M7777 Applied Functional Data Analysis

8. Functional Data Simulation
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Functional Data Simulation

1. Wiener process (limit of a Random Walk)

k
1
X,'(tk)=5k=—NZUJ-, iid Uy ~ N(0,1), j=1,...,N

Random walks ‘Smoothed random walks
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Combinations with Wiener process
X;(tk) = m(tk) + Sk
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Functional Data Simulation

2. Regression model

e Simulate N x M measurements
X,'(tk) = m(tk) + €ik, iid gj ~ N(0,0‘z),

m(t)...any regression function, i=1,...,N, k=1,.... M
e Smooth the data by FDA = x;(t),i=1,..., N

Regression Smoothed regression
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Functional Data Simulation

3. Basis expansion

tk) Z C,Jd) tk)

o ®*(t) = (P1(t),...,Pk(t)) ...a given basis system
e Cjj ...iid random basis coefficients for i-th curve, j =1,..., K
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Functional Data Simulation

4. Gaussian process
Let us consider a regression model
xi(tx) = m(tk) + ik
with a covariance function c(r,s), i.e. Cov(ejr,ejs) = c(tr, ts), usually
1
c(u,v) = 0% exp (—ﬁ(u - v)2) .

Setm = (m(tl), RN m(tN))’, Y= (C(t,', tf));\!jzl ,Xj = (X,'(tl), e ,X,'(tN))/
Thus x; ~ Ny(m, X) and x;(t) = limpy_o0 X;.

Gaussian process
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Functional Data Simulation

5. Random Gaussian process
Let be given (t,yy)...,(t/,y/),L < M, and suppose

xi(t;) = yi + € €f ~ NL(0,021,).
Then
xily* ~ Ny(m*, =)
with
-1
m* = Ztt* (Et*t* + O'EIL) y*,

¥ = Ett — Ett* (Et*t* + UEI[_) - Et*ta where Zab = Cov(a, b)

Random Gaussian process
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Functional Data Simulation

Regression Simulation
@ Generate y; with known «, 5(t), x;(t) and ¢;, i =1,...,30

@ Get estimates 3(t),y by considered methods

a) Estimation through a basis expansion ... 8ge(t), Jse

b) Estimation with a roughness penalty ... BRp(t),f/Rp

c) Regression on functional principal components . .. ch(t),f/pc
d) Nonparametric regression ...BNR(t),)A/NR

© Compare Sge, Srp, Bpc, Bur with known
O Compare estimates ygg, Vrp, VpPc, YNrR With known model fits.

Jan Koldgek (SCI MUNI) M7777 Applied FDA Fall 2019 7/19



Functional Data Simulation

Regression Simulation 1

Let (t1,...,tm) = (1,2,...365), we will simulate 30 regression curves
x;(t) as the Gaussian process with

m(t) = sin(t/365), c(u,v)=0.0lexp (_WlOO u— v)2) .

The regression model takes the form

365
Vi = —10+/5(t)x;(t)dt+s;
1

with B(t) = 1+ 2t/365 — (t/365)? and &; ~ N(0,5).
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Functional Data Simulation

Simulated Data

time [days]
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Functional Data Simulation

Comparison of 8
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Functional Data Simulation

Comparison of fits

Type

“ 1. Basis expansion

* 2. Roughness Penalty
* 3 Functional PCA

§

Estimates of y

“ & Nonparametic
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Functional Data Simulation

Regression Simulation 2
Let (t1,...,tnm) = (0,0.01,...1), we will simulate 30 regression curves
xi(t) as the Gaussian process with

m(t) = exp(t/27), c(u,v)=0.5exp (—10(u—v)?).

The regression model takes the form

1
yi=5+ [ B(t)xi(t)dt +¢;
/

with 3(t) = sin(27t) and €; ~ N(0,0.1).
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Functional Data Simulation

Simulated Data

time [days]
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Functional Data Simulation

Comparison of 8
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Functional Data Simulation

Comparison of fits

Type

“ 1. Basis expansion

* 2. Roughness Penalty
* 3 Functional PCA

= 4 Nonparametric

Estimates of y
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Problems to solve

@ Conduct the following simulation (Kokoszka and Reimherr, 2017).
e Generate 1000 random functions

X(4) = Zt; + U + (1)) + €(t)),
where t; are 101 equidistantly distributed points on [0, 1],
n(t;) ~ N(0,1), Z ~ N(1,0.22), U ~ UNIF(0,5) and the random
curves €(t) will be generated as
0 4

e(t) = ;—:1 7 {Zucsin(2mth) + Zoy cos(2mth) }

with independent standard normal Zyx, Zo.
o Consider a regression model of the form

1
yi = 0.01 / BOX(£)dt + &
0

with 5(t) = —f(t) 4+ 3%(t) + f3(t) and &; ~ N(0,0.4), where f1,f, f3
are normal densities N(0.2,0.032), N(0.5,0.04%), N(0.75,0.052),

respectively.
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Problems to solve

e Try all regression approaches studied in the previous lesson, i.e.
e estimation through a basis expansion,
e estimation with a roughness penalty and
o regression on FPCA.
Plot the estimates 3(t) and compare it with the original 3(t) (see
Figure 1).
e Conduct the nonparametric regression. Plot estimated values y;
against the simulated y; for all cases (see Figure 2).
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Problems to solve
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Type

~— 0. Original

—— 1.Basis expansion
~— 2. Roughness Penalty
~— 3. Functional PCA
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Problems to solve

20
- Type
H +  1.Basis expansion
§ o «  2.Roughness Penalty
£ + 3. Functional PCA
w + 4. Nonparametric
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y

Figure 2.
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