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Classical Introduction






Chapter 1

Classical electromagnetism

Literature: Discussed inf| L2 and B11, with mathematical background in B4.

1.1 Electric field, electric charge, electric dipole

—

Objects having a property known as the electric charge (Q) experience forces (F') de-
scribed as the electric field. Since the force depends on both charge and field, a quantity
E = F/Q known as electric intensity has been introduced:

F=QE. (1.1)

Field lines are often used to visualize the fields: direction of the line shows the
direction of E, density of the lines describes the size of E (|E|). A homogeneous static
electric field is described by straight parallel field lines.

Two point electric charges of the same size and opposite sign (+Q and —Q)) separated
by a distance r constitute an electric dipole. Electric dipoles in a homogeneous static
electric field experience a moment of force, or torque T:

F=FxF=FxQE=QF xE =i, x E, (1.2)
where [i, is the electric dipole moment.
7=l x E, (1.3)

is another possible definition of E.

IThe references consist of a letter specifying the textbook and a number specifying the section. The
letters refer to the following books: B, Brown: Essential mathematics for NMR and MRI spectro-
scopists, Royal Society of Chemistry 2017; C, Cavanagh et al., Protein NMR spectroscopy, 2nd. ed.,
Academic Press 2006; K, Keeler, Understanding NMR spectroscopy, 2nd. ed., Wiley 2010; L Levitt:
Spin dynamics, 2nd. ed., Wiley 2008.
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Potential energyﬂ of the electric dipole can be calculated easily as a sum of potential energies of the individual
charges. Potential energy is defined as the work done by moving the charge from a position (1) to a reference position (0).
If we choose a coordinate system so that the z-axis is parallel with E’, the dipole is in the yz-plane, and the origin is in the
middle of the distance r between the charges, then the force acts only in the z-direction (F, = |F| = Q|E| for the positive
charge and F, = —|F| = —Q|E| for the negative charge). Therefore, it is sufficient to follow only how the z-coordinates
of the charges change because changes of other coordinates do not change the energy. In the chosen coordinate system,
z-coordinates of the charges are always opposite, e.g., the reference value z_ o of the negative charge is equal to minus the
reference z coordinate of the positive charge (z4,0). The natural choice of the reference position is that the z coordinates
are the same for both charges, which requires z4 o = z_— o = 0. Changing the z coordinate of the positive charge from
zy,0 =0 to z4 1 = z results in a work

QIE|(z+,0 — z+,1) = —Q|E|2. (1.4)
Changing the z coordinate of the positive charge from z_ g =0 to z_ 1 = —z4 1 results in a work
— QIE|z—0 = (2-,1) = —Q|E[2. (1.5)
Adding the works
E = —2Q|E|z = —2Q|E|gcosez —fie- B, (1.6)

where 6 is the angle between E and fe.

Equivalently, the potential energy can be defined as the work done by the torque 7 on fie when rotating it from
the reference orientation to the orientation described by the angle 6 (between E and fie). The reference angle for
z4,0 = 2—,0 = 0 is 7/2, therefore,

0 0
E:/|-?\d9’ - /|ﬁe\|E|sin9’d0’ — _|fio||B| cos 6 = —jie - B. (L.7)
Fl

i
2

Potential energy of an electric dipole is

E=—fi.-E. (1.8)

1.2 Magnetic field and magnetic dipole

There is no "magnetic charge”, but magnetic moments exist:

7= [im X B, (1.9)

where [i,, is the magnetic dipole moment (because this course is about magnetic

resonance, we will write simple /). This is the definition of the magnetic induction B as

a quantity describing magnetic field. As a consequence, potential energy of a magnetic
dipole can be derived as described by Eq. for the electric dipole.

Potential energy of a magnetic moment /i is

E=—ji-B. (1.10)

2Do not get confused: E (scalar) is the energy and E (vector) is electric intensity.
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1.3 Origin of the electric field

The source of the electric field is the electric charge. The charge (i) feels (a surrounding)
field and (ii) makes (its own) field. Charge at rest is a source of a static electric field.
Parallel plates with homogeneous distribution of charges (a capacitor) are a source of a
homogeneous static electric field.

Force between charges is described by the Coulomb’s law. The force between two
charges is given by

7 1 Qe 7

T drey 12 1|

(1.11)

where ) = 8.854187817 x 1072 Fm™! is the vacuum electric permittivity.
Consequently, the electric intensity generated by a point charge is

o 1 Q7

= —_— 1.12
dmeg r? |r| ( )

The electric intensity generated by a charge density p is

. 1 -
B= /de - (1.13)

dmeg 2 W

Coulomb’s law implies that electric fields lines of a resting charge

1. are going out of the charge (diverge), i.e., the static electric field has a source (the
charge)

2. are not curved (do not have curl or rotation), i.e., the static electric field does not
circulate

This can been written mathematically in the form of Mazwell equationsﬂ :

div E =2, (1.14)
€0
rot £ = 0. (1.15)

. = . B, . .
where div F is a scalar equal to 88% + %—y” + aa% and rot F is a vector with the x,y, z

OE, OBy OE, _ 0E, OBy  0E, : :
components equal to S T o o T B aa T respectively. These expressions
can be written in a much more compact form, if we introduce a vector operator V =

<%, ai, g). Using this formalism, the Maxwell equation have the form
y? 0z

3The first equation is often written using electric induction D = ¢yE as div D = p-
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vV -E=2, (1.16)
€0
V x E=0. (1.17)

1.4 Origin of the magnetic field

Electric charge at rest does not generate a magnetic field, but a moving charge does.
The magnetic force is a relativistic effect (consequence of the contraction of distances
in the direction of the motion, described by Lorentz transformation)ﬁ Magnetic field of
a moving point charge is moving with the charge. Constant electric current generates
a stationary magnetic field. Constant electric current in an ideal solenoid generates a
homogeneous stationary magnetic field inside the solenoid.

Magnetic induction generated by a current density ; (Biot-Savart law):

. 1 e — e N
B= /dvixl—@/dvixi (1.18)

4meyc? 2 |r|  Ar 2 |r|
v

Biot-Savart law implies that magnetic field lines of a constant current in a straight
wire

1. do not diverge, i.e., the static magnetic field does not have a source

2. make closed loops around the wire (have curl or rotation), i.e., the magnetic field
circulates around the wire

This can been written mathematically in the form of Mazwell equations’}

V-B=0, (1.19)

V x B = ugj. (1.20)

4A charge close to a very long straight wire which is uniformly charged experiences an electrical force
F, in the direction perpendicular to the wire. If the charges in the wire move with a velocity vy and
the charge close to the wire moves along the wire with a velocity vy, the perpendicular force changes to
Fy (1—"23"), were c is the speed of light in vacuum. The modifying factor is clearly relativistic (B11.5).
5The second equation is often written using magnetic intensity H=8 /o as VxH= j
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1.5 Current loop as a magnetic dipole

Now we derive what is the magnetic dipole of a circular loop with an electric current.
The magnetic moment is defined by the torque 7 it experiences in a magnetic field B (Eq. :
7=ix B, (1.21)

Therefore, we can calculate the magnetic moment of a current loop if we place it in a magnetic field B. Let us first
define the geometry of our setup. Let the axis z is the normal of the loop and let B is in the zz plane (= By = 0). The
vector product in Eq. then simplifies to

Tr = IJ/yBZ7 (122)
Ty = pzBz — pa Bz, (1-23)
Tz = _MyBx- (1.24)

As the second step, we describe the electric current in the loop. The electric current is a motion of the electric
charge. We describe the current as a charge @ homogeneously distributed in a ring (loop) of a mass m which rotates
with a circumferential speed v. Then, each element of the loop of a infinitesimally small length di = rd¢ contains the
same fraction of the charge d@, moving with the velocity ¢. The direction of the vector v is tangent to the loop and the
amount of the charge per the length element is Q/27r. The motion of the charge element dQ can be described, as any
circular motion, by the angular momentum

L=7xp=m(7x7), (1.25)

where r is the vector defining the position of the charge element dQ. In our geometry, 7 is radial and therefore always
perpendicular to ¥. Since both 7 and ¥ are in the xy plane, L must have the same direction as the normal of the plane:

L. =0, (1.26)
Ly, =0, (1.27)
L. = mro. (1.28)

As the third step, we examine forces acting on dQ. The force acting on a moving charge in a magnetic field (the
Lorentz force) is equal to

F=Q(E+7xB), (1.29)

but we are now only interested in the magnetic component F= Q(U X é) The force acting on a single charge element

dQ is

i -

dF =dQ(7 x B) = 5@ X B) = %(a x B)de. (1.30)

The key step in our derivation is the definition of the torque

F=Fx F=QrF x (¥xB), (1.31)

<y

which connects our analysis of the circular motion with the definition of 7 (Eq.[1.9). The torque acting on a charge
element is

(7- B)dde. (1.32)

Fx (@x B)dp = = | #(F- B) — B(F-7) dcp:Q
—— 2m

=0
where a useful vector identity @ x (b x & = (@ - &)b — (@ - b)€ helped us to simplify the equation because 7 L 7).
Eq. tells us that the torque has the same direction as the velocity ¥ (¥ is the only vector on the right-hand side

- .
because 7- B is a scalar). In our coordinate frame, v, = —vsingp, vy = vcosyp, v; =0, and 7+ B = Bgr cos ¢. Therefore,
we can calculate the components of the overall torque 7 as
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2 2m

Te = _Qrv Bx/sinlpcos pdp = —@Bx /sin(2<p)dg0 =0, (1.33)

27 am

0

27 27

Ty = Qro B, /cos2 pdp = @BQC /(1 + cos(2¢))de = %Bm, (1.34)
21 A7 2
0 0
7 = 0. (1.35)
Comparison with Egs. [[.22HI-24] immediately shows that

J— (1.36)
[y =0, (1.37)

Qrv
2

and comparison with Egs. 1.28| reveals that the magnetic dipole moment of the current loop is closely related
to the angular momentum L = 7 X mu:

L Q-
-~ 1.39
A=y (1.39)

We have derived that the magnetic moment of a current loop is proportional the
angular momentum of the circulating charge. The classical theory does not explain why
particles like electrons or nuclei have their own magnetic moments, even when they do
not move in circles (because the classical theory does not explain why such particles
have their own angular momenta). However, if we take the nuclear magnetic moment
as a fact (or if we obtain it using a better theory), the classical results are useful. It can
be shown that the magnetic moment is always proportional to the angular momentumﬂ,
but the proportionality constant is not always @)/2m; it is difficult to obtain for nuclei.

Magnetic dipolar moment /i is proportional to the angular momentum L

i=n~L, (1.40)

where 7 is known as the magnetogyric ratio.

1.6 Precession

Magnetic dipole in a static homogeneous magnetic field does not adopt the energetlcally
most favored orientation (with the same direction of [ as B), but rotates around B
without changing the angle between [ and B. This motion on a cone is known as
PTecession.

6A consequence of the rotational symmetry of space described mathematically by the Wigner-Eckart
theorem.
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This is not a result of quantum mechanics, but a classical effect — riding a bicycle is
based on the same effectm We can use another example of an object with an angular
momentum in the gravitational field, the spinning top, to derive the frequency of the

precession |§|

The position of the center of the mass is given by vector 7 (|| L), described by constant distance |r| and inclination
¢ and by the changlng azimuth ¢. The gravitational force F points down, the torque is horizontal (7 = 7 X F) What is
the change of L?

dL  d(Fx3d) d4F . . dF L . I
=m————==m— XUT+mFX —=m@x0)+rxma=rx F=7. (1.41)
dt dt dt dt ——

0

Rotation of L can be described using the angular frequency & (its magnitude is the speed of the rotation in radians
per second and its direction is the axis of the rotation):

— =& xL. (1.42)
In the case of a magnetic field,
F=jxB=~LxB=—-yBxL. (1.43)
Comparison with Eq. immediately shows that J = —'yé.

Angular frequency of the precession of a magnetic dipolar momentum /i in a mag-
netic field B is

J /B. (1.44)

e
I
|
2

1.7 Electrodynamics and magnetodynamics

Similarly to the electric charge, the magnetic dipole (i) feels the surrounding magnetic
field and (ii) generates its own magnetic field. The magnetic field generated by a precess-
ing magnetic dipole is not stationary, it varies. To describe variable fields, the Maxwell
equations describing rotation must be modified’}

I dB
VXxE=——, 1.45
X i (1.45)
. -  1dE -
VXB=—— . 1.46
x c? dt T HoJ (1.46)

Note that electric and magnetic fields are coupled in the dynamic equations. Not
only electric currents current, but also temporal variation of E induces circulation of B
and circulation of E is possible if B varies. This has many important consequences: it

If you sit on a bike which does not move forward, gravity soon pulls you down to the ground. But
if the bike has a certain speed and you lean to one side, you do not fall down, you just turn a corner.

8 A qualitative discussion of precession using the spinning top and riding a bicycle is presented in
L2.4-1.2.5.

9The second equation can be written as V x H = % +7.
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explains electromagnetic waves in vacuum and has numerous fundamental applications
in electrical engineering, including those used in NMR spectroscopy.

Eq. [L.45] shows us how the frequency of the precession motion can be measured. A
magnetic dipole in a magnetic field By generates a magnetic ﬁeld B’ with the component
[ BO constant and the component L BO rotating around BO If we place a loop of
wire next to the precessing dipole, with the axis of the loop perpendlcular to the axis
of precession, the rotating component of B’ induces circulation of E which creates a
measurable oscillating electromotoric force (voltage) in the loop. As a consequence, an

oscillating electric current flows in the loop (L2.8).
We can use a simple example to analyze the induced voltage quantitatively. This voltage (the electromotoric force) is
an integral of the electric intensity along the detector loop. Stokes’ theorem (see B9) allows us to calculate such integral

from Eq. @

- 8B 0B
Edl=—- [ ==dS= =8, 1.47
§£L s ot ot (1.47)

where S is the area of the loop. If the distance r of the magnetic moment from the detector is much larger than
the size of the loop, the magnetic induction of a field which is generated by a magnetic moment [ rotating in a plane
perpendicular to the detector loop and which crosses the loop (let us call it By) i

JR

B, = . 1.48
T 4w 3 ( )
As i rotates with the angular frequency w, pz = |p| cos(wt), and
aBz HO
= —— —|p|wsin(wt). 1.49
= ) (1.49)
Therefore, the oscillating induced voltage is
- 2|u|S
55 Far= P 2HS ). (1.50)
T 47 3

10We describe the field generated by a magnetic moment in more detail later in Section when we
analyze mutual interactions of magnetic moments of nuclei.



Chapter 2

Diffusion

2.1 Translational diffusion

Diffusion can be viewed as a result of collisions of the observed molecule with other molecules. Collisions change position of
the molecule is space (cause translation) and orientation of the molecule (cause rotation). Rotational diffusion is important
for NMR relaxation. Translational diffusion influences NMR experiments only if the magnetic filed is inhomogeneous.
Translational diffusion can be described as a random walk in a three-dimensional space, rotational diffusion can be
described as a random walk on a surface of a sphere. Although we are primarily interested in relaxation and we do not
discuss magnetic field inhomogeneity at this moment, we start our discussion with the random walk in a three-dimensional
space because the random walk on a surface of a sphere is just a special case of the general walk in three directions.

We start with several definitions. Let us assume that the position of our molecule is described by coordinates z, y, z
and its orientation is described by angles ¢, ¥, x.

e Probability that the molecule is inside a cubic box of a volume AV = AzAyAz centered around z,y, z is

o+ A2 y+ 5 2442
P(z,y, 2, A, Ay, Az) = / / pla,y, 2 t)dedydz,
e A A

where p(z,y, z,t) is probability density at x,y, z, corresponding to local concentration in a macroscopic picture.
If the box is small enough so that p(z,y, z,t) does not change significantly inside the box, the equation with the
triple integral can be simplified to

P(z,y,2,t, Az, Ay, Az) = p(z,y, 2,t)AV.

e Probability that the molecule crosses one side of the box centered around z,y, z and jumps into the box centered
around z + Az, y, z during a time interval §t is proportional to the area of the side between boxes centered around
z,y,z and around z + Az, y, z. This area is equal to AyAz = AV/Az and the probability of jumping from the
box centered around =z, y, z to the box centered around x + Az, y, z can be written as

Pz = x+ Az;z,y, 2, t, Az, Ay, Az, At) = @y p i Ag AyAz = Py Ax AV/ Az,

where ®;_, ;4 A, is the flur from the box centered around z,y,z to the box centered around z + Az, y, z (per
unit area). The corresponding probability density is

ple = z+ Azx;z,y, 2,6, At) = P(e — o+ Az z,y, 2, t, Az, Ay, Az, At)JAV = @y iy ng /A,
The probability of jumping to the box centered around x + Az, y, z is also proportional to the probability that
the molecule is inside the box centered around z,y, z (equal to p(x,y, z,t)AV if the box is small enough). If the

probability of escaping the box is the same in all directions,

p((l?—)z-‘rAiE;Z,y,Z,t,At) :gp(m7y?z7t)7

11
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ply =y + Ay, y, 2, ¢, At) = €p(x, y, 2, 1),
p(Z —z+ AZ; T, Y, 2, t7 At) = gp(z7 Y, 2, t)v
where £ is a proportionality constant describing frequency of crossing a side of a box (per unit volume and including

the physical description of the collisions).

e The net fluz in the x direction is given by

2@ — 7Dtr@

Py =Py sutnr — PutAs—a = EAz(p(z,y, 2, 1) — p(z + Az, y, 2,t)) = —EAzAp = —{(Az) 9z oz’

where D% = ¢(Ax)? is the translational diffusion coefficient.
e The net flux in all directions is . .
& = —D'Vp,
which is the first Fick’s law.

e The continuity equation

/@dVJr#‘i;dS:O
ot J
S

Vv

states that any time change of probability that the molecule is in a volume V is due to the total flux through a
surface S enclosing the volume V' (molecules are not created or annihilated). Using the divergence theorem,

dp - o dp - PR dp o2
— 4V - ®=——4+V.(-D"V = — = D%"V~?p,
ot " 5tV ( 2 ot P

which is the second Fick’s law.

e If the diffusion is not isotropic, the diffusion coefficient is replaced by a diffusion tensor. If we define a coordinate
frame so that the diffusion tensor is represented by a diagonal matrix with elements DY, DY, D, the second
Fick’s law has the following form:

— L 4D ——+D

Ap o O Op o 0 Op o O Op ( o 02 o 02 " 82)
F_ptt = ZF DT r 2P _ (ptr 2 pDtr r Y ]
ot = gz o T PWayay T U5z 02 we ez T Pwge T P59 )P

2.2 Isotropic rotational diffusion

Isotropic rotational diffusion can be viewed as random motions of a vector describing orientation of the molecule. Such
motions are equivalent to a random wandering of a point particle on a surface of a sphere with a unit diameter. In
order to describe such a random walk on a spherical surface, it is convenient to express the second Fick’s law in spherical

coordinates
rot
% = D. (g (r2 sinﬁg) + o (Sinﬂg) + 9 ( ,1 3)) p- (2.1)
ot  rZsind \Or or 09 o9 Op \sind Oy
Since r is constant and equal to unity,
rot
@ = D ﬂ sin't9i —‘,—i _1 i p. (2.2)
ot sind \ 99 o9 e \sind Op
Using the substitution u = cos¥ (and du = — sin ¥99),
ap 9?2 1o} 1 02
7:Drot 1— 27_27 R . 2.3
ot (( v 552 u3ﬂ+17u264p2)p 23)

Let us now try if time and space coordinates can be separated, i.e. if p can be expressed as a product p(¢, ¢,t) =

F(9,9)g(t).

g . b 02 P 1 62)
99 _ gprot (1 —u?) —2u L N ) 2.4
T51 =9 (( Wagr ~ Mot Towaz ) (2-4)
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Dividing both sides of the equation by D™%p = D% fg,
1 10 1 62 I3} 1 62
-9 _ 1—u?) = —2u— + — | I (2.5)
Drot g 9t f 092 09 1 —u? 9p?
If the separation of time and space coordinates is possible, i.e., if Eq. is true for any ¢t and any ¥, ¢ independently,
both sides of the equation must be equal to the same constant (called A bellow).

Diot é% — A (2.6)
2 2
Solution of the first equation is obviously
9(t) = g(0) P, (2:8)

where A is obtained by solving the second equation.
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Chapter 3

Nuclear magnetic resonance

Literature: A general introduction can be found in L2.6 and L2.7. A nice and detailed discussion, emphasizing
the importance of relaxation, is in Széntay et al.: Anthropic awareness, Elsevier 2015, Section 2.4. A useful review of
relevant statistical concepts is presented in B6. Chemical shift is introduced by Levitt in L3.7 and discussed in detail in
L9.1 (using a quantum approach, but the classical treatment can be obtained simply by using energy E; instead of ﬁj

and magnetic moment [ instead of v;I;; in Eqgs. 9.11-9.14). A nice discussion of the offset effects (and more) can be
found in K4.

3.1 Nuclear magnetic moments in chemical substances

The classical theory does not explain the origin of the magnetic moment of some nuclei, but describes macroscopic effects
of the nuclear magnetic moments.

3.1.1 Symmetric distribution

Nuclei have permanent microscopic magnetic moments, but the macroscopic magnetic moment is induced only in the
magnetic field. This is the effect of symmetry. Outside a magnet, all orientations of the microscopic magnetic moments
have the same energy and are equally probable = the bulk magnetic moment is zero and the bulk magnetization M
(magnetic moment per unit volume) is zero (Fig. [3.1)).

3.1.2 Polarization

In a static homogeneous magnetic field Bo, the orientations of [ are no longer equally probable: the orientation of i along
By is energetically most favored and the opposite orientation is least favored. The symmetry is broken in the direction
of Bo, this direction is used to define the z axis of a coordinate system we work in. However, the state with all magnetic
moments in the energetically most favorable orientation is not most probable. Orienting all magnetic moments along
the magnetic field represents only one microstate. In contrast, there exist a large number of microstates with somewhat
higher energy. The correct balance between energy and probability is described by the Boltzmann distribution law, which
can be derived from purely statistical arguments. Thermodynamics thus helps us to describe the polarization along z
quantitativelyE]
The average value of the z-component of [ is calculated asE]

!Thermodynamics also tells us that the energy of the whole (isolated) system must be conserved. De-
creased energy of magnetic moments is compensated by increased rotational kinetic energy of molecules
of the sample, coupled with the magnetic moments via magnetic fields of the tumbling molecules, as
discussed in the next chapter.

2The integral represents summation (integration) over all possible orientations with respect to EO,
described by the inclination angles 4.

15
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s

Figure 3.1: Distribution of magnetic moments in the absence of a magnetic field. Left, a schematic
representation of an NMR sample. Dots represent molecules, arrows represent magnetic moments (only
one magnetic moment per molecule is shown for the sake of simplicity, like e.g. in compressed *C160,).
Right, the molecules are superimposed to make the distribution of magnetic moments visible.

g ks
el = /Peq(ﬂ),uz sin¥dy = /Peq(ﬁ)|,u|cos19$in19d19, (3.1)
0 0

where 9 is the inclination (angle between [ and axis z) and P°9(1) is the probability of ji to be tilted by the angle
. If the magnetic dipoles are in a thermodynamic equilibrium, the angular distribution of the [i orientation is given by
the Boltzmann lawE|

_E®)
e FBT

Pea(9) = (3.3)

T _ EW) ’
Je BT sind’/d¢
0

where T is the thermodynamic temperature, kg = 1.38064852 x 10~23 m? kgs~2K~! is the Boltzmann constant,
and E = —|u||Bo| cos ¥ is the magnetic potential energy of the dipole. The distribution is axially symmetric, all values of
the azimuth ¢ are equally possible.

Using the substitutions

w=cos? = du = a9 = 1% 45— _gingdo (3.4)
v v
and
o ol 53
kT

3Probability of a system to be in the state with the energy E; at the temperature T' is given by

e kBT

Z )

Pea(9) = (3.2)

_Ek_
where Z is sum of the e *BT terms of all possible states.



3.1. NUCLEAR MAGNETIC MOMENTS IN CHEMICAL SUBSTANCES 17

_E®)
e kBT eUw eUw euUw w
eq — — — — _ ww _ peq
PH) = ——%n = = =7 ool = =P (u). (3.6)
fe FBT siny/dy’ [ —ew'wdu! [ ev'wdu  w
0 1 -1

Knowing the distribution, the average z-component of ji can be calculated

™

1
fo — /ch( ) 12| cos 9 sin 9 = /|,u|uP°q( )du = |“|"“” / ¥y, (3.7)
0 -1

7611)

Using the chain rule,

|| w 1 L e +e W  eW—e ¥ e +e ™ 1 1
e = WP | v W — 1 = — _—— — ) = coth(w) — — | .
= G | e =) = el (S ) =l (S~ ) =1l (coth(w) - -

(3.8)
The function coth(w) can be expanded as a Taylor series
1w wd 2wl w3 2wd
thw)x —+—-——+——-+ = L, ~ -t — - ). 3.9
coth(w)~ =+ 3~ 5 ¥ ous |“|( 5 o1 ) (3.9)

At the room temperature, |u||Bo| < kT even in the strongest NMR magnets. Therefore, w is a very small number
and its high powers in the Taylor series can be neglected. In summary, the angular distribution can be approximated by

gea — L1l Bol

z 3 ICBT ’ (310)

while
gt =yt = 0. (3.11)

The derived average magnetic moments allow us to calculate the bulk magnetization
of the NMR sample containing nuclei with /:

eq __ eq __ eq_M’M|Q‘BO|
M1 =0 M;*=0 MZ_S—kBT ,
where A is the number of dipoles per unit volume.

In summary, dipoles are polarized in the static homogeneous magnetic fields. In
addition, all dipoles precess with the frequency W = —fyéo, but the precession cannot be
observed at the macroscopic level because the bulk magnetization is parallel with the
axis of precession (Fig. [3.2)).

(3.12)

3.1.3 Coherence

In order to observe precession, we need to break the axial symmetry and introduce a
coherent motion of magnetic moments. This is achieved by applying another magnetic
field B, L B, and oscillating with the frequency close to (ideally equal to) v|By|/2. In
NMR, sources of the oscillatory field are radio waves. Mathematically, such a radio field
can be decomposed into two components BF. and B rotating with the same angular

radio radio
frequency but in opposite directions (Wyagio and —@radio, respectively). The component
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Figure 3.2: Distribution of magnetic moments in a homogeneous magnetic field By. The red value
represents the bulk magnetization.

rotating in the same direction as the precessing dipoles (Br;dio = El in this text) tilts
the magnetization vector M from the 2 direction, the other component can be neglected
as long as |By| < |By|. This process represents a double rotation, the first rotation
is precession around the direction of Bo, the second rotation around Bl is known as
nutation. The description can be simplified (the effect of the precession removed), if we
use Bl to define the x axis of our coordinate frame. As ]§1 rotates about E’g with an
angular frequency Wyoy = —Wradio, We work in a rotating frame. In order to define the

direction of z in the rotating frame, we must also define the phase ¢,q.
The components of the field By rotating with the angular frequency —&;aqio are in the laboratory frame

Bl,z = ‘Bl‘ COS(WTOtt + ¢rot) = |Bl‘ COS(_wradiot + d’rot): (313)
Bl,y = ‘Bl‘ Sin("‘)ro'?t + ¢T0t) = ‘Bl‘ Sin(_wradiot + ¢rot); (314)
Biz=0 (3.15)
and in the rotating frame
Biz = |B1|cos(¢rot), (3.16)
Bi,y = |B1]sin(¢rot), (3.17)
Bi1,. =0. (3.18)

Consequently, the rotation of magnetization is given by the angular frequency vector
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_
Bradio
/

= )/

Figure 3.3: Effect of the radio waves on the bulk magnetization. The thin green line shows oscillation
of the magnetic induction vector of the radio waves, the red trace shows evolution of the magnetization
during irradiation. The length of the irradiation period was chosen so that the magnetization is rotated
to the plane perpendicular to By (red arrow). Note that the |§0| / |§radio| is much higher in a real
experiment.
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N _ 0 7’Y|Bll Cos(fwradiot + d)rot) 7’Y|Bll Cos(fwradiot + ¢rot)
& =do+d1 = —y(Bo+B1) = 0 + | —7IBilsin(—wradiot + ¢rot) | = | —7v[B1|sin(—wradiot + ¢rot) | (3.19)
—71Bol 0 —7|Bol

in the laboratory frame, and by

(=Bl cos(éror)
G =& =—vB1 = | —v|B1|sin(¢rot) (3.20)
0
in the coordinate frame rotating with the angular frequency &rot = —@radio = Wo-

What are the components of B; in the rotating frame for different choices of ¢rot?
If ¢rot = 0, cos(0) = 1, sin(0) = 0, and

Bi,. = |B1], (3.21)

Biy =0, (3.22)

B,z = 0. (3.23)
If ¢rot = 5, cos(5) =0, sin(3) =1, and

Biz =0, (3.24)

By = |Bi], (3.25)

B, = 0. (3.26)
If ¢rot = 7, cos(m) = —1, sin(w) = 0, and

Biz = —|B, (3.27)

Bi,y =0, (3.28)

B,z =0, (3.29)

and so on.

The typical convention is to choose ¢, = 7 for nuclei with v > 0 and ¢, = 0 for
nuclei with v < 0. Then, the nutation frequency is wy; = 4| By| (opposite convention to
the precession frequency!) for nuclei with v > 0 and w; = —v|By| (the same convention
as the precession frequency) for nuclei with v < 0.

If the radio waves are applied exactly for the time needed to rotate the magnetization
by 90°, they create a state with M perpendicular to BO Such magnetization vector then
rotates with the precession frequency, also known as the Larmor frequency. Such rotation
corresponds to a coherent motion of nuclear dipoles polarized in the direction of M and
generates measurable electromotoric force in the detector coil (Fig. |3.4]).

3.2 Chemical shift

The description of the motions of the bulk nuclear magnetization presented in the pre-
vious section is simple but boring. What makes NMR useful for chemists and biologists
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— M

Figure 3.4: Distribution of magnetic moments after application of a 9060 radiofrequency pulse.

is the fact that the energy of the magnetic moment of the observed nucleus is influenced
by magnetic fields associated with motions of nearby electrons. In order to understand
this effect, we need to describe the magnetic fields of moving electrons.

If a moving electron enters a homogeneous magnetic field, it experiences a Lorentz
force and moves in a circle in a plane perpendicular to the field (cyclotron motions).
Such an electron represents an electric current in a circular loop, and is a source of a
magnetic field induced by the homogeneous magnetic field. The homogeneous magnetic
field By in NMR spectrometers induces a similar motion of electrons in atoms, which
generates microscopic magnetic fields.

The observed nucleus feels the external magnetic field By slightly modified by the
microscopic fields of electrons.

If the electron distribution is spherically symmetric, with the observed nucleus in the
center (e.g. electrons in the 1s orbital of the hydrogen atom), the induced field of the
electrons decreases the effective magnetic field felt by the nucleus in the center. Since
the induced field of electrons ée is proportional to the inducing external field EO, the
effective field can be described as

—

B = By+ B. = (1+6)B,. (3.30)

The constant ¢ is known as chemical shift and does not depend on the orientation
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of the molecule in such a caseﬁ The precession frequency of the nucleus is equalﬂ to

Electron distribution is not spherically symmetric in most molecules. As a conse-
quence, the effective field depends on the orientation of the whole molecule and on mutual
orientations of atoms, defining the shapes of molecular orbitalsﬂ. Therefore, the effective
field fluctuates as a result of rotational diffusion of the molecule and of internal motions
changing mutual positions of atoms. The induced field of electrons is still proportional
to the inducing external field BO, but the proportionality constants are different for each
combination of components of B. and By in the coordination frame used. Therefore, we
need Sixm constants d;; to describe the effect of electrons:

By = 040Bos + 02y Boy + 022 DBo (3.31)
Be,y == 5ymBO,x + 6yyBO,y + 5yzBO,z (332)
Be,z = 5szO,a: + 5zyBO,y + 5ZZBO,Z (333)

Eqgs. [3.31H3.33| can be written in more compact forms

Be,r 51&? 5xy (5mz BO,x
Bey | = | 0ya Oyy 0y | - | Boy (3.34)
Be,z 5zz 5zy 522 BO7Z
or
B, =0 By, (3.35)

where ¢ is the chemical shift tensor.

It is always possible to find a coordinate system X,Y,Z known as the principal frame, where ¢ is represented
by a diagonal matrix. In such a system, we need only three constants (principal values of the chemical shift tensor):
0xx,0yy,0zz. However, three more parameters must be specified: three Fuler angles (written as ¢, ¥, and x in
this text) defining orientation of the coordinate system X,Y,Z in the laboratory coordinate system z,y,z. Note that
dxx,0yy,0zz are true constants because they do not change as the molecule tumbles in solution (but they may change
due to internal motions or chemical changes of the molecule). The orientation is completely described by the Euler angles.

The chemical shift tensor in its principal frame can be also written as a sum of three simple matrices, each multiplied
by one characteristic constant:

Sxx 0 0 100 -1 00 1 00
0 6yy 0 |=6&6[010])+6.| 0-10|+6[0-10], (3.36)
0 0 bz 001 0 02 0 00

4Instead of §, a constant with the opposite sign defining the chemical shielding is sometimes used.

5The value of § in Eq. describes how much the frequency of nuclei deviates from a hypothetical
frequency of free nuclei. Such a hypothetical frequency is difficult to measure. In practice, frequencies
of nuclei in certain, readily accessible chemical compounds are used instead of the frequencies of free
nuclei as the reference values of §, as is described in Section

6The currents induced in orbitals of other atoms may decrease or increase (shield or deshield) the
effective magnetic field felt by the observed nucleus.

"There are nine constants in Eqs. 3.33] but dpy = dya, 0z = 0.0, and by, = 0y,

where
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1 1
0 = gTr{é} = §(5XX +oyy +0zz2) (3.37)

is the isotropic component of the chemical shift tensor,

1 1
0a = gA(; = 5 (2627 — (6xx +dyy)) (3.38)

is the azial component of the chemical shift tensor (Ag is the chemical shift anisotropy), and

o = %msAa = %(5XX —dyy) (3-39)
is the rhombic component of the chemical shift tensor (s is the asymmetry of the chemical shift tensor).

The chemical shift tensor written in its principle frame is relatively simple, but we need its description in the labo-
ratory coordinate frame. Changing the coordinate systems represents a rotation in a three-dimensional space. Equations
describing such a simple operation are relatively complicated. On the other hand, the equations simplify if Eo defines the
z axis of the coordinate frame (i.e., Bo,. = Bo and By, = Bp,y = 0):

. 0 3sin ¥ cos ¥ cos ¢ —(2cos? x — 1)sin¥ cos ¥ cos ¢ + 2sin x cos x sin ¥ sin

Be=08;Bo | 0 | +6aBo | 3sin¥cos¥sing |4+8,By | —(2cos?x — 1)sin® cosdsin g — 2siny cos xsindcosp | . (3.40)
1 3cos?¥ — 1 +(2cos? x — 1)sin? ¥

The first, isotropic contribution does not change upon rotation (it is a scalar). The second, axial contribution, is

insensitive to the rotation about the symmetry axis @, described by x. Rotation of the chemical shift anisotropy tensor
from its principal frame to the laboratory frame can be also described by orientation of @ in the laboratory frame:

-1 00 3a§ —1 3agay 3aza:
6a| 0-10| —da| 3azay 3a2 —1 3aya, |, (3.41)
0 02 3aza. 3aya. 3a? —1

where a; = sin¥ cos ¢, ay = sin¥sin ¢, and a, = cos¥.

We have derived a not very simple equation (Eq. describing how electrons
modify the external magnetic field. Do we really need it? When we analyze only the
(average) value of the precession frequency, it is sufficient to consider only the isotropic
component. The description of the effect of electrons then simplifies to Eq. [3.30] where &
now represents 0; of Eq.[3.40f When we analyze also the effect of stochastic motions, the
other terms become important as well. The correct quantitative analysis requires full
Eq. but the basic principles can be discussed without using the rhombic component.
Therefore, we will use the axially symmetric approximation of Eq. when we discuss
effects of molecular motions in Section [l

3.2.1 Offset effects

The presence of electrons makes NMR a great method for chemical analysis. The mea-
sured precession frequency depends not only on the type of nucleus (e.g. 'H) but also on
the electronic environment: frequencies of protons in different chemical moieties differ
and can be used to identify chemical groups in organic molecules. But how the electrons
influence the physical description of the nuclear magnetization?

The effect of the isotropic component of the chemical shift on the precession frequency
is simply introducing a small correction constant 1 + § modifying ~:

Go=—yBy — @o=—v(1+06)B,. (3.42)
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The trouble is that the correction is different for each proton (or carbon etc.) in the
molecule. Therefore, the frequency of the radio waves can match wg = —y(1 4 9)| By
only for one proton in the molecule. For example, if the radio wave resonate with the
frequency of the methyl proton in ethanol, it cannot resonate with the frequency of the
proton in the OH or CH, group. In the rotating coordinate frame, only magnetization of
the methyl protons rotates about @ = yd(methyl) B;. Magnetizations of other protons
rotate about other axes. Such rotations can be described by effective angular frequencies

Boit = @1 + O, (3.43)

where

Q - (A_j[) - (A_jrot - QO - (_(v‘_jradio) - (IjO + eradio (344)

is the angular frequency offset. As any vector in a 3D space, Weg is characterized by
three parameters: magnitude weg, inclination 9, and azimuth .
The magnitude of the effective frequency is

Weft = /Wi + Q2. (3.45)

The inclination can be calculated from

w1
tand = —. 4
an 0 (3.46)

The azimuth is given by the phase of B; (¢ = ot In a single-pulse experiment).

As a result of the chemical shift, only the magnetization of the nucleus with = 0
(methyl protons in our case) rotates along the "meridian” in the rotating coordinate
system. Magnetizations of other protons move in other circles. Therefore, if the radio
transmitter is switched off when the methyl magnetization is pointing horizontally (and
starts to rotate around the ”equator” with the precession frequency of methyl protons),
vectors of magnetizations of other protons point in different directions, and start to
precess on cones with different inclinations and with different initial phases. Such effects,
known as the offset effects, influence the measured signalﬁ

The discussed motion of the magnetization vector M is described by the following
equations

8The result is the same as if apparent effective fields of the magnitude Beg = /B + (2/7)? were
applied in the direction in the directions of WJeg. The apparent effective field Beg is often used to describe
the offset effects.
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dM, )
rrale —QM,, + wy sin p M., (3.47)
dM,
dty =4+OM, — w;ycos M., (3.48)
dM, .
g = wisin ©M,, + wy cos pM,, (3.49)
(3.50)

where ¢ is the azimuth of Jeg, which can be written in a compact form as

dM .
E = Cveﬁ‘ x M. (351)

3.2.2 Evolution of magnetization in B
Eqgs. are easy to solve in the absence of By (i.e., after turning off the radio waves):

dM,
= —QM 3.52
i y (3.52)
dM,
= QM. 3.53
- A (3.53)
dM,
=0 (3.54)
dt

The trick is to multiply the second equation by i and add it to the first equation or subtract it from the first equation.

d(My +iM,

% = Q(=My +iMy) = +iQ(M, + iM,) (3.55)

d(M — iM,

% = Q(~My — iMy) = —iQ(M, — iMy) (3.56)
My +iMy = Cpeti% (3.57)
My —iMy, = C_e ¥ (3.58)

where the integration constants C; = M (0) + iMy,(0) = /M2(0) +M§(0)e¢0 and C— = My(0) — iMy(0) =

+/M2(0) + Mg (0)e=%0 are given by the initial phase ¢o of M in the coordinate system (in our case, t = 0 is defined by
switching off the radio waves):

Mgy +iMy = /MZ2(0) + M§(0)6+(iﬂt+¢o) =4/ M2(0) + M2(0)(cos(Qt + ¢o) + i(sin(Qt + ¢o)) (3.59)

M, —iMy = /M2(0) + M2(0)e~(12F¢0) = /Mg(O) + M2(0)(cos(Qt 4 ¢o) — i(sin(Qt + o)), (3.60)

My = \/M2(0) + M2(0) cos(Qt + ¢o) (3.61)
My = /M2(0) + M2(0)sin(Qt + o), (3.62)
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where
My(0)
M, (0)”

In order to obtain ¢g and /M2(0) + M2(0), we must first solve Egs. This solution is not so easy, and

we look only at the result:

(3.63)

tan g =

M. (0) = Moy sin(wegp) sind, (3.64)
My (0) = Mo(1 — cos(wegTp)) sind cos I, (3.65)
M (0) = My(cos? 9 + cos(wegTp) sin? 9), (3.66)

where My is the magnitude of the bulk magnetization in the thermodynamic equilibrium, 7, is duration of irradiation

by the radio waves, and tan ¥ = wq /Q.



Chapter 4

Relaxation

Literature: A nice introduction is in K9.1 and K9.3, more details can be found in L.19
and L.20.1-L20.3.

4.1 Relaxation due to chemical shift anisotropy

The Boltzmann law allowed us to describe the state of the system in thermal equilibrium,
but it does not tell us how is the equilibrium reached. The processes leading to the
equilibrium states are known as relazation. Relaxation takes places e.g. when the
sample is placed into a magnetic field inside the spectrometer or after excitation of the
sample by radio wave pulses.

Spontaneous emission is completely inefficient (due to low energy differences of spin
states). Relaxation in NMR is due to interactions with local fluctuating magnetic fields
in the molecule. One source of fluctuating fields is the anisotropy of chemical shift,
described by the axial and rhombic components of the chemical shift tensor. As the
molecule moves, the isotropic component of the chemical shift tensor does not change
because it is spherically symmetric. However, contributions to the local fields described
by the axial and rhombic components fluctuate even if the constants d, do not change
because the axial part of the chemical shift depends on the orientation of the molecule.

Here, we introduce the basic idea by analyzing the effects of fluctuating magnetic
fields in a classical manner.

4.2 Loss of coherence

Motion of a magnetic moment in a magnetic filed is described classically as (cf. Eq.[3.51))

di -
dilzzﬁxﬁzf'yBXﬂ, (4~1)

or for individual components:

27
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dpee
— = — s 4.2
o Wy bz — Wz by (4.2)
d
% = Walle — Wzflz, (4.3)
dp,

= — . 4.4
g” W by — Wy e (4.4)

Solving a set of three equations is not so easy. Therefore, we start with a simplified case. Remember what we learnt
when we tried to rotate the magnetization away from the z direction by magnetic fields perpendicular to 1_5."0, i.e., fields
with By and By components. Only B, and By fields rotating with the frequency equal to the precession frequency of
individual magnetic moments (Larmor frequency) have the desired effect. Let us start our analysis by assuming that the
molecular motions are much slower than the Larmor frequency. Under such circumstances, the effects of Be , and Be y
can be neglected and the equations of motion simplify to

dp
G = Wty =7Bzmy (4:5)
d
c‘;tty = wzptz = —YBzpa (4.6)
dp,

=0 4.7
T (4.7)

Egs. -BHAT] are very similar to Eqs. [B.52H3.54) so we try the same approach and calculate

dpt _ d(pa +ipy)

i T = iwz (e +ipy) = =iy Bz (pa + ipy) (4.8)
According to Eq.
B, = By + Be,. = Bo(1+ 6 + 6a(3cos2 9 —1)+6:(2 cos? x — 1) sin? 9). (4.9)

For the sake of simplicity, we assume that the chemical shift tensor is axially symmetric (§; = 0). Then, w, can be
written as

ws = —y(Bo + Be,z) = —yBo(1 + &) — yBoda(3cos? 9 — 1) = wp + bO I, (4.10)
where
wo = —yBo(1 + ) (4.11)
b = —2vByda (4.12)
2,9 _
ol = 3@%’01. (4.13)

This looks fine, but there is a catch here: Eq. cannot be solved as easily as we solved because w, is
not constant but fluctuates in time. The value of w. is not only changing, is changing differently for each molecule in
the sample and it is changing in a random, unpredictable way! Can we solve the equation of motion at all? The answer
is ”yes and no”. The equation of motion cannot be solved for an individual magnetic moment. However, we can take
advantage of statistics and solve the equation of motion for the total magnetization MY, given by the statistical ensemble
of magnetic moments.

We start by assuming that for a very short time At, shorter than the time scale of molecular motions, the orientation
of the molecule does not change and Ol remains constant. We try to describe the evolution of p% in such small time
steps, assuming

At dut It
~ Y m ~ i(wo + 00" (4.14)

If the initial value of ™t is uar and if the values of wp, b, Ol during the first time step are wo,1, b1, @ﬁ, respectively,
the value of ut after the first time step is
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1 1 1 1 1
1 pf T T pi o Ty

Figure 4.1: Evolution of magnetic moments due to longitudinal (parallel with BO) fluctuations of
magnetic fields. The symbols uar and ,uzr are connected by 2* possible pathways composed of black and
green segments. Each black segment represents multiplication by one, each green segment represents
multiplication by ib@l} At, where j ranges from 1 to k. The product of binomials in Eq. is a sum
of 2F terms. In order to obtain one term of the series, we walk along the corresponding pathway and
multiply all black and green numbers written above the individual steps. The pathway composed of
the black segments only gives the result of multiplication equal to one, the pathways containing just
one green segment give results of multiplication proportional to At, the pathways containing two green
segments give results of multiplication proportional to (At)?, etc. In order to get the complete product
in Eq. we must walk through all possible pathways (all possible combinations of the segments)
and sum all results of the multiplication.

i = ud +Auf = +ilwo, + 10D At = [1+i(wo,1 + b10]) Atlug . (4.15)

After the second step,

pd =nf +Aud = +i(wos + b20)Atut = [1 +i(wo,2 + b2O A1 +i(wo 1 + 6101 At (4.16)

After k steps,

= [1+i(wok + bk AL +i(wo k1 4+ be_10)_ )AL [1+i(wo,2 + b2O)AL[1 +i(wo,1 + 01O AT . (4.17)

If the structure of the molecule does not change, the electron distribution is constant and the size and shape of
the chemical shift tensor described by ¢; and 0, does not change in time. Then, wg and b are constant and the only
time-dependent parameter is ©l, fluctuating as the orientation of the molecule (described by ) changes. The parameter
wo = —yBo(1+ d;) represents a constant frequency of coherent rotation under such circumstances. The coherent rotation
can be removed if we describe the evolution of it in a coordinate frame rotating with the frequency wg. The transformation
of ut to the rotating frame is given by
")

(B rot = ptemieot, (4.18)

We also need to express the derivative of (1 )rot, which is done easily by applying the chain rule:

d(p)rot - d(pteiwot) _ dpt

e T o e iwot _jouteivot, (4.19)
Substituting dut /dt from Eq. results in
d(pH)ror _ 1y, +e—iwot _ +,—iwot _ ol +a—iwot _ i1l (,,+
gr =i(wo + b0 pTe ™0 —jwouTe W0 = ibO! T e Y0 = ibO! (1T )rot. (4.20)

When compared with Eq. [f.14] we see that wo disappeared, which simplifies Eq. .17] to

(1)ror = 1+ 1601 AL + w0l AL~ [1 +bOLAY[1 + 60! AL (1 )rot.- (4.21)

The process of calculating the product of brackets in Eq. is shown schematically in Figure The final product

(1h)ror = [1+ibALO] 10! 4. relh—p2arz@) @]  + - el+el)+ . +elel) P Al (... )+ - 1(ul ot (4.22)
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We can now return to the question how random fluctuations change ut. Let us express the difference between ut
after k and k — 1 steps:

A ror = (1 Jrot — (1 ror = [ALO! —p2A20l @] . 40l —iBAB () + - (1] ot (4.23)

Dividing both sides by At

A N+ t . )
% = [0}, — b2AtOL(O] | + -+ +O]) =P AL () + (1 rot (4.24)
and going back from At to dt (neglecting terms with dt2,d¢3, ..., much smaller than dt),
+ te
d t .
% =[Ol (ty) —b2/@\\(tk)®“ (tr — t5)dt; | (ud)rot- (4.25)
0

We see that calculating how fluctuations of B, affect an individual magnetic moment in time t; requires knowledge of
the orientations of the molecule during the whole evolution (&l (¢ — t;)). However, we are not interested in the evolution
of a single magnetic moment, but in the evolution of the total magnetization M*. Total magnetization is given by the sum
of all magnetic moments (magnetic moments in all molecules). Therefore, we must average orientations of all molecules
in the sample. In other words, we should describe O using two indices, k and m, where k describes the time step and
m the orientation of the given molecule. Calculation of the evolution of M+ then should include summation of G}L m for
all k and m, or integration over the angles describing orientations of the molecule in addition to the time integrﬁtion.
As the magnetic moments move almost independently of the molecular motions, we can average Ol and pt separately.
In the case of the axially symmetric chemical shift tensor, the orientations of molecules are given by orientations of the
symmetry axes d of the chemical shift tensors of the observed nuclei in the molecules, described by the angles ¢ and
¢. In order to simplify averaging the orientations, we assume that all orientations are equally probable. This is a very
dangerous assumption. It does not introduce any error in this section, but leads to wrong results when we analyze the
effects of fluctuations of magnetic fields perpendicular to B!

As the angle ¥(t) is hidden in the function ©ll(t) = (3 cos¥? — 1)/2 in our equation, the ensemble averaging can be
written a

27 T tr 27 T
M+ () 1 1
w = ib4—/d<p/9” (tk)sinﬁdﬁ—b2/dtj4—/dcp/@” (tr)Ol (ty — t;)sin¥dd | (M )rot,  (4.26)
™ ™
0 0 0 0 0

where ¢ = ¢(tx) and ¥ = H(tg).
In order to avoid writing too many integration signs, we mark the averaging simply by a horizontal bar above the
averaged function:

ty
iboll (ty,) +b2/®“ (tx)ON (tg — t;)dt; | (M )rot- (4.27)
0

d(M* (te))rot
dt B

The average values of a2 = cos? 9, of a2 = cos? psin? ¥, and of a% = sin? psin? ¥ must be the same because none of
the directions z,y, z is preferred:

=a2 =a2. (4.28)

Therefore,

!Two integrals in the following equation represent calculation of an average of a function depending
on the orientation. Geometrically, it is summation of the values of the function for individual surface
elements (defined by inclination ¢ and azimuth ¢) of a unit sphere, divided by the complete surface
of the sphere 47. Note that the current orientation of each molecule at ¢ is described by ¥(¢x) and
¢(tx), the values 9(t;) hidden in the function ©(¢;) describe only history of each molecule. They are
somehow related to ¥(t;) and ¢(t;) and therefore treated as an unknown function of ¥(¢x) and (%)
during the integration.
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a2+a2+a=1=aZ+a2+a2=3a2=3a2 1= 3cos?0 — 1) =20l =0= 0l =0. (4.29)

Tt explains why we did not neglect already the b2dt term — we would obtain zero on the right-hand side in the
rotating coordinate frame (this level of simplification would neglect the effects of fluctuations and describe just the
coherent motions).

We have derived that the equation describing the loss of coherence (resulting in a loss of transverse magnetization)
is

ty
d(M*(t —————
% = — |:b2 /9” (tk’)eu(tk - tj)dtj:| (M(T)roty (4.30)
0
where the value of ©ll(t;)Oll(t; —t;) is clearly defined statistically (by the averaging described above). Values of
Oll(ty)Oll(tx — t;) can be determined easily for two limit cases:

o t; =0:Ift; =0, Oll(t,)0ll (¢ —t;) = (Ol(t1))2, i.e., Ol(t,) and Ol (t; — t;) are completely correlated.

The average value of Oll(t)2 is

1

1
oll(t)? = Z(3c05219 —1)2 = Tom

O\:N,‘

™
1
d<,o/d19(sin19)(3cos2 9 —1)2% = 5 (4.31)
0

e t; — oo: If the changes of orientation (molecular motions) are random, the correlation between oll(ty) and
Oll(ty, —t;) is lost for very long t; and they can be averaged separately: Oll(t;)Oll (¢, —t;) = Oll(t4) -6l (tx —t;).
But we know that average Ol (t) = 3cos2 9 — 1 = 0. Therefore, Ol ()0 (t, —t;) = 0 for t; — oo.

If the motions are really stochastic, it does not matter when we start to measure
time. Therefore, we can describe the loss of coherence for any ¢, as

d(Md—?mt == |V / el(0)el(E)dt | (M* )y, (4.32)

which resembles a first-order chemical kinetics with the rate constant

Ry = b? / ol(0)el(t)dt. (4.33)

In order to calculate the value of the rate constant Ry, we must be able to avalu-
ate the averaged term O1(0)O!(t), known as the time correlation function. Note that
statistics play the key role here: the whole analysis relies on the fact that although
the product ©/(0)0l(¢) changes randomly, the value of the time correlation function is
defined statistically. If the structure of the molecule does not change (rigid body rota-
tional diffusion), which is the case we analyze, the analytical form of ©l(0)©l(¢) can be
derived.
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4.2.1 Time correlation function

Analysis of the isotropic rotational diffusion in Section allows us to calculate the time correlation function ©l(0)©l(t)
for this type of diffusion (with a spherical symmetry). The ensemble-averaged product of randomly changing (3 cos? 9(t) —
1)/2, evaluated for a time difference ¢, can be expressed as

(g cos2 9(0) — %) (g cos2 9(¢) — %) (4.34)

27 T 27 T
= /dga(O) /sinﬁ(O)dﬂ(O)po/dgp(t) /sinﬁ(t)dﬂ(t) (% cos? 9(0) — %) (g cos? 9(t) — %) G(9(0), p(0)[9(1), ¢(1)),
0 0 0 0

(4.35)

where pg is the probability density of the original orientation described by ¥#(0) and ¢(0), and G(¢4(0), ¢(0)|9(¢), ¢ (t))

is the conditional probability density or propagator (also known as the Green function) describing what is the chance to
find an orientation given by ¥(t), ¢(t) at time ¢, if the orientation at ¢ = 0 was given by ¥(0), ¢(0).

If the molecule is present in an isotropic environmenﬂ po plays a role of a normalization constant and can be

calculated easily from the condition that the overall probability of finding the molecule in any orientation is equal to one:

27 ™
1

/d(p(O) /sinﬁ(O)dﬁ(O)po =dnmpp=1 = po= e (4.36)
T

0 0

Evaluation of G(9(0),¢(0)|9(t), ¢(¢)) requires to solve the diffusion equation Eq. We again express G as a
product of time-dependent and time-independent functions g(¢) P(¢). The function g(t) is defined by Eq. the function
P(¥) is a simplified version of function f(9,¢) from Eq. Since our correlation correlation function does not depend

.

on ¢, we can assume 0P/0¢p = 0 and further simplify Eq to
(1 —wu?) a” L) poap (4.37)
—uf)—5 — 2u— = AP, .
du? du
d2p dP
1—u?)——% —2u— — AP =0. 4.38
(A —u?) s = 2u - (4.38)
We expand P in a Taylor series
> K
1 d*P(0)
P= k =— , 4.39
e (1.39)

calculate its first and second derivatives

P &
v > kaguFT, (4.40)
k=0
a?r & o2
F = > k(k = 1apuf 2, (4.41)
k=0
and substitute them into Eq.
oo oo oo
(1—u?) Z k(k — Daguf~2 -2 Z kapu® — X Z apuf —2u =0 (4.42)
k=0 k=0 k=0
oo o0 oo oo
Z k(k — DaguF~2 — Z k(k — Dagu® — 2 Z kapu® — A Z apu® = 0. (4.43)
k=0 k=0 k=0 k=0

Note that the first two terms of the first sum are equal to zero (the first term includes multiplication by k = 0 and
the second term includes multiplication by kK — 1 = 0 for k = 1). Therefore, we can start summation from k = 2.

2Note that in the isotropic environment, where all orientations of the molecule are equally probable,
the diffusion can be very anisotropic if the shape of the molecule greatly differs from a sphere.
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oo

k(k— l)aku Z —-1) aku -2 Z kagu® — A Z apu® = 0. (4.44)

2 k=0

]38

k

We shift the index in the first sum by two to get the first sum expressed in the same power of u as the other sums

Z(k +2)(k 4+ Dagou® — Z k(k — Dagu® — 2 Z kagu® — X Z apu® = (4.45)
k=0 k=0
Z (k+2)(k + agro — (k(k —1) + 2k + Nag) u Z ((k+2)(k+ Daggo — (k(k+1) + Nag)uf =0.  (4.46)

This equation is true only if all terms in the sum are equal to zero
(k+2)(k+ Dagya — (k(k+1) + XN)ar =0, (4.47)
which gives us a recurrence formula relating ay492 and ay:

k(k+1)+ A

mak =0. (4.48)

ap+2 =

We can use the recurrence formula to express the Taylor series in terms of ag and a:

0-14+X 5 0-14X 2:34+X 4 1-24+X 5 1-24+X 344X ¢
P = 1 . e . ... ] =0.
ao( ta 1-2 3.4 T tolut 2.3 15 7
(4.49)
What is the value of A? Note that ayy2 = 0 for each A = —k(k + 1), which terminates one of the series in large

parentheses, while the other series grows to infinity (for u # 0). To keep P finite, the coefficient before the large parentheses
in the unterminated series must be set to zero. It tells us that we can find a possible solution for each even or odd k if
a1 = 0 or apO0, respectively.

k=0 a1=0 P=Py=1 A=—k(k+1)=0 (4.50)
k=1 ap=0 G=P =u=cos? A=—k(k+1)=-2 (4.51)
3u? -1 3cos?d—1
k=2 a1=0 G=P= “2 = COSQ A= —k(k+1)=—6 (4.52)
3 _ 3197 9
k=3 ap=0 G:P3:5“23”=5°°S 23°°S A= —k(k+1) = —12 (4.53)
(4.54)

The value of ag or aj preceding the terminated series was chosen so that Py(u =1) = Pg(d9 =0) = 1.
Which of the possible solutions is the correct one? It can be shown easily that

1

[ PP du= [ P.o)Po@)ao -
0

—1

2
T Skk/, (4.55)

i.e., is equal to zero for each k # k' (Py are orthogonal). As we are going to use G = g¢(t)P(9) to calculate a
correlation function for functions having the same form as the solutions for &k = 2 and as the calculation of the correlation
function includes the same integration as in Eq. [£.55] it is clear that the only solution which gives us non-zero correlation
function is that for £ = 2, i.e. P>. Our function G is therefore given by

3cos?9 — 1 676Dmtt

G =
9o 5

(4.56)

Still, we need to evaluate the factor go. This value must be chosen so that we fulfill the following conditions:



34 CHAPTER 4. RELAXATION

/dap/sinﬂdﬁG =1 (4.57)

and

G(t=0)=46(0—0p), (4.58)
where 6(0 — 6p) is a so-called Dirac delta function, defined as

o o]

/ f(@)é(z — wo) = f(wo). (4.59)

— 00

The second condition says that © must have its original value for ¢ = 0. This is fulfilled for go proportional to
(3cos2 ¥ — 1)/2:

3 1
90 = co3 cos? 9(0) — R (4.60)

We can re-write our original definition of the correlation function with the evaluated G function and in a somewhat
simplified form (omitting integration over ¢ and ¢g):

1
1 1 3ug — 1 2-1)2 ro
(502000 = 3) (o020~ 3 ) = [ duoco / au 8 DR G 1P o (4.61)
~1 ~1
where pg can be evaluated from the normalization condition
1
dugpo =2po =1 = pg = B (4.62)
and
co from
i e 13 1 [ 3u —1)2 2 5
/ / “0 Sk S(u — ug)du = /du0007( w17 _ —co=>co= . (4.63)
2 4 5 2
-1 —1

Finally, the correlation function can be calculated

1

1 3ug —1)? (3u? — 1)2 oty 1 rot
3 cos29(0) — = 3 cos2 I(t) — = dug ( uo (Bu ) @60t Zo=6D™" (4.64)
2 2 2 5

4
-1

We have derived that the time correlation function for spherically symmetric rota-
tional diffusion is a single exponential function. Analytical solutions are also available
(but more difficult to derive) for axially symmetric and asymmetric rotational diffusion,
with the time correlation function in a form of three and five exponential functions,
respectively.

For spherically symmetric rotational diffusion, described by a mono-exponential func-
tion characterized by the rotational correlation time 7,

o0

1 b? o1

= 2 — 7t/TC = — = — 4

Ry=b /5e dt = =1 = = oo (4.65)
0
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where D™ is the rotational diffusion coefficient, given by the Stokes’ law
kgT
&mn(T)r3’

where r is the radius of the spherical particle, T' is the temperature, and n(T') is the
dynamic viscosity of the solvent, strongly dependent on the temperatureﬂ

(4.66)

4.3 Return to equilibrium

After introducing the correlation function, we can repeat the analysis using the same
simplifications (rigid molecule, isotropic liquid), but taking the transverse (perpendicu-
lar) field fluctuations into account.

d
:: = Wyhts — Wity (4.68)
d
% = Willy — Wrllz (4.69)
dp
Ve oty — b (4.70)
Expressing wy as bO~+ cos ¢ and wy as b0 sin ¢, where
b= —2yByda (4.71)
3
et = 3 sin ¥ cos 9, (4.72)
gives
dpe o 1. I
el (O~ sin)pz — (wo + 0O )y (4.73)
dpy I 1
o - (wo + 00 iz — (bO~ cos ) - (4.74)
dps 1 Lo
T (O cos @)y — (bO~ sin ) g, (4.75)

Introducing put = pg +ipy and p~ = pg — ipy results in

dut .
% = —ibOLe Py, +i(wo + 6O LT (4.76)
du— .
% = jb@Le_“‘D‘uz — i(wo + b@”),LL_ (4'77)
dpz 1,10 i 4 v, —

el 51)@ (e uw—e¥u ) , (4.78)

3Dynamic viscosity of water can be approximated by
n(T) = no x 107/(=11), (4.67)

where g = 2.414x 10 kgm 1 s} Ty = 247.8 K, and 71 = 140K (Al-Shemmeri, T., 2012. Engineering
Fluid Mechanics. Ventus Publishing ApS. pp. 1718.).
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In a coordinate frame rotating with wq,

+ .
% = _ib0L a0 1 4 50 (i )ror (4.79)
% = ib@leii(wiwm)p’z - ib@” (Mi)rot (4'80)
dpe _ 1, 00 (L —ite—wot) (,+ i(p—wot) (|~
% - 2b6 (e (B )rot — € (@ )rot) , (4.81)

Note that now the transformation to the rotating frame did not remove wg completely, it survived in the exponential
terms.

Again, the set of differential equations cannot be solved because ©ll, ©1 and o fluctuate in time, but we can analyze
the evolution in time steps short enough to keep (9”, 6+, and ¢ constant.

,u'l" = ,ug' + A,uf' = [1+4+i(wo + b@%At]uS‘ — ibOF AtellPr—wot) o (4.82)
py = py + Ay = [1—i(wo + b0 Aty +ibOF Ate~ P10ty (4.83)
fod = piz0 + Aiz1 = fizo — %b@%me—‘(m—wot%g + %befmei(w—wotl)ug. (4.84)

The pt, p=, and p,,0 are now coupled which makes the step-by-step analysis much more complicated. Instead of
writing the equations, we just draw a picture (Figure similar to Fig. Derivation of the values of relaxation rates
follows the procedure described for the parallel fluctuations (Egs. 4.26). As the number of possible pathways in
Fig. is very high, already the list of the terms proportional to At and At? is very long. Fortunately, we are not
interested in evolution of magnetic moments in individual molecules, described in Fig. The values of @Q, @f‘, w1,
etc. are different for each molecule and we are interested in what we get after averaging results of multiplications for all
molecules (all possible orientations). In order to avoid writing the long expressions for magnetic moments of individual
molecules, we skip steps corresponding to Egs. and jump directly to the calculation of the evolution of total
magnetization (corresponding to Eq. [4.26).

Let us start with the terms proportional to A¢, which give us the imaginary term proportional to b when calculating
dM*/dt (and M~ /dt, dM, /dt). We have already seen that the average of ©l (the green segment) is zero. The terms
containing ©+ (red and blue segments) contain the exponential expression with the phase including . If the azimuth ¢
is randorrﬂ the "red” and ”blue” terms average to zero.

Let us now turn to the terms proportional to At2, which give us the time integral multiplied by b2 when calculating
dM+/dt (and dM~ /dt, dM,/dt). The pathways containing two red segments or two blue segments correspond to At>
terms with a random phase in the exponent (random sums of ¢; —wot;). When averaged for all orientations, such phases
tend to zero. The At? terms do not average to zero only in two cases: (i) if the pathway contains two green segments
(effect of longitudinal fluctuations described above) or (ii) if the pathway contains a combination of one red and one blue
segment. The former case is obvious, but the latter one is more subtle.

We can distinguish two combinations of one red and one blue segment:

lb2At2@iei(wk—wotk)@,ie—i(wj—wotj) — leAﬁ@i@,lei(s@k—wj—wo(tk—tj)) (4.85)

2 k J 2 k9 .
(with —wo(tg — t;) in the exponent) and

1b2At2@J-e*i(‘Pk*W0tk)@J,-ei(‘Pj*WOtj) — leAt2®J-®J,—ei(*<Pk+<Pj+wo(tk*tj)) (4.86)

2 k : 2 k=3

with —wo(tx — t;) in the exponent). As discussed in Section 4.2] we can replace tj by zero and t; by ¢ because the
J J
molecular motions are random:

%bQAtQQL(O)QL(t)ei(—(tﬂ(t)—‘ﬂ(o))‘f'wot)) (4.87)
(with +wot in the exponent) and

%bzAtzeL(O)GL(t)ei<+(w<o>—<p<t>>+wot>> (4.88)

4Note that this is true even in the presence of By and in molecules aligned along the direction of By,
for example in liquid crystals oriented by the magnetic field.
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ibO) At ibel At

1 D
o) e, ———— +

M3 = Sy T My

—ibO)| At —ibO) At

Figure 4.2: Evolution of magnetic moments due to longitudinal (parallel) and transverse (perpen-
dicular) fluctuations of magnetic fields. The meaning of the diagram is the same as in Fig. but
additional segments (red and blue) interconnect uj, p; » and g j., substantially increasing the number
of possible pathways. The pathway composed of the black segments only gives the result of multi-
plication equal to one, the pathways containing just one segment of a different color give results of
multiplication proportional to At, the pathways containing two segments of a color different than black
segments give results of multiplication proportional to (At)?, etc.

Mo =~ M1 = Mo T

—iwelar  —welar  —ipelAL
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(with —wot in the exponent).
In both cases, the phase is not randomly distributed for different orientations only if ¢(0) — ¢(t) is similar to wot.

The average value of ©-1(0)2 is 3/10:

2m Ky
9 9
eL(t)? = 10032 9sin? 9 = Ton /ds@/dﬁ(singﬂcos2 9) = (4.89)
0 0

3
10

for any t.

The M. component of magnetization is given by the average of the u. components at tx. In order to get to u, g
through paths giving terms proportional to At?, we must start at p. 0 and pass one blue segment and one red segment
in Figure .2} Egs. [£:87 and [{:88 mathematically describe that orientations of magnetic moments are redistributed if the
molecular motions (described by the azimuth ¢) accidently resonate for a short time with the frequencies wot and —wpot.
Then the magnetic energy of the magnetic moments is exchanged with the rotational kinetic energy of the molecules.
This energy exchange must be taken into account when we average magnetic moments of individual molecules to calculate
M. Let us call the total rotational energy of molecules EBOt. The exchange of the magnetic energy E,, of a magnetic
moment ji with a small amount of rotational energy of molecules AE™? can be described as

E°Y — Ei°t + AE™' + E,,. (4.90)

The molecular motions have much more degrees of freedom (both directions of rotational axes and rates of rotation
vary) than the magnetic moments (size is fixed, only orientation changes). We can therefore assume that the exchange per-
turbs distribution of the magnetic moments, but the rotating molecules stay very close to the termodynamic equilibrium.
At the equilibrium, the probability to find a molecule with the rotational kinetic energy EZ°® + AE™? is proportional to
(Boltzmann law) to

e~ AE™ 1 AR, (4.91)

The conservation of energy requires
EFt 4 AE™ 4 B, = Bt (4.92)
showing that AE™' = —F,,. Consequently, the population of molecules with the given rotational energy is propor-

tional to 1 — AE™" = 1+ E,. According to Eq. the probability of finding a magnetic moment in the orientation
described by a given u = cos ¥, is

Pe(y) = w — eV x w
ew —e W l—-w—-14w

(1+ww) = %(1+uw). (4.93)

Consequently, E,, = —uw = 1 — 2P°I(u) and the probability to find a molecule with the rotational kinetic energy
Ef°t + AE™* is proportional to

1— AE™ =1+ B, =2 — 2P%(u) = 2(1 — P*(u)), (4.94)

where the factor of two can be absorbed to the normalization constant.

We have derived that the averaged values of u, are weigted by 1 — P°4(u). How does it affect calculation of M,? In
the expression p, — P°d(u)pz, iz in the first term is not weighted by anything and its average (multiplied by the number
of magnetic moments per unit volume) is equal to M. The average value of the second term has been already calculated
in Eqs. [B7H3I2] It represents the quilibrium value of the magnetization, M®4. Therefore, averaging of p. results in
M, — M*®9, usually abbreviated as AM,.

Using the same arguments as in Section |4.2}

dAM,
dt

- %52 / ®L(0)6l(t)e*i(‘f’(”*%"(o))ei“’”tdt+%b2 / 6106l ()P —POe-iwtdr | AM,  (4.05)
0 0

The relaxation rate R; for M, known as longitudinal relaxzation rate in the literature, is the real part of the expression
in the parentheses

Ry = b2R / 6L(0)6L (t)e i@ —P0)eiot s + / 6L (00 ()P (H—20)e—wotqy (4.96)
0 0
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If the fluctuations are random and their statistical properties do not change in time, they are stationary: the current
orientation of the molecule is correlated with the orientation in the past in the same manner as it is correlated with the
orientation in the future. Therefore,

(oo} (oo}
/@J—(O)GL(t)e—i(w(t>—¢(0))eiwotdt:% /@J. 0)0L (t)e—ile(D—w(0))eiwotqy 4 / 0L(0)0L (t)e—ile(M—w(0)eiwot gy
0 0 —oo

(4.97)

oo
1 - .
5 / 6L(0)0L (t)e i@ s ) ciwotqy, (4.98)

— o0

(oo} oo
/@J-(O)@J-(t)ei(‘P(t)—‘P(O))e_i“’Otdt:% /eL 0)0L (t)eilv()—¢(0)eiwotqs 4 / 0L(0)0L ()i (Pt —0(0)e—iwot gy
0 0

(4.99)
1 oo
=3 / 6L(0)0L (1)el(# (D20 e wotqy, (4.100)
—o0

In isotropic solutions, the motions of molecules are very little affected by magnetic fields. Therefore, the choice
of the z axes is arbitrary form the point of the view of the molecule (not of the magnetic moment!). Therefore, the
terms with ©1 can be replaced by those with ©l, multiplied by 3/2 to match the difference between ©11(0)2 = 1/5 with
©+(0)2 = 3/10:

o0 o0
% / eL(o)@L(t)eww(t)—w(o»eiwdt:g / 6l (0)0 (f)etiot dt. (4.101)

Real parts of the integrals in the right-hand side of Eq. [4.101| are known as spectral density functions J(w). Note
that the integral in Eq. in Section can be also included in the definition of the spectral density function if we
replace wg by zero:

/eH(O)@H /@”(0)@” dt+/en 06l (1)dt :%/®||(0)@H(t)e0dt:%J(0). (4.102)

The relaxation rate R; can be therefore written as

3,/(1 1 3
Ry = 207 ( 5 (wo) + 57 (=wo) ) & 77 (wo). (4.103)

Let us now turn to M. Its value is given by the average of u™ components at t;. The analysis of Figureshowed
that the relaxation-relevant At? terms are obtained by walking through paths containing two green segments (leading to
Eq. in Section or one blue segment and one red segment (which gave us Eq. in this section). In any case,
we must start at gy . As we have already analyzed both relevant types of pathways in Figure we can directly write
the result

1 3
Ry = §b2J(0) + gzﬂj(—wo). (4.104)
Similarly, relaxation of M_ is given by
L., 3.9
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The longitudinal relazation rate Ry, describing the decay of AM, due to the chemical
shift anisotropy in randomly reorienting molecules, and the transverse relaxation
rate Ry, describing the decay of transverse magnetization M, (or M_) are given by

3.
R, = sz,](wo), (4.106)
1, 3.,

4.4 Internal motions, structural changes

So far, we analyzed only the rigid body motions of molecules, assuming that the struc-
tures of molecules are rigid. What happens if the structure of the molecule changes? Let
us first assume that the structural changes are random internal motions which change
orientation of the chemical shift tensor relative to the orientation of the whole molecule,
but do not affect its size or shape. Then, Eq. can be still used and Ry is still given
by Eq. [£.33], but the correlation function is not mono-exponential even if the rotational
diffusion of the molecule is spherically symmetric. The internal motions contribute to
the dynamics together with the rotational diffusion, and in a way that is very difficult
to describe exactly. Yet, useful qualitative conclusions can be made.

e If the internal motions are much faster than rotational diffusion, correlation be-
tween Oll(¢,) and ©(¢;) is lost much faster. The faster the correlation decays,
the lower is the result of integration. The internal motions faster than rotational
diffusion always decrease the value of Ry (make relaxation slower). Amplitude and
rate of the fast internal motions can be estimated using approximative approaches.

e If the internal motions are much slower than rotational diffusion, the rate of decay
of the correlation function is given by the faster contribution, i.e., by the rotational
diffusion. The internal motions slower than rotational diffusion do not change the
value of Ry. Amplitude and rate of the fast internal motions cannot be measured
if the motions do not change size or shape of the diffusion tensor.

If the structural changes alter size and/or shape of the chemical shift tensorﬂ pa-
rameters wp; and b; in Eq. vary and cannot be treated as constants. E.g., the
parameter wy; is not absorbed into the frequency of the rotating coordinate frame and
terms wo(tx)wo(tr — t;) contribute to Ry even if a(t;)a(t; — t;) decays much slower than
Ol (ty)0l(t, —t;).

SExamples of such changes are internal motions changing torsion angles and therefore distribution
of electrons, or chemical changes (e.g. dissociation of protons) with similar effects.
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e Internal motions or chemical processes changing size and/or shape of the chemical
shift tensor may have a dramatic effect on relaxation even if their frequency is much
slower than the rotational diffusion of the molecule. If the molecule is present in
two inter-converting states (e.g. in two conformations or in a protonated and
deprotonated state), the strongest effect is observed if the differences between
the chemical shift tensors of the states are large and if the frequency of switching
between the states is similar to the difference in v By, of the states. Such processes
are known as chemical or conformational exchange and increase the value of Ry
and consequently R,.

4.5 Bloch equations

The effects of relaxation can be included in the equations describing evolution of the
bulk magnetization (Eqgs. [3.47H3.49). The obtained set of equations, known as Bloch
equations, provides a general macroscopic description of NMR for proton and similar
nuclei.

dM, .
T - —RoM, — QM + w; sin oM, (4.108)
dM,
dty = +QM, — RoM, — wy cos oM., (4.109)
dM, .
AT —wy sin oM, + wy cos oM, — Ry (M, — M3?). (4.110)
(4.111)

How does the incorporation of the relaxation effects influence the solution of the Bloch equations? In the single-pulse
experiment, irradiation by the radio waves is usually short and the relaxation can be neglected. Therefore the values
M (0) and M, (0) obtained by solving Eqs. [3-47H3-49| can be used as the initial conditions for solving the Bloch eqations.
The evolution of magnetization during the relatively long period of signal acquisition in the absence of By (i-e., after
turning off the radio waves), when the relaxation cannot be neglected, is given by

dM,

o = M. — oMy, (4.112)
dM.
dty = QM — RaM,, (4.113)
dM
£ =0 (4.114)
dt

The same trick can be applied as when solving Eqs. [3.52H3.54}

d(My +iM,)
dt

d(M, —iM,)
dt

= Q(—=My +iMy) = (+iQ — Ry)(M, + iM,), (4.115)

= Q(=M, —iM;) = (=i — Ra)(M, — iMy), (4.116)
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My +iM, = Cype(Hi0=R2)t — /01 (0) + M, (0)e™ T2te(+i04¢0)t (4.117)

My —iM, = C_e(7I= 120t — /A1, (0) + M, (0)e F2te(—12+d0)t (4.118)

My = 1/ Mz (0) + My (0)e™ T2t cos(Qt + ¢o) (4.119)
My = 1/ Mz (0) + My (0)e™E2t sin(Qt + ¢o). (4.120)

As a result of relaxation, the detected NMR signal does not oscillate as a cosine
(or sine) function with a constant amplitude, but decays exponentially, with the rate

constant of the decay equal to Ry. Such a signal is usually described as the free induction
decay (FID).



Chapter 5

Signal acquisition and processing

Literature: Function of an NMR spectrometer is nicely described in L4, K13, or
C3.1. More details are provided in B23. Experimental setup is discussed in C3.8.2.
Signal averaging is described in L5.2, quadrature detection in L5.7 and LA.5, K13.6,
and C3.2.3, Fourier transformation is introduced in K5.1-K5.3.1 and L5.8.1.-1.5.8.3,
and treated moro thoroughly in B8 and C3.3.1. Phase correction is described nicely in
K5.3.2-K5.3.4 and discussed also in C3.3.2.3 and L5.8.4-1.5.8.5, zero filling is discussed
in C3.3.2.1 and K5.5, and apodization is explained in K5.4 and C3.3.2.2.

5.1 NMR experiment

The real NMR experiment closely resembles FM radio broadcast. The mega-hertz radio
frequency wyagio plays the role of the carrier frequency, and is frequency-modulated by
the offset, which usually falls in the range of kilo-hertz audio frequencies. In the same
fashion, the carrier frequency of the FM broadcast is modulated by the audio frequency
of the transmitted signal (voice, music). Like when listening to the radio, we need to
know the carrier frequency to tune the receiver, but its value is not interesting. The
interesting information about the chemical environment is hidden in the audio-frequency
offset. Note, however, that the numerical value of €2 is arbitrary as it depends on the
actual choice of the carrier frequency. What can be interpreted unambiguously, is the
constant d, given just by the electron density. But in practice, the absolute value of §
is extremely difficult to obtain because the reference & = 0 represents nuclei with no
electrons — definitely not a sample we are used to produce in our labs. Therefore, more
accessible references (precession frequencies wyer of stable chemical compounds) are used
instead of the vacuum frequency. The value of § is than defined as (w — wyef) /wrer and
usually presented in the units of ppm.

43
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5.1.1 Setting up the experiment

o Temperature control and calibration. Temperature affects molecular motions and
chemical shits, it should be controlled carefully to obtain reproducible spectra and
to analyze them quantitatively. The sample temperature is controlled by a flow of
pre-heated /cooled air or nitrogen gas. The exact temperature inside the sample is
not so easy to measure. Usually, spectra of compounds with known temperature
dependence of chemical shifts are recorded (e.g. methanol). The temperature is
obtained by comparing a difference of two well defined chemical shifts (of methyl
and hydroxyl protons in the case of methanol) with its values reported for various
temperatures. Purity of the standard samples is a critical issue.

o Field-frequency lock. The external magnetic field should be stationary. It is
achieved by a feedback system known as field-frequency lock. A deuterated com-
pound (usually heavy water or other deuterated solvent) is added to the sample
and the deuterium frequency is measured continually and kept constant by ad-
justing electric current in an auxiliary electromagnet. The lock parameters for the
particular deuterium compound used are selected and the deuterium spectrometer
is switched on before the measurement.

e Shimming. The external magnetic field should be also homogeneous. The inhomo-
geneities caused e.g. by the presence of the sample are compensated by adjusting
electric current in a set of correction coils called shims. This is usually at least
partially automated.

e Tuning. Each radio-frequency circuit in the probe consists of a receiver coil and
two adjustable capacitors. The capacitors should be adjusted for each sample.
The tuning capacitor of the capacitance C't and the coil of the inductance L
make an LC circuit, acting as a resonator. Adjusting the value of C'tv defines
the resonant frequency, which should be equal to the precession frequency of the
measured nucleus wy. If we neglect the second capacitor, the resonant frequency
is w = 1/v/LCt. The second, matching capacitor of the capacitance Cyy is used
to adjust the impedance of the resonator. The radio waves do not travel from
the transmitter to the coil through air but through co-axial cables. In order to
have minimum of the wave reflected back to the transmitter, the impedance of the
resonator should match the input impedance Z;,.

The impedance of the coil circuit is given by

1 1
Zo = -

1 1 :
Zn + Zr+ZL+R iwCwm +

1
+iwL + R

in

In order to tune the circuit, Ct and Cy; must be adjusted simultaneously to get
(i) Z. = Zin and (ii) w = wy.
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e Calibration of pulse duration. The magnitude of By cannot be set directly. There-
fore, the duration of irradiation rotating M by 360 ° at the given strength of radio
waves is searched for empirically. This duration is equal to 27 /w; and can be used
to calculate wy or |By| = wy /. As |By| is proportional to the square root of power
P, durations of pulses of radio waves of other strengths need not be calibrated,
but can be recalculated.

Power is measured in the units of Watt, but the relative power is usually expressed on a logarithmic scale in decibells
(dB). One Bell represents a ten-fold attenuation of power

P
logqq 2= attenuation/B. (5.1)
Py
Consequently,
P .
10logqq 5= attenuation/dB (5.2)
1
and
P |B1l3 |Bil2
20log; —2 = 20log;y =2 = 10log;( —=—— = attenuation/dB. (5.3)
Py |B13 |Bil1

5.1.2 Quadrature detection

Precession of the magnetization vector in the sample induces a signal oscillating with
the same frequency (Larmor frequency wyp) in the coil of the NMR probe. The signal
generated in the coil and amplified in the preamplifier is split into two channels. The
signal in each channel is mixed with a reference wave supplied by the radio-frequency
synthesizer. The reference waves have the same frequency wye in both channels, but their
phases are shifted by 90°. Let us assume that the signal oscillates as a cosine function
cos(wpt) and that the reference wave in the first channel is a cosine wave cos(wyert) and
that the reference wave in the second channel is a sine wave — sin(wyest).

Mathematically, the procedure can be described as

cos(wot) — { %cos(wot) — 1 cos(wot) cos(wrert)

5 cos(wot) — f% cos(wot) sin(wyeft) (5-4)

Basic trigonometric identities show that the result of mixing in the first channel is a sum of a high-frequency cosine
wave cos((wo + wref)t) and a low-frequency cosine wave cos((wo — wref)t), while the result of mixing in the second channel
is a difference of the corresponding sine waves:

1 1 1
5 cos(wot) cos(wyeft) = 1 cos((wo + wref)t) + 1 cos((wo — wref)t), (5.5)

1 1 1
-3 cos(wot) sin(wyeft) = v sin((wo + wref)t) + 1 sin((wo — wref)t)- (5.6)

The high-frequency waves are filtered out by a low-pass filter, resulting in signals oscillating with a low frequency
wo — Wref- If Wref = —Wradio, then wo — wrer = 2. The procedure, similar to the demodulation in an ordinary radio
receiver, thus produces audio signals in both channels

1 cos(wot) = % cos(wot) cos(wrert) — L cos(t)
cos(wot) — { gcos(wot) — —35 cos(wot) sin(wrert) — 7 sin(Qt)

(5.7)

It is convenient to treat the signals in the individual channels as a real and imaginary
component of a single complex number, denoted y(¢) in this text:
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1 1 1.
y(t) = 2 cos(2t) + iZ sin(Qt) = Zelm. (5.8)

5.1.3 Analog-digital conversion

The output of the quadrature receiver is converted to a digital form. Therefore, the
information obtained from an NMR experiment is a set of complex numbers describing
the signal intensities at the time points t € {0, At, 2At,--- (N — 1)At}.

5.1.4 Signal averaging and signal-to-noise ratio

The NMR signal induced by precession of the magnetization vector is very weak, compa-
rable to the noise, generated mostly by random motions of electrons in the receiver coil.
Therefore, the NMR experiments are usually repeating several times, adding the signal
together. If the experiment is repeated in the same manner N-times, the evolution of the
magnetization vector is identical in all repetitions (magnetization is evolving coherently),
and the sum of the signals from the individual measurements, called transients, is simply
Ny(t). However, the absolute size of the signal is not important, what really matters
is the signal-to-noise ratio. Therefore, it is also important how noise accumulates when

adding signals of separate measurements.
The noise n(t) is random and so its averageE] (n(t)) = 0. The size of the noise is typically defined by the root-mean-
square \/{(n(t)2). Sum of the noise from N independent experiments is

(@ 42 + @), (5.9)

Because the random motions of electrons in the individual experiments are not correlated (are independent), all
terms like (2n1(t)n2(t)) are equal to zero. Therefore, calculation of the square in Eq. simplifies to

J«nmw+nﬂw+-~+nwmf>:Vkmaﬁw+mﬂw%+~~+mN®%. (5.10)

We can also assume that the root-mean-square is the same in all experiments, and write it as 1/(n(¢)?). The sum of

the noise can be then calculated as
VN (n©)2) = VN (n()2). (5.11)

We can now calculate the signal-to-noise ratio as

Ny(t) y(t)

VNV@®E) oy

The signal-to-noise ratio is proportional to the square root of the number of summed
transients.

(5.12)

1To avoid writing the integrals defining averaging, we indicate the time average by the angled brack-
ets.
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5.2 Fourier transformation

The effect of electrons (chemical shift) makes NMR signal much more interesting but also
much more complicated. Oscillation of the voltage induced in the receiver coil is not de-
scribed by a cosine function, but represents a superposition (sum) of several cosine curves
(phase-shifted and dumped). It is practically impossible to get the frequencies of the
individual cosine functions just by looking at the recorded interferograms. Fortunately,
the signal acquired as a function of time can be converted into a frequency dependence
using a straightforward mathematical procedure, known as Fourier transformation.

It might be useful to present the basic idea of the Fourier transformation in a pictorial
form before we describe details of Fourier transformation by mathematical equations.
The oscillating red dots in Figure [5.1{represent an NMR signal defined by one frequency
v. Let us assume that the signal oscillates as a cosine function but we do not know the
frequency. We generate a testing set of cosine functions of different known frequencies f;
(blue curves in Figure and we multiply each blue testing function by the red signal.
The resulting product is plotted as magenta dots in Figure 5.1} Then we sum the values
of the magenta points for each testing frequency getting one number (the sum) for each
blue function. Finally, we plot these numbers (the sums) as the function of the testing
frequency. How does the plot looks like? If the testing frequency differs from v, the
magenta dots oscillate around zero and their sum is close to zero (slightly positive or
negative, depending on how many points were summed). But if we are lucky and the
testing frequency matches v (f3 in Figure , the result is always positive (we always
multiply two positive numbers or two negative numbers). The sum is then also positive,
the larger the more points are summed. Therefore, the sum for the matching frequency
is much higher than the other sums, making a positive peak in the final green plot (the
dependence on f;). The final plot represents a frequency spectrum and the position of
the peak immediately identifies the value of the unknown frequency. If the NMR signal
is composed of two frequencies, the red dots oscillate in a wild interference patterns,
not allowing to get the frequency simply by measuring the period of the oscillation.
However, the individual components (if they are sufficiently different) just make several
peaks in the final green plot and their frequencies can be easily obtained by reading the

positions of the peaks.

Let us now try to describe the Fourier transformation in a bit more mathematical manner. We start with a special
case of a signal which can be described by a sum of cosine functions with frequencies that are integer multiples of some
small frequency increment Aw. All such cosine functions must have the same value at time ¢ and t 4+ 27/Aw: the whole
signal periodic with the period 27 /Aw. If we record such a signal using quadrature detection, we obtain

y(t) = D Agert = 3" Apeitavt (5.13)

k=—o00 k=—o00

The mentioned periodicity allows us to determine Ay by calculating the integrals

o
b

w

elh=DAwtqy — 2—7rAk (5.14)
Aw

O\D‘,;,

y(e Witdt = D" A;

j=—o00

o
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Figure 5.1: The basic idea of Fourier transformation.

(All integrated functions are periodic and their integrals are therefore equal to zero with the exception of the case
when k = j, which is a constant function).

The same result is obtained for any integration limits which differ by 27/Aw, e.g.

+as + 2w

. . 2T

—iw. k—j)A
/ y(t)e Witdt = Z A / etk =7) “’tdt:E.Ak (5.15)
- = &

We can now continue in two different directions. We can describe the signal as it is actually measured, not as a
continuous function of time, but as a discrete series of points sampled in time increments At. Then, the integral in
Eq. m is replaced by summation of a finite number of measured signal points:

N-1
Vi = Y yje RACIAIAY (5.16)
=0

where Y, = %Ak. As the time and frequency are treated in the same manner, we can also define the inverse
operation

N-1
y; = Z Y, el FAWIAL A, (5.17)
k=0

This way of the signal analysis, discussed in more details in Section [5.2.4] handles the signal as it is measured in
reality. It is also instructive to follow the other direction and to increase the period 27/Aw by decreasing Aw. The series
of wy, becomes a continuous variable w and 7/Aw — oo if Aw — 0. The sum in Eq. is replaced by the integral

1o
o / Y (w)e" dw (5.18)

—00

y(t) =
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and the integral in Eq. |5.15| becomes

Y(w) = / y(t)e “idt. (5.19)

If we apply Eq. to a function y(¢t) and Eq. to the obtained result, we should get back the function y(t).
Such a double transformation can be written as

y(t):% / Y(w)ei““dw:g / e*tdw / y(t)e Wt at’ = / y(t’)dt/g /eiw(t—t/)dw. (5.20)
— 00

— 00 — 00 — 00 — 00

This requires the second integral to be equal to 27 for ¢/ = t and to zero for ¢’ # t. Therefore, the integral can be
used to define the delta function

1 . ’
St—t)=— / et qu. (5.21)
21
—o0
An alternative definition
1 T —iwt
Y(w)=—7= [ y@)e™“"dt, (5.22)
21
(t) ! /OQY( Yel“td (5.23)
= — w)e w. .
Y V2T
— 00

is equally acceptable.

Although the actual NMR signal is not recorded and processed in a continuous
manner, the idealized continuous Fourier transformation helps to understand the funda-
mental relation between the shapes of FID and frequency spectra and reveals important
features of signal processing. Therefore, we discuss the continuous Fourier transforma-
tion before we proceed to the discrete analysis.

5.2.1 Fourier transformation of an ideal NMR signal

An 7ideal signal” (see Figure has the form y(t) = 0 for t < 0 and y(t) = Ae f2lei™
for ¢ > 0, where A can be a complex number (complex amplitude), including the real
amplitude |.A4| and the initial phase ¢q:

A = | Ale™. (5.24)
W) = 7 o—iw o 7 e(i(Q*w)*Rz) _ —-A N 1 R +i(Q—w) o Ro +i(Q —w)
Y ( )_Zoy(t) tdtO/A tdt,i(Q_w)_Rg7AR2_1(Q_w)R2+i(Q_w)7AR%+(Q_W)2

(5.25)
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Figure 5.2: Ideal signal detected with a quadrature detection (top) and its Fourier transform (bottom).

Signal in channel 2: S{y(¢)}

S{Y (w)}

W



5.2. FOURIER TRANSFORMATION 51

Fourier transform of the "ideal” signal is

i 0t i R Q—w
Y(w) = /ngt /1Qt flwtdt _ 2 . 59
) /Ae © i MYEraoop O

If ¢po = 0, the blue term, known as the absorption line is a real function (R{Y (w)})
having a shape of the Lorentz curve (see Figure . The shape of the absorption line
is givenﬂ by the relaxation rate Rs:

e Peak height o< 1/ Ry (Y = Yiax at w = Q = Yo = Y(Q) = A/Ry)
e Linewidth at the half-height = 2Ry (Y = Yiax/2 at Q —w = +R»)

The red term, the dispersion line, is purely imaginary (S{Y (w)}) if ¢o = 0. Such
shape is less convenient in real spectra containing several lines because the broad wings
of the dispersion line distort the shape of the neighbouring lines (see Figure .

Figure[5.3|documents that Fourier transformation allows us to immediately determine
several Larmor frequencies in spectra even if the signal in the time domain (FID) is very
difficult to interpret, and that the real (absorption) part of the complex spectrum is
much better for such purpose.

The discussed transformation of a continuous signal is extremely useful for under-
standing the relation between evolution of the magnetization vector and shape of the
peaks observed in the frequency spectra. But in reality, the signal is finite (tyax < 00)
and discrete (At > 0):

o tc {Oa At72At7 T 7(N - 1)At} ?/(t) € {y07y1ay27' o ayN—l}
e wE {O,Aw,ZAw,~ o 7(N - 1>Aw} Y<t> S {%7}/17}/27‘ o 7YN71}

The seemingly marginal difference between ideal and real (finite and discrete) signal
has several practical consequences, discussed below.

Figures and document the advantage of recording the signal with the quadra-
ture detection, as a complex number. If we take only the signal from the first channel,
oscillating as the cosine function if ¢ = 0, and stored as the real part if the quadrature
detection is used (Figure , and perform the Fourier transformation, we get a spec-
trum with two peaks with the frequency offsets 2 and —§2. Such a spectrum does not
tell us if the actual Larmor frequecy is wy = wyadio — £ OF Wy = Wragio + 2. If we use the
signal from the second channel only, oscillating as the sine function if ¢ = 0 (Figure ,
a spectrum with two peaks is obtained again, the only difference is that the peaks have

2In practice, it is also affected by inhomogeneities of the static magnetic field, increasing the apparent
value of Rs. This effect is known as inhomogeneous broadening.
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Figure 5.3: Signal (top) and frequency spectrum (bottom) with three Larmor frequencies.
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Signal in channel 2: S{y(¢)}

S
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Figure 5.4: A signal detected in the first ("real”) channel (top) and its Fourier transform (bottom).

opposite phase (i.e., their phases differ by 180°). But if we combine both signals, the
false peaks at —€) disappear because they have opposite signs and cancel each other in
the sum of the spectra.

5.2.2 Properties of continuous Fourier transformation
The continuous Fourier transformation has several important properties:
e Parseval’s theorem [ |y(t)?dt = 5= [ |V (w)|*dw

A conservation law, documents that the signal energy (information content) is
preserved by the Fourier transformation.

e Linearity _T (y(t) + 2(t))e @ dt = YV(w) + Z(w)
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Figure 5.5: A signal detected in the second ("imaginary”) channel (top) and its Fourier transform

(bottom).

w

Signal in channel 2: S{y(¢)}

SH{Y (w)}

CHAPTER 5. SIGNAL ACQUISITION AND PROCESSING




5.2. FOURIER TRANSFORMATION 25

It documents that a sum of periodic functions (difficult to be distinguished in the
time domain) can be converted to a sum of resonance peaks (easily distinguishable
in the frequency domain if the resonance frequencies differ).

e Convolution j? (y(t) - z(t))e “dt = jo Y(w)Z(w—w)dw

It provides mathematical description of apodization (Section [5.5))

o Time shift [ y(t —to)e “idt = Y (w)e

It shows that time delays result in frequency-dependent phase shifts in the fre-

quency domain (Section

e Frequency modulation [ y(t)e“te “idt =Y (w — wp)

It shows that the apparent frequencies can be shifted after acquisition.

o Causality [ y(t)e ™'dt = [y(t)e “'dt
—00 0

It says that no signal is present before the radio-wave pulse (this is why we can
start integration at t = 0 or ¢ = —oo, y(t) = 0 for ¢ < 0). This provides an extra
piece of information allowing us to reconstruct the imaginary part of the signal
from the real one and vice versa (Figure [5.6).

The mentioned consequence of causality is rather subtle. As mentioned above, the NMR signal is recorded in two
channels, as a real and imaginary part of a complex number. It is because Fourier transformation of a cosine (or sine)
function gives a symmetric (or antisymmetric) spectrum with two frequency peaks and thus does not allow us to distinguish
frequencies higher than the carrier frequency from those lower than the carrier frequency. Once we have the transformed
complex signal in the frequency domain, we can ask whether we need both its parts (real and imaginary). It looks like
we do because the inverse Fourier transformation of just the real (imaginary) part produces a symmetric (antisymmetric)
picture in the time domain (the second row in Figure . But the causality tells us that this is not a problem because
we know that there is no signal left from the zero time — the symmetry does not bother us because we know that we can
reconstruct the time signal simply by discarding the left half of the inverse Fourier image (the third row in Figure .
The time signal reconstructed from the real part of the frequency spectrum only, can be then Fourier transformed to
provide the missing imaginary part of the frequency spectrum.

5.2.3 Consequence of finite signal acquisition

In reality, the acquisition of signal stops at a finite time ¢,,.:

tlnax
. 1 — e_Rthaxei(Q_W)tmax
Y e (I(Q_w)_RQ)tdt — 527
) /Ae AR T —w) (5.27)
0

It has some undesirable consequences:
Leakage: Part of the signal is lost, peak height Y (2) < A/Rs.
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Figure 5.6: Causality of NMR signal. If we take a frequency spectrum, discard its imaginary part (the
first row), and perform the inverse Fourier transformation, we do not get the original signal (starting
at t = 0), but a set of symmetric (real part) and antisymmetric (imaginary part) functions predicting
non-zero signal before t = 0 (the second row). However, we can apply our knowledge that no signal was
present before t = 0 and multiply the left half of the predicted signal by zero. This recovers the actual
signal (the third row). Fourier transformation of this signal provides both real and inmaginary parts of
the spectrum, as shown in Figure 5.2
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Figure 5.7: Effect of finite acqusition in the limit Ry — 0.
Truncation artifacts: For Ry — 0,
tmax
: 1 — el(@~w)tmax sin(Q — w)t 1 —cos(2—w)t
Y(w) = Aeli@=tqr — A =A XA —.
(@) / —i(Q —w) Q—-w Q—-w

0
(5.28)
If the acquisition is stopped before the signal relaxes completely, artifacts (baseline
oscillation) appear. In the limit of no relaxation, the real part of the Fourier-transformed
signal does not have a pure absorption shape (Lorentz curve), but has a shape of the
sin(€) — w)tmax/ (2 — w)tmax function (sinc function).

5.2.4 Discrete Fourier transformation

In reality, the acquired signal is finite (fpn.x < 00) and discrete (At > 0):
LIRS {07 At? 2At7 T (N - 1)At} y(t) € {y07 Y1,Y2, -+ ayN—l}
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Y(t) € {Yo, V1, Y2, -+, YN}

We may try to define the discrete Fourier transform as

N-1
Y, = Z yjeRAwIAt AL =

=0

N-1

N-—-1

Z e i2TAT ALK Ay
] )

;= Z Yy elkAwidt Ny — Z Yiel2TAFAtKIA 1.

k=0

(5.29)

(5.30)

However, there is a catch here. It turns out that At and Af are not independent, but closely related. The transfor-
mation can be written in a matrix form as

Yo Fo,o Fo Fo,2 ...y N_1 Yo
Yy Fi Fi1 Fi 2 PN Y1
Yo Fp o Fyy Fs o PN Y2 At, (5.31)
Yn-1 Fn_10 FN-11 FN-12 .- FN-1,N-1 YN-1
F
where the elements of the matrix F' are Fj, = e i2TAfAL k]
Let us now try to transform Yj back to the time domain:
—1 —1 —1 —1
" Foy  Fod  Fos Bk Yo
Y1 Fio Fl,l1 F1,21 "Fl,ll\lfl Yy
Y2 = Foo  Fon Fop - Fy N Y2 Af, (5.32)
_ -1 —1 -1 1 Y, .,
YN-1 FyZi0 Fnv-1g Fncie o FnZin—t N-1
Pl
where the elements of the matrix £~ are Fﬁcl = eHi2TAfAL kG Substituting from Eq. ,
—1 —1 —1 —1
Yo FO,O1 Fo,11 F0721 "'F0,11V—1 Foo  Fon Fo 2 .. Fon—1 Yo
Y1 Fry Fry Fry e Fr N o Fy o PN Y1
Y2 | Fo Fi Fy o . Fyn Fro Fan  Fop  ...Fy N v2 | AfAL.
_ -1 -1 -1 -1 Fno10 Fxo11 Fx 12 - Fn_1n_ ~
YN-1 Fylio Fylos Fylis o Fylins N-1,0 FN-11 FN-1,2 N—1,N—1 YN-1
(5.33)

In order to get the original signal, the product of the transformation matrices,ﬁ’*lﬁ multiplied by AfAt, must be

a unit matrix:

-1 1 -1 -
FO’% FO,ll Fo,zl "Fo,zlv—l Foo Fo Fp 2 . Fon—1 100...0
F1,({ Fl,l1 F1,21 ~~F1,11vf1 o iy o 1 N_ 010...0
Foo Fon - Fy N o  F1 Fap PN | apap= | 0010
1 i 1 = FNo1.0 FN—11 Fx—1.2 - Fx—1.5— 000...1

FnZio FN—1,1 FnZip "'FN—l,N—l N=1,0 FN-1,1 N -1,2 N-1,N-1
(5.34)
According to the matrix multiplication rule, the jl-element of the product F~1Fis given by
N-1
Z 12T ASAL(jk—kl) Ay (5.35)

k=0
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Clearly, the exponential terms in the sums representing the diagonal elements (5 = 1) are equal to e 12TASAL(Gk—ki) At =
€0 = 1. Therefore, the diagonal elements (sums of N terms e® = 1) are equal to N. Obviously, we need to set NAfAt = 1

to get the elements of the product F-1F equal to one. . .
What about the off-diagonal elements? For NAfAt = 1, the elements of '~ 1 F are equal to

N-1oo
> e W UTDRAL, (5.36)
k=0

The complex numbers in the sum can be visualized as points in the Gauss plane (plane of complex numbers) with
the phase of 2wk(l — j)/N. Let us assume that NV is an integer power of two (N = 2™, a typical choice in discrete Fourier
transform). Then all numbers in the series are symmetrically distributed in the Gauss plane. As a consequence, their sum
is equal to zero (they cancel each other). We can therefore conclude that setting NAfA¢ = 1 ensures that the product
F~1F is a unit matrix.

The consequences of the requirement AfAt = 1/N are:
e spectral width NAf = 1/At, it is defined by the choice of the time increment

e digital resolution Af = 1/NAt, it is defined by the choice of the maximum acqui-
sition time

Possible definitions of the discrete Fourier transform with a correct normalization (so
that AfAt =1/N) are

N-1 1 N-1
Yo=Y g ¥y = N D Ve w (5.37)
j=0 k=0
or
1 N-1 1 N-1
22y - 127 g
Vi=—=> g% yi= = Vv, (5.38)

5.2.5 Consequence of discrete signal acquisition

The "ideal” NMR signal converted to the digital form

has a Fourier transform
N-1
. . . S 27
Yi= ) AemReibtei2mifto=iiiki Ny (5.40)
=0
The summation formula
N—-1
: 1— 2N
S = — 5.41
=0 (5.41)
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helps us to evaluate the sum. For the sake of simplicity, let us assume that the carrier
frequency is chosen so that the peak is in the middle of the spectrum

1

1
=-NAf = : 5.42
v=NA =5 (5.42)
Then, z and zV in the summation formula are
- i2n(i—L - i —i2r L —i2n &
= e Rebtgi2n(3-%) = g-Rodt gim o—idmy; = —(1 — RyAt)e ™~ (5.43)
1-RaAt —1
ZN — e—RQNAteiﬂ'(N—2k). (544)
Therefore,
1 — e—R2NAtgim(N—2k)
Y, = AAt——° © (5.45)

1+ (1 — RyAt)e 27y
e The signal is discrete = the spectral width is limited At > 0 = NAf = 1/At < c©

The consequences of the discrete sampling are:

Aliasing: If we add a value of NAf to the frequency which was originally in the
middle of the frequency spectrum (%N Af = ﬁ), the second exponent in Eq. [5.40
changes from imj to i37j, i.e. by one period (27), and the transformed signal (the
spectrum) does not change. In general, a peak of the real frequency v+ NA f (outside the
spectral width) appears at the apparent frequency v in the spectrum (Nyquist theorem:
frequencies v and v + 1/At cannot be distinguished).

Offset: Peak height of the continuous Fourier transform Y (f) = A/R, and offset
of the continuous Fourier transform Y (+oo) = 0. Peak height of the discrete Fourier
transform.

1 — e*RQNAt

Ry At

for NAt — oo, but offset of the discrete Fourier transform

Yy = AAt — A/Ry (5.46)

1 — e—RzNAteiNW

1 1

for NAt — oo and At — 0. The offset of discrete Fourier transform is non-zero,
equal to half of the intensity of the signal at the first time point y(0) if the signal was
acquired sufficiently long to relax completely (NAt > 1/Ry).

Loss of causality: The algorithm of the discrete Fourier transform assumes that the
signal is periodic. This contradicts the causality theorem: a periodic function cannot be
equal to zero for ¢t < 0 and different from zero ¢ > 0. The causality must be introduced
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Signal in channel 2: S{y(¢)}
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Figure 5.8: Aliasing. If the signal is acquired in discrete time intervals (dots in the top plots), the
signals with frequencies different by an integer multiple of 27r/At, shown by solid (1) and dotted (£22)
lines, cannot be distinguished. Both signals give a peak with the same frequency in the spectrum. This
frequency is equal to 7 and to Qs — 27/ At, where 27 /At is the width of the spectrum.

in a sort of artificial manner. After recording N time points, another N zeros should be
added to the signa]ﬂ (see Section .

5.3 Phase correction

So-far, we ignored the effect of the initial phase ¢y and analyzed Fourier transforms of
NMR signals consisting of a collection of (damped) cosine functions, with zero initial
phase. In reality, the signal has a non-zero phase, difficult to predict

3In practice, the zeros are added after the last point of the measured signal, not before the first one,
as one may expect based on the fact that signal should be equal to zero for ¢ < 0.
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Figure 5.9: A signal with the initial phase of 60° (top) provides distorted spectra (bottom), unless a
phase correction is applied.

y(t) = AeFatelttto) — |A|e_R2teiQ(t+t°)+¢°. (5.48)

The phase has a dramatic impact on the result of the Fourier transformation. Real
and imaginary parts are mixtures of absorption and dispersion functions. If we plot the
real part as a spectrum, it looks really ugly for a non-zero phase.

For a single frequency, the phase correction is possible (multiplication by the function
e~ (1@0+%0) wwhere ¢y and ¢, are found empirically):

|A|e—R2teiQ(t+to)+¢oe—(iQto—i-d)o) _ |A|e—R2teiQt' (5.49)
In practice, phase corrections are applied also to signal with more frequencies —
g

multiplication by a function e {Wo+%1¢) where 1, and 1; are zero-order and first-order
phase corrections, respectively (we try to find ¥y and ¥ giving the best-looking spectra).
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Note that phase correction is always necessary, but only approximative corrections are
possible for a signal with multiple frequencies!

5.4 Zero filling

Routinely, a sequence of Ny zeros is appended to the recorded signal, mimicking data
obtained at time points NAt to (N + Nz — 1)At:

0, At,2At, -+, (N — 1)At

Yo, Y1, Y2, -5 YN-1
i
0, Af,2At, -, (N — )AL, NAL, (N + 1AL, -, (N + Ny — 1)A¢
(5.50)
Yo, Y1, Y2, -, YN-1, 07 07 Ty 0

This may look like a completely artificial procedure, but there are several practical
reasons to do it.

1. The very fast computational algorithm of calculating Fourier transform, known as
Cooley—Tukey FFT, requires the number of time points to be an integer power of
2. If the number of collected time points N is not a power of 2, Ny zeros are added
to the data prior to Fourier transformation so that N + Ny is an integer power of
2.

2. In order to obtain a spectrum with the full content of information by discrete
Fourier transformation, the collected data must be extended by a factor of 2 by
zero-filling. As discussed in Section |5.2.5] this operation reintroduces causality and
the full information content of N experimental complex points (i.e., N points of
the real part and N points of the imaginary part, together 2N bits of information)
is encoded in the spectrum (i.e., in the real part of the Fourier transform, which
now consists of 2NV frequency points because we artificially increased the maximum
time from N — 1 to 2N — 1 and therefore narrowed the frequency sampling step
Af from 1/NAt to 1/2NAt).

3. The digital resolution Av, given by 1/(NAt), can be improved (narrowed) to
1/((N + Nz)At) by zero-filling. In this manner, the visual appearance of spectra
can be improved by interpolation between data points. Note, however, that adding
more than N zeros does not improve the informational content of the spectrum.
Although the digital resolution is improved, the real resolution is the same, zero-
filling does not help to resolve frequencies that differ less than 1/(NA¢)!
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5.5 Apodization

The NMR signal is very often multiplied by a so-called window function prior to Fourier
transformationﬁ This process is known as apodization. The goal is to

1. improve resolution. As the resolution is given by 1/(/NAt), resolution is improved
if the signal is multiplied by a window function that amplifies the late data points.

2. improve sensitivity. Due to the relaxation, signal of data acquired at later time
points is lower, but the noise is the same. Therefore, the late time points de-
crease the signal-to-noise ratio. The sensitivity can be improved by discarding or
attenuating the late time points.

3. suppress truncation artifacts. We have seen that oscillations of the baseline appear
if the data acquisition stops before the signal relaxes to zero (i.e., to the noise
level). The desired effect of relaxation can be mimicked by a window function that
smoothly converges to zero at NAt.

Obviously, the three listed goals are in conflict, and only a compromise can been
reached. There is no ”"best apodization”. The choice of the optimal window function
depends on the actual needs.

The simplest window function is a rectangle: multiplying the signal by a rectangular
function equal to 1 for jJAt < mAt and to 0 for jAt > mAt represents discarding data
recorded for times longer than mAt. It is a very useful way of improving signal-to-noise
ratio if the signal relaxed before mAt. Otherwise, it produces severe truncation artifacts.

The highest signal-to-noise ratio is provided by a matched filter window function.
The matched filter has the shape of the envelope of the signal. The matched filter for
our ideal signal is e %274 The price paid for the signal-to-noise improvement is a lower
resolution: Multiplying e f2tel?At by e~ 2t obviously doubles the linewidth, given by

the decay rate, which is now 2R,.
The best balance between resolution and truncation artifacts for an allowed extra line broadening A is obtained with
the Dolph—Chebyshev window, defined as

N—1 _ cos(mwk/N)
1 cos (Q(N 1) arccos 7(:05(71')\At/2)) Ry (5.51)

VN k—o cosh (2(N — 1)arccoshW1At/2))

which is, however, not used in practice due to its very complex form.

Instead, sine-bell windows sin” (27; 25 + qﬁ) are used routinely, usually with the phase

¢ = m/2 (i.e., cosine function) and with the power p =1 or p = 2.

4The mathematical expression describing the Fourier-transformed product of two functions, signal
and window in our case, is given by the convolution theorem, presented in Section



Summary of conventions

As mentioned in the preceding chapters, some of the conventions used in practical NMR
spectroscopy do not follow directly from the physical analysis of NMR.

e The phase of the rotating coordinated system is chosen to be m for nuclei with
~v > 0 and 0 for nuclei with v < 0. As a consequence, &; does not depend on the
sign of 7. The exciting irradiation by radio waves, defining the rotating coordinate
system, always rotates the magnetization vector about the 4z axis, from the z to
the —y direction (after 90° rotation), etc.

e The frequency axes of NMR spectra is plotted from left to right for nuclei with
~v > 0, but from right to left for nuclei with v < 0. As the nuclei with v > 0 have
negative wy = —7v By, peaks of v > 0 nuclei precessing faster, i.e., having a higher
positive chemical shift o, are shifted to the left in the spectra. The nuclei with
~v < 0 have positive wg = —v By, but peaks of v < 0 nuclei precessing faster, i.e.,
having a higher positive chemical shift §, are also shifted to the left in the spectra
because the spectrum is plotted in the opposite direction. The position of the peak
in the spectrum does not depend on the sign of ~, it is only given by the value of
its chemical shift, which increases from right to left.

e The zero value of the chemical shift is not given by the absence of shielding by
electrons, but by the chosen reference compound. The zero value of the frequency
offset ) is given by the value of —wyaqi0, chosen by the operator in each NMR
experiment. If the spectrum is plotted in Hertz, the position of zero is defined just
by the experimental setup. If the spectrum is plotted in ppm and the zero value
was correctly calculated based on a comparison with the reference compound, the
position of zero and all values of chemical shifts are independent of the experimental
conditions and unambiguously defined for the given chemical compound. Always
report position of peaks in ppm!
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Quantum description
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Chapter 6
Spin

Literature: This chapter starts with a brief review of quantum mechanics. Textbooks
covering this topic represent the best source of information. Brown presents in B9 a use-
ful review of classical mechanics, usually missing in the quantum mechanics textbooks
(assuming that students learnt the classical mechanics earlier, which is true in the case
of students of physics, but not so often in the case of chemistry or biology students),
and reviews quantum mechanics in B13, B15, and B16. B1-B5 provides overview of
the relevant mathematical tools. NMR books also provide some introduction. Keeler re-
views quantum mechanics in very understandable fashion, using the concept of spin from
the very beginning (K3.2 and K6). Levitt proceeds more like us (L6-7). A condensed
summary is presented in C2.1 (short, rigorous, but not a good start for a novice). Intro-
duction to the special theory of relativity can be found in B10, but relativistic quantum
mechanics is not discussed in the literature recommended for this course or in general
physical chemistry textbooks (despite the important role of spin in chemistry). There-
fore, more background information is presented here than in the other chapters. NMR
can be correctly described if the spin is introduced ad hoc. The purpose of Section
is to show how the spin emerges naturally. Origin of nuclear magnetism is touched in
L1.3 and L1.4. Quantum mechanics of spin angular momentum is reviewed in K6, L7,
and L10.

6.1 Wave function and state of the system

’ We postulate that the state of the system is completely described by a wave function.

e Newton mechanics: coordinates and moments of all particles describe all properties
of the current state and all future states

e Quantum mechanics: wave function describes all properties of the current state
and all future states

69
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Quantum mechanics is postulated, not derived. It can be only tested experimentally.
Introduced because Newton mechanics did not described experiments correctly.
Example — two-slit (Young) experiment:

e (Question: Particles or waves?

e Answer: Particles, but with probabilities added like waves

(Complex) probability amplitude: ¥ = Cel?
(Real) probability density: p = U*¥ = |¥|? = |C|?
LLL
Probability of finding single particle in volume L*: [ [ [ U*Wdzdydz
000
Wave function of a free particle moving in direction = (coordinate frame can be

always chosen so that z is the direction of motion of a free particle):

U = Ce?"G-1) = Cenr—F), (6.1)

where h = 27h is the Planck’s constant, p = mv is momentum (along z), and E is
(kinetic) energy.

Note that ¥ corresponds to a monochromatic wave with period equal to h/E, wave-
length equal to h/p, and a complex amplitude C (it may contain a phase factor e'¢).

2

Calculating ”square”: real number ¢* = cc, complex number \0\2 = cc*, real vector |[v|? = ¥ = viv1 + vovy + -+,

complex vector |v|? = §T - ¥ = vivy + viva + -+, (continuous) function fcl: f*(x)f(x)dz (function can be viewed as a
vector of infinite number of infinitely ”dense” elements — summation — integration).
Dirac’s notation: |v), |f) is a vector v or function f, respectively:

oy =at - 7= wvlvy, (6.2)

i = [ 1@ 63)

6.2 Superposition and localization in space

Note that a monochromatic wave function describes exactly what is p of the particle,
but does not say anything about position of the particle because p = U*W¥ = |C| is the
same for any x (distribution of probability is constant from = = —oo to x = 00). Wave
function describing a particle (more) localized in space can be obtained by superposition
of monochromatic waves.

U(z,t) =c Ae%(p”c_Eltl +co (Ae%(mm_EQtH— e (6.4)
1 Y2

We postulate that if possible states of our system are described by wave functions
1,19, ..., their linear combination also describes a possible state of the system.
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Note that monochromatic waves are orthogonal:

oo oo
/ A*e*%(mI*Eﬂ)Ae%(PQI*Ezt)dx — |_A|2e%(E'1*E2)t / e%(?l*?z)zdm —
— 00 — 00
oo o0
|A]Zen (B1—E2)t / cos @dm 1| A]2en (B1—B2)t / sin %dw -0 (6.5)
— 00 — 00

unless p1 = p2 (positive and negative parts of sine and cosine functions cancel each other during integration, with
the exception of cos0 = 1).

Values of A can be also normalized to give the result of Eq. equal to 1if p1 = p2 and E; = E2. It follows from the
property of the Fourier transform that in such a case |A|2 = 1/h if we integrate over a single coordinate (or |A|? = 1/h3
if we integrate over three coordinates etc.).

In the language of algebra, the complete set of normalized monochromatic waves constitutes orthonormal basis for
wave functions, in a similar way as unit vectors 7, 7, k are the orthonormal basis for all vectors in the Cartesian coordinate
system x,vy, z.

Also, ¥ can be normalized based on the condition

o0
/ U*PUdr =P =1 (6.6)
— 00
(if a particle exists, it must be somewhere). It requires

[e'e]

/ (cier +c5ca + -+ )de = 1. (6.7)

—0o0

6.3 Operators and possible results of measurement

We postulate that any measurable property is represented by an operator (acting
on the wave function) and that result of a measurement must be one of eigenvalues
of the operator.

We postulated that the wave function contains a complete information about the system, but how can we extract this
information from the wave function? For example, how can we get the value of a momentum of a free particle described
by Eq. Calculation of O¥/dx gives us a clue:

?%’ = cla%e%(W*Elﬂ + 62%6%(172907}320 4= %plcle%@l“Elt) + %pzqeiﬁ(pzszzt) +ee (6.8)
It implies that
30 ipa—Ert) tia—mt) 5 0 hpar—Eat) L(paa—Eat)
—1h%eh = pieh s 71h%eh = p2eh PRI (69)

We see that

1. calculation of the partial derivative of any monochromatic wave and multiplying the result by —ih gives us the
same wave just multiplied by a constant. In general, the instruction to calculate the partial derivative and multiply
the result by —ih is known as operator. If application of the operator to a function gives the same function, only
multiplied by a constant, the function is called eigenfunction of the operator and the constant is called eigenvalue
of the operator.

2. the eigenvalues are well-defined, measurable physical quantities — possible values of the momentum along x.

3. the eigenvalues can be obtained by applying the operator to the eigenfunction and multiplying the result by the
complex conjugate of the eigenfunction:
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p1 = e*%(mz*Elt) (_ihge%(mI*Elt)) — e*%(plI*Elt)pleiﬁ(me*Elt) =p e*%(mr*Elt)e%(mI*Eﬁ) . (6.10)
oz

=1

We usually write operators with ”hats”, like A. Writing AU means "take function
¥ and modify it as described by A”. It is not a multiplication: AW # AU, Aisnot a
number but an instruction what to do with W!

Recipe to calculate possible results of a measurement:

~

1. Identify the operator representing what you measure (A)

2. Find all eigenfunctions |t¢1), [1)2), ... of the operator and use them as an orthonor-
mal basis for W: ¥ = ¢1|¢) + ca|tha), . ..

3. Calculate individual eigenvalues A; as

(5| Ads) = (sl Aj - aby) = A; {Us15) = A;. (6.11)
=1
The first equality in step 3 follows from the definition of eigenfunctions, then A;
is just a (real) number and can be factored out of the brackets (representing integra-
tion or summation) as described by the second equality, and the last equality reflects
orthonormality of |1;).

6.4 Expected result of measurement

Eq. [6.17]tells us what are the possible results of a measurement, but it does not say which
value is actually measured. We can only calculate probabilities of getting individual
eigenvalues and predict the expected result of the measurement.
We postulate that the expected result of measuring a quantity A represented by an
operator A in a state of the system described by a wave function W is

(AY = (U A|D). (6.12)

There are three ways how to do the calculation described by Eq. [6.12}
1. Express ¥, calculate its complex conjugate U* = (¥|, calculate AV = |121\I/>, and
in the manner of Eq.

o0

<A):<\IJ|A|\I/>E<\II|(A\I/)>:/---(\IJ*(x,...)A\I/(x,...)dx...>. (6.13)

—00
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Three dots in Eq. tell us that for anything else that a single free particle (with
zero spin) we integrate over all degrees of freedom, not just over x.

2. Find eigenfunctions ¢y, vy, ... of A and write U as their linear combination ¥ =
c191 + cotby + - -+ (use the eigenfunctions as an orthonormal basis for ¥). Due to
the orthonormality of the basis functions, the result of Eq. is (A) = cje1 Ay +
chegAg+ - -+, where Ay, Ag, ... are eigenvalues of A. We see that (A) is a weighted
average of eigenvalues A; with the weights equal to the squares of the coefficients
(¢iej = |¢j|?). The same result is obtained if we calculate

(A)=(cies-) ‘_)42"" | (6.14)

We see that we can replace (i) operators by two-dimensional diagonal matrices,
with eigenvalues forming the diagonal, and (ii) wave functions by one-dimensional
matrices (known as state vectors) composed of the coefficients ¢;. Eq. shows
calculation of the expected results of the measurement of A using matriz repre-
sentation of operators and wave functions. Matrix representation is a big simplifi-
cation because it allows us to calculate (A) without knowing how the operator A
and its eigenfunctions look like! We just need the eigenvalues and coefficients c;.
This simplification is paid by the fact that the right coefficients are defined by the
right choice of the basis.

3. Write ¥ as a linear combination of basis functions ¢}, ¢1,... (not necessarily
eigenfunctions of A)

U = )] + by + -+ - (6.15)

Build a two-dimensional matrix P’ from the products of coefficients ey

VAN E SN N |3
€16y C1Cy -

APNL N SN

P = | & ches - ] (6.16)

Multiply the matrix P by a matri A representing the operator A in the basis

'How can we get a matrix representation of an operator with eigenfunctions different from the basis?
The complete set of N functions defines an abstract N-dimensional space (N = oo for free particles!).
The wave function U is represented by a vector in this space built from coefficients ¢/, c),..., as
described by Eq. and a change of the basis is described as a rotation in this space. The same
rotation describes how the matrix representing the operator A changes upon changing the basis. Note
that the matrix is not diagonal if the basis functions are not eigenfunctions of A.
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Y1, Y1, - ... The sum of the diagonal elements (called trace) of the resulting matrix
P’A’ is equal to the expected value (A)

(A) = Tr{P'A'}. (6.17)

Why should we use such a bizarre way of calculating the expected value of A
when it can be calculated easily from Eq. The answer is that Eq.
is more general. We can use the same basis for operators with different sets of
eigenfunctions.

6.5 Operators of position and momentum

We need to find operators in order to describe measurable quantities. Let us start with
the most fundamental quantities, position of a particle x and momentum p = mo.

6.5.1 Operator of momentum

We have already obtained the operator of momentum of a particle moving in the x
direction when calculating 0V /0z (Eq. . If a particle moves in a general direction,
operators of components of the momentum tensor are derived in the same manner.

Dy = —ih%, (6.18)
p, = —iha%, (6.19)
p. = —m% (6.20)

6.5.2 Operator of position

The wave function ¥(x,t) defined by Eq. is a function of the position of the particle,
not of the momentum (it is a sum of contributions of all possible momenta). If we
define basis as a set of functions ¢); = W(z,,t) for all possible positions x;, operator
of position is simply multiplication by the value of the coordinate describing the given
position. Operators of the y and z are defined in the same manner.

T=ux- g=y- Z=2z- (6.21)

To see how the operator acts, write ¥*(x,t) and z¥(x,t) as the set of functions ¥(x;,t) for all possible positions x;:
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zlcleih(plmlelt) + mche%(Pzwlezt) + xlcge%(P:;El*Est) 4o ¥
zZCle%(sz*Eﬂ) + 12026%(P212*E2t) + $2036%(p3m27E3t> 4. Yo
z¥(z,t) = zgcle%(mzs*Eﬂ) + 13026%(172137E2t) + xSCSe%(PsEa*Est) +... | = P3| - (6.22)

If the position of the particle is e.g. za,

0 0
cle%(mm—Elt) + 626%(172:02—E‘2t) + C3e%(P3$2—E3t) 4. Yo
W(xz2,t) = 0 =] 0 (6.23)
and z - U(z,t) for z = z2 is
. .0 , 0
o (Cle%(mzz*Elt) + CQQ%L(PZIQ*EN) + C3e%(P312*E3t) 4. ) Totha
22U (z2,t) = 0 =] o |. (6.24)

We see that multiplication of W¥(xza,t) = 12 by z2 results in z212, i.e., 12 is an eigenfunction of the operator & = -
and x2 is the corresponding eigenvalue.

Note that multiplication by p; does not work in the same way! We could multiply 2 by x2 because 12 does not
depend on any other value of the x coordinate. However, 12 depends on all possible values of p. On the other hand,
partial derivative gave us each monochromatic wave multiplied by its value of p and ensured that the monochromatic
waves acted as eigenfunctions.

6.5.3 Commutators

If we apply two operators subsequently to the same wave function, order of the operators

sometimes does not matter.
For example, £p,V = p,a¥ (& and p, commute). It means that x and p, can be measured independently at the
same time. However, sometimes the order of operators makes a difference. For example

ov
P2V = —ihz — (6.25)
ox
but
o(x¥ ov
o ¥ = —in2EY) g iy 0¥ (6.26)
ox ox
The difference is known as the commutator and is written as &p; — p»& = [%,Pz]. A non-zero commutator tells

us that & and p, are not independent and cannot be measured exactly at the same time. Analysis of the action of the
operators shows reveals the basic commutation relations:

e Commutators of operators of a coordinate and the momentum component in the
same direction are equal to ik (i.e., multiplication of ¥ by the factor ih)

e All other position and coordinate operators commute.

Written in a mathematically compact form,

[fﬁﬁk’] = ih5j7k [72]77216] = [f]aﬁk] - Oa (627)
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where j and k are z, y, or z, r; is the z, y, or z component of the position vector
= (rg,ry,72) = (2,9,2), pi is the z, y, or z component of the momentum vector
= (pzy Dy, D2), and 9, = 1 for j =k and 0, = 0 for j # k.

The described commutator relations follow from the way how we defined ¥ in Eq. [6.4]
However, we can also use Eq. as the fundamental definition and Eq. as its
consequence:

We postulate that operators of position and momentum obey the relations

7
p

{f],ﬁ;\] = 1ﬁ(5jk [TA7 7A;]] - [[%]3],] = 0. (628)

Note that we only postulate relations between operators. Other choices are possible
and correct as long as Eq. holds.

6.6 Operator of energy and equation of motion

We obtained the operator of momentum by calculating 0¥ /dz. What happens if we calculate 0¥ /9t?

ov = Clge%(mx—Elt) + nge%(mw—Eﬂ) = _%Elcle%(mw—Elt) _ %EQCQB%(mw—Ezt) — ... (6.29)

ot

and consequently

m%e%(mI*Eﬂ) — Ele%(mI*Eﬂf)? ih%e%(mI*Eﬁ) — EQe%(Pzz*Ezt)’ (6.30)

1. First, we obtain the operator of energy from Eq.[6.30} in analogy to Eq.[6.9]

2. The second achievement is Eq. itself. Energy of free particles is just the kinetic energy (by definition).
Therefore, all energies E; in the right-hand side of Eq. @ can be written as

myz. pz.
Ej=—2=_2 6.31
J 2 2m (6:31)
resulting in
oY i (P! iga—rm P2 ilpoae
ZF _ _ 2 (L g(pre—Ert) | 2 g(paz—Eat) ) 6.32
ot h (2mcle + QmCZe + ( )

But an equation with the p? terms can be also obtained by calculating

L& 1 99¥ 1
2m 8z2  2m Oz Oz h2

2 . 2 .
pil(:le%(mw*Eﬁ) + p7202eﬁ(pzz*Ezt) o). (6.33)
2m 2m

Comparison of Egs. @ and @ gives us the equation of motion

ov K2 92w
h— = ———— 4. 6.34
! ot 2m Oz2 + ( )

If we extend our analysis to particles experiencing a time-independent potential energy Epot(2,y, 2), the energy
will be given by

]72

Ei=1 4R 6.35
i = 5+ Epot (6.35)
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where p; is now the absolute value of a momentum vector §; (we have to consider all three direction x, y, z because
particles change direction of motion in the presence of a potential). The time derivative of ¥ is now

H 2 . 2 . .
%—\f = (%cle%(ﬁﬁ*&f) + %cze%@ﬁ*@ﬂ +- ) — = Bpor (7 (6.36)
and

T i 3 (i By N A A

(grerek®romt 4 epek@romo o) = (T G+ 5 ) (6:57)
Substituting Eq. into Eq. gives us the famous Schrédinger equation
o) n* [ 02 o? o?
1h§ =5, (3.2 + 927 + 52 + Epot(z,y,2) | . (6.38)
i

The sum of kinetic and potential energy is known as Hamiltonian in the classical

mechanics and the same term is used for the operator H.

In our case, the Hamiltonian is expressed in terms of linear momentum 5 = m#. In general, the canonical (or
generalized) momentum should be used. The canonical momentum is defined by the Lagrange mechanics. Motions of
objects can be described by the least action principle (nicely described in The Feynman lectures on physics, Vol. 2,
Chapter 19), which can be formulated as

d oL oL
dt 3q7 - @q]' ’
where g; are generalized coordinates, the dot represents time derivative, and £ is a scalar function of ¢; and g¢j,

known as Lagrangian. For example, for a free particle moving in one direction (z) in a field described by a potential
energy Epot(),

(6.39)

doL _oc

a9 _ 9= (6.40)
dt ov ozx
What L(z,v) gives the correct equation of motion? The equation of motion has the form
oF,
ma=m3? — p— _OFpor(@) (6.41)
dt ox
Since
OE, 3Ltmu? d 8F d
km(v) — g mv —my = 7107“(1)) — ml = ma, (6.42)
ov ov dt  Ov dt
and
Fyi E,
OEkin(v) =0, O0Epo (z) =0, (6.43)
oz v

we see that £(x,v) can be taken as a difference of the kinetic energy (depending on v, but not on z) and the potential
energy (depending on z, but not on v)
d(me) _ d 0(Biin(v) = Bpor(@)) _ d 0L _ 1 0(Buin(v) — Bpos(w)) _ 0L
dt dt ov dt ov oz o’
Hamiltonian and Lagrangian are related by the Legendre transfornEI

ma =

(6.44)

2 Legendre transform has a simple graphical representation. If we plot a function of a variable z,
e.g. f(z), slope at a certain value of © = ¢ is equal to s(zg) = (0f/0x)s,. A tangent line y(zo)
touching the plotted f for z = x¢ is described by the slope s(z¢) and intercept a(zg) as y = a+ s(xo)zo.
The value of the intercept for all possible values of zy can be expressed as a function of the slope
a(s(xzo)) = y(xo) — s(zo)xo = fx0) — s(xo)xo (y and f are equal at xg because they touch each other).
If we identify = with ¢, f with £, and —a with H, we get Eq. for a one-dimensional case (i = 1).
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H(qj,p5) + £(a5,45) = D> _(pj - d5)s (6.45)
J
where
oL

== 6.46
Dj B4 ( )
is the canonical (generalized) momentum. In our example, p; = p; = p is the linear momentum mwv and the
Hamiltonian is pv — £ = mv? — %m’u2 + Epot = %va + Epot. The whole procedure may seem to be unnecessarily

complicated, but it becomes useful when we analyze motions of magnetic particles in magnetic fields.

Derivation of the Hamiltonian (classical or quantum) for magnetic particles in magnetic fields is much more demanding
because the canonical momentum is no longer identical with the linear momentum. We start our analysis by searching for
a classical Lagrangian describing motion of a charged particle in a magnetic field. We know that the Lagrangian should
give us the Lorentz force

F=QE+7xB). (6.47)

The information about E and B can be extracted from the following Maxwell equations

o}
Il

v- 0 (6.48)
0B

o’

=
I

vV x (6.49)
but we have to employ our knowledge of vector algebra to handle the divergence in Eq. and the curl in Eq.
It may be unclear at the beginning why we go this way, but the purpose becomes evident when we combine the obtained
expressions. . . . .
First, we notice that @- (@ x b) = 0 for any vectors @ and b because @ x b L @. As a consequence, we can replace B by
a curl (rotation) of some vector A because V - (ﬁ X /Y) = 0 as required by Eq. The vector A is known as the vector
potential. The first step gives us a new definition of B

B=VxA (6.50)
which can be inserted into Eq. [6.47]
F=QE+7xB)=Q(E+7x (VxA)). (6.51)
Using the identity @ X (b x &) = b(@ - &) — (@ b)¢,
F=QE+txB)=QE+tx(VxA)=QE+V @ A — (@ V)A). (6.52)

Second, we use our new definition of B and rewrite Eq. as

ozwf+ﬁxﬁzﬁx2‘?+ﬁxﬁzﬁx<%‘?+ﬁ>. (6.53)

Third, we notice that that for any vector @ and constant ¢, @ X (c&) = 0 because @ || cd. As a consequence, we can
replace (9A4/8t + E) by a gradient of some scalar V because V x (V(8A/8t + E)) = V x (=VV) = 0 as required by
Eq.|6.49} The scalar V is the well-known electric potential and allows us to express E as

" 0A =
E=——-VW. 6.54
ot ( )
which can be also inserted into Eq.
. L T
FQ(E+U><B)Q<—8t—VV+V(v- )—(v~V)A>. (6.55)
Finally, we notice that
dA 9A 0Adx OAdy 0Ad: 0OA -\ - 94 dA o\
e I I Ty (5V)A s =2 (5-V) 4, 6.56
at ot Tz at oy dt | osdt 6t+<v ) ot dt <” ) (6.56)



6.6. OPERATOR OF ENERGY AND EQUATION OF MOTION 79

which shows that <17' ﬁ) Ain Eq. can be can be included into dA‘/dt
d L OA oo o o= S
F=QE+vxB)=Q 7§7VV+V(1)- )—(T-V)A ]| =Q I -VV+V(@-A)). (6.57)
Let us now try to write £ as

1
L= Eyin — Eel + Emagn = 577“12 - QV + Emagm (6-58)

where E is a typical potential energy dependent on position but not on speed, and Emagn can depend on both
position and speed.
For this Lagrangian,

oL 6E01 6Emagn oV 8Emagn

i = —Q— 6.59
oz oz + oz @ oz * oz ( )
d oL d 8Ekin BEmagn) d aEmagn
= — — (=X Tmasn ) — e 6.60
dt Ov, dt ( Ovg + Ovg Mg + dt  Ov ( )
If we use Emagn = QU - A’, Eqgs. and give us
dA, oV 9@ A)
— _ _ 27 6.61
e Q(dt or oz (6.61)
and a sum with similar y- and z-components is equal to the Lorentz force
- dA o o - L
mad=F=Q 7EfVV+V(U-A) =Q(E+7xB). (6.62)
We have found that our Lagrangian has the form
1 .
L= 5mvz —QV+Q((7-A). (6.63)
According to Eq. @ the canonical momentum has the following components
oL oL oL
P = — = mug + QAx Dy = — = muy + QAy Pz = =muy + QA.. (6.64)
vy 8’0y v,
The Hamiltonian can be obtained as usually by the Legendre transform
H= Y pju—L=p 7L (6.65)
J=,y,2
In order to express H as a function of 7, we express @ as (§ — QA)/m:
25 (F— QA) — (7 — QA — 2Q(F— QA) - A 5 QA2
o2 (0-QA) (@ 262 )* —2Q(F - QA) +QV:(1? 2Q ) L Qv (6.66)
m m

The association of Hamiltonian (energy operator) with the time derivative makes it
essential for analysis of dynamics of systems in quantum mechanics:
We postulate that evolution of a system in time is given by the Hamiltonian:

ov
ot

— HU. (6.67)

ih

X Eq16.67 can be also written for matrix representation of ¥ and H.If eigenfunctions of
H are used as a basis (V = ¢, (t)91 + co(t)o + - - - ), the time-independent eigenfunctions
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1; can be factored out from 0V /0t (left-hand side) and ¥ (right-hand side), and canceled,
giving

;
ihe | 2| = 0 Ey--- | | 2], (6.68)

which is simply a set of independent differential equations

de; E. E;
d_tj = —i#cj = ¢ =ae 7 (6.69)
where the (possibly complex) integration constant a; is given by the value of ¢; at t = 0.
Note that the coefficients ¢; evolve, but the products ¢j¢; = |a;/* do not change in
time. Each product cjc; describes the probability that the system is in the state with

the energy equal to the eigenvalue E;, described by an eigenfunction ;.

e States corresponding to the eigenfunctions of the Hamiltonian are stationary (do
not vary in time).

e Only stationary states can be described by the energy level diagram.

6.7 Operator of angular momentum

In order to understand NMR experiments, we also need to describe rotation in space.
The fundamental quantity related to the rotation is angular momentum. In a search for
its operator, we start from what we know, position and momentum operators. We use
classical physics and just replace the values of coordinates and momentum components
by their operators.

(Classical definition of the vector of angular momentum Lis

—

L=7xp. (6.70)

The vector product represents the following set of equations:

L, =ryp, —1.py, (6.71)
Ly =7.pe = Tap-, (6.72)
L, =1rypy — ryPs- (6.73)

Going to the operators
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A
A

0 0
L, =7yp, — T.py = —ihyg +ihz—,

dy

. 0 0
L, = AzAx_ A:EAZ = —ihz— ih. =)
y = T2zD TxD 128x+1 I@z
. 0 0
Lz:AmA _AAm:_.h_"i_.h )
TeDy — TyD lx@y 1yax

iz 2402

It follows from Eq. that

but

81

(6.74)

(6.75)

(6.76)

(6.77)

(6.78)
(6.79)

(6.80)

(6.81)

e Two components of angular momentum cannot be measured exactly at the same

time

e Eqs. 6.78H6.81] can be used as a definition of angular momentum operators if the

position and momentum operators are not available.

Let us find eigenvalues L. ; and eigenfunctions 1); of L. In spherical coordinates (7, 9, ¢), ¥;

L. = —ih%
FEigenvalues and eigenfunctions are defined by

izwj = Lz,jwj»
. O(QR;
e e L)

. _dR;
—thd—; =L, ,;QR;,

dlnR;

—in o = Lo

Lo
Rj =%,

Since () = (¢ + 27),

e value of the z-component of the angular momentum must be an integer multiple of 7

= Q(r,9)R;(p) and

(6.82)

(6.83)
(6.84)
(6.85)

(6.86)
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There is a close relation between the angular momentum operators and description of rotation in quantum mechanics.
Rotation about an axis given by the angular frequency vector &

ar L
G =IxT (6.87)
or more explicitly
dr
e e e, (6.88)
dr
T: = WzTgx — WxTz, (689)
dr
d: = WzTy — WyTz. (6.90)
If a coordinate frame is chosen so that & = (0,0, w)
dre
P , 6.91
a Wry ( )
dry
Y _ g, 6.92
at (6.92)
dr,
= 0. 6.93
T (6.93)

We already know that such a set of equation can be solved easily: multiply the second equation by i and add it to
the first equation or subtract it from the first equation.

d(rz +iry)

o = w(—ry +irg) = +iw(re +iry), (6.94)

dlr —i
% = w(—ry —irg) = —iw(re —iry), (6.95)
ry +iry = Cyetivt, (6.96)
Py —iry = C_e @t (6.97)

where the integration constants C = r;(0) + iry(0) = rel®0 and C_ = r;(0) — iry(0) = re~i?0 are given by the
initial phase ¢g of 7 in the coordinate system:

re +iry = reTHWt00) — p(cos(wt + ¢o) + i(sin(wt + ¢o)), (6.98)

Ty —iry = re~{@t+90) — p(cos(wt + do) — i(sin(wt + ¢o)). (6.99)

The angle of rotation ¢ is obviously given by wt + ¢g.

T 4 iry = reT? = r(cos(p) + i(sin(p)), (6.100)
Py —iry = re” % = r(cos(p) — i(sin(p)). (6.101)

Comparison with Eq. documents the relation between L. and rotation:

e Kigenfunction of L. describes rotation about z.
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Knowing the operator of the angular momentum, we can easily define the operators of the orbital magnetic moment.
A moving charged particle can be viewed as an electric current. Classical definition of the magnetic moment of a
charged particle travelling in a circular path (orbit) is

5 (7x ) = %(m@: %E:ﬁ, (6.102)

where @ is the charge of the particle, m is the mass of the particle, ¥ is the velocity of the particle, and = is known
as the magnetogyric ratio (constant)El
Therefore, we can write the operators
. N7 A F A2 272
fiz =vLa  fiy=7Ly  pz=vL: a7 =77L". (6.103)

Finally, we can define the operator of energy (Hamiltonian) of a magnetic moment in a magnetic field. Classically,

the energy of a magnetic moment [ in a magnetic field of induction BisE = —i- B. Accordingly, the Hamiltonian of
the interactions of an orbital magnetic moment with a magnetic field is

H = —Bafiz — Byjiy — Bzfiz = — (Bojiz + Byfiy + Bzfiz) = —% (Bmf,z + ByLy + Bzﬁz) . (6.104)

6.8 Relativistic quantum mechanics

The angular momentum discussed in Section [6.7] is associated with the change of di-
rection of a moving particle. However, the theory discussed so-far does not explain
the experimental observation that even point-like particles moving along straight lines
possess a well defined angular momentum, so-called spin.

The origin of the spin is relativistic. The Schrodinger equation is not relativistic and
does not describe the spin. In order to describe spin, we need a relativistic theory, i.e.,
a theory which in agreement with two fundamental postulates of the special theory of
relativity:

e The laws of physics are invariant (i.e. identical) in all inertial systems (non-
accelerating frames of reference).

e The speed of light in a vacuum is the same for all observers, regardless of the
motion of the light source.

According to the special theory of relativity, time is slower and mass increases at a speed v close to the speed of light
(in vacuum) ¢, and energy is closely related to the mass:

to mo 2 mOCQ
t= ———— m= — Ey =mc* = —, 6.105
V1—v2/c? V1—v2/c? V1—v2/c? ( )

where my is the rest mass, moc? is the rest energy, to is the proper time (i.e., mass, energy, and time in the coordinate
frame moving with the particle), and E} is the total energy. The first equation can be used to express de?

g dt} _ m?2ctde2 1
©= 1—v2/c2 "~ m2c* — m2c202’ (6.106)

where numerator and denominator were multiplied by E2 = m2¢?* in the second step. Egs. [6.105| show that to/t =
mg/m. Therefore

3The term gyromagnetic ratio is also used.
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mZctdt?
a? = —9 = 6.107
m2ct — m2c202 ( )
mict = m2ct — (mevy)? — (mevy)? — (mevs)?, (6.108)
mact = B2 — ?p2 — c2p§ — p2. (6.109)

We see that the special theory of relativity requires that the quantity mgc4 — Ef + c2p§ + chi + chE is equal to
zero. Let us look for an operator which represents the quantity mgc4 — E‘? +c2p2 + c2p§ + ¢?p2. We know that for a
monochromatic wave function

O = oF (Pavtpyy+pzz—FEit) (6.110)

partial derivatives of i serve as operators of energy and momentum:

., O ., O ., 0P oY
h—— = —pg h—— = — h— = —p, h— = Eu. 6.111
e Pz i oy Py ih, Pz thoy t ( )

Therefore, the operator of mgc4 — Et2 + chi + czpz + c2p§ should have a form
9?2 0? 9?2 9?2
2 22 2:2 2:2 242
h athch 8227Ch afoch C()y2+(moc) . (6.112)

Let us look for equation(s) of motion leading to such operator. As this problem is not easy to solve, we will proceed
step by step. Let us first assume that particles do not move, i.e., = 0. Then, Eq. [6.109| simplifies to

mict — B2 =0, (6.113)
which can be written as
(moc® + Ei)(moc® — Ey) =0, (6.114)
Using the operator of energy,
2 9%y 2\2 2 4 2
I W—i—(moc) = (m§c* —Ef) v =0 (6.115)

if ¢ is an eigenfunction of the energy operator. The operator of m%c4 — E? (let us call it O2) can be obtained by a
subsequent application of operators O% and O~ in the following equations of motion:

(ih% — moc2) =0Ty =0, (6.116)

(—ih% - moCQ) =09y = 0. (6.117)

The operators O~ and OF can be viewed as ”square roots” of 02

2
O%p = 5288712/’ + (moc?)?yp = OF (c’)w) = <ih% - m002> (4;&% - m0c2) ¥ = 0. (6.118)
What are the eigenfuctions? One solution is the monochromatic wave described by Eq.[6.110|(with p, = py = p. = 0):

(ih% - mocz) (7ih% - moc2> of (ZBtt) = (ih% - mocz> (—E¢ —moc?) R (= Ftt)

= (-E¢— m0c2) (ih% - mocz) on (= Eit) _ (—E: — mOCQ) (B¢ — mocz) o (ZEet) _ (m(2)04 — E'?) or (ZEt) _

(6.119)
But the complex conjugate of the monochromatic wave described by Eq.[6.110]is another possible solution:

1%} 0 i 19} i
(iha - mOCQ) (—iﬁa - mocz) en (Fet) — (iha — ’I’I’L()CQ) (B — m002) e (Fet)
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= (Bs — moc2) (ih% — m002> en (Brt) = (B — m002) (—E¢ — moCQ) R (Bit) = (m(2)04 - E?) e (Brt) = 0, (6.120)

The second eigenfunction can be interpreted as a particle with a positive energy moving backwards in time, or as an
antiparticle moving forward in time.
Let us now turn our attention to particles that can move (5 # 0). For the most interesting particles as electron or
-6 112

quarks, the operator 02 should have the form described by Eq.
9?2 92 9?2 9?2
2 2:2 252 22 242
I a2 ¢ 15 9.2 ¢ K oz ¢ 15 7 + (moc®)“. (6.121)

Let us try to find ”square roots” of the operator 02 for a particle with a momentum p. In Eq.|6.118] Ot and OF
were complex conjugates. A similar choice for a particle with a momentum p| i.e.,

Oty = (m% + icha% + icha% + ich% - mocz) ¥ (6.122)
O_qp = (—ih% — ich% — iChﬁgy — ich% — mocz) W (6.123)

gives

N ~ N 2
0=0Fy =0% =m 5 +ch?G0 8% 1cn? 8008 L or2GL oY —imoc2hY

29y Y 29%y 29y Y 209 9% i 23 0%

+ch B Br +h 522 +ch g—ma—y +ch Fe 9, —imoc h%
20y 9y 20y 9y 2097y 20v¢ 9y : 23 0¥

+-ch gg ~+ch g% +h Bgi o +ch(9%@ —imgc hg (6.124)
2 2 2 2 : 2

+ch Z? +ch Z? +ch @? +h 522 ) —imgc h@

+imoc2ha—1f +imoc2ha—1ﬁ +imoc2ha—1§ +imoc2ha—f +(moc?)2y

with the correct five square terms along the ”diagonal”, but also with additional twenty unwanted mixed terms.
As the second trial, let us try (naively) to get rid of the unwanted mixed terms by introducing coefficients ~; that
hopefully cancel them:

O+¢ = (ih%'yo + icﬁg'yl + ichg'yz + ichg'yg - m002) P
Y

19} ox 0 0z
(6.125)
A 0 0 0 0
O~ ¢ = ( —ih=n0 — ich—n1 — ich—n2 — ich—~3 — moc? .
P ( 5070 el ay’yz 5.3 0 ) P
(6.126)
Then,
A . 2 .
00ty =0% =220y +yomch? G GL +r0m2ch? G L +r0vach? G4 GL —inomoch e
9 B a2 el 9 & . e
+y170ch? 5L 9L y2n2 94 +71vch;28—f% +y173ch? 8L 2L —iyymoc2h gL
ov 0 ) o 0% 9y o
+7270eh? G2 58 4o ch? G0 FL 43n2 Gy +7273Cfi2271$(%} —inamoc?h gL (6.127)
on o on 0 ) o : o
+r370ch? G2 G +yav1ch? G2 L ygyach? G2 58 44302 8y —iyzmoc?h gL

+i'yomoczh% +i71m002h% +i'yzmoczh% +i’ygm002hg—z +(moc?)2e.

<

Obviously, the terms with —ivy; moc?h cancel each other, which removes six unwanted terms. Can we also remove the
remaining dozen of unwanted mixed derivative terms? In order to do it, we need the following conditions to be fulfilled:

=1 (6.128)
V2 =-1 (6.129)
ve=-1 (6.130)
v3 = -1 (6.131)
ViV + Ky = 0 for j # k. (6.132)

These conditions are clearly in conflict. The first four condition require v; to be 1 or +i, but the last condition

requires them to be zero. There are no complex numbers that allow us to get the correct operator 02, However, there
are mathematical objects, that can fulfil the listed conditions simultaneously. Such objects are matrices.
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6.8.1 Finding the matrices

Let us replace the coefficients v; in Egs. |6.12516.125| by matriceﬁ A

7] 7] 7] 7] R
ot = <lh8 40 —f—lcﬁ8 A1 —i—lc)‘i8 42 +1cha— —m0c21) v =0 (6.133)

R o ) ) ] .
O~V = (4)&5&0 - ichafyl — icha—y‘yz - ichaﬂﬁ - m0621> v =0. (6.134)

We need a set of four matrices 49 with the following properties:

:YO . :YO =1, (6.135)
Aoyl =1 4252 =21 4343 =1 (6.136)

and
49 4R 44k .49 =0 for j # k. (6.137)

In addition, there is a physical restriction. We know that the operator of energy (Hamiltonian) is

P
=ih— 6.138
ot (6.138)

We can get the Dirac Hamiltonian by multiplying Eq. [6.133| by 4° from left:

in%i\p = (—lcﬁg"/ 4t icﬁ(%ﬁxo 42— 1ch88 4043 + moc?4 )\1/ =0. (6.139)

Operator of any measurable quantity must be Hermitian ((1)|Ov) = (O|¢)) in order to give real values of the
measured value. Since the terms in the Hamiltonian are proportional to 40 or to 40 - 47, all these matrices must be
Hermitian (the elements in the j-th row and k-th column must be equal to the complex conjugates of the elements in the
k-th row and j-th column for each j and k.).

We have a certain liberty in choosing the matrices. A matrix equation is nothing else than a set of equations. One of
the matrices can be always chosen to be diagonal. Let us assume that 4 is diagonall’| How should the diagonal elements
of 49 look like? In order to fulfill Eq. |6 m the elements must be +1 or —1.

Another requirement follows from a general property of matrlx multiplication: Trace of the matrix product A-Bis
the same as that of B - A. Let us assume that A =47 and B =40 -4J. Then,

Te{47 - 4% - 47} = Tr{57 - 47 - 4°}. (6.140)

But Eq. |6.137] tells us that A0 .49 = —43 . 40, Therefore, the left-hand side of Eq. [6.140| can be written as Tr{47 -
(=49) - 4°}, resulting in

- Te{9 .47 - 4%} = Tr{37 - 47 - 4°}, (6.141)
and using Eq.

Tr{5°} = —Tr{5°}. (6.142)

It can be true only if the trace is equal to zero. Consequently, the diagonal of 49 must contain the same number of
+1 and —1 elements. It also tells us that the dimension of the 47 matrices must be even. Can they be two-dimensional?

4In relativistic quantum mechanics, these matrices can be treated as four components of a four-
vector. There are two types of four-vectors (contravariant and covariant) which transform differently.
There is a convention to distinguish these two types by writing components of covariant vectors with
lower indices and components of contravariant vectors with upper indices. To keep this convention, we
label the gamma matrices with upper indices, do not confuse them with power!

5This is a good choice because it results in a diagonal matrix representing the Hamiltonian, which
is convenient.
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No, for the following reason. The four 47 matrices must be linearly independent, and it is impossible to find four
linearly independent 2 x 2 matrices so that all fulfill Eq. [6.137]1%]
Is it possible to find four-dimensional 49 matrices? Yes. We start by choosing

10 0 0

o_|o1 0 0

P=100-1 o (6.143)
00 0-1

(the diagonal must contain two +1 elements and two —1 elements, their order is arbitrary, but predetermines forms
of the other matrices). _
Being diagonal, 40 is of course Hermitian. The 4° - 49 products

J J J J J J J J
10 0 0 i1 Y2 M,3 V4 T M2 Tz M4
01 0 0] Yo Vo Vo3 Vaa | _ Y1 Yao Yoz Vaa (6.144)
00-1 0 TR A A Bl I SR A :
00 0 -1 73,1 V3,2 73,3 73,4 V31 TY52 733 T34
— A A J J J J
Va1 Va2 Va3 Va4 Va1 TVa2 Va3 Vi
must be also Hermitian, i.e.,
"/{,1 7{,2 7{,3 7{,4 (7{71)* (7%_,1)* _(73 ) _(74]1_,1)*
W1 Mo s Ma | _ | 02 (o) —(0da)* —(vh ) 6145
PV AP L R | - J oy J o\x _ * _ (Ad \* . ( . )
V3,1 73,2 TV3,3 V3.4 (71,3) (72,3) ('73 3) (74,3)
*%]1,1 *74]1,2 *751,3 *74]1,4 (7{,4 (7%,4 * *(’Ys i (74 )7
At the same time, Eq. |6.137| requires 40 - 49 = —47 . 40
~J A~ J J J J J J Jo A J J
11 Y,2 M3 Va4 V1,1 71,2 71,3 V4 10 0 O M1 r1 2 'Y1 ,3 '71 4
J J J J VI B |
'74,1 'Yé_,z V2,3 Y24 | _ | V2,1 72,2 V2,3 V2,4 | | 01 0 O _ *'Yé_,l *'72 2 "/2 )3 '72 4 (6.146)
J J J = RN R B _ = J ; ) :
773,1 773,2 —73.3 ~73,4 73,1 73,2 73,3 73,4 8 8 (1) (_i] *73,1 *73 2 ')3 3 '73 4
J J J J 3T AT AT - J
Va1 Va2 ~ Va3 ~ Va4 Ya,1 Va2 Va3 Va4 —Y1,1 —’74,2 /4,3 r414

which is possible only if the red elements are equal to zero. Eq.[6.145|shows that the blue elements form two adjoint
2 X 2 matrices for each j > 0:

0 0 7{__’3 7{,4 0 0 7{3 V{A
i 0 0 4 7%,4 _ 0 0 Y33 7%,4 _ 0 &/
Rl I ’ = J oy J oy« =\ @it o ) (6.147)
V3,1 73,2 0 0 _(71_,3) _(72_,3) 0 0 (67)
'751,1 'YAJL,Q 0 0 *(’7{,4)* () 0 0

s

Now we use Egs. [6.136| and [6.137| to find the actual forms of three 67 (and consequently 47) matrices for j > 0.

Eq. [6.136] requires

(—(g)j)f UoJ) ' (—(gj)f %J> - (_&j 'ﬁ(w —(&f?f -fﬂ') T (é (1)) (614

If the 49 matrices are linearly independent, they can be used as a basis. If they constitute a
basis, there must ex1st a linear combination of 49 giving any 2 x 2 matrix, e.g., the unit matrix 1:
1= coA% + 13! + 252 + ¢39°. Let us now multiply this equation by 4° from left (and use Eq. [6.135))

23

30 = ol + a7’ A + ey’ 4% + ey’ - 47,

v

then from right
0

0 =col + 19" 4% + e29” - A° + es7® - 47,
and sum both equations. If the matrices fulfill Eq.[6.137] the result must be 25° = 2¢1, but this cannot
1 0

be true for our choice of 4° = (0 1



88 CHAPTER 6. SPIN

7. (6N =6t s7 =1 (6.149)

Eq. [6.149|is obviously true if the 67 matrices are Hermitian (67 = (69)1), i.e. crﬁnm = (crfl,m)*. It implies that the
67 matrices have the following form:

53— [ %G
67 = <Cj b ) (6.150)
where a; and b; are real, and c; is complex. Eq. @ can be then written as
2 2
&J-&JT:&J-&J:(‘lﬁcj)-(aiCJ)=(aJ oY) = : 6.151
@) ¢k bj ci bj (aj +bj)es b3 + ¢ 01 ( )
The off-diagonal terms of the product matrix must be equal to zero, which is true if a; = —b; or |¢j| = 0. In the

former case, matrices 67 can be written as

i V1 —lcj]? ¢
J = J J
&1 = ( e i) (6.152)

in the latter case, there are only two possibilities how to construct the 67 matrix:

; 10 ; 10
i i
& 7(01) or & 7(0 1) (6.153)
(note that |¢;|? =0 = a? = b? =1.) Eq. shows that the second option is correct. Eq.[6.137|requires

(42]')* % )'(42’“)* &ék )*(f(gkﬁ %k)(f(gj)* %) T <&j o g&k o (69)F - 5+ 3 (&%)t -&J‘() - gg
6.154

oo

).

therefore no 7 can be a unit matrix.
As Eq. [6.153] unambiguously defines one sigma matrix (let us call it 63), the other two (51 and 2) are given by

Eq.[6.152] According to Eq.[6.137]

(1 0). NAE ¢ N V1—1c;? ¢ .(1 0):( 1—[c;]? 0 )z(oo)
0—1 c; —/1—¢j|? c; —/1—c;]? 0-1 0 —2/1—c;2 00)’

(6.155)
showing that |c; |2 = 1 and the diagonal elements of 61 and 62 are equal to zero. Therefore, these equations can be

written as
1 0 €% 2 0 €2
6 = (e*i% 0 ) 64 = (e*itbz 0 (6.156)
According to Eq.[6.137]
0 ei%1 0 ei®2 0 el?2 0 el 0 el(1—¢2) 4 o—i(d1—02)
e—io1 “Ne-id2 + e—i®2 Ne-id1 T\ emi(@1-62) 4 gi(d1—02) 0 =

(2cos (¢01 — $2) e (¢01 7@)) - (8 8)~ (6.157)

The off-diagonal elements of the sum of the matrix products are equal to zero if the phases differ by 7/2. Choosing
¢1 = 0, the set of three sigma matrices is

&lz(?é> &2:(?Bi> &3=(é_g) (6.158)

and the set of the four gamma matrices is

10 0 0 0 001 000 —i 001 0
o_|01 0 0 1 | o0 o010 2 | 00io0 s | o000-1
T =loo-1 0 T =1 o0-100 =1 oio o T =1 -100 0" (6.159)

00 0-1 -1 000 —-i00 O 010 O
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6.8.2 Dirac equation

With the help of the 47 matrices, we can modify our definition of Ot and O~ to get the correct operator 02:

10 0 0 001 0 0 001 000 —i
oot oo .,8( ooo-1| ..o o o1to| .,8( 00io0
5l oo-1 o] T | —100 o] T | o-100| TG, | 0i0 0
00 0-1 010 0 1 000 100 0
1000 .
{0100 N
—mgcC 0010 ba =07V =0,
0001 ba
(6.160)
10 0 0 001 0 0 001 000 —i
oot 00| 0| 0o0o-1|_. 8| 0o oto|_ ., 0 00io0
aloo-1 o 52 | =100 0 oz | 0-100 ay | 0i0 0
00 0-1 010 0 ~1 000 —i00 0
1000 .
(o100 S
—mgoc 0010 ba =0V =0.
0001 ba
(6.161)

Introducing matrices means that we do not have a single equation of motion, but a set of four equations for four
coupled wave functions. The complete wave function ¥ is therefore a vector consisting of four components. The operators
O1 and O~ consist of partial derivative operators summarized in Eq.|6.111} and Eq.[6.111| also shows that a monochro-

matic wave ¢ = e% (Pe@HPyyTp=2—Eit) ig eigenfunction of the partial derivative operators, with the eigenvalues equal to

E¢,pz,py,p-. Also note that the 2 x 2 sub-matrices, which form the 47 matrices, always appear with the opposite sign
on the first and last two lines, except for the unit matrix associated with the moc? term. It is therefore useful to use
a complex conjugate of the aforementioned monochromatic wave as eigenfuction on the last two lines, in order to get
eigenvalues with opposite signs. Possible solutions of the Dirac equation can be than assumed to have a form

u1y
T = sz/f* , (6.162)
vap*

where u1,us,v1,v2 are coefficients to be determined. The Dirac equatiorEI can be written as

7 Actually, two equations, one for O+ and another one for O—.
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10 0 O 001 O 0 001 000 —i
., 0 01 0 O ., 0 000 —1 .. 0 0 010 .. 0 00i O
o loo—1 o5, | —100 of T, | o0-100 +‘Cﬁ§y 0i0 0
00 0-1 010 0 -1 000 00 0
1000 u1Y
~,lo1o00 gy | Ao
moC 0010 g | =0T =0,
0001 -
(6.163)
10 0 O 001 O 0 001 000 —i
_inl 01 0 O —ifﬁ 000 —1 —ifi 0 010 —ifﬂ 00i O
"ot {001 o0 D2 | -100 o0 Doz | o-100 Doy | 0i0 0
00 0-1 010 0 -1 000 —i00 0
1000 e
~,loto00 up | oA
moc 0010 oL =0~V =0,
0001 voth*
(6.164)
or shortly
ury
200, .,0 1, ., 0 5 .0 3 25\ | w2¥ | _ A+g
(lﬁa'y + ldi%,y + lcha—y’y +1ch£’y — mopc°1 v | = OoTv =90
vap*
(6.165)
U1
o 1o} le] o N N
(—m&ao —ichs-q" - icﬁa—yﬁ/Q —ich=—5" - moc21> Zf:f —O0 v =0
vah*
(6.166)
For our wavefunctions,
Eruit + cprvap™ — icpyvap™ + cprviyp™ — moczumlf
A Eiu2v) 4+ cpzu1p™* + icpyvi ™ — cprv2p™ — moctugtp .
+a tU2 PxV1 Py P —_
OTY =1 Brorg* + cpougt™ — iepyusys® + cpaurty” — mocturgp* | = O (6.167)
Ervatp* + cpguiyp™ + iepyurp* — cpzuzp® — moc2vath*
and
A A A E7 — c¢*p* — (moc®) u21p
2y — +w — ¢ 0 2 g2 2.2 212
OV =0"0"¥ = Etz — p? — (moc?)? e (Bf —cp (moc®)*)¥ (6.168)
E'? — c2p? — (moc?)? vo*

in agreement with Eq

Eq. m can be also used to find four explicit solutions of the Dirac equation, treating wi,u2,v1,v2 as unknown
variables to be determined. The solutions are found by setting one of the coefficients w1, us, v1,v2 to zero, and calculating
the other coefficients so that the following normalization condition is fulfilled

L LL
///\P*‘Ilda:dydz: 1 (6.169)
000

(other normalizations could be used as well). The solutions have the following form.
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" 0
E 2 0 E 2 %
Y ol R IR Y Ll R T
2F L3 Bt +moc? 2F L3 By tmoe? ¥
c(pztipy) o =GPz g%
Et+moc2 E¢+mgc?
cpz c(pz—ipy)
E¢ + moc? §?+$%62)w Et + moc? Ecige™?
B moct | i) _ Bt moect | =Py
0 P*
where ¢ = o (Po+Pyy+poz—Eit)
Eq.6.133
0 0 0 0 A A
ih—A4" +ich——A4" 4 ich=—4% + ich=—4> —mec®1 | ¥ = O*¥ =0 (6.171)
ot ox Ay 0z

is known as the Dirac equation. When postulated by Dirac, Eq. [6.133| naturally
explained the behavior of particles with spin number 1/2 and predicted existence of

antiparticles, discovered a few years later.

How is the Dirac equation related to the Schrédinger equation? We came to the Schrodinger equation using the
relation E = p?/2m (energy of a free particle, i.e., kinetic energy), which is only an approximation for low speeds,
obtained by neglecting the E? term (E? < (mgc?)? for v2 < ¢?) in Eq.

(moc?)? = (moc® + E)? — 2p? = (moc?)? + 2E(moc?) + E2 — 2p? = (moc?)? 4 2E(moc?) — 2p?

p2

= E=—.
2myg

(6.172)

6.9 Hamiltonian of spin magnetic moment

Our goal is to find Hamiltonian for a relativistic charged particle in a magnetic field. When we compare the classical
Hamiltonian of a particle in an electromagnetic (Eq. with the classical Hamiltonian of a free particle H = (5)2/(2m)
outside the field, we see that the presence of an electromagnetic field requires the following modifications:

HSH-QV §—p—QA, (6.173)

Accordingly, the operators of energy and momentum in the quantum description change to
0 1o} 0 1o} 1o} 0 0 19}
ih— — ih— — QV —ih— — —ih— — QAs —ih— — —ih— — QA —ih— — —ih— — QA.. (6.174
hor ~ g —@ Mo~ ey —@ ey — Ty, @A ihg, = ~ihg, — Q4= (6174)
This modifies Eq. [6.139] to
G0 sw— (s @ 0s1 (i O 0x2 (i O 2043 220
ih QV |1V = clih— 4+ QAz | ¥4 clih— +QAy | ¥4 clih— + QA; | ¥°4° + moc*y” | ¥
ot ox oy 0z
(6.175)

In order to obtain the Hamiltonian describing energy of our particle in a magnetic field, we apply the operator

(iho/0t — QV') twice
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(h QV) (‘ha QV) iw ('ha QV)2\I/
1h— — ih— — = (ih— —
ot ot
2 0 2AOAIAOAI 2 0 2AOA2A0A2 2 [ 0 202320423 24,020
= |ec 1h$+QAz YA +e 1ha—y+QAy YA A+ lh&JrQAz YAYA A+ me Ty | ¥

—moc® (i + @A) 43140 + (ing +Qay ) 305290+ (in5 + Q4. ) 3%4%° ) w

ot ((hiJrQA) [ 1+(h§+QA )’?’7’? (h§+QA) 105043 ) w
Y
+e2 ((1h—+QA )( 3+QAy> 40514042 4+ ( 2+QAy) (ihﬁJrQAz) &0&2&%1)\?
9y 0 ox
+e? ((lh—+QAy) ( aZ+QA ) 0425°43 + (m—+QA ) (lhaﬁJrQAy)v 37072) v

+c2 ((ih2 +QAZ) (lﬁ3 + QA ) 59434041 4 (mg + QA ) (mg +QA. ) 594 17073) U = 0. (6.176)
oz ) ) )

We use the properties of the gamma matrices (Egs. [6.135H6.137)) to simplify the equation. In particular, we invert of
the order of matrices in the products

504330 = (594030 = 4 (6.177)
7°479%97 = -(3"3°)(¥4) = ~(D(-1) =1, (6.178)
P50 = —(3°A0F ) = (DA = =750 =404 (6.179)

and obtain

F)
—c? ( ihﬁ + QAZ) ihi + QAZ) - (ihE + QAZ) (lhg +QA, ) 43310 = 0,
0z ox T z

where the second line and the third line cancel each other. To proceed, we need to evaluate the products of operators
on the last three lines (we must be very careful with differentiation).

) L0 0 .y
((lh£ + QA,) <1h8—y + QAy) — <1h8—y + QAy) (m% + QAZ)) Y=

(00w Do | o (2t g, 2 2t) _, ouy
h (Bx oy oy a:c) +Q Ay AyAzWJ”hQ( or e ay oy Wos
i (o + 4,58 50 - 20ey - 4 58— 4, 30) —ing (G 85‘;’”) ¥ = QB (6.181)

because 8%1)/0xdy = 82w/6y8:13 The combinations on the last two lines of Eq. |6 are obtained in the same
manner. The products 4142, 4243, and 434! can be calculated from Eq.[6.147] m
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1.2 (0 &t 0 62\ _ (6% 0 \_ .(6%0
VAT = (_&1 b 529 )= o als2 )= g 43 )0 (6.182)
2.3 0 62 0 63 6262 0 (61 0
- A )= (T ——i(° 1
K (—&2 0)\-6%0 0 6%° \oat) (6.183)
a1 [ 0 &3 0 61\ _ (6%t 0 \_ .[620
= (7&3 0)\=610)" 0 &%) "\ 062) (6.184)

where the following important properties of the 67 matrices were used in the lasts steps:

:((1)(1)) (?‘é):(é _?):1&3 (6.185)
- ()
1:((1)_(1]) (?é):(_ol(l))zi&? (6.187)

After inserting everything into Eq. [6.180] we get
o 2 o 2 o 2 ] 2

(ih— - QV) ( ) U= (c? (ih— + QAz) + 2 (ih— + QAy) + 2 (m— + QAZ) +mdct ( ) v
ot ox oy 0z

~ 1 A ~ 2 A ~ 3 A
2 6t 0 Gc 0 6° 0
—chQ(Bx(O61>+By(6&2)+BZ(0&3 . (6.188)
Now we have a relativistic equation describing our particle in an electromagnetic field. Let us now separate the mass

contribution to the energy from the operator i#9/8t and let us call the difference H (it becomes clear soon why we choose
the same symbol as the symbol used for the Hamiltonian in the Schrédinger equation):

>
v

@
[

6’2

Q

5'3

S}

> =

> O
> =
—> O

A 0
=il — moc?, 6.189
ihy —moc ( )
Eq. [6.188] can be rewritten as

(ﬁ—&—mocQ—QV)Q(é(i))\If:((H—QV)2+2m002(ﬁ—QV)+mgc4) (ég)wz
2('ha QA )2 2('h8 QA e ‘ha QA )2 2t (io)\p
[ 1%+ x| +c 167y+ y) +c (1$+ z | +mge i

51 0 52 0 53 0
—hQ (Bx(‘ij 61>+By(% &2> +Bz(‘% &3)>\1/. (6.190)

Dividing both sides of the equation by 2mgc? gives

(H-QV)* 10y

(o rr-av) (§9) =
1 .y 2.0 2 /9 2\ /i
s (o wan)' (1w an)s (s 2 0n)) (1)

hQ 61 0 62 0 63 0
() (5 ) (5 2)

Note that the rest energy of particles moc? is huge. Unless the eigenvalue of His very large (which is not expected
in a standard NMR experiment), the term with moc? in the denominator of the first term can be safely neglected. For
the same reason, the factors dcp./(E: + moc?) and c(pg & ipy)/(Er + moc?) in Eq. [6.170] are close to zero for v < c.
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The block-diagonal form of all matrices reveals that the first two equations and the last two equations can be solved
separately. Therefore, we can write
 ( wy
H ~
(ia0)

1 D 2or0 2 /.0 2 . hQ R X R e
<2mo ((lhax +QA9:> + (lhafy +QAy) + (lhi + QAZ> + QV) i- g (Be6t + Bys® + B203)> (uw) .

(6.192)
Now it is easy to identify the Hamiltonian of potential electric energy QV and, by comparison with the corresponding
equation for an orbital magnetic moment (Eq.[6.104)), the Hamiltonian of interactions with the magnetic field
hQ

— —= (By&' + By6? + B.&%). (6.193)
2mg

The mentioned comparison also helps us to identify the operator of the components of the spin magnetic moment:

. hQ 4 hQ (0 1)
= — 06 = — , 6.194
K 2mog 2mo \10 ( )
N hQ 5 hQ (0 —i
= 252 =" , 6.195
Hy 2m00 2myg i 0 ( )
N hQ .3 hQ (1 0
= 2 53=—" . 6.196
He = ome” 2mgp \ 0 —1 ( )

6.9.1 Operators of spin angular momentum

Our final task is to find the operators of the components of the spin angular momentum, which also gives us the value
of the magnetogyric ratio. Eq. itself is not sufficient because it does not say which constants belong to the spin
angular momentum and which constitute the magnetogyric ratio. We cannot use the classical definition either because
our case does not have a classical counterpart. But we can use the commutation relations Egs. [6.78H6.81] which define
the operators of any angular momentum components. In order to distinguish it from the orbital angular momentum E, we
label the spin angular momentum I. Operators of I, I, I, must fulfill the same commutation relations as the operators
of Ly, Ly, L.:

Iply — Iy, =ikd,, Iyl — LI, =ihl,, [0, —I,I, =inl,. (6.197)

Comparison with Eqgs. [6.185}[6.187] shows that the right choice is

f_ﬁ((H) f_h<()—i> _h<1 0) [2_3fz?<10>

T 2\10 Yo2\1 0 2\ 0-1 4 \01)"°
(6.198)

Comparison of Eq. [6.192| with Eq. [6.104] shows that the magnetogyric ratio differs by

a factor of 2 from the value for orbital magnetic moment:

y = 2%. (6.199)

>
>

6.9.2 Eigenfunctions and eigenvalues of I,

The fact that I, is diagonal tells us that we have written the matrix representations of
the operators of the spin angular momentum in the basis formed by the eigenfunctions
of I.,. This basis is a good choice if the matrix representing Hamiltonian is also diagonal
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in this basis and eigenfunctions of I, are the same as eigenfunctions of the Hamiltonian,
representing stationary states. These eigenfunctions can be

[ V)

i.e., the two-dimensional variants of the free-particle wavefunctions from Eq.
in the low-energy approximation. However, the normalization coefficients and v (or ¢*)
can be canceled out in the eigenvalue equations and the eigenfunctions can be replaced

by the vectors
1 0
(. (%) om0

corresponding to the first and sepond wavefunctions in Eq. [6.170]
Traditionally, eigenfunctions of I, are labeled as |«) or | 1) and |3) or | |).

Hoy=+gl)  En=+g1t 5(3 ) (o) =+5(). (0200

L=z Hu=-u 5 (0)=--5(1) ©m

Note that the vectors used to represent |a) and |5) in Egs. [6.202] and [6.203] are not
the only choice. Vectors in Egs. [6.202| and [6.203| have a phase set to zero (they are made
of real numbers). Any other phase ¢ would work as well, e.g.

(é) — (e:f) . (6.204)

o If the particle is in state |«), the result of measuring I, is always +h/2. The
expected value is

(L) = (a|L]a) = (10) g (é _(1)) (é) = +g. (6.205)

e If the particle is in state |3), the result of measuring I, is always —h/2. The
expected value is

) =teis) = 01)5 (o) (1) =5 (6.200
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e Any state c¢,|a) + cg|f) is possible, but the result of a single measurement of I, is
always +h/2 or —h/2. However, the expected value of I, is

(1) = (et = (i) 5 (53 ) (£) = (el = leaP)

(6.207)

Wave functions |«) and |f) are not eigenfunctions of I, or I,,.
The eigenvalues +5/2 are closely related to the fact that spin is a relativistic effect. Special relativity requires that

the Dirac equation must not change if we rotate the coordinate frame or if it moves with a constant speed (Lorentz

transformation). This is true in general, but for the sake of simplicity, we just check rotation about the z axis.

We start by writing explicitly the Dirac equation as a set of four equation:

pOtuy) g 0n)  0ey) L 0y e (6.208)
ot z z y

ipOev) _ g 0eyt) 0yt L 0T e (6.209)
ot 0z z oy

p2007) _ o 00) o 0uay) _ p O0uay) o g, (6.210)
ot z Tz oy

2028 Oud) oY) | 00mY) e, (6.211)
ot 0z ox oy

Let us assume that we have an original coordinate frame t, z,y, z and a rotated frame t/,z’,y’, 2’. If we rotate about
z by an angle ¢,

V=t (6.212)
2=z (6.213)
x’' = cos pz — sin py (6.214)
Yy = sin px + cos @y (6.215)
and
af of
= _ZL 6.216
ot ot’ ( )
of _ of (6.217)
0z 0z'
af ox' of oy Of of . of
of _ 0z of | oy of _ 9] 97 6.218
ox Oz Ox' + oz Oy’ COS(P@I/ +sm¢8y’ ( )
af ox' df 9y Of . of of
=== 2 2 — — 6.219
oy oy oz’ + oy oy’ Smsp@x’ +COS¢8y’ ( )
and consequently
of of _ _i, (3f of
T el — ), 6.220
ox +l@y ¢ ox'! +18y’ ( )
OF ;91 _ e (ﬁ - iﬂ> . (6.221)
ox oy ox! oy’

8Note that we use the form of the Dirac equation which directly defines the relativistic Hamiltonian

(B F-139)
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We also need to transform the wavefunction ¥ to the rotated frame. We already know that rotation of a complex
function f by an angle ¢ can be written as f’ = fe!?. Let us assume that each of component of ¥ rotates by some angle
(¢1, %2, 93, p4,) — the key step of our analysis will be to relate values of these angles the actual angle of rotating the
coordinate frames .

Now we have everything that we need to write the set of Eqs. [.208H6.211] in the rotated coordinate frame:

iha(enplulw/) _ _ic}ia(eiwavld/*) . iCha(ei(<P4+<P)v2¢/*) B icﬁ@(_iei(wﬂrw)vyp/*) m 02e1<‘01ul¢/ (6.222)

ot 92/ o’ oy’ 0 C
- O(eP2uzy)) L O(elPropy’™) 9l Ty ) 9(—iel (P3Pl yp’Y) 2 i
ih o = +ich 5 —ich o +ich oy + moc?e'P2ug)’, (6.223)
.ﬁa(ewavﬂ/),*) : ha(eiwulw’) ' ha(ei(mﬂ;)uztb/) i ha(iei(WW)mwl) Zel¥3u " (6.224)
1 = —1C — 1Ci — 1C — mopc € v .

ot/ 92/ oz’ oy 0 e

ipsg 1% ipo / i(p1—) / jel(P1—¢) / .

indLe 81;/21& ) _ 4ien® 8:21” —iene o ) el o UY)  poceiPiug. (6.225)

According to the first postulate of the special theory of relativity, Egs. must have the same form as Eqgs.

6.208H{6.211} In other words, we must eliminate the complex exponential expressions from Eqs. [6.222H6.225] Let us first
multiply both sides of the first equation by e™'%1  both sides of the second equation by e '¥2, both sides of the third

equation by e~1¥3, and both sides of the last equation by e~1¥4:

/ i(p3—p1) 1% i(pa—p1+ep) 1% _jellra—p1+e) 1%
g2 0 v’ 0l vatl) o Ot U290 4 moc?u 4/(6.226)
ot/ 0z’ ox! oy’
/ i(pa—w2) 1% i(p3—p2—p) 1% _iellps—p2—9) 7%
i 02’ 00 vad’) 00 v’ et D) L g un(6.227)
ot’ 0z’ oz' oy’
,% i(¢1—»3) / i(p2—p3+¢) / jel(w2—p3+e) /
g2 0 ) 2 uzd) _ o2l U2 oo, (6.228)
ot’ 0z' ox! oy’
/% i(p2—pa) / i(p1—pa—p) / iel(p1—pa—p) /
202 9 uzd) _ ;o2 ) | el “Y)  mgcPuay!t. (6.229)
ot’ 0z’ oz’! oy’

This cleared the ¢’ and mg terms. The exponential expressions disappear from the z’ term if ¢1 = 3 and p2 = ¢4
(i-e., if the rotation of w11 and wvi1* is identical and the same applies to uzty and v2t*). In order to fix the =’ and
y' terms, we assume that 1 = —@2 and p3 = —¢y4, i.e., that the rotation of w11 and w2t is opposite and the same
applies to v19Y* and v2e*. This implies that w11 and uat) describe states with opposite spins (and v1¢* and v2¢* too).
Then, u1t)’ and v19’* in the 2’ and 3’ terms are multiplied by €!(2¢1=9) and uz1’ and vay)’* in the 2’ and 3’ terms are
multiplied by e~1(2¢1-¢) In both cases, the exponential expersions disappear (are equal to one) if o1 = ¢/2. What does
it mean? If we rotate the coordinate system by a certain angle, the components of the wavefunction rotate only by half
of this angle! The function describing rotation of the wavefunction about z has the form

. IZ. j
Rj=¢ 7 3. (6.230)

This looks very similar to Eq.[6.86] but with one important difference: rotation by 27 (360 °) does not give the same
eigenfunction R; as no rotation (¢ = 0), but changes its sign. Only rotation by 47 (720 °) reverts the system to the initial
state!

Eq. @ tells us that the eigenvalues of the operator of the spin angular momentum are half-integer multiples of A:

11 =

’

h h
T =2 6.231
5 2 5 ( )

6.9.3 Eigenfunctions of I, and fy

Eigenfunctions of I, are the following linear combinations of |a) and |8):

1 1 1 /1) _
EM + \ﬁllﬂ = 5 (1) =|-), (6.232)
i i 1/=i)
EM +—=18) = —= ( ) =| ), (6.233)
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or these linear combinations multiplied by a phase factor €?. E.g., | <) can be represented by

s () - ()- 5 ()

Eigenvalues are again i/2 and —h/2:

fz\ﬁ>=+g|~>> g(lo)}(D:%%(}) (6.235)
f1|e):+g|e) S(?é)%(’i)?%%(*i) (6.236)

Eigenfunctions of I, are the following linear combinations of |«) and |3):

gy + g (171) == (6.237)

1
2

1+i 1—i 114\ _

-yl 18 = 5(1_1),:|®) (6.238)

or these linear combinations multiplied by a phase factor e¢. E.g., |®) can be represented by

1/1-i 1+il1 /1—i 1 1
17r/4 — — =

(1)) - 50)
Eigenvalues are again i/2 and —h/2:

- h hfo—-i\1/1-i h 1/1—i

hier =+3le) 5(1 0)5(1“)**5 5(1+1) (6.240)

o h(o—i\1/1+i\_ h 1(1+i

Iy|o) = -Z10) 5(1 0)5(1—1)*_5'5(1—1)‘ (6.241)

6.10 Real particles

Eq. [6.192 used to derive the value of ~, describes interaction of a particle with an
external electromagnetic field. However, charged particles are themselves sources of
electromagnetic fields. Therefore, v is not exactly twice @/2m. In general, the value of

v is

Q

T=95 (6.242)

where the constant g include corrections for interactions of the particle with its own
field (and other effects). For electron, the corrections are small and easy to calculate.
The current theoretical prediction is g = 2.0023318361(10), compared to a recent exper-
imental measured value of g = 2.0023318416(13). On the other hand, ”corrections” for
the constituents of atomic nuclei, quarks, are two orders of magnitude higher than the
basic value of 2! It is because quarks are not "naked” as electrons, they are confined in
protons and nucleons, "dressed” by interactions, not only electromagnetic, but mostly
strong nuclear with gluon. Therefore, the magnetogyric ratio of proton is difficult to
calculate and we rely on its experimental value. Everything is even more complicated

when we go to higher nuclei, consisting of multiple protons and neutrons. In such cases,
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Table 6.1: Values of the magnetogyric ratios of selected nuclei
Nucleus magnetogyric ratio
H 267513 x 10°rad.s~ . T!
3¢ 67.262 x 10%rad.s™ 1. T~!
PN —27.116 x 10°rad.s~+.T~!
BF  251.662 x 10 rad.s . T~!
1P 108.291 x 10 rad.s~1. T

adding spin angular momenta represents another level of complexity. Fortunately, all
equations derived for electron also apply to nuclei with the same eigenvalues of spin
magnetic moments (spin-1/2 nuclei), if the value of v is replaced by the correct value
for the given nucleus.ﬂ Magnetogyric ratios of the nuclei observed most frequently are
listed in Table [6.1]

6.11 Stationary states and energy level diagram

In the presence of a homogeneous magnetic field By = (0,0, Bp), the evolution of the system is given by the Hamiltonian
H = —+yBylI,. The Schrodinger equation is then

0 [ ca _ h(1 0 Ca
() ()

which is a set of two equations with separated variables

deq .YBo
- , 6.244
a g ce (6:244)
deg By
— = —i— 6.245
i i—=-cs ( )
with the solution
. v B . w
co = ca(t =0) et 2t = co(t = 0)e i 2t (6.246)

B LW
cg = cg(t = 0)671720 b =ch(t = O)e+‘70t. (6.247)

If the initial state is ), ca(t =0) =1, cg(t = 0) = 0, and
o = e i, (6.248)
s = 0. (6.249)

Note that the evolution changes only the phase factor, but the system stays in state |a) (all vectors described by
Eq. [6.204] correspond to state |a)). It can be shown by calculating the probability that the system is in the |a) or |3)
state.

9NMR in organic chemistry and biochemistry is usually limited to spin-1/2 nuclei because signal
decays too fast if the spin number is grater than 1/2.
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Py, =clca = A 1, (6.250)
Ps = che = 0. (6.251)
If the initial state is |3), ca(t =0) =0, cg(t =0) = 1, and
ca =0, (6.252)
cp = et 2, (6.253)

Again, the evolution changes only the phase factor, but the system stays in state |3). The probability that the system
is in the |a) or |B) state is

Py = clca =0, (6.254)
Py = chep —e i B et T — 1, (6.255)

The states described by basis functions which are eigenfunctions of the Hamiltonian
do not evolve (are stationary). It makes sense to draw energy level diagram for
such states, with energy of each state given by the corresponding eigenvalue of the
Hamiltonian. Energy of the |a) state is —hwy/2 and energy of the |3) state is
+hwy/2. The measurable quantity is the energy difference fwy, corresponding to
the angular frequency wy.

6.12 Oscillatory states

In the presence of a homogeneous magnetic field B = (B1,0,0), the evolution of the system is given by the Hamiltonian
H= f'yBoIAz. The Schrodinger equation is then

L0 (o) h(01 Ca
n (%) ==m5 (10) (55): (6:250)

which is a set of two equations

deq vB1
Lo 6.257
w g ( )
de B
ch = 1721ca. (6.258)

These equations have similar structure as Eqgs. and Adding and subtracting them leads to the solution

.YB Lw
ca+cg = C’+e+‘wT1t = C.;,_e*'Tlt, (6.259)

1

B LW
7t — 0_eti Tt (6.260)

i

ca —cg = C_e”

If the initial state is |a), ca(t =0) =1, ¢g(t =0) =0, Cy =C- =1, and

Ca = cos (%t) , (6.261)
s = —isin (%t) . (6.262)
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Probability that the system is in the |a) or |3) state is calculated as

1 1
Py = clca = cos? (?t) = 3 + 3 cos(wit),
1 1
Pg = chep = sin? (%t) =575 cos(wit)
If the initial state is [8), ca(t =0) =0, cg(t =0) =1, Cy =1, C_ = —1, and

Lo (W1
Cq = —isin (715) s

(5)
C = Ccos | — .
8 2

Probability that the system is in the |a) or |3) state is calculated as

w
Py = clca = sin? (711%) = — — — cos(wit),

N~ N =
N = N =

Pg = cjep = cos? (%t) = — + — cos(wit).

In both cases, the system oscillates between the |a) and |8) states.
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(6.263)

(6.264)

(6.265)

(6.266)

(6.267)

(6.268)

The states described by basis functions different from eigenfunctions of the Hamil-
tonian are not stationary but oscillate between |a) and |8) with the angular fre-
quency wy, given by the difference of the eigenvalues of the Hamiltonian (—fiw, /2

and fuwq/2).
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Chapter 7

Mixed state of non-interacting spins

Literature: A nice short introduction is given in K3.1. The topic is clearly described
in K6, L11, C2.2. The mixed state is introduced nicely in B17.2, K6.8, L11.1, and
(C2.2.2. More specific references are given in the individual sections below.

7.1 Mixed state

So far, we worked with systems in so-called pure states, when we described the whole
studied system by its complete wave function. It is fine if the system consists of one
particle or a small number of particles. However, the complete wave function of whole
molecules (or ensembles of whole molecules) is very complicated, represented by multi-
dimensional state vectors and their properties are described by operators represented by
multidimensional matrices. In NMR spectroscopy, we are interested only with properties
of molecules associated with spins of the observed nuclei. If we assume that motions of
the whole molecule, of its atoms, and of electrons and nuclei in the atoms, do not depend
on the spinf_-] we can divide the complete wave function into spin wave functions and wave
function describing all the other degrees of freedom. In general, the spin wave functions
for different molecules are not identical. Therefore, the spin wave function describing
the whole set of nuclei in different molecules is represented by multidimensional vectors
and with properties described by operators represented by multidimensional matrices.
Also, the magnetic fields may depend on the position of the molecule in the sample.
This can be simplified dramatically if

1. the measured quantity does not depend on other coordinates that spin coordinates
« or B — true for magnetization in homogeneous magnetic fields (contributions of

IThis is a very reasonable assumption in most cases. However, note that it is not true completely:
if motions of the magnetic moments and of the molecules were independent, it could not be explained
how the magnetic moments reach their equilibrium distribution.

103
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individual nuclei to the magnetization then do not depend on their positions is
space)

2. the interactions of the observed magnetic moments change only eigenvalues, not
eigenfunctions — true for interactions with fields which can be described without
using spin eigenfunctions

Using the same basis for different nuclei allows us to use two-dimensional operator
matrices (for spin-1/2 nuclei) instead of multidimensional operator matrices.

Expected value (A) of a quantity A for a single nucleus can be calculated using
Eq. as a trace of the following product of matrices:

(4) = Ty §  CeCaacs ) (An i) | (7.1)
CsC, CﬁCB A21 A22
Expected value (A) of a quantity A for multiple nuclei with the same basis is
(A) = Tr Ca,10271 Ca,lc;;l App Ao + Ca,QC;Q Ca,2CZ,2 Apy Ao ...
05,10; 1 05,102 1 Agy Agy Cﬁ,QC;z 05,202,2 Agy Az
Ca,1Ch1 Ca 1% 1 Ca2Cp 2 Ca2Ch o A Arp
+ *7 *’ + e
65716a1 g, 105 1 C2Ch 2 C32C5 9 Agy Aoy

CaCly CaCl Ay Aps B A7
_./\/Tr{(cﬁc Ca%) <A21 A22>} —NTr{pA}. (7.2)

-~

A ~

A

The matrix p is the (probability) density matriz, the horizontal bar indicates average
over the whole ensemble of nuclei in the sample, and A is the number of non-interacting
nuclei described in the same operator basis.

Why probability density? Because the probability P = (U|W¥), the operator of proba-
bility can be written as the unit matrix 1: (U|®¥) = (U|1|¥). Therefore, the expectation
value of probability can be also calculated using Eq. as Tr{pl} = Tr{p}.

The most important features of the mixed-state approach are listed below:

e Two-dimensional basis is sufficient for the whole set of A nuclei (if they do not
interact with each other).

e Statistical approach: the possibility to use a 2D basis is paid by loosing the in-
formation about the microscopic state. The same density matrix can describe an
astronomic number of possible combinations of individual angular momenta which
give the same macroscopic result. What is described by the density matrix is called
the mized state.
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e Choice of the basis is encoded in the definition of j (eigenfunctions of I).
e The state is described not by a vector, but by a matrix, p is a matrix like operators.

e Any 2 x 2 matrix can be written as a linear combination of four 2 x 2 matrices.
Such four matrices can be used as a basis of all 2 x 2 matrices, including operators
(in the same manner as two selected 2-component vectors serve as a basis for all
2-component vectors).

e Good choice of a basis is a set of orthonormal matrices

e Diagonal elements of p (or matrices with diagonal elements only) are known as
populations. They tell what populations of pure o and 3 states would give the
same polarization along z.

e Off-diagonal elements (or matrices with diagonal elements only) are known as
coherences. They tell what combinations of coefficients ¢, and cg would give the
same coherence of phases of the rotation about z.

7.2 Coherence

Coherence is a very important issue in NMR spectroscopy. It is discussed in K6.9, L.11.2,
C2.6.

*

e In a pure state, coc is given by amplitudes and by the difference of phases of ¢,
and cg: caCh = |cal|cgle(@a708).

o In a mized state, c,; and cgj is different for the observed nucleus in each molecule
J.- If coj and cg; describe stationary states, only phases of ¢, ; and cg; change

as the system evolves. Therefore, cach = |callcg| - €71(%=%). The phase of cqcj is

given by e~1(®a=%s)_If the evolution of phases is coherent, ¢, ; and ¢z ; vary but
$a,j — ¢p; 1s constant. In such a case, cach = |callcgle@*~¢). However, if the

phases ¢, and ¢g; evolve independently, e~i(#a=?5) = e=i¢a . ¢i9s = (). 0 (because
¢, and ¢g ; can be anywhere between 0 and 27 and the average value of both real
component cos(¢, ;) and imaginary component sin(¢, ;) of €~ in the interval
(0,27) is zero). Obviously, c,cj = 0 in such a case.

2Qrthonormality for a set of four matrices Ay, Ay, As, Ay can be defined as Tr{fl}fik} = 0; 1, where
jand k € {1,2,3,4}, 0; = 1 for j = k and §,, = 0 for j # k, and flj is an adjoint matrix of Aj,
i.e., matrix obtained from A; by exchanging rows and columns and replacing all numbers with their
complex conjugates.
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7.3 Basis sets

Usual choices of basis matrices are (C2.7.2):

o (artesian operators, equal to the operators of spin angular momentum divided by
h. In this text, these matrices are written as Z,, Z,, etc. In a similar fashion, we
write H = H /h for Hamiltonians with eigenvalues expressed in units of (angular)
frequency, not energy. The normalization factor v/2 is often omitted (then the
basis is still orthogonal, but not orthonormal):

\/Ezt:i(lo) ﬁz:i(1 0)

V2 \01 2 \0—-1
1 /01 1 /0—-i
‘@Ix—ﬁ(m) \/Ey_ﬁ(io). (7.3)
e Single-element population
10 00
Ia—ImLIZ—(OO) IB_L_IZ_(OI) (7.4)
and transition operators
: 01 . 00
I+—II—|—1Iy—(OO) I_—Im—lIy—(lo). (7.5)

e A mixed basis

ae (i) () me() ()

7.4 Liouville - von Neumann equation

In order to describe the evolution of mixed states in time, we must find an equation de-
scribing how elements of the density matrix change in time. Derivation of such equation
is nicely described in C2.2.3.

We start with the Schrodinger equation for a single spin in matrix representation:

lhi Ca | _ Ha,o Ha,,B Ca ) _ Hu,aca + Ha,ﬂcﬂ . (77)
dt \ ¢ Hp,o Hp,p ) \ ¢ Hp,aca + Hp,pcp
Note that the Hamiltonian matrix is written in a general form, the basis functions are not necessarily eigenfunctions
of the operator. However, the matrix must be Hermitian, i.e., H; = H}; It

Hyp=Hj, Hg o = H}, 5. (7.8)



7.4. LIOUVILLE - VON NEUMANN EQUATION 107

If we multiply Eq. by the basis functions from left, we obtained the differential equations for co and cg (because
the basis functions are orthonormal):

. d Ca dea
(1 O)IHE <05) = hE = Ho,aCa + Ha gcs (7.9)
L d (e ., de
(0 1)in (CZ) = lhd—f = Hp oo + Hp geg. (7.10)
In general,
dck
- :—72Hklcl (7.11)
and its complex conjugate (using Eq. is
dej,
T ZHlez =+ ZHz kCP - (7.12)

Elements of the density matrix consist of the products c;jcy. Therefore, we must calculate

d(cjct) dej, L dej i
At I POUIER wa

For multiple nuclei with the same basis,

d(cjict 4 +cjach o+ 1) dej des dej o de
1€, 2CL, s * 3,1 €5,2
=c; c +cj 24e 7.14
dt gy TR Ty T T (7-14)
i * * i >k >k
=3z D Hik(ejiciy +ejacia+--) — x D Hjlaachy +eachy+-). (7.15)
[ 1
Note that
Z(Cj,lc;(,l + CJ}?CZ‘,Q + - ')Hl,lc = szj,lHl,k (7.16)
[ 1

is the j, k element of the product NﬁH, and

> Hjuleiaciy +aacha+)=NY Hjpik (7.17)
7 7

is the j, k element of the product A/ H p. Therefore, we can write the equation of motion for the whole density matrix

dp i i . i
— H-H 0,H| = ——|H,p 7.18
Ay p)=+1p H] = =+ |H, P (7.18)
or in the units of (angular) frequency
dp . . .
L = i1~ Hp) = (5. H) = ~il#, ). (7.19)

Egs. [7.18 and are known as the Liouville - von Neumann equation.
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7.5 Rotation in operator space

The Liouville - von Neumann equation can be solved using techniques of linear algebra.
However, a very simple geometric solution is possible (K7.3, C2.7.3, L11.8) if the Hamil-
tonian does not change in time and consists solely of matrices which commute (e.g., Z;
and Z,, but not Z, and Z,).

Let us look at an example for H = €7y + woZ. and p = coZs + cyZy + c2 1. + ctLy.
Let us first evaluate the commutators from the Liouville - von Neumann equation:
T: is proportional to a unit matrix = it must commute with all matrices:

[It’Ij} =0 (.] :%y,Z’t) (720)
Commutators of Z, are given by the definition of angular momentum operators:
Z.,Z.] = [Z.,Z:] =0 Z:,Z.) =iZy Z:.,Zy] = —iZ,. (7.21)
Let us write the Liouville - von Neumann equation with the evaluated commutators:

de de de de P .
d—:Ix + d—tny + dtz .+ d—ttl’t =1i(—lwoecaZy + iwocyZs) . (7.22)

Written in a matrix representation (noticing that ¢, and ¢; do not evolve because the ¢.Z, and ¢;Z; components of
the density matrix commute with both matrices constituting the Hamiltonian),

1o < L 0 —ig i 0 —woc i 0 iwpc
- dt _ dt 0 0= - T 1 . y 793
2<d§§” 0 >+2<iddcf 0 o+ Q(WOCI 0 >+2(1wocy 0 )’ (7.23)
d(cg —icy) .
0 — - 0 —(cz — icy)
d = z Y
<d<fwd+y> o ) = wo (cx +icy, 0 ) : (7.24)
7

This corresponds to a set of two differential equations

w = —iwo(cz — icy) (7.25)
W = +Hiwo (cx +icy) (7.26)

with the same structure as Eqgs. [6.94] and The solution is

ez —icy = (cz(0) — icy (0))e ™0t = gpe~ilwot+do) (7.27)
cz +icy = (cz(0) + icy (0))eTiwot = oetilwotteo) (7.28)

with the amplitude co and phase ¢g given by the initial conditions. It corresponds to

¢z = ¢p cos(wot + ¢o) (7.29)
¢y = cosin(wot + ¢o). (7.30)

We see that coefficients c., ¢y, ¢z play the same roles as coordinates 74, ry, r> in Egs. 6.93] respectively, and

operators Z,, Ty, Z. play the same role as unit vectors 7, 7, E, defining directions of the axes of the Cartesian coordinate
system.

The evolution of p can be described as a rotation in an abstract three-dimensional
operator space with the dimensions given by Z,, Z,, and Z..
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7.6 General strategy of analyzing NMR experiments

The Liouville - von Neumann equation is the most important tool in the analysis of
evolution of the spin system during the NMR experiment. The general strategy consists
of three steps:

1. Define pat t =0

2. Describe evolution of p using the relevant Hamiltonians — this is usually done in
several steps

3. Calculate the expectation value (M) of the measured quantity according to Eq.
[6.17]

Obviously, the procedure requires knowledge of

1. relation(s) describing the initial state of the system (p(0))
2. all Hamiltonians

3. the operator representing the measurable quantity

In the next chapter, we start from the end and define first the operator of the
measurable quantity. Then we spend a lot of time defining all necessary Hamiltonians.
Finally, we use the knowledge of the Hamiltonians and basic thermodynamics to describe
the initial state.
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Chapter 8

Chemical shift, NMR experiment

Literature: The general strategy is clearly outlined in C2.4, Hamiltonians discussed
in L8, thermal equilibrium in L11.3, C2.4.1, K6.8.6, relaxation due to the chemical shift
in C5.4.4, K9.10 (very briefly, the quantum approach to relaxation is usually introduced
using dipole-dipole interactions as an example). The one-pulse experiment is analyzed
in K7.2.1, L11.11 and L11.12.

8.1 Operator of the observed quantity

The quantity observed in the NMR experiment is the bulk magnetization M , i.e., the
sum of magnetic moments of all nuclei divided by volume of the sample, assuming
isotropic distribution of the nuclei in the sample. Technically, we observe oscillations
in the plane perpendicular to the homogeneous field of the magnet By. The associated
oscillations of the magnetic fields of nuclei induce electromotive force in the detector
coil, as described by Eq. [1.50] Since a complex signal is usually recorded, the operator
of complex magnetization M, = M, + iM, is used (M_ = M, — iM, can be used as
well).

M—i— = N’Y([A:c + ify) = N’yf_,_, (8.1)

where A is the number of nuclei in the sample (per unit volume).

8.2 Static field B,

We already defined the Hamiltonian of the static homogeneous magnetic field By, fol-
lowing the classical description of energy of a magnetic moment in a magnetic field
(Eq. [L.50). Since By defines direction of the z axis,

Hmab = —’YBofz- (8-2)

111
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8.3 Radio-frequency field B

The oscillating magnetic field of radio waves irradiating the sample is formally decom-
posed into two rotating magnetic fields (with the same speed given by the frequency of
the radio waves wyagio, but with opposite sense of rotation, as described in Section [3.1.3)).
The component resonating (approximately) with the precession frequency of the ob-
served nuclei usually defines the x axis of the rotating coordinate frame used most often
in NMR. spectroscopy. In this system, frequency of the resonating component]l] is sub-
tracted from the precession frequency and the difference 2 = wy — wyor = —7By — Wrot 1S
the frequency offset defining the evolution in the rotating frame in the absence of other
fields:
In the absence of other fields than EO:

]:IO,rot = <_730 - wrot)jz - sz (83)
During irradiation by waves with the phase defining x

[_A[l,rot = (-")/BQ — wmt)fz — ’}/Blfx = sz + wlfx. (84)
During irradiation by waves shifted by /2 from the phase defining x

Hiror = (—YBy — wrot) L. — vBiI, = QI + wi I, (8.5)

If the radio frequency is close to resonance, —vBy =~ Wy, 2 < wp, and the I,
component of the Hamiltonian can be neglected.

8.4 Hamiltonian of chemical shift

Using the description of the magnetic fields of moving electrons discussed in Section [3.2]
definition of the chemical shift Hamiltonian is straightforward:

H& = _'V(sze,x + ije,y + sze,z) == fﬂﬂ I 1)

62m 5my 5wz BO,m ~
— (I, I, 1) | Oy 0y Oy | | Boy | = —7I- 8- Bo. (8.6)
52J1 5zy 52’2 BO,Z

The Hamiltonian of a homogeneous magnetic field aligned with the z-axis of the coordinate frame can be decomposed

into

!'Formally opposite to Wradio-
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e isotropic contribution, independent of rotation in space:

Hs; = —yBodi(I:) (8.7)

e axial component, dependent on ¢ and ¥:

I:L;’a —7Boda(3sin® cos ¥ cos ply + 3sind cos I sin @l + (3cos? 9 — 1)1)

= —yBoda(3agaz iy + 3ayazly + (302 — 1)I) (8.8)

e rhombic component, dependent on ¢, 9, and x:

H&,r = —yBopd:( (—(2cos? x — 1) sin® cos ¥ cos ¢ + 2'sin x cos  sin ¢ cos ¥ sin ) I, +
(—(2cos? x — 1) sin 9 cos 9 sin ¢ — 2'sin x cos x sin ¥ cos 9 cos ) I, +
((2cos? x — 1)sin? 9)1,)

= yBod: ((cos(2x)ax — sin(2x)ay)azIx + (cos(2x)ay + sin(2x)ax)as Iy + cos(2x) (a2 — 1)15)

The complete Hamiltonian of a magnetic moment of a nucleus not interacting with magnetic moments of other nuclei
in the presence of the static field Bp but in the absence of the radio waves is given by

H = Ho oo + Hs i + Hs o + Hs . (8.9)

8.5 Secular approximation and averaging

The Hamiltonian including the chemical shift is complicated, but can be simplified in
many cases.

e The components of the induced fields Be . and B 4 are perpendicular to éo. The contributions of I?(;’i are constant
and the contributions of I:L;’a and I:I(;,r fluctuate with the molecular motions changing values of ¢, ¥, and x. Since
the molecular motions do not resonate (in general) with the precession frequency —vyBp, the components I Be,x
and fy Be,y of the Hamiltonian oscillate rapidly with a frequency close to —yBg. These oscillations are much faster
than the precession about Be,» and Be,y (because the field Ee is much smaller than E()) and effectively average to

zero on the timescale given by 1/(yBoy) (typically nanoseconds). Therefore, the I Be,; and I Be y terms can be
neglected if the effects on longer timescales are studied. Such a simplification is known as secular approzximation.
The secular approximation simplifies the Hamiltonian to

H = —yBo(1 + & + (3cos? ¥ — 1)8a + cos(2x) sin? 96,) 1, (8.10)

2In terms of quantum mechanics, eigenfunctions of I B, , and I yBe,y differ from the eigenfunctions
of Hoap (Jo) and |B)). Therefore, the matrix representation of I, B, , and I, B, ,, contains off-diagonal
elements. Terms proportional to I represent so-called secular part of the Hamiltonian, which does not
change the |a) and |3) states (because they are eigenfunctions of fz) Terms proportional to I, and fy are
non-secular because they change the |a) and |3) states (|a) and |8) are not eigenfunctions of I, or I,).
However, eigenvalues of IAw B, ; and I yBe.y, defining the off-diagonal elements, are much smaller than the
eigenvalues of I:IO,lab (because the field Ee is much smaller than éo). Secular approximation represents
neglecting such small off-diagonal elements in the matrix representation of the total Hamiltonian and
keeping only the diagonal secular terms.
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e If the sample is an isotropic liquid, averaging over all molecules of the sample further simplifies the Hamiltonian.
As no orientation of the molecule is preferred, all values of x are equally probable and independent of ¥. Therefore,
the last term in Eq. [8.10|is averaged to zero. Moreover, average values of a2 = cos? @ sin? ¥, of ai = sin? psin? 99,
and of a2 = cos? ¥ must be the same because none of the directions x,y, z is preferred:

a2 = a2 =a2. (8.11)

The consequence has been already discussed when we described relaxation classically (Eq.[3.12)):

ai—&—ai—l—aﬁ:1:>a%+a§+a§:@:3112—1:(30%219—1):0, (8.12)

and the anisotropic and rhombic contributions can be neglected.

The Hamiltonian describing the effects of the static external magnetic field and
coherent effects of the electrons in isotropic liquids reduces to

H = —vBy(1+6)1.. (8.13)

Note that the described simplifications can be used only if they are applicable.
Eq. is valid only in isotropic liquids, not in liquid crystals, stretched gels, poly-
crystalline powders, monocrystals, etc.!

8.6 Thermal equilibrium as the initial state

Knowledge of the Hamiltonian allows us to derive the density matrix at the beginning
of the experiment. Usually, we start from the thermal equilibrium. If the equilibrium is
achieved, phases of individual magnetic moments are random and the magnetic moments
precess incoherently. Therefore, the off-diagonal elements of the equilibrium density

matrix (proportional to Z, and Z,) are equal to zero.
We use the mixed state approach to define the state of the sample in thermal equilibrium. Populations of the states
can be evaluated using statistical arguments similar to the Boltzmann law in the classical molecular statistics:

e—FBa/kpT
eq _
Pa - e—Ea/kBT_Fe*EB/kBT’ (814)
—Eg/kpT
eq __ e ﬁ
Pﬁ " e—Ea/kpT 4+ e Ep/kBT’ (8.15)

where kg = 1.38064852 x 10~22 m2kgs~2 K~ is the Boltzmann constant.
The energies Eo and Eg are the eigenvalues of the energy operator, the Hamiltonian. Since we use eigenfunctions of

I, as the basis, eigenfunctions of H = —yBo(1 + 5i)fz are the diagonal elements of the matrix representation of H:
. R A1 0 —yBo(1+6)% 0
H = —~vBy(1+6;)I, = —vBo(1 + 6;) = = 2 . 8.16
o+ a)l = sz (o 3= (TRCEE D (816)

The thermal energy at 0°C is more than 12000 times higher than vBp#/2 for the most sensitive nuclei (protons) at
spectrometers with the highest magnetic fields (1 GHz). The effect of chemical shift is four orders of magnitude lower.
Therefore, we can approximate

~vBg(1+8;)h
ei kT ~1+ 7 Boh
2k T

(8.17)
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and calculate the populations as

e o—Ea/kpT _ 1+ g2k 1+ Sl | (3.18)
_ ~YBoh ~Boh
Pyt = —E /: fﬁ/k}i; kT ;; —— Boh - =eT. (8.19)
eTHa/tBT 4 eT EA/TE 1+;kE(,JT+1_;kBOT 2

Writing the populations as the diagonal elements, the equilibrium density matrix is

1 ’YBoh
. 5+ 0 1/10 YBoh (1 0
eq __ 2 4kpT —— A =
P 0 -3 )T (0 1) ¥ 1keT (0—1) Lo+ wL,  (8.20)
where
vBoh
K= ST (8.21)

Note that we derived the quantum description of a mized state. Two populations of
the density matrix provide correct results but do not tell us anything about microscopic
states of individual magnetic moments. T'wo-dimensional density matrix does not imply
that all magnetic moments are in one of two eigenstates.

8.7 Relaxation due to chemical shift anisotropy

The simplified Eq. does not describe the effects of fast fluctuations, resulting in
relaxation. In order to derive quantum description of relaxation caused by the chemical
shift, the Liouville - von Neumann equation must be solved for the complete Hamiltonian

including the axial and rhombic contributions.

The Liouville - von Neumann equation describing the relaxing system of magnetic moments interacting with moving
electrons in a so-called interaction frame (corresponding to the rotating coordinate frame in the classical description) has
the form

dAp i . R
dtp == Hsa+ Hsr, Ap], (8.22)

where H(;’a and Hg,r are defined by Egs. and respectively, and Ap is a difference (expressed in the interaction
frame) between density matrix at the given time and density matrix in the thermodynamic equilibrium. Writing Ap in
the same bases as used for the Hamiltoninan,

Ap=dis +d. I, +dy Iy e @0t +d [ e iwot, (8.23)

If the chemical shift is axially symmetric and its size or shape do not change,

d(d.I, 4+ dy Iy ewot 4 d [ e—iwot)
dt

~ 3 A 3 ~ . ~ a ~ .
I, + \/gc+1+e“"0t + £07]7e71”0t,dz1z + d+I+eW0t +d_I_e iwot|

(8.24)
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+iwgt

where fie are operators fi = fz + fy in the interaction frame, wg = —yBo(1 + da), and

1
& = 5(3(:05219 -1 =el (8.25)
—+ 3 i 2 1 —i
=45 — sind cosde ¥ = §® e ¥ (8.26)

. 2 .
c” 3 sing cosdeti¥ =/ Z@leti® (8.27)
2 3

Analogically to the classical analysis, the evolution can be written as

9L = (500, (s ), A (3.29)
0

The right-hand side can be simplified dramatically by the secular approrimation: all terms with etiwot are averaged to
zero. Only terms with (c#)2 and c¢tc~ are non zero (both equal to 1/5 at t; = 0) I These are the terms with [I,, [I., Ap]],
I, [I-,Ap]), and [I_, [I+, Ap]]. Moreover, averaging over all molecules makes all three correlation functions identical in
isotropic liquids: ¢#(0)c?(t) = ¢t (0)c=(t) = ¢ (0)ct (¢) = c(0)c(t).

In order to proceed, the double commutators must be expressed. We start with

., Ix] = [I;, ) % i[l., Iy) = £h(I, £il,) = +hiy (8.29)

and
Ui, I-) = Iy, L) = i[lx, Iy] + i[Ly, o] + [Iy, Iy] = 2hl.. (8.30)

Our goal is to calculate relaxation rates for the expectation values of components parallel (M,) and perpendicular
(M4 or M_) to Bp.
Let us start with M,. According to Eq.[6.17}

(AM) = Tr{ M, Ap} (8.31)

where A(M.) is the difference from the expectation value of M in equilibrium. The operator of M. for one magnetic
moment observed is (Eq.[9.32)

M, = N~I, (8.32)

where A is the number of molecules per volume element detected by the spectrometer. Since the basis matrices are
orthogonal, products of I with the components of the density matrix different from I, are equal to zero and the left-hand
side of Eq. [B:28 reduces to

dd, -
i 8.33
dat ° (8.33)

when calculating relaxation rate of (M.). In the right-hand side, we need to calculate three double commutators:

L, [, I.)]=0 [l [I-,1,]] =2r%I, [I_,[I,1.]) =2r%1, (8.34)

After substituting into Eq. @

(oo} oo
dd, [ - ..
Tr{IzIz} = %bQ/CJr(o)r(t)ewotdtJr %bQ/c*(O)ch(t)e_l“’()tdt d,Tr{I, 1.} (8.35)
0 0
dA(M 3, 3,
% = ZbQ/ch(O)c*(t)ei“’Otdt—l— Zb2/c*(0)c+(t)e’i“’0tdt A(M,) (8.36)
0 0

The relaxation rate R1 for M, known as longitudinal relazation rate in the literature, is the real part of the expression
in the parentheses

3We have factored out 1/3/8 in order to make ctc— = (c#)2.
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oo oo

3 . -

Ry = Zb%}i {/ ct(0)c= (t)e'wotdt + /c— (O)C""(t)e‘“’otdt} (8.37)
0 0

As already discussed in the classical description of relaxation, if the fluctuations are random, they are also stationary:

the current orientation of the molecule is correlated with the orientation in the past in the same manner as it is correlated
with the orientation in the future. Therefore,

[es) 0o 0 [es)
. 1 - . - . 1 -
ct(0)c(t)e'wotdt = = < ct(0)c (t)e'wotdt + ct(0)e™ (t)e“"otdt> == ct(0)c— (t)e'wotdt. (8.38)
T (] J ]

0 —oo —o0

oo 0 0 e}
/c‘(O)c*’(t)efi‘”Otdt:% (/c—(O)c“'(t)ei“Otdt—i- / c—(O)c“'(t)ei“Utdt) :% / c=(0)ct(t)e™wotdt,  (8.39)

0 0 —o00 —o0

The right-hand side integrals are identical with the mathematical definition of the Fourier transform of the correlation
functions and real parts of such Fourier transforms are the spectral density functions J(w).
The relaxation rate R; can be therefore written in the same form as derived classically.

3 1 1 3
Rl = Zb2 <§J(w0) + 5](—w0)> ~ szJ(WO) (840)

What is the physical interpretation of the obtained equation? Relaxation of M, is
given by the correlation functions ¢+ (0)c=(¢) and ¢=(0)ct(t), describing fluctuations of

the components of the chemical shift tensor perpendicular to By (a, and a,). Such

fluctuating fields resemble the radio waves with B, L By. If the frequency of such
fluctuations matches the precession frequency wy, the resonance condition is fulfilled and
(random) transitions between the |«) and |5) states can take place. If the molecular
motions are assumed to be completely random and independent of the distribution of
magnetic moments, M, is expected to decay to zero, which doe not happen in reality. If
the coupling between molecular motions and magnetic moment distribution is described
correctly by the quantum theory, the transition |5) — |«) is slightly more probableﬁ
This drives the system back to the equilibrium distribution of magnetic moments.
Let us continue with M. According to Eq.
A(My) = (My) = Te{M4Ap} (8.41)
The expectation value of M4 in equilibrium is zero, this is why we do not need to calculate the difference for (M)
and why we did not calculate the difference in the classical analysis.
The operator of My for one magnetic moment observed is
My = Nyly = Nvy(lz +ily). (8.42)
Due to the orthogonality of basis matrices, the left-hand side of Eq. reduces to
dj—:ﬁemot (8.43)
when calculating relaxation rate of A(M4) = (M4). In the right-hand side, we need to calculate three double
commutators:

Tt can be described as J(wg) = e "0/k8T J(—wy) and taken into account by working with Ap and
(AM,) instead of p and (M,).
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[fz’[izaj+” :ﬁ2f+ [f+7[f77j+]] :2h’2f+ []A,,[f+,f+ﬂ =0. (844)
After substituting into Eq. [8:28]

o]

Te{l i} =—- <b2 / c#(0)c= (t)dt + sz / c+(0)c(t)eiwofdt> diTe{i Iy} (8.45)
0 0

ddy
dt

S
=
TF

Il
|
/N
o~
N
0\8

c(0)c? (t)dt + ibQ/c‘*'(O)c—(t)eiwotdt) (My) (8.46)
0

The relaxation rate Ry for M4, known as transverse relazation rate in the literature, is the real part of the expression
in the parentheses.

Ry = b2 [ ¢2(0)c?(t)dt + R { 3p2 c+(0)c—(t)eiw0tdt} . (8.47)
/ ]

0

Note that the first integral in [8.47]is a real number, equal to Rg derived by the classical analysis.
Using the same arguments as for M.,

What is the physical interpretation of the obtained equation? Two terms in Eq. [8.48
describe two processes contributing to the relaxation of M, . The first one is the loss
of coherence with the rate Ry, given by the correlation function ¢#(0)c?(t) and describ-
ing fluctuations of the components of the chemical shift tensor parallel with By (a,).
This contribution was analyzed in Sectiond.2] using the classical approach. The sec-
ond contribution is transitions between the |a) and |B) states due to fluctuations of the
components of the chemical shift tensor perpendicular to By (a, and a,), returning the
magnetization vector M to its direction in the thermodynamic equilibrium. As M is
oriented along the z axis in the equilibrium, the transitions renew the equilibrium value
of M., as described above, but also make the M, and M, components to disappear. Note
however, that only one correlation function (¢*+(0)c=(t)) contributes to the relaxation of
M., while both ¢*(0)c=(t) and ¢=(0)c*(t) contribute to the relaxation of M, and only
R, /2 contributes to Ry. If we defined R, as a relaxation rate of M_, ¢=(0)ct(¢t) would
contribute’t

1 31 1

SFluctuations with frequency 4wy affect M, and fluctuations with frequency —wq affect M_, but
both affect M. Alternatively, we could define R as a relaxation rate of M, or M,. Fluctuations of the
B, component affect M, but not M,, while fluctuations of the B. , component affect M, but not M.
On the other hand, both fluctuations of B, , and B., affect M,. Working with M, M_ or M,, M,,
the relaxation of M, due to B, , and B, , is always twice faster.



8.8. THE ONE-PULSE EXPERIMENT 119

8.8 The one-pulse experiment

At this moment, we have all we need to describe a real NMR experiment for sample
consisting of isolated magnetic moments (not interacting with each other). The basic
NMR experiment consists of two parts. In the first part, the radio-wave transmitter is
switched on for a short time, needed to rotate the magnetization to the plane perpendic-
ular to the magnetic filed B, (a radio-wave pulse). In the second time, the radio-wave
transmitter is switched off but the receiver is switched on in order to detect rotation of
the magnetization vector about the direction of By. We will analyze evolution of the
density matrix during these two periods and calculate the magnetization contributing
to the detected signal.

8.8.1 Excitation by radio wave pulses
At the beginning of the experiment, the density matrix describes thermal equilibrium
(Eq. [820):

p(0) =TI, + KZ,. (8.50)

The Hamiltonian governing evolution of the system during the first part of the exper-
iments consists of coherent and fluctuating terms. The fluctuating contributions result in
relazxation, described by relaxation rates Ry and Ry. The coherent contributions include

H=¢e I, —vBo(1+ 6)Z, — vBi(1 + 6) cos(wrott) Ly — v B1(1 + 0;) sin(wrort)Zy,, (8.51)

where he, is the total energy of the system outside the magnetic field, and the choice
of the directions x and y is given by the cos(w;et) and sin(wpet) terms.

The Hamiltonian simplifies in a coordinate system rotating with w,o; = —Wradio
H = Et It + g—"}/Bo(l + 51) — ertZIZ _'_\(_731(1 + (51)21—33, (852)
by M

but it still contains non-commuting terms (Z, vs. Z,). Let us check what can be
neglected to keep only commuting terms, which allows us to solve the Liouville - von
Neumann equation using the simple geometric approach.

e The value of ¢; is unknown and huge, but Z; commutes with all matrices (it is
proportional to the unit matrix). As a consequence, this term can be ignored
because it does not have any effect on evolution of p.

e The value of w; defines how much magnetization is rotated to the x,y plane. The
maximum effect is obtained for wym, = /2, where 7, is the length of the radio-
wave pulse. Typical values of 7, for proton are approximately 10 us, corresponding
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to frequency of rotation of 25 kHz (90° rotation in 10 us corresponds to 40 us for a
full circle, 1/40 us = 25kHz).

e Typical values of R; are 1071 s7! to 10°s™! and typical values of Ry are 1071s™! to
102s7! for protons in organic molecules and biomacromolecules. Therefore, effects
of relaxations can be safely neglected during 7,,.

e When observing a single type of proton (or other nucleus), €2 can be set to zero by
the choice of w,.qi,. However, variation of 2 is what we observe in real samples,
containing protons (or other nuclei) with various d;. The typical range of proton
0; is 10 ppm, corresponding to 5kHz at a 500 MHz spectrometer.ﬁ The carrier
frequency wiagio is often set to the precession frequency of the solvent. In the case
of water, it is roughly in the middle of the spectrum (4.7 ppm at pH 7). So, we
need to cover £2.5kHz. We see that |Q] < |wi|, but the ratio is only 10 % at the
edge of the spectrum.

In summary, we see that we can safely ignore Z; and fluctuating contributions, but
we must be careful when neglecting Q)Z,. The latter approximation allows us to use the
geometric solution of the Liouville - von Neumann equation, but is definitely not perfect
for larger €2 resulting in offset effects.

Using the simplified Hamiltonian H = w,Z,, evolution of p during 7, can be described
as a rotation about the "7, axis”:

p(0) =Ty + KL, — p(1p) = L + K(Z, cos(w1Tp) — I, sin(wy 7). (8.53)
For a 90° pulse,

p(ry) = T, — KT, (8.54)

8.8.2 Evolution of chemical shift after excitation

After switching off the transmitter, w;Z, disappears from the Hamiltonian, which now
contains only commuting terms. On the other hand, signal is typically acquired for a
relatively long time (0.1s to 10s) to achieve a good frequency resolution. Therefore, the
relaxation effects cannot be neglected.

The coherent evolution can be described as a rotation about the "7, axis” with the
angular frequency {2

p(t) = I + k(—Z, cos(2t) + I, sin(t)). (8.55)
The measured quantity M, can be expressed as (Eq. [6.17)

6Chosen as a compromise here: spectra of small molecules are usually recored at 300 MHz-500 MHz,
while spectra of biomacromolecules are recorded at 500 MHz-1 GHz.
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(M) = Te{ M, p(t)} = NyhTe{Z (L, + r(—T, cos(t) + L, sin(t))}. (8.56)

The relevant traces are

wea-o{() (O} () e
vl (D)o {() 1 e
R ) B 1 R

Including relaxation and expressing x

22
(M) = %e_mt(sin({)t) ~ icos(Q1)). (8.60)
B

which can be rewritten as

2 2B 9 2B ' i
(M) = %G_th (cos (Qt - g) +1isin (Qt — g))) = N—Zk:T 0 o= Rat oi0 ,—i5
(8.61)

We know that in order to obtain purely Lorentzian (absorption) real component of
the spectrum by Fourier transformation, the signal should evolve as e~f2ei*. We see
that magnetization described by Eq. is shifted from the ideal signal by a phase of
—m /2. However, this is true only if the evolution starts ezactly at t = 0. In practice,
this is impossible to achieve for various technical reasons (instrumental delays and phase
shifts, evolution starts already during 7, etc.). Therefore, the rotation has an unknown
phase shift ¢ (including the 7/2 shift among other contributions), which is removed by
an empirical correction during signal processing (corresponding to multiplying Eq.
by €™/2). It tells us that we can ignore the phase shift and write the phase-corrected
signal as

232
(M) = 2B et sty + isin(er)) =

N2 B, o ot it
4kpT ’

8.62
4kgT (8.62)

8.8.3 Spectrum and signal-to-noise ratio

Knowing the expected magnetization, we can try to describe the one-dimensional NMR spectrum quantitatively. To do
it, we need to know

1. how is the detected signal related to the magnetization. Here, Eq. helps us: p in Eq. is simply magne-
tization multiplied by the volume sensed by the detector coil.
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2. how is the time-dependent signal converted to a frequency spectrum. Here, the answer is described in Chapter [5]
the most important step is the Fourier transform

3. how is the noise defined. Here, we use the result of statistical mechanics showing that the square of the thermal
noise of electrons is (n2) = 4RkgTAf, where R is resistance, T is temperature, and Af is the frequency bandwidth
of the detector.

If we do not include relaxation, neglect effect of the preamplifier, resistance of the sample, and assume that the
receiver coil and sample have the same temperature, the result of the analysis is
5/252 3/2
N~3/2r2 B
]{3]?;)/2T3/2 (Af)l/Q

sample

Signal/noise = K

(8.63)

where K includes geometry and construction factors, and Af is the receiver bandwidth.

In the most sensitive NMR probes, the motions of the electrons are suppressed by cooling the receiver coil to a very
low temperature, approximately 20 K. Therefore, we have to include the sample and coil temperature separately. If the
effect of preamplifier is included, we get a bit more complex relation

3/2
NA5/212 B3
k}?;,/2Tsample \/(Tcoil + TsalnpleR//R + (1 + R//R) Tl)Af

where R is the resistance of the coil, R’ is the resistance induced by the sample in the coil (proportional to the
conductivity and therefore to the ionic strength of the sample), and T” is so called noise temperature of the ampliﬁerEl
The actual sensitivity also depends on relaxationEl apodization (or other tricks of processing), and is also proportional to
square root of the ratio of the time of signal acquisition to the overall time of the experiment

The numerical values given by Egs. [8.63H8.64] are of little practical use. However, it is useful to notice how sensitivity
depends on individual factors (temperature, field, magnetogyric ratio of the observed nucleus).

Signal/noise = K

(8.64)

8.8.4 Conclusions

In general, the analysis of an ideal one-pulse experiment leads to the following conclu-
sions:

e The analysis of a one-pulse NMR experiment shows that the density matrix evolves
as

p(t) o< (Z, cos(Qt + ¢) + I, sin(§2t) + ¢) + terms orthogonal to 7, (8.65)

the magnetization rotates during signal acquisition as
(M.} = [ Mo~ (8.66)

(with some unimportant phase shift which is empirically corrected).

"We already assumed that the phase correction was applied. Another factor determining the shape
of the spectrum in practice is apodization, but we can ignore it now for the sake of simplicity.

8The input noise is amplified by the factor (1 + T'/T)G, where G is the gain of the preamplifier.

9At low temperatures, Boltzmann distribution is more favorable but line broadening more severe
(mostly due to higher viscosity of the solvent at low temperature). Therefore, the temperature depen-
dence of sensitivity on the temperature has a maximum (interestingly close to room temperature for
medium-size proteins in aqueous solutions).

10Tn many experiments (but not necessarily in the one-dimensional experiment), recycle delay (waiting
for the sample to return close to the equilibrium before the next measurement) is much longer than the
actual signal acquisition.
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e Fourier transform gives a complex signal proportional to

N’)/ZHZBO ( RQ . w — Q )

4kgT R2 + (w—Q)2 - IR% (w—0)p (8.67)

e The cosine modulation of Z, can be taken as the real component of the signal and
the sine modulation of Z, can be taken as the imaginary component of the signal:

— —
= =
> >
— —
9 &
— N
o) o)
z \/ \ V2 = \g
< <
(] (]
i= g
= =
= =
= .50
0 t w2 t
After Fourier transformation:

R{Y (w)}
2 —
S{Y (w)}

w w

e The signal-to-noise ratio (without relaxation) is proportional to A5/ Bg’ / 2, with the
optimal temperature given by relaxation properties (close to room temperatures
for proteins in aqueous solutions).
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Chapter 9

Product operators, dipolar coupling

Literature: The product operator formalism for multi-spin systems is described in
B17.4, B18, C2.5.1, C2.7, L15. The dipole-dipole Hamiltonian is discussed in L9.3.
Relaxtion is described K9, LL19-L20, C5 in different manners. All texts are excellent. It
is very helpful to read them all if you really want to get an insight. However, the topic
is difficult and absorbing the information requires a lot of time.

9.1 Dipolar coupling

So far, we analyzed effects of various fields on nuclei, but we assumed that all nuclei
are independent and their properties can be described by operators composed of two-
dimensional matrices. Now we take into account also mutual interactions — interactions
with fields generated by other nuclei.

If spin magnetic moments of two spin-1/2 nuclei interact with each other, the mag-
netic moment of nucleus 1 is influenced by the magnetic field By of the magnetic moment

of nucleus 2.
By is given by the classical electrodynamics as

EQ = 6 X A)g, (9.1)

. o 90 0
V=l —,—,— ). 9.2
(83378@/’8,3) (9-2)

Let us assume (classically) that the source of the magnetic moment of nucleus 2 is a current loop. It can be derived
from Maxwell equations that the vector potential Az in a distance much larger than radius of the loop is

where

L=t Brr (9:3)

where 7 is a vector defining the mutual position of nuclei 1 and 2 (inter-nuclear vector).
Calculation of Bz thus includes two vector products

Egz%‘)ﬁx H2 X7 (9.4)

As a consequence, each component of B depends on all components of fia:

125
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Baoo = L0 ((81% = r) iz + Brarypuz,y + 3rarspiz,z) (9.5)
_ Mo 2 2

Bay = oo (Brarypuze + (315 — )iz + Bryrpiz 2) (9.6)
_ Mo 2 2

Ba: = s (Brarepn g + Bryrapiny + (32 —r)ua ), 9.7)

which can by described by a matrix equation

2 2
By » o 3y —r 327’x7°y ; 3r.r, 12z

2w | =13 3rery 3r)—71 32ry7°z , | ey |- (9.8)
B . 3ryr,  3ryr, 3r; —r 2,

The matrix in Eq. represents a tensor describing the geometric relations of the dipolar coupling and has the same
form as the matrix in Eq. @, describing the anisotropic contribution to the chemical shift tensor: the vector defining
the symmetry axis of the chemical shift tensor @ is just replaced with the inter-nuclear vector 7 in Eq. Like the
anisotropic part of the chemical shift tensor, the matrix in Eq. simplifies to

-1 00

10
P 0-10 (9.9)
mr 0 02

in a coordinate system with axis z || 7. Rotation to the laboratory frame is described by angles ¢ and ¢ defining
orientation of 7 in the laboratory frame

-1 00 31"920 —r2 3rery 3reTs
0-10 | — o 3rery  3r2 — 12 3;yr22 , (9.10)
0 02 3rzTs 3ryr, 3rZ —r

where r; = rsind cosp, 7y = rsindsinp, and r, = rcos .

Classical electrodynamics tells us that the energy of the interaction with the field of the second dipolar magnetic
moments (E = —f; - Ba) is

_ HOo7172

FE =
4qr3

((3 sin? ¥ cos? ¢ — Dpizpos + (3 sin? ¥ sin? ¢ —Dpuiypay + (3 cosZ 9 — Dprzp2-+

+ 3sin? ¥sin ¢ cos P12y + 3sind cos ¥ cos i p2, + 3sintd cos ¥ sin pp1ypoz
+ 3sin® ¥ sin pcos Pyt + 3sind cos ¥ cos pu1 2z + 3 sind cos ¥ sin cp,ulzugy) . (9.11)

Having the classical description of the interaction of two magnetic dipolar moments,
we can ask how the quantum description should be modified if the magnetic moments
interact. If two spin magnetic moments interact mutually, they cannot be described
using the same basis. Eigenfunctions are influenced by the interactions. State of the
first spin depends on the state of the second spin. For two spin-1/2 nuclei, there are
2 x 2 = 4 states. Therefore, the probability density matrix should describe the pair of
magnetic moments and its four states as one entity. Furthermore, the classical expression
of the interaction energy (Eq. suggests that the Hamiltonian should be built from
operators representing products of individual components of the interacting magnetic
moments. Let us know look for a basis that fulfils these requirements.



9.2. PRODUCT OPERATORS 127

9.2 Product operators

The density matrix for four states is a 4 X 4 matrix. Basis used for such density matrices
must consist of 4> = 16 matrices. The density matrix for N states is a N x N matrix.
Basis used for such density matrices must consist of 4 matrices.

The basis can be derived by the direct productﬂ of basis matrices of spins without
mutual interactions. For example, Cartesian single-spin operators can be used to create
a basis for two spins (see Table using the following direct products:

2. 7,(1) ® T,(2) = Z,(12) (9.12)
2-7,(1) ® T,(2) = T1.(12) (9.13)
2.7,(1) ® T,(2) = T1,(12) (9.14)
2.7,(1) ® 7,(2) = T,.(12) (9.15)
2-T,(1) ® T,(2) = I,(12) (9.16)
2-7,(1) ® T,(2) = In, (12) (9.17)
2. 7,(1) ® T.(2) = T».(12) (9.18)
2-7,(1) ® I,(2) = 271, T,(12) (9.19)
2. T,(1) ® I,(2) = 271, T»,(12) (9.20)
2. 7,(1) @ T.(2) = 271, T».(12) (9.21)
2. 7,(1) ® T,(2) = 27, T»,(12) (9.22)
2.7,(1) ® Z,(2) = 21,,T5,(12) (9.23)
2.7,(1) © I.(2) = 211, T».(12) (9.24)
2-7.(1) ® 7,(2) = 211,15, (12) (9.25)
2. 7.(1) ® Z,(2) = 21,.T5,(12) (9.26)
2 1.(1) ® Z.(2) = 271.75.(12), (9.27)

where the numbers in parentheses specify which nuclei constitute the spin system
described by the given matrix (these numbers are not written in practice). The matrices
on the right-hand side are known as product operators. Note that Z;, equal t %1,
is not written in the product operators for the sake of simplicity. Note also that e.g.
Z,(1) and Z,(2) are the same 2 x 2 matrices, but Z;,(12) and Z,,(12) are different
4 x 4 matrices. Basis matrices for more nuclei are derived in the same manner, e.g.
27,75, (12) ® Z,,(3) = 474,75, 73, (123).

The basis presented in Table represents one of many possible choices. Another

I Direct product A ® B is a mathematical operation when each element of the matrix Ais multiplied
by the whole matrix B.
21 is the unit matrix.
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Table 9.1: Cartesian basis of product operators for a pair of spin-1 nuclei
Y1 0 0 O ¥1 0 0 0 1 0 0 O 1 0 0 0
_ 1| o+1 0 0 _1| 0+1 0 0 _ 1| 0-1 0 0 1| 0-1 0 0
Ti =3 0 0+1 0 T = 3 0 0-1 0 T2: = 3 0 041 0 2heToz = 5 0 0-1 0
0 0 0+1 0 0 0-1 0 0 0-1 0 0 0-+1
0 0+1 0 0 041 0 0 0—i O 0 0—i 0
. 0 0 0+1 _ 1| 0 0 0-1 _ 1| 00 0-i _1| 00 0+
Tiz=35141 0 0 0 hel2- =3 | 41 9 ¢ o0 Tw=34 00 0 hyl2z =3 | 45 0 0 o0
04+1 0 0 0-1 0 0 0O+i 0 0O 0-i 0 0
04+1 0 0 0+1 0 0O 0—i 0 O 0-i 0 0
_i|+1 0 0 0 _i|+1 0 0 0 _ai|+i o000 _ 1|+ 000
Tow = 5 0 0 0+1 2heTor = 5 0 0 0-1 Toy=3| 0 0 0-i Ty =5 o o 04
0 041 0 0 0-1 0 0 0O+i O 0 0—i 0
0 0 0+1 0 0 0-1 0 0 0-—i 0 0 0-—i
g 0 0+1 0 gy 0 041 0 1| o0+ o0 1| 0oo0-io0
2hatie = 3 0+1 0 O 2hyliy = 3 0+1 0 0 ey =351 o 0 0 Iyl =3 04 0 0
+1 0 0 0 -1 0 0 0 +i 00 + 0 0 0

possible basis is shown in Table [9.2] Egs. and [7.5] can be used to convert product
operators of the basis sets in Tables [0.1] and [9.2]

9.3 Liouville - von Neumann equation

The Liouville - von Neumann equation can be written in the same form as for spins

without mutual interactions (Eq. [7.19):

& = 1M = Hp) = ilp.H) = —i[H, ],

but the density matrix and Hamiltonian are now N x N matrices described in the
appropriate basis. The same simple geometric solution as for spins without mutual in-
teractions is possible if the Hamiltonian does not vary in time and consists of commuting
matrices only. However, the operator space is now N? dimensional (16-dimensional for
two spin-1/2 nuclei). Therefore, the appropriate three-dimensional subspace must be se-
lected for each rotation. The subspaces are defined by the commutator relations, which
can be defined for spin systems consisting of any number of spin-1/2 nuclei using the
following equations.

(9.28)

[In,xazn,y] = iIn,z [In,y7zn,z] = IIn,:t [In,zaz-n,x] = iIn,y (929)
Znj» 2Zn kLo ] = 2L 5, o Ly (9.30)
[ZInd‘,Z’.n/,l? 2In7k’:z’-n’,m] = [In,ja In,k]5Zm7 (931)
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Table 9.2: Single-element basis of product operators for a pair of spin-% nuclei

1000 0000 0000 0000
0000 0100 0000 0000
TiaT2a = | g0 Tial2s = | 900 Tiglaa =1 910 Tiglap = | 9000
0000 0000 0000 0001
0100 0000 0000 0000
0000 1000 0000 0000
TiaT2+ = | 500 Tiela- =1 000 TipTe+ = | 5901 TisTe- =1 5000
0000 0000 0000 0010
0010 0000 0000 0000
0000 0000 0001 0000
TivTaa = | 000 Li-Tza=| 1990 Titles =1 9900 Ti-Tes=1 9000
0000 0000 0000 0100
0001 0000 0000 0000
0000 0010 0000 0000
TitTa+ = | 500 Title-==1 9000 -+ ==1 9100 Ti-To- =1 000
0000 0000 0000 1000

where n and n’ specify the nucleus, j,k,l € {z,y,2}, and §;,, = 1 for [ = m and
O = 0 for I #m

9.4 Operator of the observed quantity

In order to describe the observed signal for a system of different nuclei, Eq.[9.32] defining
the operator of complex magnetization, must be slightly modified

M—I— = ZNn/yn(fn,x + ifn,y) - ZNn’Ynjm_,_, (932)

where the index n distinguishes different types of nuclei and N, is the number of
nuclei of each type in the sample (per unit volume).

9.5 Hamiltonian of dipolar coupling

As usually, Hamiltonian of the dipolar coupling can be obtained using the classical description of the energy (Eq.[9.11).
Describing the magnetic moments by the operators fi1,;v1/1,; and ﬂ27j71f2,j, where j is z, y, and z, the Hamiltonian of
dipolar coupling HD can be written as

BZ,m

HD = 7'71(f1,mB2,x + fl,yB2,y “FIAl,zBQ,z) = 771(j1,z fl,y jl,z) <B2,y) =
BQ,z

3r2 —r2 3rgpry  3rers f?,z N .
= _%(I},z Ly hiz) | Brary 3rg—r? 3ryr Iy | = 5-D- 'k (9:33)
T 3rarsy  3ryr. 3r2 —r2 I,

where D is the tensor of direct dipole-dipole interactions (dipolar coupling).
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The Hamiltonian can be written in spherical coordinates as

HD = —% ((?;sin2 9 cos? - 1)flzfzz + (3sin2195in2 ©— l)flyfgy + (3cos2 Y — 1)flzfzz+
r

+ 3sin? ¥ sin ¢ cos gofmfgy + 3sin Y cos ¥ cos g@fufgz + 3sin ¥ cos ¥ sin <pf1yfgz
+ 3sin? ¥ sin ¢ cos goflyfh + 3sin ¥ cos Y cos gaflzfgm + 3sin ¥ cos ¥ sin <pflzf2y) . (9.34)

9.6 Secular approximation and averaging

Similarly to the chemical-shift Hamiltonian, the Hamiltonian of dipolar coupling can be
simplified in many cases.

e Magnetic moments with the same v and chemical shift precess about the z axis with the same precession frequency.
In addition to the precession, the magnetic moments moves with random molecular motions, described by re-
orientation of 7. In a coordinate system rotating with the common precession frequency, 7 quickly rotates about
the z axis in addition to the random molecular motions. On a time scale slower than nanoseconds, the rapid
oscillations of rg, ry, and r. are neglected (secular approximation). The values of rg and 7‘5 do not oscillate
about zero, but about a value (r2) = (r2), which is equal tcﬂ (r? — (r2))/2 because (r2 +r2 +r2) = (r?) = r2
Therefore, the secular approximations (i.e., neglecting the oscillations and keeping the average values) simplifies
the Hamiltonian to

] ;oop 1. = 1. .
Hp = ,% (B3(r) —r?) (11&12@ —Shale - 511,?,1“) (9.35)
3{cos? W) —1 /-~ - .. o
= 7!2:71«’;2 < 2 ) (211,z12,z —I12d22 — 11,y12,y) . (9.36)

e Magnetic moments with different v and/or chemical shift precess with different precession frequencies. Therefore,
the  and y components of fiz rapidly oscillate in a frame rotating with the precession frequency of [i; and vice
versa. When neglecting the oscillating terms (secular approximation), the Hamiltonian reduces to

_ Hom2 3(cos?¥9) — 1
4mr3 2

_ B2

}AID = 5 (3<7“§> - "'2) fl,zfQ,z = QIALZIAQ,Z. (9.37)
4mr

e Averaging over all molecules in isotropic liquids has the same effect as described for the anisotropic part of the
chemical shielding tensor because both tensors have the same form:

=r2=r2 (9:38)

e

Finally,

ri—&-ri—&-rﬁ:’rﬂ:>r%+r§+r§:@:ﬁ:>37"§—r2:r(3005219—1):0. (9.39)

Unlike the chemical shift Hamiltonian, the Hamiltonian of the dipolar coupling does
not have any isotropic part. As a consequence, the dipole-dipole interactions are not
observable in isotropic liquids. On the other hand, their effect is huge in solid state
NMR and they can be also be measured e.g. in liquid crystals or mechanically stretched
gels. Last but not least, the dipole-dipole interactions represent a very important source
of relaxation.

*Note that (r2) = (r7) # (r?) in general.
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9.7 Dipole-dipole relaxation

Rotation of the molecule (and internal motions) change the orientation of the inter-
nuclear vector and cause fluctuations of the field of magnetic moment /iy sensed by
the magnetic moment fi;. It leads to the loss of coherence in the same manner as
described for the anisotropic part of the chemical shift (cf. Eqs and However,
the relaxation effects of the dipole-dipole interactions are more complex, reflecting the
higher complexity of the Hamiltonian of the dipolar coupling.

In order to describe the dipole-dipole relaxation on the quantum level, it is useful to work in spherical coordinates
and to convert the product operators to a different basis. Single quantum operators are transformed using the relation
Iy =1, +ily):

A A 1 A s A s
Liglz, = §(+11+122 + I1-1I22), (9.40)
PO 1 A s A A
IlyI2z = 5(_11-‘—[22 + 11—122)7 (941)
A a 1 PURN A a
T2, = §(+11212+ +11.12), (9.42)
PUNN i PUNN A a
I .12y = 5(—11212+ +1I1.12). (9.43)
Since
cosp +isinp = e'?, (9.44)
cosp —isingp = eI, (9.45)

3sin19cosq9(flzfgz cos p + flyfzz sin p + Tiofoy cosp + flzfgy sin ).

3 I . PO FR . PO
= 5 sin 1 cos 19([1+I2ze—1<p + [1_Iz.e'% + IlzIQJre_uP + IlZIQ,e“P) (9.46)
The double-quantum/zero-quantum operators are transformed in a similar fashion

PN i A~ A “ ~ ~ A ~ A
Iizloy = Z(+11+I27 —Ii_Ioy —Ivyloy +11_I2_),
L. i . . .. ..
Iylay = Z(*Il+12— +h_ Iy —Iiyloy +11_1I2),
. . 1 . . . .. ..
Iiglay = Z(+Il+127 +h_Ioy + Iy loy +11_12),
.. 1 . . . .. ..
I1ylay = Z(+11+I27 +hL_ Iy —Iiyloy —I1_I2),

and

3sin? ﬁ(flzfzz cos? o+ jlnyy sin® o+ flzfzy sin ¢ cos p + flyfgz sin ¢ cos @) — (flzsz + flyfgy)
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3 PO
=3 sin? 9 ( 14 Ia— (cos? ¢ +sin? ¢ + isinpcosp — isinpcosp

+f1_f2+(c052 @+ sin? p — isinpcosyp + isinpcosy
+f1+f2+(cos2 p— sin? @ — isinycos g — isinycos ¢

)
)
)
+I1_Ir_ (cos® p — sin® ¢ + isin @ cos @ + isin g cos p) )
1 ~ ~ ~ ~
71(211_4_[2_ +2[1_IQ+)
1. o 1. .o
= 111+12_(381n 9 — 2) -+ 111_124,_(3511'1 [ 2)
3. - ; 3. . )
+111+12+ sin2 Ye—12¢ 1 111_12_ sin? Yel2¥

1. - 1. .
= 7111+12_(3c05219 —-1) — 111_12+(3 cos? 9 —1)

3. - i 3. . .
+ 5 Dz sin? Ye~i2¢ 4 Jhi-Te- sin? 9el2¢, (9.47)
Using Eqgs. and and moving to the interaction frame (fni — fnieii“’ﬂv"t), Eq. is converted to

AL = —% (flzfgz(3c08279 -1)
1. ~ . 1. ~ .
—111+12,(3 cos? 9 — 1)el(wo,17wo0,2)t _ 111712+ (3cos? ¥ — 1)e~ (wo,1=wo,2)t
3. . o 3. . .
+511+12Z sin 9 cos Ye1Pel(wo,1)t 1 Ell,lgz sin 9 cos YelPei(wo,1)t

3. . o 3. . .
+511Z12+ sin 9 cos Ye " 1Pel(wo,2)t 1 511Z12, sin ¥ cos YelPei(wo,2)t

+2f1+f2+ sin? Ye~12¢ei(wo,1+wo,2)t 4 Zflffgf sin? Yei2Pei(wo,1+wo,2)t )

o opomve (s s e Ll a1 .
= —W (2[121226 — 50 Iyl — 50 I _I>y
3 PN PR PO PN PN PO
+ \/g (C+211+I2z +c*_Is. + CZ+I1ZIQ+ +cF 1.1 + c++11+12+ + ciiflffgf) ) . (9.48)

Similarly to Eq. [8.28] the dipole-dipole relaxation is described by

10— [ (Ao, o (@), gl (9.49)
0

The right-hand side can be simplified dramatically by the secular approzimation as in Eq. all terms with
etiwo.nt gre averaged to zero. Only terms with (cz%)2, c#tc?—, ct%c%, ct—c~ 1, and ct+Tc—— are non zero (all equal
to 1/5 at t; = 0){*| This reduces the number of double commutators to be expressed from 81 to 9 for each density matrix
component. The double commutators needed to describe relaxation rates of the contributions of the first nucleus to the
magnetization (M1.) and (M14) are, respectively,

4 Averaging over all molecules makes all correlation functions identical in isotropic liquids.
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2z, [1121227[12]] - 0
1-lay, [Il+I2—7llz]:| = W2(I1, — I2s),
vl [hofoy D)) = W2(0s = T2z),

1.5
14122, [ 11—1227112}] = 5?12112,

[\

[F-1

k

[

[

[ 1- f2z:[11+12z,hz}] = Ly,
[f1:a, [B2Fa, Bi]] =0,
[flzf s [Ilz12+,zlz]] -0,

[ vidoy, [ 127,11z]] =n2(f1. + Is),
[

1-da | 11+12+7112]] = W21, + I2z),

e 1 5.
11z12z,[11z12z,11+}] = Zﬁ211+7
f1+f2—,[f1—f2+,f1+]} =r’Iy,
f17f2+7[f1+f277f1+]} =

e . 1 ..
I14 12z, [117[2z7[1+]] = 5h211+,

S . 1.
Iizloy, [11z127711+]] = §ﬁ211+,

. . 1 ..
I, 27,[11212+,11+]] = §ﬁ2l1+,

~>

vidoy, [hIo, f1+]} =0

[
[
[
[
[f1 b, th o ] = 0,
[
[
[
[

N ~ ~ ~ ” 1 ~
fifse, [11+12+,11+]} = Sn%ha

The relaxation rates can be then derived as described for the relaxation due to the chemical shift.
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The following equations describe relaxation due to the dipole-dipole interactions in
a pair of nuclei in a rigid spherical molecule:

1A (M, 1.
(§H1> - 7§b2(2J(W0,1 —wo2) + 6J(wo,1) + 12J(wo1 + wo2)) A(M2)

1
+ gzﬂzj(wo,1 — wpa) — 12J(wo1 + wo2)) A(M,,)

= —Ru A(M.) — RA(Ms.) (9.6

AA(Ms,,)

1..
a _gbz(z'](‘uo& — Wo,2) + 6J(wo2) + 12J(wo + wo2) ) A(Ms.)

1
+ gl)2(2j(w'031 — Wog) — 121]((,0()71 + wog))A<J[12>

= — RupA(Ms,) — RyA(M,) (9.6

Y

The relaxation rate R; of the dipole-dipole relaxation is the rate of relaxation of the
z-component of the total magnetization (M,) = (Mi.) + (Ms.). Ry is derived by solving
the set of Eqgs. and The solution is simple if J(wp1) = J(wo2) = J(wo) =
R.1 = R.o = R, (this is correct e.g. if both nuclei have the same ~, if the molecule
rotates as a sphere, and if internal motions are negligible or identical for both nuclei)ﬂ

dA (M, 1

# = —ng(GJ(w) +24J(2w))A(M,) = — (Ra + Rx) A(M,). (9.72)
There are several remarkable differences between relaxation due to the chemical shift

anisotropy and dipole-dipole interactions:

e The rate constants describing the return to the equilibrium polarization is more
complex than for the chemical shift anisotropy relaxation. In addition to the
30*J(wo1)/4 term, describing the |a) « |5) transitiorﬂ of nucleus 1, the auto-
relaxation rate R,; contains terms depending on the sum and difference of the

5The general solution gives R, = % (Ral 4+ Rao + \/(Ral — Ra2)? + 4R,2(>.
6The |aa) <> |Ba) and |aB) <+ |BB) transitions in a two-spin system

d(M 1
< dt1+> = _gb2(4z](()) + GJ(WQQ) + J(WQJ — wovg) + ?)J(W()J) + GJ(C«JOJ + W'OQ))<]\[H
1
=Ry (M) = — <Ro,1 + 2Ral> (M), (9.7
where
poy1y2h
b=— ‘ 9.71
47r3 ( )

=4
~— N’
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precession frequency of fi; and ji;. These terms correspond to the zero-quantum
(laB) <> |Ba)) and double-quantum (Jaa) <> |B3)) transitions, respectively.

e Return to the equilibrium polarization of nucleus 1 depends also on the actual
polarization of nucleus 2. This effect, resembling chemical kinetics of a reversible
reaction, is known as cross-relazation, or nuclear Overhauser effect (NOE), and
described by the cross-relaxation constant R,. The value of R, is proportional to
r~% and thus provides information about inter-atomic distances. NOE is a useful
tool in analysis of small molecules and the most important source of structural
information for large biological molecules.

e The relaxation constant Ry, describing the loss of coherence, contains an addi-
tional term, depending on the frequency of the other nucleus, 3b*J(wp2)/4. This
term has the following physical significance. The field generated by the second
magnetic moment depends on its state. The state is changing due to |a) < |5)
transitions the with the rate given by 3b%J(wp2)/4 (single quantum contribution
to Ry, analogous to R; due to the chemical schift anisotropy). Such changes have
the similar effect as the chemical or conformational exchange, modifying the size
of the chemical shift tensor. Therefore, 3b*J(wp2)/4 adds to Ry like the exchange
contribution.
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Chapter 10

2D spectroscopy, NOESY

Literature: A very nice explanation of the principles of two-dimensional spectroscopy
can be found in K8.1-K8.2. The idea of 2D spectroscopy, but for a different type of
experiment (COSY) is also presented in C4.1, L5.6 and L5.9.

10.1 Two-dimensional spectroscopy

In order to describe principles of 2D spectroscopy, we first analyze an experiment con-
sisting of three 90° pulses and two delays before data acquisition:

a(T/2)gy, —t1 —c (7/2)2q — T —e (7/2)4¢ — t2(acquire).

We describe the density matrix just before and after pulses, as labeled by letters ”a”
to "f7.

10.1.1 Thermal equilibrium

Before we analyze evolution of the density matrix in a 2D experiment, we must define
its initial form.

Again, we start from the thermal equilibrium and use the Hamiltonian. The difference from the case of isolated nuclei
is that we need to define a 4 x 4 density matrix in order to describe a pair of mutually interacting nuclei. As explained
above, the off-diagonal elements of the equilibrium density matrix (proportional to Z, and Z,) are equal to zero. The
four diagonal elements describe average populations of four stationary states of a system composed of (isolated) nuclear
pairs: aa, af, Ba, and S8. These populations are:
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e~ Eaa/kT 1-

Eaq
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kgT
Pd = ~ B 10.1
Qo e—Baa/kBT 4 e~ Bap/kBT | ¢=Epa/kBT | ¢—Epp/kpT 4 ’ ( )
_ _ Fap
P — o~ Pap/keT ~ L FeT (10.2)
apB e—EBaa/ksT | ¢~ Fap/kBT 4 ¢—Epa/ksT 4 o—Eps/ksT 4 ’ :
E
—Ega/ksT _ ZBo
ped — o Fsalts = ! kpT (10.3)
Bex e—Eaa/kBT 4 ¢~ Fap/kBT 4 o=Ega/kBT 4 —Epp/kpT 4 ’ ’
E
—Egg/kpT _ Epp
ped — o™ Fop/ke 2L kT (10.4)
BB e~ Eaa/kpT +e—EaB/kBT +e—EBa/kBT +e—EBﬂ/kBT 4

The energies Eqa, Fag, Ega, and Egg are the eigenvalues of the total Hamiltonian, which should include effects of

the external field B}, of chemical shifts of both nucl

ei, and of their dipolar coupling. However, the dipolar coupling in

isotropic liquids is averaged to zero. It is therefore sufficient to write the total Hamiltonian as

(10.5)

10 0 O 1 00 O
N . N hlo1 0 O hl0-10 O
H = —y1Bo(1+461,3)11,- —v2Bo(1+62,3)I2,- = —71 Bo(1 +51,i)§ 00—1 0| 2B+ 52,1)5 0o 01 ol~=
00 0-1 0 00-1
—y1(1+61,3) —y2(1 +62,4) 0 0 0
Boh 0 —71(1+61,1) +72(1 + 02,i) 0 0
2 0 0 +y1(1 +61,i) — v2(1 + 62,1) 0
0 0 0 Fy1(14+61,4) + v2(1 + 2,5)
where the diagonal elements (eigenavalues) are the energies of the individual states. Therefore,
1-fag Boh Boh
P sl _ - 1+615)— 1+ 605)—2 10.6
e 1 7 T 1,)8kBT+V2( + 2’)8kBT (10.6)
e Bok Bok
P~y FRT 2 14 61.5) 20 o (14 60) 2 10.7
o 1 4+Wl( + 1‘)8kBT y2(1+ 2’)8kBT’ (10.7)
1 e Boh Boh
PO BT S (146 ) 1+ 605)—2 10.8
e 1 FRc s 1,)8kBT+'72( + 2’)8kBT (10.8)
- kEi"f" 1 Boh
P~ B = (14 61i)—— —v2 (1 + 62 . 10.9
55 1 1 nl+ 1’)81<:BT y2(1+ 2’)8kBT (10.9)
(10.10)
Neglecting the chemical shifts (6;; < 1,925 < 1)
1 Y1 Boh Y2 Boh
4 + 8kpT + 8kpT 0 0 0
0 1y nBoh _ y2Boh 0 0
Neq 4 8kgT 8kpT
P = 0 0 1 _ mBoh + Y2 Boh 0
4 8kpT 8kpT
0 0 0 1 _ mBoh _ y2Boh
4 8kpT 8kpT
(10.11)
1000 +1 0 0 O +1 0 0 O
~1]0100 Y1 Boh 0+1 0 O n Yo Boh 0—-1 0 O (10.12)
410010 8kpT 0 0—-1 O 8kgT 0 0+1 O '
0001 0 0 0-1 0 0 0-1
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1
= 5 (It + /ﬁILZ + HQIZZ) 5 (1013)
where
")/Boh

10.1.2 Evolution in the absence of dipolar coupling

We start with an analysis for two non-interacting magnetic moments, e.g. of two protons
with different chemical shift d; too far from each other. The pair of protons is an example
of a homonuclear system, where all nuclei have the same ~. Since we have neglected the
very small effect of different chemical shifts in Eq. [I0.13], the values of k are also the
same for both protons. As in the one-pulse experiment, we follow the coherent evolution
of p step-by-step, and add the effect of relaxation ad hoc.

[} [)(a) = %It —|— %R(Ilz + IQZ)
We start from the thermal equilibrium described by Eq. [10.13] Note that the
matrices are different than for the single-spin mixed state, but the constant is the
same.

o o(b) = 1T, + Ln(~T,, — Tn,)

Here we describe the effect of the 90° pulse. For detailed analysis, see the one-pulse
experiment.

e pc) = %It + %/i (— cos(Qt1)Z1y + sin(t1)Z1, — cos(Qath) Lo, + sin(Qoty)Zsy)
Here we describe evolution during t; exactly as in the one-pulse experiment.To
keep the equations short, we replace the goniometric terms describing the evolu-
tion by (time-dependent) coefficients c;1, o1, S11, and So;:
plc) = %It + %Fé (—enThy + s11Ziz — canToy + 52170z)

The coefficients 11, ca1, S11, and so; deserve some attention. First, note that the
first subscript specifies the nucleus and the second subscript specifies the time
period (so-far, it is always 1 because we have analyzed only evolution during ¢;).
Second, we include the effect of relaxation into the coefficients:

c1p — e F2ati cos(Q4t) 511 — e F2atigin(Qqt)

o1 — e T228 cog(Qyty) S91 — e~ 22l gin(Qyty)

o p(d) = %It + %fi (—cnThz + suZie — cnZo. + sn1To,)
Here we analyze the effect of the second 90° pulse, similarly to the step a — b.
The z-pulse does not affect x magnetization, rotates —y magnetization further to
—z. The final magnetization is parallel with Eo, but the equilibrium polarization
is inverted.
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o pe) =7
This is a new case, it should be analyzed carefully. Here perform the analysis for a
large molecule such as a small protein: In proteins, M,, M, relax with Ry > 10s™*
and M, with R; ~ 1s7!. The delay 7, is usually longer than 0.1s. Let us assume
Tw = 0.2s and Ry = 20s7!. After 0.2s, e f2m = ¢720x02 — =4 ~ (0.02. We see
that M,, M, relaxes almost completely = Zi,,Z:,, Zoz, Lo, can be neglected. On
the other hand, e fi1m = ¢71X02 — ¢=02 &~ ().82. We see that M, does not relax
too much. Therefore, we continue analysis with Z;,,Z,,. The Z;,,Z,, terms do not

evolve because they commute with H = Z;, + QsZ,.. Consequently,

ple) = %It + %fi (—e_RlT’“CnLZ — e_RleCmIzz) = %It — ALy, — AT,

We further simplified the notation by introducing the factors A; and A,. Again,
we include the relaxation effects into A; and A, when we express the measurable
signal:

A — ge_Rlv”‘“cll =
AQ — %G_R1’2Tm021 =

e famme=R2att oog(0)1)
e—Rl,ZTlne_RQ,2tl COS(QQtl)

NI N0|R

o j(f) = %It + A7y, + ATy,
Here we analyze the effect of the third pulse, in the same manner as we analyzed
the first pulse.

[} ﬁ(tg) = %It + Al (COS(Qltg)Ily - Sin(Qltg)le) + AQ(COS(QQtQ)IQy - SiH(Qth)IQx)
In the last step, we analyze evolution during data acquisition.

Having p(t2), we can calculate (M, ). As the size of the matrices increased, it is more
convenient to use the orthonormality of the basis than to calculate all matrix products.
It follows from the definition of orthonormal matrices that for the two-spin matrices

Tr {(In,x + iIn,y)In,x} = 1, (1015)
Tr{(Z . +1Z0y) Loy} =1, (10.16)

and traces of products with other matrices are zero. Applying the orthonormality
relations to the obtained p(t3) and introducing relaxation, we get

(M) = N~h (A1 Gl cos(t9)Zy, — e f21t2 gin (O15)T,,)
+ Az (€722 cos(Qata) Toy — e 22 8in(Qotn) Ioy)) - (10.17)

Note that the resulting phase is shifted by /2 similarly to Eq. [8.65] but in the
opposite direction. After applying the phase correction, Fourier transform of the signal

provides spectrum in the form (cf. Eq. [8.67)
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A1 Ry AsR3 5 . A1(w - Ql) Az(w - Q2) ))
h : : — )
A ((R F -0 Bt (- sw) 1 (R + o= T Byt (w02

(10.18)

In the one-dimensional experiment, A; and A, just scale the peak height. However,
they depend on the length of the delay ¢;. If the measurement is repeated many times
and t; is increased by an increment At each time, the obtained series of 1D spectra
is amplitude modulated by c¢;; = e 2182 cos(Qt;) and cy; = e 12282 cos(Qyty). Since
the data are stored in a computer in a digital form, they can be treated as a two-
dimensional array (table), depending on the real time ¢, in one direction and on the
length of the incremented delay ¢; in the other directions. These directions are referred
to as direct dimension and indirect dimension. Fourier transform can be performed in
each dimension.

Since we acquire signal as a series of complex numbers, it is useful to introduce the
complex numbers in the indirect dimension as well. It is possible e.g. by repeating the
measurement twice for each value of ¢;, once with the z-phase (the same phase as the
first pulse) of the second pulse, as described above, and then with the y-phase (phase-
shifted from the first pulse by 90°). In the latter case, the Z;, and Z,, components are
not affected and relax during 7,, while the Z;, and Z,, are rotated to —Z;, and —Zs.,
respectively, and converted to the measurable signal by the third pulse. Because the Z;,
and Z,, coherences are modulated by s1; and so1, A; and A, oscillate as a sine function,
not cosine function, in the even spectra. So, we obtain cosine modulation in odd spectra
and sine modulation in even spectra. The cosine- and sine- signals are then treated
as the real and imaginary component of the complex signal in the indirect dimension.
Complex Fourier transform in both dimensions provides a two-dimensional spectrum.

10.2 NOESY

The two-dimensional spectra described in the preceding section are not very useful be-
cause they do not bring any new information. The same frequencies are measured in
the direct and indirect dimension and all peaks are found along the diagonal of the
spectrum. What makes the experiment really useful is the interaction between magnetic
moments during 7,,,. Such approach is known as Nuclear Overhauser effect spectroscopy
(NOESY) and is used frequently to measure distances between protons in molecules.

As described by Eq. relaxation of nucleus 1 is influenced by the state of nucleus
2 (and vice versa):
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Transmitter on

t T, t
Transmitter offﬂ ! ﬂ = ﬂ 2
Receiver on

Receiver off

—_—= —_—= —_—=

131 fi fi
Figure 10.1: Principle of two-dimensional spectroscopy (experiment NOESY). The acquired signal is
shown in red, the signal after Fourier transform in the direct dimension is shown in magenta, and the
signal after Fourier transform in both dimensions is shown in blue.
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S = RuA(ML) + RA(My,) (10.19)
dA(M.
—% = RusA(Ma.) + RA(M,,). (10.20)

The analysis greatly simplifies if the auto-relaxation rates are identical for both
magnetic moments. Then,

_% = RA(My.) + RA(M,.), (10.21)
—% = RAA(M,.) + RA(M,.), (10.22)

Such set of differential equations can be solved easily e.g. by the substitutions A, =
A<Mlz> + A(Mgz> and A_ = A<Mgz> — A<Mlz>
The result is

Ay = A (0)e” FatBt (10.23)
A_=A_(0)e BamBa)t, (10.24)

Returning back to A(M;,) and A(M,,),
A(M1) = (1 = QOA(M1)(0) + CA(Mo.)(0)) e~ et i, (10.25)

A(Ma.) = (1= OAM)(0) + CA(My)(0)) R, (10.26)

where ¢ = (1—e?f%%) /2. Therefore, the amplitudes A; and Aj in our two-dimensional
experiment are

A = g((l —()enn + Ccm)e_(R”R")Tm, (10.27)
Ay = §<<1 — ()egy + Ceqy e ot BT, (10.28)

Now, the amplitudes A; and Ay depend on both frequencies €21 and €5 (contain both
c11 and ¢o1. Therefore, the spectrum contains both diagonal peaks (with the frequencies
of the given magnetic moment in both dimensions) and off-diagonal cross-peaks (with
the frequencies of the given magnetic moment in the direct dimension and the frequency
of its interaction partner in the indirect dimension). The overall loss of signal (”leakage”)
due to the R, relaxation is given by e~ (Fa=fx)™m and intensities of the cross-peaks are
given by the factor
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1
—(Ra+Rx)Tm __ RyTm —RxTm
e =——(e —e
¢ L )
For short 7,, ef™ — e fx™m ~ 1 + R.1, — 1 + Ryrm and e fa™ is close to one.
Therefore, the cross-peak intensities are approximately proportional to

e~ HaTm, (10.29)

1 RxT™m —RxTm —RaTm ~o o Ho 27477’2
— 5 (e — e o R, = (8ﬂ) S-(J(0) = 6J(2w0))n, (1030)

where the difference of the precession frequencies due to different chemical shifts was
neglected (w1 = wp2 because ;3 = 72). Hence, the cross-peak intensity is proportional
to r~% in the linear approximation. If the molecular motions are slow, 2worc > 1 =
J(0) > 6J(2wp), and cross-peaks have the same sign as diagonal peaks. However, if the
molecular motions are fast (e.g., if the molecule is small), the sign is opposite.



Chapter 11
J-coupling, spin echoes

Literature: The through-bond coupling (J-coupling) is described in L.14 and L15, the
Hamiltonian is presented in 1.9.4 and J-coupled spins are described in L14.2, L14.3, and
L14.5. Spin echoes are nicely described in K7.8 and also presented in LA.10.

11.1 Through-bond coupling

Magnetic moments of nuclei connected by covalent bonds interact also indirectly, via
interactions with magnetic moments of the electrons of the bonds. This type of interac-
tion is known as J-coupling, through-bond coupling, hyperfine coupling, or scalar coupling

(see below).

In principle, both orbital and spin magnetic moments of electrons can contribute to the J-coupling, but the contri-
bution of the orbital magnetic moments is usually negligible (coupling between hydrogen nuclei in water is an interesting
exception). The contribution of the electron spin can be described in the following manner. Energy of the interaction
between the (spin) magnetic moment of nucleus fin and the magnetic field generated by the spin magnetic moment of

electron B, is given by
E = —jin- B, (11.1)

Distribution of the electron density in the molecule is described by orbitals. The interaction between the nucleus and
electron outside the nucleus is nothing else but the through-space interaction between two dipolar magnetic moments.
This interaction is averaged to zero. Contributions of p-, d- and higher orbitals to the density inside the nucleus are
negligible because these wave functions are close to zero in the center. Therefore, only s-orbitals are important. The
interaction between the nucleus and electron inside the nucleus can be simulated by a hypothetical current loop giving
the correct magnetic moment when treated classically. If B of such a loop is calculated, its integral over the volume inside
the nucleus is proportional to the magnetic moment:

. 2 .
Be,in = gﬂ/oﬂe,in- (112)

The expected value of the electron magnetic moment in the volume of the nucleus V; is given by
(fie)inside = / B(r)* fetp(r)dV, (11.3)
Vn

where v is the wave function (s orbital in our case) and r is the distance from the center of the atom. Since fi. is
constant in the nucleus,

() fietp(r) = fetp(r)*(r) = fielyp(r)|?. (11.4)
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Combining Egs. I11.4] gives the energy

2 L -
B = — =22 (fin - fie) i (inside) (11.5)
and the corresponding Hamiltonian
2 2HoMmNe (& 2
Hp = — 3n - (In . Ie) finsides (11'6)

where I, and I. are operators of the spin of the nucleus and the electron, respectively, vy, and ~. are magnetogyric
ratios of the spin of the nucleus and the electron, respectively, and finsige iS equal to one inside the nucleus and to zero
outside the nucleus. This type of interaction is known as the Fermi contact interaction and does not depend on orientation
of the molecule in the magnetic field, as documented by the scalar vecor in Eq.

The simplest example of the J-coupling in chemical compounds is J-interaction in a
pair of nuclei (e.g., 'H and '3C) connected by a o bond. In such system, the states |af3)
and |Ba) allow all interacting particles to be in the oppositeﬂ state (H'-e*-e"-C+ and HY-
el-e*-CT, respectively) and their interactions are are energetically more favorable than
those of the |aa) and |B3) states, which require too interacting particles to be in the
same state (Hf-e*-e'-C" or Hl-e'-e*-CT and H*-e*-e!-Ct+ or H¥-e'-e*-Ct, respectively).
The relations are more complex in the case of interactions through multiple bonds.
However, the sign of the coupling constant can be predicted easily if only the Fermi
contact interaction is considered: J < 0 for a two-bond coupling (H'-et-e’-Ct-ef-et-HT
and H¥-e'-er-CT-et-e’-H*) and J > 0 for a three-bond coupling (HT-e*-eT-Ct-eT-et-CT-et-
el-H* and H*-eT-er-CT-et-el-C+-el-er-HT).

In general, each component of the field felt by magnetic moment 1 (e.g. of 'H)
depends on all components of the magnetic moment 2 (e.g. of ¥C), similarly to the
chemical shift and through-space dipole-dipole coupling. Therefore, the interaction is
described by tensors (like chemical shift or dipolar coupling):

B2,a:
Hy ==y Boy+ IjyBoy + 1.Bs 1) = —Y( 1 I, Li)| Bay | =
BQ,Z
o J:m: J:L"y J:pz ]iazl - 2
— (L, I, I | Jye Ty Jye | | I | =27 B (11.7)
Jzac Jzy Jzz le

However, the anisotropic part of the J-tensor is usually small (and difficult to dis-
tinguish from the dipolar coupling) and is neglected in practice. Therefore, only the
isotropic (scalaIED part of the tensor is considered and the interaction is called scalar
coupling:

!'Note, however, that the magnetogyric constants of electrons are negative. Therefore, the orien-
tations of angular momenta and magnetic moments of electrons are opposite. The energetically more
favorable orientation of the magnetic moments of electrons is parallel with the magnetic moments of
the nuclei.

2Note that the Fermi contact interaction depends on scalar product of magnetic moment vectors,
Eq. does not include tensors.
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Jzz 00 100 100
2| 0 J,, 0 | =27 il §y+ 010 | =27 010]. (11.8)
0 0 J. 001 001

The scalar coupling is observed as splitting of peaks by 27.J in NMR spectra. Proton-
proton coupling is significant (exceeding 10 Hz) up to three bonds and observable for 4
or 5 bonds in special cases (planar geometry like in aromatic systems). Interactions of
other nuclei are weaker, but the one-bond couplings are always significant (as strong
as 700 Hz for 3'P-'H, 140 Hz to 200 Hz for ¥*C-1H, 90 Hz for *N-'H in amides, 30 Hz to
60 Hz for 13C-13C, 10 Hz to 15 Hz for *C-15N). The value of .J is given by the distribution
of electrons in bonds and thus reflect the local geometry of the molecule. Three-bond
scalar couplings can be used to measure torsion angles in molecules.

11.2 Secular approximation and averaging

If the anisotropic part of the J-tensor is neglected, the J-coupling does not depend
on orientation (scalar coupling) and no ensemble averaging is needed. The secular
approximation is applied like in the case of the dipolar coupling.

e In the case of magnetic moments with the same v and chemical shift, precessing
about the z axis with the same precession frequency,

iy = 7 (2 eho 4 2000 + 201, 1y) (11.9)

e In the case of magnetic moments with different v and/or chemical shift, precessing
about the z axis with different precession frequencies,

Hy=2nJl 1o, = 7J (21]@];,2) . (11.10)

11.3 Relaxation due to the J-coupling

In principle, the anisotropic part of the J-tensor would contribute to relaxation like
the anisotropic part of the chemical shift tensor, but it is small and usually neglected.
Scalar coupling (isotropic part of the J-tensor) does not depend on the orientation.
Therefore, it can contribute to the relaxation only through a conformational or chemical
exchange. Conformational effects are usually small: one-bond and two-bond couplings do
not depend on torsion angles and three-bond coupling constants are small. In summary,
relaxation due to the J-coupling is rarely observed.
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11.4 Spectroscopy in the presence of J-coupling

11.4.1 Thermal equilibrium

Derivation of the initial form of a density matrix for two nuclei interacting through
bonds (J-coupling) is very similar to that described for two nuclei interacting through
space (dipolar coupling) in Section [10.1.1}

Before we analyze evolution of the density matrix in a 2D experiment, we must define its initial form. Again, we
start from the thermal equilibrium and use the Hamiltonian. The difference from the case of isolated nuclei is that we
need to define a 4 x 4 density matrix in order to describe a pair of mutually interacting nuclei. As explained above, the
off-diagonal elements of the equilibrium density matrix (proportional to Z, and Z,) are equal to zero. The four diagonal
elements describe average populations of four stationary states of a system composed of (isolated) nuclear pairs: acq, af,
Ba, and BB. These populations are:

—Eqa/ksT 1 — Eaa
pea — © ke ~ kBT (11.11)
¥ e=Baa/kBT 4 ¢~ Fap/kBT 4 ¢=EBpa/kBT | o—=Eps/kpT 4 ’
E
—Eop3/ksT _ b
P — e~ Pap/kn ~ LT ReT (11.12)
ap e—Eaa/kBT 4 o= Fap/kBT | o~Epa/kBT 4 —Epp/kpT 4 ’
E
—Ega/kpT _ EBpa
P = e~ Foa/tn ~ T RT (11.13)
Bo e,Eaa/kBT+e—Eaﬁ/kBT_i_e—Eﬁa/kBT_i_e—EBﬁ/kBT 4 >
E
—Egp/kpT 1_ Epp
PeY — e Bop/ke ~ kBT (11.14)
BB e—FBaa/kBT 4 ¢~ Pap/kBT | o—Epa/kBT | o—Epp/kpT 4

In principle, the total Hamiltonian also includes the term ﬁJ, which describes the J coupling and which is not
averaged to zero.

H=—y1Bo(1 481 1)1, —v2Bo(1 + 82112, + 2101 o 12, = (11.15)
10 0 O 1 00 O 1 0 00
Ah{0o1 0 O h{0o-10 O nJh[0—-1 00
—711Bo(1+ 51,1)5 00—1 0| 2B +52,1)5 0 01 olt33|0 0-10
00 0-1 0 00-1 0 0 01

(11.16)

where the diagonal elements (eigenavalues) are the energies of the individual states. Therefore, the populations
(diagonal elements of the density matrix) should be given by

Pl =~ ' 45;’% = % +m(l+ 51,1)% +72(1 +52,i)8i}2}; - 1;;}}, (11.17)
NS 7_5‘% = i +y(1l+ 51,1)% - 72(1 +62’i)8i1(:; lg,iij (11.18)
P~ v 7455% = i (1 61,0% +7y2(1 +62’i)8§;f; 12,;];: (11.19)
P~ 7_45'% = i -n(+ 51,1)% —2(1 +52’i)8§;;; - 1;;]]3ET- (11.20)

(11.21)

However, the values of J in typical organic compounds are at least six orders of magnitude lower than the frequencies
measured even at low-field magnets (J < 200 Hz vs. 200 MHz). As a consequence, the contribution of J-coupling can be
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safely neglected, and the initial density matrix is identical to that derived for a pair of nuclei interacting through space

(Eq. [[0.13).
Neglecting the chemical shifts (6;; < 1,025 < 1)

1Boh 2 Boh
PRy 0 0 0
— 0 it ST T ST 0 0
P = 0 0 1 + nBoh _ y2Boh 0
17" 8kgT 8kpT L uBoh Bl
0 0 0 it 8kgT ~ 8kpT
(11.22)
1000 +1 0 0 O +1 0 0 0
_1 0100 Y1 Boh 0+1 0 O +VQBOH 0—-1 0 O (11.23)
410010 8kpT 0 0-1 0 8kpT 0 041 0 '
0001 0 0 0-1 0 0 0-1
1
= 5 (It + /ﬁL,z + RQIZZ) s (1124)
where
’}/B()h

11.4.2 Evolution in the presence of .J-coupling

In the presence of the scalar coupling, the Hamiltonian describing evolution after a 90°
pulse is complicated even in a coordinate system rotating with w0t = —Wradio

H = —”}/13[)(1 + (511)/:[12 \_’VIBO(]- + 512)11'22 + 7TJ (QILZIQZ + ZleIQx + QIlyIQy) . (1126)

Ql Q2

However, if the precession frequencies differ, the Hamiltonian simplifies to a form
where all components commute. Therefore, the Liouville - von Neumann equation can be
solved geometrically as rotations in three-dimensional subspaces of the 16-dimensional
operator space. Rotations described by different components of the Hamiltonian are

independent and can be performed consecutively, in any order.
For a density matrix p(b) = 37, + 3x(—Zy, — Ip,) after a 90° pulse, the evolution
due to the chemical shift (described by €2; and €23) and scalar coupling (described by

mJ) can be analyzed as follows
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Figure 11.1: Rotations in product operator space
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Ly — I1t — Iy 20
B —C1Cyj Ily
L ClIly { +c185 211, 1o, (11 28)
ly — +S 7 +s1¢5 Ly |
141z — +5157 QIlyIQZ
—Ca2Cg I2
—co L !
. Ca 21/ { +Co8 g 2:[2551-12 (11 29)
2y T Ty +59¢y Loy |
\ 2-L2x +323J ZIQyZLz

where the first arrows represent rotation ”"about” Z;, or Z,, by the angle €2, or Qt,
the second arrows represent rotation "about” 2Z,,Z,, by the angle 7Jt, and

Ccl = COS(Qlt) S1 = SiH(Qﬂf) (1130)
¢y = cos(€dst) Sg = sin(Qst) (11.31)
¢y = cos(mJt) sy = sin(wJt) (11.32)

Only Z1,, L1y, Loy, Lo, contribute to the expected value of M, giving non-zero trace
when multiplied by 7. (orthogonality).

Including relaxation and applying a phase shift by 90°, the expected value of M,
evolves as

k (efRzlt (ei(QlfTrJ)t i ei(§21+7rJ)t) 1 o Reot (ei(QrﬂJ)t 1 ei(Q2+7rJ)t)) (11.33)
4

which gives two doublets in the spectrum after Fourier transform:

N~2H? B, Ry, Ry
16ksT (Rgl + (W= +7J)? * R3,+ (w—Q —mJ)?
Ryo n Ry
R%Q—l-(w—Qg—i—WJ) R+ (w—Qy —mJ)?
_iN72h2Bo ( (w—Q +7J) N (w—Q —7J)
16ksT \R3; + (w—Q +7J)?2 R34 (w—Q —7J)?
(w—Qy+7J) (w—Qy —7J)

Riy+(w—Q+7n))2 R, + (w—Q— wJ)2)

(11.34)
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11.5 Spin echoes

Experiments utilizing scalar coupling are based on ”spin alchemy” - artificial manipula-
tions of quantum states of the studied system.

Spin echoes are basic tools of spin alchemy, providing the possibility to control evo-
lution of the chemical shift and scalar coupling separately.

Here we analyze three types of spin echoes for a heteronucler system (two nuclei
with different v, 'H and 'C in our example). In order to distinguish the heteronuclear
systems from homonuclear ones, we will use symbols Z; and S; for operators of nucleus
1 and 2, respectively, if 71 # 2. For the sake of simplicity, relaxation is not included.

The vector analysis is shown in Figure [11.2] where the solid arrows represent com-
ponents of uy L By for spin 2 in |«a), dashed arrows represent components of p; L By
for spin 2 in |3), and colors indicate different ;.

11.5.1 Free evolution

Evolution of the system of two nuclei in the presence of scalar coupling was already
described in Section [11.4.2] The vector analysis is shown in Figure [11.2A).

[ J ﬁ(a) = %It + %Iilz'z + %liQSZ
thermal equilibrium, the constants x; and ks are different because the nuclei have
different ~.

o j(b) = 4T — IniT, + LS.
90° pulse applied to nucleus 1 only

[} ﬁ(e) = %It + %lil (—CchIy + SchIx + 618J2:Zm82 + 815J2Iy82> + %KJQSZ
free evolution during 27 (t — 27 in ¢; etc.)

For nuclei with v > 0, magnetizations of nucleus 1 (proton) evolve faster if nucleus
2 (13C) is in |B) (the energy difference between |a3) and |3/3) is larger than the energy
difference between |aa) and |Sa)) - solid arrows rotated by a larger angle than dashed
arrows in Fig. [[T.2A.

The 27,S8., 27,8, coherences do not give non-zero trace when multiplied by Z,
(they are not measurable per se), but cannot be ignored if the pulse sequence continues
because they can evolve into measurable coherences later (note that the scalar coupling
Hamiltonian 27JZ,S, converts them to Z,, Z,, respectively).

11.5.2 Refocusing echo

The refocusing echo consists of a 90° pulse exciting magnetic moment 1 and a 180° pulse
applied to the excited nucleus in the middle of the echo:
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Figure 11.2: Vector analysis of spin echoes for 'H (nucleus 1) and *C (nucleus 2) in an isolated
—CH- group. In individual rows, evolution of magnetization vectors in the plane L By is shown for
three protons (distinguished by colors) with slightly different precession frequency due to the different
chemical shifts d;. The protons are bonded to '3C. Solid arrows are components of proton magnetization
for 13C in |B), dashed arrow are components of proton magnetization for *C in |a). The first column
shows magnetization vectors at the beginning of the echo (after the initial 90° pulse at the proton
frequency), the second column shows magnetization vectors in the middle of the first delay 7, the third
and fourth columns show magnetization immediately before and after the 180° pulse(s) in the middle
of the echo, respectively, the fifths column shows magnetization vectors in the middle of the second
delay 7, the sixth column shows magnetization vectors at the end of the echo. Row A corresponds to an
experiment when no 180° pulse is applied, row B corresponds to the echo with the 180° pulse applied at
the proton frequency, row C corresponds to the echo with the 180° pulse applied at the '3C frequency,
and row D corresponds to the echo with the 180° pulses applied at both frequencies. The z-axis points
down, the y-axis points to the right.
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a(T/2)10, = T —¢ (Mizg — T—e

The vector analysis is shown in Figure [11.2B). The middle 180° pulse flips all vectors
from left to right (rotation about the vertical axis « by 180°). The faster vectors start
to evolve with a handicap at the beginning of the second delay 7 and they reach the
slower vectors at the end of the echo regardless of the actual speed of rotation.

Even without a detailed analysis of product operators, we see that the final state of
the system does not depend on chemical shift or scalar coupling: the evolution of both
chemical shift and scalar coupling is refocused during this echo.

The initial state of protons was described (after the 90° pulse) by —Z, in terms of
product operators and by an arrow with the —y orientation. As the vector only changed
its sign at the end of the experiment (arrow with the 4y orientation), we can deduce
that the final state of protons is +Z,:

ﬁ(e) = %It + %me + %KQSZ«

11.5.3 Decoupling echo

The refocusing echo consists of a 90° pulse exciting magnetic moment 1 and a 180° pulse
applied to the other nucleus in the middle of the echo:

a(T/2) 12y, — T —¢ (M)2wqg — T—e

The vector analysis is shown in Figure[11.2C). The middle 180° is applied at the *C
frequency. It does not affect vectors of proton magnetization but inverts polarization
(populations) of ¥C (solid arrows change to dashed ones and vice versa). The faster
vectors become slower, the slower vectors become faster, and they meet at the end of
the echo.

Without a detailed analysis of product operators, we see that the final state of the
system does not depend on scalar coupling (the difference between solid and dashed
arrows disappeared) but the evolution due to the chemical shift took place (arrows of
different colors rotated by different angles 2Q7). As the effects of scalar coupling are
masked, this echo is known as the decoupling echo.

As the vectors at the end of the echo have the same orientations as if the nuclei
were not coupled at all, we can deduce that the final state of protons is identical to the
density matrix evolving due to the chemical shift only:

ple) = 1T, + %/{1 (I, — s11,) — %/@SZ

2

11.5.4 Coupling echo

The coupling echo consists of a 90° pulse exciting magnetic moment 1 and 180° pulses
applied to both nuclei in the middle of the echo:
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a(T/2)12p, — T —¢ (M)12(T)22q — T~

The vector analysis is shown in Figure [11.2]D). 180° pulses are applied at *H and **C
frequencies in the middle of the echo, resulting in combination of both effects described
in Figs. and C. The proton pulse flips vectors of proton magnetization and the
13C flips polarization (populations) of *C (solid arrows change to dashed ones and vice
versa). As a result, the average direction of dashed and solid arrows is refocused at the
end of the echo but the difference due to the coupling is preserved (the handicapped
vectors were made slower by the inversion of polarization of 3C).

Without a detailed analysis of product operators, we see that the effect of the chem-
ical shift is removed (the hypothetical arrows showing average direction of vectors of the
same color just change the sign), but the final state of the system depends on scalar
coupling (the solid and dashed arrows disappeared).

We can deduce that the final state of the system is obtained by rotation ”about”
27.S,, but not "about” Z, in the product operator space, and by changing the sign of
the resulting coherences as indicated by the vector analysis:

ﬁ(e) = %It + %Fdl (CJIy - SJQIISZ) - %RQSZ
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Chapter 12
INEPT, HSQC, APT

Literature: INEPT, HSQC, and APT experiments are nicely described in K7.10,
K8.7, and K12.4.4., respectively. INEPT is discussed in detail in L16.3., HSQC in
C7.1.1. Decoupling trains are reviewed in C3.5.

12.1 INEPT

INEPT is an NMR experiment based on the recoupling echo. It differs from the simple
echo in two issues:

e The length of the delay 7 is set to 1/4|.J]

e The echo is followed by two 90° pulses, one at the frequency of the excited nucleus
— this one must be phase-shifted by 90° from the excitation pulse, and one at the
frequency of the other nucleus (**N in Fig. [12.1]).

y

|-
H

.

Figure 12.1: INEPT pulse sequence applied to 'H and '°N.

157
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With 7 =1/4J, 2r7 =w/2,¢; =0,s; =1if J > 0, and s; = —1if J < 0. Therefore,
the density matrix at the end of the echo iff]
ﬁ(e) = 1It — %/431 (QIJ;SZ) — %KQSZ

— 2
— %It + %/‘Ql (2Z.S.) — %@SZ after the first pulse and
— %It — %/ﬁ (2Z.S,) + %/@281, after the second pulse.
If the experiment continues by acquisition, the density matrix evolves as

Ly — 1 — Iy (12.1)
7.8, — tezss S (12.2)
+89 27, S, — 5265 215,
\ 2 Oz +528J Sy
(
+ Sy — { J_F?EJ % .
S, — 20 TS (12.3)
—5S. — —82Cg Sl}
\ 520z —5957 25,7,

Both the "blue” coherence 27.S, and the ”green” coherence S, evolve into measurable
product operators, giving non-zero trace when multiplied by S .

After calculating the traces, including relaxation, and applying a phase shift by 90 °,
the expected value of My, evolves as

%ef}%gt (efi(ngfrJ)t _ efi(QQJﬂrJ)t) 4 %e’RQ‘ (efi(SZQfﬂJ)L 4 efi(QQer.])l,) (12.4)

The real part of the spectrum obtained by Fourier transform is

N’)/22FLZB() R2 - Rg X
16kgT \R2+ (w— Qo+ 7J)2 R2+ (w—Qy—7mJ)2
v12h% B, R R
/1 0 ! 2 N 2 r (12.5)
16kgT Ri4+(w—Qy+7J)? R34+ (w—Q—7J)?

e The "blue” coherence 27.S, gives a signal with opposite phase of the peaks at
Qo —mJ and Qs + wJ. Accordingly, it is called the anti-phase coherence.

e The "green” coherence &, gives a signal with the same phase of the peaks at
Qs — mwJ and 2y + 7wJ. Accordingly, it is called the in-phase coherence.

!The analysis is done for J > 0. If J < 0 (e.g. for one-bond 'H-'N coupling), all blue terms have
the opposite sign.
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e More importantly, the "blue” coherence 27,8, gives a signal proportional to 73
while the "green” coherence S, gives a signal proportional to 73. The amplitude of
the ”green” signal corresponds to the amplitude of a regular 1D PN spectrum. The
”"blue” signal ”inherited” the amplitude with v# from the excited nucleus, proton.
In case of 'H and '°N, 7, is approximately ten times higher than ~,. Therefore,
the blue signal is two orders of magnitude stronger. This is why this experiment
is called Insensitive Nuclei Enhanced by Polarization Transfer (INEPT).

e As described, the "blue” and ”green” signals are combined, which results in dif-
ferent heights of the (25 — 7wJ and {25 + 7wJ peaks. The "blue” and ”green” signals
can be separated if we repeat the measurement twice with the phase of the proton
y pulse shifted by 180°(i.e., with —y). It does not affect the "green” signal, but
changes the sign of the "blue” signal. If we subtract the spectra, we obtained
a pure "blue” signal. This trick - repeating acquisition with different phases -
is known as phase cycling and is used routinely in NMR spectroscopy to remove
unwanted signals.

12.2 HSQC

Heteronuclear Single-Quantum Correlation (HSQC) is a 2D pulse sequence using scalar
coupling to correlate frequencies of two magnetic moments with different v (Fig. [12.2)).

o After a 90° pulse at the proton frequency, polarization is transfered to the other
nucleus (usually N or '*C). The density matrix at the end of the INEPT is
ple) = 1T, — L (21.8,) + LS,

)

e During an echo with a decoupling 180° pulse at the proton frequency (red pulse in
Fig. , anti-phase single quantum coherences evolve according to the chemical
shift
ﬁ(e) — %If + %lil (021212'83; — 8212IZSx) + %1{2 (CHSy — 8118;,;).

e Two 90° pulses convert 27.S, to 27,5, and 2Z.S, to 27,5,. The magenta opera-
tor is a multiple quantum coherence (a combination of zero-quantum and double-
quantum coherence), which can be converted to a single quantum coherence only
by a 90° pulse. Since the pulse sequence does not contain any more 90° pulses
and since no multiple-quantum coherence is measurable, we ignore 27,S,.. The 90°
pulse applied to S converts S, to &.. Since the pulse sequence does not contain any
more 90° pulses, this does not contribute to the signal and we can ignore it. Also,
we ignore the red term which never evolves to a measurable coherence because it
commutes with all Hamiltonians. The S, is not affected by the 90° pulses and we
should follow its fate.
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Figure 12.2: 'H,'®>N HSQC pulse sequence.
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L

Figure 12.3: Idea of the decoupling in the direct dimension.

NIt

e The last echo allows the scalar coupling to evolve but refocuses evolution of the

scalar coupling. If the delays 7 = 1/4.J, the measurable components of the density
matrix evolve to 3k cos(Qt1)Z, (rotation “about” 2Z.S. by 90° and change of
the sign by the last 180° pulse at the proton frequency). The green coherence
S, evolves to —27.5,. As no 90° pulse is applied to S after the last echo, this
coherence does not contribute to the signal and can be ignored.

During acquisition, both chemical shift and scalar coupling evolve in the exper-
iment described in Fig. Therefore, we obtain a doublet in the proton di-
mension of the spectrum. The second dimension is introduced by repeating the
measurement with ¢; being incremented. Each increment is measured twice with
a different phase of one of the 90° pulses applied to nucleus 2, which provides real
(modulated by cos(£22t1)) and imaginary (modulated by sin(25t1)) component of
a complex signal, like in the NOESY experiment. After calculating the trace, in-
cluding relaxation (with different rates R, in the direct and indirect dimensions),
phase shift by 90 ° and Fourier transforms in both ¢; and ¢, dimensions, we obtain
a 1D spectrum with peaks at €2y chemical shift in the indirect dimension and a
doublet at €; £+ 7/ in the direct (proton) dimension. Note that the splitting by
+7J was removed by the red decoupling pulse in the indirect dimension.
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12.2.1 Decoupling trains

Splitting of peaks in the direct dimension in spectra recorded by the pulse sequence in
Fig. is undesirable. On the other hand, we acquire signal in real time and cannot
remove the splitting by a decoupling echo. In principle, we can divide the acquisition
time into short fragments and apply a 180° pulse at the frequency of nucleus 2 (}3C or
15N) in the middle of each such echo. In practice, imperfections of such a long series of
echoes, affecting especially magnetic moments with large 25, are significant. However,
more sophisticated series of pulses have much better performance. Typical examples of
decoupling pulse sequences are

e WALTYZ - a series of 90°, 180°, and 270° pulses with phase of 0° (x), or 180° (—x),
repeating in complex patterns

e DIPSI - a similar series of pulses with non-integer rotation angles

e GARP - computer-optimized sequence of pulses with non-integer rotation angles
and phases.

12.2.2 Benefits of HSQC

e 13C or N frequency measured with high sensitivity (higher by (71/72)*? than
provided by the direct detection, cf. Section 8.8.3)

e expansion to the second dimension and reducing the number of peaks in spectrum
(only ¥C or "®N-bonded protons and only protonated *C or '°N nuclei are visible)
provides high resolution

o 'H-13C and 'H-'N correlation is important structural information (which proton
is attached to which 3C or N)

12.3 APT

The attached proton test (APT) is useful for analysis of systems with multiple protons,
most often CH,, (C, CH, CH,, CH3). The experiment consists of *C excitation, recou-
pling echo (discussed in Section [11.5.4)), and *C acquisition with proton decoupling. In
the following analysis, the '3C operators are labeled S,, S, S., and relaxation is ignored
for the sake of simplicity.

o pla) = 3T, + 5 Zl@z) + 528,
]:

The probability density matrix at equilibrium is described in a similar manner
as for one or two magnetic moments, the extension to the multinuclear system is
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reflected by the scaling constant 1/2", where n is the number of protons attached
to 13C.

p(b) = 3=Zy + 5 3 (Z;.) — 528, Excitation of '*C is an analogy of cases discussed
j=1

above.

Understanding of the next step is critical for the analysis. The general conclusions
of Section apply, but the actual form of the density matrix must be derived
for each system. The general conclusions are: evolution of Qy (*¥C frequency
offset) due tho the 3C chemical shift is refocused, scalar coupling evolves for 27
as cos(2mJ7) and sin(27J7), nucleus 1 (proton) is never excited (no proton 90°
pulse), therefore only Z;, contributions are present for protons.

The actual analysis for *CH, and ¥CH; groups requires extension of the density
matrix to 2"*t! x 2"+ dimensions. Construction of the basis matrices for such
4"+1_dimensional operator space involves additional direct products with the ma-
trices Z;, Z,, Z,, Z.. Evolution of the 2”1 x 2"*! matrices is governed by their
commutation rules, three-dimensional subspaces where "rotations” of operators
take place are define by these commutation rules.

When the rules are applied, the analysis gives
(n=0: S,
n=1: ¢S5, —s21,,5,

. L PR v Jn=2: 8, — s5¢(211,S; + 21,.S,) — s*°471,,1,.S

ple) = T+ ;(%Hﬁ n=3: S, - sC(LLS, + 2.8, + 0T.S,)
—820(41-131-2z8y + ﬂlngzSy + 4:[221-338y)

L +838112122’I3ZS$

where s = sin(27J7) and ¢ = cos(27J7T).

Since decoupling is applied during acquisition, only the &, coherences give a mea-
surable signal. Note that the fact that the proton decoupling is used tells us
in advance that the terms containing Z;, need not be analyzed. Therefore the
knowledge of exact commutation rules is not necessary, the only important con-
clusion is that the observable contributions to the density matrix are modulated
by cos™ (2w J1) for CH,,. During acquisition, these terms evolve under the influence
of chemical shift, exactly like in a one-pulse experiment. If 7 is set to 7 = 2.J, then
¢ = cosm = —1. Therefore, signals of C and CH, are positive and signals of CH
and CHj are negative = useful chemical information.



Chapter 13

COSY

Literature: COSY is described in detail in L16.1, C6.2.1., and K8.3 (with a detailed
discussion of DQF-COSY in K8.4).

13.1 Homonucler correlation: COSY

We started the discussion of experiments based on scalar couplings with heteronuclear
correlations because they are easier to analyze. The basic (and very popular) homonu-
clear experiment is COSY (COrrelated SpectroscopY). Its pulse sequence is very simple,
consisting of only two 90° pulses separated by an incremented delay t; (which provides
the second dimension), but the evolution of the density matrix is relatively complex.
Here, we analyze evolution for a pair of interacting nuclei (protons).

) ﬁ(a) = %It =+ %/ﬁ)(z-lz + I2Z)
thermal equilibrium, the matrices are different than for the noninteracting spin,
but the constant is the same.

o p(b) = 3L + 3h(=Thy — Ty)
90° pulse, see the one-pulse experiment

where ¢;; = cos(Qit1), s = sin(Qty), ¢y = cos(nJty), and s;; = sin(nJt;) —
evolution of the chemical shift and coupling.

e The second 90° pulse creates the following coherences
p(d) = 3T,

-2
1 S s e
+§K(_(fll(—a]'lzlz+ sicnig |—c1151200:Loy— s1151211. 1oy )
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1 S S e
+§H(—6216./1122+ 591C71Loy | —C215 71221y Loy —) 521551271, Lo |).

The red terms contain polarization operators, not coherences, they do not con-
tribute to the signal. The green terms contain in-phase single-quantum coherences,
only they give non-zero trace when multiplied with M+ X (Thy +iZyy + Loy +11y,).
The blue terms contain anti-phase single-quantum coherences, they do not con-
tribute to the signal directly, but they evolve into in-phase coherences during ac-
quisition due to the scalar coupling. The magenta terms contain multiple-quantum
coherences. They do not contribute to the signal, but can be converted to single-
quantum coherences by 90° pulses. Such pulses are not applied in the discussed
pulse sequence, but are used in some versions of the experiment.

e The terms in black frames evolve with the chemical shift of the first nucleus during
acquisition:

811(3_]111;,; — 8110,]1012({7]21_1;,; + 811({]1812(?_]21-1!/—{— unmeasurable anti-phase coherences

—S91S8J1 2I1yIQZ — 8218‘]16125!]2_,[1‘% + S21871 8128J211y+ unmeasurable anti-phase coherences

where ¢;o = cos(Qita), sio = sin(Qts), cjo = cos(mJty), and sj9 = sin(wJty). Using
the following trigonometric relations

Cop + Ch Cip — Cin —55. + s} s5. + s

% SikSiJ = . 9 . CikSiJ = % SikCig = %;
(13.1)

where ¢, = cos((Q; £7.J)tx) and s3;, = sin((€; & 7J)t;), the terms contributing to

the signal can be written as

CikCig =

(s +si1) ey + ) + (e — ) (=512 + 80) | Twa

. J

[Q1,04] [Q2,Q1]

+ | (511 + 51+1>(~9f2 + 51+2) + (¢ — 031)(01_2 - CE) Ty

J/

[Ql.ﬂl] [Q;,?)l}
The first and second line show coherences providing the real and imaginary com-
ponent of the complex signal acquired in the direct dimension (¢).

e Evaluation of the traces of M + p(t2) gives the follwong modulation of the signal:
('STl + ST]) (ei(Q]fﬂ',])[,Q + ei(ﬂ1+ﬁ.])[,2> + i(cgl _ C;»l) (ei(ﬂlfﬂ'.])tg _ ei(ﬂl+ﬂ'.])t2>

[Q1,Q4] [Q2,01]

The imaginary signal in the indirect dimension is obtained by repeating acquisition
for each increment of ¢; with a different phase of the second 90° pulse (shifted by 90°,
which correspons to the direction y in the rotating coordinate system).
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e The second 90° pulse with the y phase creates the following coherences
) = I,

2
1 S . .
Jrgli(— (/11@111@/ —sncnliz— ci18112ZL1, Loy +511$J12Ly[2m)

1 S e
+§f€(— ('21(/.1112;(/ —so1cn Lo —| 21571221, 15, +‘521°5./1211:1:[2y)-

e The terms in black frames evolve with the chemical shift of the first nucleus during
acquisition:

(?11(,7(]11-1;/ — (,711(,7,]11912(31]21_1;5 — (,311(7,]1(,712(/’,]211:”4- unmeasurable anti-phase coherences

—S91S5J1 QIMIQZ — C21 SJ]SlQSJQle — C91 SJlClQSJQIly+ unmeasurable anti-phase coherences |.

The terms contributing to the signal can be written as

(e + i) (512 80) + (=551 — 83)(c1p — 1) | Tha

N J

[Q1,94] [Q2,1]

(e + CTI)((:IQ + CB) + (=83 + 531)(_51_2 + 3?2) Thy.

[.Ql.,Ql] [Q27QI]

e Evaluation of the traces of M + p(t2) gives the follwong modulation of the signal:
—i(cy, + (zfl) (Ol(ﬁhfﬁJ)fQ + Ol(£21+7TJ)t2) + (—s5 + 3;1) (el(Ql—ﬂJ)tQ _ el(Ql+7rJ)t2)

(. >

[Q1,9] [Q2,0]

Now we combine signals obtained with the different phases of the second pulse.

e The hypercomplex signal is modulated as
e—i% (ei(Qlfﬂ'J)l,] + ei(Q}%»ﬂ'J)[]) (ei(ﬂlf’ﬂ])lg + ei(§21+ﬂ.]>L2>

[Q1,21]
+(ei(Q2—ﬂ'J)t1 o ei(Q2+7rJ)t1) (ei(Ql—WJ)tg . ei(Q1+7TJ)t2)

22,01
where we replaced —i by e~ /2.

9

e The green component of the signal evolves with the same chemical shift in both
dimensions, providing diagonal signal (at frequencies [y, 1] in the 2D spectrum).
The blue (originally anti-phase) component of the signal also evolves with {2y in
the direct dimension, but with 2,. It provides off-diagonal signal, a cross-peak at
frequencies [, 21] in the 2D spectrum. Note that the blue and green components
have the phase different by 90°. Therefore, either diagonal peaks or cross-peaks
have the undesirable dispersion shape (it is not possible to phase both diagonal
peaks or cross-peaks, they always have phases differing by 90°). Typically, the
spectrum is phased so that the cross-peaks have a nice absorptive shape because
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they carry a useful chemical information - they show which protons are connected
by 2 or 3 covalent bonds.

e The diagonal peaks are not interesting, but their dispersive shape may obscure
cross-peaks close to the diagonal. The problem with the phase can be solved
if one more 90° pulse is introduced. Such a pulse converts the magenta multi-
quantum coherences to anti-phase single-quantum coherences, which evolve into
the measurable signal. The point is that other coherences can be removed by phase
cycling. The obtained spectrum contains diagonal peaks and cross-peaks, but (in
contrast to the simple two-pulse variant of the COSY experiment) both diagonal
peaks and cross-peaks have the same phaseH This version of the experiment is
known as double-quantum filtered COSY (DQF-COSY). Its disadvantage is a lower
sensitivity — we lose a half of the signal.

e Also, note that each peak is split into doublets in both dimensions. More complex
multiplets are obtained if more than two nuclei are coupled. The distance of peaks
in the multiplets is given by the interaction constant J. In the case of nuclei
connected by three bonds, J depends on the torsion angle defined by these three
bonds. So, COSY spectra can be used to determine torsion angles in the molecule.

e The terms in gray frames evolve with the chemical shift of the second nucleus
during acquisition as
smcle,,; — 8210(]16120‘]21_1',; + S21C1 Slgcjgz_ly—i- unmeasurable anti-phase coherences
—S118J1 2.Z.1y1-22 — 8115]16128]21-155 + 8118J18125J211y+ unmeasurable anti-phase coherences

and give a similar type of signal for the other nucleus:
efi% (Oi(ngﬂ',])tl + Oi(S)Z“rWJ)tl) (Oi(ngﬂj)tQ + Oi(QQ+7TJ)f2)

[Q2,922]
_i_(ei(Ql*ﬂ'J)tl o ei(Ql+7TJ)t1) (ei(ngﬂJ)tQ o ei(QQ+WJ)t2)'

J/

-~

[©21,922]
This signal represents the other dianonal and off-diagonal peak in the spectrum.

'We cannot use phase cycling to remove the green terms resulting in the unwanted diagonal peaks
because phase cycling can distinguish multi-quantum coherences from single-quantum ones, but it
cannot distinguish anti-phase single quantum coherences from in-phase single quantum coherences.
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