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Množina R, aritmetické operace +, ·, relace <

(x+ y) + z = x+ (y + z)
x+ y = y + z

(∃0)(∀x) x+ 0 = x
R s operaćı + je abelovská grupa

(∀x)(∃−x) x+ (−x) = 0
(xy)z = x(yz)
xy = yz

(∃1 6= 0)(∀x) 1x = x
R \ {0} s operaćı · je abelovská grupa

(∀x 6= 0)(∃x−1) x−1x = 1
x(y + z) = xy + xz distributivita
x < y a y < z ⇒ x < z

x < y nebo y < x nebo x = y
lineárńı uspořádáńı

x < y ⇒ x+ z < y + z

x < y a 0 < z ⇒ xz < yz
operace + a · jsou slučitelné s uspořádáńım

množina R tvoř́ı kontinuum,
”
nejsou v ńı d́ıry“, jedno-jednoznačným obrazem R je př́ımka

Podmnožiny R:
• N = {1, 2, 3, . . . } přirozená č́ısla
• Z = {. . .− 2,−1, 0, 1, 2, . . . } celá č́ısla

• Q =
{

p

q
: p ∈ Z, q ∈ N

}

racionálńı č́ısla

• I = R \ Q iracionálńı č́ısla

N ⊆ Z ⊆ Q ⊆ R
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Množina R, aritmetické operace +, ·, relace <

Rozš́ı̌rená množina reálných č́ısel: R∗ = R ∪ {−∞,∞}; (∀x ∈ R)−∞ < x < ∞
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Množina R, aritmetické operace +, ·, relace <

Rozš́ı̌rená množina reálných č́ısel: R∗ = R ∪ {−∞,∞}; (∀x ∈ R)−∞ < x < ∞
Intervaly v R∗:
• (a, b) = {x ∈ R : a < x < b}, a, b ∈ R∗

• 〈a, b) = {x ∈ R : a ≤ x < b}, a ∈ R, b ∈ R∗

• (a, b〉 = {x ∈ R : a < x ≤ b}, a ∈ R∗, b ∈ R

• 〈a, b〉 = {x ∈ R : a ≤ x ≤ b}, a ∈ R, b ∈ R
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Množina R, aritmetické operace +, ·, relace <

Rozš́ı̌rená množina reálných č́ısel: R∗ = R ∪ {−∞,∞}; (∀x ∈ R)−∞ < x < ∞
Intervaly v R∗:
• (a, b) = {x ∈ R : a < x < b}, a, b ∈ R∗

• 〈a, b) = {x ∈ R : a ≤ x < b}, a ∈ R, b ∈ R∗

• (a, b〉 = {x ∈ R : a < x ≤ b}, a ∈ R∗, b ∈ R

• 〈a, b〉 = {x ∈ R : a ≤ x ≤ b}, a ∈ R, b ∈ R

Okoĺı bod̊u z R∗:
• Symetrické ε-okoĺı bodu a ∈ R: {x ∈ R : a− ε < x < a+ ε}
• Ryźı symetrické ε-okoĺı bodu a ∈ R: {x ∈ R : a− ε < x < a+ ε, x 6= a}
• Levé ε-okoĺı bodu a ∈ R: {x ∈ R : a− ε ≤ x}
• Pravé ε-okoĺı bodu a ∈ R: {x ∈ R : x ≤ a+ ε}
• Ryźı levé ε-okoĺı bodu a ∈ R: {x ∈ R : a− ε < x}
• Ryźı pravé ε-okoĺı bodu a ∈ R: {x ∈ R : x < a+ ε}
• h-okoĺı bodu ∞ {x ∈ R : h < x}
• h-okoĺı bodu −∞ {x ∈ R : x < h}
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Reálná funkce jedné reálné proměnné:

Motivace: Pozorováńı počtu octomilek v týdenńıch intervalech:

týden č. 0 1 2 3 4 5 6

počet 5 34 177 402 483 497 499
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Reálná funkce jedné reálné proměnné:
přǐrazeńı určitého reálného č́ısla y nějakému reálnému č́ıslu x

x 7→ y, x
f7→ y, y = f(x)

x – nezávisle proměnná, argument funkce
y – závisle proměnná, funkčńı hodnota

Motivace: Pozorováńı počtu octomilek v týdenńıch intervalech:

týden č. 0 1 2 3 4 5 6
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přǐrazeńı určitého reálného č́ısla y nějakému reálnému č́ıslu x

x 7→ y, x
f7→ y, y = f(x)

x – nezávisle proměnná, argument funkce
y – závisle proměnná, funkčńı hodnota

definičńı obor funkce f – množina D(f), z ńıž lze vybrat hodnoty argumentu
obor hodnot funkce f – množina H(f) funkčńıch hodnot,

H(f) = {y ∈ R : (∃x ∈ D(f))y = f(x)}
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x 0 1 2 3 4 5 6
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x 7→ y, x
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Reálná funkce jedné reálné proměnné:
přǐrazeńı určitého reálného č́ısla y nějakému reálnému č́ıslu x

x 7→ y, x
f7→ y, y = f(x)

x – nezávisle proměnná, argument funkce
y – závisle proměnná, funkčńı hodnota

definičńı obor funkce f – množina D(f), z ńıž lze vybrat hodnoty argumentu
obor hodnot funkce f – množina H(f) funkčńıch hodnot,

H(f) = {y ∈ R : (∃x ∈ D(f))y = f(x)}
Zadáváńı funkce: tabulkou

Motivace: Pozorováńı počtu octomilek v týdenńıch intervalech:

x 0 1 2 3 4 5 6

y 5 34 177 402 483 497 499

D(f) = {0, 1, 2, 3, 4, 5, 6}, H(f) = {5, 34, 177, 402, 483, 497, 499}
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Reálná funkce jedné reálné proměnné:
přǐrazeńı určitého reálného č́ısla y nějakému reálnému č́ıslu x

x 7→ y, x
f7→ y, y = f(x)

x – nezávisle proměnná, argument funkce
y – závisle proměnná, funkčńı hodnota

definičńı obor funkce f – množina D(f), z ńıž lze vybrat hodnoty argumentu
obor hodnot funkce f – množina H(f) funkčńıch hodnot,

H(f) = {y ∈ R : (∃x ∈ D(f))y = f(x)}
Zadáváńı funkce: tabulkou, grafem

Motivace: Pozorováńı počtu octomilek v týdenńıch intervalech:

x 0 1 2 3 4 5 6

y 5 34 177 402 483 497 499

D(f) = {0, 1, 2, 3, 4, 5, 6}, H(f) = {5, 34, 177, 402, 483, 497, 499}
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Reálná funkce jedné reálné proměnné:
přǐrazeńı určitého reálného č́ısla y nějakému reálnému č́ıslu x

x 7→ y, x
f7→ y, y = f(x)

x – nezávisle proměnná, argument funkce
y – závisle proměnná, funkčńı hodnota

definičńı obor funkce f – množina D(f), z ńıž lze vybrat hodnoty argumentu
obor hodnot funkce f – množina H(f) funkčńıch hodnot,

H(f) = {y ∈ R : (∃x ∈ D(f))y = f(x)}
Zadáváńı funkce: tabulkou, grafem, obecným předpisem

Motivace: Pozorováńı počtu octomilek v týdenńıch intervalech:

x 0 1 2 3 4 5 6

y 5 34 177 402 483 497 499

D(f) = {0, 1, 2, 3, 4, 5, 6}, H(f) = {5, 34, 177, 402, 483, 497, 499}
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0
1

0
0

2
0

0
3

0
0

4
0

0
5

0
0

x

y

y = f(x) =
500

1 + 99 · 0,1353x
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Ohraničenost:

f je ohraničená shora, pokud (∃h)(∀x ∈ D(f)) f(x) ≤ h
f je ohraničená zdola, pokud (∃h)(∀x ∈ D(f))h ≤ f(x)
f je ohraničená, pokud (∃h1, h2)(∀x ∈ D(f))h1 ≤ f(x) ≤ h2
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f je ohraničená, pokud (∃h1, h2)(∀x ∈ D(f))h1 ≤ f(x) ≤ h2

Periodičnost:

f je periodická s periodou p > 0 (je p-periodická, má periodu p), pokud
x ∈ D(f) ⇒ x+ p ∈ D(f) a f(x+ p) = f(x)
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f je ohraničená, pokud (∃h1, h2)(∀x ∈ D(f))h1 ≤ f(x) ≤ h2

Periodičnost:
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Plat́ı: Je-li f p-periodická a k ∈ N, pak je f také kp-periodická
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f je ohraničená shora, pokud (∃h)(∀x ∈ D(f)) f(x) ≤ h
f je ohraničená zdola, pokud (∃h)(∀x ∈ D(f))h ≤ f(x)
f je ohraničená, pokud (∃h1, h2)(∀x ∈ D(f))h1 ≤ f(x) ≤ h2

Periodičnost:

f je periodická s periodou p > 0 (je p-periodická, má periodu p), pokud
x ∈ D(f) ⇒ x+ p ∈ D(f) a f(x+ p) = f(x)

Plat́ı: Je-li f p-periodická a k ∈ N, pak je f také kp-periodická
x ∈ D(f) ⇒ x+ p ∈ D(f) ⇒ x+ 2p = (x+ p) + p ∈ D(f) ⇒ · · ·

f(x+ 2p) = f
(

(x+ p) + p
)

= f(x+ p) = f(x), . . .



Jednoduché vlastnosti funkćı
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Ohraničenost:

f je ohraničená shora, pokud (∃h)(∀x ∈ D(f)) f(x) ≤ h
f je ohraničená zdola, pokud (∃h)(∀x ∈ D(f))h ≤ f(x)
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f je periodická s periodou p > 0 (je p-periodická, má periodu p), pokud
x ∈ D(f) ⇒ x+ p ∈ D(f) a f(x+ p) = f(x)

Parita:

f je lichá, pokud x ∈ D(f) ⇒ −x ∈ D(f) a f(−x) = −f(x)
f je sudá, pokud x ∈ D(f) ⇒ −x ∈ D(f) a f(−x) = f(x)
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f je lichá, pokud x ∈ D(f) ⇒ −x ∈ D(f) a f(−x) = −f(x)
f je sudá, pokud x ∈ D(f) ⇒ −x ∈ D(f) a f(−x) = f(x)

Monotonnost:

f je rostoućı, pokud (∀x1, x2 ∈ D(f)) x1 < x2 ⇒ f(x1) < f(x2)
f je klesaj́ıćı, pokud (∀x1, x2 ∈ D(f)) x1 < x2 ⇒ f(x1) > f(x2)
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Monotonnost:

f je rostoućı na intervalu J , pokud (∀x1, x2 ∈ J) x1 < x2 ⇒ f(x1) < f(x2)
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f je neklesaj́ıćı na intervalu J , pokud (∀x1, x2 ∈ J)x1 < x2 ⇒ f(x1) ≤ f(x2)

f je rostoućı v bodě x0 ∈ D(f), pokud
(∃ε > 0)f(x) < f(x0) pro x0 − ε < x < x0 a f(x0) < f(x) pro x0 < x < x0 + ε

f je klesaj́ıćı v bodě x0 ∈ D(f), pokud
(∃ε > 0)f(x) > f(x0) pro x0 − ε < x < x0 a f(x0) < f(x) pro x0 < x < x0 + ε
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Monotonnost:

f je rostoućı na intervalu J , pokud (∀x1, x2 ∈ J) x1 < x2 ⇒ f(x1) < f(x2)
f je klesaj́ıćı na intervalu J , pokud (∀x1, x2 ∈ J) x1 < x2 ⇒ f(x1) > f(x2)
f je nerostoućı na intervalu J , pokud (∀x1, x2 ∈ J) x1 < x2 ⇒ f(x1) ≥ f(x2)
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f je rostoućı v bodě x0 ∈ D(f), pokud
(∃ε > 0)f(x) < f(x0) pro x0 − ε < x < x0 a f(x0) < f(x) pro x0 < x < x0 + ε

f je klesaj́ıćı v bodě x0 ∈ D(f), pokud
(∃ε > 0)f(x) > f(x0) pro x0 − ε < x < x0 a f(x0) < f(x) pro x0 < x < x0 + ε

Plat́ı: Funkce f je rostoućı (klesaj́ıćı) v každém bodě intervalu J právě tehdy, když je
rostoućı (klesaj́ıćı) na intervalu J .
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y

x

g

f

Aritmetické operace: f , g funkce takové, že D(f) ∩D(g) 6= ∅

Př́ıklad: f(x) = x2 − 2x+ 3, g(x) = 2− x, D(f) = D(g) = (−∞,∞)
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Aritmetické operace: f , g funkce takové, že D(f) ∩D(g) 6= ∅

(f + g)(x) = f(x) + g(x)

D(f + g) = D(f) ∩D(g)

Př́ıklad: f(x) = x2 − 2x+ 3, g(x) = 2− x, D(f) = D(g) = (−∞,∞)

(f + g)(x) = x2 − 3x+ 5
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f

Aritmetické operace: f , g funkce takové, že D(f) ∩D(g) 6= ∅

(f + g)(x) = f(x) + g(x) (f − g)(x) = f(x)− g(x)

D(f − g) = D(f + g) = D(f) ∩D(g)

Př́ıklad: f(x) = x2 − 2x+ 3, g(x) = 2− x, D(f) = D(g) = (−∞,∞)

(f − g)(x) = x2 − x+ 1
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y

x

g

f

Aritmetické operace: f , g funkce takové, že D(f) ∩D(g) 6= ∅

(f + g)(x) = f(x) + g(x) (f − g)(x) = f(x)− g(x)

(f · g)(x) = f(x)g(x)

D(f · g) = D(f − g) = D(f + g) = D(f) ∩D(g)

Př́ıklad: f(x) = x2 − 2x+ 3, g(x) = 2− x, D(f) = D(g) = (−∞,∞)

(f · g)(x) = −x3 + 4x2 − 7x+ 6
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y

x

g

f

Aritmetické operace: f , g funkce takové, že D(f) ∩D(g) 6= ∅

(f + g)(x) = f(x) + g(x) (f − g)(x) = f(x)− g(x)

(f · g)(x) = f(x)g(x) (f/g)(x) =
f(x)

g(x)

D(f · g) = D(f − g) = D(f + g) = D(f) ∩D(g),

D(f/g) = D(f) ∩D(g) \ {x ∈ D(g) : g(x) = 0}

Př́ıklad: f(x) = x2 − 2x+ 3, g(x) = 2− x, D(f) = D(g) = (−∞,∞)

(f/g)(x) =
3

2− x
− x,

D(f/g) = (−∞, 2) ∪ (2,∞)
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Skládáńı funkćı: f , g funkce takové, že H(g) ⊆ D(f)
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Skládáńı funkćı: f , g funkce takové, že H(g) ⊆ D(f)

f ◦ g(x) = f
(
g(x)

)
, D(f ◦ g) = {x : g(x) ∈ D(f)}

x z y✲ ✲
g f

✒

f ◦ g
”
f po g“
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y

x

g

f ◦ g = f

Skládáńı funkćı: f , g funkce takové, že H(g) ⊆ D(f)

f ◦ g(x) = f
(
g(x)

)
, D(f ◦ g) = {x : g(x) ∈ D(f)}

x z y✲ ✲
g f

✒

f ◦ g
”
f po g“

Př́ıklad: f(x) = x2 − 2x+ 3, g(x) = 2− x, H(g) = (−∞,∞) = D(f)

(f ◦ g)(x) = (2− x)2 − 2(2− x) + 3 = x2 − 2x+ 3
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y

x

g

f

Skládáńı funkćı: f , g funkce takové, že H(g) ⊆ D(f)

f ◦ g(x) = f
(
g(x)

)
, D(f ◦ g) = {x : g(x) ∈ D(f)}

x z y✲ ✲
g f

✒

f ◦ g
”
f po g“

Př́ıklad: f(x) = x2 − 2x+ 3, g(x) = 2− x, H(f) = (2,∞) ⊆ (−∞,∞) = D(g)

(g ◦ f)(x) = 2− (x2 − 2x+ 3) =
= −x2 + 2x− 1 = −(x− 1)2
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Terminologická poznámka:
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(
∀x1, x2 ∈ D(f)

)
x1 6= x2 ⇒ f(x1) 6= f(x2).
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(
∀x1, x2 ∈ D(f)

)
x1 6= x2 ⇒ f(x1) 6= f(x2).

Funkce f je prostá na intervalu J , pokud

(∀x1, x2 ∈ J) x1 6= x2 ⇒ f(x1) 6= f(x2).

Plat́ı: Je-li funkce f rostoćı (resp. klesaj́ıćı) na intervalu J , pak je na tomto intervalu
prostá.
Obrácené tvrzeńı neplat́ı.
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Inverzńı funkce: f prostá funkce
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vy̌rešeńı rovnice“ → x = f−1(y)
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f−1
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Př́ıklad: Najděte funkci inverzńı k funkci f definované na intervalu (−∞, 1〉 p̌redpisem
f(x) = x2 − 2x+ 3.
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y − 2

Pro x = 0 je y = f(0) = 3, vyhovuje pouze znaménko −.

Tedy f−1(y) = 1−√
y − 2
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”
vy̌rešeńı rovnice“ → x = f−1(y)

D(f−1) = H(f), H(f−1) = D(f)x y

■

❘

f−1

f

Př́ıklad: Najděte funkci inverzńı k funkci f definované na intervalu (−∞, 1〉 p̌redpisem
f(x) = x2 − 2x+ 3.

x2 − 2x+ 3 = y, ⇒ x1,2 =
2±

√

4− 4(3− y)

2
= 1±√

y − 2

Pro x = 0 je y = f(0) = 3, vyhovuje pouze znaménko −.

Tedy f−1(y) = 1−√
y − 2

Obvykle se nezávisle proměnná označuje symbolem x,

f
−1(x) = 1−

√
x− 2.
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n−1 + · · ·+ a1x+ a0, kde an 6= 0



Polynomy

8 / 19
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D(P ) = R
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x0

a

Speciálńı př́ıpady:

• n = 0: y = P0(x) = a – konstantńı funkce

H(P0) = {a}
ohraničená, periodická s libovolnou periodou, sudá, nerostoućı, neklesaj́ıćı
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Polynom stupně n je funkce daná předpisem

y = P (x) = anx
n + an−1x

n−1 + · · ·+ a1x+ a0, kde an 6= 0

D(P ) = R

y

x0

b
− b

a

a > 0, b > 0

y

x0

b
− b

a

a < 0, b > 0

Speciálńı př́ıpady:

• n = 1: y = P1(x) = ax+ b – lineárńı funkce

H(P1) = (−∞,∞)
b = 0 ⇒ lichá; a > 0 ⇒ rostoućı, a < 0 ⇒ klesaj́ıćı
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y = P (x) = anx
n + an−1x

n−1 + · · ·+ a1x+ a0, kde an 6= 0

D(P ) = R

y

x

a > 0, b = c = 0

y

x

− b

2a

c− b2

4a

a > 0, b < 0, b2 > 4ac

y

x

− b

2a

c− b2

4a

a < 0, b < 0, b2 < 4ac

Speciálńı př́ıpady:

• n = 2: y = P2(x) = ax2 + bx+ c – kvadratická funkce

b = c = 0 ⇒ sudá

ax2 + bx+ c = a

(

x2 +
b

a
x+

b2

4a2

)

− b2

4a
+ c = a

(

x+
b

2a

)

2

− b2 − 4ac

4a
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Polynom stupně n je funkce daná předpisem

y = P (x) = anx
n + an−1x

n−1 + · · ·+ a1x+ a0, kde an 6= 0

D(P ) = R

kǒren polynomu: takové č́ıslo x0, že P (x0) = 0.
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ryze lomené.
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x3 + x2 − 1
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x2 − 1
=

(x2 − 1)(x+ 1) + x

x2 − 1
= x+ 1 +

x

x2 − 1
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• Lineárńı lomená funkce y = R(x) =
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x+ d
c

=
a

c
+

bc− ad

c(cx+ d)
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a, b, c > 0, d < 0

y

x

a

c

−d
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y

x

a

c

−d

c

ad < bc
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bc < ad ⇒ klesaj́ıćı na intervalu

(

−∞,−d

c

)

a na intervalu

(

−d

c
,∞

)

bc > ad ⇒ rostoućı na intervalu

(

−∞,−d

c

)

a na intervalu

(

−d

c
,∞

)
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Lomená funkce je funkce daná předpisem

y = R(x) =
P (x)

Q(x)
, kde P a Q jsou polynomy

D(R) = R \ {ξ : ξ je kǒrenem polynomu Q}
Je-li stupeň polynomu Q věťśı než stupeň polynomu P , funkce se nazývá ryze lomená.

Polynomy a lomené funkce se nazývaj́ı racionálńı funkce

Polynom – racionálńı funkce celistvá

Lomená funkce – racionálńı funkce lomená
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= 1 · a · a · · · a
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1
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x =
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, n ∈ N: a = a1 = an·

1

n =
(

a
1

n

)n

. Tedy n
√
a := a

1

n je řešeńım rovnice a = xn.
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3
√
2 = 2

1

3 = x, 2 = x3

x = 1: 13 = 1 < 2

x = 2: 23 = 8 > 2

x = 3

2
: ( 3

2
)3 = 27

8
> 2

x = 5

4
: ( 5

4
)3 = 125

64
< 2



Exponenciálńı funkce

10 / 19
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f(x) = ax.
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Exponenciálńı funkce se základem a je funkce daná předpisem

f(x) = ax.
Přitom a > 0, a 6= 1.

x = n ∈ N: an = a · a · · ·a
︸ ︷︷ ︸

n−krát

= 1 · a · a · · · a
︸ ︷︷ ︸

n−krát

Plat́ı: anam = a · a · · · a
︸ ︷︷ ︸

n−krát

· a · a · · ·a
︸ ︷︷ ︸

m−krát

= an+m, (an)m = an · an · · · an
︸ ︷︷ ︸

m−krát

= amn

x = 0: a0 = 1

x = −n, n ∈ N: 1 = a0 = an+(−n) = an · a−n ⇒ a−n =
1
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x =
1

n
, n ∈ N: a = a1 = an·
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n =
(

a
1

n

)n

. Tedy n
√
a := a
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n je řešeńım rovnice a = xn.

x =
p

q
, p ∈ Z, q ∈ N: a

p

q =
(

a
1

q

)p

= ( q
√
a)

p



Exponenciálńı funkce
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Přitom a > 0, a 6= 1.

x = n ∈ N: an = a · a · · ·a
︸ ︷︷ ︸

n−krát

= 1 · a · a · · · a
︸ ︷︷ ︸

n−krát

Plat́ı: anam = a · a · · · a
︸ ︷︷ ︸

n−krát

· a · a · · ·a
︸ ︷︷ ︸

m−krát

= an+m, (an)m = an · an · · · an
︸ ︷︷ ︸

m−krát

= amn

x = 0: a0 = 1

x = −n, n ∈ N: 1 = a0 = an+(−n) = an · a−n ⇒ a−n =
1

an

x =
1

n
, n ∈ N: a = a1 = an·

1

n =
(

a
1

n

)n

. Tedy n
√
a := a

1
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Exponenciálńı funkce se základem a je funkce daná předpisem

f(x) = ax.
Přitom a > 0, a 6= 1.

Př́ıklad: aproximace č́ısla π:

3,14< π < 3,15
3,141< π < 3,142

3,1415< π < 3,1416
3,141592< π < 3,141593

3,1415926< π < 3,1415927
3,14159265< π < 3,14159266

3,141592653< π < 3,141592654
...
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D(f) = R = (−∞,∞), H(f) = (0,∞), ax1ax2 = ax1+x2 , (ax1)x2 = ax1x2 .
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a > 1 ⇒ rostoućı, a < 1 ⇒ klesaj́ıćı
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Přirozená exponenciálńı funkce exp(x) = ex, e
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= 2,718281828 – Eulerovo č́ıslo
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exp(x)

D(f) = R = (−∞,∞), H(f) = (0,∞), ax1ax2 = ax1+x2 , (ax1)x2 = ax1x2 .
a > 1 ⇒ rostoućı, a < 1 ⇒ klesaj́ıćı

Přirozená exponenciálńı funkce exp(x) = ex, e
.
= 2,718281828 – Eulerovo č́ıslo

Směrnice tečny ke grafu funkce v bodě [x, ex] je rovna funkčńı hodnotě ex.
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Logaritmická funkce se základem a > 0, a 6= 1 je inverzńı funkćı k funkci
exponenciálńı,

f(x) = y = loga x ⇔ ay = x.

D(f) = (0,∞), H(f) = (−∞,∞), a > 1 ⇒ rostoućı, a < 1 ⇒ klesaj́ıćı.

y

x1

log1,7 x

y

x
1

log0,75 x
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loga 1 = 0, loga(x1x2) = loga x1 + loga x2, loga(x1)
x2 = x2 loga x1

y = loga x

ay = x

y logb a = logb x

y =
logb x

logb a

loga x =
logb x

logb a
=

lnx

ln a



Logaritmická funkce
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11 / 19
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exponenciálńı,
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Obecná mocnina

12 / 19

Obecná mocninná funkce (
”
a-tá mocnina“) je pro a ∈ R definována vztahem

f(x) = xa = ea ln x.
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Obecná mocnina

12 / 19
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13 / 19



Goniometrické funkce
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Uvažujme jednotkovou kružnici k, tj. ǩrivku, která má v ortonormálńı souřadné
soustavě (souřadnice znač́ıme ξ, η) rovnici ξ2 + η2 = 1.

η

ξ1
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Necht’ x ∈ R. Bod A lež́ı na kružnici k tak, že
x = 0: A = [1, 0]
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x > 0: oblouk kružnice k od bodu [1, 0] k bodu A braný v kladném smyslu má délku x
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definovány“:

sinx = 2. souřadnice bodu A
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x > 0: oblouk kružnice k od bodu [1, 0] k bodu A braný v kladném smyslu má délku x
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Goniometrické funkce sinus a cosinus jsou
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definovány“:

sinx = 2. souřadnice bodu A, cosx = 1. souřadnice bodu A.
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13 / 19

D(sin) = R, H(sin) = 〈−1, 1〉, ohraničená, lichá, periodická – základńı perioda 2π
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Goniometrické funkce tangens a cotangens jsou definovány:

tg x =
sin x

cosx
y

x

1
2π

π

D(tg) = R \
{

1

2
(2k − 1)π : k ∈ Z

}

, H(tg) = R, lichá, periodická – základńı perioda π
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D(sin) = R, H(sin) = 〈−1, 1〉, ohraničená, lichá, periodická – základńı perioda 2π

D(cos) = R, H(sin) = 〈−1, 1〉, ohraničená, sudá, periodická – základńı perioda 2π

Goniometrické funkce tangens a cotangens jsou definovány:

tg x =
sin x

cosx
, cotg x =

cosx

sin x
y

x

1
2π

π

y

x1
2π

π

D(tg) = R \
{

1

2
(2k − 1)π : k ∈ Z

}

, H(tg) = R, lichá, periodická – základńı perioda π

D(cotg) = R \ {kπ : k ∈ Z} , H(cotg) = R, lichá, periodická – základńı perioda π
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Základńı vzorce:

(sinx)2 + (cosx)2 = 1, sin(x+ 1
2π) = cosx, cos(x− 1

2π) = sinx

Součtové vzorce:

sin(α± β) = sinα cosβ ± cosα sinβ, cos(α± β) = cosα cosβ ∓ sinα sin β

Vzorce pro dvojnásobný a polovičńı argument:

sin 2α = 2 sinα cosα, cos 2α = (cosα)2 − (sinα)2

(
sin 1

2α
)2

= 1
2 (1− cosα),

(
cos 1

2α
)2

= 1
2 (1 + cosα)
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14 / 19

Funkce inverzńı ke goniometrickým
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Funkce inverzńı ke goniometrickým na zúženém definičńım oboru:

goniometrická funkce definičńı obor cyklometrická funkce

sin (− 1

2
π, 1

2
π) arcsin

cos (0, π) arccos

tg (− 1

2
π, 1

2
π) arctg

cotg (0, π) arccotg
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Funkce inverzńı ke goniometrickým

D(arcsin) = 〈−1, 1〉, H(arcsin) = (− 1

2
π, 1

2
π) D(arccos) = 〈−1, 1〉, H(arccos) = (0, π)

ohraničená, rostoućı, lichá ohraničená, klesaj́ıćı

y

x
−1

1

1
2π

− 1
2π

y

x1−1

π

D(arctg) = R, H(arctg) = (− 1

2
π, 1

2
π) D(arccotg) = R, H(arccotg) = (0, π)

ohraničená, rostoućı, lichá ohraničená, klesaj́ıćı

y

x

− 1
2π

1
2π

y

x

π
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Vztahy mezi goniometrickými a cyklometrickými funkcemi:

cos arcsinx = sin arccosx =
√

1− x2

sin arctg x = cos arccotg x =
x√

1 + x2
, cos arctg x = sin arccotg x =

1√
1 + x2



Shrnut́ı
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Elementárńı funkce jsou

■ Polynomy, přirozená exponenciála, funkce sinus

■ Funkce, které z nich vzniknou pomoćı aritmetických operaćı, operace skládáńı
funkćı a operace tvǒreńı inverzńı funkce v konečném počtu

Na každém intervalu, který je část́ı definičńıho oboru, lze graf elementárńı funkce
nakreslit plynulým pohybem bez přerušeńı kontaktu psaćıho nástroje s podložkou.
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Absolutńı hodnota

Funkce signum
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|x| =
{

x, x ≥ 0,

−x, x < 0,

D(| · |) = R, H(| · |) = 〈0,∞), sudá

y

x
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|x| =
{

x, x ≥ 0,

−x, x < 0,

D(| · |) = R, H(| · |) = 〈0,∞), sudá

y

x

Graf lze nakreslit bez přerušeńı kontaktu psaćıho nástroje s podložkou, ale nelze ho
nakreslit plynulým pohybem.
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sgnx =







x

|x| , x 6= 0,

0, x = 0,

D(sgn) = R, H(sgn) = {−1, 0, 1}, lichá
y

x

−1

1
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sgnx =







x

|x| , x 6= 0,

0, x = 0,

D(sgn) = R, H(sgn) = {−1, 0, 1}, lichá
y

x

−1

1

Graf nelze nakreslit bez přerušeńı kontaktu psaćıho nástroje s podložkou.



Funkce celá část
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[x] = max{z ∈ Z : z ≤ x},
D([ · ]) = R, H(| · |) = Z.

y

x

−1

1

1
−1
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