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Trojný integrál

Fubiniova věta Transformace I. Transformace II.



Fubiniova věta za 100.

Převed’te trojný integrál

∫∫∫
A

f(x, y, z) dxdydz na trojnásobný, je-li množina A = {[x, y, z] ∈ R3 : x ≥ 0, y ≥ 0, z ≥ 0, x + y + z ≤ 5}
zvýrazněná na obrázku.

t1.u3d

∫ 5

0

(∫ 5−x

0
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0
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0
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dx

∫ 5

0
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0

(∫ 5−x−y

0

f (x, y, z) dz

)
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)
dx∫ 5

0

(∫ 5

0

(∫ 5−x−y

0

f (x, y, z) dx

)
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)
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Fubiniova věta za 200.

Převed’te trojný integrál

∫∫∫
A

f (x, y, z) dxdydz na trojnásobný, je-li množina A = {[x, y, z] ∈ R3 : 0 ≤ x ≤ 1, 0 ≤ y ≤ 1, 0 ≤ z ≤ x2 +

+ y2 + 1} zvýrazněná na obrázku.

t2.u3d

∫ 1

0

(∫ 1+x

0

(∫ x2+y2+1

0

f (x, y, z) dz

)
dy

)
dx∫ 1

0

(∫ 1

0

(∫ x2+y2+1

0

f (x, y, z) dx

)
dy

)
dz

∫ 1

0

(∫ 1+x

0

(∫ x2+y2+1

0

f (x, y, z) dz

)
dx

)
dy∫ 1

0

(∫ 1

0

(∫ x2+y2+1

0

f (x, y, z) dz

)
dy

)
dx



Fubiniova věta za 300.

Převed’te trojný integrál

∫∫∫
A

f (x, y, z) dxdydz na trojnásobný, je-li množina A = {[x, y, z] ∈ R3 : x ≥ 0, y ≥ 0, z ≥ 0, 2x + y ≤

≤ 4, z ≤ 4− x2} zvýrazněná na obrázku.

t3.u3d

∫ 4

0

(∫ 2x

0

(∫ 4−x2

0

f (x, y, z) dx

)
dy

)
dz∫ 2

0

(∫ 4−2x

0

(∫ 4−x2

0

f (x, y, z) dz

)
dy

)
dx

∫ 4

0

(∫ 2x

0

(∫ 4−x2

0

f (x, y, z) dz

)
dy

)
dx∫ 2

0

(∫ 4

0

(∫ 4−x2

0

f (x, y, z) dz

)
dy

)
dx



Fubiniova věta za 400.

Převed’te trojný integrál

∫∫∫
A

f (x, y, z) dxdydz na trojnásobný, je-li množina A = {[x, y, z] ∈ R3 : x ≥ 0, y ≥ 0, z ≥ 0, x+ y ≤ 1, z ≤

≤ xy} zvýrazněná na obrázku.

t4.u3d

∫ 1

0

(∫ 1−x

0

(∫ xy

0

f (x, y, z) dz

)
dy

)
dx∫ 1

0

(∫ x

0

(∫ xy

0

f (x, y, z) dz

)
dy

)
dx

∫ 1

0

(∫ 1

0

(∫ xy

0

f (x, y, z) dx

)
dy

)
dz∫ xy

0

(∫ 1−x

0

(∫ 1

0

f (x, y, z) dx

)
dy

)
dz



Transformace I. za 100.

Jaký integrál vznikne transformaćı

∫∫∫
A

dxdydz do válcových souřadnic, je-li A =
{

[x, y, z] ∈ R3 : x2 + y2 ≤ 9, 0 ≤ y, 0 ≤ z ≤ 2
}

.

Množina A je zobrazena na obrázku.

test6.u3d

∫ 2π

0

(∫ 1

0

(∫ 2

0

r dz

)
dr

)
dϕ∫ π

0

(∫ 3

0

(∫ 2

0

r dz

)
dr

)
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∫ 3

0
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0

(∫ 2

0

r dz
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dr
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0

(∫ 2π

0
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)
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dr



Transformace I. za 200.

Jaký integrál vznikne transformaćı

∫∫∫
A

dxdydz do válcových souřadnic, je-li A =
{

[x, y, z] ∈ R3 : 1 ≤ x2 + y2 ≤ 4, 0 ≤ z ≤ 3, x ≤

≤ 0, y ≥ 0
}

. Množina A je zobrazena na obrázku.

test8.u3d

∫ π/2

0

(∫ 2

1

(∫ 3

0

r dz

)
dr

)
dϕ∫ 2π

0

(∫ 3

0

(∫ 4

1

r dz

)
dr

)
dϕ

∫ 4

0

(∫ 3

0

(∫ π

0

r dϕ

)
dz

)
dr∫ π

π/2

(∫ 2

1

(∫ 3

0

r dz

)
dr

)
dϕ



Transformace I. za 300.

Jaký integrál vznikne transformaćı

∫∫∫
A

dxdydz do válcových souřadnic, je-li A = {[x, y, z] ∈ R3 : 1 ≤ x2 + y2 ≤ 4, 0 ≤ z ≤ 3 − y}.
Množina A je zobrazena na obrázku.

test5.u3d

∫ 2

1

(∫ 2π

0

(∫ 3−y

0

r dz

)
dr

)
dϕ∫ 2

1

(∫ 2π

0

(∫ 3−y

0

r2 dz

)
dr

)
dϕ

∫ 2π

0

(∫ 2

1

(∫ 3−r sinϕ

0

r dz

)
dr

)
dϕ∫ 2π

0

(∫ 1

0

(∫ 3−r sinϕ

0

r dz

)
dr

)
dϕ



Transformace I. za 400.

Jaký integrál vznikne transformaćı

∫∫∫
A

dxdydz do válcových souřadnic, je-li A =
{

[x, y, z] ∈ R3 : x2 + y2 − y ≤ 0, x2 + y2 ≥ z ≥ 0
}

.

Množina A je zobrazena na obrázku.

test10.u3d

∫ x2+y2

0

(∫ 2π

0

(∫ 1

0

r dr

)
dϕ

)
dz∫ π

0

(∫ sinϕ

0

(∫ r2

0

r dz

)
dr

)
dϕ

∫ π

0

(∫ 1

0

(∫ r2

0

r dz

)
dr

)
dϕ∫ r

0

(∫ π
2

π
4

(∫ cosϕ

sinϕ

r dr

)
dϕ

)
dz



Transformace II. za 100.

Jaký integrál vznikne transformaćı

∫∫∫
A

dxdydz do sférických souřadnic, je-li A = {[x, y, z] ∈ R3 : x2 + y2 + z2 ≤ 1,
√

x2 + y2 ≤ z2}.
Množina A je zobrazena na obrázku.

tsf1.u3d

∫ π
4

0

(∫ 2π

0

(∫ 1

0

r2 sinϑ dr

)
dϕ

)
dϑ∫ π

2

0

(∫ 2π

0

(∫ 2

0

r2 sinϑ dr

)
dϕ

)
dϑ

∫ π
2

0

(∫ π

0

(∫ 2

0

r2 sinϑ dr

)
dϕ

)
dϑ∫ π

4

0

(∫ π

0

(∫ 2

1

r2 sinϑ dr

)
dϕ

)
dϑ



Transformace II. za 200.

Jaký integrál vznikne transformaćı

∫∫∫
A

dxdydz do sférických souřadnic, je-li A = {[x, y, z] ∈ R3 : z2 ≥ x2 + y2, 1 ≤ x2 + y2 + z2 ≤

≤ 4, z ≥ 0, x ≥ 0}. Množina A je zobrazena na obrázku.

tsf2.u3d

∫ π
4

0

(∫ 2π

0

(∫ 2

1

r2 sinϑ dr

)
dϕ

)
dϑ∫ π

4

−π
4

(∫ 2π

0

(∫ 1

1
2

r2 sinϑ dr

)
dϕ

)
dϑ

∫ π
4

0

(∫ π
2

−π
2

(∫ 2

1

r2 sinϑ dr

)
dϕ

)
dϑ∫ π

4

0

(∫ 2π

0

(∫ 2

1

r2 sinϑ dr

)
dϕ

)
dϑ



Transformace II. za 300.

Jaký integrál vznikne transformaćı

∫∫∫
A

dxdydz do sférických souřadnic, je-li A = {[x, y, z] ∈ R3 : x2 + y2 + z2 − z ≥ 0, x2 + y2 +

+ z2 − 2z ≤ 0,
√

x2 + y2 ≤ z}. Množina A je zobrazena na obrázku.

∫ π
4

0

(∫ 2π

0

(∫ 2 cosϑ

0

r2 sinϑ dr

)
dϕ

)
dϑ∫ π

4

−π
4

(∫ 2π

0

(∫ 1

1
2

r2 sinϑ dr

)
dϕ

)
dϑ

∫ π
4

0

(∫ 2π

0

(∫ 2 cosϑ

cosϑ

r2 sinϑ dr

)
dϕ

)
dϑ∫ π

4

0

(∫ 2π

0

(∫ 2

1

r2 sinϑ dr

)
dϕ

)
dϑ



Transformace II. za 400.

Jaký integrál vznikne transformaćı integrálu

∫∫∫
A

dxdydz do sférických souřadnic, je-li:

A =
{

[x, y, z] : x2 + y2 + z2 ≤ 4, x2 + y2 + (z − 2)2 ≤ 4, x ≥ 0
}
.

Množina A je zobrazena na obrázku.

tsf4.u3d

∫ π
4

0

(∫ π

0

(∫ 2

0

r2 sinϑ dr

)
dϕ

)
dϑ +

∫ π
2

π
4

(∫ π

0

(∫ 2

0

r2 sinϑ dr

)
dϕ

)
dϑ∫ π

3

0

(∫ π
2

−π
2

(∫ 2

0

r2 sinϑ dr

)
dϕ

)
dϑ +

∫ π

π
2

(∫ π
2

−π
2

(∫ 1

0

r2 sinϑ dr

)
dϕ

)
dϑ∫ π

3

0

(∫ π
2

−π
2

(∫ 2

0

r2 sinϑ dr

)
dϕ

)
dϑ +

∫ π
2

π
3

(∫ π
2

−π
2

(∫ 4 cos θ

0

r2 sinϑ dr

)
dϕ

)
dϑ∫ π

3

0

(∫ 2π

0

(∫ cos θ

0

r2 dr

)
dϕ

)
dϑ +

∫ π
2

π
3

(∫ 2π

0

(∫ 2 cos θ

0

r2 sinϑ dr

)
dϕ

)
dϑ




