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CHAPTER 1
Lie groups

1. Lie groups

DErFINITION 1.1. A Lie group G is a group, which is at the same time a smooth manifold in
such a way that

e the multiplication i : G x G — G is smooth,
e the inverse v : G — G is smooth.

By a homomorphism of Lie groups we understand a smooth group homomorphisms.

NOTATION. We denote by e the unit and write a~! instead of v(a). We will be using the left
and right translations A\,, p, : G — G defined by

Aa(b) = ab pa(b) = ba

THEOREM 1.2. The smoothness of the inverse follows from the smoothness of the multiplica-
tion.

PROOF. The defining equation for the inverse is p(a,v(a)) = e. By the implicit function
theorem it is enough to verify that the derivative of y(a, —) at a=! is invertible. This follows from
the fact that p(a, —) = A, has an inverse A -1. O

REMARK. Every Lie group is a topological group, i.e. a group and a topological group such
that the multiplication and the inverse are continuous. The fifth Hilbert problem states that every
topological group G that is at the same time a (topological) manifold admits a smooth structure
for which G becomes a Lie group. This was proved in 1952 (in fact the structure is even analytic).
If time permits we will get to the implication C? = C°.

Let M, N be smooth manifolds. Then the projections p: M x N - M and ¢: M x N - N
provide the canonical isomorphism

(Pa @) = Ty (M x N) — T, M x T, N.
The inverse isomorphism is obtained from the inclusions
iy : M — M x N Je: N —=>MxN
a+(a,y) b (z,b)

Under the above identification the pair (X,Y) € T, M x TyN corresponds to (iy)«X + (jz)«Y €
T(m7y) (M X N)

LEMMA 1.3. The following formulae hold for A,B € T.G:
(A, B) = A+ B, v, A= —A.
PrROOF. These are just simple calculations
(A, B) = ul(i)e A+ () B) = (ic) A+ (4j).B = A+ B
and by differentiating e = u(a,v(a)) in the direction A € T.G we get
0=p (A, vA)=A+ v, A

EXAMPLES 1.4. The classical groups:
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e The general linear group GL(n, R) - the group of invertible matrices (a;;). Since GL(n,R) C
R™*" can be described as GL(n,R) = det™ (R — {0}) it is an open subset and hence a
manifold. Multiplication is clearly smooth (even algebraic).

e The general linear group GL(n,C) with coefficients in C. We think of GL(n,C) as a
subgroup of GL(2n,R) via the identification C" = R™ @ iR™. The embedding becomes

) A -B
A—HB»—><B A)

On the other hand GL(n,C) C C"*" is again open and hence a manifold.
e The special linear groups
SL(n,R) = {A € GL(n,R) | det A =1}
SL(n,C) = {A € GL(n,C) | det A =1}
are certainly closed submanifolds and also subgroups. Later we will prove

THEOREM. FEwvery closed subgroup of a Lie group is a submanifold and with the
submanifold smooth structure a Lie group (i.e. a Lie subgroup).

o Let §: R" x R® — R be a bilinear form represented by a matrix B = (b;;). A linear
map « : R” — R" is said to preserve f if

Blaz,ay) = B(z,y) <= ATBA=D0B

Such linear automorphisms clearly form a closed subgroup of GL(n,R).
— Specifically for 8 = (, ), the scalar product, we have B = E, the identity matrix
and we obtain the orthogonal group

O(n,R) = {A € GL(n,R) | ATA = E}
and also the special orthogonal group
SO(n,R) = O(n,R) N SL(n,R)

— Consider on R?" the (nondegenerate antisymmetric) bilinear form
n
Z(%‘ynﬂ' — YiTn+i)
i=1
with its matrix J = | E 0) The group of linear automorphisms preserving this
form is called the symplectic group Sp(2n,R). Analogously we obtain Sp(2n,C).

e The unitary group U(n) = {A € GL(n,C) | ATA = E} and the special unitary group
SU(n) = U(n) N SL(n,C). There is also a complex orthogonal group which is different
from the unitary group. One of the main qualitative differences is that O(n,C) is a com-
plex manifold and a complex Lie group (reason being that the defining equation A7 A = E
is holomorphic unlike that for the unitary group - it contains complex conjugation).

e The spin group Spin(n). We will say more about it later. It is related to SO(n,R) by a
short exact sequence of groups

1 — Z/2 — Spin(n) = SO(n,R) — 1.

e Sp(n) = {A € GL(n,H) | ATA = E}, the group of linear automorphisms of the quater-
nionic space H" preserving the scalar product. Also Sp(n) = Sp(2n,C) N U(2n).

2. Lie algebras
DEFINITION 2.1. A vector space L over R is called a Lie algebra if there is given a bilinear
map [, | : L x L — L satisfying
o the antisymmetry: [X, X] =0,
o the Jacobi identity: [[X,Y], Z] + [[Y, Z],X] + [[Z,X],Y] = 0.
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From bilinearity we obtain
0=[X4Y,X+Y]=[X,X]|+[X,) Y]+ [V, X]+[V.Y] = [X,Y]+ [V, X]
implying [Y, X] = —[X,Y].
EXAMPLE 2.2. The vector fields on a smooth manifold M with the bracket [X,Y]:
8 d Y, 9X;\ 8
X:ZXZ%’Y:ZEW - [XaY]:Z(Xjaxjiifjaxj)axi

i,J

Let L be a finite dimensional Lie algebra and ey, ..., e, its basis. Then [e;, e;] = >, cfjex.

The numbers cfj are called the structure constants of L with respect to the basis. They satisfy

the following identities:
k k

® Gi T ~Cjp
o Yo (ckiem + e+ cfiept) =0.
Conversely, by giving the basis ej,...,e, and the structure constants cfj satisfying the above
equalities we obtain a Lie algebra L. The complete classification of Lie algebras is not yet known.
ExXAMPLE 2.3. Let V be a vector space and denote L = hom(V, V). On L we define a bracket
[f.gl=Ffog—golf
In this way we obtatin a Lie algebra gl(V').
For a Lie group G we define g = Lie(G) = T.G as a vector space. Now we proceed to introduce
a bracket on g.

DEFINITION 2.4. A vector field X : G — TG is called left-invariant if (M)« 0 X = X o )\, for
any a € G.

(Na)x
TG —— TG

.t
G/\*>G

a

In other words X is A,-related with itself which we denote by X ~,_  X.

REMARK. The f-relatedness of vector fields X and Y has the following characterization via
the flow lines, easily verified by differentiating both sides.

FFIY () = F1 (f(2))
In other words f transfers the flow lines of X into the flow lines of Y. We will use this property
quite often.

REMARK. Let A € T.G be an arbitrary vector. It defines a vector field A4 : G — T'G by the
formula A4 (a) = (Ay)+A. This vector field is clearly left-invariant as
Aa(ab) = (Aap)+A = (Aap)e A = (Aa)« (M) A) = (Aa)«(Aa (b))
It remains to verify its smoothness. Since (Ag)+A = p«(04, A) this is achieved by the following

diagram

TG x TG —T@G

(O,A)T
Aa

G

with (0, A) being the map with components the zero section 0 and the constant map sending
everything onto A.

THEOREM 2.5. Let X,Y be left invariant vector fields. Then X +Y, kX and [X,Y] are again
left-invariant.
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PROOF. Since X and Y are A\, related with X and Y respectively, the same is true for their
sum, multiples and bracket. O

DEFINITION 2.6. The vector space g = Lie(G) = T.G together with the bracket [A, B] =
[Aa, ABJe is called the Lie algebra of the Lie group G.

REMARK. For every finite dimensional Lie algebra g there exists a Lie group G for which
Lie(G) = g.

We would like to explain now why this is a reasonable object of study. We have seen that
the first derivative at e does not see anything from the structure of the Lie group. The second
derivative does but in order to make sense of the second derivative one has to fix the coordinate
charts (which we will do later and for them the second derivative will be described exactly by the
Lie bracket). Without a fixed choice of the charts the second derivative only makes sense when
the first derivative vanishes at that point which is not the case for the product. The way out is to
“subtract from g the sum of the two coordinates” by considering

[,]:GxG—G
(a,b) — aba='p7!

We will see shortly that the first derivative of the commutator vanishes at e and the essential part
of the second derivative is exactly the Lie bracket.

NOTATION. Let X, Y be two vector fields on a manifold M. Then we denote
(FI)*Y (z) = (FIX).Y (FIX (z)) € T, M
the pullback of Y along the flow FltX of X. For each x € M it is defined for ¢ small.

LemMa 2.7 | (FIF)Y (2) = (FI7)*[X, Y](2).

PROOF. First assume that t) =0 and let f : M — R be a smooth function. We differentiate
f in the direction of the left hand side:

(%|t:0 (Fltx)*y(r)> f= Gl (FIX )
= o (1% F1X< )
= o (YER @) 0P

=Y (@) (X)) + &g (VHEL (@)
~(Y X)) + (XY )(@) = (1X,V](@) f

For a general to we have (FIX)*Y (z) = (Flfg)*(Flf{to)*Y(m). Since (Flfg)* is a linear map we can
interchange with %. O
COROLLARY 2.8. The following conditions are equivalent:
o [X,Y]=0,
o (FIX)'Y =Y, ie. Y is FI,\ -related with itself for all t,
e FIXF1IY (z) = FIY FI¥(2), i.e. the flow lines commute.
In general we have F1¥  FI*, F1Y FIX (z) = z + st[X,Y](z) + o(s, ).

PrOOF. Differentiating twice we get

Blico Bl omg FYL PN FL P @) = &, (- (@) + (F1) Y (@) = X, Y](2)

The remaining derivatives of order at most two are clearly zero. O
EXAMPLE 2.9. Let M = G, a Lie group. What does [A, B] for A,B € g express? Let us

consider the following integral curves
e ©(t) the flow line of A4 with ¢(0) =e,
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e ¢(t) the flow line of A\p with ¢(0) = e.
A flow line of A4 through a general a € G is easily a- ¢ : t — ap(t). This follows from the
Ag-relatedness of A4 with itself:
4 0p(1)) = O h0) = () Aa(9(0)) = Aala()

In other words FIM (a) = ag(t). This implies that @(t; 4 to) = @(t1)p(t2) and it is a homomor-
phism of groups. We now compute
FI2% FIY FI27 FI (€) = @(t)u (s)p(—t)w(—s) = p(t)e(s)p(t) ™ (s) ™
In other words the group theoretic commutator [p(t),1(s)] has a Taylor polynomial
[p(t),¥(s)] = e+ [A, Blst + o(s,t)”
This can also be rewritten as d?[ , J(c,)((4,0), (0, B)) = [A, B]. The Lie bracket thus measures
the non-commutativity of the Lie group. More precisely [A, B] = 0 if and only if all the elements

©(t) commute with all ¢(s). We will see later that the connection between commutativity of G
and vanishing of the bracket works perfectly for connected Lie groups.

DEFINITION 2.10. Let L, L’ be two Lie algebras. A linear map ¢ : L — L’ is called a
homomorphism of Lie algebras if ¢[A, B]L, = [pA, pB]|L .

THEOREM 2.11. Let f : G — H be a (smooth) homomorphism of Lie groups. Then its
deriwative fy : g — b at e is a homomorhpism of Lie algebras.

PROOF. Let us rewrite f(ab) = f(a)f(b) using the left translations as

fo)‘a :)\f(a)of
Differentiating in the direction A € g we obtain f.(Aq)«A = (Af(a))«fxA or
firala) = Apa(f(a))

which means that A4 is f-related to Ay, 4. Since the bracket respects relatedness, [Aa, Ap| must
be f-related to [Af, 4, A, g|. Evaluating at e yields the result. O

DEFINITION 2.12. A smooth map f : G — H between Lie groups is a local isomorphism if
it is both a homomorphism and a local diffeomorphism at e (i.e. the derivative f.. : g — b is an
isomorphism).

Two Lie groups G, H are called locally isomorphic if there exist neighbourhoods U > e and
V Se, in G and H respectively, together with a diffeomorphism f : U — V which satisfies:

e f(ab) = f(a)f(b) whenever a,b,ab € U,
o f71(ab) = f~(a)f1(b) whenever a,b,ab € V.
Clearly if there exists a local isomorphism f : G — H then G and H are locally isomorphic.
THEOREM 2.13. Locally isomorphic groups have isomorphic Lie algebras. O

EXAMPLE 2.14. The additive groups R and T = SU(1) (the group of complex units in C) are
locally isomorphic. We think of the first as the group of translations of the line while the second
is the group of rotations of the circle (or C for that matter). This is because there exists a local
isomorphism R — T sending ¢ + 2%,

DEFINITION 2.15. Let L, L' be Lie algebras. On their product L x L' we consider the bracket
(X1, Y1), (X2, Y2)] = ([X1, Xo|L, [V1, Ya] /).
We call L x L’ together with this bracket the product of Lie algebras L and L'.
THEOREM 2.16. Lie(G x H) = Lie(G) x Lie(H).

PROOF. The projections p: G x H — G and ¢ : G x H — H are homomorphisms and hence
they induce homomorphisms of the Lie algebras in question. This means

P« [(X1, Y1), (X2, Y2)] = [p«(X1, Y1), ps (X2, Y2)] = [X1, X2

and similarly for ¢. The canonical isomorphism (p., ¢.) : Lie(Gx H) — gxBb is then an isomorphism
of Lie algebras. O
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REMARK. With the above Lie algebra structure L x L’ forms a product in the category of Lie
algebras. The previous proof is then just a demonstration of the fact that Lie is a functor and
preserve products (which is obvious from the fact that this happens already at the level of tangent
vector spaces at e).

What happens if we change sides? Denoting pa the right-invariant vector field with value
A at e the next theorem asserts that the Lie bracket defined via the right-invariant vector fields
agrees with the usual one up to the minus sign.

THEOREM 2.17. For A, B € g the following holds: [pa, pBle = —[A\a, AB]e-

PRrROOF. Consider the opposite group G* with multiplication a *b = ba. The inverse v : G* —
G is a group homomorphism and

[A, BI" = [Xa; Agle = [pa; pBle

Thus —[pa, pBle = V|4, B]* = [V« A, v B] = [- A, —B] = [Aa, AB]e. O

COROLLARY 2.18. For a commutative group G the bracket on its Lie algebra is identically
zero.

3. Subgroups and subalgebras

DEFINITION 3.1. A Lie subalgebra L' C L is a vector subspace closed under [, |.

THEOREM 3.2. If H C G is both a submanifold and a subgroup then b C g is a Lie subalgebra.

PRrROOF. In the diagram

HxH-"%H

[ [

GxG——G

the map p (which exists since H is a subgroup) is smooth since H is a submanifold. Hence H is
a Lie group and the inclusion ¢ : H — G is a homomorphism. Thus its derivative ¢, : h — g is a
homomorphism of Lie algebras (saying that the bracket of b is a restriction of the bracket on g)
and its image is therefore a subalgebra. O

EXAMPLE 3.3. Consider R?. Then every line {(z,kz) | z € R} (for k € R) is a subgroup (and
a submanifold). Now consider the torus T? = R?/Z2. Again we get subgroups for any k¥ € R. For
k € Q this subgroup is a submanifold but not for irrational & when this subgroup is dense.

DEFINITION 3.4. A subset A C M of a smooth manifold M is called an initial submanifold
(of dimension k) if for each x € A there exists a chart

0: U =3 R™=RFx R™*
such that ¢~1(R* x {0}) is exactly the path component of U N A containing z.

THEOREM 3.5. Every initial submanifold is the image of an (essentially unique) injective
immersion i satisfying the following universal property:

N—M

For every smooth map f : N — M with the property f(N) C i(A) the unique map g : N — A
satisfying ig = f is also smooth.
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PRrROOF. Let ¢ : U — R™ be a chart on N from the definition of an initial submanifold.
Declare its restriction

C.(UNA) = R* x {0}

to the path component of U N A containing = to be a chart for A. This does endow A with a
smooth structure. It differs from the subspace topology (which is inevitable) but the inclusion is
clearly an injective immersion.

We verify the universal property for inclusions of initial submanifolds. Let y € N with
fly) = x and V a path connected neighbourhood of y which maps into U. Since its image is
also path connected it must be contained in U N A. Thus ¢ in the chart provided by ) is just a
restriction of f and hence smooth.

Suppose now that i’ : A" < M is another injective immersion with the same image as i. Then

there exists a factorization
A’ 7 A
N

M

with h an immerison and a bijection at the same time. Since its inverse is also an immersion by
the same argument A must be in fact a diffeomorphism. O

REMARK. It is also true that any injective immersion 4 satisfying the above universal property
is in fact an inclusion of an initial submanifold but we will not need this fact.

REMARK. We have not proved that A has a countable basis for its topology. In fact A might
well have an uncountable number of components. However each of the components of A is second
countable.

DEFINITION 3.6. A Lie subgroup H C G is an initial submanifold which is at the same time
a subgroup.

THEOREM 3.7. A Lie subgroup H C G with its canonical smooth structure (and multiplication)
is a Lie group. Moreover h C g is a Lie subalgebra.

PROOF. The whole proof is contained in the diagram

HxH-Y“sH

[ ]

GxG——G
(]

Our new definition includes the wild subgroups of the torus T2. In fact we are able to construct
a Lie subgroup for any Lie subalgebra of g. To motivate our construction observe that for a Lie
subgroup H C G and a € H we have T,H = (\,).h and H is an integral submanifold of the left
invariant distribution determined by b.

More generally for a linear subspace P C g of dimension k the left translations (A,).P =:
Ap(a) € T,G form a k-dimensional distribution Ap on G. This distribution is smooth: if
Ay, ..., Ay is a basis of P then Ay, (a),..., A4, (a) is a basis of Ap(a).

A distribution § on M is called involutive if for every two vector fields X,Y € S their bracket
[X,Y] also lies in S.

THEOREM 3.8 (Frobenius theorem). If S is involutive then for every x € M there exists a local

coordinate system y',...,y™ in a neighbourhood U of x such that the vector fields 8%1, ey 8%k

form a basis of the distribution S on U. In particular S is integrable.
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PROOF. Let Xi,..., X} be local vector fields which, near x, span the distribution S and let
us choose a coordinate system around z in which X,(x) = %. We then define a map

p:R"DU — M
(t',...,t™) — FLI - FLE(0,..., 0,67, . t™)

The partial derivatives at the origin clearly consist of the vectors -2 and thus ¢ is a local diffeo-

ozt
morphism.
Let us compute the partial derivative with respect to t* for i < k at a general point.
9] v .
o= () - (F) X (PR R @)
To conclude the proof it is therefore enough to show that for any Y belonging to S the pullbacks
(F17)* X; also belong to S. Denote this pullback by

Yi(t) = (FI} )" X, (x)

and write [V, X;] = > a;;X;. By Lemma 2.7 the paths Y;(t) satisfy the following system of
differential equations

Vi) = (FL) 1Y, X)) = ) ai; (FIY (2))Y;(¢)
We have Y;(0) = X;(z) € S(x) and since the system is linear we must have Y;(t) € S(z) for all
t. Namely applying any linear form « to this system we see that «(Y;(t)) satisfy the very same

linear system of differential equations. Using the uniqueness and the existence of the zero solution
we see that «(Y;(0)) = 0 for all ¢ implies «(Y;(¢)) = 0 for all ¢ and ¢. O

By an integral submanifold we will now understand a connected initial submanifold A C M
for which T, A = S, for all x € A. A maximal integral submanifold is one that is not contained in
any bigger.

THEOREM 3.9. If S is involutive then to every point x € M there exists a unique mazximal
integral submanifold going through that point.

PROOF. We will obtain this initial submanifold as the set A of all points y € M which can be
joined with x by a path ~: I — M tangent to the distribution S, i.e. with the properties
* 7(0) =z, 7(1) =y,
* = %’y eS.
We need to verify that A is indeed an initial submanifold, maximality should be obvious. In a
coordinate chart ¢; : U; — R™ from the Frobenius theorem U; N A is clearly the disjoint union

L] R* X {(Chp1,---sCm)}

(Ck+17---7Cm)ECj

It is enough to show that each C; is at most countable since every countable subset of R™F is
totally disconnected (in between any two distinct x,y in a countable set X C R there lies some
z ¢ X). First we prove an auxiliary fact:

Let B be an integral submanifold which is second countable. Then B intersects each U; in at
most a countable number of leaves R¥ x {(cx11,...,cm)}: if, by contradiction, the number was
uncountable then choosing a point from B in each leaf we would find an uncountable discrete
subset of B.

In particular every leaf of ¢; intersects at most countable number of leaves of . Now start
with Ag = {2} and at each step “leaf complete” A; to obtain A;11. Then A = (JA4; and it is
second countable, hence intersects only a countable number of leaves of each ;. (]

Let us return to a linear subspace P C g and the distribution Ap on G.
LEMMA 3.10. Ap is involutive if and only if P is a Lie subalgebra.

PROOF. Since [X, fY +¢Z] = fIX, Y]+ (X f)Y 4+ g[X, Z] + (Xg)Z it is enough to check the
brackets of vector fields of the form A4 with A € P. But [\, AB] = A4, 5] O
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THEOREM 3.11. Let h C g be a Lie subalgebra. Then the maximal integral submanifold H
passing through e is a Lie subgroup.

PROOF. Let a € H. Since (Ay-1). Ay = Ap, the map A, -1 preserves integral submanifolds. As
Ag-1(a) = e and both a,e € H we must have \,-1(H) = H and thus a~'b € H foralla,b € H. O

Now we tackle the uniqueness issue. First a lemma.

LEMMA 3.12. Let f : G — H be a homomorphism of Lie groups whose derivative at identity
is surjective. Then the image of f is a union of components of H.

PROOF. The image is certainly a subgroup which is open. Since any open subgroup is neces-
sarily also closed (its complement being a union of cosets which are open) the assertion follows. O

REMARK. Later we will use a simple variation of this lemma: Let U be a connected neigh-
bourhood of e in a Lie group G. Then the subgroup generated by U is exactly the connected
component G, of G containing e. Here G, is a subgroup since the pointwise product of a path
from e to a and a path from e to b is a path from e to ab.

THEOREM 3.13. Let H C G be a connected Lie subgroup. Then H is the mazimal integral
submanifold of A\y. In particular two connected Lie subgroups are equal if and only if they have
the same Lie algebra.

Proor. Let Hj be the maximal integral submanifold of Ay passing through e. Since both H
is also an integral submanifold it must be contained in Hy and the inclusion H < Hj is both
injective and surjective by the previous lemma (the derivative at e is the identity on h) and thus
H = H,. O

4. Homomorphisms of Lie groups and algebras

LEMMA 4.1. A group homomorphism f : G — H which is smooth near e is smooth everywhere.

PRrROOF. This is a classical homogeneity argument. Denoting by U the neighbourhood of e
where f is smooth pick any a € G and consider the diagram

U$>H

AQJ( J(/\f(w

QU?H

in which aU is a neighbourhood of a and thus f is smooth everywhere. O

The essential idea of this section is to construct homomorphisms through their graphs. Let us
consider ¢ : g — b, a linear map between Lie algebras. The graph of ¢ is the subset Graph(p) =

{(A,0(4)) | A€ g}
LEMMA 4.2. Graph(p) is a Lie algebra if and only if ¢ is a homomorphism of Lie algebras.
PROOF. By the definition of the bracket in the product
(A, 0(A)), (B, (B))] = ([A, B, [¢(A), ¢(B)])
which lies in Graph(yp) if and only if [p(A), ¢(B)] = ¢[A, B]. O
Let ¢ : g — b be now a homomorphism of Lie algebras, Graph(p) C g X b its graph, a Lie
subalgebra. There exists a unique connected Lie subgroup F C G x H with Lie(F) = Graph(yp).

Assuming that the composition FF — G x H — G is a diffeomorphism F will be a graph of
a homomorphism f : G — H with f. = ¢. In general however this projection is only a local
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diffeomorphism: its derivative at e is the isomorphism Graph(y) — g and at other points this
follows from the diagram

nF—T 16

w»lu ulww*

ToF —— T G
7. 1@

DEFINITION 4.3. A continuous map f : X — Y is a covering if for each y € Y there exists its
neighbourhood U such that

—> L] U
ceC
\ / id

LEMMA 4.4. Every local isomorphism of Lie groups is a covering.

PROOF. Let f : G — H be the local isomorphism, U > a, V > b open neighbourhoods for

which f|y : U = V with inverse g. Then we will show that
|| kU
keker f

Therefore let € f~1(V). Then x = (- g(f(x))~')-g(f(z)) is the decomposition. Also kx = k'z’
implies that z(z')~! = k~1k’ € ker f and thus f(x) = f(2'). Since f in injective on U, x = 2’ and
necessarily k = k'.

The proof is finished by recalling that the image of f is a union of components (so that for
any b the a above exists). O

THEOREM 4.5. Let X be a path connected and locally simply connected topological space. Then
X is simply connected if and only if every connected covering of X is a global homeomorphism.

Before going into the proof we draw a corollary:

THEOREM 4.6. Let G be a simply connected Lie group, H any Lie group. Then for every
homomorphism ¢ : g — b of Lie algebras there exists a unique homomorphism of Lie groups
f: G — H with the property f. = @. For connected G the uniqueness part is still valid.

PROOF. The above constructed homomorphism F' — G is a covering and according to the
previous theorem a diffeomorphism. Thus F' is the graph of f. O

COROLLARY 4.7. Two simply connected Lie groups G and H are isomorphic if and only if
their Lie algebras are isomorphic. O

The assumption of simple connectivity is essential: the canonical projection map R — R/Z =
T is a homomorphism but there is no non-trivial homomorphism in the opposite direction despite
the fact LieR = LieT.

PROOF OF THEOREM 4.5. Let us construct the universal covering of X. Set
X={017:0) = (X, )}

whefe [v] denotes the class with respect to homotopies preserving both endpoints. The projection
p: X — X sends [7] — (1). Then clearly
o piz) 2w (X, z).
e pis a covering: Let U be a simply connected neighbourhood of z’. Then
prU) = || BI*{)]6:(1,0) = (Uy)}

7(([;;]::7@ in bijection with U by

y(1)=z' simple connectivity
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This bijection defines a topology on X for which p is a covering. Therefore X is a smooth
manifold if X was to start with (again we leave out the proof that X is second countable).

REMARK. We have shown that 71 (X, z) is at most countable since p~—!(z) is discrete
and X second countable.

e pis universal: let ¢ : Y — X be a covering with connected Y and let y € ¢~!(z). Then
there exists a unique f : X — Y satisfying ¢f = p and f(Z) = y where Z = [z] € X is
the class of the constant path

(X)) ---L-—-2(Vy)
(X,2)

This is about the path lifting property: the path v : (1,0) — (X,z) has a unique
continuous lift to (X, &), namely ¢ — [7][0,4]- Denote the unique lift to (Y,y) by 7. Since
the lifts must be preserved f must send [y] — F(1).

o If (X, z) = {e} then X — X is a homeomorphism: it is a local homeomorphism from
the definition of a covering and surjective from the path connectedness of X. We will
prove injectivity. Let p[y] = p[d], i.e.

7,0 :(1,0,1) = (X, x,2)
The concatenation v * 61 is a loop in X, hence contractible to a point which gives
[v] = [0].
O

5. The exponential map
DEFINITION 5.1. A one-parameter subgroup in G is a homomorphism v : R — G.

THEOREM 5.2. For every A € g there exists a unique one-parameter subgroup v4 : R - G
such that 44(0) = A.

PRrROOF. R is simply connected and LieR = R with the trivial bracket and thus a homomor-
phism R — g of Lie algebras is the same thing as a linear map. O

The one-parameter subgroup 4 is an integral curve of A4 and more generally for every a € G
the curve ¢ — a - y4(t) is:
Gl 074 () = G,y ava(t0) 1t = 10) = Narya(10))=A = Aala - va(to))
THEOREM 5.3. The flow of the left-invariant vector field A4 is

FI} (a) = ava(t) = py,n(a)
Moreover \s is complete (the integral curves are defined for allt € R).

DEFINITION 5.4. The map exp : g — G sending A — y4(1) is called the exponential map of
the Lie group G.

EXAMPLE 5.5. For G = (R™,:) the associated Lie algebra is LieG = R, the left-invariant
vector field A4(a) = (Aq)«A = aA. The equation for the flow is

Lya =44

and its solution is clearly y4(t) = 4. Hence exp(A) = e?.

EXAMPLE 5.6. More generally for G = GL(n,R) the exponential map is
exp : gl(n,R) — GL(n,R)
— 1
Ar—et =) —AF

k!
k=0
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THEOREM 5.7. It holds exp(tA) = vya(t).
PROOF. v4(t) = FI}(e) = FIi 2 (e) = FI}*4 (e) = exp(tA). O

THEOREM 5.8. The map exp : g — G is smooth and a diffeomorphism on a neighbourhood of

PrOOF. The vector field A4 depends smoothly on A and thus also exp. We compute the
derivative of exp by considering a curve ¢t — tA in g. Its image under exp is ¢t — exp(tA) = va(t)
whose derivative at 0 is §4(0) = A. We conclude that exp, =id: g — g. O

THEOREM 5.9. For every homomorphism of Lie groups the following diagram commutes.

GL>H

expT Texp

0—5h

PROOF. f(ya(t)) is a one-parameter subgroup with initial speed f.A and thus equal to
vf.A(t). Evaluating at ¢ = 1 yields the result. O

LEMMA 5.10. Let f : G — H be a homomorphism of Lie groups with G connected and let
K C H be a Lie subgroup. Then f(G) C K if and only if f.(g) C ¢.

PROOF. Suppose that f.(g) C £. Then f(exp(g)) = exp(f.(g)) C exp(t) C K. Since exp(g)
is a neighbourhood of e in G, f~1(K) is an open subgroup of G. As G is connected f~'(K) must
equal G. (]

THEOREM 5.11. Let ¢ : R — G be a continuous group homomorphism. Then ¢ is smooth.

PROOF. In a neighbourhood of 0 € R we can write uniquely ¢(t) = exp(A(t)) with X (¢) a
continuous path in g starting at 0. We would like to show that X (¢) is linear. Let ¢[—to, o] C exp U
where U is a ball centered at 0 and such that exp is a diffeomorphism on 2U. Let n € N. We will
show that kX (%’) =X (k;%’) for 0 < k < n by induction on k. For £ = 0 or k = 1 this is clear.
Assuming the statement true for k write

(k+1)X () =kX (2)+ X () e2U
Since

exp (5 + )X (1)) = (exp X ()7 = o (1))

= ((k+1%) =exp (X ((k+1)%))
and exp is injective on 2U this finishes the induction step. As a particular case nX (%’) = X (to)
and thus X (£¢y) = £X(t¢) which easily holds also for all integers k with |k| < n. From continuity

X(rtg) = rX(to) for all r € [~1,1]. Since ¢|[_y, ¢, is now linear and hence smooth, it is smooth
everywhere by the usual argument (homogeneity). O

THEOREM 5.12. Let G, H be Lie groups and f : G — H a continuous group homomorphism
between them. Then f is smooth.

PRrROOF. Pick a basis A4;,...,A,, in g and define a map ¢ : R™ — G by
(t1y.eoytm) — exp(tiAr) -+ exp(tmAm)

Clearly ¢ is a diffeomorphism near 0. It is called a coordinate chart of a second kind (the first
kind is exp itself). The composition f¢ is the map

(t1y. . stm) = flexp(t1Ar)) - fexp(tmAm))

which is smooth: each continuous one-parameter subgroup f(exp(t;4;)) is smooth by the previous
theorem and so is their product. Again we can globalize by homogeneity. O
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THEOREM 5.13 (The closed subgroup theorem). Let H C G be a subgroup (in the algebraic
sense) which is also closed as a subspace of a Lie group G. Then H is a submanifold and thus a
Lie subgroup.

Proor. We divide the proof into a few steps:
e Define
h={%(0) | v: (R,0) = (G,e) a smooth curve}

Then b is a linear subspace since 41(0) + 42(0) = %|t20 (71(t) - v2(t)) and k¥(0) =
d
dt |t:0 ~(kt).

e Let A, € g be a sequence converging to A and let ¢, > 0 converge to 0 € R. We claim
that if exp(t,An) € H then exp(tA) € H for all t € R. We may suppose that ¢ > 0.
Choose m,, € N in such a way that [t — myt,| is minimal. Then |t — m,t,| — 0 and
consequently myt, A, — tA. But exp(m,t,A,) = exp(t,A,)™" € H and since H is
closed it follows that exp(tA) € H too.

o We show that h = {4 € g | exp(t4d) € H Vt € R}. The inclusion D follows from the
definition of . For the reverse inclusion let A € g be 4(0) for some curve v : R — H.
For ¢ small we write y(r) = exp(A(t)). Then

A=4(0) = exp,(A(0)) = A(0) = lim

Setting A, = nA (%) — Aand t, = % we have

exp(tnAy) = exp (A (%)) = (%) € H.

and by the previous point exp(tA) € H for all ¢t € R.

e Let £ C g be a linear subspace complementary to hh. We claim that there exists a
neighbourhood 0 € W C ¢ such that exp(W) N H = {e}. By contradiction let B,, — 0
be a sequence in ¢ such that exp(B,) € H. With respect to some norm on ¢ consider
A, = Igzl' By passing to a subsequence we may assume that A, converges to some
A € ¢. Putting t,, = |B,,| we have exp(t,4,) = exp(B,) € H and thus exp(tA) € H for
all t € R. By the previous point A € h, a contradiction to A € ¢.

e Define ¢ : h xt — G by (A,B) — expA - expB. We will show that there exists a
neighbourhood 0 € V' C § for which the restriction

0:VxW —UCG
is a diffeomorphism onto its image U (which is easy) and such that
UNH=pV x{0}).

Therefore let z € U N H be in the image, © = exp A - exp B. As both x,exp A € H, also
exp B € H. By the previous point B = 0.

Thus we found a chart at e which flattens out H. Charts at other points are obtained by transla-
tion. (]

6. Homogeneous spaces

DEFINITION 6.1. By a left action of a Lie group G on a smooth manifold M we understand
a smooth map £ : G x M — M satisfying £, = id and £, o £, = {4, where we write £, = {(a, —).
The algebraic content is a homomorphism G — Diff (M).

The right action v : M x G — M has to satisfy r. = id and r, o rp = Tpg.

We will write £,(x) = a -z and r,(z) = za.

REMARK. A right action of G is the same as a left action of the opposite group G*.
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DEFINITION 6.2. The orbit of a point © € M is the subset Gx = {az | a € G}. We call the
action transitive if there is only one orbit in M or equivalently if Gz = M for every x € M.
The stabilizer subgroup of a point z € M is the (closed) subgroup
Sy ={a€G|ax =z}

The action is called free if the stabilizer subgroup of each point is trivial, S, = {e} for every z € M.
The action is called effective if ¢, = ¢, implies a = b, i.e. if the homomorphism G — Diff (M) is
injective.

Set theoretically the action yields a diagram

(-,
G ) M
=
7
\ 7 aS, — ax an injective map
a/s.

and if the action is transitive then G/S, — M is even a bijection. Naturally G/S, is a topological
space, a quotient of G:

UCG/S, isopen <= p '(U)C G is open.

THEOREM 6.3. Let H C G be a closed subgroup of a Lie group G. Then there exists a unique
smooth structure on G/H for which p: G — G/H is a submersion.

Proor. First we will demonstrate uniqueness in a more general context. The idea here is
that surjective submersions are quotient objects:

M2 p

If f is a surjective submersion and g any smooth map which factors through f set-theoretically,
i.e. such that ker f C ker g (or more concretely f(x) = f(2) implies g(x) = g(z')), then the unique
map h satisfying g = hf is smooth. This follows easily from the fact that f admits smooth local
sections (and h is thus a composition of g with such a section).

The uniqueness now follows formally since in the diagram

2,
id
GH__ " G/H <— possibly different smooth structures
id

the unique factorization maps are the identity maps and the fact that they are both smooth means
precisely that the two smooth structures coincide.

It remains to prove the existence. Let £ C g be a linear subspace complementary to . There
are neighbourhoods 0 ¢ V C ¢ 0€ W Ch and e € U C G such that

p: VW -—U
(A,B) —expA-expB
is a diffeomorphism and U N H = ¢({0} x W). Let 0 € V/ C V be such that
(exp V)™t (expV) CU

which is possible by continuity of the operations. Suppose now that A;, Ay € V' are such that
(exp A1) - H = (exp Ag) - H. Then (exp A1)~!-exp Ay € UN H and is equal to exp B for a unique
B € W. Multiplying back

¢(A2,0) = (A1, B)
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which implies A; = A and B = 0. This says that the map
f:V xH—G
(A,b) — (expA) - b
is injective. Since it is also a local diffeomorphism on V' x (exp W) by translation it is so everywhere
and f is in fact a diffeomorphism onto its image.

We have now identified a neighbourhood of H C G with a product V/ x H and in such a way
that the cosets a - H lying in this “chart” are of the form {A} x H. Thus the map

V' 2V x{el sV xH— G2 G/H

(sending A to (exp A) - H) embeds V' as a neighbourhood of the coset eH € G/H. We therefore
declare it a chart on G/H. In this way the map p becomes the projection V/ x H — V' and thus
a submersion. To get a chart near arbitrary aH redefine f as

fo:V xH—G
(A,b) —> a-(expA)-b

and consequently ¢, (A) = a - (exp A) - H. The transition map 94, between the resulting charts
1q and 1, is computed from

a- (exp(Yarad)) - H=a'-(expA)-H
Multiplying by a~! we obtain
exp(argA) € ata’ - (exp A) - H
and thus 1,7, is the composition

exp A

U a—la

’

P—1
V! UL svisxH Vv

with all arrows smooth and \,-1, only locally defined. O

DEFINITION 6.4. The manifold G/H is called a homogeneous space.

REMARK. In the lecture I mentioned AT THIS POINT what a bundle is and that p : G — G/H
is an important example.

THEOREM 6.5. The orbit of each point is an immersed submanifold (i.e. image of an injective
immersion,).

ProOOF. Consider the diagram

G/S,

with the map f smooth by the previous theorem. We need to show that it is an immersion (on the
other hand it is injective almost by the definition of S,). Suppose first that for A € g its image

p«Ais sent to 0 € T, M by f.. Then %‘t:o exp(tA)x = 0. On the other hand

%|t:t0 exp(tA)x = %|t:to exp(toA) exp((t — to)A)x
= (eexp(toA))* %|t:t0 GXp((t - to)A):U =0
0

Thus exp(tA)z = x for all ¢ € R and exp(tA) € S, implying that A € kerp, and p,A = 0.
This finishes the proof that f is an immersion at eS;. At other points this is guaranteed by the
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homogeneity:
eS, G/S, —L s m
aSy G/S, — M

EXAMPLE 6.6. Fix v € R? and consider the following action of R on R?
R x R? — R?
(t,u) — u+ tv

Clearly the orbit of u is the line u + Rv. Passing to the torus T? = R? /Z? we see that orbits need
not be embedded submanifolds.

REMARK. In general every orbit is an initial submanifold.
COROLLARY 6.7. For a transitive action the map f : G/S, — M s a diffeomorphism.

PROOF. From Sard’s theorem it easily follows that smooth bijections exist only between man-
ifolds of the same dimension. Hence the immersion f is in fact a local diffeomorphism. Being also
bijective it is a diffeomorphism by the inverse function theorem. O

EXAMPLES 6.8. Examples of homogeneous spaces:

e R acts on the unit circle via rotations, i.e. t act as rotation by 2x - t. The stabilizer of
any point is the subgroup Z and thus R/Z =2 S*.

e Let V be a vector space. Then GL(V') acts transitively on V' — {0} and thus V — {0} &
GL(V)/S, where v € V — {0}.

e The sphere S"~! with the action of O(n) is a homogeneous space, S"~! = O(n)/O(n—1)
where O(n — 1) is thought of as a subgroup of O(n) consisting of block matrices

O(n—1) = { (‘3 ?) € O(n) ’ AeO(n—l)}
e The n-dimensional affine space is acted upon by the group

GA(n) = { (‘g 11’) € GL(n+1) ’ AcGL(n),ve R”}

of affine transformations, namely we identify a point z € R with a vector (§) in R**!

and then
A v z\  [(Ax+vwv
0 1 1) 1

The origin is preserved exactly by the subgroup

GL(n) = { <61 (1)> € GA(n) ‘ Ac GL(n)}

describing R™ as GA(n)/ GL(n). Similarly with GL(n) replaced by O(n) we arrive at
R™ 2 Euc(n)/O(n) with Fuc(n) denoting the group of (not necessarily origin preserving)
isometries of R™.

e The Stiefel manifold (of orthonormal k-frames in V)

Se(V) = {(v1, -+ v) | (vi,v5) = dij}

has as examples S1(V'), the unit sphere in V, S,,(R™) = O(n). For general S;(R™) there
is a natural action of O(n) componentwise:

A(vy, ..., v5) = (Avy, ..., Avg)
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The stabilizer of the k-tuple (eq,...,ex) of the first k& vectors of the standard basis is
clearly

O(nk)fv{(ﬁ g) € O(n) ‘ CEO(nk)}

Thus Sk(R™) 2 O(n)/O(n — k).
e The Grassmann manifold G (V') of all k-dimensional subspaces of V' is naturally a quo-
tient of Sk(V'), namely by the means of the map

(v1,...,05) — span(vy, ..., V)

The O(n)-action on Si(R™) passes to G (R™) with the stabilizer of R* being

O(k) x O(n — k) = { <§ g) € O(n) ‘ BeO(k),CeO(n—k)}

and thus providing Gy (R™) 2 O(n)/O(k) x O(n — k).
e [ have mentioned EXAMPLES of the homogeneous spaces of scalar products, complex
structures etc.

THEOREM 6.9. Let N C G be a closed normal subgroup. Then G/N with its canonical smooth
structure is a Lie group.

ProoF. The left vertical arrow in

GxG—" ¢

M

G/N xG/N - - >G/N
is a surjective submersion therefore the dotted arrow (the multiplication in G/N) is smooth. [

We have already met an example. The additive group R admits a homomorphism to T = SU(1)
by t + 2™, Clearly the kernel is Z and thus we obtained an induced isomorphism R/Z 5.

7. The adjoint representation

DEFINITION 7.1. By a representation of G we understand a left action of G on a vector
space V by linear maps (automorphisms), i.e. for which each ¢, : V' — V is linear. Equivalently
p: G — GL(V) is a (smooth) homomorphism of Lie groups.

DEFINITION 7.2. A representation of a Lie algebra L on a vector space V is a homomorphism
m : L — gl(V) of Lie algebras. More concretely 7 is a linear map for which #[X,Y](v) =
7X oY (v) — 7Y o X (v).

DEFINITION 7.3. A linear subspace W C V is called invariant with respect to a representation
pif p(a)(W) C W for all @ € G. Analogously it is called invariant with respect to a representation
mif m(X)(W)C W for all X € L.

THEOREM 7.4. Let G be a connected Lie group and p its representation on V, p, : g — V
the induced representation of g. Then W C V is invariant with respect to p if and only if it is
invariant with respect to p.

PrOOF. Consider the following subgroup of GL(V)
GL(V, W) ={p € GL(V) | (W) € W}.
It is easy to show that
gl(V, W) = Lie(GL(V, W)) = {¢ € gl(V) | (W) € W}.

The statement then becomes a special case of Lemma 5.10. O
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Let £ : G x M — M be a left action and z € M its fixed point (i.e. S, = G). Then
p: G — GL(T, M) given by a +— (£4).y is smooth by

TG x TM —=TM

0xidj /
of

GxT,M

and consequently a representation of G on T, M. We apply these general considerations to the
action of G on itself via conjugation (inner automorphisms):

(a,b) — int, b = aba™!
Now e € G is a fixed point and we define Ad : G — GL(g) as above
Ad(a)B = (int,)«B

Moreover Ad(a) € Autrie(g) since int, is a homomorphism of Lie groups. We denote the induced
representation by ad : g — gl(g) (in fact Der(g)).

THEOREM 7.5. For each A, B € g it holds ad(A)(B) = [A, B].

PROOF. We compute

ad(A)(B) = £|,_, Ad(exp(sA))(B)
= 6@|s:0 8t|t o Mbexp(sA) exp(tB)
= 2|y &l,_, exp(sA) exp(tB) exp(—sA)
= Siloco Bilimg FLAFL? FIZ (e)
= £, (FLA).AB(FI34 () = [Aa, A]e = [A, B]

O

THEOREM 7.6. If H C G is a normal subgroup then h C g is an ideal, i.e. a linear subspace
such that [g,b] C b (meaning [A,B] € b for all A€ g and B € §).

PROOF. Since aHa™! C H or int, H C H we differentiate to get Ad(a)(h) C b and finally
ad(g)h C b. g

THEOREM 7.7. Let H be a connected Lie subgroup of a connected Lie group G such that h C g
is an tdeal. Then H is a normal subgroup.

PrROOF. We have ad : g — gl(g,h). Since G is connected Ad : G — GL(g, b). It is enough to
show that int,(exptB) € H for all B € h since the subgroup generated by such elements is the
whole group H. But int,(exptB) = exp(Ad(a)(tB)) € H since Ad(a)(tB) € b. O

THEOREM 7.8. Let ¢ : G — H be a homomorphism of Lie groups. Then its kernel is a closed
normal subgroup K C G and its Lie algebra € is the kernel of . : g — b.

PrOOF. A € tiff exptA € K iff exp(t- p.A) = p(exptA) = e iff p,. A =0. O
DEFINITION 7.9. The centre C of a Lie group G is the set
C={aeG|ab=baVbe G}
In other words, C' is the kernel of int : G — Aut(G).

THEOREM 7.10. The centre of a connected Lie group G is the kernel of the adjoint represen-
tation Ad.

PROOF. a € C iff int,(G) = e iff Ad(a)g = 0 iff Ad(a) = 0. O
DEFINITION 7.11. The centre of a Lie group L is the ideal
Z={XelL|[X,Y]=0VY elL}
In other words, Z is the kernel of ad : L — gl(L).
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THEOREM 7.12. For a connected Lie group G, the centre Z of g the Lie algebra of the centre
C of G.

PROOF. Since C' = ker(Ad), its Lie algebra Lie(C) = ker(ad). O

REMARK. If the centre of L is zero then L can be embedded into gl(L) via the representation
ad.

THEOREM 7.13 (Ado). Every Lie algebra can be embedded into gl(V') for some finite-dimensional
vector space V.

COROLLARY 7.14. Every Lie algebra is induced from some Lie group.

PROOF. By Ado’s theorem L C gl(n). Since gl(n) = Lie(GL(n)) one can find a Lie subgroup
of GL(n) corresponding to L. O

8. Fundamental vector fields

Consider a left action £ : G x M — M. To every vector A € g we associate a vector field £4
on M by la(z) = (¢(—,x))«A. As usual £4 is smooth and is called the fundamental vector field
on M corresponding to A € g. Analogously we define fundamental vector fields for right actions.

THEOREM 8.1. In the case of a left action of G on M it holds [(a,lp] = £_{a ). For the
right action we obtain [ra,mB] = 1[4, B)-

PROOF. On M x G consider the vector field (0, A4)(z,a) = (0, Aa(a)).
Ti(z,a)(0,Aa) = (1(z, —))xara = (1(va, —))se A = ra(7a)

says that (0,A4) is r-related to r4. As the same is true for B we obtain for the brackets that
[(0,A4),(0,Ap)] is r-related to [ra,rp]. But

[(07 )‘A)a (07 )‘B)] = ([07 0]7 [)‘Aa AB]) = (07 )‘[A,B])

which is r-related to r4,g). Thus [ra,7B] = 7[4,B]- O

The last theorem can be expressed by saying that r : g — XM, A — 74 is a homomorphism
of Lie algebras. The left action gives an antihomomorphism.

DEFINITION 8.2. By a right infinitesimal action of a Lie group G on a manifold M we under-
stand a homomorphism R : g — XM of Lie groups. A right infinitesimal action is called complete
if R4 is a complete vector field for each A € g. Analogously a left infinitesimal action is an
antihomomorphism.

EXAMPLE 8.3. The fundamental vector fields are complete: r(z,exptA) = zexptA is an
integral curve through = defined for all ¢t € R.

REMARK. A left action is a homomorphism of Lie groups G — Diff (M) (with infinite di-
mensional target). The induced Lie algebra homomorphism is g — Lie(Diff (M)), the latter being
XM but with the opposite bracket. As for finite dimensional Lie groups we can “integrate” a
homomorphism of Lie groups but here under additional requirements - the completeness.

THEOREM 8.4. For a complete right infinitesimal action R : g — XM of a simply connected
Lie group G on M there exists a unique right action r: M x G — M of G on M such that R4 is
its fundamental vector field r 4.

REMARKS.

e The simple connectivity is necessary: for the action of G = R on itself by translations
the infinitesimal action r; = ¢ passes to an infinitesimal action of the quotient R/Z on R
for which no action exists.

e The theorem holds locally without the assumptions of completeness and simple connec-
tivity.

e The usual translation between left and right yields an analogous statement for left actions.



8. FUNDAMENTAL VECTOR FIELDS 20

PROOF. Let first r be an action of G on M. Let S, denote the following submanifold
Sy ={(za,a) | a€e G} CM x G
The tangent space of S, is
TS, ={(ra(za), a(a)) |a € G, A € g}

Thus S; is an integral submanifold of the distribution ((r4,A4) | 4 € g).
Let us now start the actual proof of the theorem by considering the distribution

D= {((Ra,Ma) | A€ g)
Then D is involutive since
[(Ra,Aa), (R, AB)] = ([Ra, RB],[Aa, AB]) = (Rja,B), A4, B])-

Let S, be the maximal integral submanifold of D through (x,e) € M x G. We claim now that
Dr Sz = M x G — G is a diffeomorphism.

First we show that it is a covering. Fix a € G and consider an arbitrary (y,a) € M x G. The
computation

s, (FL(y), aexptA) = (Ra(FI{* (y)), Aa(aexptod)) € D

(1)

shows that «(¢) is tangent to the distribution D. Let U C g be an open ball centered at 0 on
which exp is a diffcomorphism. If (y,a) € S, then also (F1%*4(y),aexp A) € S, for all A € U
and such points form an open neighbourhood on which p, is a diffeomorphism onto aexpU. If
(z,b) € S, is arbitrary with b € aexpU then b = aexp A and thus the above subset considered
for (Fl?““ (2),bexp(—A)) contains (z,b). This finishes the proof that p, is a covering and in fact
a diffeomorphism as G is simply connected.

We define for x € M and a € G the action by the requirement

(za,a) € S,

By the previous part there is a unique choice for za. We need to show that r is smooth but
first let us prove the axioms of an action. Clearly ze = z as S, is an integral manifold through
(x,e). Consider now a left action of G on M x G by a(y,b) = (y,ab). The distribution D is
invariant under this action (as (id, A\y)«(Ra,Aa) = (Ra,A4)) and thus also its maximal integral
submanifolds. The requirement for our action r can be then rewritten as

Sm = ang = a(bS(m)b)) = (ab)S(m)b
As also S, = (ab)S,(qp) the maximal integral submanifolds S(zq), and S;qp) must also be equal

proving (xa)b = z(ab).
A word about smoothness... O

DEFINITION 8.5. Consider two actions r and " of a Lie group G on manifolds M and M'. A
map f: M — M’ is called equivariant if f(xa) = f(z)a.

THEOREM 8.6. If f: M — M' is equivariant then r4 1is f-related to r'y.

PROOF. The requirement from the definition is for(z, —) = r'(f(z), —). Applying the deriva-
tives of both sides to A we get fura =14 f. O

THEOREM 8.7. Let f : M — M’ be a smooth map such that ra is f-related to r'y. If G is
connected then f is equivariant.

PrROOF. Consider the set H C G of all a € G for which f(za) = f(z)a for all z € M.
Then H is clearly a subgroup and thus we only need that it contains a neighbourhood of e. But

f(zexptd) = f(FLi4(z)) = Fl:;‘(f(x)) = f(z)exptA, hence expg C H and H is open and
therefore equal to G. O
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9. Locally isomorphic Lie groups

Let G be a connected Lie group. Recall that the universal covering of G is

G=——=1{7:(,0) = (G,e)}
G v(1)

with [y] the homotopy class of 7 relative to the boundary. G is simply connected: firstly 71 G —
m1 G is injective (this works for any covering) since we can lift homotopies and constant paths lift
to constant paths. The image consists exactly of the classes of loops that lift to loops. For G if
v : I — G lifts to a loop its endpoints must be equal € = [y] and the image is therefore trivial.

We give G a structure of a Lie group: let 4,7 : (I,0) — (G,e) be two paths. Define their
product to be the path

(7)) =)y (t)

which easily passes to homotopy classes rel OI.

THEOREM 9.1. The above multiplication on G describes a structure of a Lie group for which
the projectionp : G — G is a local isomorphism (i.e. a homomorphism and a local diffeomorphism).

PRrROOF. The unit and inverses are also pointwise. The diagram

Go——5a

7
G x
shows that the dotted arrow (the multiplication in é) is smooth. (This is cheating, one needs to

compute (y*9) - (v %) = (v-4') *(§-0") and if both § and §" were small then so is ¢ - §'. Add
more DETAILS.) O

local diffeomorphism

Q—

G

smooth

REMARK. I would like to CHANGE the proceeding along this way: we know that G C G
is the kernel of p : G — G and as such is a discrete normal subgroup. It is therefore central
(this was before an exercise). We show that the multiplication coming from G is the same as the
concatenation (and in fact the multiplication m G X G — G may also be equivalently defined using
concatenation). The theorem may be deduced from lifting homomorphisms of Lie algebras to Lie
groups. The map G' — G’ is then automatically a (surjective) homomorphism and thus a quotient
by a subgroup I' C 71 G.

There is an action of 7,G on G, TG x G — G given by
(la], b)) — la] - W] = [a 7]
which respects the projection p: G — G. Let I' C m1;G be a subgroup and consider
pr:G/T =G
where G/ is the space of orbits of the restriction of the action to I'. Locally
G xU—— G

| )
UC———G@G
and the action of ' is by left multiplication in 7;G. Thus the projection pr from G /T to G is
locally of the form
(7T1G/F) xU —U
and in particular is a covering of G.
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THEOREM 9.2. Let G be a connected Lie group. Then the mapping

. . v
{subgroups T C mG) —» {local isomorphisms p : G' — G} Jiso

with G' any connected Lie group
'+ (pr:G/T = G)
is a bijection with inverse p — im(mp: mG — mG).

PROOF. The image of 71 pr consists of those loops that lift to loops in G /T. These are precisely
those in I'. In the opposite direction any p fits into the diagram

G

G

with ' = im(7yp). The top arrow exists by universality of G. NEED THAT IT IS A HOMO-
MORPHISM. The dotted arrow exists since loops in T" lift to loops in G’. It is an isomorphism of
Lie groups. O

REMARK. We will show in the tutorial that m G < C~¥~is a homomorphism and the action of
m1G on G is by left translations, i.e. G/T" is a quotient of G by (a central subgroup) T

EXAMPLE 9.3 (The universal covering of a commutative connected Lie group G). Since Lie G =
R™ with zero bracket it is also the Lie algebra of the simply connected Lie group R™ (with vector
addition) and thus G = R". Therefore G = R" /T where I is some discrete subgroup of R”. We
will show now that T' = Z*¥ C R™ in some coordinates on R™.

First reduction is to the case n = k, namely we have spanT’ = R¥ C R™ and T is still discrete
in R¥. We must show that I' = Z* in some coordinates on R¥.

We start an induction by k£ = 1 which we proved in the tutorial. For the induction step we may
assume that I' C R x RF = RFt1! is such that the intersection I N R # 0 with the first coordinate
axis is nonzero. Since it is also discrete it is generated by some ag. In R¥ = R¥*1/R consider its
subgroup I'/{ap). We show by contradiction that it is discrete. Namely assume the existence of a
sequence o, = (B, vn) € I with 4, — 0 in R*. By adding a suitable multiple of ag to each a,,
we may assume that 8, € [—ap/2,a0/2] and by extracting a subsequence we may further assume
that «,, converges. But then a,,+1 —a,, € I' converges to 0, a contradiction with I' being discrete.

By the induction hypothesis T'/{ag) = (a1,...,ax). We choose for each a; an element a; € T
representing it. Then the suitable basis in which I' = Z**+! is formed by (ag, a1, ..., ax).

0 Zayg Z{amal,..‘,ak}%Z{&l,‘..,&k}ﬁo

0——TINR r '/(NR) ——0

COROLLARY 9.4. The only compact connected commutative Lie group of dimension k is the
torus TF = (SH)F.

EXAMPLE 9.5. For n > 3 we have w3 SO(n) = Z/2. Therefore SO(n) possesses a two-

sheeted universal covering which is denoted by Spin(n) = SO(n). We will show geometrically
that 71 SO(3) = Z/2 in the tutorial. For higher n we have a fibration

SO(n) = SO(n+1) — S™
whose long exact sequence of homotopy groups contains the following portion

0 = m(S™) = m(SO(n)) = m(SO(n 4+ 1)) = m 5™ =0
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10. Problems

PrROBLEM 10.1. An algebra is a vector space A together with a bilinear map - : A x A — A.
Let A be now an associative algebra and define [, |: Ax A — A by [a,b] = a-b—0b-a. Show
that with this operation A forms a Lie algebra.

A special case of the previous is the algebra End(V') of endomorphisms of a vector space V'
together with their compositions. The induced Lie algebra is denoted by gl(V). The bracket of
two endomorphisms ¢, ¥ is

[, 9] =pop —vop

PrROBLEM 10.2. Let A be an algebra. A linear map D : A — A is called a derivative if for all
a,be A
D(a-b)=D(a)-b+a-D(b)
Show that derivatives form a Lie subalgebra Der(A) C gl(A).

PROBLEM 10.3. Let C*°M = C*(M,R) denote the algebra of all smooth functions on M.
Then every vector field X on M determines a mapping

C®M —s C™(M)
fr— Xf=df(X)

Show that this mapping is a derivative (in the algebraic sense). Also show that all derivatives of
C°° M are of this form.

Let us now describe the Lie bracket of vector fields from this point of view: [X,Y] is simply
the vector field corresponding to the bracket of the two derivatives X and Y of C°°M. This means
that [X,Y]f = XY f — Y X[ and this formula determines a unique vector field [X,Y].

It also holds that algebra homomorphisms C°N — C°°M are in bijection with smooth maps
M — N. One may then rewrite the f-relatedness of vector fields X and Y as

c=N L cmm
L
C>*N T> C>*M
It is then a simple matter to show that X; ~, Y; implies [ X1, Xo] ~; [¥1,Y3].
PROBLEM 10.4. Compute the Lie algebra of the additive Lie group R".

PrOBLEM 10.5. Compute the Lie algebra of the Lie group GL(n,R) from the definition.

PROBLEM 10.6. Compute the Lie algebra of the Lie group GL(n, R) from the formula [A, B] =

21|, 00y POVERO ()7

PROBLEM 10.7. Compute the Lie algebra of the Lie group S2 = Sp(1) of unit quaternions
and show that it is isomorphic to R? with the vector product x.

PrROBLEM 10.8. Let B : R"™ x R™ — R be a bilinear form and denote by
G(B) = {A € GL(n,R) | ATBA = B} C GL(n,R)

the closed subgroup of all automorphisms preserving the form B. Compute the Lie algebra of
G(B).

PROBLEM 10.9. Compute the Lie algebra of SO(n,R).

PrROBLEM 10.10. Let A be an algebra and denote by Aut(A) the group of all algebra auto-
morphisms of A. Compute its Lie algebra.

PROBLEM 10.11. Determine all Lie algebras of dimension 2 over R.
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PROBLEM 10.12. Prove that the element (* %) of GL(2,R) lies in the component of the
unit £ but not in the image of exp.

PRrROBLEM 10.13. Let

€ GLB3,R) | a,b,ceR

denote the Heisenberg group. Show that the bracket on Lie(G) is non-trivial and exp is a global
diffeomorphism.

PROBLEM 10.14. Show that for G = S% = Sp(1) the map exp is not a local diffeomorphim at
all points of g.

PrROBLEM 10.15. Show that discrete subgroups of R are exactly those of the form Za for some
positive real number a. Deduce that the only Lie groups of dimension 1 are R and T = R/Z.

PrOBLEM 10.16. Show that a discrete normal subgroup of a connected Lie group must lie in
the centre. (Hint: int, : H — H for a € G may be connected to int, = id. Since H is discrete
these must be equal hence int, = id and H is central.)

PROBLEM 10.17. Let f : M — G be a smooth map from a manifold M to a Lie group G.

Denote by 6;f the g-valued 1-form called the left logarithmic derivative of f given by
0f (@, X) = (Ap@)-1)efuX
(with (z, X) denoting a tangent vector X € T, M). For example
0rid(a, A) = (A\g-1)+A = w(A)

the Maurer-Cartan form. Compute §;\p, 8108, 11, v and & (f - g~ 1).

As a corollary, for a connected manifold M two maps f,¢g : M — G satisfy §;f = d¢g if and
only if f = ¢ g for some ¢ € G. There exists also a criterion for determining whether a g-valued

one-form is a left logarithmic derivative of a map into GG. This generalizes the integral calculus of
functions.

PROBLEM 10.18. Let G be the universal ~covering of GG. Show that mG C G is a discrete and
normal subgroup thus lying in the centre of G.

PROBLEM 10.19. Show that the image of the adjoint representation Ad : Sp(1) — GL(3,R) is
SO(3,R) and that its kernel is the subgroup {£1}. Thus Sp(1) is the 2-fold (universal) covering
of SO(3,R).

PROBLEM 10.20. Let ¢ : Sp(1) xSp(1) — SO(4,R) be the map sending (a, b) to the orthogonal
transformation of the quaternions x — axb~!. Show that this map is a 2-fold (universal) covering.

PrROBLEM 10.21. Compute the centre of SO(n,R) or even better its centralizer in GL(n,R),
i.e. Cso(n,r) GL(n,R) . Try to determine all connected Lie groups with Lie algebra so(n, R).

PROBLEM 10.22. Try to determine the first few terms in the Baker-Campbell-Hausdorff for-
mula for
log(exp X -expY):gxg—g
where log is the (locally defined) inverse to exp in the case g = gl(n).

A semidirect product of groups is a split short exact sequence

P
1 K G H 1

9

int

The subgroup K C G is normal being a kernel of p. The map f : H RNFEILLN Aut(K) given by
f(x)(y) = zyx~! is a group homomorphism. For a € G there are uniquely determined k € K and



10. PROBLEMS 25

h € H such that a = k - i(h). Namely h = p(a) and k = a - i(h)~*. Therefore as sets G = K x H
and the multiplication is given by

(k1,h1) - (k2,ho) = Ky -i(hy) - ko - i(ha) = k1 - f(h1)(k2) - i(hiha) = (k1 - f(h1)(k2), b1 - h2)
The resulting group is denoted by K x H = K x¢ H.

PROBLEM 10.23. Show that GA(n,R) is a semidirect product GA(n,R) = R™ x GL(n,R)
where the action of GL(n,R) on R™ is the standard one.

PROBLEM 10.24. Let G be a Lie group. Show that u, : TG X TG — TG endows TG with a
structure of a Lie group.

PROBLEM 10.25. Show that T'G is a semidirect product TG = g x G and identify the involved
action of G on g.

ProBLEM 10.26. Compute the Lie algebra of a semidirect product K ¢ H.
PROBLEM 10.27. Determine the Lie algebra of T'G.



CHAPTER 2

Bundles

1. Bundles
The tangent bundle p : TM — M has the following property
(Vz € M)(3U > 2 nbhd) : p~}(U) 2 U x R™

DEFINITION 1.1. By a bundle (or fibre bundle) we understand a triple (E,p, M) where E and
M are smooth manifolds and p : E — M is a smooth surjective! map such that for each x € M
there exists its neighbourhood U and a diffeomorphism ¢ : p~}(U) = U x F with F some smooth
manifold and such that

commutes. The space E is called the total space, M the base, p the projection, E, = p~*(x) the
fibre over x € M and I the standard fibre.

DEFINITION 1.2. The bundle pry : M x F — M is said to be trivial (or product). The map
0 :p Y (U) 2 U x F is referred to as a local trivialization.

THEOREM 1.3. Let H < G be a closed subgroup of a Lie group G. Then the projection
G — G/H is a bundle with standard fibre H.

PRrROOF. This is exactly the proof of Theorem 6.3. O

EXAMPLES 1.4.

e T5? is not globally trivial (“nelze ucesati jezka”).

e The Mobius band R — L — S is also globally nontrivial.

e The Hopf bundle: let $* C H = C? be the group of unit quaternions. The complex units
S1 form a subgroup of S3 and the Hopf bundle is

S'— 5% —» 5%/t = CP! = §°
as 2 = CU{co}. Again the bundle is not trivial: 715% = 0 while
(S x S?) 2 m St xmS?P =7
More generally the Hopf bundle S' — §27+1 — CP" is nontrivial.
Let us consider a bundle p : E — M, i.e. we have a cover U, C M and local trivializations

Vo 1 p Y (Uy) =, U, x F. Denoting Uusp = U, N Up we obtain

Uyp X F %p*I(Uag) % Uap x F

~1

Uag

n principle surjectivity is not essential.
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composing to

Gap :Usgx F— = s U.s x F

7

Easily
b Pap = (@ﬁa)ila
® V3 0 Pap = Pary over Uygy = Uy NUg N U, (the cocycle condition) and
® v,, =id.

On the other hand given a covering U, and a collection of maps ¢,z satisfying the above conditions
there exists a bundle p : ® — M obtained from S = | |, U, x F' by passing to the quotient ® = S/ ~
by the relation

Uy x F 3 (x,a) ~ (z,008(a)) € Usg x F
whenever x € Uyg.

DEFINITION 1.5. A bundle p : E — M is called a wvector bundle if each fibre F, is given a
vector space structure and local trivializations ¢ : p~1(U) — U x R¥ could be chosen in such a
way that each E, — {x} x R* = R¥ is a linear isomorphism.

EXAMPLES 1.6.

e T'M, T*M - the tangent and cotangent bundles,
e For a submanifold M C R™ the normal bundle is
v(M) = {(z,v) | = € M,v € T,M* CR"},
. Let p: E — M be any bundle. The vertical tangent bundle VE C TE is “the kernel of
p* > V E = T E p(y)>
° C0n81der the Grassmann manifold
G (R™) =0(n)/O(k) x O(n — k)
of linear subspaces of R™ of dimension k. Over G (R™) we have a canonical vector bundle
v — Gi(R™) where
i ={(V,v) € GL(R") xR" | v € V'}.
For example ~7 is the Mobius band.
The transition maps @qs : Uag X RF — Uap X R* take form

($7U) = (J?, ¢a,ﬁ(m) : U)
where 93 : Uap — GL(E) is a smooth map: the (i, j)-entry of ¢ap(z) is the i-th coordinate
of the second component of @qs(x,e;). The cocycle condition ¥g,1ag = 1y is expressed via
multplication in GL(k).

REMARK. GL(k) C Diff(R¥). A general bundle has Diff(F) as a “structure group”.
Every bundle projection is a submersion: locally it is a projection. The converse is not true.

THEOREM 1.7 (Ehresmann). If p : E — M is a proper surjective submersion then it is a
bundle.

PROOF. Let us identify some neighbourhood of x € M with a disc whose centre is x. By
properness, p~1(D™) is compact and hence every vector field is complete (When we take care of
the boundary). Conmder now a— and lift it to a vector field X; on p~1(D™), i.e. X; is such

that p.(X;) = wi. This is possible locally by p being a submersion and globally is achieved by a
partition of unity. Define

0:D™ xp 1 (0) — p~H{(D™)
(t1, .- st y) — FIRT - FIE 7 (y)
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which is well-defined by the completeness - it lies over
FI/270 L R10/97m (0) = (t, .. tn)

by the p-relatedness of X; and %. It is easy to verify that ¢ is a local diffeomorphism at
{0} x p~1(0), it is identity on {0} x p~1(0) and 2-¢ = X; there. Since p~*(0) is compact, ¢ is
a diffeomorphism onto its image on some neighbourhood U x p~1(0). The surjectivity follows by

integrating backwards, namely y is the image of (p(y), Fl)_(;zy)m e Fl)f;(y)1 (y)) O

2. Basic operations with bundles

DEFINITION 2.1. Let p: E — M and p’ : E' — M’ be bundles. A pair of maps f: B/ — E
and f: M" — M is called a morphism if the diagram

-1k

1)

M’T>M

commutes or in other words if f preserves fibres, f(E]) C Ej(). This determines f and is

automatically smooth when f is. If moreover M = M’ and f = idy; then f is said to be base-
PTESETVING.

DEFINITION 2.2. A product of bundles p and p’ is p x p’ : E x E' — M x M’ with standard
fibre F' x F'.

DEFINITION 2.3. An induced bundle (or pullback) from p along a smooth map g : M/ — M
is the submanifold?
JFE={(z,y) e M xE | g(z)=ply)} CM x E

together with the projection onto the first factor. We have a diagram

¢E2 5 F

)

The universal property

can be expressed by saying that a morphism from E’ to E is the same as a base-preserving
morphism from E’ to the induced bundle f*E.

If i : N — M is a submanifold inclusion then i*E = E|y is the restriction of E to N,
ie. i*E=p1(N).

DEFINITION 2.4. Let p: E — M and p’ : E/ — M be bundles over the same base. Their fibre
product is
Exy B =A"(ExE)=(ExE)|a

2This is so since g is transverse to any submersion p.
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where A : M — M x M is the diagonal.

ExyE ——>E
|
[ b
E———M
p

It is the categorical product in the category of bundles over the fixed base M.

THEOREM 2.5. If two maps go,g1 : M' — M are homotopic then the induced bundles g§E
and g1 E are isomorphic.

PrROOF. See Differential topology lecture notes. O

THEOREM 2.6. Fvery bundle over R™ is trivial.

ProOOF. The identity map idg~» on R™ is homotopic to the constant map 0. By the previous
theorem

E=idy. E=0"E = R" x p1(0)

giving a global trivialization. O

DEFINITION 2.7. A section of a bundle p : E — M is a smooth map s : M — E for which
pos= ldM
EXAMPLES 2.8.
e A section of T'M is a vector field, a section of T*M is a 1-form.

e A section of a trivial bundle M x F' — M is a smooth map M — F.

DEFINITION 2.9. A local section is a smooth map s : U — F satisfying p o s = idy where
U C M is an open subset.

ExXAMPLE 2.10. Local sections always exist (since F' # (}) global sections need not. Define
TM =TM — {(z,0) | z € M}, the space of all nonzero vectors. Easily TM is a bundle over M
and a global section of T'M is a nowhere zero vector field which does not exist for example on S2.

THEOREM 2.11. If the standard fibre is diffeomorphic to R¥ then global sections always exist.

PROOF. Local sections are glued together via a partition of unity (which has to be utilized
in a chart). More precisely one inductively extends a section, starting with a local section in a
bundle chart... FINISH!!! O

Let s and s’ be sections of p : E — M and p’ : E — M respectively. They determine a section

(s,8") of the fibre product E x s E’. A section s of p determines a section g*s of any induced
bundle g* E:

g sz (2,5f(2))

More generally any map ¢ : M’ — F satisfying pot = g (a section of E along g) induces a section
of the induced bundle g*E. In fact this describes a bijection between sections along g and sections
of the induced bundle.
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Let now p: E — M and p’ : E/ — M’ be vector bundles. A morphism f : £/ — E is called
linear if every f|g: : El, = Ej(,) is a linear map. Locally

UxRE—L 7 xR

l l fz,0) = (f(z),9(x)v)

V=7

where g : U — hom(RF, R!) is a smooth map as g(z);; = fa(z,€;)i.

Let p : E — M be a vector bundle, {U,} a cover of M and ¢us(x,v) = (z,9.s(x)v) the
transition maps with ¥,g : Usyp — GL(V) smooth into the group of linear automorphisms of
the standard fibre V. Let there be given a homomorphism f : GL(V) — GL(W) (e.g. W =
V®k SEV. A*V). The compositions foas : Uss — GL(W) then yield back a vector bundle with
standard fibre W which we denote f(E). In the construction of the dual vector bundle we obtain
from @qp a linear map

Uap X V* <22 Uy x V*
going in the wrong direction. This is remedied by considering its inverse. In general we may pass
from a homomorphism f : GL(V)°? — GL(W) to the composition GL(V) ER GL(W)°P X GL(W)
and apply the previous construction to get a vector bundle f(£) with standard fibre W. Examples
are E*  E. The most general case is that of a homomorphism

f:GL(Up)% x -+ - x GL(Ug)°? x GL(V7) x --- x GL(V}) — GL(W)

which produces a vector bundle f(E1,..., Eg, F1,..., F}) from arbitrary vector bundles Fj ..., Ey,
Fy, ..., F; with standard fibres Uy, ..., U, V1,..., V.

EXAMPLE 2.12. The vector bundle hom(E, F') has as fibres hom(E, F), = hom(E,, F,) and
as a special case hom(E,R) = E* where R here stands for the trivial bundle M x R — M. This
example is obtained from the general construction via the homomorphism

GL(U)°? x GL(V) — GL(hom(U,V))
(a,8) — (¢ Bopoa)

3. Jet bundles

Let us consider the algebra C°(R™) of smooth maps on R"™. By the inductive use of the
formula

o) = 9(0) + 3 @)

for a function g : R™ — R we derive
g="T9+Rrg

a decomposition of g into its Taylor polynomial 7’.g of order r and a remainder lying in the ideal

my ™! generated by the monomials #! = 2% .-z of degree |I| =iy + -+ + 4, = 7 + 1. It is the

(r + 1)-st power of the ideal m( generated by the coordinate functions. The association of the
Taylor polynomial or order r gives a surjective linear map

T, : C*[R") - P.(R")

onto the vector space of all polynomials of order at most » on R™. Clearly the kernel is the
ideal mgﬂ and hence P,(R™) is naturally isomorphic to the quotient algebra C'*°(R™)/ m6+1. The
multiplication in this algebra is the truncated multiplication of polynomials. Let f : R™ — R™ be
a smooth map sending 0 to 0. Then f induces by composition an algebra homomorphism

fr:C®[R") —» C°(R™)
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with the property f*(mg) C my and thus f*(mSH) C mSH.

e (rm) L oo (mm) g——gof
| ]
PT<RTL)7 JE %Pr(Rm) Trg|—>TT(gof)

Therefore T,.(go f) only depends on T;.g rather than on g. Since P.(R™) is generated as an algebra
by the coordinate functions 1, ..., z, we have f*(z;) = T -(z;o f) = T,-(f;), the Taylor polynomial
of order r of the i-th component f;. Therefore if f and f’ have the same Taylor polynomial of
order r then f* = (f’)* on P.(R") and thus T,.(go f) = T-(g o f') only depends on T, f.

We have just proved that the Taylor polynomial of order r of a composition g o f of maps g
and f depends only on their respective Taylor polynomials as long as they preserve the origin. In
particular we have

THEOREM 3.1. The property of having the same Taylor polynomial of order r for maps
(R™,0) — (R™,0) does not depend on the coordinates (as long as their changes preserve the
origins).

DEFINITION 3.2. Let M and N be two manifolds and f, f/ : M — N two maps defined in a
neighbourhood of x € M. We say that f and f’ determine the same r-jet at x (with r € N) if
f(z) = f'(z) = y and for some (any) pair of charts ¢ on M cenetered at « and ¢ on N centered
at y the maps ¥~! fy and ¢! f'¢ have the same Taylor polynomial of order r at the origin. We
write j7 f for the class determined by the map f and

J'(M,N)={jrf|zeM,f: M — N defined in a neighbourhood of z}.

For X = jI f we write X = x for the source and S X = f(z) for the target of the r-jet X. Without
coordinates we can identify r-jets with source x and target y with algebra homomorphisms

Co(N) fmy ™t — C(M) /mi ™
There are obvious canonical projections 7% : J"(M,N) — J*(M,N) for 0 < s < r. For s =0 we
have J(M, N) = M x N via the map («, 3). Therefore 7} = («, ). We denote
Ji(M,N)=a"(z), J'(M,N),=p8""(y), Ji(M,N),=a"'(z)NB"'(y)

the last being the fibre of J"(M, N) over (z,y) € M x N via («, §).

For X € J;(M,N), and Y € J; (N, Q). we define their composition Y o X € J7 (M, Q). either
as a composition of algebra homomorphisms or via representatives Y o X = j7(go f) if X = 47
and Y = jyg.

DEFINITION 3.3. We say that X € J7 (M, N), is invertible if there exists X' € J; (N, M),
for which X 'o X = jridy; and X o X! = Jyidn.

For r > 1 we obtain X is invertible iff its linear part 77X is invertible. In particular for this
to happen we must have m = n.

Let us denote Ly, ,, = Jj(R™,R™)o which we know can be identified with hom . (P (R™), P.(R™))
or with the set of polynomials of order at most r and without constant term, X = Zl<lll<r arz!.
Here a; € R™ are constant. The composition of jets

r T r
L, %Ly, — Ly,

is the truncated composition of polynomials (i.e. the normal composition followed by ignoring all
the terms of order bigger than r). In particular it is smooth and

G, =inv(L; )

m,m

is therefore a Lie group with respect to the composition of jets, invertible jets forming an open
subset (they are those where ay, . .., a,, are linearly independent). As a special case G}, = GL(m).
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Let us consider now X € Ly, ,, and consider a translation by v
Apix—=x+0
The following are mutually inverse diffeomorphisms
R™ x L7 x R* —» J"(R™,R")
(1, X, 0) — jire 0 X 0 JTA_y

(u=aY,jiA_y oY ojjry,v=p08Y)+—Y

Now we can define on J"(M, N) a smooth structure so that the projection
(, ) : J'(M,N) - M x N
becomes a bundle. We choose charts on U C M and V C N giving us an identification
a'tUNB N (V)=UX L, xV

Declaring these to be diffeomorphisms we are left to show that the effect of another choice of
charts differs by a diffeomorphism preserving the projection onto U x V. But this is rather easy
to see using the concrete description of the involved maps.

A smooth map f : M — N induces a section j"f : M — J"(M, N) sending = — jof of the
bundle J" (M, N) % M.

EXAMPLE 3.4. For r = 1 we have J'(M, N) = hom(TM,TN) or rather hom(p*T'M,q*TN)
with p: M x N - M and q : M x N — N the two projections. The map in one direction
is provided by jlf + T, f and is a diffeomorphism by an inspection in charts. As special cases
JER, M) = TM and JY(M,R)o = T*M.

We denote by Ty M = J§(R*, M) Z, M the bundle which we call the bundle of k-dimensional
velocities of order r. In particular 77 M is called the tangent bundle of order . A smooth map
f M — N induces a morphism of bundles T} f : T, M — T} N via the composition jig — j§(fog)

T f
TTM —— TN
o E
M — N
Dually T7*M = J"(M,R¥)g, the bundle of k-dimensional covelocities of order r. In particular
T7*M is called the cotangent bundle of order . The bundle T;/* M is a vector bundle with respect
to the addition jT¢ + jT¢ = jI (¢ + ¢) and multiplication A - jT¢ = jI(Ap), A € R. On the other
hand only local diffeomorphisms induce morphisms of bundles:
" f
"M ——1T]*N
al la o = Gy (po f7h)
M — N
REMARK. For any smooth f we have a map on the section spaces
T % f* Tk
(T N) —— (T3 M)

Let P"M = inv J§(R™, M) C T/ M with m = dim M denote the “bundle of r-jets of maps
(R™,0) — (M,x)”. The group G}, = inv Jj(R™ R™)q acts on P"M from the right via the jet
composition: for a map u : R™ — M and a change of coordinates ¢ : R™ — R™ we have a new
map uow : R™ — M

P"M x G, — P"M
(Jow, Jop) — Jo(uo )
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The situation is summarized in: P"M is a bundle, the action of G, preserves the fibres and is
simply transitive on each of them: for jju and j{v with u(0) = v(0) there exists a unique a € G,
for which jjv = jiu - a.

EXAMPLE 3.5. For r = 1: P'M = invhom(R™,TM) which at the fibre over x € M is the

same as a basis of T, M (namely the image of the standard basis in R™). We say that P'M is the
bundle of frames in TM. We then think of P"M as a bundle of higher order frames.

DEFINITION 3.6. Let p: E— M be a bundle. The r-th jet prolongation J"FE is the space of

all jets of local sections of p. It is a manifold and bundle over M. One can either see this locally - a
local section is equivalent to a map U — F and thus J"E is locally in bijection with J"(U, F) but
it is not quite obvious what the transition maps look like. A global definition is via the pullback
diagram

J'EC—— J(M,E)

1
Mc—— - JT(M, M)
Jri
describing it as a restriction of J"(M, E) — J"(M, M) along ;" id. Locally
J'(M,E)= J (U, V) xy J(UF)— J(U,V)

which is a bundle and the restriction “forgets the first component” to get J" (U, F).

A prolongation of sections: s : M — FE induces j"s : M — J"E but not every section of
J"E — M comes from a section of £ — M.

REMARK. A differential equation/inequation (relation) is a subset R C J"E. A solution of R
is a section s : M — E for which jIs € R for all z € M. A formal solution is a section of J"E — M
with image in R. The jet prolongation restricts by definition to a map sol — fsol between the
space of solutions and the space of formal solutions with fsol being much bigger. Nevertheless this
map is quite often a homotopy equivalence.

4. Principal and associated bundles
DEFINITION 4.1. Let us consider a bundle 7 : P — M and a Lie group G having a right action
r: P x G — Pon P. We say that P is a principal bundle with a structure group G if

e the action r preserves fibres, w(u - a) = w(u) and
e G acts on each fibre P, simply transitively, u,v € P, = la € G:v =u-a.

We write P(M, G) to mean that P is a principal bundle over M with structure group G. We also
say that P is a principal G-bundle.

THEOREM 4.2. Let H < G be a closed subgroup of a Lie group G. Then the projection
G — G/H is a principal H-bundle.

PRrROOF. This is contained in the proof of Theorem 6.3. U

EXAMPLES 4.3.

e The frame bundle P"M (M, G7},).
e Consider a vector bundle £ — M with standard fibre R*. Denote by PE — M the
following bundle over M

PE = invhom(R¥, E) C hom(R*, E) = E x5y --- xpy E
N—————

k times
In the last isomorphism we identify (u1,...,us) with a unique linear map sending e; to
u;. Clearly this map is invertible iff uq, ..., ux are linearly independent. The right action

of GL(k) is either via composition u-a =uoa or as (u-a); = 3 ;uja;;. We obtain a
principal bundle PE(M, GL(k)) of frames in the vector bundle E.
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A local section s : U — P determines a trivialization 771 (U) = U x G in the following way
UxG— 7 YU)
(z,a) — s(z) - a
This is easily a smooth bijection. We need to verify that it is a local diffeomorphism. This is so
because the restriction to U x {a} is a section and hence an immersion. The restriction to {z} x G
is an immersion by Theorem 6.5. The images of the respective derivatives are complementary.
Another feature of this trivialization is that it is equivariant.

Alternatively we may thus characterize principal G-bundles as right G-spaces P for which
there exists in a neighbourhood of every point an equivariant diffeomorphism with R™ x G.

THEOREM 4.4. A principal bundle is trivial if and only if it admits a global section.
PrOOF. Obvious from the preceding arguments. O

DEFINITION 4.5. A manifold M™ is called parallelizable if it admits an m-tuple of linearly
independent (pointwise) vector fields.
EXAMPLES 4.6.

e 52 is not parallelizable since it does not admit even one linearly independent (i.e. nowhere
zero) vector field.

e Every Lie group is parallelizable via left translations: G x g — T'G is given by (a, A) —
(M) A.

REMARK. Obviously M is parallelizable if and only if P'M is trivial.
THEOREM 4.7. The bundle P"M is trivial if and only if M is parallelizable.

PRrROOF. A section of P"M determines by composition M — P"M I PIM a section of
P'M and hence M is parallelizable. Assume on the other hand P'M admits a global section.
The projection P"M — P'M is a bundle with standard fibre R¥, the polynomials of degree at
most 7 with zero linear part which is easily seen locally as the canonical projection 7} : G7 — G,
is a surjective homomorphism of Lie groups hence isomorphic to a projection G, — GI /kern]
which is a bundle by Theorem 4.2. We know that such bundles always admit sections. The
composition M — P*M — PTM is then a section of P"M and hence it is trivial. O

The local description of principal bundles via charts and transition maps simplifies as follows
YaB :Uap X G — Uyp X G
(z,0) = (2, €)a — pap(z,€)a = (z,Yap()a)
with ¥ag : Usg —+ G smooth. In other words the transition map is a left multiplication by the map
Yap. Again we have Yo = € and Ygy1ag = Ya~, the maps form a so-called G-valued cocycle. In

the opposite direction from a G-valued cocycle one can construct a principal G-bundle.
We will now address the question of when two principal G-bundles P, P’ are isomorphic. Let

they be given by transtion maps ¢,g and wﬁw respectively. Then f: P = Pis locally given by
fa:UsxG—U, xG
(z,a) = (z,e)a —> fo(z,€)a = (z,gq(x)a)

For a different chart ¢g we have a comparison diagram
Uag x G L) Uag x G

© ’
Do P l%f* ©n

Unp X G~ Uny x G
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In the small square we see that (z, a) at top left is mapped to (z, g (2)¥as(x)a) at bottom right via
bottom left corner and to (z, 1y, 5(x)gs(x)a) via top right corner. Thus we have ¢, ; = gawaﬁggl.

THEOREM 4.8. Let {Uy} be a cover of M such that both P and P’ are trivialized over each
Ua. Then P = P’ if and only if there exist go : Uy — G such that 1,5 = ga¢aﬁg/§1 (in this case
we say that the cocycles are equivalent).

DEFINITION 4.9. Let p: £ — M be a bundle. A subbundle of E is a subspace E' C E for
which there exist local trivializations of E which also trivialize E':

pl(U) = UxF
Ul Ul
E'np Y (U) ~=UxF'

DEFINITION 4.10. Let H C G be a Lie subgroup. A subbundle @ C P of a principal bundle
P is called a reduction of P to the subgroup H if for each u € Q we have u-a € Q < a € H.

EXAMPLES 4.11.

e A reduction to the trivial subgroup {e} C G is the same as a section of P, that is a
trivialization of P.

e Consider a Riemannian manifold (M, g). Then P*M = PTM is a principal GL(m)-
bundle possessing a reduction to O(m):

PTM = invhom(R™, TM) D iso(R™, TM),

the subspace of isometries. They are clearly closed under the action of O(m) and more
over the action is transitive so that we obtain a reduction to O(m).

In the opposite direction let @ C invhom(R™,TM) be a reduction to O(m). It
defines a metric on M in the following way: every u € @, is an isomorphism w : R™ —
T,M and we declare it an isometry or in other words we transport by u the standard
metric from R™. The result does not depend on gq.

More generally metrics on a vector bundle p : E — M are in bijection with reductions
of PE to O(k).

e Counsider an arbitrary Lie subgroup G < GL(m). A G-structure on a manifold M is a
reduction of P1M to the subgroup G. Similarly for subgroups G' < G”, of higher order
frame bundles. A reduction is then called a G-structure of r-th order.

DEFINITION 4.12. Let P(M,G) and Q(N, H) be two principal bundles. A bundle morphism
f: P — Q is called a morphism of principal bundles with respect to a homomorphism ¢ : G — H
of Lie groups if
(Vu e P)(Ya € G) : f(u-a) = f(u) - p(a)
If ¢ = id then we speak simply of a morphism of principal bundles or a G-morphism.
EXAMPLES 4.13.
e A reduction @Q C P can be equivalently described as follows: the embedding Q — P is a
morphism of principal bundles with respect to the embedding H — G.
e Let f: M — N be a local diffeomorphism. Then
JER™ M) =TI M Ly 1 N
restricts to fi : PTM — P"N, a morphism of principal bundles.
Let P(M,G) be a principal bundle and consider a left action ¢ : G x F — F of G on F.

DEFINITION 4.14. A bundle p : E — M with a standard fibre F' is said to be an associated
bundle to P if to each u € P, there is given a diffeomorphism @ : F' — E, (a so-called frame map
determined by the frame u on E) such that the total frame map

p:PxF—EFE
(u, 2) — a(z)

is smooth and @ -a = @ o £,. In terms of the total frame map p(u - a,z) = p(u,a - 2).
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REMARK. The idea is that we think of the principal bundle as consisting of coordinates choices
each of which gives us an identification of the standard fibre F' with the geometric fibre F,. Hence
P parametrizes these possible identifications allowing us to make constructions in coordinates in
such a way that they automatically do not depend on the choice. EXPLAIN BETTER!

REMARK. We will use later p to denote a representation. We should therefore CHANGE the
above map to q.

EXAMPLE 4.15. Let p : E — M be a vector bundle and PE = invhom(R™, E) the frame
bundle of E, a principal GL(m)-bundle. We will show that E is associated to PE. For that we
need an action of GL(m) on the standard fibre of E. This being R™ we will use the standard
action of GL(m). Each u € (PE), is by definition an invertible map R™ — E, and this is our
frame map 4. The equivariancy condition is then obvious since

U-a=uoa=1muoly,.
Also the total map PE x R™ — E is smooth since it sends (u, v) — u(v).

EXAMPLE 4.16. The bundle 8 : J"(M,N) — N is associated to P"N. The standard fibre is
JT(M,R™)y and the left action of GJ, = inv JJ(R™,R™), is by composition. The total frame map
is (as P"M = inv J§(R™, N))

inv JI(R™, N) x J"(M,R")g — J"(M, N)
(u, X)—uoX
Again the equivariancy is verified easily.

EXAMPLE 4.17. Analogously « : J"(M, N) — M is associated to P"M via the action of G},
on JE(R™ N),a-X =Xoa ! and (o, 8) : J/(M,N) — M x N is associated to P"M x P"N.

THEOREM 4.18. For a given principal bundle P(M,G) and a G-space F there exist an asso-
ciated bundle. Any two such are canonically isomorphic.

PROOF. Let us start with any associated bundle F and its total frame map
p:PxXF—=FE

By definition p factors through (P x F)/ ~ with ~ denoting the equivalence relation (u - a, z) ~
(u,a-z). Tt is a simple matter to show that the resulting map

p:PxF/~—FE
is a bijection: p(u, z) = p(u/, 2’) implies that 7(u) = w(u’) and hence v’ = u - a so that p(v/,2’) =
plu,a-2") and hence z = a - 2’ since @ is a diffeomorphism.

We denote the quotient space P[F] = P x F the latter expressing a similarity to the tensor
product of modules over a ring. Now we will verify that P[F] bears a canonical smooth structure
(as a quotient of P x F') for which the projection P[F] — M is a bundle with standard fibre F.
This is done locally:

o

7 (Ua)[F] — (Ua x G) xg F — Ua x F
(2, a), 2] — (2, 02)
(2, €), 2] ¢— (2, 2)
the first arrow being the trivialization ¢, x id. We use these to put a smooth structure on P[F].

We are left to exhibit the effect of changing a trivialization:

(z,2) Uwp x F———— Uy X F (x, Yap(x) - 2)

1 I IR T

[(z,e),2] (Uap X G) xg F—— (Uap x G) xg F [(z,Yap(x)), 2]
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These are clearly smooth but we see how the associated bundle P[F] is constructed from local

charts using the transition maps Uag e g L Diff (F).

It remains to show that P[F] is really associated to P. But this is provided by the quotient
map P x F — P xg F = P[F]. O

REMARK. From now on when we speak about “the associated bundle” we mean the canonical
bundle P[F] constructed in the proof.

A particular case is that of a bundle associated to a principal G-bundle P via a representation
p: G — GL(W) of G on a vector space W. In this case P[W] is canonically a vector bundle with
standard fibre W.

Let us consider two principal bundles P(M,G) and Q(N,G) and a G-morphism

P—L5q

| ]

MT”V

with respect to ¢ : G — H. Let E — M be associated to P and D — N associated to ) with the
same fibre F.

DEFINITION 4.19. We say that a bundle morphism g : ' — D over the same f as above is a
morphism associated to f if for each u € P the diagram

SN

E—>D

commutes.
THEOREM 4.20. A morphism g : P[F] — Q[F] associated to f is unique,

ng[F} : [uvz} = [f(u%z}
O

REMARK. In a similar way one can consider a morphism f x h : P[F] — Q[L] with respect
to a homomorphism ¢ : G — H of groups and a G-map h : FF — L between a G-space F' and an
H-space L.

DEFINITION 4.21. By a natural bundle E over m-dimensional manifolds we understand a rule
(a functor) which associates to each m-dimensional manifold M a bundle pp; : EM — M and to
each local diffeomorphism f : M — N a morphism of bundles Ef : EM — EN over f in such a
way that
e localization: for any open subset U C M we have EU = EM |y = p]T/Il(U)7
e functoriality: Eidy; =idgy and E(go f) = Ego Ef.

REMARK. From the two properties it follows that Ef is also a local diffeomorphism. The
association f +— Ef is called a lifting of local diffeomorphisms.
EXAMPLES 4.22.

e The tangent and the cotangent bundles.

o T, T7* or more generally J"(—, N) and J" (M, —).

e For a left action ¢ of the group G}, on a manifold F' we can construct a natural bundle
over m-dimensional manifolds as

EM =P'M[F]—»M  (f:M— N)— (Ef = P"f[F))

THEOREM 4.23 (Palais-Terng). For every natural bundle there exists r > 0, a smooth manifold
F and a left action £ : G, x F — F so that EM = P"M[F) and Ef = P"f[F].
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5. Further properties of principal and associated bundles

Let P(M,G) be a principal bundle and F' a left G-space. A map o : P — F is called
equivariant if o(u-a) =a= ! o(u).

Consider a section s : M — P[F] = P x¢g F of the associated bundle. For each u € P there
is a unique z = o(u) € F so that s(x) = [u,z] where x = 7(u). This defines a smooth map
o : P — F which is equivariant by

[u,o(uw)] =s(z) =[u-a,0(u-a)] =u,a o(u-a)

Another point of view is that each u € P, gives an identification @ : F — E, and o(u) is simply
(@)~ 1s(x). This also explains why o should be equivariant.
If on the other hand ¢ : P — F' is equivariant then in the diagram

ub—— [u, o(u)]

P— s PxgF

2
Ve
Ve
Ve
Ve

M

there exists a (unique) factorization since M = P/G and u, u - a are carried both to the same
point in P X F. This factorization is a section of P[F].

THEOREM 5.1. The above construction describes a bijection between sections of the associated
bundle P[F] and equivariant maps P — F.

EXAMPLE 5.2. Let P = P!M and F = R™ with the standard action of GL(m). Hence
PIM[R™] = TM and a section X : M — TM (i.e. a vector field) determines an equivariant map
£€: P'M — R™, the so-called frame form. It sends a basis (uy,...,u.) of T, M to the coordinates
of X () in this basis, u - {(u) = X ().

ExXAMPLE 5.3. Morphisms of principal bundles P — @ are exactly equivariant maps. By the

preceding they are in bijection with sections of P[Q] — M.

Let H < G be a closed subgroup. The action of G on itself via left translations passes to the
quotient G/H. The associated bundle is
P[G/H|=P x¢G/H —» P/H
[u,aH] — (ua)H
[u,eH] +— uH

THEOREM 5.4. There is a canonical bijection between sections of P|G/H] and reductions of
P to H.

PROOF. Let a section s : M — P[G/H] determine an equivariant map o : P — G/H. Easily
o is a submersion on every fibre and thus Q = o~ (eH) is the desired reduction.
Let, on the other hand, @ C P be a reduction to H. Then in the diagram

Q——P — P/H
M -~
the dotted factorization exists, since M = Q/H, providing a section. DETAILS! (]

EXAMPLE 5.5. Let G < GL(m) be the stabilizer of e; € R™, the group of matrices of the
form (§*). Then GL(m)/G = R™ — {0} and thus reductions of P*M to G are in bijection with
sections of TM = TM — 0, the tangent bundle with the zero section removed. These are clearly
nowhere zero vector fields.
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6. Problems
PROBLEM 6.1. Determine P[*] and P[G].

PROBLEM 6.2. Let P be a principal G-bundle that admits a reduction @) to the subgroup
H C G. Show that P 2 @ xg G as principal G-bundles where the right G-action on Q x g G is
[u, alb = [u, ab].

PrOBLEM 6.3. Bundles associated to P are precisely those associated to ) via an action of
G.
m(m—1)

PROBLEM 6.4. Show that GL(m)/O(m) 2 R~ 2z and apply this to the case of reductions
to O(m) C GL(m).

One possibility is to note that the mapping exp induces a diffeomorphism between the manifold
of all symmetric matrices and all positively definite matrices (regardless of the fact that these are
not Lie algebra/group pair).

PROBLEM 6.5. Show that «7_; : J"(M,N) — J"~1(M, N) is an affine bundle.

This may be solved on the models: Ly, , — L;;,ll is an affine bundle (with a fibre-preserving
affine action of G}, x G7,).

PROBLEM 6.6. Show that T(G/H) =2 G x g g/h where the action of H on g/b is induced by
the adjoint action of H on g.

PROBLEM 6.7. Show that each sphere S™ is stably parallelizable, i.e. that there exists an
isomorphism 7.5™ @ R* = R™+F for k> 0.

PROBLEM 6.8. Show that TRP™ is stably isomorphic to the direct sum of m copies of the
canonical line bundle over RP™.

PROBLEM 6.9. Show that the canonical bundle over the Stiefel manifold Sy (R™) of orthonormal
k-frames in R™ is associated to the trivial representation of O(n — k) on R¥ while its orthogonal
complement is associated to the standard representation of O(n — k) on R"~*.

PROBLEM 6.10. Show that the Stiefel manifold Si(R™) is parallelizable for k > 2.

The main idea is that T'Sx(R") = O(n) Xon—k)0(n)/ o(n—k) and the O(n — k)-representation
o(n)/o(n — k) is a direct sum of a trivial representation of dimension k(k — 1)/2 and k copies of
the standard representation R”~*. Then one observes that the sum of a trivial representation of
dimension k£ and the standard representation induces a trivial bundle. Similarly for the Grassmann
manifold G (R™) but this time none of the two bundles is trivial.

PROBLEM 6.11. Let E — M be a vector bundle associated to a principal GL(k)-bundle P.
Define the orientation bundle (a 2-sheeted covering) P[GL(k)/ GL4 (k)] (which is isomorphic to
(A*E — 0)/Ry). Show that if M is connected E possesses an orientation if and only if this
orientation covering is trivial.



CHAPTER 3

Connections

1. Connections

Let f: M — N be a smooth map which we think of as a section (id, f) of the trivial bundle
M x N — M. The derivative of f is obtained by differentiating the section and composing with
the canonical projection TM x TN — T'N. For a bundle which is not trivial there is no obvious
way of projecting onto the tangent space of the fibre. This projection is the content of a connection
on the bundle.

DEFINITION 1.1. Let p: E — M be a bundle. A connection on p is a smooth linear projection
v:TE — VE onto the vertical subbundle VE =,y TE, = ker(p, : TE — TM).

We call v the vertical projection. An associated horizontal projection is h = id —v. There is a
short exact sequence of bundles over E

0VE—-STE—pTM —0

A vertical projection, i.e. a retraction of TE onto V E, is equivalent to a section of the projection
TE — p*T'M. This is our second definition of a connection.

DEFINITION 1.2. A connectionon p : E — M is a “lifting map” I' : ExyTM =p*TM — TFE
which is smooth, linear and satisfies p.(I'(y, X)) = X.

Equivalently T'(y,—) is a 1-jet of a section M — E. The mapping y — I'(y,—) is then a
section £ — J'E.

DEFINITION 1.3. A connection on p : E — M is a smooth section I' : E — J'E of the jet
prolongation J'E — E.

REMARK. The bundle J'E — E is affine since J!(M, E) — M x E is a vector bundle, hence
so is its pullback along (p,id) : E — M x E and the condition j;p ojls =jlid is affine.

THEOREM 1.4. Every bundle admits (globally) a connection.

For our next formulation observe that the lifting map is completely determined by its image,
a subbundle of TE.

DEFINITION 1.5. A connection on p : E — M is a smooth distribution I on F which at each
point y € I is complementary to the vertical distribution V, E.

DEFINITION 1.6. A vector field £ : E — TFE is called projectable is there exists a vector field
& : M — TM such that the diagram

TE - TM

s

E—7p— M
commutes, i.e. such that £ is p-related to §. Loosely speaking from the top one sees only one
vector over each point x € M. In coordinates 2* on M and yP on the fibre

' d )
=) E@)zm+Y @)%

—_————
¢

40
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DEFINITION 1.7. Let X : M — TM be a vector field and X : E — TE given by X(y) =
I'(y, X) using the lifting map of a connection. Then X is a projectable vector field on E over
X. We call this vector field the I'-lift of X (or the horizontal lift when T is understood from the
context).

When the section E — J'E is given by
dy? = ZFf(:c,y)dxi

DEFINITION 1.8. Let p : E — M be a vector bundle. Then so is J'E — M. A connection
I': E — J'E is called linear if it is a linear morphism of vector bundles.

the horizontal lift is X = S X

In coordinates the function F7(x,y) must be linear in y. We write!
FP(z,y) ZI‘

Thus in this case dy? = ), q ql( 7)y?da’. The functions Fsi are almost exactly the classical
Christofell symbols.

We are now able to write formally the definition of the derivative of a section. Consider an
arbitrary connection I" on a bundle p : E — M and a section s : M — E. We define

VFS(I’) : TzM — ‘/s(w)E
X = 5,(X) — X(s(x))
The result lies in the vertical subbundle since both s, X and X (s(z)) are lifts of X. In the first

case this follows from the section property. Equivalently Vrs(z) is the vertical projection v(s,X)
of the derivative s,X. Using an easy adjunction

Vps(a:) S VS(I)E 4 T;M = (VE ®p* (T*M»S(x)
For short we write VE®T*M instead of VE @ p*(T*M). It is a bundle over E and by composing
with p also over M.

DEFINITION 1.9. The section Vrs : M — VE ® T*M is called the covariant derivative of s
with respect to the connection I'.
We say, that a section s is parallel, if Vs = 0.

dat and further

In coordinates for s given by y? = sP(x) we have 8,, = 8I7

ZFPIS -da’ 8yp

Vrs(e) = Y (§57(x) = Ff (2, 5(x)) da' 53

DEFINITION 1.10. Let v : R — M be a path on M defined in some neighbourhood of 0. A
section of E along 7 is a map s : R — E for which p(s(t)) = ~(¢)

817

yielding

E 7*%*>E
b= )
R——>M R——M

or equivalently a section of the pullback bundle.

DEFINITION 1.11. We say that the section s(t) along a path () is parallel if 5(t) € T'(s(t))
for all t. We will see shortly that there is an induced connection on v*FE and the condition says
that the covariant derivative is 0.

I'THE QUESTION IS WHAT IS WRONG WITH iq???
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DEFINITION 1.12. Let f: N — M be a smooth map and £ — M a fibre bundle over M with
a connection I'. There is an induced connection on f*E, given by the horizontal lifting

W(w,y) = (W, f,W(y)) € T(N xu E) C TN x TE.

We note that a pair (W,Y) lies in T(N xjr F) if and only if f,WW = p,Y. Thus, a vector
(W,Y) is horizontal if and only if its second component Y is horizontal. In particular, a section
along v is parallel, if and only if it is a parallel section of the pullback bundle.

Let E — R be a fibre bundle over R. There is a canonical vector field X given by ¢ — (¢, 1).
Its horizontal lift is a vector field X on E and as such admits local integral curves. Let y € Eq lie
in the fibre over 0. Then

FI* (y,t) = FI¥(0,t) = ¢t
and thus FI¥ (y) is a section and is clearly parallel. Thus, when M = R, parallel sections exist
locally; moreover they are unique. In particular, when ~ is a path in M and y € E, (o) is arbitrary,
there exists locally a unique parallel section along 7. We denote it Pt (y).

It will be convenient to express properties of connections through parallel transport, as this
is a very geometric notion. To start with, a connection on the pullback f*E may be described
via its parallel transport: a section of f*FE along a path is parallel if and only if its image in FE is
parallel.

DEFINITION 1.13. A connection on a vector bundle is said to be linear (affine), when parallel
sections are closed under linear combinations. In particular, the zero section must be parallel.

Let us consider now a vector bundle p : E — M. We know that for a vector space W we have
TW = W x W. For the vertical bundle VE this means VE = FE X ; E. An isomorphism from
E Xy E to VE is given by (u,v) — %[, _ (u+tv). Further VE @ T*M = (E x5 E) @ T*M =
E xp (FE®T*M) and for a section s : M — E we write

Vrs = (5,V's)
where Vs is now a section of E ® T*M — M.
DEFINITION 1.14. The section V's is called the covariant differential of s.
In coordinates for a linear connection as above V!'s(x) is
o P
Z (557 — L)

For a vector field X : M — T'M we might evaluate the covariant differential on X to obtain

Vis(z) = (Vis(@)(X(x)): M - E

DEFINITION 1.15. We call this section the covariant derivative of the section s with respect to
the vector field X.

Vis=> (5 —Ths) X' 50
In this way we obtain a map
V' XM x C*E — C°E
(X,s) — Vs
THEOREM 1.16. The following equalities hold

(1) VF (814 82) = Vigsi + Vigso,

(2) VE(f-s) = (Xf) s+ f-Vis, (the Leibniz rule)
(3) VX1+X s = VX 5+V§<2s,
(4)
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PROOF. We compute (2) from the coordinate expression
Vi(f9)(@) =D (= (f-s") —Th fs?) X' 5%
=X () X
=(Xf) s+ [ Vis

O

THEOREM 1.17 (The Koszul principle). Let V : XM x C*°E — C*°FE be a map satisfying the
conditions (1)-(4). Then there exists a unique linear connection I' on E for which V = V.

PRrOOF. Locally E = U x V where V is a vector space, C*E = C*®(U,V). Let v € V and
we think of it as a constant map U — V, i.e. a section x — (z,v) whose derivative at X € T,U is
(X,0). Thus we are forced to put

X(z,v) = (id,v)+X — (0, Vxv) = (X, -Vxv)

in order to ensure at least Vyv = Viv. This formula on the other hand describes a bilinear map
E x3; TM — TE, i.e. a linear connection I' on E. It remains to show V = V. But a general
section is locally of the form

s(x) = Z a'(x)v;

and thus the formula (2) yields
Vis(z) = Z (Xa')v; +a' Vi)

which reduces the general case to v. O

REMARK. Let U x V —— U x V be an isomorphism of the trivial vector bundle over U. It
is given by a smooth map A : U — GL(V) as (x,v) — (z, A(x) - v). The ordinary derivative ds of
amap s: U — V is changed to

d(A-s)=A-ds+dA-s
with the first part being the ordinary derivative transformed by the vector bundle morphism and
the second term amounts to a map F Xy TM — E|

((x,v), (2, X)) = dA(z, X) - v

a linear connection. We will see now that only certain connections (so-called flat ones) arise in
this way.

Let us investigate now for an arbitrary bundle p : E — M whether a given connection in the
form of a distribution is integrable (i.e. involutive). For vector fields X,Y : M — T M we consider
their horizontal lifts X,Y : E — TE. Since X and Y are p-related to X and Y, also [X,Y] is
p-related to [X,Y]. In other words [X, Y] is a lift of [X,Y]. If ' is to be involutive it is necessary

P

that [X,Y] = [X,Y]. As also the vector fields of the form X generate I it is at the same time a
sufficient condition. We have proved

THEOREM 1.18. A connection T' (considered as a distribution) is involutive if and only if
[X. V] =[x,Y].
DEFINITION 1.19. The mapping CT : Ex 5y A2TM — V E given by the formula CT(y, X,Y) =

([X,Y]—[X,Y])(y) is called the curvature of the connection I'. By a dualization we think of it as
a section CT : E — VE ® A>°T*M.

REMARK. To make this definition correct we have to prove that the defining expression does
not depend on the extension of X and Y to local vector fields. Any other choice of Y’ differs by

Y =Y +) a'V;
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where a’ are functions, that vanish at p(y). Using the obvious formula (;i}v/i =a'p- 37;-, we obtain
X,V = [X, Y]+ [X,) a'p-Y] = [X,Y]+ D (a'p- [X,Yi] + X(a'p) - Vi)

and similarly

(XY = X, V] + 3 (a'p- [X i)+ (Xa))p- Vi),

Since a‘p(y) = 0, and X (y)(a'p) = (p. X (y))a’ = X (p(y))a’, the difference of these two equals

[va/} - [‘)}7ﬁ] = [X7Y] - [)?,}7]

For a linear connection on £ = TM we get the classical theory of connections on a manifold.
The curvature is in this case a tensor of type (1,3), i.e. a section M — TM ® (T*M)®3 (or in
fact M — TM QT*M & AQT*M). The classical definition is VxVyZ — VyVxZ — Vix.v)Z-
One can verify that this agrees with our (more general) definition up to the change of sign and
indices of the Christoffel symbols I‘fj as mentioned before.

THEOREM 1.20. A connection T' is involutive if and only if the parallel transport does not
locally depend on the path.

Proor. When I is involutive there is an integral manifold L, through each point y € E. The
composition ¢, : L, — E Ly M is a local diffeomorphism and the parallel transport of v is simply
obtained by composition ¥ = ¢, 16 5 the endpoint depending only on v(1). The converse is also
true. U

The integrability of I' says that locally in E one can find charts of the form U x V such that
the projection p becomes the projection U x V' — U and such that the distribution is T,,U x {0}.
To extend this trivialization globally we need the following notion.

DEFINITION 1.21. A connection I' is called complete if the parallel transport exists globally.

A sufficient condition is for example that the fibre is compact. Also a linear connection is
always complete (a proof in the tutorial).

THEOREM 1.22. If a connection I' is complete and involutive then there exist local trivializa-
tions p~1(U) 2 U x F such that T'(z,y) = T, U x {0}.

PROOF. The trivialization is given by the following construction. Choose a basis X1,..., Xy,
of the base M and use their lifts X1,...,X,, to define
R"x F— F

(t = (tlv s 7tm)7 y) — Flix (y) = PtFl*X(z) (y7 1)

where we denote for simplicity tX = t' X; +---+t™X,,. The right hand side is only defined when

F1'*(2) is defined on the interval [0, 1] but such ¢ form a neighbourhood of 0, independently of
Y. O

We will give a geometric interpretation of the curvature CT'(y, X,Y). Let X and Y be exten-
sions to commuting vector fields. Then
FIY, FIY, FIY FIY (u).

CT(y,X,Y)=—[X,Y|(y) = - &| _, 2|,_,

The flow lines are clearly parallel sections along their projections, which are the flow lines of X
and Y. Thus

CF(’IJ,X,Y) =-2

4]
s s=0 E|t:0 PtF175Y PtFl—tX PtFle PtFltX (u),

i.e. it is up to the sign the mixed partial derivative (the first interesting one) of the effect of
transporting w parallelly along the rectangle of the flowlines.
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2. Principal connections

Let us consider a principal bundle P(M,G). We take A € g which we may express as A =
exp(tA). The fundamental vector field on P is

A*(u) = (r(u, —))«(A) = %|t=0 (u-exp(tl)) e V,,P

The reason it lies in the vertical subbundle is that u - exp(tA) is a curve in Pr(y). Globally we get
a map

#
dt 1t=0

Pxg—VP
(u, A) — A™(u)

and it is clearly an isomorphism of vector bundles, i.e. a trivialization of V P.

A connection on P thought of as a vertical projection v : TP — VP then yields a 1-form
wr: TP % VP2 P x g— g. The defining equation is wr (X)* = vX and the vertical projection
is obtained uniquely from a g-valued 1-form w provided that w(A*) = A for all A € g (expressing
that the map v is really a projection onto the vertical subbundle, vA* = A*).

THEOREM 2.1. The following conditions are equivalent for a connection I' on a principal
bundle, where we abbreviate Xa = (ry)«(X) for a vector X € TP (this in fact defines an action
of G on TP)

(1) v(Xa) = (vX)a,

(2) h(Xa) = (hX)a,

(3) X(ua) = X(u)a,

(4) the horizontal distribution is equivariant, I'(ua) = I'(u)a,

(5) wr(Xa) = Ad(a')wrX,

(6) the section T : P — J'P satisfies I'(u) = jls = T'(ua) = jl(sa).

A connection satisfying these conditions is called principal.

PROOF. (1) and (2) are equivalent since v+ h = id and id is equivariant. (2) is also equivalent
to (3) since they both say that the action of G preserves horizontal vectors (it preserves lifts by
definition). For point (4) note that the condition (1) is automatically satisfied on vertical vectors
and on horizontal ones (those in the kernel) it is plainly (4).

The most interesting is (5), we compute

v(Xa) = (w(Xa))*

(vX)a = (wX)"a = (%’t:ou nexp(t- WX)) ra= %‘t:O
= %|t:0 (ua) - (@' exp(t-wX)a) = & |t:0 (ua) exp(Ad(a™)(t - wX))
= %|t=0 (ua) exp(t - Ad(a™HwX) = (Ad(a™HwX)*

Thus v(Xa) = (vX)a iff w(Xa) = éd(a_l)wX.

For (6) observe that the lift X(u) can be expressed as X(u) = s.X. Therefore X(u)a =
(s+X)a = (sa),X and this equals X (ua) iff sa represents I'(ua). O

u-exp(t-wX)a

REMARK. In the lecture I have used quite a lot parallel sections in the explanations. It might
be worth to start already here. A connection is principal if and only if the action preserves parallel
sections along paths.

COROLLARY 2.2. For every g-valued 1-form w on P satisfying

(1) w(Xa)=Ad(a™Hw(X)
(2) wA*=A
there exists a unique principal connection I' on P whose connection form is w.

PrROOF. T = kerw. g

Let us consider a left G-space F' and the associated bundle £ = P[F| = P xg F. Let " be a
principal connection on P.
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DEFINITION 2.3. An associated connection I'p on P[F] is defined via horizontal lifting as
follows:

o~ ~

X[u7 Z] = g« (X(u)7 O(Z))

We have to verify that the definition does not depend on the choice of the representatives.
This follows from

¢.(X (ua),0(2)) = ¢.(Xa,0(2)) = ¢.(X,a0(2)) = ¢.(X,0(az)).
Another useful description of the associated connection uses parallel sections. Let s be a

parallel section along a curve . Then [s, z] is again a parallel section where z is a constant map
at z € F.

LEMMA 2.4. When W is a vector space and the action of G on W is linear, then the associated
connection I'r is linear.

PRrOOF. This follows from the description via parallel sections: when s : R — G is parallel
along a path v, and wy,ws € W, then the linear combination

a1[s,w1] + ag[s, wa] = [s, a1w; + agws]
of the two parallel sections [s,w;] and [s,ws] is again parallel. O
We will now bring the equivalence of vector bundles and principal GL(k)-bundles further. We
now know that a principal connection induces a linear connection on the vector bundle. To get

back consider a vector bundle £ — M and a linear connection I' on it. The total space of the
frame bundle PFE is naturally an open subset

PECEXpy---xyFE

in the k-fold fibre product of E with itself. Let u = (u1,...,u;) € PE be a frame in E, and let
us consider a path v in M through z and a frame u = (uy,...,ux) € PE in E,. Let s;(t) be a
parallel transport of u; along v. Then s(t) = (s1(t),...,sk(t)) is a path in PE covering the path
~ and we declare it to be parallel. Thus we define the horizontal lift of X = 4(0) to u by

X(u) = %’tzos(t):(X(ul),...JZ(uk)) ET(EXpy- Xy E)CTE x---xTE.

Since linear combinations of parallel sections are parallel it is easy to see that this connection is
principal. We have proved:

THEOREM 2.5. There is a natural bijection between linear connections on E and principal
connections on PE. (]

3. The covariant differential on associated bundles

A section s of the associated bundle P[F] — M can be described via an equivariant map
o : P — F using the diagram
F

T

PxF
[id,o]
P pxoF
M /
Now for X € T, M we have s, X = [id, O’]*X = q*(X,a*X) and so

Vrs(X) = v(8,X) = ¢(X, 0. X) — ¢.(X,0) = ¢.(0,0,.X)

since [X, 0] is the horizontal lift of X. The moral is that the covariant differential is no more than
“a derivative in the direction of horizontal vectors”.
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We will make this even more explicit in the case of vector bundles. In a vector space, let us

denote by tr the transport of a vector to 0, i.e. the map TW =W x W — P2, W. We have used
this map fibrewise to define the covariant differential. The relevant formula, that we need is

tr . (0(u), W(w)) = tr %’t Oq (u,w +tW)
’t 0 [w, w] + t[u, W])
— [, W] = g, b W (10)).

=tr T

This enables us to write
Vi s(x) = tr Vis(X (z)) = trq.(0(u), 0. X (1)) = [u, tr 0, X (u)] = [u, do(X)].

In particular, the equivariant map corresponding to this covariant differential Vs is do(X).
LATER, we will need the following.

LEMMA 3.1. 0, A*(u) = —la(o(u)), where £4 is the fundamental vector field corresponding to
A € g on the G-space F. In particular the derivative along vertical vectors does not depend on
Oy DUt only on o(u).

NOTE. As 0,A* is not equivariant it does not induce a section of V E.
PROOF. This is an easy computation
0. A% (u) = %‘t:o o(u-exp(td)) = %|t:0 exp(—tA) - o(u) = —La(o(u))
O

We will now generalize this form of the covariant differential to forms of higher degree. We
start a bit more generally with a smooth manifold P and a vector space W.

DEFINITION 3.2. A W-valued k-form on P is a smooth antisymmetric multilinear map
@0:TPxp---xpTP — W or ¢:A"TP —W
We write ¢ € QF(P; W).
Let ¢ =Y ¢Je; where ¢ € QF(M) and (e;) a basis of W. We define
dp =) "(dg’)e;
which is a W-valued (k + 1)-form that does not depend on the choice of the basis since a change

of basis is linear as is the differential.
Let p: G — GL(W) be a representation and P(M, G) a principal bundle.

DEFINITION 3.3. We say that ¢ € QF(P; W) is of type p if
o(Ara,. .., Apa) = pla™)p(A1, ..., Ap)
If this is the case we write ¢ € Q(P;p). Observe that the left hand side is simply
O(Taxdi, .. TaxAg) = 1ap(A1, ..., Ag)
Therefore the condition may be rewritten simply as rp = p(a™!)ep.
ExXAMPLE 3.4. The form wr of a principal connection T is of type Ad

DEFINITION 3.5. We say that ¢ is horizontal if ¢(Aq,...,Ax) = 0 whenever one of A; is
vertical. In this way ¢ can be thought of as a map

AYHP = AY(TP/VP) — W

THEOREM 3.6. Horizontal k-forms of type p are in bijection with P[W]-valued k-forms on M,
i.e. vector bundle morphisms

AkTM4>P

\/
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PROOF. A horizontal k-form ¢ : A¥T'P — W of type p induces, as we observed, a G-map
AFHP — W or equivalently a G-map @ : P x; A*TM — W. We have seen how to identify any
equivariant map P — W with a section of P[W] and in the present situation we just carry A*T M
over? to obtain ¢ : AKTM — P[W]:

(X1, Xp) = [u, P(u, X1, ..., Xi)] = [u, (X1 (u), ..., Xp(u))]

wehre u € P is any point lying over the same point as all the vectors X;. This formula says
that for vector fields X1,..., X} the section o(Xy,...,Xy) of P[W] corresponds to the equivari-

ant map o(Xi,...,Xz) : P — W which may be interpreted as: having a correspondence for
sections/equivariant maps and vector fields/equivariant horizontal vector fields gives a correspon-
dence for forms. O

REMARK. When the representation p is trivial, Va € G : p(a) = id, then o(X;(u), ..., Xx(u))
does not depend on the choice of u over z and defines a map A¥T'M — W. This corresponds to
AFTM — PIW] =M x W 25 W,

Let ¢ € QF(P, p) then dp € Q¥F1(P, p) is of the same type since

radg =drip = d(p(a™") o p) = p(a™") o dy
by linearity of the map p(a~!). The horizontality on the other hand needs not be preserved by d.
DEFINITION 3.7. An exterior covariant differential of a W-valued k-form on P is a (k+1)-form

D(p(Xo, ce 7)(;g) = d(p(h)(o7 .. .,th)

Clearly D is horizontal. If ¢ is moreover of type p then so is Dy since both the horizontal
projection h and dy are equivariant. Therefore we get a diagram

Qk(Pa p) 4‘;1) Qk+1(Pa p)

] )

D
Qﬁor(Pa ,0) - Qk+1(Pa p)

hor

OF (M, P[W)) - ¥ 5 Qk1L(M, P[W))
with h*(Xo, ..., Xk) = ¥(hXo, ..., hXk).
DEFINITION 3.8. Let ¢ € QF(P,U) be a U-valued k-form on P and ¢ € Q°(P,V) a V-valued
(-form. We define their wedge product ¢ A1) € QFH(P,U ® V) by the formula
(A (X, Xere) = Y o(Xoq) - s Xo) @ Y (Xo(er1)s - - Xohas)
where the sum runs over the (k, £)-shuffles, i.e. those permutations of {1,...,k + ¢} for which
ol)<---<ok), olk+1)<---<ok+10).
When there is a linear map f: U ® V — W, we further define
fle,9) = fo(pAy) € QF(P,W).

This wedge product of vector-valued forms enjoys properties similar to the real-valued one.
We present the version with the linear map f applied. The Leibniz rule reads

df (e, 9) = f(de,¥) + (=D f(p, dy).
(The coordinates of ¢ A are the wedge-products of the coordinates of ¢ and ¥ and thus the usual
Leibniz rule applies. The version with f follows by the linearity of f.)

1R

2Another possibility is to view P’ = Px 5y A*T'M as a pullback bundle of P along the projection A*T'M — TM.
Then ¢ is a G-map P’ — W and these are in bijection with sections of P/[W] which are exactly the maps as in the
statement of the theorem.
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Next, we have the following graded commutativity

oAy = (1)l expng
where ex : U ® V — V ® U is the canonical isomorphism v ® v — v ® u. It follows, that for a

symmetric f: W @ W — W, the product f(p,) will be graded symmetric, and similarly for the
skew-symmetric one. This applies, in particular, to the Lie bracket [—,—] : g ® g — g, so that

[ 9] = (=1)1A W+, ],
Similarly, the graded Jacobi identity reads

o, [0, X1 = [l ¥], x] + (1)1, [0, X])-

(The adjoint action [p, —] is a graded derivation.)
All these properties pass to covariant differential, so that in particular we have the following
Leibniz rule

Df(, ) = f(Dg, ) + (=1)¥ f (o, DY).
We will now explain, how this translates to the covariant differential V on P[W]-valued forms on
M. Let us have forms ¢ € Q¥(M, P[U]) and ¢ € Q“(M, P[V]). These correspond to horizontal

equivariant forms ¢ € QF(P,U) and ¢ € QY(P,V) and their wedge-product then lies in

P A EUTH(P,U V)= MY M, PIU® V).
The associated bundle P[U ® V] = P[U] ® P[V] via the isomorphism [u,a ® b] ~ [u,a] ® [u,b].
Thus we obtain a wedge product ¢ Ay € Q¥(M, P[U] @ P[V]), which can be defined directly as

4 /\%(Xla R Xk+[) = Zf(Xa(l)a s 7X0'(k)) ®%(Xa(k+l)v B Xa'(k-i—f))'

The Leibniz rule then becomes Vf(p,v) = f(Vp,9) + (fl)lf‘f(f, V).
We may now describe this form of the covariant differential explicitly. Locally, we may write

p = Zsidgi,l A Ndgik

for some sections s; and functions g; 1, ..., g; . Then
Vf = szz AN dgi71 VANKIERIVAN dgi,k~

(The first wedge product is induced by the multiplication P[W] ® P[R] — P[W], where P[R] =
M x R is the trivial bundle with the trivial connection on it.)
Another formula is obtained from the above in the usual manner. We obtain

Vo(Xo, . Xi) =Y _(=1)'Vx,0(Xo, ..., Xi, ..., Xx)

i
+ ) (D)X, X1, Xoy -, Xy, Xy, X
i<j
It is instructive to compute the second covariant differential of a section s, i.e. a 0-form. We
have

(VVS)(X,Y) = VX(VS)(Y) - Vy(VS)(X) - (VS)[X, Y} = vays - VYVXS - V[Xy]s.

In general, this is not zero. However, it corresponds to a 2-form D% € Qﬁor(P; p), which we will

able to compute; it is purely algebraic ) - 0. First, we will relate the curvature form € to the
connection form w.
Consider a principal connection I' on P and its curvature

CT : P xy A°TM — VP
defining a g-valued 2-form 2 on P by the formula
0 (Y, Z) = wCT (u, 7Y, 7 Z)

THEOREM 3.9. Q = Duw, i.e. the curvature  is a covariant derivative of the form of the
connection.
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Proor. We first express €2 using the defining equation for w:
Q.(Y, 2)* = CT(u, 1Y, 7, Z) = —v[m, Y, 7, Z] = —v[hY, hZ]
Therefore Q, (Y, Z) = —w[hY, hZ]. Now we compute
Dw(Y,Z) = dw(hY,hZ) = (hY)w(hZ) —(hZ)w(hY) —w[hY,hZ] = Q(Y, Z)
N—— N——
0 0
O

Next, we will show how the covariant differential is related to the ordinary differential. First,
we need two lemmas.

LEMMA 3.10. The flow of the fundamental vector field A* is FltA*(u) = uexptA, i.e. Flf* 18
the right translation by exptA.

Proor. This is a very simple computation

uexptA = uexptoAexpsA = A" (uexptoA).

d | d |
dt lt=tq ds ls=0

g
LEMMA 3.11. Let X be a vector field on M and X its horizontal lift; let A € §. Then

[A*, X]=0.
ProOF. This is an application of the Lie derivative version of the Lie bracket,

[A*, X (u) = %}tzo (Flé;)*X(Flf* u) = %|t:0 X (uexptA)exp(—tA) = %’t:OX(u) =0,

where we use the equivariance of the horizontal lifts to conclude that the path is constant at X (u)
and thus its derivative is zero. O

Lastly, it should be clear, that the Lie bracket of two vertical vector fields is again vertical
(they are tangent to the fibres and thus i-related to vector fields on the fibres, where ¢ denotes
the inclusion; consequently their bracket is i-related to some vector field on the fibre and thus is
vertical). There is in fact a formula

LEMMA 3.12. It holds [A*, B*] = [A, B]*.

PRroOF. Using the action map r : P x G — P, we have that (0,A4) is r-related to A* and
thus (0, [Aa, Ag]) = (0, A4, ) is r-related to [A*, B*]. Since it is also r-related to [A, B]*, the two
must be equal. (There is also a computation similar to the previous proof.) (]

We may now prove the following theorem.

THEOREM 3.13. For a horizontal equivariant k-form ¢ € QF_(P;p), the following holds

hor
Dy =do+w-e,
where w € QY(P; g) is the connection form and the dot denotes the infinitesimal action g@W — W.

ProoOF. For simplicity, we will restrict to the case k = 1. Thus, we may write
dp(X + A"Y + B*) = dp(X,Y) + dp(A",Y) + dp(X, B) + dp(A”, BY).
The first term equals Dcp(X +A*Y +B *), we will proceed with the remaining terms,
dp(A*,Y) = A* QY — YpA* — p[A* Y] = A*pY,

since both A* is vertical and [A*,Y] = 0. We have

A*Y (u) = & 0 ©Y (uexptA) = %|t20 (Y (u) exptA) =

dtle exp(—tA)pY (u)

d
dt |t:0

by the equivariancy of Y and of . Thus, this expression equals the infinitesimal action of —A =
—w(A*) on Y (u). In the end, we have

dp(A*)Y) = —w(A)p(Y) = —w(X + A*) (Y + B*).
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Similarly dg(X, B*) = w(Y + B*)¢(X + A*). Finally we observe that
dep(A*, B*) = A*pB* — B*pA* — p[A*",B*] =0
since all A*, B* and [A*, B*] = [A, B]* are vertical. Putting together, we have
dp(X 4+ A*)Y 4+ B*) = Dp(X + A*,Y + B*) —w(X + A") (Y + B*) + w(Y + B*)p(X + A*),
ie.dp=Dp—w- . (]

COROLLARY 3.14. For a horizontal equivariant k-form ¢ € Qhor( p), it holds D?¢ = Q - ¢,
where Q € Q2 (P; Ad) is the curvature form.

hor

PRrROOF. We have D?p = h*d(d¢+w-p) = h*(dw-p—w-dp). Asw is vertical, the composition
with the horizontal projection is zero. Thus

D*p=h*dw-h*p=Dw-p=Q-¢.
O

Thus, we see that the section st(X, Y) = VxVys — VyVxs — V[X,y]s corresponds to
D?¢(X,Y) = Q(X,Y) - 0. We will now show, that this purely algebraic expression corresponds
to the curvature at s. Thus, we compute

fu, X (w), ¥ () - o (w)] = tr &,y [, exp(tQ(X (w), ¥ (w))) - o(w)
= i1 8], brexp (192K ). ¥ () o)
= tr . (X (), ¥ ()" (1), 0)
= tr . ([X. V(u) — [X,V](u).0)

= (X, Y] — [X, Y])(q(u, o ()
=trCT(¢q(u,0(u)), X,Y) =tr CT(s(x), X,Y),

i.e. it is the transport of the curvature at s(x) to the zero section.

The curvature form 2 is of type Ad. This means, that when G is commutative, the form € is
of the trivial type and we may think of it as a g-valued form on M. Let us see what happens, when
we integrate this form over a 2-dimensional D? — M. Each rectangle in D? contributes the value
consisting of the difference, that results in transporting parallelly some u € P along this rectangle,
or more precisely the corresponding tangent vector. Thus, when adding the actual group elements,
we must obtain as the integral, the effect of going along the boundary of D? and computing the
group element responsible for the difference. In particular, when we integrate in this way over a
closed surface, we must get 0. A different situation happens in the universal cover of G, i.e. the
Lie algebra g. Then, this integral can be non-zero and measures the number of times, the parallel
transport wraps around (take e.g. G = S'). This kind of ideas lead to Chern-Weil forms to follow.
They start with a map of Lie algebras g — R and measure this effect. When, e.g. this map
is tr : gl(n,C) — C, the corresponding “homomorphism” of groups is logdet : GL(n,C) — C.
Since only det : GL(n,C) — C* is well-defined, we may measure the number of times det wraps
around 0 by computing the integral [ tr(, or still better we may normalize to ﬁ [ trQ to get
an integer-value and thus an interesting integer-valued form cy = ﬁ tr 2, called the first Chern
form.

4. The structure equation
Let U,V,W be vector spaces and f : U ® V — W a linear map. Let ¢ : TM — U and
¥ : TM — V be 1-forms. Consider the antisymmetrization of

TMoTM 22 UsV,

a 2-form p A : A2°TM — U®V. By composing with f we obtain a 2-form f(y,) : A2°TM — W,
explicitly
[l D) (X,Y) = f(o(X) @ (Y)) = fp(Y) @ (X))
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Applying this construction to the Lie algebra bracket g ® g — g and w € Q(M, g)
[w,w](X,Y) = [wX,wY] — [WY,wX] = 2[wX,wY]
On a principal bundle with a principal connection I" we have the form of the connection w €
QY(P,Ad).
THEOREM 4.1 (The structure equation). dw + 3[w,w] = Q.
COROLLARY 4.2 (The second Bianchi identity). dQ = [Q,w]. In particular D2 = 0.

PROOF. Applying a linear map f to d(p A ¢) = dp A — ¢ A d) one obtains
d(f(e,9)) = f(de, ) = f(p,dv)
Thus using the structure equation
dQ = d(dw + 1w, w]) = {dw, w] — 3w, dw] = [dw, w]
since w A dw = tw odw Aw and [, ] is anticommutative, [, | otw = —[, |. Using the structure
equation again
[dw,w] = [Q — 1w, w],w] = [Q, ]
since [[w,w],w] = 0 by the Jacobi identity:
([w,w],w](X,Y, Z) = [[w,w](X,Y),wZ] — [[w,w](X, Z), Y] + [[w, (Y, Z),wX]
=2([[wX,wY],wZ] — [[wX,wZ],wY] + [[wY,wZ],wX]) = 0.
The last part follows from DQ = h*dQ = [h*Q, h*w] and h*w = 0. O
THE PROOF OF THE STRUCTURE EQUATION. First we deal with a Lie group G thought of as

a principal G-bundle over a point. The vertical projection in this case is the identity and thus
there exists a unique connection. Since

A*(a) = %‘tzoa ~exp(tA) = (A\g)<A

the unique connection form is wg(a, X) = (Ay-1)«X. This is the canonical g-valued 1-form on G
called the Maurer-Cartan form. The structure equation reduces in this case to

THEOREM 4.3 (Maurer-Cartan equation). dwg + i[wa,wa] = 0.
NoTE. The curvature must be zero since TM = 0.

PROOF. Observe that any X € T,G extends to a left-invariant vector field A, x and denote
for short wgX = A and wgY = B. Thus

dwe(X,Y) = dwa(Aa, Ap) = Aa(weAB) — Ap(weAa) — wa[Aa, AB]
= Aa(const) — Ag(const) — waAia,p) = —[A, B] = —3wa, we] (X, Y).
]

Let us now proceed to the general case with P a principal G-bundle over M and a principal
connection on P. For A € g the fundamental vector field A* : P — V P is given by

A*(u) = %‘t:o u - exp(tA)
The derivative at a general ¢ is
diligy 1 exp(tA) = [, 1 exp(tod) - exp((t — to)A) = A" (u- exp(to4))

In particular F1I" = u - exp(tA) or in other words FI&™ = Texp(tA)-
LEMMA 4.4. For arbitrary horizontal vector field Y on P, [A*,Y] is also horizontal.
PROOF. We determine the Lie bracket by
A% Y](w) = §|,_o FLE)Y (FI () = §,_o (rexp(ea))Y (u - exp(tA))

Here Y (u-exp(tA)) is horizontal by assumption and the action preserves horizontality. Therefore
the curve lies in H,, P and so does its derivative. O
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The proof of the structure equation splits into three cases by bilinearity

e both X and Y vertical: then Q(X,Y) = 0 as Q is horizontal. The restriction w|rp, of
the connection form to the fibre is the Maurer-Cartan form wg and the Maurer-Cartan
equation finishes this case.

e X = A* vertical and Y horizontal: still Q(X,Y") = 0 by horizontality. The left hand side
is

dw(A*,Y) = A" (wY ) - Y (wA*) —w [A",Y] =0
~— ~—~— ——
0 const. horizontal
1w, w](A*Y) = [wA*, wY ] =0
0

e both X and Y horizontal: then %[w, w](X,Y) = 0 and the structure equation says

dw(X,Y) £ Dw(X,Y) = dw(hX, hY)

which is satisfied by the horizontality of X and Y.
O

LEMMA 4.5. A differential k-form ¢ on P projects to a k-form ¥ on M (i.e. ¢ = 7*¢) if and
only if the following two conditions are satisfied

(1) ¢ is horizontal and
(2) p(X1a,...,Xra) = p(X1,...,Xg), i.e. @ is of the type given by the trivial representation
e:G— GL(1), a—e=id.

PROOF. This is a special case of the bijection QF (P, p) = QF(M, P[W]) for W = R with the

hor

trivial action so that P[W] = M x R. O

Now we will construct k-forms on M from the curvature . We denote by Z¥(G) the set of
all symmetric multilinear maps

frgx---xg—R

satisfying f(Ad(a)Ay,...,Ad(a)Ax) = f(A1,..., Ax). In other words f is equivariant with respect
to the trivial action of G on R. The curvature form 2 : A2T'P — g then induces

ANTP@- - @A TP 229, vo . ag Lo R
Antisymmetrizing we obtain f(Q) : A2*TP — R.
THEOREM 4.6. The (2k)-form f(2) on P projects to a (2k)-form f(Q) on M.

PRrROOF. Easily f(£2) is horizontal since € is and

f(Q)(Xla cee X?k) = Z f(Q(XU(1)7 XO'(2))7 ceey Q(Xa(Qk—l)v XU(Qk)))

the sum being taken over (2,...,2)-shuffles. The equivariancy follows from 2 being of type Ad
and f being equivariant. O

DEFINITION 4.7. The form f(f2) is called the Chern-Weil form.

LEMMA 4.8. When an r-form o on P projects to an r-form @ on M then dp = Dy for any
connection on P.

PRroOOF. First we express

&O(XOV'WXT):DSD(XOa'”vXT) :dw(XOa"'vXT')
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To compute dy we use ¢(Xo,...,X,) = ©(Xo,...,X,) and differentiate
df(XO,"';X’r’) :Z(il)ZXl (XOa"wEa"'er)
+Z D o([Xa, X1, Xos ooy Xy v s X oo, X))

o~

=3 (-1 o(Xo, .., Xy, Xy)

o~ —~

+Z D (X0 X, Koo Ko X ooy X)

This is exactly dp(Xo, ..., X, ) when [Xi, X is replaced by [X;, X;]. But since the difference is a
vertical vector and ¢ is horizontal this makes no difference. (]

THEOREM 4.9. All Chern-Weil forms f(2) are closed.
PrOOF. By the previous lemma df(Q) = df(Q2) = Df(Q2) and

Df(Q)=D(fo(QA---AQ) =D fo(QA- AQADAQLA - AQ) =0
0

with D = 0 by the Bianchi identity. O

LEMMA 4.10. Let ¢ be a horizontal 1-form of type p. Then

Dp(X,Y) = dp(X,Y) + w(X) - o(Y) —w(Y) - p(X)
where the dot stands for the infinitesimal action A - w = p.(A)(w) with p, : g — gl(W) the
deriwative of p. We may write simply
Dp=dp+w-p
PROOF. Again we split the proof into three cases.

e both X and Y horizontal. Then Do(X,Y) = de(X,Y) and w(X) =0 =w(Y).
e both X = A*, Y = B* vertical. Then Dyp(X,Y) =0 and

dp(A™, B") = A" o(B") =B" p(A") —¢[A", B"] = —¢[A, B]" = 0
S~—— e d
0 0
As p(A*) = 0 = p(B*) the equality holds trivially.
e X = A* vertical and Y = Z horizontal. Still Dp(X,Y) = 0 and
Ap(A*, 7) = A*o(Z) — 7 (A*) —¢lA", 2]
0
In the last term
[A*aZ] = ar ’t 0 rexp( tA)) (u eXp(tA)) = %’t:o Z(u) =0
so that
Ap(A".2) = A'(2) = ] Ly o(Zu- exp(t)) = &,y o(Z(0) - exp(t4)
= &,_, plexp(—tA)p(Z(u)) = —p.(A) - @(Z(u))
Since A = w(X) this equals —w(X) - p(Y). As w(Y) - p(X) = 0 the equality holds.
O
We are now aiming at the independence of the cohomology class of the Chern-Weil form under
the choice of the principal connection. Therefore let I'y and I'y be two principal connections with

associated forms wp and wy. Put a = w; —wp € QL (P, Ad), horizontal by w; (A*) = A = wo(A*).
Then a covariant derivative with respect to some principal connection w is

Da =da+ [w,a]
since « is of type p = Ad and p, = ad =[, ]. We consider a l-parameter family of connections

wp = wp +ta = (1 —t)wy + tw
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(note that principal connections form an affine space in Q! (P, g) as both conditions - being of type
Ad and the reproduction of vertical vector fields - are affine). We denote by € the curvature
associated to wy and D; the covariant differential.

LEMMA 4.11. £Q, = D;a.

PRrROOF. To explain the formula Q;(u) € hom(A%T, P, g) and the derivative is taken in this
vector space. Differentiate the structure equation

Qp = dwy + %[thwt]
to obtain
38 = ad(wt) + %[%wuwt] + %[wt, %Wt]
1
2

= d(%wt) + 2o, we] + %[wt7a] =da+ [wt, o] = D

DEFINITION 4.12. Define a horizontal (2k — 1)-form on P
fla, Qe Q) =folaAQUA---AQ): AP R
—_——
k—1
It projects onto a (2k — 1)-form f(a, y,..., Q) € Q**71(M). Let

—k/faQt,..., ¢) € Q2R (M)

THEOREM 4.13. It holds d® = f(1) — f(Q0) so that the forms f(Qo) and f(1) determine
the same class in the de Rham cohomology.

PROOF. Since f(Q1) — f ) dt we compute
Ef(ﬂt,...,ﬂt :Zf Qt,...,aQt,...,Qt):k-f(%ﬂt,ﬂt,...,Qt)
=k f(Dyo, ..., Q) =k - Dy f(a, Q.. )
— k- d(f(0, s, D))

Thus

f(Ql)—f(Qo):/Olk-d(f(a,ﬂt,...,Qt)) dt:d</01k-f(a,ﬂt,...,ﬂt) dt) = do

O

THEOREM 4.14 (reformulation). For each f € I%(G) the de Rham class of the Chern-Weil
form f(Q2) does not depend on the connection I'. O

ExXAMPLE 4.15. Consider the example G = GL(k), i.e. the example of vector bundles of
dimension k. Here g = gl(k) and Ad(a)(A) = aAa~!. The trace of a matrix is a map tr : gl(k) — R
satisfying tr(aAa=!) = tr(A). Therefore tr € Z'(GL(k)) and yields a class [tr(Q)] € H?(M). In
the tutorial we will show that Z'(GL(k)) = (tr). There exist higher traces

trj: gl(k)®---®gl(k) — R
X1®"'®le—>tr(X1“~Xj)

which exhibits a cyclic symmetry. Fully symmetrizing we get sym(tr;) € Z7(GL(k)). “A bit
of representation theory” implies that all Chern-Weil forms are generated by tr; via the wedge
product and linear combinations.

We will show now that for j odd these classes are zero. This will follow from the fact that
every principal GL(k)-bundle P admits a reduction @ to O(k). This means that for the connection
induced from a principal connection on @ the curvature €2 takes values in o(k) (this will be shown
at the tutorial), the algebra of anti-symmetric matrices. Since an odd power of an anti-symmetric
matrix is again anti-symmetric the trace trg;—1() must be zero.



5. THE CANONICAL FORM ON P'M (SOLDER FORM) 56

For complex vector bundles there are non-zero classes in all even dimensions up to the dimen-
sion of the vector bundle.

5. The canonical form on P'M (solder form)

Let 7 : P!M — M be the bundle of frames on M, PM = PTM > u = (u,...,Un)
a basis of T,M, x = w(u). It is a principal GL(m)-bundle whose fibre can be described as
inv hom(R™, T, M). The action of GL(m) on P'M is then given as precomposition. Alternatively

(U1, um)a = O wai, ...y Y UiGim).
DEFINITION 5.1. The canonical form on P'M is the R™-valued 1-form @ defined by
T X =01 (X)ug + -+ 0™ (X)um

In other words, the components of §(X) are the coordinates of 7, X in the basis u. Using the
frame map p: PM x R™ — TM, (u,a) — >_ a'u; the definition becomes

p(u, 0(X)) = m.(X)

THEOREM 5.2. 0 € Qi (P, id) where id : GL(m) — GL(m) is the standard representation of
GL(m) on the vector space R™.

PrROOF. The horizontality is obvious since 7w, X = 0 for a vertical vector X. Since the action
preserves fibres we have

(ua) - 0(Xa) = m(Xa) = 1. X =u-0(X)
implying af(Xa) = 6(X) as both are coordinates of 7, X in the basis u. Finally #(Xa) = a=10(X).

(]
LEMMA 5.3. Under the identification
XM = C>*TM = C>*P'M[R™] = mapgy,(,,, (P'M,R™)
a vector field X corresponds to 0(X).
PROOF. The section of P'M[R™] corresponding to u — (X (u)) sends z to
0, 6(X ()] ~ - 0(X (w)) = X (2)
where u € P1M, is arbitrary and ~ denotes the identification P*M[R™] = T M. O

DEFINITION 5.4. Let I' be a principal connection on P'M. The covariant differential D@ is
called the torsion form of the connection I'.

Another definition of 6 is as the equivariant horizontal 1-form corresponding to id € Q' (M; TM).
To compute, what it does, we start with

X =id(X) = [u, 06X ()] = 3 w0 X (w),
i.e. the components 6; are the coordinates of X = 7, X in the basis u.
THEOREM b5.5. DO = 0 if and only if the connection I' has no torsion.
PRrROOF. Since the identity corresponds to 0, V id corresponds to Df and we have
(Vid)(X,Y) =Vxid(Y) - Vyid X —d[X, Y] =VxY - VyX - [X,Y].
Another proof: We will show that the section corresponding to DG(X , Y’) is
VxY - VyX — [X,Y]
for any vector fields X and Y on M. But
DO(X,Y)=X(0Y)-Y(6X) - 0[X,Y]
where Y =Y by the last lemma and hence X (0}7) = VxY. By horizontality of 6 the last term
can be simplified 0[X,Y] = 0[X,Y] = [X,Y]. O
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For the next theorem denote by dot the following pairing
——:gllm) @ R™ - R™

THEOREM 5.6 (The first structure equation). It holds DO = df+w-0 where w € QY (P1M, gl(m))
is the form of the connection and 6 € Q*(P,R™) is the canonical form.

PROOF. We have shown this more generally, Dy = d¢ + p.w - @. (]

REMARK. By differentiating covariantly once more we obtain
D?*0=h*d(dd+w-0) =h*(dw-0 —w-df) = h*dw-h*0 =Dw -0 =Q -0
We have not used any specific property of # and thus for ¢ € QF_ (P, p) it holds generally that

hor
D2p = p,Q) - ¢. In particular the covariant differential does not in general square to zero.

6. The second tangent space TT'M
What is TTM = T(TM)? Locally one has
TTR™ =TR™ xR™) =R™ x R™ xR™ x R™
—_— Y
base fibre

Let us write the coordinates as (z, X,Y,a). For o : R? — R™ with coordinates s and ¢ on R? we
have

c:R—TR™

s+— (0(s,0), %0’(8,0))

ol
E‘t:O

Differentiating again we obtain % o € TTR™ with coordinates

oo ]

s=0 Ot lt=0
2

(0(0), 50(0), £ (0), 32570(0))

We have a well defined map TTR™ — TTR™ by

0 @’
0s ls=0 Ot |t=0

which plainly swaps the middle coordinates but in this form it clearly does not depend on coordi-
nates and thus induces a map

o %|t:0 %|s:00—

k:TTM —TTM
on the second tangent bundle of any manifold M.
Let " : TM xp TM — TTM be a lifting map of a linear connection on TM. Locally
(2, X),(2,Y)) = (2,X,Y,(T};XY7)). We can use & to introduce a new lifting map ~ via the
diagram

(l‘,KX, (FZYZX])) (.’L‘,X,Y, (F§1X1Y3)>
TTM o TTM
/P

TM xp TM +——— TM ><‘MTM
((2,Y), (2, X)) (2, X), (2, Y))

with ex denoting exchanging the two factors.

THEOREM 6.1. "= Kk o” o ex prescribes a linear connection on TM, the so-called conjugate
connection I'. In coordinates I‘fj = F?i.

Let us denote the “translation” map by
tr: VIM = TM x TM 225 TM
(1;’ X’ 07 Z) }—> (x7 Z)
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LEMMA 6.2. For any vector fields X, Y € XM
tr(TY oX —koTX oY) =[X,Y]

PROOF. In coordinates X : z — (x,X), Y : z — (x,Y) so that

TY o X : 2 — (z,Y,X,Zng?Z; a?cl)

TXoY iz (2, X,Y,) YIZX 0
TY 0 X —koTXoY : 2+ (2,Y,0,[X,Y]) — (z,[X,Y])
where e.g. the last coordinate of TY o X is the derivative of Y along X. O
THEOREM 6.3. The following holds
(1) VxY =VyX + [X,Y], o )
(2) the section corresponding to DO(X,Y) is VxY — VxY.

PROOF. Once (1) is proved, (2) follows from DA(X,Y) = VxY — Vy X — [X,Y]. To prove
(1) we observe that by definition
VyX =tr(v(TX oY) =tr(TX oY =Y (X)) =tr(k o TX oY — k(Y (X)))
using tr ok = tr and analogously
VxY =tr(TY o X — Y (X)) = tr(TY o X — k(Y (X)))

Subtracting the two formulas reduces the theorem to the previous lemma. O

7. Morphisms of connections

Let p; : E; — M, i = 1,2 be two bundles and also ¢; : D; — N. Further let f; : E; — D; be
bundle morphisms over the same base map f : M — N. We obtain
fix fa=f1 xs fa: Ex Xp Ez = D1 XN D

the so-called fibre product of fi and fa.
Let now™: Ex ) TM — TFE be a lifting map for a connection 'on £ — M and™: DxyTN —
TD a lifting map for a connection A on D — N, f : D — E a bundle morphism over f: N — M.

DEFINITION 7.1. Connections A and I are calles f-related if the diagram

top— ' TR

.

DxyTN —"5FExy TM

commutes. In other words f is required to preserve horizontal vectors, i.e. f. X (y) = S X(f(y)
or f:A(y) ST(f(y)).

We also say that f is a morphism of connections A and T.

DEFINITION 7.2. An induced connection g*I' on the pullback bundle ¢* FE
dE-2 L E
N——M

is determined by the requirement that the horizontal distribution ¢g*I' is the preimage of the
horizontal distribution T, i.e. g*I'(2,9) = (Ju(z,y)) " T(¥).

THEOREM 7.3. The distribution g*T" gives a connection on g*E.



7. MORPHISMS OF CONNECTIONS 59

Proor. By the diagram
(X, Y)——Y

[

X+—g. X =pY

for (X,Y) € ¢*T'(z,y) necessarily ¥ = g:j((y) so that for each X € T, N there is a unique
Y € T,E with (X,Y) € ¢*T'(z,y). O

Another characterization of ¢*I' is via the jets of sections: a section s : M — E representing
the horizontal subspace of T', i.e. T'(sg(x)) = j;(I)s, induces a section g*s: N — ¢*FE

sog

N-—-s¢E—>FE

Wl

N——M
and ¢*T'(z, sg(x)) = jL(g*s). In this way one obtains the horizontal spaces at all points.

THEOREM 7.4. The connections g*T' and T are g-related.

PROOF. Follows immediately from the definition. O

THEOREM 7.5. In the diagram

the connections A and I' are f-related if and only if A and f*I" are f-related.

—

Proor. Easy. O

THEOREM 7.6. If A and I are f-related then the following diagram commutes

VD I VE

o] ]

D xn A2TN ———— E x5 A°TM
FXA%f,

We say that CA and CT are f-related.

ProoF. Let y € D, X,Y € T,(,)N where ¢ : D — N is the bundle projection. Suppose first
that it is possible to extend X and Y to vector fields X and Y that are f-related to vector fields
X’ and Y’ on M. Then

CT(f(y), X", Y") = —o[X".Y'[(f(y))
But X and Y are f-related to X’ and Y’ so that [X, Y] is also f-related to [X’,Y’] and also [X,/?]

is f-related to [X’,Y”]). Subtracting we obtain that CA(—, X,Y) is f-related to CT(—, X', Y”)
which is exactly the commutativity of the diagram from the theorem.
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In general the extensions X’ and Y’ might not exist. They do exist for f an immersion and a
submersion. But it is possible to decompose f into a composition of such, namely

N piE— S E

| T

—N— > NXM—M
(id,f) pra

The graph (id, f) of f is obviously an immersion while the projection pry is a submersion. The
extensions are easy to construct. U

8. Problems
PrROBLEM 8.1. Show that a linear connection is complete.

PROBLEM 8.2. Show that for a vector bundle E — M the vector space C*°E of all smooth
sections of E is naturally a module over C*°M. Further show that if £ and F are two vector
bundles over M then there is a bijection between linear morphisms £ — F' and C° M-linear
homomorphisms C*FE — C°F.

PROBLEM 8.3. Show that if ¢ : C°FE; x C*°FEy — C°°F is bilinear over C°°M then the
value of ¢(s1,s2) at « depends only on s;(z) and ss(x) and this dependence describes a bilinear
morphism Fy Xy Fs — F of bundles over M.

One may reduce to the previous problem by showing that
C®FE) ®@coep CFFEy 2 C(F) @) Eo)
PrROBLEM 8.4. Apply the previous problem to the curvature
CT : C*®(p*TM) x C®°(p*TM) — C*VE
PROBLEM 8.5. Show that an exterior derivative of a 1-form ¢ € Q(M) satisfies
do(X,Y) = Xo(Y) = Yp(X) — ¢[X,Y]
for any two vector fields X,Y € XM. Generalize to higher degrees.
PROBLEM 8.6. Show that Z'(GL(k)) = (tr).

Decomposition into symmetric and antisymmetric matrices yields an easy reduction to linear
forms on symmetric matrices which are O(k)-invariant. Since each is equivalent to a diagonal one
this gives the result.

PrROBLEM 8.7. Let Q C P be a reduction of a principal G-bundle P to H C G. Prove the
following two characterizations of principal connections on P induced from principal connections
on Q:

e T' is a principal connection tangent to @, i.e. I'|g C TQ,
e w is a principal connection whose restriction w|g to @ takes values in .

PROBLEM 8.8. Show that the canonical form 8 : TP'M — R™ corresponds toid : TM — TM.

PROBLEM 8.9. Show that under the identification of sections s € C*°(P[W]) and equivariant

maps o : P — W we get that Vxs corresponds to Do(X). Maybe not a good problem. . .

PROBLEM 8.10. Let E, F be two vector bundles associated to P(M,G) and let s € C*°FE and
t € C°F be two sections. Then Vx(s®t) = Vxs®t+s® Vxt.

PROBLEM 8.11. Let P — M be a principal GL(k)-bundle and @ C P a reduction to O(k)
which is equivalent to a scalar product g € C*(E ® E)*. Let I be a principal connection of P.
Show that the following conditions are equivalent.

e I" reduces to @,
e Vg =0 (g is then called covariantly constant),
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e the parallel transport on E preserves the scalar product.

PROBLEM 8.12. Let P(M,G) be a principal bundle with a principal connection w and let
p: G — GL(W) be a representation, E = P xg W the associated vector bundle. Describe the
curvature CT'y, of the associated bundle in terms of €.

PRrROBLEM 8.13. Describe for X,Y € XM and s € C*°E the expression
vay8 — VYva — V[X’y]s
in terms of the equivariant map o : P — W corresponding to s.

PROBLEM 8.14. Let ¢ : @Q < P be an inclusion of a reduction @ of P to a subgroup H C G.
Let I'g be a reduction of a principal connection I'p on P. Show that I'g and I'p are t-related and
that Qg is a restriction of Qp to Q. Deduce that Qp|g takes values in b.

As a consequence for a principal GL(k)-connection w the curvature is trace-free, trQ = 0,
when the connection reduces to O(k). Namely any element of P may be expressed as u - a with
u € @ and a € GL(k). Then

tr QX (u-a),Y(u-a) =tr(a” QX (u),Y (u))a) = tr QX (u), Y (u)) =0

since (X (u), Y (u)) is an antisymmetric matrix and as such has zero trace.



CHAPTER 4

Riemannian geometry

1. Interpretation of Riemannian geometry

Let us start with a motivation which I presented in the tutorials. Let P — M be a principal
GL(k)-bundle, Q C P a reduction to O(k) and I' a principal connection on P. The question arises
how to recognize whether I' is associated to a principal connection on ) where we think of P as
Q xo(k) GL(k) to make sense of this. In such a situation we say that the connection I' reduces to
Q. In this special case a reduction to O(k) is the same as a choice of a scalar product

g:EQFE =R
on the associated bundle £ = P Xqr,x) R,

THEOREM 1.1. The following conditions are equivalent

(1) T reduces to @,
(2) Vg =0 (we say that g is covariant constant),
(3) the parallel transport on E preserves the scalar product.

LEMMA 1.2. Let FEy and E5 be two vector bundles associated to P(M,G), s1 € C®FEy, sg €
C>® FE5 two sections. Then

Vx(s1®s82) =Vxs1 ® 83+ 51 ® Vxsa
PROOF. Let s; be associated to an equivariant map o; : P — W;, i.e. s;(n(u)) = [u,0;(u)].
We have an isomorphism
(P xgWh) @ (P xg Wa) — P xg (W) @ W)
[u, v1] ® [u, va] — [u, v ® v
under which the section s; ® so becomes o1 ® 09 : P — W7 ® W, since

(81 ® s2)(m(u)) = [u,01(u)] @ [u, 02(u)] = [u, (01 @ 02)(u)]

In our correspondence V xs; becomes do;(X) and thus Vx(s1 ® s3) corresponds to
d(0'1 ® Ug)(X) = d0'1(X) Rog+01Q dO’g(X)
because the coordinates of 01 ® oo are products of coordinates of o7 and of o5. The right hand
side then corresponds to the formula from the statement. O
PROOF OF THE THEOREM. We start with “(1) = (2)”. The scalar product section g of (E ®
E)* = Q Xou (RF @ R¥)* corresponds to an equivariant map v : Q — (R¥ @ R¥)* which we now
identify. Let v € Q, be an orthonormal basis of E, thought of as a map u : R¥ = E,. Then

(W) = [,9(w)] : By ® B, 2", RE@ RN 2, R

Thus 7(u) is the scalar product g expressed in the orthonormal basis u, i.e. vy(u) is the standard
scalar product (independently of u) and v is constant. Thus dy = 0 and hence Vg = 0.

We now reformulate (2) slightly. Let ev : (R @ RF)* @ R¥ @ R¥ — R be the evaluation map
h®v®w+— (h(v®w). Then ev induces a (linear) morphism of induced vector bundles

P X GL(k) ((Rk ®Rk)* ®]Rk ®]Rk) — P X GL(k) R=MxR

62
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For sections g, s; and so we therefore obtain
Vx(g(s1®82)) =Vxev(g® s, ®s2) =evVx(g® s1 & s2)
=ev(Vxg®8$1®52+9gQ@Vxs1 Q82+ 9g®s1 ®Vxsa)
= Vxg(s1 ®s2) +9(Vxs1 ®82) +g(s1 ® Vxsa)
In other words
Vx(s1,82) = Vxg(s1 ® s2) + (Vxs1,82) + (s1, Vx$2)
Now we are ready to prove “(2) = (3)”. For vectors v1,v3 € E, and a path v : R - M

through x let us denote the parallel transport of v; along v by 74;. The definition gives V+7; =0
and thus
(31, %2) = Vi (31, 792) = (V431,92) + (1, V4A2) = 0
The scalar product (31,72) is therefore constant which is exactly what (3) asserts.
Finally we prove “(3) = (1)”. Let x € M and represent X € T,.M as the velocity §(0) of a path
~v: R — M. Choose an orthonormal basis u = (uq,...,ux) of E,. By (3) the parallel transports 7;
of u; along v form an orthonormal basis at the points () on the path. The derivatives % | o Vi

are the horizontal lifts X (u;) and they constitute a horizontal lift

X(u) = (X(ul),,X(uk)) = %’t:o(%""7%)

of X at u. Since the path takes place in Q, X (u) € T,Q and therefore the connection reduces to
Q. O

A second exercise was to identify the curvature of the associated connection. The idea is that
this should be determined by the curvature of the principal connection which is equivalent to the
curvature form €. Thus one should be able to express the curvature CT'y translated from VE to
to the zero section F using 2. More precisely tr CT" is a bundle morphism

trCTw : E xa A°TM — W
and as such is induced by an equivariant map

P xp A2TM — map(W, W)
In fact we will see that the curvature is linear and map(W, W) can be replaced by hom(W, W) =
gl(W).

THEOREM 1.3. Let P(M,G) be a principal bundle equipped with a principal connection w,
p: G — GL(W) a linear representation, E = P xg W the associated vector bundle. Then
the curvature tr CTw(—, X,Y) : E — E of the associated connection is induced by the map
P — gl(W), u— p X, Y)(u).

PROOF. As we do not want to confuse the Lie bracket with points in £ = P xg W (i.e. classes
[u, v] of pairs (u,v) € P x W) we will use the quotient map
q:PxW —PxgW=F

to denote the latter. The horizontal lifts X on FE are given by

X(Q(ua U)) = Q*(X(u)a Ov)

using the horizontal lift X f91" P. We need to compute their Lie bracket. For this we observe that
we have (X,0) ~, X and (Y,0) ~, Y. Therefore

[(X’ 0), (Y/a 0)] ~4 [X’ Y]
Since ¢ is a submersion this determines [X, Y]:

[X7 }A/] (q(uv U)) = Gx(u,v) [(Xv O)’ (f/v 0)] = Qx(u,v) ([X’ }7]7 O)

Subtracting from [X, Y](q(u,v)) = Guu,0)([X, Y], 0) we get
CTw(q(u,v),X,Y) = q.(CT'(u, X,Y),0,) = q*(Q(X, ?)*(u), 0,)
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The last step is to use A*(u) = u - exp(tA) to simplify to

|
dt 1t=0
dili—g a(u-exp(t - QX,Y)(w),v) = §l,_, a(u, exp(t - X, Y)(u)) - v)
When composed with the translation this can be written as
q(u, G, exp(t- X, Y)(w) - v)) = q(u, p-(UX,Y)(u)) - v)
O

The last exercise was to express the section VxVys — VyVxs — V[ X,y]$ via an equivariant
map
THEOREM 1.4. The following formula holds.
VxVys—VyVxs— V[Xy]s = tr CF(S,X, Y)

PRrROOF. If s corresponds to o then Vxs corresponds to Xo and the whole formula to

—_~—

(XY —YX — [X,Y])o = ([X,Y] - [X,Y])o = —CTw(—, X,Y)o

Now we express the result using 2 to get
—CTy (u, X,Y)o = — (X, V) (1)) 0(w) = bz 50y (1)) = pu( X, V) (1)) - o (u)
By the previous theorem this corresponds to the section

tr CTw (q(u, o(u)), X,Y) =tr CTw (s, X,Y)

2. The curvatures of a Riemannian space

For a smooth manifold M a Riemannian structure is a section g : M — S’iT*M of the bundle
of symmetric positive definite bilinear forms. We say that (M, g) is a Riemannian manifold (a
manifold M equipped with a Riemannian metric g).

DEFINITION 2.1. A Lewi-Civita connection V on T'M is characterized by its three properties
(1) it is linear,
(2) torsion-free, i.e. DI =df +w -0 =0,
(3) Vg =0, i.e. V comes from a connection on the subbundle Q' M C P'M of orthonormal
frames.

Let us consider the curvature of the Levi-Civita connection
R(X,Y)Z =VxVyZ —-VyVxZ— Vixy1Z

a section R of TM ® A?T*M ® T*M with factors corresponding to the value of R, the X and YV’
entries, and the Z entry. We have shown that the equivariant map inducing R is

Q'M — R™
ur— QUX,Y)(u) - 0Z(u)

where 0Z is the map corresponding to Z. The map corresponding to ¢ is the constant map with
value the standard scalar product.

THEOREM 2.2. For X,Y,Z,U € XM the following holds

9g(R(X,Y)Z,U) = —g(R(X,Y)U, Z)
PROOF. By what we have said the left hand side corresponds to
(Q(X,Y)-0Z,00)

As Q takes values in the Lie algebra o(m) of all skew-symmetric matrices (anti-self-adjoint maps)
the result follows. O
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The tensor field R of type (0,4) sending
(X,Y,Z,U)— R(X,Y,Z,U) = —g(R(X,Y)Z,U)
is called the covariant form of the curvature tensor field R of type (1,3). In coordinates
R= Ry -de' ®da’ ® da* @ da'!
and we have so far proved
Rijii = —Rjin Rijii = —Rijik
THEOREM 2.3 (The first Bianchi identity). Rjjr + Rjkit + Rriji = 0.

PROOF. Our previous (more general) first Bianchi identity claimed D% = Q- 6. Since in our
case DO = 0 we have
0=(Q-0)(X,Y,2)=QX,Y)-0Z+QY,Z) - 0X +QUZ, X)-0Y
Multiplying by 0U and converting to the section form yields the result. O

THEOREM 2.4. As an algebraic consequence of the previous identities
Rijii = Riuij
PRrROOF. Consider two instances of the first Bianchi identity
Rijri + Rjkit + Riiji = 0
Rijir + Rjir + Rigjr =0
Subtracting we obtain
2Rijk + Rjkit + Rriji — Rjiak — Riijre = 0
Changing the indices according to (,” ’: ;) one gets
2Ry + Risky + Riryy — Rijrs — Rjkte =0
and finally subtracting the last two equalities one obtains
2Rk — 2Ry =0
O

DEFINITION 2.5. For a linear connection on M we define its Ricci tensor field of type (0, 2)
by the formula
Z ka

ie. R(X,Y) is the trace of R(—, X)Y : TM — TM.
THEOREM 2.6. The Ricci tensor field of the Levi-Clivita connection is symmetric

PROOF. Let u; be an orthonormal basis of T, M. Then tr(R(— X)Y) equals
Zg uw Yuz Zg Yuz uiy X Zg uzv Xaui)

which is tr(R(—,Y)X). O

DEFINITION 2.7. The function s = 7, ;5% R; is called the scalar curvature of the Riemannian
space.
s ML T M T M =5 TM @ TM 5 R
Using an orthonormal frame wu; we can write
S_Zg ulvu] u]7ul ZR(U“UJ,U“UJ)

4,3
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Observe that the covariant form of the curvature is a section
M — N*T*M ® A*T*M
For a pair of vectors u, v consider R(u,v,u,v). Changing the basis to (v/,v") = (u,v)- A we obtain
u' Av' =det A-u A v and thus
R(u/',v' ' v') = (det A)? - R(u,v,u,v)

THEOREM 2.8. Let p C T, M be a two-dimensional linear subspace, u,v € p a basis. Then the
number

R(u,v,u,v)
g(“? U)Q(U, ’U) - g(uv ’0)2
does not depend on the choice of the basis u,v of p.

K(p) =

DEFINITION 2.9. The number K (p) is called the sectional curvature of (M, g) in the direction
of the two-dimensional subspace p.

Proor. We know that

g(u,u)  g(u,v)
g9(u,v)  g(v,v)

g(u, u)g(v,v) — g(u,v)* = I

equals the square of the volume of the parallelpiped determined by u,v. In particular by passage
to (u’,v") = (u,v) - A this expression gets multiplied by (det 4)2. O

REMARK. If u,v € p is an orthonormal basis then K(p) = R(u,v,u,v) since the denominator
is 1.

INFORMATION 2.10. (without proof) Using geodesics to transport the disc D(r,p) centred at
0 € p and of radius r to M, we obtain a two-dimensional submanifold V (r,p) = exp(D(r,p)) C M.
It holds
.2 —volV(r,p)
Kl = 12y S

The normalization is such that for the unit sphere K(p) = 1.

DEFINITION 2.11. We say that a Riemannian space (M, g) has constant curvature if its sec-
tional curvature is the same at all points and in all directions.

THEOREM 2.12 (Schur). Let (M, g) be a connected Riemannian space of dimension at least 3.
If K(p) depends only on the point x then M has a constant curvature.

PROOF. Later. O

REMARK (The Cartan’s viewpoint). The curvature

Qe Q2 (P gl(m)) = Q*(M,End(TM))

hor

corresponds to an equivariant map
P — hom(A?R™, gl(m))

with its image in fact lying in the GL(m)-submodule hompg(AZR™, 0(m)) of tensors satisfying
the Bianchi identities. This submodule happens to decompose into three irreducible components
and thus the curvature decomposes correspondingly. The components are respectively the scalar
curvature, the traceless Ricci and Weyl curvature.

THEOREM 2.13. Let (M, g) be a Riemannian manifold, Q*M the principal O(m)-bundle of
orthonormal frames. Then on Q'M there exists a unique torsion-free principal connection. It is
called the Levi-Civita connection.
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PROOF. We are searching for w : T(Q'M) — o(m), it is already determined on the vertical
subbundle V(Q!M). To determine the horizontal distribution we need to solve

0=D0=d0+w-0

expressing that w is torsion-free. As D6 is horizontal independently of w this condition is auto-
matically satisfied for vertical vectors. We use € to make an identification of some complementary
subspace with R™, i.e. H,(Q'M) = R™. In this way the above equation becomes

A2R™ = A2H,(Q'M) 22l g

The mapping w — df + w - 0 is affine with the associated linear map w +— w - 6. We will now show
that it is bijective. Then there exists a unique w for which w - 8 = —d6 verifying the theorem. At
each u € Q' M the map w, > w, - 0, becomes under our identification the map
hom(R™, 0(m)) — hom(A*R™ R™)
ar— (B:vAw— a(v)w — a(w)v)
Since the vector spaces have the same dimension it is sufficient to prove injectivity. Denoting
ale)e; =3 afjek we have the antisymmetry relation afj = —a], and the coordinates of the image
[ are simply
k E k k k k

bij = Blei Nej)™ = (afei)e;)” — (alej)e;)” = Qi — Ay
Clearly the kernel consists precisely of those afj symmetric in the lower indices. Thus afj = ;?Z. =
—aé. . and repeating this cyclic permutation three times

Y R Jj _ _ k
Qj5 = —Agp = +ay,; = —a;;

In the end afj = 0 and the map is injective.
The equivariancy of w follows by uniqueness from
0=rdd+w-0)=d(r:0) +riw-10=a"'d0 + 1 w-a" 10
(where we use equivariancy of #) and
0=a'(df+w-0)=a'd0+ Ad(a w-a ™10

3. Normal coordinates

Let V be a linear connection on M. A path v : I — M, where I C R is an interval, is called
geodesic if the tangent vector field 4 along  is parallel. We will now express this condition in
coordinates using the classical Christoffel symbols

VopiOx) = Z Ffjaxk

If ~(¢) is given in coordinates by functions x%(t) then # is given by dd—fi(t) and the differential
equation describing geodesic paths becomes

d%z* k dz’ da? _
) T =0
We see immediately from the shape of the equation that the geodesic paths are preserved by affine

reparametrizations t = a7 + b, a # 0. For X € T, M there exists a unique geodesic path v with
4(0) = X which we denote by vyx.

THEOREM 3.1. The rule exp,(X) = vx (1) defines on some neighbourhood U, of 0 € T,M a
smooth map exp,, : Uy — M which is a local diffeomorphism at 0.

PROOF. Let us denote the unit ball in T, M by B, and observe that by compactness the
geodesic paths yx are defined on [—¢,¢] for X € B,. For X € €B,, they are defined on [—1, 1] by
affine reparametrization. Since

(exp,)a0 (X) = ], exp, (tX) = &, 7x (1) = X

the derivative at 0 is (exp, )0 = id. O
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DEFINITION 3.2. This map is called the exponential map of the connection V.

REMARK.
e exp, needs not be defined globally. For R™ with the classical connection (the Levi-
Civita connection of the standard metric) exp, = idgm and thus also for any open

subset U C R™. In this case exp, is not defined globally. For compact manifolds
exp, : M — M is always defined globally.

e exp, needs not be a global diffeomorphism, e.g. for S™ with the standard connection the
whole sphere of radius 7 centred at 0 € T,,S™ is mapped to the opposite point —z.

DEeFINITION 3.3. The local coordinate chart determined by exp, for a linear torsion-free
connection V on M is called the normal coordinate chart.

THEOREM 3.4. In the normal coordinate chart at x it holds I‘fj(x) =0.

PrOOF. The geodesic going through x = 0 with speed X has a coordinate expression a‘t.
Then the differential equation for the geodesic becomes

0= 42" + 3Tk (2) e 4 = N Tk (taf)a'a?

For t = 0 we get Zl"fj (0)a‘a? = 0 for arbitrary a’. Since Ffj is symmetric in the lower indices

Ffj (0) prescribes a symmetric bilinear form with vanishing associated quadratic form. Hence it
must be zero itself. O

Let us compute the coordinate expression of the curvature tensor
R(X,Y)Z =VxVyZ —NyVxZ -V xy1Z
We first compute

l
Vo Voo 02F = Vop Y Thoa" = %axl +Y T r,o0

Co . o ark,
which in the normal coordinates is simply > 2 dz'. Thus

ijk T Ozt Oxd

1
R = AN ory,

THEOREM 3.5 (First Bianchi identity). For any torsion-free connection it holds Rﬁjk + Ré—ki +
Rgﬂ.j =0 or equivalently R(X,Y)Z + R(Y,Z)X + R(Z,X)Y = 0.

PRrROOF. We compute in the normal coordinates where

R — oG, _ orl,
igk T Ozt Oxd
Rl — Ok _ 9Ty
Jki Oz dxk

l 1

Rl o ar;; _ or'y;

kij OxzF oz’
Adding up all terms cancel by symmetry. O

We will now explain what is meant by Vx R. Here R is a tensor of type (1,3), i.e. a section
of P*M Xgp,(ary hom(®*R™,R™). Using the evaluation map

ev : hom(®°R™ R™) ® R™ ® R™ ® R™ — R™
the corresponding linear map on the associated bundles is
ev : hom(@*TM, TM) @ TM @ TM @ TM — TM
The covariant derivative commutes with linear maps thus
Vx(RY,Z)U)= (VxR)(Y,Z,U)+ R(VxY,Z)U + R(Y,VxZ)U + R(Y, Z)VxU

THEOREM 3.6 (Second Bianchi identity). For every torsion-free linear connection it holds
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PROOF. In the normal coordinates we write the components of VR as Réj k:n- Lo compute
them we plug
X = oz" Y = oz’ Z =027 U = ok
into our formula for (VxR)(Y, Z,U). At the origin

VxY(0) = T},(0)0z" =

and similarly for the other covariant derivatives. Thus

Rijrn(0) = (VxR)(Y, Z,U)(0) = Vx(R(Y, Z)U)(0) = 5% <831}f - %F;f}“) (0)

Summing with the cyclic permutations we obtain the result. O

REMARK. To relate this version of the second Bianchi identity to the more general one D2 = 0
we will show that the tensor!

(VxR)(Y,Z,U)+ R(T(X,Y), Z)U + cyclic permutations in X,Y, Z
corresponds to an equivariant map DQ(X' Y. Z ) - 0U. We have
R(Y,Z2)U ~ QY ,Z)-0U
which when differentiated along X yields
Vx(R(Y,Z)U) ~ XQY,Z)-0U +Q(Y,Z) - X0U
R(VxY,Z)U ~ Q(VxY,Z) 00
RYY,VxZ)U ~ Q(Y,VxZ) - 00
R(Y,Z)VxU ~Q(Y,Z)- XU
Subtracting one obtains
(VxR)(Y,Z,U) ~ XQY,2)- 00 — Q(VxY,Z) - 00 — QY,VxZ) - 0U
For torsion one has T'(X,Y) = VxY — Vy X — [X,Y] so that
R(T(X,Y), 2)U ~ Q(VxY,Z) - 00U + Q(Vy X, Z) - 00 — Q(X,Y]), Z) - 0U
Adding up all the cyclic permutations (with respect to X, Y, Z only) of the last two correspondences
one gets
S (VxR)(Y.Z,0) + RII(X,Y), 2)U ~ Y (XY, Z) - (X, ]), 2)) - 60
On the right it is easy to recognize the formula for DQ(X,Y, Z) - 6U.

REMARK. We have derived a general form of the second Bianchi identity
(VxR)(Y,Z,U)+ R(T(X,Y), Z)U + cyclic permutations in X,Y, Z =0
Analogously one can prove for a general connection that
R(X,Y)Z + cyclic=T(T(X,Y),Z) + (VxT)(Y, Z) 4 cyclic
by showing that the right hand side corresponds to D?6 = Q - # which we know that corresponds
to the left hand side.
LEMMA 3.7. Let V be a finite dimensional vector space and Ry, Ry : V®* — R two linear
maps satisfying
(a) Ri(r@y®zQu) =
(b) Ri(z®@y®zQu
(c) Rifz@y®z®u
IfRy(z@y®z®y) = Ri(x

“Ri(y®zr®2®u),
=-Ri(z@y®u®:z),
+Ri(y®z®x®u)+Ri(z®w®y®u):0,

YRz ®vy) then Ry = Ry.

/\ V\_/\_/

1Thinking of VR as a section of T*M ® A2T*M ® T*M ® TM the summation over cyclic permutations
corresponds to the antisymmetrization in the first three variables.
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ProOF. We set R = Ry — Ry. Multiplying out 0 = R(z ® (y + u) ® 2 ® (y + u)) we obtain
0=RzRy®zy)+Rrxukzeu)+Rrzyezeu)+ RrxulzrQy)

where the first two terms are zero hence so must be the sum of the last two. According to
Theorem 2.4 this sum equals 2R(z @ y ® © @ u). Thus

R(z+tz)@y®@(x+tz)@u) =0
and taking derivative we obtain that
%|t:0R((x+tZ)®y®(z+t7;)®u) =Rz®y®:z:z0u)+R:2y®x®u)=0
Thus R is fully anti-symmetric in the first three indices and thus
Rroy®:z20u)=Ry®:0r0u)=R:2QrQyQu)

We can now rewrite (c) as 3R(z ®@ y ® z ® u) = 0 and R =0, i.e. Ry = R;. O

THEOREM 3.8 (Schur). Let (M,g) be a connected Riemannian space of dimension at least 3
such that K(p) depends only on the point x for which p C T, M. Then M has constant curvature.

PROOF. The tensor field R(X,Y, Z,U) = ¢(X, Z2)g(Y,U) — g(Y, Z)g(X,U) satisfies (a), (b)
and (c). At each point € M it holds
_ RX Y, X)Y)
B Rl(Xv YvX,Y)
where we denote by K(z) the common value of K(p) for all p C T, M. By the previous lemma
R = K(z)R; since they agree on tensors of type X @ Y @ X ® Y. We want to show that K (x) is
a constant function.

To determine in what sense is R; constant we get back to the curvature tensor of type (1,3).

RI(X,Y)Z =g(Y,2)X — g(X,2)Y ~ (0Y,02)0X — (6X,0Z)0Y

This is summarized in the diagram

K(x)

leM)RmQ@Rm(@Rm TRYR 2
R™ <y,Z>.’L‘— <J),Z>y

showing that the map form of R; is the constant map
P'M — hom(®°R™,R™)
sending everything to the above z ® y ® z — (y, 2)x — (x, z)y. In particular Vx R; = 0 and thus
VxR=Vx(K-R)=XK-Ri+KVxR =XK- Ry

Now we use the second Bianchi identity

(VxR)(Y,Z,U) + (VyR)(Z, X,U) + (VzR)(X,Y,U) = 0
which in our case takes form

XK -(9(Z2,U0)Y —g(Y,U)Z)+ YK - (9(X,U)Z - g(Z,U)X)

+ZK - (g, U)X — g(X,U)Y) = 0
Take an orthonormal system X, Y, Z and set U = Z; then substitute to obtain
XK -Y-YK-X=0

Since X and Y are linearly independent X K = 0 = Y K. As they were also arbitrary the derivative
of K is zero and K is locally constant. By connectedness it is globally constant. O

THEOREM 3.9. For an arbitrary Riemannian space with constant curvature K
PROOF. See the proof of the last theorem. O
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4. The second fundamental form of a hypersurface

THEOREM 4.1. Let (N, g) be a Riemannian manifold, M C N its submanifold, V~ and V™
the Levi-Cwita connections on N and M. Then for all X € T, M andY € XM and any extension
Y € XN of Y the following holds

VMY = VXY mod v,
where v, is the orthogonal complement of T, M in T, N. In other words VY'Y is the orthogonal

projection of VXY onto T, M.

PRrOOF. Let us define V by the formula from the statement, i.e. VxY is the orthogonal
projection of VYY onto T, M. We will show that V is metric and torsion-free?. This will imply
VM = ¥V by uniqueness.

Vx(9(Y,Z)) = X(9(Y, 2)) = X (9(Y, Z))

and the other terms of (Vxg)(Y, Z) are

-9(VxY,2Z) = —g(VXY,2)
since the difference of VxY and VY XY is orthogonal to Z. Similarly

—9(Y,VxZ) = —g(Y,VXZ)
and adding these three equalities we obtain

(Vxg)(Y,2) = (VX9)(Y,Z) =0
so that V is metric. ~ ~ o
Projecting the equality VgY — VgX = [X,Y] onto T,,M we obtain
VxY —VyX =[X,Y]

since [X,Y] is already tangent to M: in effect X is t-related to X (for ¢ : M < N the inclusion),
analogously for Y and thus the same holds for their bracket. O

The normal projection of VY only depends on the value of X and Y at x. Before we start
with the verification let us denote the normal projection by 7 and B(X,Y) = 7VXY. Then we
compute

B(X,fY)=7VX(fY)=n(Xf Y +f-VXY) = f(x) - 7(VXY) = f(2) B(X,Y)
—
tangent
Thus B is tensorial. Moreover it is symmetric as
B(X,Y) - B(Y,X)=n([X,Y]) =7[X,Y] =0
so that B : S2T'M — vM with the target being the normal bundle of M.

DEFINITION 4.2. The tensor B is called the second fundamental form of the submanifold
M CN.

Let us consider a special case M C E,,;1, a hypersurface in a Euclidean space with its
standard metric and orientation. An orientation of a manifold M is a continuous choice of an
orientation of T,,M for all x € M. The normal bundle v is one-dimensional and the orientation
of M determines an orientation of v by declaring u € v, positive iff (u,e1,...,e,,) is positive in
E,.4+1 with (eq, ..., en) positive in T, M. The unique unit positive vector n, thus provides a global
trivialization of v by

MxR—v
(x,t) —> t-n,
Let us denote by D the covariant derivative on E,,;1 and V the covariant derivative on M. Then

B(X,X),=(DxX,ng) ng

2Verifying that it is a linear connection is easy.
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where X € T, M. We represent X by a path v : R — M with 4(0) = X and extend X to a vector
field in such a way that X (v(t)) = %(¢). Then

DxX = &, X(0(1) = 5o 7(1) =5(0)
and consequently B(X, X), = (§(0),ny) - ng.
THEOREM 4.3. The normal acceleration (¥(0),ng) - n, depends only on ¥(0) = X and equals
B(X, X). O

DEFINITION 4.4. In the case of an oriented hypersurface M in E,, 1 by the second fundamental

form we understand the map
h:S*TM —-R  WX,Y)=(B(X,Y),n,)

or in other words B(X,Y) = h(X,Y )n,.

In a local coordinate chart f(u,...,un) : R™ — M the basis of T, M is formed by f; = g—i
We denote f;; = azi;fuj' A path v(t) on M ha a coordinate expression u; = u;(t), we obtain

2 2

J(t) € Ty the velocity, 4 = iT; the acceleration and (‘317;’,7%) the normal acceleration. Since
~(t) = f(u(t)) we may write

T = filult) Gy

and thus
. . duj 2,
5(t) = 3(fig () - B Bt + filu() )
—_——
tangent to M
so that

. - dus
o) = > (fig(u(t)),ne) -5 Tt
—_—— ——
hi]’
REMARK. The first fundamental form is g;; = (f;, f;) or more geometrically the scalar product
gon M.

Let X_7Y be vector fields on M C E,,,;1 and X,Y their extensions to vector fields on Epnt1-
Then DY = VxY +h(X,Y)-n where n is the (choice of a) unit normal vector field on M. The
curvature of E,,, 1 is zero while the curvature for the hypersurface M is

9(R(X,Y)Z,U) =g(VxVyZ —VyVxZ —VixyZ,U).
THEOREM 4.5 (Gauss formula). For a hypersurface M C E,, 11 it holds
g(R(X,Y)Z,U) =h(Y,Z)h(X,U) — h(X, Z)h(Y,U)
PROOF. By the metricity of the connection
9(VxVyZ,U)=Xg(VyZ,U)—g(VyZ,VxU)
=X(DyZ,U)— (D Z,DxU) + h(Y, Z)h(X,U)
and similarly
9(Vixy12,U) = (Dzv72.U) = (Dix 712, U).
Therefore g(R(X,Y)Z,U) equals
(R(X,Y)Z,U) + h(Y,Z)h(X,U) — h(X, Z)h(Y,U)
with the first term zero since the curvature of E,, 1 vanishes. O

The sectional curvature in the direction of a plane p C T, M spanned by v, and vy is defined
by

—g(R(v1,v2)v1,v2)
g(v1,v1)g(v2,v2) — g(v1,v2)?

K(p) =
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Consider now a surface M C E3 with a local parametrization f(uy,us) : R> — M and compute
the sectional curvature K (x) = K (T, M) by substituting aiul, 8%2 into the Gauss formula

P F) o o 9 9 \2
Maar 3 )M a0 20;) — Mg 30;) _ Iihas — Iy = det f
W 529z 30z) ~ 9o ) g —oha  detg

This is the classical Gauss curvature from the differential geometry of curves and surfaces.

K(z) =

COROLLARY 4.6 (Theorema Egregium). The Gauss curvature belongs to the inner geometry
of a surface, i.e. it does not depend on the isometric embedding M — Es.

REMARK. The Gauss curvature is a product of the curvatures in the principal directions - the
eigenvectors of h.

5. The geodesic curves of a Riemannian space

DEFINITION 5.1. Let f : N — M be a smooth map. A vector field along f is a smooth map
F for which the diagram
TM
e

N4f>M

commutes. In other words it is a section of the pullback bundle f*T'M — N.

For a linear connection V on M the induced connection on f*T'M will be also denoted by V.
Then VF : TN — f*T'M and for a vector field X € XN, VxF : N — f*TM,ie. VxF : N —
T M is again a vector field along f.

TN S8 TTM —2 s VTM =~ TM x, TM

I\ | =

N ™M
VxF

DEFINITION 5.2. Let v: R — M be a path and v : R — T'M a vector field along ~. It is said
to be transported parallelly along v if Vv = 0 or equivalently

Viv:=Vav=0
di

DEFINITION 5.3. A path ~(¢) is geodesic if 4(t) is parallel along ~.

REMARK (on Cartan’s point of view). Consider the principal bundle P*M — M of frames on
M. There are two forms on P'M, the connection form w and the canonical form 6. Combined
together they provide
(0,w) : TP*M — ga(m) = R™ x gl(m)

a trivialization of the tangent bundle TP!M. Here ga(m) is the Lie algebra of matrices of the

form
0 0
v A)’

i.e. the Lie algebra of the Lie group GA(m) of all affine isomorphisms of R™. This is an example
of a Cartan connection of type (ga(m), gl(m)). Taking v € R™ and thinking of it as the matrix
(99) in ga(m) we obtain a vector field (w,#)~!(v) on P'M, horizontal by definition. Let J(¢) be
its integral curve and y(t) = 7 o 4(¢). Then %i is a horizontal vector field along v and hence is
transported parallelly.

We will now show that  is a geodesic. By definition 6(5) = v, the coordinates of the projection
m,4(t) = 4(t) in the basis 7(t) = (u;(t)). Since u;(t) are parallel along ~(t) so is their constant
linear combination 4(t) and thus V44 = 0.
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Now we draw some consequences of the geodesicity of . Firstly

O = F9(3(1), (1) = 20(V53(t), 4(8)) =0

implying that |§(¢)| is constant. By a reparametrization we may assume that |%(¢)| = 1. In this
case we say that v is parametrized by the arc length and use s for the parameter instead of ¢.

Let now C be a curve, i.e. a 1-dimensional submanifold. Locally we parametrize C by the arc
length as v : R — C. The geodesic curvature of C' is defined as

Ky(C) = [V47l-

DEFINITION 5.4. A curve C is called a geodesic if its parametrization by the arc length is a

geodesic curve, i.e. K,(C) =0.

REMARK (the Frenet’s formulas). For a planar curve we define e; = %(s) the tangent unit
vector field along C' and ey (a choice of) the unit normal vector field. Then V44 = +K|; - e5 since

29(V47.9) = §59(3.9) = §;1 =0
and thus V47 is a vector field perpendicular to 4 and of length K.

For a connected Riemannian manifold (M, g) we define
d(z,y) = mf{l(y) [ v [0,1] = M,~(0) = 2,7(1) = y}

where £(v) = f; |9(t)| dt is the length of a (piecewise) smooth curve 7. Easily d(x,y) > 0 and
d(z,z) < d(z,y) + d(y,z) (when considering smooth curves only one needs to use smoothing of
the concatenation).

Let us choose x € M and using the scalar product g, on T, M we denote by N(x,r) the open
ball centred at 0, of radius r. For small r the exponential map exp, is defined on N(z,r) and is
a diffeomorphism onto U(z,r) C M.

THEOREM 5.5. For any r > 0 for which exp, : N(x,r) — Ul(z,r) is a diffeomorphism the
following holds
(a) Every point y € U(x,r) may be joined with x by a unique geodesic inside U(x,r).
(b) The length of the geodesic from (a) is exactly d(x,vy).
(¢) U(z,r) is the set of ally € M for which d(x,y) < r.
REMARK. It follows that d(z,y) = 0 iff z = y and d is a metric on M, U(z,r) being the ball
in this metric.

PROOF. Firstly (a) follows from the fact that geodesics emanating from z are exactly the
images under exp, of the rays from 0,. For (b) we will need the following lemma in which we
denote by ¢° the Riemannian metric on T, M given by the scalar product g, at each v € T, M.

LEMMA 5.6 (Gauss lemma). Let v € T, M lie in the domain of exp,. Then for arbitrary
w e T, M
go((vv ’U), (Ua w)) = g(expx* (Uv U)v expz*(v, w))
i.e. exp,, preserves the scalar product whenever one of the vectors is radial.

We will prove the lemma later. Let us denote by pr: TT, M — TT,M the radial projection,

= (1452

Let v:[0,1] — N(x,r) be a path and § = exp,, -y its image in M. The length is

1
0(6) :/0 16| dt

Decomposing #(t) into the radial part and the complement the orthogonality is preserved by exp,,
by Gauss lemma. In particular

10(t)]? = | exp,, ¥(1)> = | expy, Pry(t)[* + | expy. (3(t) — pri(t))]?
> |exp,, pry(t))? = | priy(t)|
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with equality only for 4(¢) radial. Therefore

0> [ orio) ]/ e

where we write | pr(t)|or for the oriented length (the sign being that of w/v)
(v, w)[or = | pr(v, w)|or = dn(v, w)

where n: N(x,r) — {0} — R, is the norm |- |. Thus

1
(6) > / an(3(1)) dt' — [n(1(1)) = n(3(O)] = ()|

The equality occurs iff v is radial and positively oriented hence a reparametrization of a linear
path in N(z,7). The path § is then a reparametrization of a geodesic taking care of paths staying
inside U(x,r). But if 4 left U(x,r) then its beginning would be a path from x to a point z of the
same geodesic distance from = as that of y. The length of this part of 6 would then be at least
this geodesic distance proving (b). The very same argument proves (c). O

DEFINITION 5.7. A space with a linear connection, i.e. a manifold M together with a linear
connection on T'M, is called complete if every geodesic path v : I — M extends to the whole R.

REMARK. Equivalently the vector fields (6, w)~1(v) are complete.

THEOREM 5.8. If (M, g) is complete as a metric space then it is complete with respect to the
Lewi-Clivita connection.

PROOF. Let 7 : (a,b) = M be a geodesic path parametrized by the arc length and let b,, be
a sequence in (a,b) converging to b. By the previous theorem d(y(by,),v(bm)) < |by — by| and
thus v(b,) is Cauchy. Let x € M be its limit point. In a neighbourhood of x every geodesic
parametrized by the arc length is defined on an interval of a uniform radius by compactness. Thus
~ can be prolonged. O

We will later prove the reverse implication.

Let M be an oriented 2-dimensional Riemannian manifold. The sectional curvature is a
function K : M — R, K(z) = K(T,M). Further there is a volume 2-form voly, = e} A e5 where
e}, es is an oriented orthonormal basis of T*M.

DEFINITION 5.9. The 2-form x = K - volg is called the curvature 2-form on M.

Consider on M a one-parameter family of curves v : 1 x J — U C M for which

e v is a diffeomorphism I x J =N U,
e for each s € J the curve v(—, s) is parametrized by the arc length, |%7(7, s)| = 1.

Let us denote ¥(t,s) = 27(t,s), a vector field on U. Then g(V+%,%) = 0. We denote by v
the unit vector field orthogonal to 7, namely that for which (¥, v) is a positive basis. On U define
a 1-form w = ¢g(V4,v), i.e. w(X) = g(Vx7?,v).

LEMMA 5.10. dw = —k.

PROOF. It is enough to verify on the basis, dw(¥,v) = —k(%,v). To determine the right hand
side voly(¥,v) =1 and

K = R(Y,v,7,v) = —g(R(},v)7,v).
Putting together —k(¥,v) = g(R(,v)¥,v) while dw(%,v) is
Yw(v) — vw(y) — wly, v]
= V59(Voy,v) = Vug(Vid,v) = 9(Vis¥v)
= g(VsV., 4, v) = g(Vu Vi, v) — g(Visn s v) + 9V, Vi) — g(Vsd, Vov)
= g(R(%,v)¥,v) + 9(Vo, Viv) — g(Vs4, Vo)

—g(
—g(
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and the last two terms are zero by the following argument. Since g(¥,%) = 1 the derivative V x+
is orthogonal to 4 and thus Vx+ || v. Similarly Vyv || 4 and so

g(vX’% VYV) =0
for arbitrary vectors X, Y. (]

Let us denote by B(r) the open disc in R? of radius r and by S(r) the circle of radius r both
centred at the origin.

DEFINITION 5.11. We say that a curve C' is simple closed if there exists a diffeomorphism
¢:B(l+¢e)— U C M onto a neighbourhood U of C such that ¢(S(1)) = C. The set ¢(B(1)) is
called the interior of the curve C.

NOTATION. For a curve C' we have the curve integral [ ¢ [ ds and for a 2-dimensional region
D we have f f pf do both defined by multiplying a function f by the respective volume form
associated to the induced metric.

The oriented geodesic curvature is Ky = g(V+¥,v). This depends on the choice on v which
we make in such a way that (§,v) is positively oriented.

THEOREM 5.12 (Gauss-Bonet). Let C' be a simple closed curve with the oriented geodesic
curvature K, and let D be its interior. Then

/Kgd3:27r—/ K do
c D

PROOF Let us choose ¢ : B(1 + 9) = U with ©(S(1)) = C and ¢(B(1)) = D. We may
assume® that in a small neighbourhood of the origin ¢ = €XP () . Around the origin we consider
a small circle C; and on the annulus D, we construct the 1- form w corresponding to the (local)
parametrization of C' by the arc length

D.=S'x[,1] 5 U

/w—/ w:/ dw:—/ liz—/ K do

c C. D. D. D.

/w—/ ds—/ 9(Vs7%,v) dSZ/KgdS
st 51 c

Clearly lim._, ffDE K do = [[, K do and thus it remains to show that

By the Stokes theorem

and also

lim K,(Ce)ds=2m
e—=0 C.

The rough idea is that in the Euclidean plane K,(C,) = 1/¢ and thus

2m-e
/ Ky( ds-/ 1/e dt = 27.

As e — 0 the geometry approaches the Euclidean geometry and thus the limit formula holds. Now
for a more precise proof.

First we need a lemma about describing the geodesic curvature when the parametrization is
not by the arc length.

LEMMA 5.13. Let v : S* — M be an embedding. Then
Ky o0y =g(Vsi,v)/ 13

3This is the classical disc isotopy theorem which we probably want to avoid.
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ProOF. By definition
Kgov=9(Vs151(3/17),v) = 9(V5(3/131), v) /17|
= g(1/131- Vs + S /13D -4, v) /13
and the proof is finished by observing that g(%,v) = 0. O
Then we can compute fCE K,(C;) ds in the coordinate chart given by ¢ and using the

parametrization v, : St — R2, y(2) =¢- 2

/ K,( ds—/l (V50 0) /e - e ds

= [ i/l ds [ g TisE el ds
Easily the second term tends to zero while the first tends to the situation where? Gij = 0;j is
constant and thus the integrand tends to 1, the limit being 27. O

We will now interpret geometrically fc K, ds. Let v : [a,b] - M be a path parametrized by
the arc length and (u(t),v(t)) be a positive orthonormal basis at (t) obtained by transporting
u(a) and v(a) parallelly along ~(t). Express 4(t) in this basis as

A(t) = cosp(t) - u+sinp(t) - v
Then v(t) = —sinp(t) - u + cos (t) - v and we may compute

Viy = Vs (cos p(t) - u) + V4 (sinp(t) - v)

= L(cosp(t)) - u+cosp(t) - Viyu+L(sinp(t)) - v +sinp(t) - Vo
~—~— ~—
0 0

= ¢(t) - (=sinp(t) - u+ cosp(t) - v) = §(t) - v
Therefore K, = g(V+7,v) = ¢ and finally

[ Ko ds= [ 4d0= o) = 2(0) = 263 50)
C C

measured by transporting parallelly to any point along ~.
Let us consider now a curved triangle. We can use Gauss-Bonet formula after smoothing the
corners to obtain

Ky ds+ (m—a3) + Kyds+ (m—oq)+ Kgds+(7r—a2):27r—/ K do
Cy Cs Cs D

the terms m — «; being exactly the angle differences (in limit). We obtain
THEOREM 5.14. [, K, ds = (a1 +as+ a3 —m) — [ K do.
When all the sides C; of the triangle are geodesic then K, = 0 and we obtain

THEOREM 5.15. The sum of the internal angles in a geodesic triangle is
a1+a2+a3:7r+/ KdJ
A

When the curvature is constant the defect (o + s + a3 — ) is proportional to the area of the
triangle. For the Euclidean geometry K =0 and ag + as + ag = 7. For K = 1 we have triangles
with defect up to 4.

LEMMA 5.16. Let v : [a,b] — M be a piecewise smooth path such that ¢y = d(vy(a),v(b)).
Then 7y is a reparametrization of a geodesic path.

PrROOF. We have proved this when «(a) is sufficiently close to v(b). For an arbitrary ~ the
statement holds locally. But geodesics are described locally thus v must be itself a reparametriza-
tion of a geodesic. O

4Thus it is convenient to assume that the derivative p«0 at zero is an isometry.
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THEOREM 5.17 (Hopf-Rinow). Let (M, g) be a connected geodesically complete Riemannian
space. Then arbitrary x,y € M can be joined by a geodesic path ~y satisfying ¢(y) = d(z,y). Such
paths are called minimal geodesics.

PROOF. Let us define the “shell” Sh(z,r) = exp,(S(z,r)) where S(z,r) is a sphere in T, M
cetred at 0, and of radius r. We choose r small enough so that exp, is a diffeomorphism on the
closed ball of radius r. Since Sh(z,r) is compact there exists p € Sh(x,r) such that d(p,y) is
minimal. Then p = exp,(r - v) with |v| = 1. We will show that y = exp,(d - v) where d = d(z, y).
This will prove the theorem. But first observe that d(p,y) equals exactly d(z,y) — r for it cannot
be smaller as that would give

d(z,y) < d(x,p) +d(p,y) <r+ (d(z,y) =)

and it cannot be bigger either as that would contradict the minimality of d(z,p).
Now we will prove that the set

T={ty€[0,d] | VO <t <tg:d(exp,(t-v),y)=d—t}

equals [0,d]. Clearly T is closed in [0,d] and contains 0. It remains to show that it is open by
connectedness. Therefore let tg € T, pg = exp,(to - v) and again let p; be the closest to y of
the points from Sh(pg, r9). We have shown in the first paragraph that d(p1,y) = d(po,y) — ro =
d — ty — ro and thus the concatenation of the geodesic from x to py and that from py to p; is a
path having the minimal length to 4+ ro = ¢(x,p1). By the previous lemma it must be a geodesic
and in particular p; = exp, ((to + 70) - v). Since ro was arbitrary (small) to +ro € T O

REMARK. For a simply connected geodesically complete Riemannian space of non-positive
sectional curvature the minimal geodesic is unique and the exponential map exp, : T, M — M is
a diffeomorphism.

COROLLARY 5.18. A geodesically complete Riemannian space is complete as a metric space.

PROOF. Pick a point € M and let x,, be a Cauchy sequence. The set d(z, z,) is necessarily
bounded by some r and hence xz, lie in a compact subspace exp,(B(z,r)) which implies the
convergence. O

6. Geodesic variations

Let F be a vector field along f as in
PTM 2 TM
| |
N 4f> M
and write VF for the covariant derivative using the induced connection f*V. We will now compute

the torsion T'(f. A, f.B) in terms of the covariant derivative on f*T'M. In terms of the equivariant
maps we have

= A(¢"0(B)) - B(¢"0(A)) - ¢*0[A, B)
= A(0(6.B)) - B(0(6.A)) - 6”04, B]
= A(0(f-B)) - B(O(J.A)) - 0(f.[A, B))
which corresponds back to V4 f. B — Vpf.A — fi[A, B]. We conclude that
0=T(fA, f.B) = Vaf.B— Vif.A— f.[A Bl
Analogously we obtain
R(f.A, f.B)F = VAVRF = VpVaF — Vi 5 F
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DEFINITION 6.1. Consider a path v : [a,b] — M and let I C R be an open interval containing
zero. By a variation of v we understand a smooth map V' : [a, b] x I — M satisfying V' (¢,0) = ~(¢).

DEFINITION 6.2. A geodesic variation of a geodesic path « is a variation V such that V(—, s)
is geodesic for each s € I.

On [a, b] we use parameter t and on I parameter s. On the product [a,b] x I we have vector
fields %, %. We denote

Vig =0V V.E =0V
For a vector field F': [a,b] x I — RM along V we denote

Vo F=DF VoF=DF
ot s

Our formula for torsion for vactor fields %% can be written as
D0,V — D0,V =0
since [%, %] = 0. For a geodesic variation we compute
D20,V = Dy D0,V = D;D,0;V = D,D;0,;V + R(d;V,0,V)0,V
Writing 4¢ = 0,V we see that D0,V = V5,%, = 0 and finally
DO,V = R(%, 05V ).
DEFINITION 6.3. A vector field X along a geodesic path « is called a Jacobi field if V%X =
R(Y, X)7.

The condition on a Jacobi field is a second order linear differential equation. Thus a solution is
determined uniquely by X (a) and V4 X (a). We have shown above that for every geodesic variation
V of 7 the vector field 95V (¢,0) is a Jacobi field. In the opposite direction we have.

THEOREM 6.4. For every Jacobi field X along ~y there exists a geodesic variation V' of v such
that 95V (t,0) = X (t).

PrOOF. We assume a = 0 for simplicity. Let 8 : I — M be any path with 6(0) = X(0). Put
v(s) = Ptg(¥(0) + s - (V4X)(0), s)
and V/(t,s) = expg,)(t - ¥(s)). Since V is a geodesic variation of v the derivative 9V (¢,0) is

a Jacobi field along v and we will now show that it equals X (¢). But the initial conditions for
05V (t,0) are

9.V (0,0) = & _, B(s) = X(0)
(Dtasv)(070) = (DsatV)(0,0) = (DSV)(O)
= (V5 Pts(7(0),5))(0) + V(s - Pts((V4X)(0),5))(0) = (V5X)(0)

| ——
0

i.e. the same as that for X and thus the vector fields must also agree. O
EXAMPLE 6.5. Let v : [a,b] = M be a geodesic path. Then both
y(t+s) and (1 +s)t)

are geodesic variations (for each s they are affine reparametrizations of ). The corresponding
Jacobi fields are

Ouy(t+ 8)] =g = ()
sy (1 + 8)t) =g = - 3(t) = (D).
LEMMA 6.6. For each Jacobi field X along v it holds

2 .
L9(X.4) =0.
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PROOF. We compute

L9(X,4) = L(g(V5X,9) + 9(X, V44)) = 9(V2X, %) + 9(V4 X, Vi)

~—~—
0 0
= g(R(¥, X)¥,%) =0
since the curvature tensor is antisymmetric in its last two variables. O

From the lemma it follows that g(X,¥) = a + ft. Assuming for simplicity that |¥| = 1 we
have g(¥,%) = t. Therefore

9(X —ay—p4%,7)=0

We have proved

THEOREM 6.7. FEvery Jacobi field X along a geodesic v can be uniquely decomposed as

X=ay+py+Y

where Y is a Jacobi field perpendicular to 7. O

We are now in the position to prove Gauss lemma asserting that

9(exDy. (v, ), exp,, (v, W) = ¢°(v, w)

for all v,w € T, M.

PRrROOF. Consider the geodesic variation exp, (t(v + sw)) and its Jacobi field

X(t) = 0sexp, (t(v + sw))|,_y = expy, (tv, tw)
With ~(t) = exp, (tv) the last lemma says that
9(X(),7(t)) = g(exp,.(tv, tw), exp,.(tv,v)) = t - g(exp,. (tv, w), exp,, (tv, v))

should be linear in ¢. Therefore g(exp,, (tv, w), exp,, (tv,v)) must be constant and

g(expw*(v, w)a expm*(v, U)) = g((O, w)’ (Oa v)) = gO(w’ U)

REMARK. The above Jacobi field is the only one with X (0) = 0.

DEFINITION 6.8. We say that two points y(a),v(8) are conjugate if there exists a nonzero
Jacobi filed X satisfying X (a) =0 = X ().

DEFINITION 6.9. For « € M consider exp, : U, — M. A point y € U, (i.e. a small vector in
T, M) is said to be conjugate to x if the rank of exp,, at y is less than dim M.

THEOREM 6.10. A point y € U, is conjugate to x if and only if x = exp, 0 and z = exp, y
are conjugate points of the geodesic exp,(ty),t € [0, 1].

PROOF. For the implication “=" let w € kerexp,,,. Then the Jacobi field exp,, (ty, tw) of
the geodesic variation exp, t(y + sw) has zeroes for ¢t = 0, 1.

For the reverse implication let X be a nonzero Jacobi field along exp, ty satisfying X (0) =
0 = X(1). There exists a geodesic variation of the form exp, (¢ - y(s)), with y(0) = y, generating
X. Then

X(8) = Fel oo expu(t - y(s)) = exp. (ty, t(0))
and 0 = X (1) = exp,., (v, 9(0)). Moreover ¢(0) # 0 as that would imply X = 0. O

THEOREM 6.11. If —g(R(¥,Y)%,Y) < 0 for any vector field Y along y then no points of
are conjugate. In particular if K(p) < 0 then exp,, is a local diffeomorphism (on its domain).
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PROOF. We start with a computation
9(V5X, X) = g(V5X,V5X) + g(VEX, X) = [V5 X |* + g(R(7, X)7, X) 2 0
Integrating from a to b we obtain
9(V5X(b), X (b)) — 9(V4X(a), X(a)) 2 0
and the equality can occur only for a parallel vector field. But if X (a) = 0 = X (b) then both

terms are zero and thus necessarily X = 0. O

THEOREM 6.12. If M is a connected complete Riemannian space with non-positive sectional
curvature then every exp, : T,M — M is a covering. In particular when M is simply connected
then exp, is a global diffeomorphism.

PROOF. Let v,w € T, M and consider the geodesic variation exp,(t(v + sw)) and its Jacobi
field X (t) = exp,, (tv, tw). In particular X (1) = exp,, (v, w). We will now study the behaviour of
| X (t)] for ¢ > 0.

1/2 _ 9(V5X, X)

d
*g(XvX)
N ]

2 o N 2
a 2 _ IVaXP 4+ g(R(, X)3, X)) g(V5X, X)
7g(XaX) - _
o | X| X3

_ (XPIVSXP — g(V5X, X)?) — IXPR(, X4, X) _
|X|3 =

In the numerator the first bracket is non-negative by the Cauchy-Schwarz inequality while the
second is non-positive by our assumption on the sectional curvature. For t > 0 let us denote
f(t) = |X(t)] — tjw| and study its Taylor expansion. In local coordinates we can write

where w is a curve with w(0) = w which we may assume to be non-zero. Thus
|X (&) =t |w(®)]

is smooth and hence so is f whose value and first derivative at zero are zero. By continuity the
second derivative on [0,00) must be non-negative and thus the same must be true for the first
derivative and finally also for the value. For ¢ = 1 this means |exp,,(v,w)| = |X(1)| > |w|. In
other words exp,, is non-contracting.

We will now show that exp,, : T, M — M possesses the path-lifting property. Let v : [a,b] = M
be a path with y(a) = exp,, yo. Denote by

T = {t € [a,b] | Y|ja, can be lifted to ¥ with ¥(a) = yo}

We will show that T' = [a, b] by connectedness. Clearly T is nonempty and open since exp, is a
local diffeomorphism. Let t,, — by < b be a sequence with ¢, € T' and denote by 7 : [a, by) — T M
a lift with ¥(a) = yo. It exists by the uniqueness of the lifts (thanks to the local diffeomorphism
property). Then
1Y (tn) = ()| < LA t0) <LVt t0]) < €

for m,m > 0 since exp,, is non-contracting and % is bounded. Thus 7(¢,) is a Cauchy sequence
and converges to some y. As exp, is a local diffeomorphism at y the lift 4 can be prolonged.

It is a simple matter to deduce that a local diffeomorphism exp,, is a covering from the path-
lifting property. Namely a trivialization is produced from radial rays in a coordinate chart. O

REMARK. If M and N are two simply connected complete Riemannian manifolds of the same
dimension and the same constant non-positive sectional curvature then in the diagram

isometry

T.M 221N

o

eprJ(: zlexr)y



7. PROBLEMS 82

the dotted arrow is an isometry. The same is true for positive curvature but the vertical arrows
are not isomorphisms. We will try to explain the situation by a computation. Let us denote the
constant value of the curvature by K > 0. We know that

If v is a geodesic parametrized by the arc length and X is a Jacobi field perpendicular to 4 then
2 _ .
ViX =R, X)y=-K-X
If we put K = ©? then the solution of this equation is
X (t) = sin(ept) - Pty (w, t)

and we see that X (7/¢) = 0 for all w. Thus the whole sphere S(z,7/¢) is mapped to a single
point and exp, induces a map

D(x,/¢)/S(w, /) — M

which is a diffeomorphism on the interior of D(x, /). Its metric properties are the following:
it preserves orthogonality of the radial rays to the spheres and preserves the metric on the radial
rays while on the sphere of radius 7 it multiplies it by sin(pr). The point is that this behaviour
only depends on the curvature K and thus for two manifolds S™ and M in the diagram

D™ (/) /S™ Y (1 ip) ———2— S™(1/)

I
’:lisometry |
4

D(xvﬂ/@)/s(%ﬂ/@TM

the dotted arrow, which is defined on the image of the interior of D™, preserves the metric. A
similar map can be defined using a different point on the sphere and together they provide a local
isometry from S™ to M. It is a covering by the proof of the last theorem and thus an isometry.

7. Problems

PROBLEM 7.1. Determine the Levi-Civita connection (or the corresponding covariant deriva-
tive) for the Euclidean space E,, by guessing what it might be and then proving that it indeed is
symmetric and metric.

PrROBLEM 7.2. For E,, determine the Christoffel symbols, all curvatures and geodesics.
PROBLEM 7.3. Determine the connection form of the Levi-Civita connection on S™.

PROBLEM 7.4. Show that the sphere has constant sectional curvature by studying the effect
of an orthogonal transformation.

PROBLEM 7.5. Determine the sectional curvature of the unit sphere.

PROBLEM 7.6. In R™! = R™ x R we consider the scalar product

(y) = 2%+ + 23, — 25

of signature (m, 1) where y = (z,z0) = ((x1,...,2m), o). The hyperbolic space of dimension m is
the subset

H™ = {y = (z,20) € R™ | (y,9) = 1,20 > 0}
Show that with the induced scalar product H™ is a Riemannian manifold. Show that H™ =
O (m, 1)/ O(m) and has a constant sectional curvature. Determine this sectional curvature.



