connection f*V. We
will now compute the torsion T'(f. A, f.B) in terms of the covariant derivative on
f*TM. In terms of the equivariant maps we have

DO(f.A, f.B) = d0(f. A, f.B) = d0(¢, 4, ¢, B) = d(¢"0)(A, B)
= A(¢"0(B)) — B(¢"0(A)) — ¢"0[A, B]
— A(8(6.B)) — B(0(9.A) — 6"0[A, B]
= A(0(.B)) = BO(.A)) — 0(£.]A, B)
which corresponds back to V4 f.B — Vpf.A — f.[A, B]. We conclude that
0=T(f:A, f«B) =Vaf.B - Vpf.A— f.[A Bl
Analogously we obtain

R(f.A, f.B)F = VAV pF —VpVaF — Vi pF

DEFINITION 6.1. Consider a path 7 : [a,b] — M and let I C R be an open
interval containing zero. By a wariation of v we understand a smooth map V :
[a,b] x I — M satisfying V(¢,0) = ~(¢).

DEFINITION 6.2. A geodesic variation of a geodesic path ~ is a variation V'
such that V(—, s) is geodesic for each s € I.

On [a,b] we use parameter ¢ and on I parameter s. On the product [a,b] x I
we have vector fields %, %. We denote

o _ 9 _
Vigi =0V Vigs =0V
For a vector field F': [a,b] x I — RM along V we denote

VoF=D,F VgyF=D,F
ot Bs

Our formula for torsion for vactor fields %% can be written as
D0,V — D0,V =0
since [2, 2] = 0. For a geodesic variation we compute
D?0,V = D; D0,V = D;D;0,V = DyD;0;V + R(0;V,0,V)d,V
Writing 4 = 0;V we see that D0,V = V4, = 0 and finally
D20,V = R(5:,0sV ) .

DEFINITION 6.3. A vector field X along a geodesic path v is called a Jacobi
field if V%X = R(%, X)7.

The condition on a Jacobi field is a second order linear differential equation.
Thus a solution is determined uniquely by X(a) and V;X(a). We have shown
above that for every geodesic variation V of v the vector field 9,V (¢,0) is a Jacobi
field. In the opposite direction we have.

THEOREM 6.4. For every Jacobi field X along vy there exists a geodesic variation
V of v such that 0,V (¢,0) = X (t).
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~ Proor. We assume a = 0 for simplicity. Let 8 : I — M be any path with
B8(0) = X(0). Put

(s) = Pta((0) + 5 - (V5X)(0), 5)
and V(t,s) = expgy)(t-7(s)). Since V' is a geodesic variation of v the derivative

05V (t,0) is a Jacobi field along v and we will now show that it equals X (¢). But
the initial conditions for 9,V (¢,0) are

0:V(0,0) = 5, B(s) = X(0)
(DtasV)(0,0) = (Dsatv)(070) = (Dsly)(o)
= (V5 Ptp(7(0),))(0) + V3(s - Pta((V45X)(0),5))(0) = (V5X)(0)

0

i.e. the same as that for X and thus the vector fields must also agree. [

EXAMPLE 6.5. Let v : [a,b] = M be a geodesic path. Then both
Y(t+s) and (14 s)t)

are geodesic variations (for each s they are affine reparametrizations of ). The
corresponding Jacobi fields are

887(75 + 8)|s:0 = ')/(t)
sy (L + 8))| =g = - ¥(t) = A(2).
LEMMA 6.6. For each Jacobi field X along v it holds
d39(X,4) =0.
ProOOF. We compute

L9(X,4) = S(g(V5X,9) + 9(X, V44)) = g(V2X, %) + g(V4 X, Vi)
N~ N~
0 0

= g(R(y, X)¥,%) =0

since the curvature tensor is antisymmetric in its last two variables. O

From the lemma it follows that g(X,¥) = a+ 8t. Assuming for simplicity that
|¥] = 1 we have g(%,7) = t. Therefore

9(X —ay—=p4%,9) =0
We have proved

THEOREM 6.7. Every Jacobi field X along a geodesic vy can be uniquely decom-
posed as

X=aoy+p5+Y
where Y is a Jacobi field perpendicular to 4. O
We are now in the position to prove Gauss lemma asserting that
9(ex,. (0,0), expy. (v,)) = ¢ (v, W)
for all v,w e T, M.
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PRrROOF. Consider the geodesic variation exp,, (t(v + sw)) and its Jacobi field
X(t) = 0sexp,(t(v + sw))|,_, = expy, (tv, tw)
With ~(t) = exp, (tv) the last lemma says that
9(X (1), 7(t)) = g(expy. (tv, tw), exp,, (tv, v)) =t - g(exp,.(tv, w), exp,, (tv, v))

should be linear in ¢t. Therefore g(exp,, (tv,w), exp,, (tv,v)) must be constant and

g(epr*(Ua w)7 epr*(U, U)) = g((oa w)7 (0’ U)) = go(wv U)

REMARK. The above Jacobi field is the only one with X (0) = 0.

DEFINITION 6.8. We say that two points y(«), () are conjugate if there exists
a nonzero Jacobi filed X satisfying X () =0 = X ().

DEFINITION 6.9. For # € M consider exp, : U, — M. A point y € U, (i.e. a

small vector in T, M) is said to be conjugate to x if the rank of exp,, at y is less
than dim M.

THEOREM 6.10. A pointy € U, is conjugate to x if and only if x = exp, 0 and
z = exp, Y are conjugate points of the geodesic exp,(ty),t € [0, 1].

PROOF. For the implication “=" let w € kerexp,,,. Then the Jacobi field
exp,, (ty, tw) of the geodesic variation exp, t(y + sw) has zeroes for t = 0, 1.

For the reverse implication let X be a nonzero Jacobi field along exp,, ty satis-
fying X (0) = 0 = X(1). There exists a geodesic variation of the form exp, (t-y(s)),
with y(0) = y, generating X. Then

X(t) = £&|,_,exp,(t - y(s)) = exp,. (ty, t(0))

and 0 = X (1) = exp,.,(y, ¥(0)). Moreover §(0) # 0 as that would imply X =0. O

THEOREM 6.11. If —g(R(%,Y)4,Y) <0 for any vector field Y along ~y then no
points of v are conjugate. In particular if K(p) <0 then exp, is a local diffeomor-
phism (on its domain).

PROOF. We start with a computation
L9(V5 X, X) = (V4 X, V5X) + g(V2X, X) = |V5 X2 + g(R(3, X4, X) = 0
Integrating from a to b we obtain
9(V5 X (5), X (8)) — 9(V X (a), X (a)) > 0

and the equality can occur only for a parallel vector field. But if X (a) =0 = X (b)
then both terms are zero and thus necessarily X = 0. g

THEOREM 6.12. If M is a connected complete Riemannian space with non-
positive sectional curvature then every exp, : ToM — M is a covering. In particular
when M is simply connected then exp, is a global diffeomorphism.
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PROOF. Let v,w € T, M and consider the geodesic variation exp, (t(v + sw))
and its Jacobi field X () = exp,, (tv,tw). In particular X (1) = exp,,(v,w). We
will now study the behaviour of | X (¢)| for ¢t > 0.

1/2 _ 9(V5X, X)

d
2 . . 2
@ 2 _ IVaX P+ 9(R(3, X)%, X)  g(V4X, X)
7g(X7X) - _
o |X| X3
_ (XPIVsXP —g(V5X, X)) — [XPR(GL, X4 X)
|X|3 =

In the numerator the first bracket is non-negative by the Cauchy-Schwarz inequality
while the second is non-positive by our assumption on the sectional curvature. For
t > 0 let us denote f(t) = |X(¢)| — tjw| and study its Taylor expansion. In local
coordinates we can write

X(t) = exp,, (tv,tw) =t - w(t)
where w is a curve with w(0) = w which we may assume to be non-zero. Thus
(X (@) =t - [w(t)]

is smooth and hence so is f whose value and first derivative at zero are zero. By
continuity the second derivative on [0, 00) must be non-negative and thus the same
must be true for the first derivative and finally also for the value. For ¢t = 1 this
means |exp,, (v,w)] = |X(1)| > |w|. In other words exp,, is non-contracting.

We will now show that exp,, : T, M — M possesses the path-lifting property.
Let 7 : [a,b] = M be a path with y(a) = exp, yo. Denote by

T ={t € [a,b] | ¥|ja,y can be lifted to ¥ with y(a) = yo}

We will show that T' = [a,b] by connectedness. Clearly T is nonempty and open
since exp,, is a local diffeomorphism. Let ¢, — by < b be a sequence with ¢, € T'
and denote by ¥ : [a,by) — T, M a lift with ¥(a) = yo. It exists by the uniqueness
of the lifts (thanks to the local diffeomorphism property). Then

[¥(tn) = AEm)| < LAlitn ) <LVt tm]) < €
for n,m > 0 since exp, is non-contracting and # is bounded. Thus F(t,) is a
Cauchy sequence and converges to some y. As exp,, is a local diffeomorphism at y
the lift 4 can be prolonged.
It is a simple matter to deduce that a local diffeomorphism exp, is a covering
from the path-lifting property. Namely a trivialization is produced from radial rays
in a coordinate chart. (]

REMARK. If M and N are two simply connected complete Riemannian mani-
folds of the same dimension and the same constant non-positive sectional curvature
then in the diagram

isometry

T,M 2281 N

expwlN NJCXPy
M----5N

the dotted arrow is an isometry. The same is true for positive curvature but the
vertical arrows are not isomorphisms. We will try to explain the situation by a



6. GEODESIC VARIATIONS 93

computation. Let us denote the constant value of the curvature by K > 0. We
know that
R(X,Y)Z = K- (9(Y.2)X — g(X, 2)Y)

If v is a geodesic parametrized by the arc length and X is a Jacobi field perpendic-
ular to § then

2y _ p(s .

ViX=R(,X)y=-K-X

If we put K = ©? then the solution of this equation is

X(t) = sin(ept) - Pty (w, t)

and we see that X (/) = 0 for all w. Thus the whole sphere S(z,7/¢) is mapped
to a single point and exp, induces a map

D(z,m/¢)/S(x,m/p) = M

which is a diffeomorphism on the interior of D(z, /). Its metric properties are the
following: it preserves orthogonality of the radial rays to the spheres and preserves
the metric on the radial rays while on the sphere of radius r it multiplies it by
sin(pr). The point is that this behaviour only depends on the curvature K and
thus for two manifolds S™ and M in the diagram

D™ (1)) /S () p) ————s S™(1/0)

I
:Jisometry |
4

D(x,m/¢)/S(z,m/p) ————— M

the dotted arrow, which is defined on the image of the interior of D™, preserves
the metric. A similar map can be defined using a different point on the sphere and
together they provide a local isometry from S™ to M. It is a covering by the proof
of the last theorem and thus an isometry.



