


Recall : we defined tue taugen atx , IM
,
of a

-

Sun mfd . MEIR"
.

Suppose MEIR"
, NE IR

"

subuafds . and f : M→ N

Snooker map . Tw fangent more of f- at × should be
a Linear

map :

If : IM→Tfl! .

tut ① of Pop . 3.1 and the feed tweet we made the
Chain rule to hold sugge.rs km follow rug definition :
If I do) , c ' lo)) : = ( f. e lo ) , Ifoc)

'

lo) ) e- T.MN .
¥)



when clo) = × , (Clio) , c ' lo) ) C- IM - Tao,M and c :L-E.E)→ M

C? nerve .

lemma3.3-Them.pl#)isweUdefiwedaud linear .

Proof Smoothness off ⇒ J grau neighbhd .
U ER" of ×

and - map . Ä : ↳ → IR" sie . f) µ, ¥1 Maui
We moy cessna that c : l-E.E) → M wirl@Lozx.sdisitsatisfiescll-E.e) ) c M 14

.

→ Äoc = foc : l- E.c) → IR" smooth Cure -

und ¥4) = LÄ e)
'

lo ) = Dante ' lo )



⇒ 4) is well-deficient ( just depaed , an c
' lol ) and

it is linear , since it is
tue aesvictieu of a Linear

map II : T.IR "→ Tja!
" ko IM EIIR" .

Def.3-4-ME.IR" , NE IR
" suebutds . , f : M→ N E-

weg .

Then the tangentmop of fat x is giueu by

If : IM→ Fuß

T.tl do ) , old) : - Aldo)) ,# c)
'

lol )
for a taugen weder lx , u ) = ( do? c ' ( o) ) E IM .



Freue tue definition and Chain nie in IR"
:

Coin If f : M → N
, g : N → P are scuootu maps between

Sub mfd . MEIR "
,
NE Rm and PERE .

① Ilg . f) = Tf1 o If : Tx M→ Tg ,%, , -

② Iff : M → N is a diffoaueo rein ,
then for my xe M

If : IM→ Tf „µ is an isauopuism.lu/hieuese

Kf ) - ' = T f- 1
fk)

"



Proof

⑦Feuer find smoeh extern Ä and of off resp . g Cowley
arend x resp . fk) ho open Sands of the au nicht ueber

Spaces IR" and IR" .

⇒ Ilgof) = Lg HH) , D. tja f) f) = Lg HH) , ¥11 ?!!
= Tf *ß o If . IHN

② We how f- 'of ← lol
µ
und f. f- ' ÷ idw and

I Idm = Id ) M
. By 10,7ft) = Idee - Td) ,

= Tf-1.If
fk)



and Id
?

= Tfrylfof") It - Teufel . .

¥3.6 (Inverse Function Then .)

(et f : M→ N he a zuende fd . between Subaefd .
MEIR"

, NUR?

① If for x EM
,
Txf : IM →Tf is a linear isomorphem . ,

then 7 open Sunset s Ws of M und Wz of N war
+ C- We und f- 4) c- Wz s.tn f)

µ
: W
,
→ Wz is aoliffeau .

② f : M → N is a Loud diffaau . ⇐ If : INTIM
is a li und isauopeia.tt/EM .



Prof

① het (Via) a not of M wir × EU und Weu ) a out

of N wir f- E) EV .

⇒ v. f- out : u ( Un f- 1 Lu)) → vlv) tuook

Mops kennen open Sunset of IR
"
.

We home fvofoü ') = ftp.T.f.TY , while
is a the uayositieueftue.ee/iuaoisauopcimouidauopwm .

By the inverse function Thin .

, 7 open uaighbhds. Üsofuk)
in IR " und sie . d. t.ci ' ) ) µ;

: Ü
,
is open and



a Smooth map g : Üz →Ü inverse ho (v. tou ) ) wg
.

Then We : = ü ' (WT ) is open in M and WE f- (Wi )
- v

- etwa ) .

is gar in N and Lü! g. v ) Iwz: Wz -' wa
is inverse ho ff - ^

-

Wj ( vorfou-i.gov#--v-?u--id ).
② Follow, direct g freu① and Corday 3.5 .



3. 2
.

The taugen bundle of a submfd .

-

Ordinary differ . ag . (of first oder ) an uuaitdds de

descrised by vector fields an M .

To he die to Speak

of Smooth ness of those , we
und Ko give tue dis joint union

of all taegeut spaces a suooh suche .

Recall : First oder differeuwdeq.is gun by

×
' H) = flxlt) ) f : U→ IR

"
Smooth

EMD
open .7 sanfter Wm iuihdvceaed-xld-xog.nu wg e

① . Gerne X : la
, b) → U wir xlo) =X

.



H we neploce U by a sub mhd . M , then a Solution

is a Lund lerne × :(a. b)→ M ,
www inpues x

'4) EI] .

So f- has to be a map f. Inn fk) t IM .

i. e . f : M →!m
×- fk ) TIM .

To Speak dat gewohnten off we weed a u G- studer

an Weitem .



Det3.IM E IR" subufd .

①
. TM : = W IM = U 9×4 IM ÷ { (x ev ) E IM :X E M}

.

* M *M

± IR" × IR"# IR"
.

. p :
TM → M

p Lkw)) = x

TM is called the Tongue t Space of M and p : TM→ M

is Called the hangeul bundle of M .

② tf NE IR" is antun subufd .
und f : M→ N

° Sweet map , then the Hangout map off is



Tf : TM → TN is gina by Tt Kw) = Ifk .
)

.

( after we do just wehe v c- IM deal # Lu ) - Itv . ) .

Tunis M < IR" , NE IR" und P £ IRE sub cufds .

① TM E IR" is a subuf .
of IR" and p :

TM-) M

- Smooth
. K If M Los dein .

K , then TM Kos dim .

2k) .

② For a zuende uup f. MAN , tue tagungs
Tf . TM → TN i ) Juwelen .

③ If g : NT P is ander tuned uup .

,
then

T ( got) = Tgo Tf .

'



In particulier , if f is a diffeaee .

,
den Tf is a diffeau -

and ff ) -1 = Tf1 .

Proof A
① × EM , Y : Ü→ IR"" Megan and wach . s. L

EIR"
Assur den Im =K

. genuege. 4- 1 ( O) = Ms Ü .

afx
Ü : = { ( y , v) E IR" × IR" : yz Ö ) = Üx IR " c RIM"

4- :
Ü → IR"- kx Rn- k

gen subzl .

KÄLIN) : = ( yly) , Dyyv )
is made

.



• ¥ ( y , v ) = 0 ⇒ y EM and Dyyv = O
-

⇐ (y ,) ETYM .

Prop . 3.1 .

i. e . 4¥ ' ( o.o) = TM n Ü .

in n

Regner .mg : Dunja = (¥" §±)! !
Regula.by of y impues hol Dagi is swjuechueadce RIEIR"?
=) TM E IR" is a 2k - dieu . gwbuf . of IR" .

The projediepni.IR" × IR "→ IR" is Fuad Klenze of p : TM→Mund so pz the letter is zuende .



② Suioohness of f impuls : for × EM 7 an gen neigend .

% ER" and I : Ü - R" V -ung sch . f)uutlq.ge.
Ü : = { ly , v) e- IR "HR " : y EÜ } .

F :
Ü → IR"x Ru

Fly .) : = ( Fly) , Dg Äv ) .
is suode

- for Lyn ) e ÜSTM we how fly) = Äly ) and

Fly .) - Tfly , v) = Tgfly , v ) .
→ F is a suuod exkeuzeef Tf und so Tfisauode -



③ tgof ) Kw) = Ilgof) Kw) Tga! If Gu ) - tg.tt/x,v)
leer . 3.5 .

This also Impuls Material ahnt diffeoe
.
es in Cor

.
3.5 '

-

DistiuguiauudcuovsfoTM-LME.IR" . subuf . of dem .
K

.

(Un) n chart for M : u : U → nlu) ER# diffeau .

EM

open Sunset
• Tulu) = u W) × IR

"
E IRKXIR" = IR"

.

• TV =p
-' IU ) ETM is open , since go is uaiinuous .

" Tu : TU→ T Lulu) ) is adiffeeou.by ③ of Thin . 3.8 .



Heine
,
LTU ,

Tu ) is a aart for TM .

Suppoze ( U . .ua ) und ( % , %) tw. warts fer M

Wir Was Uns # ¢ :

% : = Ugo ni
'
: 4. ( Van! ) → Us ( Van Up )

diffean .
können gewachsen of IR

"

.

. p
" Va) n p-1 ( Us) =p" ( Van Us ) - Tetanus ) ETM

dpa Kessel .
. Tußtu!" = T lusouä ' ) : Thalamus)) → Thomas)



White eqwds ( y , u
) n ↳ nä ( y ) , Dylusouj ) v ) .

- -

Heule
,
treusten mops an TM coiuäaes weh tue tnaesi the

maps of and their devotes .

( ⇒ Athos an M yves rise ho atlas an TM ) -


