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5.5.17 AM-GM Reformulated. Let x|, x3. ..., x, be positive real numbers with product
P =xjx2---x, and sum S = Y 1)4,2 t -+ + ). Prove that the largest value of P is
attained when all the x; are equal, i.e., when

S

Xp=Xp=:=Xp=—.

n

Solution: Imagine the n positive numbers xy,x2,...,x, as physical points on the
number line, each with unit weight. The balancing point (center of mass) of these
weights is located at the arithmetic mean value A := §/n. Notice that if we move the
points around in such a way that they continue to balance at A, that is equivalent to
saying that their sum stays constant.

Our strategy, inspired by the symmetry-product principle, is to consider situations
where the x; arc not all equal and show that we can make them “more equal™ and
increase their product without changing their sum. If the points are not all clustering
at A, then at least one will be to the left of A (call it L) and another (call it R) will be
to the right of A.'® Of these two points, move the one that is closest to A right up to A,
and move the other so that the balancing point of the two points hasn’t changed. In the
figure below, the arrowpoints indicate the new positions of the points.

Notice that the distance between the two points has decreased, but their balancing
point is unchanged. By the symmetry-product principle, the product of the two points
increased. Since the sum of the two points was unchanged, the sum of all n points has
not changed. We have managed to change two of the n numbers in such a way that

e one number that originally was not equal to A became equal to A;

o the sum of all 7 numbers did not change;

e the product of the n numbers increased.

Since there are finitely many numbers, this process will end when all of them are
equal to A; then the product will be maximal. [ ]

The proof is called “algorithmic™ because the argument used describes a concrete
procedure that optimizes the product in a step-by-step way, ending af'ter a finite number
of steps. Another distinctive feature of this proof was that we altered our point of view
and recast an inequality as an optimization problem. This is a powerful strategy, well
worth remembering.

5This simpleidea of refarmulating AM-GM is not very well known. Our treatment here is inspired by Kazari-
noff’s wonderful monograph [25]; this short book is highly recommended.

1%Observe that this is a neat “physical” proof of the average principle (5.5.12).
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