


Yesterday : M mfd .

,
EETM smooth distribution

.

-

When is E integrale ?

A uecessary condition
is iuvolutivity of E ; i. e .

E

is closed under the hie bracket .

We will show now that innovativ! hy is also sufficieut

( Frobenius Thun) .

e-

Note that iuuolutivihy is easy to check
:

lemuea3.36-suppc.se EETM is a smooth distribution on a uefd M .

Then E is iuudutive⇐ locdly arend eau point XEM
7 a Local frame sein , . . , sie} s -t . Es i , sj] is a loud sectiaeoftthij



Proof Fellows freue② of Prep .
3.29

.

Recall that the Word ruede Vector fields % , . . ,da
vorresp .

In n Wort ( Vie) of M defiues a Local traue of
TM and I# ,¥] = O this . Note tweet {(¥ ,

. .

, ¥
.

}
(KE h) span an integrale distribution on U →

Integral submfds are give by u
" (y , a) for fred

a e- ulu) n IR"" ulu) E IR"= MIR
""

.



lemma3.es# Suppen M is a mfd . of dim . n
,
VEM an open

Sunset . If { sn ,
-

,
. . sie } are Local weder fields an ✓ s. h .

Irly) , . . . f. ly ) E Tgv - TYM ore linear Lg independent FYEV,

then the followiig are aequivalent :

① Tsi , sj] = 0 ttiij

② For any SEV 7 a Chart ( Un)
wih ge U sit .

% = 41 , _ r , 0% = 4k °

Prost ② ⇒ ① ✓



① ⇒ ② :

Fix
ye
V and let LÜ ,

ü ) he auortwihge Ü , üly) - O

und sily) =¥
,
(g) i - 1

,
- - i
k

.

7 open ueignbhds Wand
Ü of O in IR

"

resp . IR
""

s )
.

01kt! . . . t ")¥" , . ..tn/)=FLIio--oFIIlu-Yo.ltY..tnDisdefiuedV-H,..,tk)eW
and It""

,
. . .tn) c-Ü . ( ü :))

IRK
and a sueooh

map of : WXÜ → M
.

+um
IR " -K)

By neudrucken , 1010,0 ) = y .



For I Ek we have :

3¥ Lt ) = Is! htt . . .
s
,

- it
" ) =

¥+1
= d Flssilolt ) = Silent) ) .

→ 5)
Eo

Flti = t " . #
hi

tits türk
'
s In particulier , ¥910,0) = Ii (y )

and FLY nannte >
.

=# (
y )

-

wie all F

For i >K and t ' = . .

= -4=0 we home >

FFH) - af )# Hei ) - off la . - it ! .io ) =



= adf.fi?ujlo...o.ti.o..o)--Ya.y-iei-- ⇐ ( y ) . .

⇒ Tao ,9 is inuehible II # ( o) } is mg.to 3¥.ly ) })

⇒ By possible shrinkiug W and Ü we mag assam

Kid Of : Wx Ü → U is a difteean . ,
whee

U is on open neigubhd
- of y EM and

U : = $-1 : U → Wx Ü £ Rkx IR
" IR " is the

requined Wort . by (*) .

0



Rein
If 4 E HIM) , then for onyx EM s.L.sk

) # 0
,
teure ex ist

a war LU , n ) wir × EU sit . SIE # .

→



TKm.3.IT ( Frobenius
Tun

; 6cal version ) .

Let M he a uefd of dim - n and EETM a Smooth inudeehhe

distribution of rank K .

Then for onyx EM
there ex ists a

Chart ( U , n) wie × EU s . L .

• u LU) = W x Ü ← IRI IR
"- k
= IR

" WER"
,
ÜEIR"- k

are open subsets .

• for eau a EÜ the Sunset u
" (Wx { a } ) EM is

on integral uufd . for E .

In particulier , any smooth inveeuuve distribution
is Retegräde .



Prof . We show that
around each point there ex ists

a Local frame

of www.tnngsediaes of
E

.

Then Lenne 3.37 implies tue Then .

Fix × EM and a 6cal freue 94
, .
. the} defiued on on open neigkbhd .

Üofx .

With less of generali hg , we way on Ü is tue domain

of a Mort (Ü ,
ü ) wihülx ) = 0 .

Then for j = 1 , . . ,
K we how

g. = Ist ! ¥, ÄECLÜ .
R ) .

Since { sjly) }; is a bones of Ey tty EÜ
,
the

j = 1 , er in
nxk - matrix { f) (y)} ho , renn K HYE

Ü
.

je 1
,
. eck



Remember img
the Koordinate) ,

we way oss- that d ×

the first K - rows of {f) KID are liharlg independent .

By Continuity , tu! > hdds
↳ why around x and so by possible

Kirin King
Ü we mag assur

it hdds on Ü .

.
For y c.

Ü let ( gijly) ) he tue innere of (f) (y))
""" "

-

5=1
, - ie

Since iuuosia in GLLK.IR ) is Smooth ,
the fcts gij : Ü → IR

are Smooth .

⇒ Ri : = IG gjsj for i - 1
, . . .

K

und

orevlsmo.hn/sectieesofEdefiuedeu Ü .



Since (g) ( y ) ) is Ihuohble tty c- Ü and Iss
,
. . . Sie } a Local

freue of E , also { µ , . . , y " } is a Local traue of EarÜ .

Elaine : Thief;] = 0 Hi
,

.

*

±
- Eis? " -

÷?!
! ! ! - Fit !! !

← hie e-VIER)
.

By invduliv.by , Thi . Rj] = Ähm cijecelu.IR !
-

-

RHS Iii: #+4mi! ) - Iii :
+!!:L

ü ! ; c- IÜYR ) .



LHS ÷ ,
t # teil ?# , # t !!! ! ]
- -

= 1h! ⇐ hi c- CHER )

⇒ (iii. ni ) ad Ei: Eu ? ! ⇒ EEG
.

Heuce
,

[ hi , yj ] - O .

By Leuna 3.37 7 a how u : U → ulu) = WXWN = IRYXIR"-K
- IRL

wir xe U
, uk ) - 10,0) and we wog also orange ted

Wc Ü s.l.fi/u--d-i=1 , .
. ,
K

-

Oni



Heute
,
for een a c- Ü ,

u
" (Wx Sah ) is on integral

wnfd . for E . ( eq .

for I " ' = a ""
.
. .
u
"
= a
" )

.

.

Then 3.38 Says that , Gina an indem ungesunde
distribution

, locally or and any point there ex :D a

Chart (U , n ) when U is tilled by Integral kennt . I
in the eornesp . Koordinate , they one gun by kn

affine horizontal Subspoce, IR "
× la} of IR " .

ITEK ^

€ -FEE
IR "



Charts es in Thun .

3.38 are Called distingnished charts

for (M .
E) ( whee E is tuerk Nudeln elisvib .) and

the integral sunufds.li
' (W × Sd ) E More called plaques .

Note that
,
( Ua .ua) and ( Os

, % ) one two sum warts

for (ME) wir U , so
,
± ¢ ,

then the transition maps

we of the form
EIRIK × Kkk

Usoui
'
i Ua ( Oas ! ) → Us ( Von Us) *)→

lxy )- Akg) , glg ) )
for f , g Smooth .



( ie .

Transition uops mops Plaques to Pogues (WIE;),} )

Def.3.39-A.foh.ated atlas of dink on a mfd .
( Mit) of

dim - u is a sub athos Ä of A uaesisheg of wars (Ku )

5.2 .

.
ulv ) = W ×

Ü E IR
"

e IR""
= IR " for gen Kessel,

WE IR" and ÜCIR""
. Transition , mag , are of the f-du H)

Def.3.cn A K - dicueusraealfoliatien # on a uufd M of
dim . n is a max : und foliohed athos of dim .

k
.



Frobenius Thun
.
Shows that any invalidin dsucook distribution

E
on M of dim .

K olefine, a k - dim
- foliatieu FE

.

Couuersdy , my sum kdiatieu F de Termine, a kuooh

involu live distribution of rank k en M :

E = In
" (TR

"
× So? ) nk ) = wtw

Uk)

Exfor a mort of hie foliatien wir x EU . ( by It)

Ex is independent of LU , n ) wir XEO . )


