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Motivation
@0000

What we are doing and why

Linear model
o Yi=po+pBixi1+...+ Brxik +eii€{l,...,n}

» Y;: outcome, response, output, dependent variable
e random variable, we observe a realization y;
e (odezva, zivisle promé&nnd, regresand)
> X1, .., X; k. covariates, predictors, explanatory variables,

input, independent variables
e given, known

e (nezdvisle prom&nné, regresory)
> Oo, ...y By coefficients
e unknown, fixed, we want to estimate
o (regresni koeficienty)
» ¢;: random error
e random variable, unobserved

iid .
e ¢~ (0,0%),ie{l,...,n}
» Ee; = 0: no systematic errors

» Vare; = 02: same precision
iid .
o we often assume that &; ~ N(0,02), i € {1,...,n}
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Motivation Univariate normal distribution Multiv normal

[¢] le]e]e}

What we are doing and why

Linear model in matrix form

o YVi=pPo+Pixi1+ ...+ Bixik+eii€{l,...,n}
@ matrix notation:
Y1 1 x1 x12 ... Xk Bo €1
Y- 1
2| _ X201 X222 k| b1 4] e
Yn 1 Xn1 Xpn2 ... Xnk ﬁk €n
——
Y X Jé] €

e linear model in matrix form: Y = X3 + ¢, € ~ (0, o°l)
and often & ~ N(0, o1)

» X: design matrix
o (regresni matice, matice pldnu)

oletp=k+1
@ then Y = X 3 + ¢
~—~— =~ , N~
nx1 nxp px1 nx1
@ we assume that n > p (and often think about n — oo, p fixed)
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Motivation Univariate normal distribution Multivariate normal distribution
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What we are doing and why
Linear model for fev data

@ question: association between the FEV [I] and Smoking,
corrected for Age [years], Height [cm] and Gender

FEV Age Height Gender Smoking

1.708 9 144.8 Female Non
1.724 8 171.5 Female Non
1.720 7 138.4 Female Non

Y data 1.558 9 134.6 Male Non
3.727 15 172.7 Male Current
2.853 18 152.4 Female Non
2.795 16 160.0 Female Current
3.211 15 168.9 Female Non

@ FEV; = Jo+ (1 X Age; + 2 x Height; + B3 X Gender; + 34 X Smoking; + ¢;
@ model: Y =X3+¢

1.708 1 9 144.8 0 0 €1

1.724 1 § 1715 0 0 &

1.720 1 7 1384 0 0 €3

1.558 1 9 1346 1 0 Fo 4

=1 o N I
3.727 1 15 1727 1 1 o £651
2.853 1 18 1524 0 0 Ba £652
2.795 1 16 160.0 0 1 €653
3.211 1 15 168.9 0 0 654
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Motivation
[e]e]e] o]

Univariate normal distribution

Multivariate

What we are doing and why

Linear model for bloodpress data

@ question: association between the mean arterial blood pressure and
age [years], weight [kg], body surface area [m?], stress,
duration of hypertension [years], basal pulse [beats/min]

e data:

MAP Age Weight BSA DoH Pulse Stress
105 a7 85.4 1.75 5.1 63 33
115 49 94.2 2.10 3.8 70 14
110 48 90.5 1.88 9.0 71 99
122 56 95.7 2.09 7.0 75 99

® MAP; = (o + f1 X Age; + 3, X Weight, + f33 x BSA; +
+ B4 x DoH; + 35 x Pulse; + 35 X Stress; +¢;
@ model: Y =X3+¢

105
115

110
122
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47
49

48

56

85.4
94.2
90.5
95.7

1.75
2.10
1.88
2.09

51
3.8
9.0
7.0

63
70
71
75

33 €1
14 ﬂo E2
Ll x o + ..
99 Be €19
99 €20
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What we are doing and why
Normal distribution in a linear model

@ model: Y = X3+ ¢
@ assumptions of the normal linear model:

» X fixed and known
» 3 fixed unknown

> & ~N(0,0%1)
= Y ~ N(X83, 02
@ estimators of 3 and o?
» functions of Y
@ test statistics concerning 3 and o2
» functions of Y
=> to make inference in normal linear model, we need to study

» multivariate normal distribution N(p, X)
» distributions of functions of N(u, X)

Andrea Kraus Linear Models in Statistics

MUNI, Fall 2018 5/36



Univariate normal distribution Multi

g Univariate normal distribution
@ Definition
@ Properties
@ Related distributions

Andrea Kraus Linear Models in Statistics

MUNI, Fall 2018 5/36



Univariate normal distribution Multiv normal

Definition

Normal distribution N(u, 0?)

o let y€Rando?>0

: _ 1 1 2
» density f(x) = ﬁexp{ — 5 (x — p)?}
» for the standard normal distribution (=0, 0® = 1):
g [ T T T 1
-4 -2 0 2 4
X
o if 02 =0 then X =y a.s.
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Univariate normal distribution Multivariate normal distribut

Properties
Properties of N(u,0%): p € R, 02 >0

o Let X ~ N(p,0?). Then EX =y and Var X = o2.

o Let a,b € R, X ~ N(u,0?). Then aX + b ~ N(au + b, a%°52).
> Let X ~ N(p,02) and Z =1 (X — ). Then Z ~ N(0,1).
> If X ~ N(,02), then X £ i+ 0 Z, where Z ~ N(0,1).

f(x)

0.0 0.1 0.2 03 04

-4 -2 0 2 4
X

o Let a;, b € R, X; g N(ui,0?) for i € {1,...,n}.

Then Y77 1 (aiXi + bj) ~ N( Sorq(aipi 4+ bi), >0 3?‘7:‘2)'
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Univariate normal distribution Multi

000
Related distributions

x%(n) distribution
o let Z~N(0,1) ~ Z2 ~ x3(1)

ind. . o n 2 2
o let Z; ~"'N(0,1) forie{l,...,n} ~» X=>",27~x*(n)
e density xX® X'®)
o | S
i 2
B o
< 7V—Y—Y—Y—Y—\ g —r 1 1 T 1
0 10 20 30 40 50 0 10 20 30 40 50
X*(10) X*(20)
8 =
° 3
3 N
S S
3~ S T T
0 10 20 30 40 50 0 10 20 30 40 50
e EX =nVarX =2n
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Univariate normal distribution

000

Related distributions

Student’s t-distribution

o let Z~N(0,1) and X ~ x?(n), Z 1. X
» T=-Z ~ t(n)

\/X/n

o density
1) [©) 1(5)

o <

® o

=} © ™
© =}

8‘ o~

© S 3

3 o -

=} o =}

g g =t 3

o

6 -4 -2 0 2 4 6

e ET=0forn>1 VarT =n/(n—2) for n> 2
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Univariate normal distribution

Related distributions

Fisher—Snedecor distribution

o let X1 ~ x?(n1) and Xz ~ x?(n2), X1 1L Xo
> F = Xi/m ~ F(nl,nz)

X2/n2

o denSity F(L,5)

@ EF =ny/(ny —2) for np > 2

Andrea Kraus
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Multivariate normal distribution
o

Definition
Multivariate normal distribution N(u, X)

@ p €R" X isan n x n positive semidefinite matrix

Definition

A random vector X : (2, A) — (R", B(R")) has multivariate
normal distribution N(u, X) if and only if a’ X ~ N(a'u,a’ X a)
for every a € R".

o if rank(X) = n then N(u, X) is non-degenerate

> has density

0= s e {50 E x|

(2m)" det
o if rank(X) = r < n then N(u, X) is degenerate

» a.s. “lives” in a subspace of R"” of dimension r
» no density w.r.t. Lebesgue measure on B(R")

Linear Models in Statistics
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Multivariate normal distribution
0000000000000 000000000

Properties

Properties of N(u, X)

@ p € R", X is an n X n symmetric positive semidefinite matrix

Theorem (MVN 1)

Let X ~ N(p,X). Then EX = p and VarX = X.

Theorem (MVN 2)

Let Zy,...,Z, " N(0,1) and Z = (Z, ..., Z,)". Then
Z ~ N(0,1).

Theorem (MVN 3)

Let X ~ N(u, X) and let A be an m x n real matrix and b € R™.
Then AX +b ~ N(Au +b,AXAT).

Andrea Kraus Linear Models in Statistics
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Univariate normal distribution Multivariate normal distribution

(:),QOOOOOOOOOOOOOOOOOOO

Properties

Proof of MVN 1

o lete; =(0,0,...,0,1,0,...,0)" be a vector with 1 on the jth
position and 0 elsewhere

o by definition: e/ X ~ N(e/ u, e/ Ze;),
which is X; ~ N(u;,0ii)
SO EX,' = Wi and VarX,- =0ij,

o lete;; =(0,0,...,0,1,0,...,0,1,0,...,0)" be a vector with
1 on the it" and the j*™" positions and 0 elsewhere

@ by definition: eTX ~ N(e/ u,eu}: eij)
which is (X; + X) ~ N{(,u, +pj), (oii+oij+oji+0j)}
soVar(X;+ Xj) =oii+oij+0ji+0j
but also Var(X; + X;) = Var X; + 2 Cov(X;, Xj) + Var X; and
Oij=0ji
hence Cov(X;, X;) = 0

Andrea Kraus Linear Models in Statistics
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ariate normal distribution Multivariate normal distribution
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Properties

Proof of MVN 2

o we will verify that Z satisfies the definition of N(0, 1)

> letacR"
» thena'Z = 27:1 a; Z;
» recall that the sum of independent normals is a normal:

n n n
> aZi~N(> ax0) aZx1|=
i=1 i=1 i=1

n
=N O,E:a,2 =N(a'0,a'la)
i—1

Andrea Kraus Linear Models in Statistics
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Univariate normal distribution Multivariate normal distribution

(:)QQ.OOOOOOOOOOOOOOOOOO

Properties

Proof of MVN 3
@ wehave X, A and b
N~ —~—

nx1l mxn mx1
esoY=AX+b
N——
mx1
o we verify that the def. of N(Ap + b, AZAT) holds for Y:
> leta e R™
»a'Y=a (AX+b)=a'AX+a'b
» denotea—=A"a
—~—
nx1
» X ~N(p,X), s0a' X~N(a'u,a’xa),
whichisa’AX ~N(a"Apu,a’AX ATa)
» now, a' b is a constant, so a' b ~ N(a'b,0) and
a'b is independent of a’ AX
» recall that sum of univariate normals is normal,
soa’lAX+a'b~N@'Au+a'bja’AXATa+0)

Andrea Kraus Linear Models in Statistics
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Multivariate normal distribution
0000@00000000000000000
Properties

Non-degenerate N(u, X) seen through N(0, 1)

@ ;€ R" X isan n X n symmetric positive definite matrix

e rank(X) =n
> spectral decomposition X =UAUT
> M > >. > A, >0

D = U/\uT UAY2 AY2YT = 551
~——

b
<1
oletZ=% (X—p)=AY2UT(X—p). Then Z ~ N(0,1)
(n-dimensional).
» MVN3: Let X ~ N(u,X) and let A be an m x n real matrix
and bc R™ Then AX+b~ N(Au+b,AZAT).
> T ;Lf): l;1,:0
» £ E(E )T =AY2UTUAUTUA Y2 =
o If X ~ N(p,X), then X £ pu + £Z, where Z ~ N(0,1)
(n-dimensional).

Andrea Kraus Linear Models in Statistics
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Univariate normal distribution Multivariate normal distribution
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Properties

Degenerate N(u, X) seen through N(O, 1)

@ p € R", X is an n X n symmetric positive semidefinite matrix
@ suppose that rank(X) =r <n
» spectral decomposition £ = UAUT

> M >> >N >0 =A== 2,=0
> T=UANUT = Unxr Ao U;Fxr:
~—— —~—

(uilua|...]u,) diag{Ai,A2,...,. A}

= Un><r/\1/2 A1/2 U—r = ii—r
—_——

rxr rxr nxr

z
oLletZ=% (X—p)=A2UT (X - p). Then Z ~ N(0,1)
(r-dimensional).
o If X ~ N(p1,X), then X < 11+ £Z, where Z ~ N(0, 1)
(r-dimensional).
» X a.s. “lives” in a subspace of R” of dimension r

Andrea Kraus Linear Models in Statistics
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Multivariate normal distribution
000000@000000000000000

Properties

Density of non-degenerate N(u, X)
e 1 € R" X is an n x n symmetric positive definite matrix

Theorem (MVN 4)

Let X ~ N(p, X) where rank(X) = n. Then X has density f(x)
w.r.t. Lebesgue measure on B(R") and

1 1 _
(x) = Wdet(z)exp{—2<x WE - w).

Andrea Kraus Linear Models in Statistics
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Motivation Univariate normal distribution Multivariate normal distribution

(:)QQOOO0.00000000000000

Properties

Proof of MVN 4
o recall the density of Z ~ N(0,1): f(z) = 1= exp {_% 22}

o consider a random vector Z = (Z,...,Z,)": Z; "~
@ by independence, the joint density of Z is

-1l (oo [47)) - s o {3 57}

o (recall that by MVN 2, Z ~ N(0,1)

and note that f( ) m ex p{_§ ZTI 1 })

e now if X ~ N(u, X), then X:,u—i-ZZ,
where £ = UAY2 and = =UAUT,
@ so the density of X can be derived from that of Z

Andrea Kraus Linear Models in Statistics
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ormal distribution Multivariate normal distribution
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Properties
Méjme mbxazcm h:R" — R", kde h(x) = (hi1(x),..., hy(x)). To znamena, ze hy, ..., hy, jsou

Proof'of; M . 4.ctd...(extract from last year). ..

cidlnich deriv A Jacobiho matice.
Potom Jacobiho determinant (jakobian) je determinant Jacobiho matice

o . oh on L om
. oh (l.ry (l.r, Dy Dy
Dy (x) = det e det : : =1 :
x ohy ... 0Oha Ohy ... Ohy
a1 e dut Din
Ozna¢me nyni y = h(x), tj. y1 = h(x),..., Yn = hy(x) a pripomenime definici regularniho

zobrazeni.
DEFINICE 12.1. Rikdme, %e zobrazeni h : R" — R" je reguldrni v mnoziné M C R", pravé
kdyz
(1) M je oteviena mnozina,
(2) funkce hq,..., h,, maji spojité prvni parcialni derivace v M,
(3) pro Vx € M je jakobian nenulovy, tj. Dy(x) # 0.

Pripomerime, Ze zobrazeni h je prosté na M, jestlize pro x1,xs € M takové, Ze x; # X, je
h(x) # h(xs).
VETA 12.3. VETA O HUSTOTE TRANSFORMOVANEHO NAHODNEHO VEKTORU. Necht ndhodnyj
vektor X = (X1,...,X,) md hustotu fx(x), x € R". Necht h je zobrazeni R" do R", které je
requldrni a prosté na oteviené mnoziné G, kterou zobrazuje na h(G) a pro niZ plati

/_/x(x)dx =1
G

Necht h=! je inverzni zobrazeni k h. Potom ndhodny vektor Y = h(X) md hustotu fy(y) tvaru

fely) = {gx (b7'(¥)) IDh1(v)| proy € B(G),

3.124
Jinak. ( )

Andrea Kraus Linear Models in Statistics
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Motivation Univariate normal distribution Multivariate normal distribution

(:)QQOOOOO0.000000000000

Properties

Proof of MVN 4 ctd.

o h:R"— R” h(x) = p+ X x

e then h~1(y) = )N:il(y —u)=N2UT (y — p) and
det {Dyp-1(y)} = det {N"Y2UT} =det {[UN/?} =

1
= \/det{U N2\ 12yTy = \/det{}:_l} =
v/det{X}
@ SO
1 1 ~—1. T ~—1
f(X)= ———— ¢ —= (X — T 2 2 X — } =
= G #P{ 3w E ) E T w)
1 1 Ty a—=1/2p-1/21 T }
= —————=2¢ ——(x— UA A U (x-— =
) xp{ 5 (x— ) (x—p)
S ex {1(x ) E(x — )}
@myrder(z) L 20 #
Andrea Kraus Linear Models in Statistics
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Univariate normal distribution Multivariate normal distribution

(:)QQOOOOOO0.00000000000

Properties

Density of non-degenerate N(u, X)

1 1 Te-1
(0 = i o0 {5 m =)
@ X: square symmetric positive definite matrix

» spectral decomposition £ = UAUT

> M > >. > A, >0

» TP =UATUT
e quadratic form (x — ) TEZ"1(x — ) can be written as

s (x— 1) TUAIUT (x = ) = (U7 (x — )} TATHUT (x = )}
o level sets of f(x), Ic = {x € R"; f(x) = c} for ¢ > 0:

> ellipsoids centred at

» directions of principal axes: uy,...,up,,

» lengths of principal semi-axes: v/d\1,...,vd\,

Andrea Kraus Linear Models in Statistics
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Univariate normal distribution

Multivariate normal distribution

(:)QQOOOOOOO0.0000000000

Properties

Non-degenerate bivariate normal distribution

Andrea Kraus
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Univariate normal distribution Multivariate normal distribution
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Properties

Non-degenerate bivariate normal distribution

' ¥((6)-6 2))

Andrea Kraus Linear Models in Statistics
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Multivariate normal distribution
0000000000000 e00000000

Properties

Characteristic function (reminder)

Definition (Characteristic function of a random variable)

Let X be a random variable. The function ¢ x : R — C defined by
¥x(t) = Eexp{it X}, t € R, is the characteristic function of X.

Definition (Characteristic function of a random vector)

Let X be an n-dimensional random vector. The function
Yy : R" — C defined by ¥x(t) = Eexp{itTX}, t € R”, is the
characteristic function of X.

@ note that

Yx(t) = Eexp{it"X} = Eexp{i x 1 x t' X} = ), rx(1)

Andrea Kraus Linear Models in Statistics

MUNI, Fall 2018 25 /36



Multivariate normal distribution
000000000000 00e0000000

Properties

Properties of characteristic function (reminder)

Theorem (ChF 1)

Let X be an n-dimensional random vector and X1 and X, its
subvectors such that X = (X{,X;)". Then X1 1L X, iff
Px(t) = ¥x, (t1) X ¥x,(t2) for every t = (tlT,tQT)T € R".

@ a proof can be found in Petr Lachout: Teorie
pravd&podobnosti (1998). Nakladatelstvi Univerzity Karlovy

Theorem (ChF 2)

Let X ~ N(u,02). Then ¢x(t) = exp{itp — 302t}

Andrea Kraus Linear Models in Statistics
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Multivariate normal distribution
0000000000000 00e000000

Properties

Characteristic function of N(u, X)

o 1 € R" X is an n x n symmetric positive semidefinite matrix

Theorem (MVN 5)
Let X ~ N(p,X). Then

1
Ux(t) = exp {itTp — EtTZ t} .

Andrea Kraus Linear Models in Statistics
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Univariate normal distribution Multivariate normal distribution
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Properties

Proof of MVN 5
@ need to compute
Ux(t) = Eexp{it X} = ¢yrx (1)
@ by definition of the multivariate normal distribution
t'X ~ N(t'p,t'Xt)

@ ChF 2: Let X ~ N(u,02). Then 9x(t) = exp{i tp— %02t2 3
@ hence

1
Px(t) = exp {itTu — itTZ t}

Andrea Kraus Linear Models in Statistics
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Univariate normal distribution Multivariate normal distribution
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Properties

Subvectors of N(u, X)

o u € R" X is an n X n symmetric positive semidefinite matrix

Theorem (MVN 6)
Let X ~ N(u,X) and let k € {1,...,n}. Then

X1 M1 011 012 ... Olk
X2 p2 021 022 ... O2k
X Hk Okl Ok2 --- Okk

)

@ analogous statement is true for any sub-vector of X

@ converse is not true

Andrea Kraus Linear Models in Statistics
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Multivariate normal distribution
000000000000000000e000

Properties

Proof of MVN 6

@ set A= (lka ‘ ka(n—k)) and b = 0y «1
@ then (X1,...,Xx)! =AX+b

® MVN3: Let X ~ N(u, X) and let A be an m x n real matrix
and b € R™. Then AX+b ~ N(Ap+b,AXA").

» Ap+0=(pu,..., i) "

>

AXA' =
— (lek |0 ) 2141k 21k ktlin bk N
X kx(n—k
( ) szrl.n.l.k zkfl.lhkfl.ﬂ O(n k) x k
= X1k 1k
Andrea Kraus Linear Models in Statistics
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Motivation Univariate normal distribution Multivariate normal distribution
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Properties

(In)dependence in N(u, X)

e u € R" X is an n x n symmetric positive semidefinite matrix

Theorem (MVN 7)

Let X ~ N(u,X) and let k € {1,...,n—1}. Denote
X1 =(X1,..., Xk)", Xoa = (Xeq1,---,Xa) " and
X1~ N(py, X11), X2 ~ N(pp, X22).

If
. 2171 0
= (%" =)

o AX 1L BX iff AXBT =0

then X;1 1L X,.

Andrea Kraus Linear Models in Statistics
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Multivariate normal distribution
00000000000000000000e0

Properties

Proof of MVN 7

o write t = (t] ,t] )7, t1 € R, tp ¢ R("H)
o recall that
» MVN 5: Let X ~ N(u,X). Then
Yx(t) =exp{it'p— JtTEt}.
@ and compute
_ 2T LT
x(t) = exp{lt m— 5t Zt}

: . 1 1
= exp{ltlTul + 1t2Tu2 — §t1T}:171t1 - tzTZz,ztz}

2
= x, (t1)1x,(t2)

@ this implies independence of X1, X5 by
» ChF 1: Let X be an n-dimensional random vector and X; and
X, its subvectors such that X = (X{,X; ). Then X; 1L X,
iff x(t) = ¥x, (t1) x ¥x,(t2) for every t = (t{ ,t) )T € R".
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Univariate normal distribution Multivariate normal distribution

(:)QQOOOOOOOOOOOOOOOOOO.

Properties

Proof of the corollary

@ the corollary follows from the multivariate normality of
((AX)T, (BX)T)T with Cov(AX,BX) = AXB":
> by MVN 3

A AX AXAT AXBT
(B) X= (BX) X~N < (AZBT B}:BT>>
@ "=" independence implies zero covariance
e "“«" follows from MVN7

Andrea Kraus Linear Models in Statistics

MUNI, Fall 2018 33/36



Multivariate normal distribution
[ Jele)

Related distributions

Quadratic forms

o Let X ~N(p,X), p € R", X is an n X n symmetric positive
semidefinite matrix

Theorem (QF 1)

Let Z ~ N(0,1). Then Z"Z ~ x?(n).

Theorem (QF 2)

Let X ~ N(, X) where rank(X) = n. Then
(X = ) TETHX = p) ~ x3(n).

Theorem (QF 3)

Let X ~ N(, X) where rank(X) = r < n. Then
(X = p) TZF(X = ) ~ 23(r).

Andrea Kraus Linear Models in Statistics
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Motivation Univariate normal distribution Multivariate normal distri

Related distributions

Proof of QF 1
@ obviously 7'z = 27:1 Z,'2 ~ X2(’7)
Proof of QF 2

o let Z=UAUT, X1 =UATUT
o define Z = A=Y2UT(X — ), we see that Z ~ N,(0,1)
@ therefore,

(X—p) T (X —p)=Z"Z~(n)
Proof of QF 3
o let T=U, AU Zt=U,, AU/,

nxr rxr

o define Z = I\,_X:%ZUIW(X — ), we see that Z ~ N,(0,1)
@ therefore,

(X—p) ' ZF(X—p) =ZTZ ~(r)
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Multivariate normal distribution

00e@
Related distributions

Quadratic forms

o Let X ~ N(pu,X), p € R", X is an n X n symmetric positive
semidefinite matrix
Theorem (QF 4)

Let Z ~ N(0,1) and let P be an n x n orthogonal projection matrix
of rank r. Then Z"PZ ~ x?(r).

Proof of QF 4

@ P can be written as P = U,/ U/,

e then U} ,Z ~ N,(0,I)

@ therefore,
Z'PZ = (U,,,2)"(Up,Z) ~ X*(r)

nxr
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