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We start with the Poisson equation 4Φ = − ρ
ε0

:

d2Φ

dx2
= − q

ε0
(ni − ne) =

n0q

ε0

eqΦ/kTe − 1√
1− 2qΦ

mi v2
B

 (6)

d

dx

(
dΦ

dx

)2

= 2
dΦ

dx

n0q

ε0

eqΦ/kTe − 1√
1− 2qΦ

mi v2
B


E2 − E2

0 =
2n0q

ε0

Φ∫
0

eqΦ
′/kTe − 1√

1− 2qΦ′

mi v2
B

dΦ′ (7)

In order to shorten the notation, we will tranform the equation to dimensionless quantities
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The eq. (7) can be transformed with the use of (10) to
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An example of the solution calculated by means of eq. (9) is shown bellow:

1



0 10 20 30 40 50

ξ

-6

-5

-4

-3

-2

-1

0

d
ϕ
/d

ξ

0 10 20 30 40 50

ξ

-200

-150

-100

-50

0

ϕ

0 10 20 30 40 50

ξ

0

0.2

0.4

0.6

0.8

1

n
/n

0

ions

electrons

2 Bohm velocity

Because the left-hand part of the eq. (7) is not negative and because dΦ′ < 0, the following

inequality must be valid:

eqΦ/kTe − 1√
1− 2qΦ

mi v2
B

≤ 0,

which leads to

v2
B ≥

1

mi

2qΦ

1− e−2qΦ/kTe
.

This inequality must be valid also for small velues of the potential Φ, thus

v2
B =

kTe
mi

. (10)

The ion velocity
√
kTe/mi is called the Bohm velocity. It is the drift velocity of ions at the

plasma-sheath border.
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3 Floating potential

If there is no net electric current flowing through the sheath, the sheath voltage Φfl can be

calculated from the equality of the electron and ion flow:
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4 Child-Langmuir law for collisionless sheath

The eq. (7) can be modified for assumptions ne ≈ 0, 1
2mi v
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5 Collisional sheath

j = q ni vi = q ni µiE (13)

We will assume a constant ion mobility µi:
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6 Sheath with homogeneous ion concentration (matrix sheath)

E =
qn0 x

ε0
(15)

Ush =
qn0 s
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(16)
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