M8130 Algebraic topology, Tutorials 2017

Remark. All sets are assumed to be topological spaces and all maps are assumed to be
continuous unless stated otherwise. The symbol =" will denote that two topological spaces
are homeomorphic. The closed unit interval will be denoted by I or J.

Exercise 1. Prove that being homotopic is an equivalence relation (on the set of continuous
maps between topological spaces).

Solution. Let f,g,k : X — Y be such that f ~ g, g ~ k, i.e. there exist maps h,h’ :
X x I =Y such that h(z,0) = f(x), h(z,1) = g(x), ' (z,0) = g(x), h'(z,1) = k(x).

e Reflexivity: the map H; : X x [ — Y defined by Hi(x,t) := f(x) forallt € I is a
homotopy between f and itself.

e Symmetry: the map Hy : X x [ — Y defined by Hy(x,t) := h(z,1 —t) forallt € I
is a homotopy between g and f.

h(z,2t) for0<t

W(z,2t) for i<t

1
2

e Transitivity: the map H3 : X xI — Y defined by Hs(z,t) := { |

<
<
is a homotopy between f and k.

[

Exercise 2. Let ~ be an equivalence relation on a topological space X. Prove that the map
f: X/ ~—=Y is continuous iff fop: X =Y is continuous, where p: X — X/ ~ is the
canonical quotient projection.

Solution. The direction "=" follows from the facts that p is continuous (in fact, the quo-
tient topology is the final topology with respect to p) and the composition of continuous
functions is again continuous. For "<=" let U C Y be open. Then

P (fHU)) = (fop) ()

is open by continuity of fop, so f~1(U) must also be open by the definition of quotient
topology and we are done. O

Exercise 3. Show that D"/S"™1 = S™ using the map f: D™ — S™ given by
flans.mn) = (21— [z 2[|l2)” - 1).

Solution. It’s easy to see that f is continuous. Moreover, its restriction to the interior of D"
gives a bijection to S"\{(0,...,0,1)} (the inverse function is given by (y, z) y) and

1—2
we have £(S™1) = {(0,...,0,1)}, so we can define f: D"/S"1 — §" by f'([x]) = f(x).
Then f’ is a bijection, and by the previous exercise it is continuous. Finally, both D"/S"~1
and S™ are compact (Hausdorff) spaces (since both D™ and S™ are closed bounded subsets
of R™ and R"™!, respectively, and S"~! C D" is closed), so f’ must be a homeomorphism
(a general fact for continuous bijections between compact spaces). ]
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Exercise 4. Let f : X =Y and My = X x I U;1 Y. Moreover, let 1x : X — My be given
by x — (2,0), 1y : Y — My be given by y — [y] and r : My — Y be given by r(y) =y,
r(z,t) = f(x). Show that

i) Y is a deformation retract of My,
i) roux = f,
iii) 1y o f ~ix.

Solution.

i) Geometrically, the deformation retraction is realized by pushing X along I towards
Y.

ii) We have r ovx(z) = r(x,0) = f(x) for all x € X.
iii) The required homotopy h : X x J — M; is given by h(z,s) = [(z, s)].
]

Exercise 5. Show that the pair (M, X) has the homotopic extension property (HEP), i.e.
Lx 18 a cofibration.

Solution. Let g : I x J — {0} x JUI x {0} be any retraction such that g(0,s) = (0, s)
and g(1,s) = (1,0). Then the map r : My x J — X x {0} x JU My x {0} defined by
r(z,t,s) = (z,9(t,s)) and r(y, s) = (y,0) is the required retraction. ]

Exercise 6. The smash product between two based spaces is defined by
(C,co) AN (D,dy) :==(C x D)/ (C x{do}U{co} x D).
Show that X/ANY/B = (X xY)/(X x BUAXY).

Solution. Let p; : X XY — X/A x Y/B be given by pi(z,y) = ([z], [y]) and ps : X/A x
Y/B — X/ANY/B be given by pa(([z], [y])) = ([[z]], [[y]]). Then the composition ps o p; is
continuous and factors through (X xY)/(X x BUA xY"), which implies that the canonical
bijection between (X xY)/(X x BUAXY') and X/AAY/B is continuous (using exercise 2).
Using the definition of quotient topology several times, it can be shown that this bijection
is also open, hence a homeomorphism. O

Exercise 7. Let A = {2 U{0}} C R. Show that (I, A) does not have the HEP, i.c. the
inclusion A — I is not a cofibration.

Solution. If A x JUI x {0} was a retract of I x J, the retraction would have to preserve
connected subsets. But I x.J is locally connected while Ax JUIx {0} is not, a contradiction.
O
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Exercise 8. Show that (S™, ) A (S™, %) = (S™" x).

Solution. Using exercises 3 and 6 from the previous tutorial, we have

I

(S™,%) A (8", %) = (D™/S™ 1) A (D"/S"H) =

(D™ x D™)/(S™ ' x D™ U D" x S"h) =
(I™ x I™") /(I x ["UOI™" x I"™) =
[m+n/(a<[m+n)) (Y] Dm+n/aDm+n o~ Sern.

1%

I

Exercise 9. Show that CP" is a CW-complex.
Solution. Clearly CPY is a point. Next, we have
CP" =C" '\ {0} /{v ~ dv, A € C\ {0}} = S\ {0}/{v ~ Ao, [A| = 1} =

=~ L(w, /1 —|uw?|) € C"™ w e D*}/{w ~ \w for |w| = 1} =
~ (DU S* Y {w ~ Aw for w € "'} = D* U, C.

Now taking the canonical projection S?"~! — CP"~1 = §2"~1/ ~ as the attaching map
f vields a CW-complex with one cell in every even dimension till 2n and none in the odd
ones. [

Exercise 10. From the lecture we know that A := {1, n € N} U{0} as a subspace of R is
not a CW-complex. Show that X := 1 x {0} U A x [ is not a CW-complex either.

Solution. Suppose that X is a CW-complex. Then it cannot contain cells of dimension
> 2, because it becomes disconnected after removing any point. In fact, the space obtained
after removing any point (a,0) with a € A has more than two connected components
(three for a > 0, to be exact), so these points cannot lie inside a 1-cell. Therefore these
points must form 0-cells, but we already know that A does not have discrete topology, a
contradiction. ]

Exercise 11. Show that the Hawaiian earring given by
2 Lo, o 1

X ={(z,y) eR,(x — =)" +y~ = —; for some n}
n n

15 not a CW-complex.

Solution. Suppose that X is a CW-complex. Using similar arguments as in the previous
exercise, we can see that (0,0) must be a 0-cell and that X must have either infinitely
many 0-cells, or infinitely many 1-cells. But since X is compact, exercise 5 implies that X
can have only finitely many cells, a contradiction. O

Exercise 12. Prove that every compact set A in a CW-complex X can have a nonempty
intersection with only finitely many cells.
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Solution. X is comprised of cells that are indexed by elemnts of some set J. Let B be a set
containing exactly one point from each intersection A Ne?, 3 € J. We need to show that
B is closed and discrete, which will imply that B is compact (since B C A) and discrete,
hence finite. We know that a set C' C X" is closed iff both C N X" ! and C' N er for each
« € J are closed, because D™ Uy X" ! is a pushout. Using induction, this implies that
C C X is closed iff C Ne, is closed for each o € J. Since B N e, contains at most one
point for any « € J and X is T} (even Hausdorff), this shows that B is closed. Using the
same argument, B with any one point removed is closed. Therefore B is also discrete and
we are done. ]

Exercise 13. Show that for a short exact sequence 0 — A L% oo of abelian
groups (or more generally modules over a commutative ring) the following are equivalent:

(1) There exists p: B — A such that pf = id 4.
(2) There exists q : C'— B such that gq = id¢.
(8) There exist p: B — A and q : C — B such that fp+ qg = idp.

(Another equivalent condition is B = A ® C, with (p,g) and f + q being the respective
inverse isomorphisms.)

Solution.

(1) = (2) and (3):

Since g is surjective, for any ¢ € C there is some b € B such that g(b) = ¢. Moreover,
for any other ¥ € B such that also g(b') = ¢, we have b — fp(b) = b — fp(b'), since
b—V €kerg=imf, so that b — V' = f(a) and

fpb=V) = fpfla) = fla) =b—V"

This shows that we can correctly define ¢(c) := b — fp(b) for any such b. Then we have

gq(c) = g(b) — gfp(b) = g(b) = ¢

(since gf = 0), which shows that g¢ = id¢, and also qg(b) = b— fp(b), hence fp+qg = idp.

(3) = (1) and (2):

Applying f from the right to the equation fp + qg = idg yields fpf = f (since gf = 0),
which together with the fact that f is injective implies pf = id4. Similarly, applying
g from the left yields gqg = g, which together with the fact that ¢ is surjective implies
gq = id¢. 0]

Exercise 14. Let 0 — A, ER B, % C, — 0 be a short exact sequence of chain modules.
We have defined the connecting homomorphism 0, : H,(C) — H,_1(A) by the formula
Oilc] = [a], where Oc = 0, f(a) = b and g(b) = c. Show that this definition does not

depend on a nor b.
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Solution. We have da = 0 iff f(0a) = 0 (using injectivity of f) iff 0 = 0f(a) = 00b, and
the last condition is true.

Now let b, b" € B be such that g(b) = g(b') = ¢ with a,a’ € A such that f(a) =b, f(a') =b'.
Then b — b € ker g = imf, so b — b’ = f(a) for some @ € A. Therefore f(da) = b — b’ =
f(a —a’) and the injectivity of f implies 0a = a — a/, hence [0] = [0d’] = [a] — [¢/] and we
are done. O

Exercise 15. Show 00 = 0. Use formula €, o0&l = effl og!

foro e Cy(X), o: A" — X, is

where 1 < j. The definition

n’

n

Jo = Z(—l)i coct.

i=0
Solution. Easily workout
n+1 n+1
= (D (-Voociy) =D (-1) Ao och,,) =
i=0 i=0
n+1
=S (T dec+ e oed ont) -
Jj<i J>i
n+1
B D) NEIIEIITENPETS 3) 3 SIS
=1 j<t =1 j>t
now, with proper reindex and shift, this yields !, ol = &/} ocl =&l oci! both
sums are of the same elements but with opposite signs. Hence, 00 = 0. ]

Exercise 16. Simplicial homology of OA2.

wY

Solution. Chain complex of this simplicial homology is Cy = Z[vg, v1,v2] = Z® Z & Z,
Cl = Z[ao,al,(lg] = Z@Z@Z So

0—>Cli>00—>0,
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where we want to determine 0 and we know dag = vy — vy, Ja; = vy — Vg, Jas = V1 — Vp.
Using simple linear algebra, we study generators ker 0 and imo:

100[0 —11 1 0 00 -1 1
010/ -1 0 1|~[0 1 0/-1 0 1],
00 1/-1 1 0 1 -1 1[0 0 0

therefore ker 0 has a generator ag — a; + as and im0 has two generators —v; + v, and
Z Z.|—

[vg, V1, Vo] _ [—v1 4 va, Vg + V2, V9] — Zjuy] = Z and

Z[—Ul + V2, —Vg + UQ] Z[—Ul + V2, —Vg + UQ]

Hy =ker 0 = Zlag — a1 + as] = Z. N

—vg + vy. We get Hy =

Exercise 17. Simplicial complex, model of torus, compute differentials and homology.

AJ:\ - ’-_,,1 N‘L
Cd A
/N e P Moo
a, ¥ bz A
P
e 3 >
4"
N l_,_, 3

Solution. Again, we get simplicial chain complex C, formed by free abelian groups gener-
ated by equivalence classes of simplicies. Note aq, as are actually one generator, same for
b1, bo. All the vertices are also equivalent. We choose the orientation and fix it.

Thus we get Cy = Z[v] = Z,C, = Zla, b, c] = ZHLZPL, Cy = Zle, ] = ZHZ,C5 = 0, and
the following holds: da = 0,0b = 0,0c = 0, as well as de = a+b—c,0f = c—a—b,0(e+f) =
0, so we get ker 0 = Zle + f],im0 = Z[a + b — ¢].

Let T be the torus. Then

Hy(T) =ker 0y = Zle + f| = Z,
Zla,b,a+b— |
Zla +b— |

H\(T) =Zla,b,c]/Z]a+b—c] = =Zla,b| =Z ®Z,

Ho(T) = ker 80 = 7.

First criterion of homotopy equivalence (Hatcher)

Let (X, A) be a pair that satisfies HEP, i.e. A 4 X isa cofibration. Let A be contractible
in itself. Then q: X — X /A is a homotopy equivalence.

Exercise 18. S? Vv S ~ §?/5% (using First criterion)
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Solution. In the picture (hopefully) above, A is a segment as well as B, so contractible
in itself. Clearly S? vV S' = X/B and 5%/S° = X/A and X ~ X/A and X ~ X/B by
criterion, therefore X/A ~ X/B and we are done. O

Exercise 19. Let i: A — X is a cofibration, show X/A ~ X UCA = Ci. (using First
criterion)

Solution. We know C'A — X U (CA is a cofibration using homework 1, exercise 2, with
Y = CA. Then by criterion X UCA ~ X UCA/CA. Also X/A is homeomorphic to
X UCA/CA (see picture above), which concludes the result.

]

Exercise 20. Prove the first criterion of homotopy equivalence.

Solution. We take h: Ax I — A, on A x {0} it is identity on A and constant on A x {1}.
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XxI —1 o x

qud]l Ql

X/Ax T -5 x/A

and find g: X/A — X. Define f(x,t) = f(x,t), f([z],t) = [f(z,t)]. If we define g: X/A —
A, [z] = f(z,1), then it is well defined. Now we want to show, that the compositions are
homotopy equivalent to the identities.

goq ~idx: g(q(x)) = g([z]) = f(x, 1), just the way we defined it, so f is the homotopy,
as f<_’0) = idx and f(_71) =4g°4q;

g9~ idy: qlollz]) = a(f(2,1) = [f(5,1)] = F((z],1) and idxss = (2], 0), s0 in

this case the map f is homotopy. ]

Exercise 21. Application of the criterion: two types of suspensions, unreduced and reduced.
Unreduced suspension: SX = X X I/ ~, where (x1,0) ~ (x2,0), (z1,1) ~ (z2,2).
Reduced suspension: X = SX/{xo} x I = (X, z0) A (S, s0)

(this might be a homework)

The criterion says, that if {xo} — X is a cofibration, then SX ~ 3 X.

I~ {(zo,t),t €I} C SX — SX/{wp,t),t € [} =X

Exercise 22. There is a lemma, that says: Given the following diagram, where rows are
long exact sequences and m is iso,

g h
s M, s K1 —— L1 —— M,

LT T ]

i — — R
n ? Kn—l — Ln—l — Mn—l

K, 1.
o

K, 1T, %,

we gel a long exact sequence

k
K, 1%

Lo K, S5 T, " ey —
This might be a homework.

Exercise 23. There is a lemma, that says: Given the following diagram, where rows are
long exact sequences and m is an iso

K,
|
K,

7

J h
> M, » Kpy —— Ly oy —— M,

1] l |

j - i P
s M, s K1 —— L1 —— M,

~
3

Q@
—

@
+
i

3
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we get a long exact sequence

Ky S L, oK, ST, % Ky — -
We can denote 0 = hom™" o . )
Show exactness in L, ® K,, and also in L,,.

Solution. We have (g — i) o (i, f) = if — gi = 0 obviously. For x € L,,y € K, we have
(9 —1)(z,y) =0, so g(x) = i(y). Now, let = be such that j(x) = 0, then there is z € K,
such that i(z) = 2. Then, suppose g(r) = a € L,, then by m being iso we know j(a) = 0,
so exists y € K, such that i(y) = a. Since f(z) and y have the same image, their difference
has a preimage, i.e. exists b € M, such that b — y — f(2). By iso then there exists
¢ — z, or denote h(c) = z. Now, all of this is much easier with a picture (that I don’t
draw). Compute now:

flz4+¢)=f(z) +y— f(2) =y and i(z + h(c)) = i(z) = z, and we are done.

Exactness in L, is easier. It holds 9o (¢ — i) = 0, so take x € kerd (also, z € L,).
Now, x +— a, by iso there is b in the upper row that maps to zero. Then there exists y
such that y — b. Now we can work with z — g(y). There exists also z such that, obviously,
2= 2 —gy) = a—a=0. Get x = g(y) +i(z) = g(y) — i(—=z), that is we needed to
express x as this difference, hence we are done. O

Exercise 24. There is a long exact sequence of the triple (X, A, B), i.e. (B C A C X):
co = Hy(A, B) =5 H,(X, B) 25 H,(X,A) 2% H, (A,B) — -+,
with H,(X, A) LN H, 1(A) LN H, 1(A, B). We get this sequence from a special short

exact sequence of chain complexes. Show that it is exact and that the triangle commutes,
that is Dy = j4 0 0.

Solution. The chain complex of a pair is a quotient. We have

0— SN SN — 0.

Take ¢ € C,(A), then ji[c|] = jlic] = [jic] = [c], but seen as a different class. So, joi =0
and inclusion im ¢ C ker 7 holds. The other inclusion ker j C im ¢ is obvious.

Analogous: 0 — CL(A) — Ci(X) — g* ((ii)) — 0.

Now, show D, equals the Composition:*
Note, if you are familiar with the definition, it’s clear.
Take a chain complex in C,(X) with boundary 0, chain in C,(A), take preimage, boundary
in C.(B), we have [¢] € C,(X,B) and its image [¢] € C,(X,A), same representative,
but different equivalence. Take dc € C,_1(X, B), it has preimage [0cjap € C,—1(A, B).
(Drawing diagram and chase helps.) The equality of D,, that it is composition, holds,
basically thanks to j4 being inclusion. ]
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Exercise 25. Apply previous exercise to the triple (D¥, S*=1 %), where * is a point.

Solution.
o H,(SF7Y %) = Ho(DF, %) — Hy(D*, 8% Y 5 H,_(S*1, %) = Hy_(DF %) = -,

and, note H, (%) = Z for n = 0 and H, (%) = 0 otherwise.

We also work with reduced homology groups: H,(X) = H,(X, x¢), H.(X) = H.(X) ®
H.(x). Since D* is contractible, H,(D* %) = H,(D*) = 0 and H,,_,(D*, ) = 0, so we
have

o H,(SF %) = 0= Hy(DF, SN 5 Hy (S %) 50— -1

where ¢ is is0.
Reduced homology for pairs is the same as unreduced:

H,(D* S*1) = H,(D* ") =~ H, ,(S*1).

With this we know that H, (D* S*1) = H,(DF S*') = Z for n = k and it is 0 for n # k.
Note also, that (DF, S¥=1) = (A* 9AF), this might be useful later on. O

Exercise 26. Show that the chain in Cy(AF, OAF) given by id: AF — AF is the represen-
tative of the generator of
Hip (AR, 0AF) =2 7.

(Use induction and the long exact sequence for triple.)

Solution. First denote A*~! boundary without interior of one face. Then work with the
triple A* OAF A*~1 so the sequence needed is as follows:

0 — Hk(Ak,aAk> = Z — kal<aAk7 /\kil) — 07

where we have the zeroes because A¥, A*~! are contractible to points. Use excision theorem,
H.(X - C,A—-C) = H,(X,A), where C is the boundary with bottom cut out (imagine
upper part of the letter A, i.e. triangle). We know that Hy_;(A*1, 0A*1) = Z and this
is isomorphic (by excision theorem) to Hy_1(0A* A*71). So, everything is Z. We want to
show that images of id;_; and id, are the same, this is actually the inductive step.
Suppose that the generator in Hy_1(AF 1 0A*1) is given by id,_;: AF1 — Ak-L
Then idy: A* — AF is cycle again, represents element [id] € Hy(AF, OAF).
The Beginning of the Induction (coming to theaters this summer):

Hy([=1,10,{=1,11) 5 Ho({-1,1}, {1}),
take id: [—1,1] — [—1,1] as a chain complex, 1 — (—1) = [—1], [-1] generator. O

Exercise 27. Using the Mayor-Vietoris exact sequence compute the homology groups of
the torus. (note: Vietoris died in 2002, aged 110, remarkable)

10
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Solution. It goes as union, intersection, pair and we will want to determine the union.
First draw two disks with holes (these glued together give a torus). Call one interior of the
disk A and the other B. We work with X = A U B, it is not a problem, that we need to
work with A, B open, as from the point of view of homology it doesn’t matter.

The sequence is

-+ —=> H,(ANB) - H,(A)® H,(B) » H,(X) > H,_1(ANB) = -- -,

review: X = AU B is torus, AN B = S* U S! disjoint union, H,(A) = H,(B) = Z for
n = 0,1 and 0 otherwise, H,(AN B) = H,(A) ® H,(B) = Z & Z for n = 0,1 and 0
otherwise. We can therefore continue with this sequence:

Hy(A) & Hy(B) — Hy(X) — Hy(ANB) L Hy(A) & Hi(B) — Hy(X) —

— Ho(ANB) % Hy(A) @ Hy(B) — Hy(X) — 0,

and we can rewrite it as
0 H(X) > Z0Z L5207 — Hi(X) >

7L 5707 -7 —0,

where we use the fact, that torus is connected, so Ho(X) = Z. Now we want to compute
Hy(X) and Hy(X).
We know Hy(X)isker f, Z®Z - Z P Z, (a,b) — (a+b,a+b), then (a, —a) is in the
kernel, so Hy(X) = Zla, —a] = Z.
For the H;(X) group use the fact, that ker g is Z (it has same idea, basically). Now
consider the sequence
0—=Z— Hi(X) = kerg=7Z —0,

which splits, so Hy(X) = Z @& Z. We are done.
Sphere with two handels might be a homework.

Exercise 28. Prove that S™ has a nonzero vector field if and only if n is odd.

Solution. First note, that we have v: S™ — R"™! such that v(z) L z. Consider the case of
St and (wg, 1) — (21, —10). Take (xg, 1, T, T3,. .., Tony1) € ST C R?*™. Then we get
(1, —To, T3, —Ta, ..., Tant1, —T2,) as image and there is nothing more obvious than that
the product is zero, i.e. it’s perpendicular.

Note, for S C C it is z — ez, where e is the complex unit, usually denoted as i.

Now we want to prove that if S™ has a nonzero vector field, then n is odd. We use
the fact that deg(id) = 1 and deg(—id) = (—1)"*!. Take v: S™ — S". If we show
id ~ —id, then 1 = (=1)"*' = n is odd. The homotopy is h(x,t) we are looking for is
h(z,t) = cos(t)x + sin(t)v(z), where ¢t € [0,n]. Also note || h(z,t) ||= cos’*t + sin’*t = 1.
We are done. ]

11
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Exercise 29. Prove deg(f) = YF | deg(f /).

Solution. We have f: S™ — S™ and y € S™ has a neighborhood (nbhd) V. Denote f~!(y) =
{z1,..., 2} and U; nbhd’s of z;, U;NU; = (). Let degree of f/x; be n;. We have f: (U;,U;—
;) = (V,V —y) and (f/U;)s: H,(Uj, Uy — ;) 2 Z — H,(V,V —y) = Z, so z — n;z.
Consider the following diagram, its evolution (i.e. drawing order) was revealed in the
tutorial class:

® H, (U, U — ) L 1, (V1 — )

| |

Hn(Sn’Sn—:Bl) Hn(Sn7Sn_f—l(y)>_>Hn<Sn7Sn_y)

i ]

H,(S™) L H,(S™)

1%

1R

We have j,. iso and h is iso by excision theorem.

So, we have H,, (5™, S™— f(y)) & D H,(U;,U;—x;) = Hn(|_|lf(Ui, U;—1;)). Iso between
H,(S",S™— f(y)) and Hn(|_|’f(U,-, U; — x;)) by excision. So k is also iso.

We can take jy. = ho Y (f/U;). o k™ o j, and for generator 1 € H,(S™) we have
((jy)s 0o fo)(1) = deg(f) - 1. We are done.

(17""1>_>Zd€g(f/xi)

| |

1 > deg(f/x:)

Exercise 30. Compute homology groups of RP" using CW-structure.

Solution. Let X be the CW-complex, we have C¢W = @ Z|[e"], H,(CV d) = H,(X).
Also, des] = >, df [eg’l], where of is the degree of the map

n— f(X n— n— n— n— ~Y n—
STt =L X X /(X — ey = 5
We know that RP" = e? Uel U---Ue", cell in every dimension. Attaching map is
f: 8= RP)Y =RP' = 5%/(z ~ —z).

Then have
0—=2Z—-72Z— - =2Z—7Z—7Z—0,

where Z appears n + 1 times. Now, S N R]P’i/RPi_l >~ S hence we can apply
the attaching map. Class [y| has two preimages y, —y, there are nbhd’s, deg(f/y) = +1.

12
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Note that f/ —y = f/y o (—id). Now we can compute the degree: deg(f) = deg(f/y) +
deg(f/ —y) = £(1+ (=1)""1). It is £2 if 7 is odd and 0 otherwise. So, we can add to the
sequence above:

0—>Z%Z—>~~—>Z$Z£>Z—>O,

and compute for X = RP", n even: Hy(X) = Z, Hi(X) = Zo, Hy(X) = 0, H;(X) = 0 for ¢
even, H;(X) = Zs for i odd. The homology is zero for ¢ > 0. For n even the only difference
is H,(X) =Z.

(Note: this is because for even they are not orientable, for odd it is oriented space.) O

Exercise 31. Compute homology groups of oriented two dimensional surfaces. What about
nonorientable?

Solution. Denote M, surface of genus ¢ (it is the same as sphere with g handles, i.e. M;
is torus and M, is double torus (homework 4). The CW-model is ¢ Uej U -+ Uej, Ue?

and we have
2g

0—>Z—>@Z—>Z—>O.
1

Second differential is zero, ¢ — e® = 0. The first one is zero as well (glue the model, the

arrows go with + and then —). Then we get Hy = Z, H; = @}’ Z, H, = Z.

For nonorientable surfaces, N, is modelled by one 2-dimensional disc which has bound-
ary composed with g segments every of which repeats twice with the same orientation.
So we have one cell in dimensions 2 and 0 and g cells in dimension one. We get (quite
similarly)

g
0—>Z—>@Z—>Z—>O.
1

This equality holds: d[e*] = 2[e7] +2[e3] + ..., so Hy = 0, Hy = Z and the only interesting
case 1s
Zlel,. .. el v

1
H, = ‘9 —7 7.
! Z[2e} + - - - + 2¢]] 2+Gl9

[

Exercise 32. Have f: S™ — S™ map of degree k. (such map always exists). Let X =
D" U, S™ and compute homology of X and the projection p: X — X/S™ in homology.

Solution. Easy, X = e Uem U emt! and0 = Z5B7Z 50> 5070, also
Sm— XM x ™) /(XM _eny = gn,
We get H,,.1(X) =0, H, = Z, Hy(X) = Z. Note, X/S" = S"*1. So, for the p, we have

Pt Hopt(X) =02 Hy g (S =7

13
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and

and at Hj it is identity Z — Z.

Exercise 33. Prove the following equalities (assuming some conditions):

H(\/ X;) = ‘ H,(X;)
H*(\/Xl) = @H*(Xz)

Solution. Denote z the distinguished point of X VY. For the pair (X VY, X) we have the
following long exact sequence

S Han (X VY, X) D Hi(X) > H(XVY) = H(X VY, X) % H (X)) = -

Thus we have short exact sequence, which splits, because we have continuous (cts) map
idVconst,: XVY — X (which maps Y to z). Thus we have H,(XVY) = H,(X)® H,(XV
Y, X). Now it remains to prove H,(X VY, X) = H;(Y). If X VY is a CW-complex and X
its subcomplex, it is known that H;(X VY, X) = H;(X VY/X) = H,(Y). More generally,
let U be some (sufficiently small) neighborhood of z in X. From excision theorem we have:

H(XVY,X)2H(XVY N (X\NU),X N (X\U))=HUVY,U).

Because U should be! contractible, H;(U VY,U) = H,(Y, z) = H,(Y).

The second equality we get from the first by induction.

Let us prove the third equality. Denote V,, = X; VXoV---V X, and Y = \/ZO:1 Y, and
denote z the distinguished point of Y and Y,, for every n. We have the following diagram
(where each arrow is an inclusion):

Cu(Y1,2) —C,(Ya,2) —- - -
~. | 7
C.(Y, 2)

Since AF is compact, every continuous (cts) map A* — Y has image in some Y,,, thus it is
easy to prove C,(Y, z) = colim C,(Y,, z), thus

H,(Y) = colim H,(Y,,) = colim@Xi = @Xi. O
i=1 i=1

Tt is true at least for X locally contractible. It is not true generally.

14
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Let X be a topological space with finitely generated homological groups and let H;(X) =
0 for each sufficiently large i. FEwvery finitely generated abelian group can be written as
Z®LD - DL Tor, where Tor denote torsion part of the group. The number k is
k—times
called the rank of the group.
Euler characteristic x of X is defined by:

Y(X) = Z(—l)irankHi(X)
Z, 1=0,n

Example. We know H;(S") = { Thus x(S™) =1— (—1)".

0, otherwise.

Exercise 34. Let (C.,0) be a chain complex with homology H.(C\). Prove that x(X) =
X(Cy), where

o

x(Cy) = Z(—l)i rank C;.

1=0

Solution. We have two short exact sequences:

where C;, cycles Z; and boundaries B; are free abelian groups, thus rank C; = rank Z; +
rank B;_; and rank H; = rank Z; — rank B;. Thus we have

X(Cy) = i( ‘rank Z; + Z ) rank B;_;

= i( ‘rank Z; — Z rank B; = x(X). .

Let X be a topological space with finitely generated homological groups and let H;(X) = 0
for every sufficiently large v. Let f: X — X be a continuous map. Map f induces ho-
momorphism on the chain compler f.: Cu(X) — C.(X) and on the homologiy groups
H.f: H(X) — H.X), where H, f(Tor H.(X)) C Tor H,(X). Thus it induces homomor-
phism

H.f: H(X)/Tor H(X) — H.(X)/ Tor H,(X).

Since Ho(X)/Tor H(X) 2 ZOZ® --- DL, map H.f can be written as a matriz, thus we

rank};*(X)
can compute its trace. So we can define the Lefschetz number of a map f:

oo

L(f) =S (1) tr By f.

1=0

15
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Similarly to the case of the Euler characteristic, it can be proved that*

Z(—l)itr Hf = Z(—l)itr fi.
i=0 i=0

Theorem. If L(f) # 0, then f has a fized point.

Exercise 35. Use the theorem above to show, that every cts map f on D™ and RP™ where
n 1s even has a fized point.

Z, i=0

Solution. We know that that H;(D") = _ Because Hyf: Ho(D™) = Z —
0, otherwise.
Z = Hy(D"™) can be only the identity, we have L(f) = 1, thus f has a fixed point.
Z, i=0,
Since H;(RP™) = ¢ Z/2, i < n,i odd; and Z/2 is torsion, we have L(f) =1 as in the
0, otherwise,
previous case. ]

Exercise 36. Let M be a smooth compact manifold. Prove, that there is a nonzero vector

field on M if and only if x(M) = 0.

Solution. We will prove only implication =-. Let v be a nonzero vector field on M. Define
a map X:[0,1] x M — M which satisfies X(t,z) = v(X(t,z)) for every € M and
X(0,z) = x. There exists to such that X (t9,x) # z. Denote f(x) = X (to,x), thus f has
no fixed point, thus L(f) = 0. Because f is homotopic to id and tr H;id = rank H;(M), we
get from homotopy invariance 0 = L(f) = L(id) = x(M). O

Exercise 37. Use Z/2 coefficients to show, that every cts map f: S™ — S™ satisfying
f(—z) = —f(x) has an odd degree.

Solution. The map f induces a map g: RP" — RP", since f({z,—z}) C {f(z),—f(z)}.
We have the short exact sequence?

o——————> 01+ 03— 20=0

0— C.(RP",Z/2) — C.(S", Z,/2) — C..(RP", Z/2) — 0,

where o: A" — RP" is an arbitrary element of C,(RP"), o,,0, are its preimages of a
projection:

o
N / RllD”

o

320 = 0 because of the Z/2 coefficient.

16
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From the short exact sequence we get the long exact sequence
H;(RP";Z/)2) —— H;(S™,Z/2) —— H;(RP™";Z/2) —— H; 1(RP";Z/2) ——0
g+ fe g+ g«
H;(RP";Z/)2) — H;(S™,Z/2) — H;(RP™;Z/2) —— H; 1(RP";Z/2) —0

Because Ho(RP™;Z/2) = Z/2 and gy on Hyo(RP™;Z/2) is an isomorphism, we can show
by induction, that H;(RP" Z/2) = Z/2 and g; is an isomorphism for every i <n — 1. An
induction step is shown on the following diagram (three isomorphisms imply the fourth):

1R

0 7.)2 7.)2
|
\l,g lN
0 Z)2—=~1/2

For i = n we have the following situation (the vertical isomorphisms were proved by
induction):

7)2—=>17)2—2>7/2—=>17/2 0
Sl bk
72— 17.)2 Z)2—17/2 0

Thus f. (the arrow marked by ?) has to be an isomorphism for H,, thus it maps [1]s to
[1]5, hence f has degree 1 mod 2. O

Exercise 38. Use theorem "f: S" — S™ s.t. f(—x)

= —f(x) = deg(f) is odd" to prove
that for g: S™ — R™ there exists x € S™: g(z) = g(—x).

Solution. We will use proof by contradiction. Suppose that g(z) — g(—=z) is always non-

zero and define f(z) = Hgga:; — gE_$§|| Then obviously f(—z) = —f(z). Since f: S™ —
g\r) —g{—x

Sm=t C S™is odd , the map f has odd degree, but f(S™) C S™ which implies deg(f) = 0

(f is homotopic to a constant map). A contradiction. O]

Exercise 39. Let p € CH(X; R), ¢ € CH(Y; R). Prove 6(¢ Uv) = dp U+ (—1)Fp U .
Use T = [60, RN ek+l+1] S Ck+l+1(X).

17
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Solution. Easily work out

k+1+1
(e U)(7) = (pUV)ET) = (P UD)( D (~1'7/leon- b eipran]) =
= Z(—l)iSD(T/[@oa N ) L A [T P NS RS
+ 'Z (=1)'o( /[0, - - -, ex)O(T/[ens - - -, Gty - -, Enrisn])-

Now, the right hand side of the formula, the first part gives

(b U)(r) = dp(T/leo, - -, exsa]) - V(T/[ert, - - -, ehrira]) =

= p(07/[e0 - - - ery1]) - V(T/[ers1, -+ s erria]) =

= Z 57—/ €y - - - 7é’i7 <o 7€k+1]) ’ w<7/[ek+17 e 7€k+l+1]>‘

The second part is

(=1 U dv)(1) = (=1 ¢(7/leo, ..., ex]) 00 (7/[ex, - ., ensisa]) =

I+1

_Z j+k 67—/ €0, ..., € k])'Q/}(T/[eka‘"7ék+j7"'7ek+l+1])‘

Now, the last summand of the first part plus the first summand of the second part yields

(=D o(r/leo, -, ex))U(7/ [exs1, - - s ensira])+
+(=1) o(7/leo, - e (7 /[exsrs - - - erpia]) =0,

and we are done, LHS = RHS.
0

Exercise 40. Prove aUb = A*(axb), where a € H*(X),b€ H(X),A: X - X x X,z
(x,x) and x is cross product defined o x B = piya Upy S (px,py are projections from

X xY).

Solution. By the following diagram

Ax

X X xX

py l
Py =p1
we have that pxA is id. So, compute

A*(a x b) = A'(pxaUpyb) = A¥(pka) U A™(pb) = (pxA)"a U (py A)"D,

and we are done. The thing is that cup product is natural. O

18
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Exercise 41. Compute the structure of graded algebra H*(S™ x S™;Z) for n even and n
odd. Use the following:
If H"(Y'; R) is free finitely generated group for all n and (X, A),Y are CW-complezes,
then
x: H'(X,A;R)@ H*(Y;R) - H*(X xY,AxY;R)
s an isomorphism of graded rings.

Solution. We will omit writing the Z coefficients.

Now, H*(S™) @ H*(S™) — H*(S™ x S™) and we know that for spheres H° = Z with
generator 1 and H" = Z, denote generator a. Also, aUa € H* = 0,aUa = 0, so we
get Z[a]/{a?®) and deg(a) = n. We can write the same for the second, so denote the other
generator b and have deg(b) = n and we have Z[b]/(b?).

Now we compute tensor product Z[a]/{(a?) ® Z[b]/{b?), we have four generators: 1, ®
1y,a ® 1,1, ® b,a ® b, we will denote them 1, ¢, d, c-d. Compute

(a®1p)- (L @b) = (~1)*(a-1,) ® (1,-b) = a b,

because 0 is an idempotent element, i.e. 0-0 = 0, and (—1)" = 1 for n even, again, as in the
first exercise, we use Evenness of Zero. (We refer the reader to "Principia Mathematica"
Whitehead, Russell,(1910,1912,1913).) Continue with computation

(1,®0) - (a®1y) = (—=1)""(1g-a) ® (b- 1) = (=1)"a @,
so the algebra we get is H*(S™ x S") = Z[c,d]/{c*,d*,dc — (—1)"cd). For n even we have
dc = cd. O

Exercise 42. Prove that there is no multiplication on even dimensional spheres. Multipli-
cation on the sphere S™ is a map m: S™ x S™ — S™ such that there is an element 1 € S
satisfying m(xz,1) = x,m(1,z) = x.

Hint: compute m*: H*(S™) — H*(S™ x S™), describe two rings.
Solution. We have H*(S™) = Z[y]/{¥*) and H*(S" x S™) = Z|a, B]/{a?, %) = H*(S") ®
H*(S™), because we already know, that af = fa. Our situation can be described with
two diagrams:

S L gn xS0 HH(S") <t HY(S" x §7)
k lm \k Tm
o H*(5")
Take m*(y) = aa + bf with a,b € Z and prove first, that a = b = 1. Use m o4y = id,

so ij(m*y) = 7. This gives i} (aa + b3) = v and since ij(aa + bS) = ay, we have a = 1,
same for b. Final computation yields

0=m"(0) =m*(v*) =m’(yUr) =m"yUm’y =
=(a+p)U(a+B)=a’+aB+Ba+pB*=0+2aB+0#0,

and that, my friends, is a contradiction. O
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Exercise 43. (unfinished) Use five lemma to prove that taking any two p’s iso’s, the third
i is iso as well. (Proving five lemma might be a homework.) Also, show commutativity of
the diagram.

H*(X,A) @ H*(Y X)® H*(Y)
5 ®id
\ ®H*/ M
H* (X XY AxY) H* (X xY)
|

H*(AXY)

Solution. We will name the parts of the diagram as follows: back-square, upper-triangle,
lower-triangle, left-square, right-square. The triangles come from the long exact sequence
of of pairs (X, A) and (X x Y, A x Y), the right-square commutativity comes from an
inclusion, back-square commutes as well (topology knowledge). The only problematic part
is the left-square and it is exercise on computation of connecting homomorphism 6*. [

Exercise 44 (Five lemma). Let

A—sB——(C——D——F
-
A—=B——-C——=D

be a commutative diagram of modules with exact rows. Show that the middle homomorphism
f s an isomorphism.

Solution. We will show the surjectivity of f, injectivity is dual. Let ¢ € C' be arbitrary
and suppose it maps to d € D. This d corresponds to some d € D, and since d maps to
0 in E by exactness, d also has to map to 0 € E by commutativity. By exactness, there
exists ¢ € C' which maps to d. Since ¢ and f(c) both map to d by commutativity, there
is (by exactness) some b € B which maps to f(c) — ¢ This b corresponds to some b € B,
which maps to some ¢ € C. Then by commutativity, f(c —¢) = f(c) — (f(c) —¢) =¢, as
desired. (Note that instead of the four vertical maps being isomorphisms, we only needed
the surjectivity of B — B, D — D and the injectivity of E — E). ]

Exercise 45. Show that for a finite CW-complex X and H*(Y') being finitely generated
free group in all dimensions, the cross product

H(X)2 H'(Y) L H(X xY)
is an isomorphism. (In fact, the same is true for X being an infinite CW-complez.)
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Solution. First let X = pt be a point. Then H*(pt) = Z with 1 € H°(pt) and pt x Y is
homeomorphic to Y, hence

Hpt)@ H(Y)=Z®@ H*(Y) = H*(Y) =2 H*(pt X Y).
Now let X = p; Upa LI+ --Lpg be a finite disjoint union of points (i.e, a discrete set). Then
H*(X) = ®'_, Z, hence

H*(X)® H* (Y

EB )@H* g@ (Z® H'(Y)) = @ H (Y

e y LY U---U YJ):H*(XXY)

n times

1%

(We should also show that the isomorphism is indeed given by u, but if ey, ..., e, € H°(X)

are such that
1 ifi=y
€; i) = P .
(p)) {0 it i+ j
it’s not hard to see that

pule; ®a) =(0,0,..., —a ,0,...,0)

i-th place

using projections and the definition of the cup product.)
Now we can proceed inductively:
i) We now know that the theorem is true for X of dimension 0.

ii) Since D™ is homotopy equivalent to a point, the theorem is also true for X = |_|/Z:1 D

iii) Suppose that the theorem holds for finite CW-complexes of dimension n — 1. Then it
is also true for pairs (|| D7, ]S»1).

iv) Since H*(X,A) = H*(X/A) for a subcomplex A C X, the theorem also holds for
Vse=U D/ U sa

v) Now let X = X be an n-dimensional CW-complex and consider the diagram

H*(X,A)® H(Y * X)@ H (YY),
W ®H*/
H* (X xY,AxY) H*(X xY)

H*(AXY)
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where the lower triangle represents a long exact cohomology sequence by definition,
and the same is true for the upper triangle (since free modules are flat). We know that
the theorem holds for X1 and also for X /X"~ = \/ "1 Therefore we can
use the Five lemma after unfolding the diagram in the appropriate dimensions, from
which it follows that the theorem also holds for X (™. This completes the induction.

O
Exercise 46. Compute the cohomology rings of CP? x S¢ and CP? v SS.

Solution. We have H*(CP?) = Z[w]/{w?) for w € H* and H*(S®) = Z[a]/{a?) for a € H®,
hence
H*(CP?* x S%) = Z[w]/(w?®) @ Z[a]/{a®) = Z[w, a]/(w?, a*).

Next, it is true in general that H (X AY) = H (X)®H (Y) is an isomoprhism of graded
rings (this can be proven proven straight from the definitions, but it takes some time).
Since CP? Vv S® is connected, we have H*(CP?V S) = H (CP?) @ H (S%) & Z. Now
wUa € H® = 0 (more generally, we could use that fact that (w,0) U (0,a) = (0,0)).
Therefore

H*(CP? Vv S%) = Zw,a]/{(w?, a®, wa).

Exercise 47. Show that the CP% Vv S% is not homotopy equivalent to CP3.

Solution. It suffices to show that the cohomology rings of these spaces are not isomorphic
(note that the additive group structure is not enough to distinguish them). We already
know that

H*(CP? Vv 8% = Zw,d]/{(w®, a®, wa)

and we have H*(CP3) = Z[b]/(b*) for b € H?. Any isomorphism would have to map w and
b to £ each other (these are the respective generators in dimension 2), but w® = 0 while
b3 # 0, so this is not possible. O

Define the n-th homotopy group of the space X with the base point xy as the group
of homotopy classes of the cts* maps (I",0I") — (X, 1) with the operation given by
prescription:

f(2ty,ta, ... t,)
g<2t1 - 17t2, ce ,tn>

—_ N

(f+9)(t1,... tn) = {

= O

IAINA

IA A

Denote it m,(X, xg).

Exercise 48. Show the operation on m,(X, xy) is associative.

4continuous
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Solution. We want to show (f +¢g) +k ~ f+ (¢ + k). We will find prescription for the
homotopy by the following diagram:

f 9 h
I]I]]I
f' g h

In the following notation®, understand f(t;) as f(t1,to,...,t,) for all to,... t, € I.

f(li—i-stl) (S,tl) el (tl < [0, %l + S%],S c [0, 1])
h(s,t1) = < g(4t1 — (1 +5)) (s,t1) €I (t1 € [F + 53,1 +s1],5€(0,1])
k(z=t — 222)  (s,t1) €Il (4 € [3 4+ s1,1],5 € [0,1])

Exercise 49. Show that the element given by prescription

(_f>(t17-~7tn>:f(l_tlat%-watn)

15 really the inverse element of f.

Solution. We want to show f + (—f) ~ const. The constant will be (function given by)
the point f(2¢1) = f(0). Again let us draw a diagram (the square (its boundary) in the
middle sign the same value; the wavy line sign one value too).

SA
( ) (S,tl)GI vvvvvvvvvv -
Bis.t) = f(50) = (- (sn) el I
(/)2 = 1) = f(2t1) (s, t1) €111, I m
where TT = {(s,11) | s € [0, 1], t; € [552, 152]). O

Remark. One can see, that proving by pictures is much more pleasant.

There is a long exact sequence:
o T (X, A )~ (A 20) — T (X, m0) 2 (X, A, )~ 1 (A, 20) —

Exercise 50. Show the exactness of this sequence in m,(X, A, xo) and m,(A, xq).

and some other following notations
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Solution. At first we will show the exactness in 7, (X, A, x¢).

Let us show the inclusion “imj, C kerd”. Take an arbitrary f € m,(X, zg), thus
f:(I",0I") — (X, xg). From definition j,(f) =jo f: (I",0I",J" ') — (X, A, x¢), where
Jrt =17 — "1 and O([f]) = [f|;n-1] = const, since f is constant on whole 1™ O "1

“imj, D ker ™ Take an arbitrary g € kerd C m,(X, A, x¢), thus g: (I",0I", J"7') —
(X, A, o). Since g € ker 9, there is the homotopy h: (1", 0I"') x I — (A, xq) such
that h(x,0) = g|m-1(x) and h(x,1) = const. Because h(z,t) € A and h(a',t) = x¢ for all
rze " xedl" ! and t € [0,1], we can take f € m,(X,xq) defined by

) g(x,2t) for t € [0, 3]
f) = {h(x,Qt —1) forte s, i]

It is not hard to prove that j.(f) is homotopic to g, see picture below.

homotopic
AAAAA p L
----- - 4 S

AAAAA <’ 1’ <' " XO
DAY 4 ¢ ) SR ¢ 9 ?
<, 1> XO <> g 1’ <b ‘>
q{ )¢ D ) § 4 b
q g )¢ D4 ) § i 1
L b ] [
b 4 b 4
L 4 4 b
b 4 ¢ { ¢ q
3 4 4 q
A ¢ h A § M 3IrA

D ¢ %

A 4B 4 4

Now, let us show the exactness in 7, (A, zo).

“imd D keri,” Let f € keri, C m,(A, x¢) be an arbitrary. Because i.f ~ const, we
have homotopy h: (I",0I") x I — (X, zg) such that h(x,0) = f(z) and h(z,1) = zo. It
holds h € m,1(X, A, z¢), since h(x,0) € A, h(z,1) = x¢ and h(z',t) = z( for all z € I"
and 2’ € 0I".

“im0d C keri,” Let h € m,.1(X, A, x9) be an arbitrary. Denote h|;» = f. Then h gives
the homotopy i.f ~ const in (X, ), since h(z,0) = f(z), h(z,1) = x¢ and h(2',t) = xo
for all ' € 0I™ and x € I™. O

A map p: E — B s called a fibration if it has the homotopy lifting property for all
D™ x {0} —;E

!

D'x1——B
If p is a fibration then it has the homotopy lifting property also for all pairs (X, A) of
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CW-complezxes:
Xx{0JUAXI—=FE

S
X xI- B

Recall that p: E — B s a fiber bundle with fibre F' if there are open subsets U, such
that B =, Us and the following diagram commutes for all Uy:

UaXF homeo. p_l(Ua)

Exercise 51. Show that every fibre bundle is a fibration.

Solution. At first consider a trivial fibre bundle £ = B x F'. Take an arbitrary commutative
diagram of the form:

D x {0}-L~BxF

| Lpr

Drox [ —" B

Then h(—,0) = f and we can define H: D" x I — B x F by H(z,t) = (h(z,t),g(z)). One
can see that the diagram commutes with H too.

Now, let p: E — B be an arbitrary fibre bundle with fiber F' and B =, U,. We can
take I" instead of D™ and consider a diagram:

"x {0} L ~E

|

I"xI—"-pB

Because I™ is compact, we can divide I™ x I to finitely many subcubes C; x I, where
I; = [jk,Jks1] such that h(C; x I,) C U, for some «. Since U, x ' — B makes a
trivial bundle, we can use the same approach as above for each subcube. Since we know
Hlc,xt01 = fle;xqoy, we can find the lift H for all cubes in the first “column” (see the
picture below) in the same way as for the trivial case:

C,x {0} —L~U, x F
7

l I;I// lpr
-
h

Oz' X I(; Ua
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Since we know H|¢,x(;,} now, we can continue with the second “column”:

Oix{jl}LgaxF

I
-~

OZXI; h Ua

Thus, we can proceed through all columns in this way until we will get H on the whole
I™ x I. The illustration of this situation®:

A

G,

Co

Jo=0 Iy J1 I J2 I3 I

Exercise 52. Show the structure of the fibre bundle S™ = RP".

Solution. The fibre is S® = {—1,1}, since x, —z — [z]. Now, we want to find a neigh-
bourhood U of [z] such that p~1(U) = U x S°. Set U = {[z +v] | v € [z]*} then we
have homeomorphism ¢: U x S® — p~1(U) C S™ given by ¢([x + v],1) = ”‘;—iz“ and

o[z +v],-1) = Toror- We can cover the whole RP™ by the open subsets U; = {(wo : 21 :

s @) | xp £ 0). O
Exercise 53. Show the structure of the fibre bundle S*"t' £ CP™ with the fibre S*.

Solution. Let us look on the special case St — S§3 — CP! = S? called “Hopf fibration”.

Realise that we can consider S* C C?, so we can (locally) define the projection S* — CP!

by (21,22) — 2.

In the general case, realise that we can consider S?"*! C C""'. Take Uy = {[z : 21 :

-t 2] | 20 # 0} € CP™. We can consider Uy = {[1 : z; : --- : 2,]}. Then the map
Uy x St — §?7+1 ig given by

, et ez, ... etzy)
Tizp:ee-: ”>—>(_7, R A
(1= 2n), €] |(eit eitzy, ... etz
We can do the same for other U; from the covering of RP". ]

6it is drawn as planar, but it should be n-dimensional
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Exercise 54. Long exact sequence of the fibration (Hopf) S' — S3 — CP! = S2.

Solution. This is an important example of a fibration, it deserves our attention. First we
write long exact sequence
m3(S1) 2 ma(5%) B 7y (5%) B my(SY) = ma(S?) = m(S?) —
— m (S = 7 (S?) = m(S?) — .-

and also for Z — R — S* = R/Z, that is 7,(Z,0) — m,(R) — 7,(S*) — m,_1(Z) for
n > 0. Since Z is discrete, (S™, s0) — (Z,0), sp goes to a base point 0, therefore the map
is constant . Hence we get m,(Z,0) = 0 for n > 1. Also, m,(R) is zero as well, because
R is homotopy equivalent to point. We get that this whole sequence are zeroes for n > 2.
What we are left with is

0— 7T1(Sl) — Wo(Z) — 7T0(R) =0,
so m1(S?) = Z. Continue now with the updated long exact sequence:
0 — m3(S%) = m3(5?%) = 0 — m(S?) = m(S?) = m(SY) =Z — m(S%) -,

and m(S?) = 0, because 7;(S™) = 0 for k < n considering the map S* — S™ that can be
deformed into cellular map and so it is not surjective. So we get

m3(S%) 2 m3(S?), m(S?) =2 m(Sh) =Z.
It implies that m5(S?) = Z.
Let us remark that if 73(S%) = Z, then 73(S?) = Z. Later we will prove that
Ta(S™) & H,(S™) = Z.
[

Remark. (Story time) Eduard Cech was the first who defined higher homotopy groups
(1932, Hoherdimensionale Homotopiegruppen) but the community od these groups didn’t
support the study as they were considered not interesting. Were they mistaken? The rest
of this remark 1s left as an exercise for the reader.

Remark. (For geometers) For G Lie group and H its subgroup we have a fibre bundle
H—G—G/H.
As an example consider otronormal group O(n), we have inclusions O(1) C O(2) C
-+-O(n). Then
O(n—Fk)—O(n) = 0Mn)/O(n—k) =V,

is a fibre bundle, we call V,,  Stiefel manifold, k-tuples of orthonormal vectors in R™.
Also, we can take O(k) — O(n)/O(n — k) — O(n)/(O(k) x O(n — k)), Grassmannian
manifold (k-dimensional subspaces in R™):

O(k}) — mG — Gmk,

15 also a fibre bundle.
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Exercise 55. Long exact sequence of the fibration F — E — B ends with
7Tl<B) — 7T0(F, Io) — 7T0(E,£l§'0) — 7T0(B).
Show exactness in my(E).

Solution. We showed 7, (B) = m,(E, F) for n > 0 which gave us the exactness of the
fibration sequence from the exactness of the sequence of the pair (E, F) till mo(E, o).
Denote S° = {—1,1} and consider the composition

({=1,1}, =1) = (F,z0) = p~ " (bo) = (E,x9) — (B,p(z0) = bo),

where —1 goes to x¢ and by and 1 goes to F but that is p~!(by) so we get the constant
map.

For the other part of the exactness we will use homotopy lifting property.

Consider f : ({—1,1},—1) — (E,xo) such that pf is homotopic to the constant map
into bg. It means that pf(1) is connected with by by a curve. Have a diagram

(1) I

7
Ve
4 p
s
s

(1) x I —B

and remark that f(1) is connected by a curve with z € E such that p(z) = by. Sox € F
and f is homotopic to the map ¢ : ({—1,1}, —1) — (F,x¢) which maps —1 into zo and 1
into x.

]

Exercise 56. Covering: G — X — X /G, with action of G on X properly discontinuous,
where X 1s path connected.
Take
m(G,1) = m(X) = m(X/G) = 7(G) = m(X),

that is
0= m(X) = m(X/G) 3 m(G) = 0.

Show that O is a group homomorphism.

Solution. First note that my(G) is G taken as a set. We recall that for F — E — B we
had

T (E) —j;ﬂ'n(E, F,xq) 0 Tn—1(F)

_ 7
Ejp* P -
~ - g
71-n(Ba bO)
We showed the = finding a map going from 7, (B, by) — m,(E, F, xo). Also,

fo o0, J ) — (E, F,x),
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J[F] = [f/0I"]. The prescription for 9: m,(B,by) — m,_1(F,x0): take f: (I",0I") —
B,by) and make a lift F: (I, 91", J*Y) — (E,F,zo), O[f] = F/I"': ("', 91" —
F,zy). The diagram is:

—~

" (1Y X [ E
S

- p

I tx - B b

and pF'(I"' x {0}) = by, so F(I""! x {0}) Cp~t(by) = F.

Now, m(X/G) 2 mo(G), f: (1,0I) — (X/G,[xg]). Take two closed curves w, T at [z
and lift them to curves @, 7 in X starting in 3. We denote the end point of @ by g1z¢ and
the end point of 7 by goxg. Then the operation - (that is not a composition o) is:

W-T=W-g1T
w-7(0) = xo
w-T(1/2) = g1
w-7(1) = g2(g10)

And it’s a homomorphism.

Exercise 57. Van Kampen theorem - Applications.
Klein bottle K. Model as a square with identified sides as seen in Fig 1,2,3.

AN AN AN

/7 /7 /7
NN ’

/\\ \v Xo A N2 AN N2
\ boundary

\ \ AN \ AN AN

/7 /7 /7

Fig 1 Fig 2 Fig 3

We denote open sets Uy,Us (disc) and point xo as in figure 1 and 2. (some of the
notation in the solution is established in the theorem,)

Solution. Set U; is homotopy equivalent to the boundary (Fig 3), and this boundary is in
fact a wedge of two circles, so U; ~ S v St

We can compute: m(Us, zg) = {1} by contractibility, m (Uy,z0) = 71 (ST V S, z0) =
free group on two generators «, § as was already shown in lecture.

Then 71 (Uy, xo)*m1 (Us, x¢) = free group on two generators «, (3, also w1 (UyNUs, zg) = Z.
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Now, the intersection Uy N Uy =~ (S, zy) and we take generator w, ig1.(w™!) = 1 in
1 (Uz, ), 1 24(w) = afa™'B.

So, kernel of ¢ (the map from the theorem) is generated by element aSa™!3
71 (K) is the group with two generators o, 8 and one relation afa™13 =1 ]

Exercise 58. Recall definitions of n-connectness and n-equivalence. Prove the following
lemma: Inclusion A — X is n-equivalence if and only if (X, A) is n-connected.

Solution. "<" Take long exact sequence:
— (A, 20) B (X, ) = (X, A, 20) = T 1 (A, 20) By 1(X) = 101 (X, A) —

and use the assumption that 7;( X, A, z9) = 0 for i < n. Then we get that f; is epimorphism
and fs is isomorphism.

"=" Reasoning is the same as in the other direction, the only thing we need to realize
is 7T0(A7.C130) i) 7T0(X, .CE()). ]

Exercise 59. Show 7 (5%) =0 for all k, where S* is colim S™.

Solution. We have S' € S? € % C --- C 8" C ---S*. Take element in 7,(S>), that
is f: S¥ — S We know that f(S*) is compact in S*°. Consider other CW-complex
structure than ® U e* for S* that is S* = (J, el Ueh (two hemispeheres). Then the
following holds: S = (% el Ueb. So f(S*) C (5°)™) = SN for some N where (5°)@)

is IN-skeleton of S°°. Now,
f: 8% = SN 5 gN+L <y go

so the composition S* — SV*! is a map that is not onto and therefore f is homotopic to
constant map. (map into a disc is homotopic to constant map, disc is contractible) Then
we have [f] = 0. Thus we have proved m(5*) = 0. O

Exercise 60. Compute homotopy groups of RP>.

Solution. Suprisingly use previous exercise: We can view RP> as lines going through origin
in S°°, or...just take S°/z/5, where the action is x — —z. So we work with the following
fibration (we don’t write the distinguished points as they are not needed) Z/2 — S —
R P> and the long exact sequence

To(Z)2) = 1 (5%°) = mu(RP®) 3 1, 1(Z/2) = 71 (S™),

where for all n > 2 we have all zeroes, for n = 1 consider 0 — m;(RP>) 4 mo(Z/2) —
m(S%°). Since m(S*) = 0 and mo(Z/2) = Z/2, we get that the homomorphism 0 (it
is homomorphism, really, we did it in previous tutorial, but it’s still a homomorphism
independetly on whether we did it or not) is an isomorphism of groups. By connectness
we also know the 7y group. So the final results are:

T(RP*) =0 for n > 2, m(RP*) =7Z/2, mo(RP*>) = 0.
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Exercise 61. Show that the spaces S? x RP* and RP? have the same homotopy groups
but they are not homotopy equivalent.

Solution. Here, also use pre’vious exercise. It is known that 7,(X X Y) = m,(X) x m,(Y).
With this we can compute

m(S? x RP™®) =0, m (5% x RP™®) = 11(S?) x m(RP®) = {0} x Z/2 2 7,2,

for n > 27,(S? x RP™®) = 7, (5?) x {0} = m,(S>.

Now consider RP? as S? /75, work with the fibration (scheme as follows)

Z)2 s? RP?
Tn(Z)2) —= 7, (S?) —— 1, (RP?) ——m,_1(Z/2)
n>2 0 70 (S?) >~ . (RP?) 0
n=1 0 m (RP?) =72 0

and mo(RP?) = 0. Thus we showed that these two spaces have the same homotopy groups.
Marvelous. How to show, that they are not homotopy equivalent? Use cohomology group!
That’s right. It is well known (or we should already know) that

H*(RP?*:Z/2) = 7Z/2[a]/{a®),a € H" and

H*(S? x RP™;2,/2) = H*(S%Z,/2) ® H*(RP™; 2/2) = 2,/26)(8%) ® Z/2[1]. § € H?.

The former space obviously has no non-zero elements of order 4, while the latter has a
non-zero element of order 4. This is impossible for homotopy equivalent spaces. We are
done.

]

Exercise 62. FEztension lemma: Let (X, A) be a pair of CW -complexes, Y a space with
Tn_1(Y,y0) = 0 whenever there is a cell of dimension n in X — A. Then every map
f: A=Y can be extended to a map F: X =Y.

Solution. Set X 1 = A, Xo=XOUA X, =XPUd,and f=f1: X1 =Y, fo: Xo—=Y
which extends f_1, fo(zo) to any point in Y.
We have fi,_1: Xx_1 — Y and want to define fy: X — Y. Also, m;_1(Y, @) = 0.
Consider following diagram:

(DF, SF=1) —2 (X, Xjo1)

Y

The map fx_1 0 ¢ is in m,_1(Y, @) so it is homotopic to constant map, so we define fj
on DF as a constant map. Now,
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DFx {1} USH! x [—=Y

-
-
-

// H

DF x I
and go back to the first diagram:

(D", S*=1) 2 (X, X1)

S s

Y
We extend fi_1 to fr: X — Y and proceed to infinity (and beyond), as we always do. O

Exercise 63. Compare 7,(X, zo) and 7,(X, 1), when distinguished points (are / are not)
path connected. Use proof with pillows.

Solution. First the case where X = S* U S? and zp € S and z; € 5% Then 7,(X,x¢) =
m1(SY) = Z but 7 (X, x,) = 7(S?) = 0. If distinguished points are not path connected,
homotopy groups can be different, so consider now w a curve connecting xo and zy, w: I —
X, w(0) = x¢ and w(l) = x;. We have m,(X,z9) — m,(X,z1) f: [" — X, 0I" — xo,
g: I — X, 0I" — x1, as seen in Figure 1, zo — z1 segments. Proofs with pillows!

X1

NERRZ
I i 777 %

/ | | | \ Figure 2

Figure 1

Denote action f +— w - f, then fi ~ fo = w- f1 ~w - fo. We are not satisfying algebraist
at the moment, only geometers. Let us try to do something about that.

Figure 2 shows other pillow and that w; ~ ws = wy - f ~ wy - f, we can imagine the
segment as in Figure 2, two curves.
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N/

Figure 3

Map given by w is a bijection w: zg — 21, wa(wif) ~ (Wiws) f, w H(wf) ~ (ww™) f =~ f,
so the map 7, (X, z9) — m,(X, x1) is bijection. Figure 3 tries to explain homomorphism.

We get that xg, 21 are in the same path component and if w: zy — x1 is a curve, then
(X, x0) = 7 (X, x1) is an isomorphism. In particular, if X is simply connected, then
every curve gives the same isomorphism. ]

Exercise 64. Using homotopy groups show that RP* is not a retract of RP™, n >k > 1.
Solution. Retract: The composition RP* <y RP™ 7 RP is the identity, so we have the
following diagram and want to use it to obtain a contradiction.

7 (1)

7. (RPY) —= 7, (RP")

k jﬂ'* (7")

7. (RPF)

From the long exact sequence of the fibration, we know that 0 = m(S*) — m (RP*) S
79(S%) — 0 and 7;(S*) = m;(RP*) for k > 2. Then considering diagram

|

we see that we are factoring identity through zero group and that is Mission Impossible:
Factor Zero (in theaters never). Continue with k¥ = 1. We use the knowledge of RP! = S,
Then our diagram is a triangle with Z,7/2,7Z with identity Z — Z, factoring identity
through finite group is Mission Impossible: Group protocol (in theaters maybe one day,
one can only hope) ...and we are done. ]
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Exercise 65. Consider the map q: S' x S x S' — S3 defined as a map S* x S x S —
D3/S? where D? is a small disk in the triple torus which is the identity in the interior of
D3 and constant on its complement. Further, consider the Hopf map p: S — S? = CP!
(described in Hopf fibration S — S® — S?). Compute q. and (pq). in homotopy groups.
Show that pq is not homotopic to a constant map.

Solution. Take following diagram and treat it like your own:

T (fiber)
Slx §lxst L g3 C C2

1;)

52 — CP!

z
where p(z1,22) = Z—l We know that only nontrivial homotopy group of the triple torus
2

is m (51 x St x SY), but 783 is is trivial, so ¢, is zero in homotopy groups and the
composition as well. By the following diagram we have H, thanks to homotopy lifting
property, of course. (denote (S')? the triple torus S' x S* x S*t)

St =p~*(so)
e
(S1)? 53
|

(S1)% x T —— (52, s0)

where 1(0, —) is constant map, h(1,—) = pq, p(H(0)) = so,Im H(0) C p~'(sy) = S* and
H(1) = q~ H(0). However, H(0). and ¢, differ in the third homology groups:

Hg(Sl) - 0
H(0). l

Hs((sl)3> mst(S?’) =7

We are trying to factor through zero, a contradiction. ]

Exercise 66. (detail for the lecture 9. 5. 2017) If (X, A) is relative CW -complex such
that there are no cells in dimension < n in X \ A, then (X, A) is n-connected.

Solution. Recall the definition of n-connectness of a pair. For [f] € m(X, A, x0), i < n,
use cell approximation of f: There is a cell map ¢: (D%, S sq) — (X, A, zg), such that
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q ~ f relatively S"! and ¢(D?) C X = A since X(*V = X = ... = X" = A, Note
the following very useful criterion:

[f]=01in m(X, A, x9) <= f ~ q relatively S, g(D?) = A.

Thus [f] = 0 in our case, and we are done. O

Exercise 67. Let [X,Y] denote a set of homotopy classes of maps from X toY. If (X, xo)
is a CW-complex and Y is path connected, then [X,Y] = [(X, z0), (Y, v0)]-

Solution. Surely, [(X,z0), (Y,v0)] C [X,Y] and denote the class in the left set as (¢) and
[g] the class in the [X,Y]. The map (g) — [g] is well defined and injective. To prove
that it is also surjective take [f] € [X,Y]. Using HEP for f : X x 0 — Y and a curve
w: xg x I — Y which connects f(zq) with yo we get g : X x 1 — Y such that f ~ g and
g(xo) = yo, then [f] = [g] and (g9) € [(X, x0), (Y, yo)]. We are done. O

Exercise 68. (application) We know that deg(f) is an invariant of [S™, S"| = m,(S™).
Study [S*~1, 8" 2 7y, 1(S™) and describe its co called Hopf invariant H(f).

Solution. Have f: 9D?*" = S*~1 — S and S" U; D**. For f ~ g we have S™ Uy D*" ~
S"U,D** moreover S"U; D?*" = C} (the cylinder of f). For n > 2 we have C; = e’Ue"Ue*".
Using cohomology: H*(Cy) = Z for x € {0,n,2n} and 0 elsewhere. Take a € H"(C})
generator, we have cup product. Then o U« € H**(C}) and for B € H*"(C}) we have
aUa = H(f)B, where H(f) is the Hopf invariant. O

Exercise 69. (continuation of previous exercise) For n odd, what can we say in this case
about Hopf inviariant? And for n even? Thanks.

Solution. Knowing a U 8 = (=1)IPI3 U a we see that o Ua = 0. So for n odd Hopf
invariant is zero.

For n even consider the Hopf fibration S* — $* — $? = CP'. For CP? = D*U; CP!
(recall how CP™ is built up from CP"!) we have C; = CP? and H*(CP?) = Z[a]/{a?),
with o € H?. The generator of H* is a?. We get that H(f) = 1. O

Exercise 70. Let (X, A) be a pair and show that the following diagram commutes:

(X, A, 29) 2, (A, z0)

3 |n

H, (X, A) —5— H,1(4)

where 0 is boundary homomorphism, h is Hurewicz homomorphism and O, is the con-
necting homomorphism.

Solution. Take [f] € m,(X, A, xg), that is f: (D", D" ! s9) — (X, A,x9). Then 9[f] =
[f/S™ 1] and RO[f] = h[f/S™ ] = (f/S"1).(b), where b is generator in H,_1(S"'), as
we recall in the following: g: S"' — A g.: H, 1(S") — H,_1(A) and hlg] = g.(b) €
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H, 1(A). Let a € H,(D",S"!) be a generator, that is d,a = b. We proceed with the
following diagram:

Ox

Hn(Dn’Snfl) ?_Hn_l(snfl)
f*l l(f/S’”)*
H, (X, A) —5— H, 1(A)

So, now O.h[f] = d(f.a) = (f/S"1).(0.a). With d,a = b we conclude that the diagram

commutes. ]

Exercise 71. Homology version of Whitehead theorem. (recall both versions) We show that
fo: (X)) = o (Y) is an iso for all n and then use the previous version of the theorem.

Solution. First, for f: X — Y and inclusion. For pair (X, A) we have the following long
exact sequence (with Hurewicz):

M1 (Y, X) =7 (V) —— 1 (X) ——m, (Y, X))

d o]

H, 1 (Y, X) o H,(Y) —= H,(X) 0 H,(Y, X)

The thing is that A is not always iso, we have 5o (Y, X) £>, for Y, X simply connected.

Now, for m N H, is iso by Hurewicz theorem, then Hy = 0 so my = 0 and with the same
argument we can proceed inductively.

Now, for general map f: X — Y we use the argument with mapping cylinder M;. Do
you remember this one from the first lecture? This construction you thought would not be
interesting? Well, hold your hats, its usage is advantageous here!

/I

1y

We know that f,.: H,(X) — H,(Y) is an iso and (as 7y is homotopy equivalence)

iy«: Hy(Y) = H,(My) is an iso. Thus, we conclude that ix,: H,(X) — H,(My) is an iso.
That is, i, is homotopy equivalence and therefore f is also homotopy equivalence. (Let us
remark that for this exercise you should revisit Whitehead theorem, at.pdf study text is
also recommended) O

Exercise 72. (application of Whitehead theorem) Show that (n — 1)-connected compact
manifold of dim n is homotopy equivalent to S™ (n > 2).
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Solution. Take manifold M as two parts: disk and its complement. Map the disk to
S™ = D"/S™1 that is identity on the disk and complement goes to one point. We have
f: M — S™ and for i < n by Hurewicz theorem (M is (n — 1)-connected) following iso
H;(M) = H;(S™) = 0. The same iso for i > n (both H; are zero).

We conclude our application with this spectacular diagram where all arrows are iso,
reasoning goes from the bottom arrows by excision, then with definiton of fundamental
class we get the top arrow (our main focus) an iso. (we denote interior of B as B°)

H, (M) H,(S")
H, (M, M — (B")?) — H,(S", 8" — (B")°)

| |

H,(disk,0disk) H, (disk,0disk)

[

Remark. (Story time) We have that manifold 3-dim (compact) which os pmiy simply con-
nected is homotopy equivalent to S3. There is another result: M 8-dim manifold simply
connected 1s homeomorphic to S®. This other result (it might seem we are close to proving
it) is actually famous Poincaré conjecture, one of Millenium Prize Problems and it was al-
ready solved by Grigori Perelman in 2002. Interesting story and interesting mathematician
for sure. It is well known (as we like to say) that Perelman declined Fields medal (among
other prizes).

Exercise 73. Find a map f with Hopf invariant H(f) = 2.

Solution. We study a space X with a basepoint e. Denote construction Jo(X) = X X X/ ~,
where (z,¢e) ~ (e,x). Apply this idea to S™. We get a projection p: S x ™ — J5(S™). On
the left we have one 0-cell, two n-cells and one 2n-cell, while on the right we have one of
each. We get that J5(S™) has to be a space of the form Cy, so H"(J2) = Z given by a and
H?"(Jy) = Z given by b and H"(S™ x S™) = Z®Z (generators ay, as) and H**(S"xS") =7
(with by). Now, p*: H'(J) = H*(S™ x S™) and p*(a) = a; + ag, p*(b) = bo.

o> = H(f)b
p*(a®) = H(f)p*(b)
(a1 + a2)® = H(f)bo
(a3 + aray + agay + a3) = H(f)aias
2a1a9 = H(f)ajas
H(f) =
because by = aias and by evenness of the dimension aias = asa;. O
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