


6. Riemann ian Geometry
-

Differential geometry is concerned with the study of mauifdds

egnipped with varian types of geometrie structure . kuporrout

yeon .
Structures an mhd, are Riemann : en wahres .

The Andy of Riemann :ein mhd, is on essential Part of

differ . geometry .

6.1Basiedefi-u.es

Def.6.1-ARiemannianman.IT of dim . n is a (smooth)

www.foldMegnipped with a Riemannioumdrj.ie .

° %) - Tensor ge TI (M ) s . t.gr?:IMxIM-R is

gx



positive - definite Symmetrie bi linear form HXEM .

Note that , agieren a Riem . ufd .
(M

, g) , any open snbseh

WEM iuherts a them . uoric 91
u

.

Detlef (M . GM ) und (N . 9N ) te Riem . cntds .

① A diffeomorpwan f : M- N is called on isometry ,
if GI) k , g) = gj,

lTefs.IfgfttxEM.V4yEIM@e.Tif: IM → Tgc! is orthogonal w.r.to g! and ggf ,
D # GN = GM .



② (M , g
" ) and LM , 9N ) one Called ISonate , it teure

ex ists on isome hey hehweeu than .
Notation (Mig" ) = (N,GN) .

③ A Smooth luop f : MAN is a bcdisometry-atxe.tl
,

if 7 on open neighbh .
UEM of × st . f)

u

: U → flu ) is

a Mittean sdisfyvug ① .

④ (Mig" ) und IN , GN ) are called to cdly isandere , if for

any
× EM 7 on open neighbh . UEM of x and on iseuory

f.. U → flu ) .



Er M = IR
"

g
= du ①dit . . tdx "⑦dx "

↳^
, _ - IX

" )
t.M-T.IR" = IR

"

g× is Standard neuer productWord'nahes

= <
,
> bei IRU

(under His identification)
Standard Eichenau (flat ) wäre an IR" .

( Hyper swfoces )
A hyper surface in IR "" is a submhd . M of IR"" of dim . h

.

If u = 2
,
die speaks also after faces in IR

}
.

Euch ideal mehre an IR
""

iwduces a Rennen rien neue

On M wie resrrct ten of g- < ,
> to IM EIIR" IR

""
.



Ex.ms
"

E IR
""

wahre on Su i uduced by < ,
> on Mutt

is Called the standard war:c orH
"

-

¥ .
If MAN is an immersion hehweeu cufals .

,

then any
Riem .

meine 9N ae N Indies o Riem . uatnic

9M an M gruen by g
"

: - Eeg" .

LM
. GM) , LN.IN ) R.eu . mhd .

Then Mx N is a Riem
.
infos with the product hasse

YMXGN :
TLMXN ) = TM × TN for s is ' ETXM

Min ) ETYN .

( gmxgwkj.nl/ils:iD:--gIksDi-gJle.ni )



In 6cal mordendes : (M
, g) R.eu . uf . ,

( Un ) a Chart Lern

915 ¥29 du' ⑦di g
= g ,¥)

Here { gij Kß , ] isrsywmerrc positive -definite un wann # EM .

Lennie Evoy man . Leed Modenits a Riemann im home

(in Jod mag) .

Prod Le t A - { (Ua
, ha) : <EI } abe on athos ter M and

{ likeI a partition of my Sunerdende hohe Cover { 43¥
Srt - Sup , ( fa) E Ua .



Du U
,
we can de feine a than . were by

"

§
,

du! ⑤ du! = : g . .

und G : = ¥+17 Ja defiues a Renommee ueric an M .

Reine Analogie of Leuna 6.3 is not time for pseudo -Riem
.

meines a) a give signature .

For example ¥ Lorentzen meine an S"
.

Suppose M is on oriented war total equippud with a Dien uetric .

(m oriented Riem
. mfd ) . Let A- { ( Ua , Ua ) : ae I}

be on oriented athos for M - Fu ( Ua , na) tut



vollg) \ KIT drin . .
ndu:

wwe g) = gl! .¥
.

) .

Sauce lgis ) k ) is a

positive - de) . syuuuenc weh , x Zx E Ua
,
der ( GI k) ) 30 # C- Ua

.

auch voll g) In a well -def . nowhere ueeizwg n
-formen Ua

.

Since for different ( 4. no ) , (Us .us) Elt
,
vollg)

↳
and

Voll g) ↳ binden bu Von Us , Vol (g) Hefner a now here
Varzi

wg n - fan an all of M .



Def-6-4-krp.se IM .g) is an Oriented Riem . cute . Then the

howhere vaeisliwy n - Ufern vollg) ER
" (M) is called the

Volume form of IM . g) .

•
Du an oriented Riem

. mhd of dim . u we Lean Identity
functions wih n-fernes ,

↳ IM .IR )- alte)

f-- f- vdlg) .

In Putin
,
we nen integren fels FE IM .IR ) with

nauru support an arerhed Riem . wfd .
: tut = {tvdlg ) .



¥ M - R" wie its Staudach Euclid - wehe g
and Shadow

-

then vellg) = dx ' n . . reden
-

brennofen -

Integral of f C- CI
HR" .IR) is und integre jfdx? - die

= !! dir . . idk
.

For any Riemann:en uf . (Mag ) :

g) = GE : IM → T.FM is on is auarpcin KEN .

In g. Is , _ )

Deuce
, g
#

: TM → T - M is a vector bundle isomorphen

teud indem, isauopwn g
#

.

.

TLTM ) -791 IM )
S - 9k ,

-) .



tu per heulen , for my f- E IM .IR ) 7 ! grad (f) ETLTM ) S -

t.ge#lgrodlt))--df
,
while is called the gradient of f wir tog .

Reine Moe generell} , on a Riemann in ufd .
hat roverieul

tensors neu he idertrfiad wir Cover laut tensors .

• Du an oriented R.eu . uf (Mg ) we can lese vdlg)
ho identity weder fields wih Lu - r ) - fans :

TLTM ) - R"" (m)
S-s isvdlg) Dirk ) vollg)

Divergence of g .
. Div . TITM) → (qm ,

=D lisudlg))



¥ M = IR"

eguippeedw.hskaderdaral.audwetr.c.fc-CLIRK.IR) grad (f) = ¥
,

}¥-¥

- i?" dirk) - i?!
h =3 M = Rs

EUR? IR ) d- NIR') d- 141ps) d-PKK)
K IS IS D

9rad Curl Div
UR? IR)
→ t#Rs) → TLTIR) → CHIP

.IR/d?-0--ICurogrod--0eudDivocer--0



www.i?si:I--tE-ooItoExETI !
+9¥ - 8)¥ -

un ) Renner from Stokes Tun
. formular of Green

,

Gauß auch Jhokes .



6.LI/-ypersurtocesMElRnt1hyperswfaceegnippad with the Riem . wahre g neueed

by the Ending more an IR"" .

Det IM
. g) EUR4 g) = UR":<

, > ) kyroswtece .

A Local mit normal vechortield for M is a Load war tidd V ofIR"" deficient on gen Sunset ÜEIR"" s.t.VE U : = Üs M one a.] ,

• geht) , vk)) = 1

• ge Kk) , s ) = 0 FS EIN EI R" ' = IR "n ( r . e .

✓HEIM!)
Nele that Ltte)! e-Tek" " is 1 - dimensionale



Heule
,
there ex ist exoctly two ten , h normal waers in Te IR

"+1
.

Lennie

① ↳ wdly Wand any paul ×
EM 7 a (Loud ) um ! normal

weder f-ebd .

② M is oneuhdde ⇐ 7 a gkasdlgdefiuud heut
normal neuer trend ( re .

v :MIKI:)Proof ② exercise
.

① Fix x EM and Kt 4 : ÖTV k 6cal trivialitaeten
, wehe ne

Ü
, VE IR"" open Sunset > ,

XEÜ and 4 ( Ün M ) = Vs W
for

on n - dim . subspace W E Ruth .



↳OH has Is {We .
-
- i wa } e) W and lel OF Wu

+ f- WIE Ruth
.

Sehr 4 ly) : = E)
'

wj for ye Ü -

Then { Ss
, . . , 4 n +,

} is a Loud freue of TR
" ^ abfinden Ü

Sir . 99dg) i . . , 4dg)} is a has is of Ty M Hye U - ÜSM .

Apply 6rem- Schmidt arthonormditetieu procedere to 9h44 . . !!!)}Local
Rent Gods to avarluuaiud treue 941 , . . , gut an Ü for TM
und v : - zu, / sdisties tue deine .

ÜSM



Suppen LM
, g) EUR

""
, g) hyroswtoce and Kt v be a

↳ ud Knäuel neuer freud , when we can View os o weg

✓ , U - S" E IR"" UI M gen .

It is also Hall ed a Load Gauß luop abfinden U
.

Fix + EM . Then Iv : IM → Tr = VKH - IM
Txv : = µ

is a linear map M -1 IM
, called the Weingarten map

at x ldetiuedbyw) .



Note that L : × ⇒ ↳ E Hau #M.IM) = T.IM ⑦ IM
is a I ! )- heuser on M .

Prop.6.7-LM.ge ) E HR " ? g) hynersufoce , v :O → S" Load

Gen ß map and L Corresp . Wein gwheuuop . Then for ey HM

↳ is sywmewcw.r.to g :

→ 9×144) µ . ) = g. ( sx , ↳ l) )VK.GE/IM.Remork-btwwizepul
, if one user g to iaeiitfy thethen(f) - Lenker L wie n (E) - Lenker k g (Ll- ) , _ ) . TLTMKITTM )>

/ ( M
, R) .



Is Symmetrie .

U

Proof.ms , z one weder fields de find out heighbl . end x EM srl .

Sk) - K and Rk ) -µ .

Then glv.gl/F0auddiJtereutieeuytn:seyuoteniudiredree
Gs gnes :

ylu.IN. )
-0=4 .

glr.gl/k)--gks.rt.q)tgk.s..yt)--glIrsxinx)=9kdkMx
)Wwe s

, y are viewed ca functions UT IR ""
. f- (!!

.
)



=) g. (↳
4) in × ) - 9×4,44×1 )
-
-

-

= gute) , Is µ
- Tick ) (* )
-

Clinic: Ihn . - Ich = Eni ] k) .

^
n

Note that bis in rue. Is µ - Iq ? E IM and Lance ¥)

equds der-
.

kudced
, Suppen ( U.a ) is nach Leer M und blv : -ü? also

EMEIR"tsand were di : = ¥ - Then djlvly )) - Tgv ej
y
)



a. Willy ) ) =

j
. . _

, Eis. )

⇒ 9-9=9-0 ;
← # /

→ 3=2 sie , y
- Enid ;

¢ s.z-y.se/Esioi).lEzs .) - Kid;) . (Es:o)
- ¥4 Kicks - Elf - sik ;

gggndiuen.net
. + sind ( di - dj - O;D;))\

= Es
, q]

= 0



(M , g) E ( IR
"

! g) hyreswfoces in Eudcdeeaespoce .

'n ) heult normal weder Gretel W : 4- S
"

± 11241

~) Weingarten - p ↳ : IM→ IM linear weop
"

IN

×- ↳ E Han (IM .IM ) = TIM IM
EM

dehnen a I ! ) - teuer Grad an M

↳ is syuudrcw.r.to g :

g ( Ll - D , _ ) is symmetrie
(E) - teuer

.



-

Def.CI Form> 0

IM × IM → IR

↳
, µ )n g. (Fln) , µ )

is a symmetrie hihiwo form • IM # e- M
.

H defiues syuuedrc K ) - teurer an M ,
called them -tu

fundamental fern -

The first fund . fern is just g.and the 2nd - fund .

f-um II : x nette is
gar hy II. keine) -9×(44×1,4) .



As a Seg unwahre
matrix an R

, ↳ is orthogonal}

die goeudizoble
. Lel Ksk ) , . . , Kuk ) he the eigenvdueg

of Lx , then they are called tue principdaeruateres ¥

(M , g) E IIR "" . g) at × .

The poirwise orthog. eigener are called the principe

•Nature directions of x
.

Def.CI
① Kk) : = det (4) = ! ni k ) is called the

Gauß Curve here of LM , g) = UR ""
, g) alt .



② Mean verratene of Marx is
gar hy Hk) =L trllx )

= I Ihk : k ) .

③ A point x EM is Called hmhihiC
, if Ksk ) = . .

= Kuk)

( i.e . ↳ is multiple of idairhg) , and flat , if
Ksk) = . . = Kuk) = 0 .

③ A Smooth Cure c : In M is called a anruehre line
, if

CH) is ein cigeuuedar of Leer, KTEI .



¥ M = IR" E IR
"" { es , . . , en" } shaudard basis in IR" ' ^

.

We Lean home Wk ) = ( x
, en" ) E I IR

" ' '
o ) o global

und normal weder find -

Gauß hop ✓ : µ → Su is Coastal

× 1- Cuts

=) ↳ = 6 ttx =) all Gewehre, vaeirh at all XEM
.

SIE IR"' n- shphee of meins R .

{
'

ke IR""
: llxll = R}

Ist = { ve IR""
: < ×

.
v> = 0} tt × E SI .



=) Wk ) = # × is global und normal weder fidel .

→ Gauß war so : SI → { = S"

→ Ht e- Sie ↳ = # Id .

=, emery point xe Sie is lenhilic
, such 4. k ) - ¥ i - 1

, .in .

auch dt directions are prince Gen . diredaes .

⇒ Gauß Curran K = 1-

R"

Mean Cunha H = ¥ .

- I - #gl _ , _ )



③ Glieder in IR "" a) radius R > 0 .

µ = { ( × ,
t) E IR "

× IR , 11×11 = R} E IR " " '

vk.tl = ¥ ( × , 0 ) E IR " × IR = ! IR
"

× IR Gland
unt www.t

If = vk.tl " = Sly ,
s ) EIR "

← IR , 4. y>=D
" G -

v Gauß uop is restricted of line more f- Id +0 : R " × R

to S "
- '
× IR = M → Rk IR

→ Lk
,+,
= Feld - O

=) principe aru . are all washat ( in × )
,
h -1 of then are



equal to ¥ and an ios equd ho b -

In particulier , Kk) = O
Y - EM and Hk ) =

UR .

-

Rein . LM , g) EKR""
, g)

Propstes / Quauhitieslonjedr a) Ion ( Msg ) E ( R
"

? g)
are called exteriusic

, it they depad on the euheddugi : te - IR "" and intrasie , It tuyidepaud only on (Mg)
as a Riem . mhd

. ( ie . they are inuoieel under isaudrieg
JIM . g) ) .



① Group of Isometrie, of HR
""

. g)
-I Euclid - hoere .

eauds Euch t 1)
,
the so cdeed

Euclid con group of wattens .

E-nicht 1) = { F : IR""-, IR"" : Fk ) = Axt b

for A E blute )
FE Euclut 1) =, F is zuende

bt Rum }
IF = A Fx EIR ")

=) Euclnts ) E Is an ( IR " !g) .

In tocl
, aus

Ko)

Euclhts ) = Isan ( R "", g) .



② M
,
N E IR

""

hyreswtoces and FE Euch +1 ) s . I .

F- (M) ⇒ N .

- F)
µ

: M - N is on isauesry .

But not all tsauevie, tehweeuhynersofoce, oise in
his way ( i. e

.
are iuauced freu iseuevies ef ( IR

" ! g) ).
For example : M - 94,0 ,

z ) : KKT
, tz 1<1 } ER }

f- , M → IR }

flx , 0,7 ) =/ 6) ×
.
Sie × ,

z )



M is grau nectouyle in
4. z) - place und f. Mt fln )

↳jeden
ho gehe svhsel of ° Glieder ( %dauefrzof.ee

offline) . )
Elaine f is nu is euory lehren (Mig) end ( fln )

, g) .

T f Iv
,
0

, w ) = (- Sink Iv
,
los × v

, w )4,0 A)

<f- Sink ) 4 , 6) × 4 ,
W) , tsinx vz , cosxvz , wz) )

= (Sink )? Lose ) ) 4 vz t Wz Wz
-

= < tun
, y) , Luz

,
w))=

1



But f weit he tue reswctieu of on Euclid .
matter of

IR""
,
Since it would weed ho preserve distance :

Mist (f Hk ,0,04ft O.O ,
o ) ) = Hf (Tk , 0,0 ) - flo , 0,0/11

= 1 ¥ % = distl 10,04
(0,0/0)•

All Curv . guautities we defiuued one

invertiert er helene ndwdly weder arakotle pennyEuch den Leidens : E If ME IR "" hyrerswtoce ,F- (x ) = Axt b wie der (A) = 1
, then

f : = F)
µ

: M → FIM) = : Ä is a auflauern .



If v is a und warm .
weder Jidd a. ÜEM ,

Team

f- " u is →,
- on U :- f- 'LÜ ) EM ,

Luce If E A : IIR ""→ Tg ,
" t '

orbeog . Hier cuop
Lud mops IM to Tg ,,Ä .

⇒ ↳ = #f)II
,;
If = A- '

o ) , A
= ) Lx and Tea

,
hae tue Save eigcnueues .

( i - e
. priuc . Cu ru . of M ahx we the kenn

• s priv . curv
. of that f- (e) . )

⇒ If se is an eigen . of Le Leon AH is one to Ifk) .



=) princip .d www.directeutoeuaepeliblewihEnoideae
luotieus .

However ,
there ovyecls / quants tres one hat integre

bs the example of IRI IR
' and the Glieder Sex Re IR?

Knows Win tue exceptiar of maybe the Gauß andere .

In fach , tue Gauß Wu . is inWiusic ( up ↳ a Sign for nodd)
.

We will see this if h = 2
„ Theorem Egregium "

.



leuuuue6.10-LM.ge) EUR
""

, ge , > ) hyteosvtoce .

If c : I→ M 6 Smooth Curve ,
I c IR

open in Level , OEI

and w a Loud heut normal uf . defiad ↳ ualg arend (6)= : × ,

then
I Lilo) , do)) = - < vlx ) , c " lo)>

w here the seward aviv - C " is Kakao , u Gerne c :E) MEIR
"
?

Proof woc dehnen a smooth are in IR
""

defihed on in Level Il
Wuhan] 0 und (v. e) ' lo ) = Taj c ' lo) = hält) .

C has value , in M =, < Ich) , c
'
H) ) = 0 4)



Differ .
4) at t - O : O = < Lei! ) ,

c
'
lo) >

% < vldo) ) , c
" (o) }

Ik ' c)-

Def.6.11-IM.gl EUR"", g) hyrosuf .

,
× c- M .

kn.ru) (k ) : = ÄH ,
4) ↳ ES

"-

ZIM
is udled the normal anruehre atx in diesen 3.ES

In
.Iff s

×

ES""EIN is a named eigenedo of ↳
↳resp . to tue eigenem Kik ) ,

then Ihk
,k ) = Ki K )



Supposl KEIM , getan ,
4) = 1 and btw he boah nuit

Lear d wf . oraud x EM .

kennen tue affine plane

P - { × + tv 4) tssx : lt
, s) ERR

'}
through x geuerded by Vk ) and 3

×
.

(et f : V → IR he a zuooh reg . fd .

,
VEIR ""

gen neigt . of + e- Rum sie . f-' lo) = Msv
Cousine f)„ p ,

VC Pc P geh Sunset n P
,



then Flat) : = f ( × + tvk) t su) = 0

is the Interaction of M wih P Cowley arend × .

We home 0¥ (O.o)

Iii" Elin .

= Txfvk) * •

↳ ally arad ×
,
Fls ,f)=D

"
gib by n Sundance
( : s m x t t ( s ) Wk )#SK

Win ( lo) = X and c
' lo)

= t vkltsx
= Sa .



Wik out loss of generelles essen c is per en - by are Laugh
( Hüls) = 1 Hs )
↳ < als) , c

" ( s) ) - O

=) C k )
.

⇒ III. ? ) = - < vk )
, c

" lo) ) = Kb )
"

kn!;D Is. )

Heuce
, we see that the normal aru . of Mate ¢

equds the UN . atx of the Curve angels from



iulesectiucg H wih normal plane > tereugu × .

unrentable
, Leavedeed

Exercise Suppe IM
. g) EY " "

, g) is arkytersaeof .

.

Then euer y point × EM is kein hihi c⇐ M is loukoiueoel

in o Spuere or on

oifhiue plane .


