


Gr.2.LI M is auuaeifdd , UEM open subset , AEM
closed

Sunset with A c U .

Then the follow ing hokds )

① J O
- fct . 01 : M→ [ 0,1] sie . supplq) c U and

KK) = 1 HXEA
. ( Bump function)

② If f- : U → IR" is smooth
,
then 7 a smash tot .

Ä . M- IR" sie
. f) + - f- ft .

③ Support MEIR
"

is a submfd .

and f : M→ IR
" smooth

.

Then 7 an gen Sunset ÜEIR " wih Mc Ü and a scuaoh

fcb Ä : Ü - Rus . t.fi/gu--f .



Prof
① Set V : = MIA ,

when is grau . Then { U ,
V} is a open

Loher of M . By Then . 2.27 , 7 a Partition of ueuheg
F- = ffn : M → IR : KEIN } subordinde to S4 U }, i. e.

for f-
„
EF eitler supplf.) c U or supplfu) n A) .

het d : M → [ 0,1] be the Sun of all tvwihsupplfu) CU .

Then supp (d) c U and an 4=1 .

.

② Avon das in ① auch online

¥4) : = { tk
) k) it × zu

0 ifx e- MIU
'



Since Sepp (d) CU , tue gar gesundes U and Mlsappto)

Form an Open cover of Maud Ä is sueook an habe subsehs

and have on all of M . By umstanden, Äfft Idee
HIER .

③ t : Menü IR
" V - ueop . By definiten of Emotion,

for any × EM 7 open neighbkd .

Ü
+
EIR" of e and

a v - ta . I : Ü → IR" sir . ÄI ä this µ '

Set Ü : = ¥ MÜ ; it is open sunset in IR
"

and U - { Üx : x em} is open
now of Ü .



27

I a partition of uuty { du : KEIN} an Ü sunoaiede

ho U .

For neu KEIN Moose ÜE Ust . Sepp (1) CÜ .

and we wrik In Leer tue carrey . tot .

As in ② we can eilend Ä ! by 0 freu Ö to a Etta
.

Ü→ IR
.

Then I : = 2 Ä du defiasauodfd.UA/R4 .

KEIN

Moreau
, Ä for X c- M

,

f) = ¥1.414) = E) %) = fk )

¥144) = 1 .



3. The Fangen t Bundle
-

f- : IR
"

→ IR " V - map .

For × c- IR" the derivdewe off at x is a Linear uop

DA : IR
"
→ IR"

.

This is hat linear approximation of A near X .

To generali ze this ho mops f : MAN Lehne er luauhdds
.

We med a ↳ war gpnoxiuotieu of Mat× , when well be

Called Me hangeul Space IM of M atx . Then du deinen
Will be a Linear map IM → GN -



B.1.TW/-eugeutspaceef-bmfd.fR
"

UEIR" open Sunset ,
f . U→ IR" - uvp .

For × c- U we Set IV : - { V.v) : ve IR"}
IV is a we do space .

4. v) tlx , w) - ( x.Vtw)
.
--

sik µ ) = k.hr ) je IR .

and well it tue kougat guoeaf Uatx
(" long of IR" wie originale ; eurdaikg.TV/R

" )
-

The taugeut wuop off at a is giueu by the Www

keop If : EU - Tf
"

u T.tk ,) - HK) , Atv)



Sometimes we just wrihl Itv = Dfv (TU = IR"
, Tg , KIR)

.

Prop.3.CM EIR " subcufd . of dim .
k E n and X E M

.

Then the followmy Sunset s ef Te IR" Wi neide :

① {¢ (O) , c
' lo) ) e I. IR" : c : L- E. e) → M saureharke , E 70

↳ denen is
401 = × } .

ho Kau 03 " more : C-c. a)→ IRU

② Im LTYY ) , when 4 : V → UEIR" is a Loud verordnete
for M wir yly) = x .

③ Ker Ha f) , when f , U→ IR" " is a Load piesacken
E)Ru

Y M as a zero set of a reg Anode fd .

( f - ILO) = Ms U) .



In particulier , the Sunset of TAR
"

gun by any of Lese

equiv . descriptiehs is a k - dimensionale subspoceoft.IR" .

Proof
② E ① By defru . of 4 , Tyy : Tgv → IU is on

in jene linear map . 41g) - ¥
⇒ Im (Tyy ) ⇐ IV is a k-dim-subspoedfIU-I.IR"

.

For
my Lyn ) c- Tgv 7 E) 0 sie . yttv e- V Leer HKE

,

bruce V is open .

→ clt) : = 4 it Yt tv) suuooh curve
c : te , e)→ M do) - x .



Moreau
,
c

' lo ) - Dgyv -

,
Deuce

, Tyy Lyn ) = (do), do)) .

① E ③ c : He
, E) → M

, do) - X

JE ' > 0 sie
. clte.ci ) ) c MNU ( since U is gen ) .

=) foc : L-E)→ IR"" is sueooh auch in hoch

idhlicedly zero .

⇒ 0 = D. ( f. c) = Dxfc ' lo) → Klo)
,
Ilo) ) c- kerltf) .

In Summers , ② ⇐ ① C-③ .

Moreau , Sauce Def : IRL, Iran
"ssurjeawe ,

Ker II f) ⇐ IIR " is k - deine . lkuce , hyaline .



nee, aus , ① = ② =③ .

Def-3.IM E IR " a k -dim . subucfd .A -

For x EM the tangente space IM of M at × is the

K - dimensionale subspoae of IIR" defuud by any of
der

teure aguuv . des oriptieus of Pop .

3.1
.

EI If U E IR " is open alsseh ,
Hier idu : Ut U is

° global paaren taten dt and so I U - ITR"
,

www.junifies der definitive of IV for on gee
Sunset at beginning .



Ex S " E 11241

Recall that f- ' lo ) = 5h
,
f : IR

""

hol → IR

f- 4) = ↳x ) - 1
-

IS
"

If : T.IR
""

→ T.IR = IR Def v = 2 < x.v)

↳ N ) m (O , Def ) ve IR
""

⇒ IS " = { (x. v) EIIR
""

: < x.r) = 0 }

:\
:S.



Er GLLn.IR/EMullR) - IR
"

general linear group .

"
open Sunset .

=) AEGLIu.IR) TAGLLNIIR) - { (A ,B) : BEMUKRI}
= MUURIERIR"?

Oln) - { AEELln.IR) ! A-? At } ortung . group .

Oln) = f- ' (o) f (A) = AAE - Id .
f : Ethik)
→ MEHR)

T.at LAIB) = TAF : TAGLI" "?) = Ketzer
= ( FA) , ABTTBAT) Han)

→ T.MY "HR)

= ( O , ABT # BAT ) .

= MEHR) .



=) for AE Ok) , TAO Lu) = { LA , B) EIGKuk ) :

Bt = - A1 BA } .

ihn In particulier , Taku) = { (lol ,B) c- TAGKnie ) : BE -BJ
= MIT UR )

TedOlu) : = eln)l-sskew-symuekeuxxnmdrcejiuhertsl.mutue
group studiere an Olu)

a hie dgebne Strudel ( giveu by the Commander
of makes ) .It is called the hie

dgessne of Ola) .



¥ MEIR"
,
NEIR" him subufd .

Then Mx NE IRI Rue

is a scesufd . of IR
""

.

Tayfun) = IM × IN EIIR" + TGIR" .

¥ T "
= Sex

. . . × S
"

-

ntices

TZT
"

= Tz! ' x . . × Ins" 2- = He
, . . , za ) ESK - -

XS?

[


