NOTATION

We will use the following abbreviations: if R” has coordinates z?, we will use 9; = 0,: = %

to denote the differentiation with respect to z’. In addition, we will use Einstein’s summation
notation, in which the sum symbol is not written if two indices appear, one as a lower index and
one as an upper index, e.g. the directional derivative is

Dap = ;- A
In such a situation, the summation is implicit (and thus, it is necessary to state explicitly if the
summation is not intended). We believe that this highly improves readability of formulas.

We will also use a notation ¢: V — - + W that means that ¢ is defined on an open subset of V,
denoted dom .

1. ANALYSIS IN A VECTOR SPACE

A derivative of a mapping ¢: V - -3 W at a point x is the best linear approximation of
¢ at x and as such is a linear map V' — W (more precisely, it is the linear part of the best
affine approximation). We will use this geometric object in general considerations and, only in
computations, we will use the matrix (9;¢") representing this linear map in coordinates on V' and

w.

Definition 1.1. Given a mapping ¢: V - -+ W, its derivative (or differential) at x is a linear
map D|yp: V — W that satisfies p(z + v) = p(x) + D|z¢(v) + o(v).

Remark. A function h(v) lies in o(v) if limy_,o ™ = 0. Similarly, h(v) lies in O(v) if Ih(:)l is

[o] [o]
bounded in some neighbourhood of 0. Since any pair of norms is comparable, the notions of O(v)
and o(v) do not depend on a particular choice of a norm. Applying to the |—|co norm on W,
h(v) € o(v) if and only if each component h*(v) € o(v).

Example 1.2. Functions of one variable, i.e. V. =R, W = R. Then D|;¢ is a (1 x 1)-matrix with
the sole entry ¢'(t), the usual derivative, i.e. D]y = (¢'(t)). We will usually identify these two
objects.

Example 1.3. Functions of several variables, i.e. V. = R", W = R. Then D|,¢ is a (1 x n)-
matrix, or a linear form. It associates to each vector the rate of growth of ¢ along this vector. The
gradient of ¢ at x is then the direction of the largest growth (geometrically, it is perpendicular
to the level set ¢~ !(¢(z)) and of some particular magnitude) and as such depends on a scalar
product: D|,¢(v) = (grad, ¢,v). In orthonormal coordinates, it corresponds to transposing the
linear form D|, . For these reasons, we will use mostly the more geometric D|, .

Example 1.4. Paths, i.e. V = R, W = R™. Then D|tp is an (n x 1)-matrix. There is a
natural identification between matrices of this type and vectors (since Hom(R,R™) = R"™, given
by evaluation at 1). Denoting ¢’(t) = DJ;p(1), we thus obtain D|;p(7) = 7 ¢'(t). This is a
generalization of the first example. The geometric meaning of ¢’(t) is that of a tangent vector to
© at time ¢. It is thus natural to think of it as a vector based at ¢ (t) — we will continue to develop
such formalism later and reserve the notation ¢’(¢) for the based version.

Lemma 1.5 (chain rule). Given two mappings p: V - -+ W, ¢: W - -3 X, we have
Dlz(¢ 0 ¢) = D|p(z)¥ o Dlsp.
It will be useful to consider the derivatives at different points and organize them into a mapping
Dy: V - - Hom(V,W), x> D|ye.

We also denote D|,p(v) = Dyl.p = Dyp(x) (the directional derivative of ¢ along v at x) and,
thus, obtain a mapping D,¢: V - - > W. It is called the directional derivative of ¢ along v. Since
the derivative of a linear map ) is the very same map %, the chain rule gives:

Corollary 1.6. For any linear map v, we have D, (1) o p) = 1 o Dy, i.e. linear maps commute
with directional derivatives.



Lemma 1.7 (Leibniz rule). Given two mappings p: V - -+ W, g: V - -+ X, we have
Dy(¢ @) =Dy @1+ ¢ @ Dyt

The last two results together prove that for any bilinear map ®: W x X — Y, we get Leibniz
rule:
Dy ®(¢, ) = ®(Dyp,v) + (¢, Du))
(since ®(p, 1)) = F(e®1) with F: W®X — Y the linear map corresponding to ®). Special cases
are the multiplication R x R — R (this gives the usual Lebiniz rule), multiplication by scalars
V xR — V, inner product V x V — R, matrix multiplication Maty,, X Mat, xm,m — Matgx.m, etc.

Lemma 1.8 (symmetry of second derivatives). Assuming that ¢ is C? in a neighbourhood of x,
we have

DuDyp(z) = DyDygp(z).
The second derivative is a mapping
D%p: V - -+ Hom(V, Hom(V, W)) = Hom(V ® V,W).
As a reformulation, the previous lemma says that D?p: V - - + Hom(S?V, W).

Changing coordinates. We have seen (or we know) that, with respect to any given bases on V'
and W, (Dg)} = 0;¢'. We will now study the effect of changing coordinates (non-linearly!), i.e.
we compose ¢ with maps (changes of coordinates) on both sides: writing z = x(y) and z = ¢(x),
we have a chain rule

D|y(1) oo x) = Dl[.¢p oDz 0 Dlyx.
In words, the linear map D|,p gets replaced by an equivalent one, i.e. one modified by linear
coordinate changes of both domain and codomain.
The second derivative is more complicated and it is useful to rewrite the above formula first in
coordinates:
05(¢ 000 x) (y) = ' (ex(¥)) - I (X(¥)) - DX (y)-
Now we can differentiate once more to get
;o pox)'(y) = Dy (ex(y)) - O (X)) - TuxX™ (¥) - O (x(v)) - DX (9)

+ 00 (X () - OnOm@' (X (W) - DX (y) - 05X ™ (y)

+ " (ex(y) - O (X () - OxIX™ (y)-
The second term is the standard way of transforming a bilinear map, the existence of the first
and the third term however makes it clear that the second derivative depends on coordinates —
it is relatively simple to come up with an example where D?|,¢ is zero and DQ\y(w owox) is
non-zero. The invariance under coordinate changes holds in two special cases: 1 and x linear
(so that the second derivatives vanish) and D], = 0 (more generally, the first non-vanishing
derivative is invariant). To get an invariant object, it is necessary to take the Taylor polynomial,

i.e. to include also the first derivative (and the value), but this results in an object very different
from a symmetric bilinear form.

2. BUMP FUNCTIONS

Lemma 2.1. Let € > 0. There exists a smooth function p: R™ — [0, 1] such that p(0) = 1 and
p(x) =0 for |z| > €.

Proof. In the case n = 1, using the smooth function A of the next lemma, we set
21:2
pl) = A&+ 2)A(E —2) /A)? = ¢ T

on (—¢,¢) and zero otherwise — the equality is a straightforward calculation, giving p(z) € [0, 1].
For general n, we use the constructed function for n = 1 (possibly for smaller €) in the following

way: p(xt,...,2") = p(xl)--- p(z™). O



Lemma 2.2. The function

Mz) =

e~lr 1 >0
0 z <0

18 smooth.

Proof. For any positive integer n, it is known that e® > " for > 0. Thus, e/ > (1/x)" for
x > 0 small or, in other words, e~'/% < 2" for > 0 small. It is easy to see that, in such a case,
the right-sided derivatives of e~/* at zero vanish up to order n — 1. O

3. DERIVATIONS

Let U C V be an open subset of a vector space and zo € U. We say that a mapping (an
“operator”) A: C°U — R is a derivation at x if it is R-linear and satisfies the following “Leibniz
rule at xg”

A(f-g) = Af - g(zo) + f(x0) - Ag.
An example is the differentiation along any vector at xg, i.e. A = Dy|y,. We will now show that
this is the only example.

Theorem 3.1. Let A: C°U — R be a derivation at xo. Then there exists a unique vector v € V.
such that Af = Dylsof- In other words, there is an isomorphism between V and the space of
derivations at xg.

Proof. To make our formulas simpler, we assume zg = 0. First we make a simple observation.
From A(1-1) = A1-141- Al we see that A1 = 0. Consequently, Ac = c¢- A1 = 0 for any constant
function c.

In the first part, we prove the statement for U = V or, more generally, for functions that extend
smoothly to V. Let f € C°°V and write

f(ﬂf)—f(O):[f(t-x)]tl:(JZ/O Oy (f(t-x)) dt:/o 0if(t-x)-af dt:/o Qif(t ) dt-z'.

Denoting g;(x) = fol 0;f(t - x) dt, a smooth function on V with g;(0) = 9; f(0), we get

f=f(0)+g; -2
Now we apply A to obtain
Af = A(f(0)) + Ag; - 2°(0) + ¢;(0) - Az’ = 9;£(0) - Az’ = Dy s, f,
——

~——
0 0

Q

i f (0
the derivative of f at x9 = 0 along v = (Az!,..., Az™).

Now we proceed to general open subset U C V. Since the first part applies to functions
extendable to V, it will be our goal now to show that, in some sense, every function f: U — R
extends to V. Let A: V — [0, 1] be such that A(zp) = 1 and such that suppA C U. Then A- f is
clearly a smooth function that extends to V' (by declaring it zero on V' ~\ supp A). According to
the first part, we get AX = D, |, A = 0, since z¢ is a maximum point of A, and therefore

AN f) = AX- fzo) + Mzo) - Af = Af.
As a special case, we get (this can be also seen directly)

Dv|wo()‘ : f) = Dvlwof-
Since the left hand sides of the two equalities agree by the first part (again, A - f extends to V),
so do the right hand sides, i.e. Af = Dy|s, f- O

=

We say that a mapping (an “operator”) X: C°U — C*U is a derivation if it is R-linear and
satisfies the following “Leibniz rule”

X(f-9)=Xf-g+ [ Xg.

Theorem 3.2. Let X: C°U — C*°U be a derivation. Then there exists a unique smooth map
v: U =V such that X f(x) = Dy(pylof-



The map v should be thought of as a smooth vector field on U. We will be more precise on this
matter later.

Proof. For any x € M, the composition of X with the evaluation map at x (i.e. ev,(f) = f(z)),
X|p: U 5 0~U 22 R,

is a derivation at x and, thus, there is a unique vector v(z) such that X f(z) = X|,f = Dy(q)|o f-
It remains to show that x — v(z) is a smooth vector field. However, we have seen that

v(z) = (X2t ..., X|p2™) = (X2t (2),..., X2"(x)),

ie.v=(Xzl,..., X2"), and as such is smooth. O

4. TANGENT MAP

We have seen that vectors are in bijection with derivations at z. It will be useful to think of the
corresponding vector v as “based at z” and, for emphasis, we will denote it as a pair A = (x,v)
and use this based vector A interchangeably as a derivation, i.e. Af = D,|,f. We denote by
T,V = {z} x V the set of all vectors based at x, clearly a vector space isomorphic to V. It is
called the tangent space of V' at x and its elements, i.e. vectors based at x, the tangent vectors.

We will now rephrase the last theorem in terms of based vectors. We denote by TU = U x V
the set of all vectors based at all points of U and call it the tangent bundle of U. Then a wvector
field is amap X: U — TU with values X|, € T, U, i.e. X|, = (z,v(z)). We will use X f to denote
the function X f(x) = X|,f = Dy(s)|of. An important special case is the vector field 9; with
Oilz = (x,e;) that gives the partial differentiation.

Thus, any tangent vector A = (x,v) € T,U with coordinates v = A’ - e; can be written as
A = A" 9|, and any vector field can be written as X = X - 9;, where X’ are now smooth
functions. In addition to being simply the coordinate expression, these formulas also suggest how
to take a derivative along A:

Af = (A" 0ila)f = A" - 03l f,
i.e. one multiplies the row of partial derivatives by the column of coordinates of A (or coordinate
functions of a vector field X).
It is easy to see that, for a smooth map ¢: V - -+ W and a tangent vector A € T,V the
association f — A(f o ¢) is a derivation at ¢(z) and is thus given by a tangent vector from
T, )W'. Let us derive a formula for this vector. Writing A = (x,v), we have

A(f op) =Dla(f op)(v) = Dlp@)f o Dlap(v) = Do, p(w)lee) f-

Denoting p. A = (¢(x), D|z¢(v)), we thus arrive at a formula

A(f o) = (pA)f.

Note that A is based at  and its image . A is based at p(z); this should be in correspondence
with one’s geometric intuition. There results a map ¢, : TU — TW or, again, @.: TV - -+ TW,
called the tangent map of ¢. The chain rule for this kind of “derivative” is particularly simple:
(¥ 0 ) = 1. 0 s (one can prove this either directly from the usual chain rule or formally from
the above formula).

Proposition 4.1. For a smooth map ¢: V — -+ W, the tangent map p.: TV — -+ TW s also
smooth.

Proof. This is clear from the definition, since

px(x,v) = (¢(z), Dl - v)

and p: V- -+ W, Dy: V- -+ Hom(V, W) and the evaluation Hom(V, W) x V. — W (the matrix
multiplication) are smooth maps. O



5. IMPLICIT FUNCTION THEOREM AND ITS APPLICATIONS

Theorem 5.1 (Implicit function theorem). Let F': R™ x R¥ — — s R¥ be a smooth map such that
F(a,b) = 0 and such that D45 F € Maty,x (+x) has the right (k x k)-block invertible. Then there
exist neighbourhoods U > a, V' 3 b such that for each x € U there is a unique y = p(x) € V with
F(z,y) = 0. Moreover, the resulting map ¢: U — V is smooth.

Now we will be concerned with applications of the theorem. We start with an inverse function
theorem.

Theorem 5.2 (Inverse function theorem). Let p: R™ - - > R™ be a smooth map such that D|,p
is reqular. Then there exist neighbourhoods U 3 a, V' 3 p(a) such that the restriction ¢: U — V
is invertible with a smooth inverse.

In particular, p(a) lies in the interior of the image.

Proof. We set F(z,y) = ¢(y) — x. This satisfies the assumptions of the previous theorem and
thus has a unique solution y € V for each x € U. Clearly, this y equals ¢~ *(z) and, in particular,
0: VN Y(U) — U is a smooth bijection with an inverse smooth by the previous theorem. O

Now, we generalize the previous theorem in two ways to maps between spaces of different
dimensions.

Theorem 5.3 (Submersion theorem). Let ¢: R™ - -+ R¥ be a smooth map such that D|,p is
surjective. Then there exist neighbourhoods U 3 a, V' 3 ¢(a) and a diffeomorphism ¢ such that

R" - £ 5 RE
ﬂ\

v /
Rn

where pr(z!,... x") = (z',...,2%). In other words, in the coordinates given by 1), the map o is
the projection map.

Proof. We assume for simplicity that D|,¢ = (A B) has the left (k x k)-block A invertible. Let
x: R™ — R"™ be the map

Clearly, D|,x = (81 g) and is thus invertible. We set ¢» = x~! according to the inverse function

theorem. Since the diagram
R" - £ 5 RE
I
x| /
¢
Rn
clearly commutes, the same is true for the diagram from the statement. O

Theorem 5.4 (Immersion theorem). Let ¢: R¥ — -+ R™ be a smooth map such that D|pp is
injective. Then there exist neighbourhoods V' 3 b, U 3 p(a) and a diffeomorphism v such that

RF - £ 4 R"

\
\ |
m 4/

R’I’L



where in(z!, ... 2%) = (2',...,2%,0,...,0). In other words, in the coordinates given by v, the

map ¢ s the inclusion map.

Proof. We assume for simplicity that D|,p = <g> has the top (k x k)-block A invertible. Let
x: R®™ — R"™ be the map

ot 2b)
x! :
ol 1= oF(xt, ... 2k)
- oh R (L 2h)
T
"+ (2. .. 2k)

Clearly, D|,x = (g g) and is thus invertible. We set 1) = xy~! according to the inverse function

theorem. Since the diagram

RTL

clearly commutes, the same is true for the diagram from the statement. O

6. SUBMANIFOLDS OF A VECTOR SPACE

Definition 6.1. A subset M C R" is a smooth submanifold of dimension m if, for every z € M,
there is a diffeomorphism ¢ : R™ — - + R™ defined near z such that

(M Ndomy) = R™ Nim,
where we understand R™ C R™.

Clearly, we may replace R™ in the definition by any affine subspace of R", since there is always
an (affine) diffeomorphism that maps this subspace to R™ and we may compose the original
diffeomorphism with the affine one and get a diffeomorphism from the definition.

Theorem 6.2. Let F: R" — R* be a smooth map, b € R¥ and denote M = F~1(b). If F is a
submersion at every point of M then M is a smooth submanifold of dimension n — k.

Proof. Under the assumptions of the theorem, near every x € M, there is a diffeomorphism
¢: R" - — 3 R" such that F = prog. Therefore, F~1(b) = ¢~ !(pr=1(b)) and clearly

prot(b) = {(, ... 0%, 2" ey 2P 2" € RY

is an affine subspace of dimension n — k. O

By definition, 3 restricts to a homeomorphism ¢: M - -+ R™ and we think of this map as
introducing local coordinates on M and thus call it local coordinates or a local chart on M. Its
inverse o~ 1: R™ - — + M is called a local parametrization of M.

Let o1, w2 be two local charts, i.e. restrictions of diffeomorphisms 1, 12 from the definition of
a submanifold. Then 15 = g0 gofl is called the transition map for the coordinates. It is clearly
a diffeomorphism as a restriction of the diffeomorphism v o ¢!

The above serves as a motivation for the definition of an abstract manifold (i.e. not a subman-
ifold of some vector space).



7. SMOOTH MANIFOLDS

Definition 7.1. A topological manifold is a topological space M that
e is Hausdorff,
e has a countable basis for topology, and
e is locally euclidean, i.e. each point x € M has an open neighbourhood U > =z that is

homeomorphic to some open subset V' C R™, i.e. there exists ¢: U =5V,
We say that M has dimension m.

We remind the reader that M is Hausdorff if any pair of distinct points z # y admits a pair of
disjoint neighbourhoods U 3 x, V 3y, U NV = (). Equivalently, any sequence' has at most one
limit point (“=": if a sequence converged to both x and y, it would have to lie eventually in U
and V, thus eventually in U NV = (), a contradiction; “«<”: if By, (z) N By, (y) was non-empty,
containing a point z,, the sequence z, would converge to both & and y, a contradiction).

Further, we remind that a basis for topology is a collection U of open sets such that any open
set W is a union of some elements from this collection, W = UUeu,UCW U. Any open subset
V C R™ is second countable, generated by all open balls B.(x!,... ,2") C V with all z!,... 2"
and ¢ rational.

For a pair of local charts @1, w2 on M, we again form the transition map 13 = g 0 (pl’l.
We say that the charts are compatible if the transition map is a diffeomorphism. An atlas is a
collection of charts A = {¢; | i € I} whose domains cover M, i.e. | J;c; domg; = M, and such
that any pair is compatible.

Lemma 7.2. Any pair of charts v, x compatible with an atlas A is itself compatible.

Proof. We consider
M

0N
v, Lo N X
v YN

1% + x
R™ - —3R™ - - > R™
ot xop;
with both horizontal maps smooth by assumption. Their composition y o1~ is then also smooth
at points where this composition is defined. But for any = € dom N dom x, we may choose ;
with z € dom ¢, and then the horizontal composition is defined at 1 (z). O

Corollary 7.3. Let A be an atlas. Then there exists a unique maximal atlas containing A,
consisting of all charts compatible with A. O

Definition 7.4. A smooth manifold is a topological manifold M equipped with a maximal atlas.

When speaking of charts (or coordinates) on a smooth manifold, we will always mean a chart
from the given maximal atlas.

Definition 7.5. A continuous map F': M — N between smooth manifolds is said to be smooth
if, for every chart ¢ on M and every chart 1) on N, the composition ) o F o p~1: R™ — R" is
smooth.
ML N
| \
® | Iy
< <
R™ - — 3> R"”
oFop~*
Similarly to the previous lemma (in fact, the lemma is a special case for F' = id), it is enough
to check smoothness for some atlas on M and a collection of charts covering im F'.

Example 7.6. A smooth submanifold M C R" is a smooth manifold and the inclusion ¢ is smooth.

ISince M is locally euclidean, every point has a countable basis of neighbourhoods and thus sequences suffice
to capture topology. In general, one would replace them by nets or filters.
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Example 7.7. A local chart is precisely a diffeomorphism M - - + R™. Construct two local charts
on S™ C R™*! and study the transition map (it should be a disc inversion).

Remark. The charts are (20, z) — ﬁ - & with inverses = — (£(1 - |z|?),2 - 2).

_1
1+z]2
8. TANGENT BUNDLE

Definition 8.1. We say that A: C*°M — R is a derivation at ¢ if A is R-linear and satisfies the
Leibniz rule at xg,

A(f -g) = Af - g(wo) + f(xo) - Ag.

Definition 8.2. We define the tangent space T, M of a smooth manifold M at a point z € M to
be

T.M ={A: C*M — R | A is derivation at z},
the set of all derivations at .

It is clear that derivations at z are closed under addition and multiplication by real scalars and
thus T, M is a vector space over R. Our main aim will now be to show that this vector space can
be computed in coordinates and is thus isomorphic to R™ (in particular, it is finite dimensional,
something that is not obvious from the definition).

In order to compare the tangent spaces of various manifolds, we define the tangent map ¢, of
a smooth map ¢: M — N in two steps. First, the precomposition with ¢ defines a map

©*: C°N = C*M

given by ¢*f = f o and it is clearly a homomorphism of algebras, e.g. *(f - g) = ¢*f - ¢*g.
Next comes:

Lemma 8.3. The algebra homomorphism ¢* determines a map
@« Dery (C*°M,R) — Dery(,) (C* N, R),
given by p, A= Aop*, ie by (p.A)f=A(p"f)=A(fop).

Proof. We need to show that ¢, A is indeed a derivation at ¢(x). The linearity of ¢, A is clear
and the Leibniz rule is

(e A)(f-9) = Ale™(f-9)) = A" f-¢"g) = Al¢"[) - ¢"g(x) + " f(2) - A(¢"g)
= (pxA)f - g(o(@)) + f(p(x)) - (s A)g. O
By our definition of tangent spaces, ¢, is thus a map
(o T.M — Tw(z)N.

We define

TM = |_| T, M
xeM

and call it the tangent bundle of M. The various maps @.: T M — T, ;)N define together a map
@«: TM — TN,

called again the tangent map of p. We use the notation @.,: T,M — Ty, N if we want to stress
that it is defined only on the tangent space at x (see e.g. the next theorem).

Theorem 8.4. If p: M — -+ N is a local diffeomorphism at x then @, is an isomorphism.



Germs. In fact, we have not defined a tangent map to a partially defined map ¢ so far. This
and the proof of the theorem will be achieved by passing to germs of functions at a point . We
consider smooth functions f: M - - + R defined on an open neighbourhood dom f 3 x and an
equivalence relation on such functions: f ~ ¢ if and only if f = ¢ in some neighbourhood of z.
The equivalence class of f is called the germ of f at x and denoted germ, f. The set of all germs
at « will be denoted C2°M. In particular, we obtain a map

germ,: C°M — C°M
associating to each (globally defined) function its germ at z.
Lemma 8.5. The above map germ, is surjective.

Proof. Let f: U — R be a smooth function. We choose a function A: M — [0, 1] such that A =1
in a neighbourhood of = and such that supp A C U. Then germ,, f = germ, (\- f), since A = 1 near
x, and the product - f can be extended by zero to a smooth function of M, giving a preimage of
germ,, f. O

It is easy to define linear combinations and products of germs in terms of their representatives
(more abstractly, one may use the above lemma to view C°M as the quotient algebra of C*°M).
Thus, it makes sense to say that a map C°M — R is a derivation at = (on the other hand, it
makes no sense to speak about derivations at other points, since the value of a germ at a point y
different from z is ill-defined).

Lemma 8.6. Fvery derivation A: C°M — R at x factors uniquely
A
C*M —R
germ,, o
< 3!
7
CrM
through a derivation C°M — R, i.e. the precomposition with germ, gives an isomorphism
Der, (C2°M,R) — Der,(C®M,R) = T, M.

In words, the above lemma says that it is possible to define a unique derivation of germs if we
impose that the derivation of a germ of a globally defined function f € C°M is Af.

Proof. The factorization, if exists, is unique by the surjectivity of germ,. On the other hand, a
factorization exists if any only if germ, f = 0 = Af = 0. The condition germ, f = 0 means that
f =0 in some neighbourhood U > z. Let A\: M — [0,1] be such that A = 1 in a neighbourhood
of x and such that suppA C U. Set p =1 — A, so that p = 0 in a neighbourhood of x and p =1
on M \U. Thus, f=p- f and

Af =Alp- ) = Ap- f(a)+p(w) - Af =0. O
0 0

Now we are ready to prove the theorem.

Proof of Theorem 8.4. Clearly, any smooth map ¢: M - -+ N defines a map
" Oy N = C°M.

In the case that ¢ is a local diffeomorphism at x, the map ¢* has an inverse (¢ ~!)* and is therefore
an isomorphism. In particular, it induces an isomorphism

st TyM = Dery (C3° M, R) — Dery(4)(C20,) N, R) = Ty, N. O
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Tangent bundle as a smooth manifold. We start with a simple observation. If I/ is a covering
of a topological space X, then a subset V' C X is open if and only if UNV is open for every U € U.
Thus, given an atlas on M, a subset V' C M is open if and only if for every chart ¢: M - - + R™
the image ¢(V Ndom ) C R™ is open. Consequently, an atlas also determines the toplogy of M.

Now, we would like to equip T'M with a structure of a smooth manifold. Its atlas will consist
of the tangent maps to charts on M, i.e. for p: M - -+ R™ we consider

A={p.: TM - -+ TR™ = R*™}.

Theorem 8.7. There is a structure of a smooth manifold of dimension 2m on TM, given by the
above atlas.

State the main ingredient formally.

Proof. A smooth structure is given by a countable collection of maps M - — + R™ (charts), bijec-
tions from the domain onto the image, such that the transition maps are smooth maps between
open subsets of R™ and such that any pair of points lies in a domain of a chart.

Now the above property for M implies the same for 7'M, since the transition maps ¢;;. are
smooth. (]

9. VECTOR FIELDS
There is a canonical projection p: TM — M, associating to each A € T,, M its base p(A) = .
Definition 9.1. A smooth vector field is a smooth map X : M — TM such that X|, € T, M, i.e.
TM

>
p

The definition of a smooth structure on T'M implies that a vector field is smooth if and only
if its expression in coordinates is smooth, i.e. if X = X?9; with coordinate functions X* smooth.
Thus, every smooth vector field X induces a derivation X: C*°M — C*°M (denoted by the same
symbol), given by X f(z) = X|.f; locally Xf = X*-0,f and is clearly smooth. We have the
following converse.

Theorem 9.2. For a derivation X: C°M — C>°M there exists a unique smooth vector field
inducing it.

Proof. The composition ev, oX with the evaluation map ev,: C*°M — R gives a derivation at x
and is thus given by a unique vector X|, € T, M,

Xf(z) = X[ f.
It remains to show that X is smooth. In local coordinates, X? = Xa* which almost gives smooth-
ness except ¥ ¢ C°M so that Xz' does not make sense. This is corrected by passing, at each
point, to germs and the extension of X |, to germs at . We choose, in a coordinate neighbourhood
U 3> xg, a smooth function A with A = 1 in a neighbourhood V' > zy and with supp A C U; then
forzeV
X'(z) = X|pa* = X|o(Az") = X (Az")(2)

since germ,, 2 = germ, Az’. As Az’ is a smooth function on M, so is its image X (\z?) and X" is
smooth on V. 0

Let v: R - -+ M be a path, i.e. we assume that dom~ is an interval. We define the tangent
vector to «y at time to to be /[y, = 7«(0t]t,). The chain rule then easily gives
e:(Ye) = (poy)l,

i.e. the image of a tangent vector to a path v under the tangent map . is the tangent vector to
the image of the path under (.
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Definition 9.3. We say that v is an integral curve of a vector field X if

Vl‘t = X|7(t)
for each t € dom+y.

In local coordinates this reads

97" (t) = X' (Y (1), ... ™ (1),
i.e. the tuple of coordinate functions 4* forms a solution of a system of ordinary differential
equations. Since the involved functions X? are smooth, there exists a solution 7, with any given
initial value v, (0) = z. Together these form a map

FIY: Rx M --+ M, FI¥(t,z)=n,(t),
defined in a neighbourhood of {0} x M and smooth. This map is called the flow of X.
Theorem 9.4. FI*(t,F1%(s,2)) = FI* (t + s, ).
Proof. We have to show that the right hand side y(t) = FI*(t 4 s,z) is an integral curve of X.
However, since the translation by s clearly takes Ot|t, t0 O¢|to+s, We get
VNto = (= 2)) ltgrs = XIerx tors2) = X hy(to)-
Thus, it is indeed an integral curve; the initial value is also correct, v(0) = FI1¥ (s, z). O

We say that X is complete if the flow is defined on R x M. We define a support of a vector
field X, denoted supp X, to be the closure of the set {x € M | X|, # 0}.

Theorem 9.5. A compactly supported vector field is complete. In particular, any vector field on
a compact manifold is complete.

Proof. For every x € supp X there is a neighbourhood U, and e, > 0 such that FI¥ is defined
on (—ez,e5) X Ug. Since the support is compact, we have supp X C U,, U---UU,,. Taking
e =min{ey,, ..., ey, }, the flow of X is defined on (—&,e) x M (at points not in the support, the
integral curve through that point is constant and thus defined on R). By the previous theorem,
we may write, for any t € R and any z € M,

FI* (¢, ) = FI*(t/T,---FIX(t/T,z)---)
and for T'>> 0 we have t/T € (—¢,¢) so that the right hand side is defined. O

Definition 9.6. Let ¢: M — N be a smooth map, X a vector field on M and Y a vector field
on N. We say that X and Y are p-related if

(P*X‘r = Ylgp(m)»

i.e. if the following diagram commutes:

™ -2 TN

We will occasionally denote this by X ~, Y.

A special case is that of an inclusion of a submanifold, that we will denote in: M C N. Since
each in,, is injective, we may and will think of it as an inclusion of a subspace; then for each
vector field Y € XNV, a vector field X € XM with X ~, Y exists if and only if for each x € M,
the value Y|, lies in T, M C T,,N. We say that Y is tangent to N.

We have the following two characterizations using the induced derivation of functions and using
the flows.

Lemma 9.7. Vector fields X and Y are p-related if and only if
(Yf)op=X(fop).
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Proof. This is clear upon unfolding the value of the right hand side at x:

X(fop)(x) = X[o(fop) = (puXlo) f
while the value of the left hand side is simply Y|, ) f. O

Lemma 9.8. Vector fields X and Y are p-related if and only if
p(FI¥ (t,2)) = FIV (¢, ¢(x))

In other words ¢ maps the flow lines of X to the flow lines of Y. We will use this property
quite often.

Proof. Taking the tangent vectors to the paths in the above equality, we get

P Xz = ((FI* (=,2))) |0 = (F1 (=, ¢(2))) |0 = Y |p(a)
which is precisely the definition of ¢-relatedness.

In the opposite direction, given that X and Y are ¢-related, we wish to prove the equality from
the statement, i.e. we want to prove that v(t) = @(FI*(t,2)) is an integral curve of ¥ through
©(x). Since the initial value v(0) = ¢(x) is correct, we need only check that it satisfies the
differential equation of an integral curve:

7 (to) = (P(F1* (= 2))) Ity = P X |51% (t0.0) = Y p(81% (t9.2)) = ¥ lr(t0)
(the third equality uses the p-relatedness). O
10. LIE BRACKET
We define the Lie bracket through derivations.

Definition 10.1. Let X and Y be two vector fields on M. Then it is easy to see that f —
XY f—YXf is a derivation and the corresponding vector field is denoted [X,Y] and called the
Lie bracket of the vector fields X and Y.

We will now derive a coordinate formula
XYf-YXf=X-0;(Y" 0;f) = Y7 0;(X" 0 f)

=X7 - (0Y" - 0if + Y- 0;0,f) = Y7 - (0;X" - 0, f + X' - 9;0,f)
= (X7 0;Y' Y7 0;X") - 0if

so that [X,Y] = (X7-0;Y' —Y7-9,X")-0;.

Proposition 10.2. The Lie bracket has the following properties:

(X, Y1 + V5] = [X, V1] + [X, Y7,

(X, f-Y]=X[-Y+ [ [X)Y]

(X, Y] = -[Y, X],

[X> [sz]] = HX>Y]7Z]+[Y7 [X7Z]]'
X~ Z,Y ~, W = [X,Y] ~p [Z,W].

Proof. All points are rather straightforward, we explain the most interesting one — the second:
(X, f-Y]g=X(fYg)— f Y(Xg)
=Xf-Yg+f X(Yg)—-[f Y(Xyg)
=Xf-Yg+f (X,Y]g)
=(Xf-Y+ [ [X, Y]y
The last point is also interesting:
(Z,W]f)op

ZWf)op—=W(Zf)oyp

X(Wfop)=Y(Zfop)

XY (fow) =Y(X(foyp))

(X, Y](f o). U
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Denoting Lxf = Xf and LxY = [X,Y] (the Lie derivatives of f and Y along X), the
second point becomes Lx(f YY) = Lxf-Y + f - LxY and the fourth becomes Lx[Y,Z] =
[LxY,Z]+[Y,LxZ], i.e. both are some forms of the Leibniz rule.

Corollary 10.3. Let M C N be a submanifold. If X,Y € XN are tangent to M, so is [X,Y].

Proof. This is just the last point applied to the inclusion ¢ = in. O

Definition 10.4. Let X, Y be two vector fields on a manifold M. Then we denote
(FI)*Y (z) = (FIX).Y (FIX (z)) € T, M
the pullback of Y along the flow FIX of X. For each = € M it is defined for ¢ small. (In other

words, the pullback (F1;3¥)*Y is the unique vector field that is F1;*-related to Y.)
The Lie derivative of Y along X is

LxY (x) = Olo((FIF)Y ().

Theorem 10.5. Let X be a vector field and x € M a point. If X|, # 0 then, in a neighbourhood
of x, there exists a coordinate chart in which X = 0.

Proof. We set X1 = X and choose vector fields Xs, ... X,, so that X1,...,X,, form a basis in a
neighbourhood of z. We define a map

@:R™— s M, (t',... ™) FIX - FL (2)
(it is defined in a neighbourhood of 0). The image of the coordinate vector field
Oilo = O¢|o(0, ... ,¢,...,0)
at the origin then equals
P.0ilo = o FIY (2) = Xil,

and ¢ is a local diffeomorphism at 0. We may thus use its inverse ¢~
M.
Now, for ¢ = 1, we get more generally

P01y = Orla I Flj‘ - Flr (z) = Xl(mfgl FltX - FIr (@) = Xilgy)

I as a coordinate chart on

and this shows that, in the coordinates given by ¢!, we have 9; = X;. (]

Proposition 10.6. The following holds
LxY], =[X,Y]|s-
More generally, 9, (FIX)*Y |, = (Flt)g)*[X, Y|z

Proof. First assume that tgc = 0. Let x € M be such that X|, # 0. Then, by Theorem 10.5,
there is a coordinate chart in which X = d; near 2. Then FLI* () = 2 + ¢ - 8|, is the translation
by the t-multiple of the coordinate vector 04|, its derivative is then the identity. Consequently,
(F1%,).0;| 2 11.0, = ils, so that, for Y = Y7 - 8;, we get

(FI )Y [p = (FI%,).Y (FI (2)) = Y'(z +t - 81) - il

and finally
LxY |y = 0]o(FLY)*Y], = Y (2) - 0.

This equals [X,Y]|, by the coordinate formula for the Lie bracket, proving the claim in this case.

By continuity, the same holds for points in the closure of the set {x € M | X|, # 0}, i.e. on the
support of X. On the other hand, if z ¢ supp X, then X = 0 in a neighbourhood of x and then
both sides equal zero.

For a general to, we have (FIX)*Y|, = (Flfg)*(FltX_tU)*Y|x. Since (Flfg)* is a linear map we
can interchange with 0. O
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Remark. We will need a useful property for the proof of the next proposition. It is based on an observation that
for a function ¢(s,t) of two variables, with values in a vector space, we have

Otltg(t, 1) = Otlo (L, to) + Otleotp(to, ).
Now let X be a time-dependent vector field, i.e. a map X: R x M — T'M such that X(¢,z) € T M (not true in
the second application of (), but also not necessary there). Let f: R x M — R be a “time-dependent” function on

M (just a function on R x M). Write X; and f; for the vector field and function obtained by plugging in a specific
value of t. Then we may form the directional derivative X; f; and

Otleo Xefr = Otleo (Xefro) + Otleg (Xt ft)- (*)
(Locally, we have X fi(x) = X (t,z)* - 9; f(t,pX(t,x)) and we apply the previous observation.)

Proof. First assume that tg = 0 and let f : M — R be a smooth function. We differentiate f in the direction of
the left hand side:

(2elo(FIE) Y (@) 1 2 aelo (F1) Y (2)1)
= arlo ((F1X,).Y (FIX (2))f )
= oo (Y (FIX (@))(f 0 FIX)))
© oo (Y@)(f o FIX)) + 8elo (Y (FIX (2))())

© (@) (arlo(f 0 F1X) + d1lo ((VHFRX (2)))
=Y @)(=X) + X(@)(V])
= —(YXf)@) + (XY (@) = (IX,Y]@)) f

(the steps labeled by () involve the observation made before the proposition, of which the first in the opposite
direction).

For a general tg, we have (F1X)*Y (z) = (Flfg)*(Flg(_to)*Y(a:). Since (FltXO)* is a linear map we can interchange
with 0.

Corollary 10.7. The following conditions are equivalent:

e [X,Y]=0,

o (FIX)*Y =V, i.e. Y is FI\ -related with itself for all t,

o FIX F1Y (z) = FIY FI,* (), i.e. the flow lines commute.
In general we have F1¥ FI¥, F1Y FIX (z) = z + st[X,Y](z) + o(s, t)2.
Proof. The equivalence of the three conditions follows immediately from the previous proposition
— the second condition states that (Flf )*Y is a constant function of ¢, i.e. that the derivative is
zero and this is clearly equivalent to the first condition. At the same time, the second condition
is equivalent to Y being Flf( -related to itself and this is equivalent to Flgx preserving the integral
curves of Y, which is precisely the third condition.

Differentiating the commutator of the flows twice, we get

4|00s]o F1Y, FIX, FIY FIX (2) = 0,0 (—Y(ac) + (Flf‘)*y(x)) = [X,Y](x)
The remaining derivatives of order at most two are clearly zero. O

We will need the following generalization of Theorem 10.5.

Theorem 10.8. If vector fields X1, ..., X, are linearly independent and satisfy [X;, X;] = 0 then,
in a neighbourhood of any point x, there exists a coordinate chart in which X; = 0;.

Proof. We choose vector fields Xy1, ... X, so that X1,...,X,, form a basis in a neighbourhood
of . We define a map

@:R™— s M, (t',... ™) FIX - FL (2)
(it is defined in a neighbourhood of 0). The image of the coordinate vector field
Oilo = 0¢[0(0, ... ,t,...,0)

at the origin then equals
©.0;]o = O¢lo FI (2) = X,
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1

and ¢ is a local diffeomorphism at 0. We may thus use its inverse ¢~ as a coordinate chart on

M.
Now, for i < k, we study the image of the coordinate vector field 9;|;, at a general point tg.
Since we may interchange the flows (since [X;, X;] = 0), we get

X; X X Xom X; X X X
iy IR RS RS (1) = XG(FIXFIN P PN (1) = Xil g

SD*ai|to =0,

and this shows that, in the coordinates given by ¢!, we have 9; = X;, for i < k. O

11. DISTRIBUTIONS

Definition 11.1. A (non-smooth) distribution S of dimension k is a mapping x — S(x) that
associates to each point « € M a k-dimensional vector subspace S(z) C T, M.

A distribution S is smooth if, for each point zy € M, there exist a neighbourhood U and local
vector fields X1,..., X € XU such that Xi|,,..., Xk|, form a basis of S(x) for z € U.

From now on, all our distributions will be smooth.

Definition 11.2. An submanifold N C M is said to be an integral manifold of a distribution S
if, for each & € N, one hase S(z) = T,,N.

A distribution S on M is called integrable if, for each x € M, there exists an integral manifold
passing through x.

We say that a vector field X lies in S if, for each x, we have X |, € S(z). Integrable distributions
have a special property of being involutive. In fact, the converse also holds, as we will see shortly.

Definition 11.3. A distribution S on M is called involutive if, for every pair of vector fields X,
Y lying in S, their bracket [X, Y] also lies in S.

Theorem 11.4. FEvery integrable distribution is involutive.

Proof. Let X and Y be vector fields lying in S, let © € M be an arbitrary point and let NV be
an integral manifold passing through x. Then both X and Y are tangent to N and, thus, so is
their Lie bracket [X,Y]. In particular, [X,Y]|, € S(z). Since x was arbitrary, [X,Y] indeed lies
in S. O

Now we are ready to prove the converse, in fact it proves a stronger version of integrability,
since it also describes how the integral manifolds vary locally — they form a so-called foliation.

Theorem 11.5 (Frobenius theorem). If S is involutive then for every xg € M there exists a local
coordinate system in a neighbourhood U 3 xy such that the vector fields 01, . ..,0y form a basis of
the distribution S on U. In particular, S is integrable.

Proof. Let X1,..., X} be vector fields defined in a neighbourhood of zy that form a basis of S.

By composing the local chart M - -+ R™ with a suitable projection map R™ — RF, we get a

map pr: M - - + R¥ for which pr,,: S(z) C T,R™ — Tpr(I)Rk is an isomorphism for x = xy and

consequently also for z in a neighbourhood of xg. Since 01, ...,Jd form a basis, we may write
pr*(Xl‘afa cee an|x) = (Pr* X1|3L’a <oy PIy Xk|£) = (61|pr(w)a cee 8k|pr(a:)) : A(J;)

for an invertible matrix A(z) € GL(k) that depends smoothly on z. Since the map GL(k) —
GL(k), M + M~1! is smooth (it is given by a rational map using the determinant of the matrix
and its minors), the matrix A=!(x) also depends smoothly on x. Defining

(Y1|.E7 AR 7Yk|.'£) - (X1|.’£a ce 7Xk‘(L‘) ) Ail(‘x)a

clearly vector fields lying in S and also giving a basis of S in a neighbourhood of xg, we easily get

pr*(Y1|xa R Yk‘m) = pr*(X1|m7 s vXk‘m) ' Ail(x) = (al|pr(x)a R 8k|pr(ac))
so that the Y; are pr-related to the 9;. But then [Y;,Y]] is pr-related to [0;,0;] = 0. Since
[Y;,Y;] lies in S by involutivity and pr,, is an isomorphism on S(z), we get [¥;,Y;] = 0. Thus,
Theorem 10.8 applies. O
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Proof. Let X1, ..., X} belocal vector fields which span the distribution S near « and choose vector fields X 41,...,Xn
so that (X1,...,Xn) form a basis near x. We then define a map

p:R"DU — M

(... t") — FIY' - FLY ()

The partial derivatives at the origin clearly consist of the vectors X;(x) and thus ¢ is a local diffeomorphism — its
inverse will form our coordinate system.
Let us compute the partial derivative with respect to t* for ¢ < k at a general point.

Bip(th, ... ") = (Flﬁl)* . (Flfffll)* X; <F1tX -..Flffﬁ(x))

To conclude the proof it is therefore enough to show that for any Y belonging to S the pullbacks (Flzl )*X; also
belong to S (then the same will be true for pullbacks (Flg/)*X with X € S by linearity, and we apply the claim to

X, (FIXFl ) X X, etc.) Denote this pullback by

pi—1
Yi(t) = (FIY ) X(z) € T M
and write [V, X;] = af X;. By Lemma 10.6 the paths Y;(t) satisfy the following system of differential equations
Lyi(t) = (FIY)' Y, Xi] = o (FIY (2))Y; (1)
We have Y;(0) = X;(x) € S(z) and, since the system is linear, we must have Y;(t) € S(z) for all t (namely, there

exists a solution of the system %Zi (t) = aZ(Flf (x))Z;(t) with Z; € S(x) and with Z;(0) = X;(z). By uniqueness,

we must have Y;(¢) = Z;(¢) and, thus, Y;(t) € S(z).)

Theorem 11.6 (Frobenius theorem through 1-forms). Let w: TM — V be a smooth map that
is linear on each T, M (we say that w is a V-valued 1-form) and surjective. Then kerw is a
distribution. It is integrable if and only if w(X) =0, w(Y) =0= dw(X,Y) = 0.

This uses the exterior differential of the next section.

Proof. In local coordinates on M and in a basis of V, the 1-form w is given by a matrix of
maximal rank. We may assume that the left most square block is regular in a neighbourhood
of a given point and use the Gauss elimination to make this matrix (E | A). Then kerw is
given by (€n~k+1 emT = —A(¢L, ... ¢"F) proving that it is a (smooth) distribution. Now
dw(X,Y) = Xw(Y) — Yw(X) — w([X,Y]) gives easily the result. O

12. COTANGENT BUNDLE

Every smooth function f € C°°°M defines a mapping df: TM — R, called the differential of f
at x, given by

df(4) = Af

i.e. its values are the various directional derivatives of f along various tangent vectors. The
restriction to each tangent space T, M is then a linear form df|, € (T, M)*, i.e. an element of the
cotangent space T M = (T, M)*.

We denote T*M = | |,y Ta M and call it the cotangent bundle of M. Its elements are called
cotangent vectors. We will soon equip the cotangent bundle T*M with a structure of a smooth
manifold. At this point, we want to rephrase the differential: it can be viewed as a mapping
df: M - T*M, z +— df|, € TxM. Again, it is a field in the sense that it maps each point to an
object of the appropriate vector space.

In coordinates, for A = A%9;|,, we get

df|(A) = Af = (A'y]o) f = A" Oyl f,

(the row of partial derivatives of f, as expected). As a special case, we may apply this to the
coordinate functions z* to get

dz'|,(A) = A7 - 0|, 2" = A
so that we may rewrite the formula for df as df|,(A) = dx?|,(A) - ;. f, or simply
df = 8, f - da'.
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This formula is well known from calculus, but now it has an exact meaning, the differentials are
sections of cotangent bundles, partial derivatives are functions and both the product and the
(implicit) sum make sense.

We will now study how cotangent vectors transform along a smooth map ¢: M — N. Namely,
for z € M, the tangent map is @ : T M — T,y N and thus induces a dual linear map

When ¢ is a local diffeomorphism its inverse is then a linear map @.,: Ty M — T;(m)N . For
varying « € M, these form a map

@sx: T*M — T*N.

We will now show that this map is smooth for M and N open subsets of R™. First, we have

(#sa)"(p(),m) = (2,71 0 Dlsp)
and thus

u(,0) = (p(x),n 0 (Do) ™).
Since the composition (matrix multiplication) is smooth and so is the map GL(m) — GL(m),
A — A1, the result follows.

Since the transition maps are smooth, we may use the induced maps ¢, : T*M - -+ T*R™ to
give a smooth atlas for 7M.

Definition 12.1. A 1-form on M is a smooth map w: M — T*M such that w|, € T;* M. The set
of all 1-forms on M will be denoted Q' M.

In local coordinates, we have w = w;-dz’ and the smoothness is equivalent to the functions w; be-
ing smooth, since in the charts ¢ and @, the coordinate expression is w(z) = (, (w1 (x), - ,wm(x))).
In particular, for every smooth function f, its differential df is a 1-form.

An important feature of forms is that they pull back along smooth maps: for a 1-form w on NV
and a smooth map ¢: M — N, we get a 1-form ¢*w on M given by

(‘p*w)‘z = (@*I)*(wLp(z)) = w|<p(z) O Pug.

It will be useful to give a local formula for the pull back: if w = w; - dy’, we obtain from the
following lemma that

¢'w = ¢'w; - d(p"y’) = wjop- B - da'.
~—~—
I
(writing y/ = ¢ the essential part of the formula becomes very intuitive: dy/ = 9y’ /0 - da'.)
Lemma 12.2. o*df = d(¢*f) and o*(f -w) = ¢*f - p*w.
Proof. The first equality is just the definition of the push forward,

(P A)f = A(f o),

rewritten in terms of the differential — the left hand side is df(p.A) = (¢*df)(A) and the right
hand side is d(f o p)(A) = d(¢* f)(A).
The second equality is straightforward using the linearity of the dual map:

@ (f - wW)la = (pra)" (f(0(2)) - Wlp(@)) = [(£(7)) - (Pxa)* (Wlp@)) = (7 f - " W)la O
Remark. We have the following relation of df(A) = Af to fuAd € TR
Af = A(idof) = (f.A)id

where, clearly, (t,7)id = 7, i.e. taking the derivative of the identity makes from a based vector
the corresponding free vector.
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13. TENSOR FIELDS

A common generalization of vector fields and 1-forms are the so called tensor fields. They are
associations

e wl, e Q) TMo @ TiM
that are smooth in a sense similar to that of vector fields and 1-forms.
This is again achieved by defining a smooth manifold

R M@ TM=|]|R TMe@ T;M
xeM

called the tensor bundle. Again, this is done via coordinate charts ¢: M - - > R™ on M by using
their induced maps on tensor bundles

Pxx = ®T Pxx ® ®S Pxx

(the two maps @, are different — the first is for the tangent bundle and the second for the cotangent
bundle). Again, it is easy to see that these are smooth for open subsets U C R™ where

RTUe@ TU=UxR "2 &™)
The corresponding field is then called a tensor field of type (r,s). Of special importance are
tensor fields of type (0, k), i.e. those with values in the tensor power of the cotangent bundle, since

they again pull back along smooth maps: if p: M — N is a smooth map and w: N — ®k T*N a
tensor field then
(So*w)|r = w|tp($) © ((P*-T)®k

Since (T M)®* is naturally isomorphic to the vector space Ling (T, M, ..., T, M;R) of k-linear
forms on T,, M, every tensor field w of type (0, k) can be also seen as a collection of k-linear forms
w|, on T, M and we will use w(Ayq,..., Ax) to denote the values on a k-tuple of tangent vectors,
necessarily in a single tangent space T, M. We may then rewrite the above definition of the pull
back of w as

(P w)(A1, ..., Ag) = w(ws A1, ..., 0 Ag).
We will now explain in more detail how we view a tensor product of 1-forms as a k-linear form:
W @wWr (A, Ay) = W (Ay) - WF(AR).
In particular, we may write every tensor field of type (0, k) locally as
W = Wiy iy, * dzt @ -+ @ da™*
and then we get ' '
W(A1, .. Ag) = Wiy oy, (A1) - (Ag)'-.
We clearly have ¢o*(w ® 0) = p*w ® ¢*6 and thus the pull back ¢*w has the form
P W = (Wigiy, 0 9) - 0y ™ - 0™ - dy’t @ - @ dy
An important special case are the antisymmetric tensor fields of type (0, k), also called (exterior)

k-forms. We adopt the convention for w? € Q% M:

wl/\.../\wr:%W.Alt(wl(g...@wr).

It is not difficult to check that this wedge product is associative. The advantage of the factor
stems from the fact that it eliminates the appearance of such factors in many subsequent formulas
(there are also some more subtle advantages that we will not discuss here). Also, for k; = 1, i.e.
for 1-forms w?, the formula becomes

wl A Aw' = Z Sign(o-) . wo‘(l) Q- ®wo’(’r).
ocEY,
The evaluation at a k-tuple of vectors is thus

WA AWR(AL AR = Y sign(o) - w! (Ag)) - wF (Ao

oEX
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Applying these formulas to the 1-forms da? results, for
W= Wiy, Azt A Adat
in the following

w(Ar,..., Ay) = Z sign(o) - wiy iy (A1) -+ (Ag()™.

cEX
14. EXTERIOR DIFFERENTIAL

14.1. Differentiation of tensor fields on a vector space. A tensor field of type (r,s) on an
open subset of a vector space V = R" may be interpreted as a map

vV R Ve v

and as such may be differentiated along any vector field X, giving another tensor field Dxw of
type (r,s). The total derivative Dw is then a map

Dw:V -+ Hom(V, Q) Ve & V) g@W@@SHV*,

i.e. a tensor field of type (r,s + 1). In coordinates, this consists simply of differentiating the
coordinate functions of the tensor field, i.e. for

w=wl] 0 © - ©0, ©d" ©-- ©dz*
we obtain

dr _ 8., Jiede | yio
is _aiowilmis X,

(Dxw)l!
so that we obtain the final formula

Jidr a0, 1
(Dw)ioilmis = am%‘lmis .

14.2. Differentiating vector fields along paths. We concentrate in this paragraph on the case
of vector fields Y, since this is the only case needed later. We observe that DxY |, depends only
on the value X|, and on the values of Y “in the direction of X|,”. More concretely, if X|, = /(o)
and if we denote Z =Y o+, then DxY depends only on Z:

Dor10)Y = Doyr10)Y? - 0j = 044y (Y7 0) - 0; = 044y 27 - 9; = Dy Zly,
or more concisely DY = D;Z.
More generally, a vector field along v is a smooth map Z: R — -+ T'M such that Z|; € T, M.
Then the formula ‘
DiZ|y, = Oy, 27 - 0;
as above defines, for an arbitrary vector field Z along ~, another vector field D;Z along v. In
particular, the tangent vectors 7/ = 9yv' - 9; form a vector field along v and we get
Dy =9" =85y - 0.
14.3. Non-invariance of D. Let us study the invariance of D under the change of coordinates,
i.e. let w be a tensor field of type (0, k) with components w;, ..., ,
W = Wiy iy, * dz" @ - ® dxi",

and recall that (Dw);gi;..i;, = OigWiy--i,- Now we apply the change of coordinates ¢ to get

(0" (DW)) joji-jr = (DigWiyriy, ©P) = DjoP™ - Djy o™ -+ -+ Dj, ™.
On the other hand D(¢*w) equals
(D" @) jogi g = Do (Wiy iy, © ) - Dy 0™ -+~ Dy ™)
= o (Wiy iy 0 p)) - Fjy ™ -+ - Bj, 0™
+ Z(wh“"ik 0 @) Dyt 07,9 - 0™

The first term equals ¢*(Dw);yj,...j, by the chain rule. Now the point is that in order to get
©*(Dw) = D(p*w), i.e. to get a differential that does not depend on coordinates as we will see
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shortly, we have to get rid of the second term involving the second derivative 8?0 jrgai’“. It clearly
disappears after antisymmetrization. Some representation theory would be required to get that
no “other part” is invariant and we will not attempt to do this here.

Thus, we get an invariant differentiation operator — the exterior differential — on antisymmetric

forms by antisymmetrizing Dx,w(X7y,...,Xk); for technical reasons, we multiply the antisym-
(k+1)!
&l

metrization by since the form already was antisymmetric in the variables X1,..., X and

obtain

—~

dw(Xo, ..., Xi) = Y _(-1)'Dx,w(Xo, ..., Xi, ..., Xx)
i
Starting from the formula for D,
Dw = 0;,wi,...i, dz™® @ da’ A--- Ada's,
we obtain a formula for d by antisymmetrization, i.e.
dw = O3, wi,..iydz’™ Adz™ A--- Ada'™.
We will now explain a useful formalism. We denote, for a k-tuple I = (iy, ..., ix),
de! =dz™ A -+ Adat*
and also wr = wj,...;, so that we may write
w=uwy-da!
where the implicit summation occurs over all ordered k-tuples I. We assume w; antisymmetric in
I, as usual. We then get a very simple formula for all operations:
(wr-dz") A (0 - da’) = wiby - da’’
and most importantly
dw = Opwy - dz® Adz! = dw; A da?.
—_——
d(.UI

Proposition 14.1. The exterior differential satisfies ©*(dw) = d(¢p*w) and, therefore, it induces
an operator d: Q¥ M — QF 1M on any smooth manifold.

Proof. The invariance was proved earlier. This enables to define dw in the domain of a chart ;
by the formula dw = (¢;)*d((¢; ')*w), i.e. w is translated to the chart, differentiated there and
then translated back to M. For any other chart ¢;, we have ¢; = ¢;; o ¢; and then

(0) (5 1) w) = (:)* (i) d((5;)* (07 ) w) = (i) *d((g; ) w)
| S ——
d
by the invariance with respect to the transition map ¢;;, wherever both sides are defined. O

Theorem 14.2. The exterior differential satisfies the following properties:

(1) the eaterior differential of a 0-form, i.e. a function f, is the usual differential,
(2) d(w+0) = dw +do,

(3) dwAb) =dwAd+ (=) wAdeg,

(4) d(dw) = 0.

It is the unique invariant operator satisfying these properties.

Proof. The first point is clear from the definition and so is the second. For the third point, write
w=uwr-dz!, 8 =0;-da’ and thus we get

d(wA8) =d(wrfy - da’ Ada?)
= (Opwr - 07 +wr - Okby) - da® A dz! A da”’
= (Opwr - da® Adzt) A (0 - dz?) + (=) (wr - dzt) A (Brby - da® A dz?),

where the sign comes from interchanging dz* with dz’.
First observe _ ' '
d(df) = d(8if - dz?) = 8,8, f - da? A da’
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and, for each i and j, the term 9j;f - da’* cancels with the term 9;;f - dz*/ since the partial
derivatives are symmetric, while dz%/ = —dz7*. By the Leibniz rule, we then get

d(dz’) = d(dz® A --- A dz'™)
=> (1) edat A Ad(dat) A AdatE =

0
Consequently, for general w = wy - da!, we get
d(dw) = d(dwy - dz’) = d(dwy) A da! — dwr Ad(dz’) =0—-0=0. O

14.4. Coordinate-free formula for the exterior differential. The differentiation operator
Dx, satisfies the Leibniz rule

Dxy (Wi iy (X1) - (X5)™) = DixgWiy ey - (X1)™ -+ (Xp)™
) Wiy (X)) - Dy (X5) - (Xg)™
which (after subtracting the sum from the right hand side) translates to
(Dxow)(X1, ..., X&) = Dxo(W(X1, .., Xk)) = > w(X1, o, X1, Dxy X5, Xy, -, Xa).

Here the first Dx, on the right is the directional derivative of the function w(Xj,...,Xx). The
second appearance is, however, very different and we have [X,Y] = DxY — Dy X. The exterior
differential then equals

dw(Xo, ..., Xi) = Z(— Yi(Dx,w)(Xo, ., Xay. .., Xi)

72 D' Xw(Xo, .., Xay. .o, Xi)

—Z WXy s Xiy oo, X1, Dx, X5, Xjg1, - Xi)
1<J

> (-V'w(Xo,- .. Xjo1, Dx, X, Xjp1, -, X Xp)
i>7

where we split the antisymmetrization of the second term according to whether ¢ < j or i > j.
Next we move the term Dy, X; onto the first spot (here the sign differs for the two possibilities):

_Z Xw(Xo, . Xay o, Xk)

+Z DDy, X5, Xo s Xir ooy X ooy Xi)
1<j

=S (1) w(Dx, Xj, Xo, - Xy Kay - Xi)
>

and finally swap the indices i, j in the last sum and subtract, using Dx, X; — Dx, X; = [X;, Xj],
to obtain the final formula

_Z iXiw(Xo, . Xive o, Xi)

+Z D Hw([Xi, X1, Xos oy Xay oo Xgy oo X

i<j
15. INTEGRATION OF FORMS
15.1. Partitions of unity.

Definition 15.1. Let & be an open cover of a manifold M. A (smooth) partition of unity
subordinate to U is a collection of functions A\y: M — [0, 1], for U € U, such that supp Ay C U,
such that, in a neighbourhood of every point x € M, there is only a finite number of non-zero Ay
and such that ) ;o Av = 1.
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For simplicity, we will assume M to be compact, it is however not necessary. Then the local
finiteness of the Ay in the definition of the partition of a unity is translated to the finiteness, i.e.
only a finite number of the Ay is nonzero.

Theorem 15.2. Let M be compact. There exist a partition of unity subordinate to any open cover
of M.

Proof. For each x € M, choose U, € U with x € U, and a function A, : M — [0,1] with A\,(z) >0
and supp Ay C U,. Clearly the open sets V,, = {y € M | A\z(y) > 0} cover M (since V, > x)
and thus, by compactness, there is a finite subcover M = V,, U --- U V,,. This means that
A=Xg ++ Ay, > 00n M. Take Ay = Dy _py Aay) /A O

Corollary 15.3. There exists a Riemannian metric on every manifold.

Proof. We choose a Riemannian metric gy arbitrarily in every coordinate chart U. Using a
partition of unity Ay (assuming that M is compact or using the non-compact version of the
previous theorem), we set g = > ;o Avgu- O

15.2. Orientation. An orientation of a manifold is an orientation of each tangent space T, M
that is “smooth” in the following sense: for every m-tuple a = (X7,..., X,,) of local vector fields
that form a basis of T,, M where defined (the so-called local frame), the function sign « is smooth.
Since it takes values in {£1}, it must in fact be locally constant.

Let ¢: M — N be alocal diffeomorphism. Then, for each z € M, the tangent map ., : T, M —
T, (z) is an isomorphism and we define sign ., to be +1 if ., preserves orientation and —1 if it
reverses orientation. In formula,

Sign(@*wa|w) = SIgN Pyg - Signa'w
For each (local) frame 8 on N, there is a (local) frame o = ¢* on M (consisting of the pullbacks
(©*Y)|e = (¢sa) 'Y |p(2)) so that the two frames are p-related. Thus,
sign B, (z) = sign(@szals) = sign ., - signal,

and since both sign |, and sign 3|,(,) are locally constant, so is sign ¢.,. In particular, if M is
connected, then ¢ either preserves orientation at every point or it reverses orientation at every
point.

In particular, every connected chart either preserves orientation or its composition with a re-
flection R™ — R™ preserves orientation. Consequently, the collection of all orientation preserving
charts forms an atlas — the maximal oriented atlas on M. For this atlas, the transition maps also
preserve orientation. (There is a special case m = 0, where no reflection exists and, thus, it is not
always possible to get an oriented atlas.)

15.3. Integral. Let w be an m-form on an open subset V' C R™ and we assume for simplicity
that it has compact support. Writing

w=a-dzt Ao Ada™,

ie. a=w(01,...,0m), we define

/sz/---/va(x)dxl--dxm.

Clearly, the above defined integral is additive in w.
For a smooth map ¢: R™ - -+ R™, we get

o*w(y) = aop(y) - gydz' A--- Apidz™
=aop(y) ~det<p*y-dy1/\~-~/\dym.

with det ., the Jacobian; thus, for a diffeomorphism ¢: W — V' with positive Jacobian, we get

/ @*w:/w.
w v
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Let M be an oriented manifold of dimension m. We assume for simplicity that M is compact.
Consider the maximal oriented atlas on M and choose a partition of unity A; so that supp A; is a
subset of a domain U; of a chart ¢;: U; = V;. Let w be an m-form on M. Then we define

[ =3[ erow

We note that \;w has a compact support inside U; and, thus, the pullback (@[1)*(Aiw) has a
compact support inside V; so that the integral exists and is finite. It remains to show that it does
not depend on the choice of the partition ;.

Thus, let p; be another partition. Then we get

)Y RERNOEED oY N Rew

Denoting 6 = \;pjw, a compactly supported m-form inside U; NUj, and further V;; = ¢;(U; NU;)
and Vj; = ¢;(U; NU;), we have

| eiro=[ @itro= | eiern= [ we= [ e

i Vij Vji J

by the invariance of the integral with respect to the diffeomorphism ¢;; = ¢; 0 ¢, 1. Vij — Vi

By the additivity of the integral, we may reformulate the procedure: write the m-form w as a
finite sum w = Y w’ of m-forms with each w’ concentrated in an oriented coordinate patch. Then
Jw=>" [w" and each of the integrals is computed in coordinates,

/wi:/.../wi(al,...,am) dat - da™,

15.4. Manifolds with boundary. The main idea here is: in exactly the same manner in which
manifolds are built from the Euclidean space R™, manifolds with boundary are built from the
Euclidean halfspace H™ T = {(2%,2!,... 2™) € R™*! | 20 < 0}. It is however important that we
allow tangent vectors at the boundary hyperplane to be all vectors from R™+! i.e.

TH™ = H™ ! x R™

Thus, the geometric definition using paths is inappropriate. Derivations work well if we interpret
0o f(x) for a boundary point z to be the one-sided partial derivative.

Formally, a map between open subsets of the half-spaces is said to be smooth, if all partial
derivatives exist (one-sided where needed) and are continuous. A diffeomorphism between open
subsets of H™*! preserves the boundary points, since at an interior point, any (local) diffeomor-
phism has a local inverse and as such maps to an interior point.

With this notion, we define a (smooth) manifold with boundary W as a topological space,
Hausdorff and with countable basis of topology, equipped with a maximal atlas consisting of
homeomorphisms : U — V with V an open subset of H™*! and with all change of coordinate
maps smooth in the above sense. We define the boundary of W to be the set 9W of points that
correspond to the boundary points in a chart (equivalently, in all charts).

The standard bases (eq, €1, .. ., e, ) of H™*! and (eq,...,e,,) of R™ are considered positive. We
say that OH™*! is oriented via its outward normal: The outward normal is by definition ug = eg
(or any combination uy = 2Veq + ate; + - 2™e,, with 20 > 0) and a basis (uq,...,uy) is then
a positive basis of JH™! according to this principle if and only if (ug,u1, ..., uy) is a positive
basis of H™*!. This gives a way of orienting the boundary W of any oriented manifold with
boundary W. We will always consider W with this induced orientation.

15.5. Stokes’ theorem.

Theorem 15.4. For a compact manifold with boundary W of dimension m + 1 and an m-form

w on W, we have
/ w:/ dw.
ow w
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(The left hand side is really the integral of the pullback j*w along the inclusion j: OW — W.)

Proof. We may write w as a sum of m-forms supported in a coordinate chart and thus reduce to
a local situation, i.e. we may assume that W = H™*!. Since w is an m-form on H™*!, we may
write .
w:Zai'dzo/\-u/\dzi/\u#\dxm.
K3

Since j(z,...,2™) = (0,2,...,2™), we get j*dz® = 0 and j*da’ = da?, for i > 0. Thus,

jfw=uagoj-dzt A--- Adz™
and the integral on the left is

/ j*w:/---/ ao(0, 2%, ..., 2™) dat - - - dz™.
SHm+1 m

Now we simplify the integral on the right, i.e. we compute

dw:Z(’“)iai-dxi/\dxo/\-~-/\dfx\i/\~--/\dazm
:Z(fl)iﬁiai~dx0/\o~~/\d:pm.

Now the integral simplifies to

[ S ) [ st
=) (- // 0ia; daida® - dat - - dz™
P Hm+1

For i >0, we get [ ;a; - da’ = a;]pi—o — Gili——oo = 0— 0 =0, since w is assumed compactly

supproted, while fi)oo 0;a; - dx® = aglpo—0 — Ao|0—_oo = ap(0, 2, ..., 2™). Thus, the integral also

equals
/ dw:/---/ ao(0,z*, ... 2™) dzt - - - dz™. O
Hm+1 m

Remark. Tt is interesting to see what we would get if we integrated over a cube instead. Then the
“boundary conditions” a;|zi—+. = 0 would be replaced by the non-zero restrictions to the faces
of the cube and the resulting formula would be

dw = —1) w — —1) w
/I7n+1 Z( ) \/a;"[Wl‘Fl ;( ) /6;[7n+1

K3
where the 95 1™ %! denotes the subset {(2°,...,2™) € I"™*! | 2 = £}. The signs reflect the
orientations of these faces so that the right hand side actually equals fazm 1w when 9I™*1 is
interpreted correctly.

15.6. An interpretation of Stoke’s theorem. First we prove that a k-form w is uniquely
determined by integrals | pr t*w for arbitrary embeddings ¢: DF < M. Here, D* is a k-dimensional
unit ball. Alternatively, the same holds for cubes. To prove this claim, observe that

/ L*w:/-~-/ W(tkO1,y .oy kOk) dtt ... dtF
Dk Dk

where the integrand is the function obtained by evaluating w at the images of the canonical vector
fields on D¥ C R¥. Clearly, this equals roughly

/ *w & Vol(D®) - w (14001, - - -, 1200k
Dk
Restricting to an e-ball eD¥, we obtain an equality in limit

lim (1 / L*w) = Vol(D*) - w(14001, - - - , tx00k)
eDk

e—0 {-jk
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Thus, if w integrates to 0 over any embedded k-dimensional ball, then w = 0. As an immediate con-
sequence, we see that w = 0 if and only if w integrates to 0 over any k-dimensional 9-submanifold
W C M.

Now w is closed if and only if 0 = fW dw = faw w, i.e. if and only if w integrates to 0 over any
k-dimensional boundary. Similarly, if w is exact, say w = df, then for any submanifold N C M
(without boundary!) [yw = [ydf = [, 0 = 0, since N = . Thus, when [y w # 0 for w
closed and N submanifold without boundary, we conclude that w is not exact and that N is not
a boundary (of a compact d-submanifold). In particular, H*M # 0. (This, in general, is far from
an equivalence.)

15.7. Cohomology in top dimension. In order to distinguish compact manifolds without
boundary from those with boundary, we call them closed.

Theorem 15.5. For any closed oriented Riemannian manifold M of dimension m, H™ (M) # 0.

Proof. Since every m-form on M is closed, it is enough to find one that is not exact. We
know that oriented Euclidean spaces admit a canonical volume form specified by the require-
ment Vol(ey,...,e,) =1 for any positive orthonormal basis (eq,...,em). In this way, we obtain
a volume form Vol € Q™ M. In any chart compatible with the orientation,

Vol=a-da' A--- Adz™

with a = Vol(d1,...,8,,) > 0. Thus, [ u Vol is an integral of a positive function and as such must
also be positive. Thus, Vol cannot be exact. O

15.8. Homotopy invariance. We would like to show that H*R™ = 0 for k > 0. This will follow
from the following “homotopy invariance” property.

Theorem 15.6. Let h: [-1,1] x M — N be a smooth map and denote hy = h(t,—). Then for
any closed k-form w, we get [h* jw] = [hjw] € HFM.
Proof. Employing, for X € XM and w € Q¥ M, the notation
XLw(Al,...,Ak) :w(X,Al,...,Ak),
we define a homotopy operator K : Q1 ([~1,1] x M) — QFM via
1
Kw= / Jr (Op Lw) dt,
-1
where j;: M — [—1,1] x M is the map x — (¢, ). Writing in local coordinates
W = Wiy.iy, dEA dz™ A+ Adat 4 Wig-vig dzi A - A dats,
we get a formula

1
Kw= / Grwiy oy dt -dz Ao A dat
-1

(the coordinate functions corresponding to terms that involve d¢ get integrated along ¢, the re-
maining terms disappear). Now we compute

1
dKw = / Ji Oigwiy..iy, dt - dz® Adz™ A -+ Adat*
1

while
dw = 0;,wi, ..i, dzo Adt Ada™ A--- Ada® + Owwig...ij, At A dz® Ao Ada®

—dtAdzio Adzil A---Adatk

+ terms not involving dt¢

and consequently
1
Kdw = —dKw +/ GrOww dt - dz™ Ada’ A AdatE
1

= —dKw+ jiw—j*w.
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This implies rather easily the result, since, for w closed, the term on the left vanishes and, thus,
the difference jfw —j* ;w = dKw is exact, i.e. the two terms represent the same cohomology class;
now hiw = h*jiw. 0

Proof. The idea of the proof is simple. Any k-form is determined by its integrals along k-dimensional cubes
embedded in M. This is so because any embedding [—1,1]* — M that maps 9;(0) to A; € Ty M restricts to the
cube [—¢,¢]* to an embedding ic such that [(ic)*w ~ (2¢)*w(A1,..., Ay) (equality holds in lim_q).

Now for an embedding i: [-1,1]* — M, we get an associated embedding id xi: [—1,1]*+1 — [=1,1] x M.
Denote by ji: [—1,1]% — [—1,1]%¥*! the embedding given by ji(t',...,t*) = (¢, t!,...,t*). Then hjw = j7h*w and
both j41 are embeddings as part of the boundary. Thus, the Stokes’ theorem relates

/ d(h*w) = / h*w
[-1,1]x[-1,1]F a([-1,1]x[-1,1]%)

= h*w—/ h* w—/ h*w *
/[—1,1% e T S *)

(the first two terms correspond to 9[—1,1] x [—1,1]¥). Writing
d(h*w) = a-dt Adtt A--- AdtF,

the integral on the left can be computed using Fubini’s theorem as

/ d(h*w):/ </ a(t, tt, ..., t") dt) det .- dek.
[—1,1)x[~1,1]% -1,k \J[-1,1]

This can be rephrased in terms of an operator K : QF+1([=1,1] x M) — Q* M, given by the integral

0 Aq,...,Ag) dt =dtnEb
Kn)e(Ar,...., Ag) = { Jimn P (Ao A dt
0 77(8157_7--'7_):0
(formally, there is an isomorphism AF(V @ W) = ®i+j=k AV ® AW apply this to the canonical decomposition
T(,2)([-1,1] x M) = T;[~1,1] @ Ty M; then K is defined by projecting to A1T}[—1,1]® ATy M, writing the image
uniquely as dt ® 6 and then integrating 6 as above) as

/ d(h*w) =/ Kd(h*w) :/ K (h*dw).
[-1,1]x[-1,1]F [-1,1]k [—1,1]k

The remaining boundary term in (x) is then

/ h*w:/ K(h*w):/ dK (h*w),
[-1,1]x0[-1,1]F a[-1,11k [-1.1]%

again by the Stokes’ theorem. Thus, we have finally obtained

/ hiw — / hjw= / (dK (h*w) + K (h*dw)))
[—1,1]* [-1,1]k [=1,1]%

or, in other words, hjw — h* jw = dK(h*w) + K (h*dw). This implies rather easily the result, since, for w closed,
the first term on the right vanishes and, thus, the difference on the left is exact, i.e. the two terms represent the
same cohomology class.

In the situation from the above proof, we say that two chain maps (maps that commute with
differentials, such as pullback maps j2) are chain homotopic if there exists a collection of maps 7
such that

g—f=dn+nd
Then, f and g induce the same map in cohomology.

Corollary 15.7. H*R™ =0 for k > 0.

Proof. There is a homotopy id ~ 0 between the identity and the constant map onto the zero.
Then for any closed k-form w we have [w] = [id* w] = [0*w] = [0]. O

Remark. The case k = 1 gives the following: a 1-form w = g; - dz’ is a differential of a function
f, ie. we have g; = 0;f, if and only if dw = 37, _.(0ig; — 9jg;)dz’ A dxd = 0, ie. 9ig; = 0.
Tracing the proof, we get the function f as f(z) = fol df(#/(t)) dt where v is a path from 0 to z,
e.g. the straight line. The Stokes’ theorem gives independence on the choice of the path. At the
same time, travelling in the direction of the axes one at a time and finishing in the direction of x*
easily gives the required 0; f = g;.
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Special cases of Stokes theorem. We treat some special cases of Stokes theorem that are the
most classical instances. In particular, we interpret the integrals of the forms as classical line and
surfaces integrals.

Dimension 1. We start with 1-forms on R" or any oriented Riemannian manifold for that matter.
The Riemannian metric gives an isomorphism XR™ =, QIR™ given by X — X Lg = (X, ).
In coordinates,

X0 0, Xtodat + -+ X™da™.
(The Einstein summation notation does not apply on the right hand side; more naturally, it would

be g;; X"+ dx’ where g;; are the coordinates of the Riemannian metric, i.e. g;; = &;;, the Kronecker
delta.) Thus, the differential d: Q°R™ — Q'R™ is identified with

grad: C°R™ — XR™.
given by grad f = 01 f - 01 + -+ - + O f - da™. Thus, the Stokes theorem in this case gives
[ e = 16) - fta)

where a and b are the endpoints of the curve C' and the line integral on the left is defined through
the corresponding 1-form, i.e. for a parametrization =y, we have

/CX=/C<XL9>=/dom<XLg><v'(t>> dt
-/ X ()

Codimension 1. We proceed with (m —1)-forms on R™ or any oriented Riemannian manifold for

that matter. The multiplication by the volume form gives an isomorphism C*°R™ =5 QmR™,
Further, we have an isomorphism

AR™ = QIR

given by X — X L Vol = Vol(X, —,...,—), in coordinates

X' 0; Z(—l)iilXi dat A-edat e Ada™
In the special case m = 3, this becomes

A0, +B-0y+C-0,—A-dyndz+B-dzAdz+C-dx Ady.
Thus, the differential d: Q™ 'R™ — Q™R™ is identified with
div: XR™ —Ls CR™

given by div(X? - 9;) = 9;X*. Thus, the Stokes theorem in this case gives

/ 8; X" = X9,
D oD

where the hypersurface integral is defined through the (m — 1)-form, i.e.
/X = /(X\_VO]) = // (X LVOl)(010(t),...,0m_10(t)) dt’---dt™ !
S S dom o
= / : / Vol(X |, (1), 010(t), ..., Omro(t)) dt' - dt™?
dom ~y

_ / . / (Xlogeysnle) - VOl(@10(8), .., O10(8)) dt* - -t
dom ~

where n is a unit normal vector field along S such that (n|¢,010(t),...,0m—10(t)) is positive.
When S = 0D, including orientation, and the parametrization o agrees with the orientation of S
then n is the outward unit normal field.
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Classical Stokes theorem. Finally, we treat d: Q'R?® — Q2R3 that under the above identifica-
tion becomes

A8, +B-0,+C- 0, (0,0 —0,B) 0y + (0,4 — 8,C) - 3, + (0,8 — 9, A) - 0,

and the Stokes theorem becomes

/(8yC—GZB)-8m+(8ZA—8xC)~8y+(8mB—8yA)-82: A0, +B-8,+C0,.
S S

16. RIEMANNIAN GEOMETRY
16.1. Preliminary results.

Lemma 16.1. For every map
F:XMx---x XM — C*M

that is C*° M -linear in each variable there exists a unique tensor field w of type (0,k) such that
F(Xl,...7Xk) = w(Xl,...7Xk).

Proof. We first prove that F, = ev, F is local; we will assume k = 1 here for simplicity. Thus,
let X € XM be zero in a neighbourhood of x € M. Then there exists a function A such that A
is zero near x and X = A+ X. Then F,(X) = F;(A- X) = Az) - F;,(X) = 0. This allows one to
define F, on germs of vector fields and, consequently, a local version F}.: X, M — R as in the case
of derivations. One may then assemble these into Fyy: XU — C°U, F(X)(x) = Fy(germ, X).
Again, this is smooth, because, near any point of U, the vector field X is equal to a vector field
X that extends to M and for which Fj(germ, X) = F(X)(z) is thus smooth in z.

Now, for general k, the map F is C'°°M-linear in each variable and thus local in each variable.
Since locally X; = X% 9;,, we obtain

F(X1,...,X0)(x) = Fo(X1, ..., Xp) = Fo(0iy, ..., 0, ) X () - - - X (),
i.e. we have to take w = F(0;,,...,0;,) dz"t @ - - @ da'*. O

A similar result holds for maps F': XM x --- x XM — XM — such maps are given by tensor
fields of type (1, k); the proof is the same.

A slight generalization of the first part of the proof of the previous lemma is the following (for
simplicity, we state only unary version):

Lemma 16.2. Suppose that F: XM — C*®M is R-linear and satisfies F,(f - X) =0 for each f
that is zero in a neighbourhood of x. Then there exists a unique map F: XU — C*U that passes
to the same map Fp: X, M — C°M.

16.2. Covariant derivative for submanifolds of Euclidean spaces. We start with the fol-
lowing situation. Let M C E be a submanifold. Then we have the following concepts available
in M: parallel transport and covariant derivative. We start with the parallel transport which we
find more intuitive. Let v: R — M be a path and Z: R — T'M be a vector field along v, i.e. we
assume Z(t) € T, )M . We say that Z transports parallelly along ~ in M if D;Z|; is perpendicular
to Ty M. Denoting by P, the orthogonal projection T,/ — T, M, this means P, )(D¢Z|;) = 0
or simply P(D;Z) = 0.

Denoting VxY = P(DxY), the condition of the parallel transport is thus V.., X = 0. Since we
have DxY — Dy X = [X,Y] and [X,Y] is tangent to M if both X and Y are (so that [X,Y] is
preserved by P), we obtain

VxY -VyX =[X,Y].
We say that the covariant derivative V is symmetric.
The second property follows from the observation

Dx (Y, Z) = (Dxg)(Y, Z) H(DxY, Z) + (Y, Dx Z)
0

which is easily implied by the shape of the scalar product (Y, Z) = g;;Y*Z7 and the constantness
of g, i.e. Dxg = 0. The left hand side is the usual derivative of a function along a vector field,
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i.e. X(Y,Z). For notational convenience, we will denote it also by Vx (Y, Z). Since Z is tangent
to M, its product with DxY is the same as with VxY = P(DxY) and, thus, the above can be
rewritten as

VY, Z) = (VxY,Z) + (Y, VxZ)

(it is some form of Leibniz rule). We say that V is metric.

16.3. Covariant derivative of vector fields along paths. We observe that DxY|, depends
only on the value X|, and on the values of Y in the direction of X|,. More concretely, if X|, =
v (to) then only values of Y along v are important, i.e. only the composition Z =Y o+, a vector
field along ~:

D'y’(to)y =D )Yj 'aj = at|to(yj OV) '63‘ = azt|ton : 83‘ = DtZ|to

v (to

or more concisely DY = D;Z. This formula defines, for an arbitrary vector field Z along =,
another vector field D;Z along . In particular, the tangent vectors ' = 9;y" - 9; form a vector
field along v and we get

Dt’Y/ — ’)/N — 8162,}/1' . ai.
16.4. Riemannian manifolds and linear connections.

Definition 16.3. A Riemannian metric on a smooth manifold M is a choice of a scalar product
on each T, M that depends smoothly on 2z € M. In detail, it is a tensor field of type (0,2), i.e.
a smooth map g: M — (T*M)®2, that is symmetric and positive definite at each point (i.e. each
gz € (T*M)®? should be symmetric and positive definite).

A Riemannian manifold is a manifold equipped with a Riemannian metric.

Example 16.4. The Euclidean space with the constant field g. Any submanifold M C F of a
Euclidean space E with the restriction of the scalar product on E to M (formally a pullback along
the inclusion).

We consider a mapping
V:XM x XM — XM
and denote its values VxY. To make the following formulas more symmetric, we also denote

Vxf = Xf,ie. the usual directional derivative.

Definition 16.5. A linear connection is an operator V as above satisfying

Vx(Y1 +Ys) = VxV) + VxYs,
Vx(fY)=Vxf Y+ [ VxY,
Vx+x,Y =Vx,Y +Vx,Y,
VixY =f-VxY.
Example 16.6. The local covariant derivative D on an open subset of a vector space (all properties
are trivial). The covariant derivative VxY = P(DxY’) on a submanifold of a Euclidean space —
the only non-trivial axiom is the second one (apply the projection P to the equality Dx(f-Y) =

Dxf-Y + f-DxY and observe that the first term on the right belongs to TM so that it is
preserved by P).

Definition 16.7. A connection V is symmetric if VxY — Vy X = [X,Y].

Remark. The difference T(X,Y) = VxY — Vy X — [X,Y] is called the torsion of V. Thus, a
connection is symmetric if and only if it is torsion-free.

Definition 16.8. A connection V on a Riemannian manifold M is metric if

Vx(Y,Z) = (VxY, Z) + (Y,Vx2).
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The conditions of a connection imply that it is local (i.e. Vx Y|, depends only on the germs of X
and Y at z). Let now DxY again denote the usual local covariant derivative in a given coordinate
system on U C M, in contrast to the previous setup of a submanifold M C E, where it denoted
the covariant derivative in the ambient euclidean space E! Then VxY — DxY is C°°U-linear in
both X and Y and, thus, given by a tensor field T' of type (1,2) on U, i.e.

VxY = DxY +T(X,Y).

We stress that I' depends significantly on the coordinate system.
The symmetry of V translates to I'(X,Y) = I'(Y, X), i.e. the symmetry of I', and the metricity
of V translates to

Vx(Y,Z) =(VxY,Z) +(Y,Vx Z)

Dx(Y,Z) = (DxY +T(X,Y),Z) + (Y,Dx Z + T(X, Z))
(Dxg)(Y, Z) +(DxY, Z) + (Y, Dx Z) = ([(X,Y), Z) + (Y, I'(X, Z)) + (DxY, Z) + (Y, Dx Z)
(ng)(YvZ)=<F(X,Y)»Z> (I'(X,2),Y).

(The left hand side can be also denoted Dg(X,Y,Z).) According to the following lemma, this
determines (I'(X,Y), Z) uniquely and, thus, also I'(X,Y"), so that we obtain the following theorem.

Theorem 16.9. There exists a unique symmetric and metric connection on a given Riemannian
manifold — it is called the Levi-Civita connection. (]
Lemma 16.10. The map symys: (S2V @ V)* — (V ® S2V)*, given by symy,w(X,Y,Z) =
w(X,)Y,Z)+w(X,Z,Y) is an isomorphism.
Proof. The spaces have the same dimensions; thus, it is enough to show that the kernel is zero.
But any w € ker sym,, is symmetric in the first two and antisymmetric in the last two variables,
hence zero. 0
Remark. In fact, it is not difficult to show that the inverse is given by

((Sym23)719)(X7 Y7 Z) = %(G(Xv Y7 Z) + 0(}/’ Xa Z) - 9(Z7 Xa Y))
However, we will not make use of this formula.
16.5. Parallel transport, geodesics.

Definition 16.11. We say that a vector field Z along a path ~ transports parallelly if ViZ =

The equation for the parallel transport is
0=ViZ=DZ+T(,2),
iie. D1Z = —T'(y/,Z). This is an ordinary differential equation and, locally, a unique solution
exists through each choice of Z|o. However, since the solution exists globally for the zero vector,
it must exist for any small vector and then for any vector since the parallel transport is clearly

linear — any linear combination (with constant coefficients) of parallel vector fields is also parallel.
Another observation is that if both X and Y transport parallelly along ~ then

vt<Xa Y> = <tha Y> + <Xa th> =0
and the scalar product (X,Y’) is constant along v — we say that the parallel transport preserves
the scalar product (in fact, this is equivalent to the metricity of V).

We denote by Pt} the map Tyto)M — Ty (1o++)M obtained by transporting vectors parallelly
along . We have thus proved that each Pt; is orthogonal.

Definition 16.12. A geodesic path is a path v such that 7/ transports parallelly along .

In coordinate, this becomes
=Dyy' = -T(v,7)
and is a differential equation of second order. Again, locally, a unique solution exists with any
given A =~/(0) € T o)M. We will temporarily denote it 4. Then it is pretty much clear that

Vsa(t) = ya(st).
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Thus, denoting exp A = y4(1), we obtain y4(t) = y:4(1) = exptA. The map exp: TM - -+ M
is not defined globally; however, it is defined in a neighbourhood of the zero section of T'M, since
exp0, = x. Each exp,: T, M - -+ M is a local diffeomorphism at 0, (since exp,,, = id is the
identity: A € Ty(T, M) is tangent to the linear path tA and, thus, exp,,, A is the tangent vector
to exp,(tA) = ya(t), that is A by definition).

Describing covariant derivative using parallel transport. We will now show how the co-
variant derivative can be reconstructed from the parallel transport. Let e; be an orthonormal
frame at x and transport it parallelly along a path v through x. Then we get vector fields E;
along v and they will still be orthonormal since parallel transport preserves scalar product. Let
X be a vector field along v and express it in this orthonormal frame as X = f'E;. Then

ViX = Vi (f'Ei) = Viof' - Ei+ f'- VB = Vi f' - Ei.
g
In other words, expressing the vector field in a parallel orthonormal frame makes it into a function
f: R — R™ and then the covariant derivative is simply the usual derivative Vif = D, f.
It will be important in the next section that f%(t)e; = Pt”, X (¢) so that V;|oX = Dy|o Pt”, X ().
In plain words, transporting the vector field X along « to v(0) produces a path of vectors in T’ (o) M

and V¢|oX is then the usual derivative at zero of this function R — T,, M with values in a vector
space.

16.6. Curvature. The curvature is defined to be R(X,Y)Z = VxVyZ - VyVxZ — Vix y1Z.
It is a tensor of type (1,3) that is clearly antisymmetric in the first two variables. We have seen
that the curvature of the Euclidean covariant derivative is zero. In fact, this characterizes the
Euclidean connection, as the following theorem says.

Remark. We prove C°° M-linearity in Z, the same properties for X and the symmetric Y are simpler:

VxVy(f-2)=Vx(Yf-Z+f VyZ)

=XYf - Z+Yf - VxZ+Xf-VyZ+f-VxVyZ
so that
VxVy(f-2)=VyVx(f-2)=[XY|f - Z+f-(VxVyZ -VyVxZ)
(the middle terms cancel out) and upon subtracting
Vixyi(f-2) =X Yf-Z+ [ -VixvZ

we obtain the required linearity R(X,Y)(f-Z) = f- R(X,Y)Z.

Remark. Expanding
VxVyZ=Dx(DyZ+T(Y,2))+T(X,DyZ+T1(Y,2))
and the remaining two terms, we get
VxVyZ = DxDyZ+ (DxT)(Y, 2) + T(DxY, 2) + (Y, Dx Z) + T(X, Dy Z) + T(X,T(Y, 2))
VyVxZ=DyDxZ+ (DyT)(X,Z)+T(DyX,Z) +'(X,Dy Z) + T(Y,Dx Z) + T(Y,T(X, Z))
Vix.y]Z = DxDyZ — DyDxZ +T(DxY,Z) — (Dy X, Z)
(since Dixy)|Z=DxDyZ — Dy Dx Z) and we finally obtain
R(X,Y)Z = DI(X,Y, Z) — DT(Y, X, Z) + T(X,T(Y, Z)) — T(Y, (X, Z))
that is clearly a tensor field of type (1, 3).

Before going into the proof, we give a geometric meaning to the curvature. Let X, Y be vector
fields that commute, i.e. such that [X,Y] = 0. Then VxVy Z(z) is obtained as the mixed partial
derivative 8‘2—;14(0, 0) of the vector valued function A(s,t) € T,,M given by transporting parallelly
Z(F1Y (F1X (z))) along the flow line of Y back to FI¥ () and then along the flow line of X back to
x. A similar formula holds for the second term. We may however define Z by first transporting
Z(0,0) € T,.M along the flow line of Y and then along the flow lines of X so that the second term
actually becomes zero. Thus, we finally obtain

RX,YV)Z = 2 Pt peFl Pt pef 7

950t (s y=(0,0) °
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(it would look slightly nicer if s, ¢t were changed to their opposites — then this becomes a commu-
tator).

Continuing the notation of the above proof, we will show that for R(X,Y)Z = 0 and [X,Y] = 0,
the parallel transports along the flow lines of X and Y commute: 0 = R(X,Y)Z = VxVy Z, so
that Vy Z transports parallelly along the flow lines of X. Since Vy Z = 0 for s = 0, it must be
zero everywhere, i.e. Z also transports parallelly along the flow lines of Y. In particular, we obtain
Z(s,t) also by transporting Z(0,0) first parallelly along the flow line of X to get Z(0,¢) and then
parallelly along the flow line of Y (this is what we have just proved).

Theorem 16.13. The following conditions are equivalent.

(1) The curvature is zero.

(2) The parallel transport does not locally depend on the path.
(3) There is an atlas in which all the T are zero.

(4) There is an atlas consisting of isometries.

Proof. We will prove (1)=-(2)=-(3)=(4)=(1).

(1)=(2): We use the fact that the parallel transports along vector fields X, ¥ commute when
[X,Y] = 0. Start with a vector Z; € T, M and transport it parallelly along the local vector fields
O1,...,0n to obtain a vector field Z with Z(x) = Zy. Since Z was obtained by parallel transport
along 0; (any one could have been used the last), we have Vy,Z = 0. This holds for any ¢ and,
thus, 0xZ = 0 for any X. In particular, Z transports parallelly along any path, implying that
the parallel transport of Z(x) along a path from z to y is always Z(y).

(2)=-(3): Suppose that the parallel transport does not locally depend on the path. Start
with a basis (e;) of T, M and transport it locally to a neighbourhood to obtain vector fields E;.
Then [E;, Ej] = Vg, E; — Vg, E; = 0 and there exists a chart with £; = 0;. In particular,
F(EZ,EJ) = szEj — DElE] =0and I'=0.

(3)=(4): Clearly, to obtain a local isometry, it is enough to have Dxg = 0 for all X (then g is
constant and we may modify the chart by a linear isomorphism). But

0=(Vxg)(Y,2) = (Dxg)(Y, Z2) = (T(X,Y), Z) = (Y, I'(X, Z)) = (Dxg)(Y, Z).

(4)=(1) is clear since we have VxY = DxY in a Euclidean space and the curvature is zero. [

17. SPACES OF CONSTANT CURVATURE

17.1. Sectional curvature. First we observe that (R(X,Y)Z, W) is also anti-symmetric in the
variables Z, W. This follows from

0= (VAZ,W)(X,Y) = VxVy (Z,W) = Vy Vx(Z,W) = Vv r—vyx (2, W)
= (R(X,Y)Z,W) +(Z,R(X,Y)W)

(the terms where each Z, W receives one of the Vx, Vy cancel out).

Let p be a 2-dimensional vector subspace of T,,M with orthonormal basis (e, e3). We define
the sectional curvature K(p) = —(R(e1,ez2)er, ea). Denoting R(X,Y, Z, W) = (R(X,Y)Z, W), we
see that this depends only on X AY and ZAW. Thus, when replacing (X,Y") and (Z, W) by linear
combinations thereof, the whole expression gets multiplied by the product of the determinants of
the transformation matrices. In the case of K (p), this means the square of an orthogonal matrix
and so the value does not change.

17.2. Sphere.

This is better using Theorema egregium.

We compute the sectional curvature of a sphere S™ C R"*!. Thus, let ey, es € T,,S™ be two
orthonormal vectors. We extend them to vector fields on S™ in the following way: think of the e;
as a constant vector field on R™*! and project it orthogonally to obtain a vector field E; on T'S™;
at a point x, this equals

Ei(x) =¢; — (z,e)x
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In fact, this formula prescribes a vector field on R®*! — this is useful since we want to apply the
covariant derivative of R"*1:

DsE; = —(A,e;)x — (z,e;)A

Projecting to T'S™, the first term becomes zero and the second term remains unchanged (since A
is now assumed tangent to S™), i.e.

VAEZ' = —<£L’7 61>A
This leads to
[EZ',E]'] = VElE] — VE]El = <£L',€i>Ej — <.’E,€j>E¢
and finally
R(Ei, Ej)E; =Vg, Vi, Ei —Vg, Vg, Ei —Vg, 5, Ei
—— ~——
—<I,G,’,>Ej _<m761‘,>E7‘,
Now A(z,e;) = (A, e;), since the function is linear in z. Thus,
R(EZ,E])EZ = —<.’E,€7;> . VElEj _<Ei7€i>Ej
——
—(w,e;) E;
+{z,e:) - Vi, B +(Ej,e)E;
——
—(z,e:) E;
+ <l’, €i>(<x, eZ>E7 - <.’L', e]>El)
= (Ej,e)E; — (E;, ei) Ej
so that 7<R(E1, E])E,, EJ>(I0) = 7<€j, €i><61j, €j> + <6¢7 6,j><6j,6j> =1- Vol(ei, 6j)2.
17.3. Hyperbolic space. We compute the sectional curvature of a hyperbolic space H" C R"*!
equipped with a metric g = —dz® ® d2® + dz' @ dz! + - - + dz"™ ® dz™, where
H" = {z e R"" | g(z,z) = —1}.

Since each x € H™ generates a 1-dimensional subspace where the metric is negative definite, it
is easy to see that on its orthogonal complement — and this is again T, H™ — the metric must be
positive definite (the inertia theorem). Thus, let ey, e2 € T, H™ be two orthonormal vectors. We
extend them to vector fields on H™, this times the formula is

Ei(z) =e; + (z,e;)x
(because (z,r) = —1). Again, this prescribes a vector field on R"*! and:
DaE; = (A e))x + (x,e,)A

Projecting to T'S™, we get
VAEi = <£IZ,€Z‘>A

This leads to the same formula for R(E;, E;)E; as above, only with different signs. Since the
surviving terms in (R(E;, E;)E;, E;) contain exactly one scalar product from R(E;, E;)E;, we get

(R(Ei, Ej)Ej, Ei)(20) = (es; e5){ej, e1) — (e, ei){ej, e5) = —1 - Vol(e, ;).
17.4. Theorema Egregium. We denote DxY = VxY 4+ h(X,Y)-n where n is a choice of a unit

normal vector (such exists locally; globally, n, and thus also h, is well defined up to a sign). As a
difference of two covariant derivatives, h is a tensor field of type (0,2). Moreover, it is symmetric:

(h(X,Y)—h(Y, X)) n=(DxY —DyX)— (VxY -VyX)=[X,Y] - [X,Y]=0
Theorem 17.1 (Gauss formula). For a hypersurface M C R™+ it holds
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Proof. By the metricity of the connection
(VxVyZ U)=X(VNyZ,U) —(VyZ,VxU)
=X(DyZ,U) — (DyZ,DxU) + h(Y,Z)h(X,U)
= (DxDy Z,U)+ h(Y,Z)h(X,U)
and similarly (Vix,y1Z,U) = (Dix,y1Z,U). Therefore,
(R(X,Y)Z,U) = (R°™(X,Y)Z,U) + h(Y, 2)h(X,U) — h(X, Z)h(Y,U)
with the first term zero since the curvature of R™*! vanishes. O

Thus, we get

—(R(X,Y)X,Y) = det (’;L(é i(()) Zgg) — K(p)-det (g ))((; gg) — K(p)-Vol(X,Y)?,

where K (p) depends only on the plane p spanned by X and Y (both sides depend quadratically on
X AY;since X'AY' = X AY -det T, where T is the transformation matrix (X’,Y’) = (X,Y) T,
the quotient K (p) is independent of the basis (X,Y) of p). It is called the sectional curvature
in the direction of p. Clearly, it is the product of the eigenvalues of h on p. The corresponding
eigenspaces are called principal directions (at least in the case of surfaces).



