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2.1 Lagrangeova rovnice . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7
2.2 Clairautova rovnice . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8
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Kapitola 1

Diferenciálńı rovnice 1. řádu rozřešená
vzhledem k derivaci

Obecný tvar:

y′ = F (x, y) (1.1)

1.1 Rovnice se separovanými proměnnými

y′ = f(x) · g(y) (1.2)

Obecný tvar řešeńı: ∫
dy
g(y)

=
∫
f(x) dx+ C (1.3)

Př́ıklad 1.1. x2y′ + y = 0

Př́ıklad 1.2. 2y′
√
x = y

Př́ıklad 1.3. y′ = 2
√
y lnx y(e) = 1

Př́ıklad 1.4. xy′ + y = y2 y(1) = 1
2

Př́ıklad 1.5. (1 + y2) dx− xy(1 + x2) dy = 0
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Speciálńı tvar:

y′ = f(ax+ by + c) (1.4)

Zavád́ıme substituci: z = ax+ by + c ⇒ y′ = z′−a
b

Řeš́ıme rovnici: z
′ − a
b

= f(z)

Př́ıklad 1.6. y′ + 1 = x+ y

Domáćı úkol: y′ = x+ 2y [y = 1
4Ke

2x − 1− 2x]

Př́ıklad 1.7. y′ = (x+ y + 2)2

1.2 Homogenńı rovnice

y′ = f( yx) (1.5)

Zavád́ıme substituci: u = y
x ⇒ y′ = u′x+ u ⇒ u′x+ u = f(x)

Řeš́ıme rovnici: u′ = 1
x(f(u)− u)

Př́ıklad 1.8. (x+ 2y) dx− x dy = 0

Př́ıklad 1.9. y2 + x2y′ = xyy′

Př́ıklad 1.10. xy′ − y = x tg y
x

Speciálńı tvar:

y′ = αx+ βy + γ
ax+ by + c

(1.6)

1. γ = c = 0

(a) αb− aβ = 0 ⇒ y′ = konst.
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(b) αb− aβ 6= 0 ⇒ y′ = f

(
α+ β yx
a+ b yx

)
– homogenńı rovnice

2. γ2 + c2 6= 0

(a) αb− aβ 6= 0 ⇒ αm+ βn+ γ = 0
am+ bn+ c = 0

(bod [m;n] je pr̊useč́ık dvou př́ımek)

subs.: x = u+m dx = du
y = v + n dy = dv

dv
du = f

(
αu+ βv
au+ bv

)
což vede na př́ıpad 1.(b)

(b) αb− aβ = 0, b 6= 0 ⇒ α = β
b a

Dostáváme: y′ = f

(
β
a (ax+ by) + γ
ax+ by + c

)
subs.: z = ax + by ⇒ y′ = 1

b (z
′ − a) ⇒

1
b (z
′ − a) = f

(
β
b z + γ
z + c

)
– rovnice se separovanými proměnnými

Př́ıklad 1.11. y′ = x+ 2y − 7
x− 3

Př́ıklad 1.12. y′ = −2x+ 3y − 1
2x+ 3y − 5

Př́ıklad 1.13. y′ = 2x− y + 1
x− 2y + 1

Př́ıklad 1.14. y′ = x− y + 1
x+ y + 3

1.3 Lineárńı rovnice

y′ = a(x)y + b(x) (1.7)

1. zp̊usob řešeńı

(a) homogenńı část: y′ = a(x)y – rovnice se separovanými proměnnými

dy
dx = a(x)y ⇒ y = C · e

R
a(x) dx

(b) nehomogenńı část: Řešńı hledáme ve tvaru źıskaného z řešeńı hom. rovnice:
y = C(x) · e

R
a(x) dx,

zderivujeme a dosad́ıme do zadáńı ⇒ C(x) =
∫
b(x)e−

R
a(x) dx dx+K.
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2. zp̊usob řešeńı – celou rovnici vynásob́ıme výrazem e−
R
a(x) dx

y′e−
R
a(x) dx − a(x)ye−

R
a(x) dx = b(x)e−

R
a(x) dx[

ye−
R
a(x) dx

]′
= b(x)e−

R
a(x) dx

y = e
R
a(x) dx

[∫
b(x)e−

R
a(x) dx dx+ C

]

Př́ıklad 1.15. y′ = −2xy + xe−x
2

Př́ıklad 1.16. y′ = x+ 2y y(0) = 1

Př́ıklad 1.17. y′ = 4xy + (2x+ 1)e2x2

Př́ıklad 1.18. y′ cosx+ 2y sinx = 2 sinx

1.4 Bernoulliova rovnice

y′ = a(x)y + b(x)yr (1.8)

r 6= 0, 1

Zavád́ıme substituci: z = y1−r ⇒ z′ = (1− r)y−ry′ ⇒ y−ry′ = z′

1−r

Původńı rovnici vynásob́ıme y−r a dosad́ıme substituci:

y−ry′ = a(x)y1−r + b(x)
z′

1− r
= a(x)z + b(x)

z′ = (1− r)a(x)z + (1− r)b(x) ⇒ lineárńı rovnice

• pro r > 0 přidáme řešeńı y ≡ 0

Př́ıklad 1.19. xy′ − y = −xy2

Př́ıklad 1.20. y′ + y + y2ex = 0

5



Př́ıklad 1.21. 3y2y′ − 4y3 = x+ 1

1.5 Exaktńı rovnice

M(x, y) dx+N(x, y) dy = 0 (1.9)

dF = M(x, y) dx+N(x, y) dy – totálńı diferenciál funkce F (x, y) ⇒ F (x, y) = C

∂F

∂x
= M(x, y)

∂F

∂y
= N(x, y) (1.10)

Nutná podmı́nka: ∂M
∂y = ∂N

∂x

Př́ıklad 1.22. (3x2y2 + 7) dx+ 2x3y dy = 0

Př́ıklad 1.23. (ey + yex + 3) dx+ (ex + xey − 2) dy = 0

Pokud neplat́ı My = ∂M
∂y = ∂N

∂x = Nx, pak lze celou rovnici vynásobit vhodným výrazem (integračńı
faktor), např.:

lnm(x) =
∫
My −Nx

N
dx nebo lnn(y) =

∫
Nx −My

M
dy (1.11)

Př́ıklad 1.24. (x2 − 3y2) dx+ 2xy dy = 0
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Kapitola 2

Diferenciálńı rovnice 1. řádu
nerozřešené vzledem k derivaci

x = f(y′) y = g(y′) x = f(y, y′) y = g(x, y′) (2.1)

Zavád́ıme substituci: y′ = dy
dx = p ⇒ x = x(p)

y = y(p)
⇒ dostáváme parametrické vyjádřeńı řešeńı.

Pokud lze p osamostatnit ⇒ dosad́ıme a vyjádř́ıme y = h(x).

Př́ıklad 2.1. 2y′ + sin y′ − x = 0

Př́ıklad 2.2. x = y′ + ln y′

Př́ıklad 2.3. (y′)2ey
′ − y = 0

Př́ıklad 2.4. (y′)3 − 4xyy′ + 8y2 = 0

Př́ıklad 2.5. y = 2xy′ + 1
2x

2 + (y′)2

2.1 Lagrangeova rovnice

y = xf(y′) + g(y′) (2.2)
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y = xf(p) + g(p) [zderivujeme podle x]

p = y′ = f(p) + x
df(p)

dp
· dp

dx
+

dg(p)
dp

· dp
dx

p− f(p) = (f ′(p)x+ g′(p))
dp
dx

[p− f(p) 6= 0, x = x(p)]

x′ =
dx
dp

=
f ′(p)

p− f(p)
x+

g′(p)
p− f(p)

x = x(p) dosad́ıme do zadáńı.

Př́ıklad 2.6. y = x(y′)2 + (y′)3

2.2 Clairautova rovnice

y = xy′ + g(y′) (2.3)

Speciálńı př́ıpad Lagrangeovy pro f(p) = p

y = xp+ g(p)

p =
dy
dx

= x
dp
dx

+ p+ g′(p)
dp
dx

(x+ g′(p))
dp
dx

= 0

1. dp
dx = 0 ⇒ p = C ⇒ y = Cx+ g(C)

2. x = −g′(p)
y = −g′(p)p+ g(p)

– parametrické vyjádřeńı řešeńı.

Př́ıklad 2.7. y = xy′ + a
y′

Domáćı úkol: y = xy′ − 2− y′ [y = Cx− 2− C]

Př́ıklad 2.8. y = xy′ − ln y′
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Kapitola 3

Lineárńı diferenciálńı rovnice 2. řádu s
konstantńımi koeficienty

ay′′ + by′ + cy = f(x) (3.1)

a, b, c ∈ R, a 6= 0
f(x) = 0 – homogenńı rovnice
f(x) 6= 0 – nehomogenńı rovnice

1. ay′′ + by′ + cy = 0

Řešeńı očekáváme ve tvaru y = C1y1 + C2y2, kde y1 a y2 jsou dvě r̊uzná řešeńı, pro která plat́ı:

W =
∣∣∣∣y1 y2

y′1 y′2

∣∣∣∣ 6= 0

Konkrétńı tvary funkćı y1 a y2 najdeme pomoćı charakteristické rovnice:

aλ2 + bλ+ c = 0 (3.2)

(a) D > 0 ⇒ λ1, λ2 ∈ R, λ1 6= λ2

y1 = eλ1x y2 = eλ2x

(b) D = 0 ⇒ λ = − b
2a

y1 = eλx y2 = xeλx

(c) D < 0 ⇒ λ1,2 = α± βi
y1 = eαx cosβx y2 = eαx sinβx

Př́ıklad 3.1. y′′ + 6y′ + 13y = 0

Př́ıklad 3.2. y′′ − 4y′ + 4y = 0

Př́ıklad 3.3. y′′ − 5y′ + 6y = 0
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2. ay′′ + by′ + cy = f(x)

Řešeńı je ve tvaru: y = y0 + yp, kde y0 je řešeńı př́ıslušné homogenńı rovnice a yp je jedno
partikulárńı řešeńı.

Metody hledáńı yp:

(a) Metoda variace konstant
y0 = C11y1 + C12y2, C11, C12 ∈ R
yp = C21(x)y1 + C22(x)y2:

C21(x) =
∫
K1 dx, C22(x) =

∫
K2 dx, kde

K1y1 +K2y2 = 0
K1y

′
1 +K2y

′
2 = f(x)

⇒ C21(x) =
∫
W1
W dx, C22(x) =

∫
W2
W dx, kde W,W1,W2 jsou tzv. Wronckiány:

W =
∣∣∣∣y1 y2

y′1 y′2

∣∣∣∣ , W1 =
∣∣∣∣ 0 y2

f(x) y′2

∣∣∣∣ , W2 =
∣∣∣∣y1 0
y′1 f(x)

∣∣∣∣
Př́ıklad 3.4. y′′ − 3y′ + 2y = x2

(b) Metoda neurčitých koeficient̊u

i. f(x) = eαxQm(x)

yp = xkeαxQm(x), kde k udává násobnost α jako kořene char. rovnice.

ii. f(x) = eαx(Pm(x) cosβx+Qn(x) sinβx)

yp = xkeαx(P q(x) cosβx+Qq(x) sinβx), kde q = max{m,n};
k = 1, když α± βi je kořenem char. rovnice
k = 0, když α± βi neńı kořenem char. rovnice.

iii. f(x) = f1(x) + f2(x) + · · ·+ fn(x), kde fi(x) jsou funkce tvaru i. nebo ii.
ay′′ + by′ + cy = fi(x), i = 1, . . . , n ⇒ ypi

yp = yp1 + yp1 + · · ·+ ypn

Př́ıklad 3.5. y′′ − 3y′ + 2y = x2

Př́ıklad 3.6. y′′ − 3y′ + 2y = cosx+ sinx

Př́ıklad 3.7. y′′ − 3y′ + 2y = x+ 1− e−2x
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Kapitola 4

Lineárńı diferenciálńı rovnice n-tého
řádu s konstatńımi koeficienty

y(n) + a1y
(n−1) + a2y

(n−2) + · · ·+ an−1y
′ + any = f(x) (4.1)

1. Homogenńı: Řešeńı hledáme ve tvaru y = C1y1 + C2y2 + · · ·+ Cnyn.

Př́ıslušná charakteristická rovnice:

λn + a1λ
n−1 + · · ·+ an−1λ+ an = 0

(a) λ ∈ R ⇒ yi : eλx, xeλx, . . . xp−1eλx, kde n(λ) = p je násobnost kořene

(b) λ = α± βi ⇒ yi : eαx cosβx, . . . , xp−1eαx cosβx
eαx sinβx, . . . , xp−1eαx sinβx

, n(λ) = 2p

Př́ıklad 4.1. y′′′ − 2y′′ − y′ + 2y = 0

Př́ıklad 4.2. y(4) − y(3) + y(2) − y(1) = 0 y(0) = y(1)(0) = 1; y(2)(0) = y(3)(0) = 0

Př́ıklad 4.3. y(4) − 5y(3) + 6y(2) + 4y(1) − 8y = 0

2. Nehomogenńı: y = y0 + yp

(a) Metoda variace konstant
y0 = C11y1 + C12y2 + · · ·+ C1nyn, C1i ∈ R, i = 1, . . . , n
yp = C21(x)y1 + C22(x)y2 + · · ·+ C2n(x)yn:

C21(x) =
∫
K1 dx, C22(x) =

∫
K2 dx, . . . C2n(x) =

∫
Kn dx,
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kde

K1y1 +K2y2 + · · ·+Knyn = 0
K1y

′
1 +K2y

′
2 + · · ·+Kny

′
n = 0

...

K1y
(n−2)
1 +K2y

(n−2)
2 + · · ·+Kny

(n−2)
n = 0

K1y
(n−1)
1 +K2y

(n−1)
2 + · · ·+Kny

(n−1)
n = f(x)

Př́ıklad 4.4. y′′′ − y′′ = x2

(b) Metoda neurčitých koeficient̊u

i. f(x) = eαxQm(x)

yp = xkeαxQm(x), kde n(α) = k.

ii. f(x) = eαx(Pm(x) cosβx+Qn(x) sinβx)

yp = xkeαx(P q(x) cosβx+Qq(x) sinβx), kde q = max{m,n} a n(α± βi) = 2k.

iii. f(x) = f1(x) + f2(x) + · · ·+ fm(x), kde fi(x) jsou funkce tvaru i. nebo ii.
ay′′ + by′ + cy = fi(x), i = 1, . . . ,m ⇒ ypi

yp = yp1 + yp1 + · · ·+ ypm

Př́ıklad 4.5. y′′′ − y′′ = x2

Př́ıklad 4.6. y′′′ + 2y′′ + y′ = −2e−2x

Př́ıklad 4.7. y(4) − 2y(3) + y(2) = ex + x3

Pokud je u+ iv řešeńım rovnice:

y(n) + any
(n−1) + · · ·+ an−1y

′ + any = P (x)eαx(cosβx+ i sinβx) = P (x)e(α+βi)x (4.2)

pak u je řešeńım

y(n) + any
(n−1) + · · ·+ an−1y

′ + any = P (x)eαx cosβx (4.3)

a v je řešeńım

y(n) + any
(n−1) + · · ·+ an−1y

′ + any = P (x)eαx sinβx (4.4)
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Př́ıklad 4.8. y′′ − y = (x− 1) sin 2x

Př́ıklad 4.9. y(4) + 8y(2) + 16y = cosx

Př́ıklad 4.10. y′′′ + y′′ + y′ + y = 2 cosx
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Kapitola 5

Systémy lineárńıch diferenciálńıch
rovnic s konstańımi koeficienty

y′ = Ay + b y = (y1, y2, . . . , yn)′, A = (aij)ni,j=1 (5.1)

1. b ≡ 0 – dostáváme n lineárně nezávislých řešeńı y1, y2, . . . , yn, které tvoř́ı fundamentálńı
systém.

Obecné řešńı je tvaru:

y = C1y1 + C2y2 + · · ·+ Cnyn, (5.2)

kde

yi = heλx, (5.3)

h 6= 0; λ jsou vl. č́ısla matice A a h jsou př́ıslušné vl. vektory.

(a) λ1, . . . , λm ∈ R, n(λi) = 1, i = 1, . . . ,m

y1 = h1eλ1x, y2 = h2eλ2x, . . . , yn = hmeλmx

(b) n(λi) = p > 1

yi1 = h1eλix, yi2 = h2xeλix, . . . , yip = hpx
p−1eλix

(c) λ = α± βi ⇒ h je vlastńı vektor a plat́ı eλxh = µ + νi

y1 = µ y1 = ν

Př́ıklad 5.1. y′1 = y1 − 2y2

y′2 = −y1 + 2y2

Př́ıklad 5.2. y′1 = y1 − y2 + y3

y′2 = y1 + y2 − y3

y′3 = − y2 + 2y3

14



Př́ıklad 5.3. y′1 = y1 − y2 − y3

y′2 = y1 + y2

y′3 = 3y1 + y3

Př́ıklad 5.4. y′1 = y1 − 3y2

y′2 = 3y1 + y2

Př́ıklad 5.5. y′1 = y1 + y2

y′2 = −2y1 + 3y2

2. b(x) 6≡ 0

y = y0 + yp (5.4)

(a) b(x) = Pm(x), pokud 0 neńı vl. č́ıslo
yp = Pm(x)

Př́ıklad 5.6. y′1 = y1 − y2 + x

y′2 = 2y1 + y2 − 1

(b) b(x) = eαxPm(x). Zavedeme substituci: y = eαxu, po dosazeńı převedeme na předchoźı
př́ıpad.

Př́ıklad 5.7. y′1 = y1 − 2y2 + ex

y′2 = y1 + 2y2 − xex

(c) b1(x) = eαxPm(x) cosβx
b2(x) = eαxPm(x) sinβx

Je-li y = u + iv řešeńım y′ = Ay + e(α+iβ)xPm(x), pak u je řešeńım y′ = Ay + b1(x) a v je
řešeńım y′ = Ay + b2(x).

Př́ıklad 5.8. y′1 = y2 + cosx
y′2 = y1 − y2 + x
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Kapitola 6

Autonomńı systémy

6.1 Lineárńı autonomńı systémy v rovině

y′ = Ay y =
(
y1

y2

)
, A =

(
a b
c d

)
(6.1)

Typy stacionárńıho bodu (0, 0):

1. λ1, λ2 ∈ R ∧ λ1λ2 > 0 ⇒ uzel

2. λ1, λ2 ∈ R ∧ λ1λ2 < 0 ⇒ sedlo

3. λ1,2 = ±βi ⇒ střed

4. λ1,2 = α± βi, α 6= 0 ⇒ ohnisko

Nulkliny: množiny, kde plat́ı y′i = 0

Určeńı typu stacionárńıho bodu:

detA < 0 ⇒ sedlo (6.2)

detA > 0 ∧ trA2 − 4detA > 0 ⇒ uzel (6.3)

∧ trA2 − 4detA < 0 ⇒ ohnisko (6.4)
∧ trA = 0 ⇒ střed (6.5)

Př́ıklad 6.1. x′ = 3x+ 4y
y′ = 2x+ y

Př́ıklad 6.2. x′ = 2y − 3x
y′ = x− 4y

Př́ıklad 6.3. x′ = 6x− 5y
y′ = x+ 3y
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Př́ıklad 6.4. x′ = 3x+ y

y′ = y − x

Př́ıklad 6.5. x′ = x− y
y′ = 2x− y

Př́ıklad 6.6. x′ = 3x
y′ = 3y

6.2 Nelineárńı autonomńı systémy v rovině

y′1 = f(y1, y2)
y′2 = g(y1, y2)

(6.6)

Stacionárńı bod ŷ = (ŷ1, ŷ2) splňuje podmı́nku: f(ŷ1, ŷ2) = g(ŷ1, ŷ2) = 0

Variačńı matice:

J(y1, y2) =

(
∂f(y1,y2)

∂y1

∂f(y1,y2)
∂y2

∂g(y1,y2)
∂y1

∂g(y1,y2)
∂y2

)
(6.7)

λ1, λ2 jsou vl. č́ısla matice J(ŷ1, ŷ2):

1. pokud je det(J(ŷ1, ŷ2)) < 0 pak λ1λ2 < 0 ⇒ ŷ je sedlo;

2. pokud je det(J(ŷ1, ŷ2)) > 0 a nav́ıc plat́ı:

(a) 4 det(J(ŷ1, ŷ2) < tr(J(ŷ1, ŷ2))2, pak
tr(J(ŷ1, ŷ2)) < 0 pak λ1,2 < 0 ⇒ ŷ je stabilńı uzel;
tr(J(ŷ1, ŷ2)) > 0 pak λ1,2 > 0 ⇒ ŷ je nestabilńı uzel;

(b) 4 det(J(ŷ1, ŷ2) > tr(J(ŷ1, ŷ2))2, pak
tr(J(ŷ1, ŷ2)) < 0 pak λ1,2 < 0 ⇒ ŷ je stabilńı ohnisko;
tr(J(ŷ1, ŷ2)) > 0 pak λ1,2 > 0 ⇒ ŷ je nestabilńı ohnisko;

(c) tr(J(ŷ1, ŷ2)) = 0 pak ŷ je bod rotace nebo ohnisko.
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Př́ıklad 6.7. x′ = 3x+ 4y − 5
y′ = 2x+ y

Př́ıklad 6.8. x′ = −2x+ y − 6x3 + 9y5

y′ = −x− 2y + 2x3 − 3y5

Př́ıklad 6.9. x′ = x2 + y2 − 6x− 8y
y′ = x(2y − x+ 5)
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