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The Q-valued totally below relation

Let Q = (9, *,1) be a unital quantale and M be a right
Q-module with its intrinsic Q-preorder p.

e The -valued totally below relation < is defined by:
Ammy= A\ (f(n) p(msupy(f))),  mneM.

feP(M,p)

where a / f=\V{y e Q| v+ < a}fora,fe.

< satisfies the following properties:

o p(na, ny) * <A(ny, m) < <(np, m).
o <(n, my) * p(my, my) << (n, my).
Hence <i(__, m) is a contravariant Q-presheaf on (M, p) and the

correspondence m —— <I(_, m) is a Q-homomorphism
(M, p) = (M, p).
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Since. A\ 7(n) p(m,supy(r)) = p(n, m),

the de:‘ienition of <1 implies: <1(n, m) < p(n, m), and hence
supy(<(_, m)) < mforall me M.

Further for all f € P(M, p) the definition of <1 implies:

p(m.supyy()) < A <(n.m) \, F(n) = d(<(_.m). f).

neM

Hence m —— <1(_, m) is left adjoint to sup,, if and only if
d(<(_ m). f) < p(m,supy(f)), ~ meM,feP(M,p),

if and only if m < sup,(<1(_, m)) forall me M.
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Terminology: <1 is called approximating, if m = supM(<1(_, m))
for all m e M.

e m+— <(_,m) is left adjoint to supy, if and only if < is
approximating.
If we replace Q by 2, then <1 coincides with the totally below
relation of a complete lattice in the traditional sense.

e Further, it is well know that a complete lattice is completely
distributive if and only if m — {n € M | n < m} is left adjoint
to sup (see Raney 1953).

Hence the previous results suggest the following terminology:

A right Q-module is called Q-enriched completely distributive, if
its -valued totally below relation is approximating.

e Questions. Do 9-enriched completely distributive right
Q-modules exist?
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homomorphism P A making the following diagram
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e A retract of a projective object in Mod,(£) is again projective.
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Our aim is to show that Q-enriched complete distributivity and
projectivity in Mod,(LQ) are equivalent properties.

Lemma (Stubbe 2007). Let (X, p) be a Q-preordered set. Then
the free right Q-module P(X, p) generated by (X, p) is
projectrive.

Since A 2+ B is a surjective right £-homomorphism, we know
from Thursday that f has a right adjoint -homomorphism .
The surjectivity of f implies f o f© = 15.

Since P(X, p) is freely generated by (X, p) there exists a unique
right Q-module homomorphism P(X, p) s A such that

ho N(X.p) = fFo £ 0 N(x,p)-

Hence f o honx p) = g ©1(x,p)- Since the extension to a free
right Q-module is unique, the relation f o h = g follows. Q.E.D.
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e ((i) = (ii)). Since M is projective, there exists a right Q-module
homomorphism M KN P(M, p) such that supy, 0o h=1py.
In order to verify that h is left adjoint to sup,, it is sufficient to
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e ((ii) = (i)) follows from the previous Lemma.
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e ((ii) = (iii)) Since supy, is surjective, the left adjoint
$Q-homomorphism M LR P(M, p) is a section of supy,.

h(m)(n) < (f(n) " d(h(m), ))
= A (f(n) " p(m;sup p)(F))) = <(n, m).

felP(M,p)

e ((iii) = (ii)) is obvious. Q.E.D.

o Let Q = (9Q,%,1,’) be an involutive and unital quantale. On
MP°P there exists a right action determined by:

mBEPa=\{neM| nd < m}, ae, meM.

e Then (M9 [1°) is a right Q-module and is called the dual right
$)-module of M. The intrinsic Q-preorder of M°P coincides with
the dual Q-preorder p°P.
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Selfduality in Mod, ()

The object function M —— M can be extended to a
contravariant endofunctor S of Mod, (L) as follows:

o If ML Nisa right -module homomorphims, then the right
adjoint map h~ of h is a right Q-module homomorphims.

m < h™(n[0% a) h(m) < nO% «
h(m)Ea <n
h(mEa')<n

mEa’ < h(n)

r ¢ T2

m < h™(n) I a.
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If the involutive and unital quantale Q has a dualizing element,
then the self-duality preserves the projectivity — i.e. if M is
projective, then M®P is projective.

o On the dual lattice (PT(X,p))*” of PT(X, p) we introduce a
right action [], which is determined as follows:

(fEa)(x) =a\ f(x), x€X,a€n,fePi(X,p).

e Then the intrinsic Q-preorder d' of the right Q-module is given
by:
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e Theorem 1. If Q has a dualizing element, then PT(X, p)° is
projective.
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Let 0 be a dualizing element of Q. First we observe:

o A5 p(Lx).F) =0/ F(),  xeX.
Notation. X =6,/ p(_,x), x¢€ X.

e Q-enriched join of any contravariant QQ-presheaf F on
(PT(X, p),d") can be expressed as follows:

(supeioepman(F) () =V (FOF(H))(X)

fePT(X,p)

= N (F() N\ A()

fEPT(X,p)

= A (0 F(x)=F(F) \0)

fEPT(X,p)

=( V (d'(x)=F(f)) o

fePt(X,p)

— F(x) \. 6.
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defined by:
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e Since F(X) = A d'(g,x) \« F(g)),

ge(Pt(X,p))ep

o d'(f suppime(F) = A (0(F)(8) \ Flg)

g€(PT(X,p))P
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Theorem 2 . Let £ be an involutive and unital quantale. Then
the involution ’ is a right Q-module isomorphism from P(X, p)°°
to (PT(X, p))™.

f € P(X, p) if and only if f' € PT(X, p°P).

For f € P(X,p) and o € Q we have:

(fDOpoz)/:(f/a’)/:a\,f':f’ma.

Proof of Main Theorem 2.

If M is projective, then the Q-valued totally below relation is
approximating.

The Q-homomorphism h given by m ——< _ m) is left adjoint
to supy, and consequently a right £2-module homomorphism (cf.
Theorem 4 at Thursday morning).

.
Since h is a section of supy,, P(X, p)° 2y Me is a retraction.
M°®P is a retraction of a projective object (cf. Theorem 1,
Theorem 2), and hence also projective.
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The next theorem is an improvement of a result
obtained by H. Lai and L. Shen 2018

Theorem 3. Let 9 be an involutive and integral quantale. The
self-duality in Mod,(£Q) preserves projective objects of Mod, () if
and only if  has a dualizing element, which is necessarily the
bottom element of .

e Since the right Q-module £ is projective, 2°° must be
projective and hence the isomorphic right 2-module
(Q°P, ) with [ = o ™\, f must also be projective.

e The intrinsic Q-preorder p of (Q°, [J) is given by

pla.f)=a /B, aBef.

e For f € P(Q, p) we have: supaer(f) = A f(B) N\ B.
peq
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Since  supge(L) =T and T s the unit, we have:

(B, a) <L/ a, pgen.

Since < is approximating and

supger(L v @) = (L v ) \( L,

we obtain:

@ = supqo (<A(_, ))<P(L ) N L.

(L a) 1) <a. Since Q is involutive, L is dualizing.



Example of an integral, involutive Frobenius quantale

e The Hasse diagram and the multiplication table of a quantale
consisting of 7 elements is given by:

T x| L | Bl al|b|c|al|T

| Ly L) L] L L L] L

a Bl L | L | L[ L[ L][L]RB
a/L\C a| L | LB L3158 a
N b| L | L | B || L|B | Db

B c|lL | L| L] BB | B cC

| a| L] L BB | BB ]|«

1L T| L] B |a|b|c|al|T

The involution is determined by:

T/:TJ al:a’ a/:a7 b/:C7 C/:b7 /6/:/67 J_/:J_

1 is not cyclic, because bx c = L, but cx b= f.
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Beyond integral quantales

Let £Q be an unital and involutive quantale and Q° be the right
$Q-module provided with the right action determined by:

Lo =a\pf, B,a € Q.

e An element 0 € 9 is designated if for all a, 5 € 9 the following
relation holds:

(6, a) < ((5/5)*(5/&)) A ((B/é’)*(é’,/a)).

e Theorem 4. Let Q be a unital and involutive quantale with a
designated element. The duality in Mod, (L) preserves
projectivity if and only if every designated element of £ is
dualizing.
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On 97 we use the binary minimum and on £, the multiplication
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e The element (L, a) of Q; x Q3 is designated, but not dualizing.
Hence the duality in Mod,(Q; x Q3) does not preserve

projectivity.



Examples

Let ; and 9, be the two integral quantales on G = {1,a, T}.
On 97 we use the binary minimum and on £, the multiplication
of the three-valued MV-algebra.
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e The element (L, a) of Q; x Q3 is designated, but not dualizing.
Hence the duality in Mod,(Q; x Q3) does not preserve
projectivity.

e The element (L, a) of Q, x Q3 is designated, but dualizing.
Hence the duality in Mod,(Q, X Q3) preserves projectivity.
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