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Hydrodynamika - podstatná část astrofyziky

Popis kinematiky a dynamiky tekutin v souvislosti s působenı́m
vnějšı́ch i vnitřnı́ch sil:

I Rovnice kontinuity (zákon zachovánı́ hmotnosti)

∂ρ

∂t
+ ~∇ · ρ~v = 0

I Pohybová rovnice (zákon zachovánı́ hybnosti, momentu hybnosti)

∂ρ~v
∂t

+ ~∇ · ρ~v~v = −~∇p + ρ~f (+~fvisc ....)

I Rovnice energie

∂ρε

∂t
+ ~∇ · ρε~v = −p~∇ · ~v ....

I Stavové rovnice
p = ρa2, atd.
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I Jednoduchý přı́klad - 1-D transportnı́ rovnice:

∂f
∂t

+ u
∂f
∂x

= 0

I Numerická reprezentace f na diskrétnı́ sı́ti:

x0, x1, ... , xN (x0 < x1 < x2 < ... < xN)

t1 = t0 + ∆t , t2 = t1 + ∆t = t0 + 2∆t , ... , tn = t0 + n∆t

I Numerické řešenı́ veličiny f (x = xj , t = tn) označı́me f n
j .

I Taylorův rozvoj f :

f (x + h, t) = f (x , t) + h
∂f (x , t)
∂x

+
h2

2!

∂2f (x , t)
∂x2 +O(h3) + ...

f (x − h, t) = f (x , t)− h
∂f (x , t)
∂x

+
h2

2!

∂2f (x , t)
∂x2 −O(h3) + ...
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astrofyziky

Principy konečných
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Principy konečných diferencı́
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I Typy diferencı́ pro aproximace derivacı́ 1. řádu:

∂f
∂x

∣∣∣∣n
j

∼= (f n
j+1 − f n

j )/∆x dop̌redné diference

∂f
∂x

∣∣∣∣n
j

∼= (f n
j − f n

j−1)/∆x zpětné diference

∂f
∂x

∣∣∣∣n
j

∼= (f n
j+1 − f n

j−1)/2∆x centrálńı diference

I Přı́klad diferenčnı́ho schematu pro aproximace derivacı́ 2. řádu:

∂2f
∂x2

∣∣∣∣n
j

∼= (f n
j+1 − 2f n

j + f n
j−1)/(∆x)2
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I Diferenčnı́ schema uvedené transportnı́ (advekčnı́) rovnice:

(f n+1
j − f n

j )

∆t
= −u

(f n
j+1 − f n

j−1)

2∆x

I časový člen - dopředná diference, advekčnı́ člen - centrálnı́
diference

I Po jednoduché úpravě dostáváme diferenčnı́ rovnici:

f n+1
j = f n

j −
u∆t
2∆x

(f n
j+1 − f n

j−1)

I Jak můžeme výpočet této rovnice naprogramovat?
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schemata

Modelovánı́ fyzikálnı́ch
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analýza stability

Laxova metoda

Metoda zpětného
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Principy konečných diferencı́
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program explicit

integer i, ni, t, dt
parameter (ni = 100)
double precision x(ni), u(ni), f(ni)
parameter (dt = 1.d0, u = 1.2d0)

do i = 1,ni
x(i) = dfloat(i)
if (i.le.ni/2) then
f(i) = 1.d0
else
f(i) = 0.1d0
endif

end do
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t = 0.d0
do

t = t+dt
do i = 2,ni-1

f(i) = f(i) - u(i) * dt * (f(i+1) - f(i-1)) / (x(i+1) - x(i-1))
end do
f(1) = f(1)
f(ni) = f(ni-1)

do i = 1,ni
write (100,*) x(i), f(i)
end do
write (100,*)
write (100,*)

if (t.gt.200) exit
end do

end program explicit
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Vyškov

Petr Kurfürst

Hydrodynamika -
podstatná část
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Ale: toto jednoduché a přehledné (tzv. explicitnı́) schema je bohužel
vždy numericky nestabilnı́:
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von Neumannova analýza stability

I Předpokládejme poruchy stability (periodické perturbace,
vibrace) vlnového charakteru ve tvaru

ξnei k j ∆x ,

kde ξ(k) je amplituda vlny, k je vlnové čı́slo libovolné hodnoty.

I Pokud |ξ| > 1, pro n→∞ bude |ξ|n →∞, schema je nestabilnı́.
I Pokud |ξ| < 1, schema je stabilnı́.

I Po dosazenı́ poruchové vlnové funkce do explicitnı́ho řešenı́
dostáváme

(ξn+1 − ξn)ei k j ∆x = − u∆t
2∆x

ξn(ei k (j+1) ∆x − ei k (j−1) ∆x ),

I po vydělenı́ ξnei k j ∆x :

ξ = 1− u∆t
2∆x

(ei k ∆x − e−i k ∆x ),
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Vyškov

Petr Kurfürst

Hydrodynamika -
podstatná část
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I po vydělenı́ ξnei k j ∆x :

ξ = 1− u∆t
2∆x

(ei k ∆x − e−i k ∆x ),



Numerické výpočty
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analýza stability

Laxova metoda

Metoda zpětného
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procesů
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I Pokud |ξ| > 1, pro n→∞ bude |ξ|n →∞, schema je nestabilnı́.
I Pokud |ξ| < 1, schema je stabilnı́.

I Po dosazenı́ poruchové vlnové funkce do explicitnı́ho řešenı́
dostáváme

(ξn+1 − ξn)ei k j ∆x = − u∆t
2∆x

ξn(ei k (j+1) ∆x − ei k (j−1) ∆x ),

I po vydělenı́ ξnei k j ∆x :

ξ = 1− u∆t
2∆x

(ei k ∆x − e−i k ∆x ),
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Komplexnějšı́
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von Neumannova analýza stability

I tedy

ξ = 1− i
u∆t
∆x

sin k∆x .

I Protože |a + ib| =
√

a2 + b2, bude

|ξ|2 = 1 +

(
u∆t
∆x

)2

sin2 k∆x .

I Je zřejmé, že v přı́padě explicitnı́ho schematu musı́ vždy platit

|ξ| ≥ 1,

toto schema je tedy vždy nestabilnı́.
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von Neumannova analýza stability

I tedy

ξ = 1− i
u∆t
∆x

sin k∆x .

I Protože |a + ib| =
√

a2 + b2, bude

|ξ|2 = 1 +

(
u∆t
∆x

)2

sin2 k∆x .

I Je zřejmé, že v přı́padě explicitnı́ho schematu musı́ vždy platit

|ξ| ≥ 1,

toto schema je tedy vždy nestabilnı́.
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von Neumannova analýza stability

I tedy

ξ = 1− i
u∆t
∆x

sin k∆x .

I Protože |a + ib| =
√

a2 + b2, bude

|ξ|2 = 1 +

(
u∆t
∆x

)2

sin2 k∆x .

I Je zřejmé, že v přı́padě explicitnı́ho schematu musı́ vždy platit

|ξ| ≥ 1,

toto schema je tedy vždy nestabilnı́.
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diferencı́

von Neumannova
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Závěr

Laxova metoda

I Člen f n
j v explicitnı́m řešenı́ lze nahradit aritmetickým průměrem

sousednı́ch hodnot:

f n+1
j =

1
2

(f n
j+1 + f n

j−1)− u∆t
2∆x

(f n
j+1 − f n

j−1)

I von Neumannova analýza stability v tomto přı́padě dává:

ξ = cos k∆x − i
u∆t
∆x

sin k∆x ,

|ξ|2 = cos2 k∆x +

(
u∆t
∆x

)2

sin2 k∆x .

I Schema je zjevně stabilnı́, pokud Courantovo čı́slo
(Courant-Friedrichs-Levyho čı́slo - cfl)

u∆t
∆x

≤ 1 (Courant̊uv teorém stability).
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analýza stability

Laxova metoda

Metoda zpětného
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schemata

Modelovánı́ fyzikálnı́ch
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Laxova metoda

I Člen f n
j v explicitnı́m řešenı́ lze nahradit aritmetickým průměrem

sousednı́ch hodnot:

f n+1
j =

1
2

(f n
j+1 + f n

j−1)− u∆t
2∆x

(f n
j+1 − f n

j−1)

I von Neumannova analýza stability v tomto přı́padě dává:

ξ = cos k∆x − i
u∆t
∆x

sin k∆x ,

|ξ|2 = cos2 k∆x +

(
u∆t
∆x

)2

sin2 k∆x .

I Schema je zjevně stabilnı́, pokud Courantovo čı́slo
(Courant-Friedrichs-Levyho čı́slo - cfl)

u∆t
∆x

≤ 1 (Courant̊uv teorém stability).
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Vyškov

Petr Kurfürst

Hydrodynamika -
podstatná část
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I Stejná rovnice, modelovaná Laxovou metodou:
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Závěr

Laxova metoda

I Ještě jednou porovnánı́ explicitnı́ch řešenı́ s různými hodnotami
Courantova čı́sla (cfl=0.5):
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Laxova metoda

I Ještě jednou porovnánı́ explicitnı́ch řešenı́ s různými hodnotami
Courantova čı́sla (cfl=1.8):
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Laxova metoda

I Ještě jednou porovnánı́ explicitnı́ch řešenı́ s různými hodnotami
Courantova čı́sla (cfl=0.5),

I stabilizace 2. derivacı́ b(f n
j+1 − 2f n

j + f n
j−1), b = 0.25 (totožné

s Laxovou metodou):
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Laxova metoda

I Ještě jednou porovnánı́ explicitnı́ch řešenı́ s různými hodnotami
Courantova čı́sla (cfl=1.2),

I stabilizace 2. derivacı́ b(f n
j+1 − 2f n

j + f n
j−1), b = 0.6 (totožné

s Laxovou metodou):
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Metoda zpětného kroku (upwind method)

I V advekčnı́m členu použijeme zpětnou diferenci:

f n+1
j = f n

j −
u∆t
∆x

(f n
j − f n

j−1)

I von Neumannova analýza stability v tomto přı́padě dává (cfl=α):

ξ = 1− α + α cos k∆x − iα sin k∆x ,

|ξ|2 = (1− α + α cos k∆x)2 + α2 sin2 k∆x ,

I Z požadavku |ξ|2 < 1 vyplývá

2α(1− α)(1− cos k∆x) > 0.

I Protože α > 0, cos k∆x < 1, schema bude stabilnı́, pokud opět
Courantovo čı́slo α < 1.



Numerické výpočty
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kroku

Lax-Wendroffova
metoda

Implicitnı́ schema

Komplexnějšı́
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Metoda zpětného kroku (upwind method)

I V advekčnı́m členu použijeme zpětnou diferenci:

f n+1
j = f n

j −
u∆t
∆x

(f n
j − f n

j−1)

I von Neumannova analýza stability v tomto přı́padě dává (cfl=α):

ξ = 1− α + α cos k∆x − iα sin k∆x ,

|ξ|2 = (1− α + α cos k∆x)2 + α2 sin2 k∆x ,

I Z požadavku |ξ|2 < 1 vyplývá

2α(1− α)(1− cos k∆x) > 0.

I Protože α > 0, cos k∆x < 1, schema bude stabilnı́, pokud opět
Courantovo čı́slo α < 1.
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Metoda zpětného kroku (upwind method)

I Stejná rovnice, modelovaná metodou zpětného kroku:
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Lax-Wendroffova metoda

I Dvoukroková metoda, kombinace Laxova a explicitnı́ho
schematu.

I 1. krok (Laxův):

f
n+ 1

2
j+ 1

2
=

1
2

(f n
j+1 + f n

j )− 1
2

u∆t
∆x

(f n
j+1 − f n

j )

I 2. krok (explicitnı́):

f n+1
j = f n

j −
u∆t
∆x

(f
n+ 1

2
j+ 1

2
− f

n+ 1
2

j− 1
2

)

I von Neumannova analýza stability v tomto přı́padě dává (cfl=α):

ξ = 1− 2α sin
1
2

k∆x(α sin
1
2

k∆x + i cos
1
2

k∆x),

|ξ|2 = 1− 4α2 sin2 1
2

k∆x(1− α2 sin2 1
2

k∆x − cos2 1
2

k∆x).

I Z požadavku |ξ|2 < 1 opět vyplývá α < 1.
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diferencı́

von Neumannova
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Lax-Wendroffova metoda

I Dvoukroková metoda, kombinace Laxova a explicitnı́ho
schematu.

I 1. krok (Laxův):

f
n+ 1

2
j+ 1

2
=

1
2

(f n
j+1 + f n

j )− 1
2

u∆t
∆x

(f n
j+1 − f n

j )

I 2. krok (explicitnı́):

f n+1
j = f n

j −
u∆t
∆x

(f
n+ 1

2
j+ 1

2
− f

n+ 1
2

j− 1
2

)

I von Neumannova analýza stability v tomto přı́padě dává (cfl=α):

ξ = 1− 2α sin
1
2

k∆x(α sin
1
2

k∆x + i cos
1
2

k∆x),

|ξ|2 = 1− 4α2 sin2 1
2

k∆x(1− α2 sin2 1
2

k∆x − cos2 1
2

k∆x).

I Z požadavku |ξ|2 < 1 opět vyplývá α < 1.
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10.-14. zářı́ 2012,

Vyškov
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Lax-Wendroffova metoda

I Dvoukroková metoda, kombinace Laxova a explicitnı́ho
schematu.

I 1. krok (Laxův):

f
n+ 1

2
j+ 1

2
=

1
2

(f n
j+1 + f n

j )− 1
2

u∆t
∆x

(f n
j+1 − f n

j )

I 2. krok (explicitnı́):

f n+1
j = f n

j −
u∆t
∆x

(f
n+ 1

2
j+ 1

2
− f

n+ 1
2

j− 1
2

)

I von Neumannova analýza stability v tomto přı́padě dává (cfl=α):

ξ = 1− 2α sin
1
2

k∆x(α sin
1
2

k∆x + i cos
1
2

k∆x),

|ξ|2 = 1− 4α2 sin2 1
2

k∆x(1− α2 sin2 1
2

k∆x − cos2 1
2

k∆x).

I Z požadavku |ξ|2 < 1 opět vyplývá α < 1.
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schemata

Modelovánı́ fyzikálnı́ch
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Závěr

Lax-Wendroffova metoda

I Dvoukroková metoda, kombinace Laxova a explicitnı́ho
schematu.

I 1. krok (Laxův):

f
n+ 1

2
j+ 1

2
=

1
2

(f n
j+1 + f n

j )− 1
2

u∆t
∆x

(f n
j+1 − f n

j )

I 2. krok (explicitnı́):

f n+1
j = f n

j −
u∆t
∆x

(f
n+ 1

2
j+ 1

2
− f

n+ 1
2

j− 1
2

)

I von Neumannova analýza stability v tomto přı́padě dává (cfl=α):

ξ = 1− 2α sin
1
2

k∆x(α sin
1
2

k∆x + i cos
1
2

k∆x),

|ξ|2 = 1− 4α2 sin2 1
2

k∆x(1− α2 sin2 1
2

k∆x − cos2 1
2

k∆x).

I Z požadavku |ξ|2 < 1 opět vyplývá α < 1.
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Lax-Wendroffova metoda

I Dvoukroková metoda, kombinace Laxova a explicitnı́ho
schematu.

I 1. krok (Laxův):

f
n+ 1

2
j+ 1

2
=

1
2

(f n
j+1 + f n

j )− 1
2

u∆t
∆x

(f n
j+1 − f n

j )

I 2. krok (explicitnı́):

f n+1
j = f n

j −
u∆t
∆x

(f
n+ 1

2
j+ 1

2
− f

n+ 1
2

j− 1
2

)

I von Neumannova analýza stability v tomto přı́padě dává (cfl=α):

ξ = 1− 2α sin
1
2

k∆x(α sin
1
2

k∆x + i cos
1
2

k∆x),

|ξ|2 = 1− 4α2 sin2 1
2

k∆x(1− α2 sin2 1
2

k∆x − cos2 1
2

k∆x).

I Z požadavku |ξ|2 < 1 opět vyplývá α < 1.
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metodami konečných
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Závěr

Lax-Wendroffova metoda

I Stejná rovnice, modelovaná Lax-Wendroffovou metodou:
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schemata

Modelovánı́ fyzikálnı́ch
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Závěr
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I Hodnoty veličiny f na pravé straně rovnice jsou počı́tány v čase
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j = f n
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u∆t
2∆x

(f n+1
j+1 − f n+1

j−1 )

I von Neumannova analýza stability v tomto přı́padě dává (cfl=α):

ξ =
1

1 + iα sin k∆x
=

1− iα sin k∆x
1 + α2 sin2 k∆x

,

|ξ|2 =
1

1 + α2 sin2 k∆x
.

I Je zřejmé, že implicitnı́ schema vždy splňuje: |ξ| ≤ 1,
I Je tedy vždy numericky stabilnı́.
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analýza stability

Laxova metoda

Metoda zpětného
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j .
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α

2
f n+1
j−1 − f n+1

j − α

2
f n+1
j+1 = −f n

j .

numerickými metodami lineárnı́ algebry.

I V přı́padě složitých problémů může být neschůdné.
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diferencı́
Podzimnı́

astronomický kurs,
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Závěr
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I Stejná rovnice, modelovaná implicitnı́ metodou:
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astrofyziky

Principy konečných
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I Vytvořena celá řada modernějšı́ch a přesnějšı́ch metod:

I Použitı́ tzv. prostřı́dané sı́tě (staggered mesh), umožňujı́cı́
oddělenı́ toků veličin (flux splitting).

I Postupné přidávánı́ jednotlivých členů pravé strany hd rovnic
(operator splitting):

f n+1/m = U1(f n,∆t/m)

f n+2/m = U2(f n+1/m,∆t/m)

...

f n+1 = Um(f n+(m−1)/m,∆t/m),

kde m značı́ počet členů na pravé straně přı́slušné hd rovnice.
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procesů
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kde m značı́ počet členů na pravé straně přı́slušné hd rovnice.
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I Princip prostřı́dané sı́tě (staggered mesh):

I A-sı́ť - vektorové veličiny
I B-sı́ť - skalárnı́ veličiny
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10.-14. zářı́ 2012,

Vyškov
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I Přı́klad současně použı́vaného schematu - dvoukroková metoda
s oddělenými toky, van Leerova derivace:

∆− =
ρi−1 − ρi−2

rb(i−1) − rb(i−2)

∆+ =
ρi − ρi−1

rb(i) − rb(i−1)

van Leerova derivace:

dvl =

{
2∆−∆+

∆−+∆+
∆−∆+ > 0

0 ∆−∆+ < 0

interr = interpolant hydrodynamické veličiny na opačném
rozhranı́:

interri = ρi−1 + dvl(ra(i) − rb(i−1) − ua(i) dt/2)

advekčnı́ schema:

ρi = ρi −
dt

∆Vb(i)
(interri+1ua(i+1)Σa(i+1) − interriua(i)Σa(i))
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I Opět stejná advekčnı́ rovnice, modelovaná výše uvedenou
metodou, cfl = 0.5:
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I Opět stejná advekčnı́ rovnice, modelovaná výše uvedenou
metodou, cfl = 0.9:
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I Opět stejná advekčnı́ rovnice, modelovaná výše uvedenou
metodou, cfl = 1.2:
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Modelovánı́ fyzikálnı́ch procesů

I Riemannova rázová trubice (neviskóznı́ přı́pad):
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I Riemannova rázová trubice (viskóznı́ přı́pad):



Numerické výpočty
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I Slunečnı́ koronálnı́ vı́tr (Parkerova rovnice):
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I Dalšı́ možná úskalı́ - přı́klad hvězdného disku
I nesprávně nastavené Courantovo čı́slo:
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I Dalšı́ možná úskalı́ - přı́klad hvězdného disku
I špatně zadaná okrajová podmı́nka pro vφ:
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I Dalšı́ možná úskalı́ - přı́klad hvězdného disku
I špatně zadaná okrajová podmı́nka pro vr :
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diferencı́

von Neumannova
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I Dalšı́ možná úskalı́ - přı́klad hvězdného disku
I reálné parametry - přı́liš velké (cca 16 řádů) rozdı́ly v hodnotách:
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I Dalšı́ možná úskalı́ - přı́klad hvězdného disku
I vhodně provedené normovánı́ veličin:



Numerické výpočty
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I Numerické výpočty metodami konečných diferencı́ - vhodné pro
deterministické procesy

I Celá řada dalšı́ch metod a schemat

I Modelovánı́ principiálně náhodných jevů (zářenı́) na zcela jiném
principu (např. Monte Carlo)

I Dostupné hotové programy (kódy) (např. ZEUS, Pencil pro hd,
TLUSTY, CMFGEN pro modelovánı́ hvězdných atmosfér, atd.)

I Uspokojivý výsledek pouze při splněnı́ mnoha podmı́nek
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10.-14. zářı́ 2012,
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