Homework 5—Global Analysis

Due date: 1.15.2020

1. Suppose p : E — M and q : F' — M are vector bundles over M. Show that their
direct sum £ & F' = Uyey B, & F, — M and their tensor product £ ® F' =
Uzerm By ® F, — M are again vector bundles over M.

2. Suppose E C T'M is a smooth distribution of rank k£ on a manifold M of dimension
n and denote by (M) the vector space of differential forms on M.

(a) Show that locally around any point z € M there exists (local) 1-forms w!, ..., w" %

such that for any (local) vector field £ one has: £ is a (local) section of £/ <=
wi(§)=0foralli =1,...,n — k.

(b) Show that E is involutive <= whenever w', ..., w" " are local 1-forms as in
(a) then there exists local 1-forms u*/ fori,j = 1,...,n — k such that

n—k

n—k

dw' = Z;ﬂ’j Aw.

j=1
(¢) Show
Qp(M) ={we QM) :w|g=0} C QM)
is an ideal of the algebra (2(M ), A). Here, w|g = 0 for a /-form w means that
w(&y, ..., &) = 0 for any sections &, ...&, of E.
(d) Anideal J of (Q(M), A) is called differential ideal, if d(7) C J. Show that
Qg(M) is a differential ideal <= FE is involutive.

3. Suppose M is a manifold and D; : Q*(M) — QFTi(M) fori = 1,2 a graded
derivation of degree r; of (Q2(M), N).

(a) Show that
[DlyDQ] =Dj0Dy — <_1)7“17"2D2 o D,
is a graded derivation of degree 1 + 3.

(b) Suppose D is a graded derivation of (Q(M), A). Letw € Q%(M) be a differen-
tial form and U C M an open subset. Show that w|; = 0 implies D(w)|y = 0.

Hint: Think about writing 0 as fw for some smooth function f and use the
defining properties of a graded derivation.
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(c) Suppose D and D are two graded derivations such that D(f) = D(f) and
D(df) = D(df) for all f € C°(M,R). Show that D = D.

4. Suppose M is a manifold and &, n € I'(T'M) vector fields.
(a) Show that the insertion operator i¢ : Q*(M) — QF"1(M) is a graded deriva-
tion of degree —1 of (2(M), A).

(b) Recall from class that [d,d] = 0. Verify (the remaining) graded-commutator
relations between d, L¢, i,:

(i) [d,L¢] = 0.
(ii) [d,ig] =doig+icod= Le.
(i) [Le, Ly] = Ligsy-
(V) [Le,in] =1 £ nl
V) [ig,iy] =

Hint: Use (c¢) from 2.



